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INTRODUCTION 

In· many aeronautical problems, such · as the flow past 

a body, the flow in rocket nozzles and the flow on the 

wings of high speed aircraft, friction effects between 

the solid body and liquid or gaseous flow are · important 

factors. The problem of skin friction acting on a flat 

plate moving parallel to the surface through a fluid was 

of primary interest to ship builders. In 1872 William 

Froud clearly stated that frictional force must have its 

counterpart in the loss of momentum of the fluid which 

has passed along the surface of the plate. The theoretical 

analysis of the phenomenon based on the equation of motion 

·of fluids started with Prandtl's paper presented in 1904 

at Heidelberg. He showed that the small thickness of the 

boundary layer permits essential simplifications in the 

equations of motion of a viscous ·fluid so that the proble~ 

of frictional drag becomes accessible to mathematical 

analysis. 

Skin friction effects take place between the body · 

and the fluid in a thin layer (bouri.aa·ry layer) around 

the body. Knowing the local pressure gradient the skin 

friction drag may be calculated by integration of the 
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boundary layer equations for .. flow past wedges with different 
1 

wedge angles. 

-The subject of this investigation is to obtain the 

numerical value of the velocity gradient at the wall by 

integrating the bounda~y layer equation for flow past 

wedges with different wedge angles. The approach to the 

above problem is to use generalized Gauss's quadrature from 

first to fifth order s~ccessively. The application of 

this quadrature formula was recommended by William Squire. 2 

Details about the quadrature formula are given in Appendix C. 

The historical development and previous work pertaining 
\. 

to the solutions of the boundary layer problems are described 

in the first section. Derivation of equations of motion for 

wedge flows with different wedge angles and for the semi­

infinite plane (a special case of the wedge) are presented 

in Appendix A. The general methods of solution for each 

flow case and the development of the power series of the · 

solution are presented - in Sections III and IV respectively. 

A .convenient form of the generalized Gaussian quadrature 

is_ developed in Section V. This .form enables the numerical 

value of the velocity gradtent at the wall to be calculated 

for any arbitrary wedge angle. 

1S ee page 4 5 for List of References 
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SECTION I 

HISTORICAL DEVELOPMENT AND PREVIOUS WORK 

ON THE SOLtrrION OF BOUNDARY LAYER PROBLEMS 

In the past sixty years a great number of scientific 

publications have been directed to the solutions of 

boundary layer equations. One important paper by Blasius 

appeared in 1908 for the case of the semi-infinite plane. 

He found that if the new variable was made proportional 

to y/ ~ an ordinary differential equation resulted. He 

used the dimensionless quantity 

. = ;l [ u oo Jl/2 , . 
2 V X . t 

1/2 
'I'= (°'V u - X) f (-VZ) 

anci substituted '7. and \f' in equation of motion and the 
3 

following equation resulted: 

f" I + f f 11 = Q 

Another mathematical approach to the boundary layer 

. forming around a half-plane immersed in an incompress~ble 

viscous fluid was presented by Hermann Weylin 1941.4 He 

showed that the Blasius power series f ('7_), about '>'£ = 0, 

has a convergence in the interval 

0 < n < 2 .08 but will not converge for 

n / 3.11. 

(I-1) 

(I-2) 
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The differential equation · 

f"' + ff" = ~ (1 - f 12) 

describes the steady two-dimensional flow of a slightly 

viscous incompressible fluid past a wedge of arbitrary 

angle -TIA and satisfying the boundary conditions 

fC?)=O 

f" <1) = 0 

f' (() = 0 at '? = 0 

at 1 = 00 

(I-3) 

(I-4) 

This equation was first deduced by V. M. Falkner and S. W. 

Skan, and its solutions were later investigated in detail 
\, 5 

by D.R. Hartree. Another solution by the steepest descent 

method ·was given in a somewhat different manner by Meksyn. 8 

The existence of a solution for arbitrary~, was given by 

H. ·Weyl but not its uniqueness. 6 The limits for the value 

off" (0) which characterized the solution of the problem 

(I-3) with boundary conditions (I-4) was given by W. A. 

7 Cappel such that 

. 2 

[ f" (O) l < 4 /\ + 1 
3 3 

(I-5) 
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SECTION II 

ILLUSTRATION -OF THE FINDING OF THE SOLlITION 

·In general, finding solutions of the boundary layer 

equations presents mathematical difficulties. This is 

primarily a consequence of their being non-linear. The 

following procedure wa$ used to f.ind the solution of the 
. 

problem: 

· 1. Substituting some quantities, the non-linear 

boundary layer equation for flow past wedges with different 

wedge angles is transformed into a non-homogeneous linear 

differential eq~ation with known coefficients. _The general 

solution of such equations is . well known. 

2. The functions in non-homogeneous linear equations 

are expressed as power serie~ of an independent variable 

('7); they satisfy the corresponding boundary conditions 

at the wall. These power series are substituted into 

the· non--linear differential equation and their coefficients 

are found as functions of a single coefficient (a2). 

3. Using integral relations and corresponding 

boundary conditions, the non-homogeneous linear differential 

equation was simplified ~nd with some substitutions it is 

transformed into a new form which is applicable to a 

ge?eralized Gauss's quadrature. 



4. To evaluate the coefficient a2 this quadrature 

was then so~ed numerically by using corresponding abscissa 

and weight coefficients for the right order. In order 

to decrease the calculation time and the possibility of 

_·errors, a solution by~ digital computer program was used. 
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SECTION III 

GENERAL METHOD OF SOLUTION FOR 

VELOCITY GRADIENT AT WALL 

In this section the development of a general method 

of solution for obtaining the unknown quantity f" ('7) at 

the wall is presented. The methods of solution are developed 

for flow past wedges with different wedge angles and for · 

a semi-infinite plane immersed in a ·flow stream with zero 

angle of incidence. A separate solution including 

additional terms for f~ow past a semi-infinite plane is 

pr_es ented. This is a required step because a simple 

substitution of A= 0 into the power series solution for 

wedge9 causes a number of terms to vanish. If all terms 

were included for wedge angles not zero, .more than fifteen 

additional terms would be involved. These additional 

terms would exceed the storage capacity of the IBM 1620 

computer. To :find £" (0) =a-the ~rocedure as explained 

in Section II (see page 5) is followed. 

Flow Past Wedges With Different Wedge Angles 

The steady two-dimensional flow of a slightly 

viscous . incompressible fluid past a wedge of angle -11~ 
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· was described in Appendix A by the differential equation 

£"' + ff" = 'f\ ( 1 - f' 2) 

with the boundary conditions 

where 

f <'?) =- 0 

f' <"?) = 1 

£' <t) ::I 0 

f' _ df - df = r ),;_ :] u 3/2 L v r uoo 

at 1= 0 

. at '? = o0 

(velocity in the x 
direction) 

=---
2 J'uoo 

( :; ) (velocity gradient) 

substituting quantities 

f" = y 
1 

f'" = y' 
1 

' 

Equation (A-9) may be written as 

This equation is a first order linear non-homogeneous_ 

differential equation with integrating. factor 

. ~£ d1' 
e 

Integrating Equation (III-2) yields 

. J£df Jr j£df 
y i e = , ?. < i - f ,.2> e d 'f + c 

(A-9) 

(A-10) 

I 

(III-1) . 

(III-la) 

(II):-2) 

(III-3) 
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From this and the boundary conditions (A-10) it follows 

that 

y (0) = C 

Hence C = a = f'' (O) 

2. By inserting Equations (III-4) and (III-1) into 

the Equation (III-3) 

(III-4) . 

- J fdt[ e -.. a+ 
C J fd~ (III-5) 
'-' d'Z 1 

or denoting the function in parentheses by , ( '>/,) 

£" <'?) 
- J fd'i 

(fJ <'Z> = e (III-6) 
\. 

where 00 

~ 
n 

f <1) = ant · 

n = 2 n ! 
(III-7) 

oO 

<I <'Z) = L bn? n 
(III-8) 

n = O· n ! 

The coefficients of the power series (III-7) and (III-8) as 

functions of the unknown parameter f" (0) = a2 = · a ar~ 

explained in Section IV. 

3. To find f" (O), integrate Equation (III-6) between . 

zero and infinity 

f' (00 ) - f ' ( Q) = (III-9) 
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From this and the boundary conditions (A-10) 

.• f· ej fd~ 
0 

d 'C = 1 (III-10) 

The unknown quantity, f" (0) = a, is inside the power 

series for f <c) and yJ ( 'g). In order to obtain this 

unknown quantity, it is desired to evaluate the quantities 

by a power series about ~ = 0 (see Section V). To obtain 

a c.onvenient form which is applicable for Gauss's quadratur~ 

let 

-Jfdr e = 
n 

oO 

L 
m = 0 

where p, r, g, s are all constants given by Meksyn. 8 

Considering the series 

3 
-a '? 

= e 3 ! -

and using notations 
3 

X = a '? 
. 3 ! 

t=(3~x) 
1/3 

d ~ = q J 1/3 -2/3 
X 

00 

L 
n = 4 

dx 

( III-ll) 

( III-12) 

(III-13) 
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Equations (III-11) and (III-12) may be written in the forms 

-x h (x) J £dt e e e = 

Cl <t> = 

By inserting these 

ap C J o1> x'Q e 
0 

C/J (x) 

equations into 

-x h (x) 
e 

(III-14) 

(III-15) 

Equation (III-10) · 

((} (x) dx = 1 (III-16) 

where C, p, ~ are constants and h (x), (,f}(x) are functions 

of x. This equation is now in a form solvable by Gauss's 

quadrature. 
\. 

4. For numerical calculations of thi.s form, computer 

programs and table for abscissa and corresponding weight 

coefficients for the right order are presented in Appendix B. 

where 

Semi-Infinite Plane ( ~ = 0) 

1. Starting wit.h Lthe general expression (A-16) 

f"' + ff" = 0 

f '" f = · -
f" 

f' = .5!f_ = ~ = (velocity in the x direction) 
d "[ u {i

2 
· (III-17) 

· f" = [ -\) x J' _J_ { ~) (velocity gradient) 
u 00 ✓ u 00 d'j. 

and using sub~ti_tution (III-1), Equation (III-17) becomes 
y 

f = _! 
yl (III-18) 
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By integration between Oto 3/ the following .equation results 

= - iog . f" · (t ) 
a 

or 

f" (~) = 
-jfd 'z' 

a e (III-19) 

2. Integrating Equation (III-19) between the limits 0 

and oo and using the corresponding boundary conditions of the 

(A-17) 

a = 1 

In order to evaluate the quantity 

~ J fd? 
0 

(III-20) 

and to obtain unknown quantity f" (0) = a, the same method 

is used as in the case of arbitrary wedge angle (see page 9 ) • 
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SECTION IV 

DEVELOPMENT OF THE POWER SERIES OF 

THE SOLUI'ION FOR BOUNDARY LAYER EQUATION 

The present section considers some circumstances for 

which the power series of f ('?) may be applied, with 

sufficient accuracy, to the solution of Equations (III-10) 

and (III-20). For solut1ons of the above equations, the 

power series expansion of f ( ~) at i= 0, which satisfies 

the corresponding boundary conditions, is derived in this 

section. 

Power Serie~ for the Solutions for Flow Past 

Wedges With a Different Wedge Angles 

Solution of Equation (III-10) has two power series; 

·s 
namely, 

f <1) = 

O<:) 

L 
n = 2 

OQ 

L 
n = 0 

a 'in n 
n 

b n 'in _ 
n ! 

(III-7) 

(III-8) 

Substituting Equation (III-7) in Equation (A-16) the 

coefficients of f Cf) ·which satisfy the corresponding 

boundary conditions may be determined in terms of a
2 

= a as 



2 
as . = - ( 1 + 2 ~ ) a 

a6 = - 2 (2 + 3 ~) ~ a 

14 

2 
~7 = - 2 (2 + 3 ~ ) ~ 

a = 
8 

a = 
9 

(1 + 2 'A) (11 + 10 '/\) a3 

2 (45 + 112 'A+ 66 J?) 'A a2 

(IV-1) 

Substituting Equations (III-8) and (III-7) in Equation 

(III-6) and expanding the right-hand side of Equation (III-6) 

in powers of l , and comparing the coefficients of the ,_powers 

of t , the coefficients of f) ( ~) ~ ~~Y: be determined in terms 

of a
2 

= a 

b0 = a 

bl = ~ 

b = - 2 ~ a2 
3 

b = 4 
(1 

b5 = (1 

b6 = -

- 6" .) ~a 

6 'A) . 1' 2 

10 (1- 2'A) 1' a 
3 (IV-2) 

Substituting relations (IV-1) and (IV-2) in Equations 

(III--8) and (III-7) respectively we find 

r2 
a~+ 

2 • 
_ a2 1 + 2 /\ 

5 ! 

- 2 (2 + 3 'A) 'A 
2 

'1:7 
7 

+ a 
3 

( 1 + 2 '/\) 
7 ! l 8 ! 

~ 5 ) "'1 6 c - a 2 (2 + 3 A_ " ~ 
6 · ! C 

( 11 lo I\ ) ,8 
+ ;'\ ? 

(IV-3) 
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22 ·~ 3+a --1 =a+'A""- n~ (1-6A)/\ 

' a IT i 4 ! 

+ (1 _ ~ ~) ?\ 2 '? 5 
5 • 

3 
- a 

Power Series for the Solution for a Semi-Infinite Plane 

The power series near ~ = 0 is assumed to be of the 
10 

form 

f <'Z) a 
- - - - - - + n n; 

Differentiating the above series with respect to'? and 

substituting in Equation (A-16) we find 

~n 

o a a 2 2 
a Y +a ?J+ 5+ 2 ·2> +----

3 " · 4 ' - 2 !i . C 
~ --+ an 2 n - 0 

n ! -

For the assumed series for f ( ·-;) to be a solution of 

Equation {A-16) all coefficients of the various powers of 

(IV-4) 

(IV-5) 

(IV-6) 

~ must . vanish identically. Hence we have a2, a5 ,a
8 

differ 

from zero. The coefficient a2 remains undetermined, because 

the boundary condition at -~= 00 still remains to be satisfied. 

Introducing'a3 , a4 , a6 , a7, a8 in terms of a
2 

= a the 

following series results: 

+ 27897 a
5 '?14 

14 ! 

a
2 ~ + 11 a

3 z8 

5 ! 8 ! 
375 a

4 o/ 11 

11 ! 

3817173 a
6 "217 + 3294299710 a 7 ? 20 

17 ! 20 ! 
(IV-7) 
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SECTION V 

CONVENIENT FORM FOR GENERALIZED GAUSS'S QUADRATURE 

The purpose of this section is to obtain the form for 

the boundary layer equation which is applicable to the 

generalized Gauss's quadrature. To approach the above 

problem,. the power ser.ies Equation (IV-3), (IV-4) and (IV-7) 

which .represent corresponding solutions respectively are 

placed in Equations (III-6) and (III-20) respectively. 

By inserting notations (III-13) the following equations 

applicable for generalized Gauss's quadrature formula were 

obtained: \ 0() 

-x h (x) 
== 
5 x ·2/3 e e {l)(x) dx (V-1) 
0 

-2/3 
= J"° x-2/3 dl x2 + d x3 +---+d -x X 

e 2 n e dx 
0 

(V-2) 

-d are all constants, n is the n 

number of the terms, and h (x), (f}(x) are functions of x. 

Flow Past Wedges With Different Wedge Angles 

Integrating Equat~on (IV~3) and multiplying by (-1) on 

both sides we obtain 

n 
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3 4 · 6 7 

-f d r · = al ( + a2 ~ ·. + a3 "f + a4 'f + aS 

10 11 
+ a7 t + a8 t 

where 

a 
al= - -3 ! 

a = - " 2 4! 
2 

a
3 

= a ( 1 + 2 ~) 
6 ! 

a = 
4 . 

2 ~a {2 + 3 'A-2 

as = 2 

Let 

then 

7 I . 
"2 {2 + 3 '/\) 

8 I . 
\. 

a 173 = X 

3 ! 

X 

(V-3) 

a
6 

= - ( 1 + 2 A ) ( 11 + 10 ~) a 
3 

9 ! 

a = - 2 1'a2 
(45 + 113 1' + 66 1'2) 

7 10 ! 
2 

a = - 16 a ~ (2 + 3 'I\) (8 + 7?,..) 
8 11 ! 

(V-4) 
dx 

Substituting the above relations in Equations (V-3) ·and (IV-4) 

and substituting them in Equation· (III-10) the following 

equa)D~n re~~;~s: joox -.2 / 3 

[ ~ . a = 

0 

-x 
e 

h (x) 

e. (JJ<x) dx (V-S) 



where 
4/3 

h (x) = b
1 

x 

18 

7/3 8/3 
+ b4 x 

3 10/3 
X + b X 

6 

(V-6) 
1/3 4/3 5/3 2 

{/) (x) = C + c 2 :K 
·1 .. + c3x+c4x + csx + c6x 

and 
4/3 ~4/3 

.bl = - "' 
24 

6 a 

b = 1 + 2 ~ 
2 20 

b 2'A(2 + 3~) = 
3 5040 

2 
b = 2 'I\ {2 + 31') . 

4 40320 

7/3 -4/3 
6 a 

8/3 -8/3 
6 a 

b = 
5 

-__{_l + 2 "A ) ( 11 + 101') 216 

b = - 2 {45 + 
6 

C = a 
1 

C = 2 

1/3 
A6 

c =-2Aa 
3 

a 

362880 

+ 66 "/\ 
2
) ~ 6 113 ?\ 

3 . 6288 106 

-1/3 

C = {l - 6A)A . 4/3 -1/3 
4 

C = 
5 

4 .. 

2 
(1-6~)'/\ 

120 

-6 a 

5/3 -5/3 
6 a 

C = - 10 { 1 - 2 '/\ ) '/\ 
· 6 20 

10/3 
-4/3 

a 

(V-7) 

(V-8) 

(V-3) 
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Semi-Infinite Plane · 

Integrating Equation (IV-7) and multiplying by -1 on 

both sides we obtain 

where 

d = - a 
1 ~ 

2 
d = a 

2 6! 

d = _ 11 a3 
3 9 !t 

d = 375 a
4 

4 12 ! 

= _ 27897 a5 
d5 15 ! 

= 3817173 a6 
d6 18 ! 

d = -
7 

3294299710 a 7 

21 ! 

(V-10) 

(V-11) 

introducing substitutions (V-4) in Equation (V-10) and 

substituting it in Equation (III-19) the following equation 

results: 

where 

· -2/3 j oO. 

= . X 

1 
fl= 20 

0 

f = _ 11 (216) 
2 9 ! 

f3 = 375 ( 1296) 
12 ! 

7776 (27897) 
15 ! 

-x 
e 

2 . 3 
fl X + f X · + -e . dx 2 

(V-12) 

f = 3817173 ~46654) 
5, . 18 . 

£ = _ 3294299710 (279936) 
6 21 ! 



The equations 
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SECTION VI . 

NUMERICAL RESULTS 

. .5 w-=c Pq rs tv tn km 
L ~ b ca>x + c (Cl)X +d(a\x + e (Q)X +{(~JX +ica}x 

A(a)=LHae -
j.:1 

were programmed &or solution on IBM 1620 digital computer. 

The flow chart for numerical quadrature was given in 

Reference 9, page 248. The numerical results with exact 

values taken from some references are presented in tabular 

form on the following pages. The computer program is presented 

in Appendix Band average computer running time for one 

example was approximately forty minutes. In this thesis 

numerical results were obtained for three values of 'A. 
")\ = 0 

- 1' = 1 

1' = 0 .25 

refers to flat plate 

refers to flat plate normal to the flow 

( 180° wedge) 

0 
refers to 45 wedge immersed in the 

flow stream 
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The limits of f" .(0) for these wedge angles were 

calculated using Equation (I-5) and results are tabulated 

on page 24. 
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Semi-Infinite Plane 

The exact value ( obtained by exact solution'i<) of 

a= 0.4696 for semi-infinite plane was taken from 

Reference 8, page 41. 

Results of Present Method 

Order Terms f" (O} = a .Absolute Error 

1 4 0.4799 0 .0103 

1 6 0.4799 0 .0103 

2 4 0.4703 0.0007 

6 0.4706 0.0010 

3 4'- 0.4711 0.0005 

6 0.4742 0.0046 

4 4 0.4707 0.0011 

6 0.4721 0.0025 

5 4 0.4709 0.0013 

6 0.4722 0.0026 

*A solution is considered exact when it is complete 

solution of the boundary layer equations, irrespective of 

whether it is obtained analytically or by numerical methods. 
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Previous Results 

Previous results are converted to the same variable 

as L. Howarth used (see Appendix D). 

Results Multiplication 
It f :c ne 1' f" (0) traetar 

L. Howarth 
14 

y l~x t 2 
0.332 1 

D. Meksyn 
8 1/2 

y [~~x 1 0.4696 1 

5 
2 1/2 

1 William Squire 
Y l~vx 1 0.480 

V2 
Present Method LE_ f 2 

0.479 1 
1st order : .. y 2i1x {i 

Present Method y l E_ 11/2 0.472 1 
4th order 2Vx -

'h 

Comparabl 
R ul 

0.332 

0.333 

0.340 

0.339 

0.334 
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Flow Past Wedges With Different Wedge Angles 

The ranges of the values for f" (0) = a for corresponding 

wedge angles (see Figure 6) were taken from Reference 7. 

· Figure 6 

Results of Present Method 

Wedge Angle 
-~ Ranges 7 (Degrees) Order Terms f" (0) = a 

0 0 1 6 0.480 ot a <_0~577 

45 0.25 1 6 0.674 0. 5 77 < a < 0. 816 

180 1 1 6 1.269 1.155 .< a .-( 1. 29 

Comparison of Results 

- ~ Hartree, D. R. 
5 

Present Method Absolute Error 

0 0.469 0.480 0.011 

0.25 0.731~'<' 0.674 0.057 

1 1. 2326 1.269 0.036 

*Interpolated from Hartree's result. 5 
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DISCUSSION OF RESULTS 

Applicability of generalized Gauss's quadrature to 

boundary layer problems is relatively new. The results 

of this paper indicate the number . of terms in the quadrature 

made a small contribution to the accuracy of the results. · 

For first or higher order and four _or more terms the maximum 

error for the semi-infinite plane was 1.03 per cent. For 

second and higher orders the maximum error was less than 

.5 per cent using four and six terms. The solutions with 

six terms actually show a greater error than for four terms, 

indicating either a loss of accuracy or a tendency to 

converge to a different answer than that ~iven by Meksyn. 

The digital computer was capable of handling only eight 

significant digits, and, therefore, rounding errors did 

appear in fifth and sixth terms of the series. 

The results for flow past wedges with different 

wedge angles are also satisfactory, but it was not possible 

to carry out calculations with higher order because the 

uniqueness of the solution for arbitrary wedge angles 

has not been proven. One solution is easily obtained by 

using a first order of quadrature. No general relationship 

was found between the order of the quadrature and the number 

of terms required in the power series expansion.* The 

*See Section V for definition of the term in quadrature. 
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error which is associated with the first order solution 

was expected. In this case abcissae and weights are assigned 

to a small portion of the power series where this power 

series is more accurate beGause of terms in it. This is 

why an addition of two more terms (six terms) did not make 

any significant change in the result for the first order. 

Because there are no values of the abcissae .and weights 

assigned to the remainder of the curve, the accuracy of 

the power series is not affected. The formulas which were 

derived by Gauss for finding the value of an indefinite 

integral are in general approximate and thus there is an 

inherent error associated with them. This error is dependent 

upon the theory of Legendre polynomials. Time did not 

permit an evaluation of this error. 

Advantages of the Gauss method are ease of application 

to the computer and the adaptibility to many other flow 

cases which have the same degree of· quadrature ( ~ = - 2/3); 

for example, boundary layers with .suction.* 

The disadvantages are the difficulty in determiniQg 

the order of the quadrature formu!~ __ and number of terms 

in the power series needed for accurate results. 

*See Appendix C for~ in quadrature formula. 
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CONCLUSIONS. 

The following conclusions can be drawn from the 

foregoing investigation: 

1. In order to get a better understanding of the 

application of the generalized Gauss's quadrature for 

boundary layer problems, more extensive work is needed 

for different flow cases. This concept which shows 

promise is to develop the criteria for number of terms 

in the power series and the number of order in the 

quadrature formula. 

2. It seems that more accurate results will be 
\. 

obtained if more terms (seven terms or more) and higher 

order is used. This would require the use of a digital 

computer which has more storage capacity than the IBM 

1620. 

3. · For the flat plate solutions of ·arbitrary order 
. 

(first to fifth) and term (four terms or more) used, maximum 

error does not exceed one per cent of the correct value. 

When a higher degree of accuracy is required for fixed · 

number of terms, higher orders must be used. 
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4. Using more than · two terms in the power series 

does not effect the result if the first order is used, 

and consequently the per cent error is greatest for this 

case ... 

5. From a method consideration, . when two or three 

initial boundary conditions are not known in the non­

linear high order differential equation, this is the one 

of the best methods for investigation. This method gives 

a concept which shows promise for more complex boundary 

layer problems in all branches of engineering. 



29 

APPENDIX A 

DERIVATION OF EQUATION OF MOTION FOR FLOW PAST WEDGES 

WITH DIFFERENT WEDGE ANGLES AND SEMI-INFINITE PLANE 

u au+ au = _ 1.£ 1 
+- V 

~ 2u 
u --

c)x dY dx ~ dy2 

du + d'5 = 0 
'?)x oY 

(A-1).,\-

(A-2)* 

The components u and\9' each apparently vary with x and y 

independently. However, because of the form of boundary 

layer equations, it is often possible (for _some boundary 

conditions) to determine a new variable 1? which combines 

the effects of x and y and reduces the two partial differ­

ential equations to one ordinary differential equation. 

This means if ""7 is properly chosen, as a combtnation of 

x and y, u may become a _function only (' • Such a variable 

is called a "similarity variable," and the velocity 

distributions at all points along the surface are similar 

when expressed in terms of"( • 

*See Reference 10. 



30 

Flow Past Wedges With .Different Wedge Angles 

In the case of- two-dimensional motion the boundary 

layer equations are described by Equations (A-1) and 

(A-2) where u is the only velocity which varies in the 

x direction and it does not vary in they direction, so 

u 
00 

d Uo0 = -
0 X 

1 

~ 
_(Euler's Equation) 

where u is the velocity at the edge of the boundary 
00 

layer. Equations (A-·l) and (A-2) are then rewritten for 

two-dimensional bodies as follows: 

u au+ \.9-c)u '- = 
·ax O y Uoo 

= 0 

(A-3) 

(A-4) 

(A-5) 

where xis the distance measured from the forward stagnation 

po~nt of the body and y is the distance measured normal to 

the surface of the body (see Figure A). 

.., 
/. 

/ 

~ ------------?~ 
✓ 

/ 

Figure A 

-
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In order to reduce Equation (A-4) to an ordinary non­

linear differential equation, we may assume the following 

relation between u 00 and x exist: 

u 00 = H1 ex 

where c is constant mis related to the wedge angle 

parameter A as follows: 

- m = 

~ = - 2m 
m + 1 

The existence of che similar solution when the velocity 

of the potential flow is proportional to a power of the 

length coordinate measured from the stagnation point 

10 
Equation (A-6) was proved by Schlichting. In order 

to satisfy the equation of continuity, Falkner and Skan
11 

introduced the stream function f and the s•imilarity 

variable such that 

u = d\¥ 
oY 

1 + m 
2 

u00..P 
X 

\9-= - J't' 
c) X 

2 'Y = 
1 + m 

(A-7) 

(A-8) 
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Equation (A-4) with corresponding boundary conditions 

f''' + ff" = i·· (1 _ f I 2) 

fC?)=O f' <7) = 0 at 

f' <o/) = 1 at: 

where -TT/\ is the leading edge angle of the wedge. 

Semi-Infinite Plane 

Starting with complete momentum equations 

8t9- + u a~ +19- -d\9- .. 
c)t ox c)Y 

and assuming 

1. Flow is steady 

- g e;).n. 
C O y 

g 
- . C 

z=o 
i=·C>() 

1. Boundary layer is thin compared to the distance 

measured from the leading edge. 

\.9- <' < u 3. 

4. As a result of (2), d
2

u < ~ ~J2u 

d x2 dy2 

5. ~ Vl 0 

6. The field force .0. is neg·lected. 

(A-9) 

(A-10) 
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Equation (A-11) may be. simplified as 

u o u 
c) X 

+ \9- au 
oY 

and continuity equation is 

8u -- + ox Q \9-- = 0 
c, y 

(A-12) 

(A-2) 

·Blasius 11 obtained exact* solution of Equations (A-12) 

and (A-2) for laminar boundary layer on a flat plate 

immersed in a fluid with uniform velocity. He defined 

the variable 'f by 

1 = _L 
2 [ ~u:] 

1/2 

Without showing the details 

'f = -CV 

Equation (A-13) 

1/2 
u o0 x) 

may be used 

to obtain the following expressions as 

J~ = u oiJ f' 
0 y 2 

d24' = _ UOD 1 f" 
dXdY 4x 

a \f 1 l -v u°" f/2 y uoa 
f + f' = - - 4x 0 X 2 X 

~'(See page 22 . 

I 

(A-13) 

.(A-14) 

(A-15) 
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. d2\fl 
f" [ u oO r/2 

= u 0() Tx .· dy 2 

d3 f u cc 

[ ~~x} = f''' 
dY 3 8 

where f' , f", f"' are fir st, second and third tot a 1 

derivatives off with respect to '7 . Substituting 

Equation (A-15) in Equation (A-12) gives 

f'" + ff" = 0 

This ·is a non-linear ordinary differential equation of 
\. 

third order. The boundary conditions are 

f ('7) = 0 f' <o/.) = 0 at '? = 0 

f' ('t) = 1 at '? = 00 

(A-16) 

(A-17) 
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APPENDIX B 

Tabulation of Weights ahd Abcissas 

Example: Using Equation (A-7) and (A-8) in Appendix A · 

for ~ = 2 / 3 and n = 1 

-2/3 
Ll (x) = 1/3 - X 

X = 0.3333 
1 

h
1 

= r ( 1/ 3) = 2. 6 790 

Order X. 
. J 

1 0.3333 

2 0.1786 

0.4880 

3 0 .1220 

1.6133 

5.2645 

4 0.0927 

1.2044 

3.7213 

8.3148 

5 0.0748 

0.9633 

2. 9150 

6 .1884 

11.5251 

H 
j 

2.6790 

2.4594 

0.1794 

2.3214 

0.3485 

0.0089 

2 .1783 

0.4662 

0.0340 

0.00037 

2.0629 

0.5457 

0.0676 

0.0025 

0.00001 
I,. 
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Computer Program 

Compiled Using lITO FORTRAN on an 

IBM 1620 Digital Computer 

DTMENSION H(5),Y(5),PP(5),RR(5),SS(5),AA(5),BB(5),0(5) 
DTMENSION XX(S),YY(S) 
READ,A,B,C,D,E,Z 
READ,P,Q,R,S,T,U 
READ,W,ALP,DALP,TOL,V . 
READ,PO,PM,Pl,PK,PEP,PUS 
READ,QN,QP,QR,QQ,QS 

80 ACCEPT,N,ALP,DALP 
20 ALP=ALP+DALP 

PRINT,ALP 
F=A·k (ALP,'"·kV) 
COW=).) 
DO 100 l=l, N 
IF(SENSE SWITCH 1)40,50 

40 ACCEPT,Y(l),H(l) 
50 G(~)=B*(Y(l)**Z)*(ALP**W) 

RR(l)=D*(Y(l)**S)*(ALP**R) 
PP(l)=C*(Y(l)**Q)*(ALP~*P) 
SS(l)=E*(Y(l)~U)*(ALP**T) 
XX(l)=PEP*(Y(l)**PO)*(ALP**Pl) 
YY(l)=PUS*(Y(l)**PM)*(ALP**PK) 
0 ( 1) =G ( 1) + PP ( 1) +RR ( 1) +S S ( 1) + XX ( 1) + YY ( 1) . 
EEE=ALP+QP·kALP,':Y( 1) +OR,': (ALP) ,b\' ( - • 33333) ,'(Y( 1) *·k ( 1. 33333) . 
EEE=EEE+QQ,\' (A LP) -Jd: (-1. 6666 7)-1:Y( 1) ,\-1\' ( 1. 6666 7) +OS,': (ALP) -J"Y ( 1) ,'d"2. 0 
EEE=EEE+QN*(ALP)**(-.33333333)*Y(l)**(.33333333) 
AA(l)=EXP(O(l))*(EEE) 
BB ( 1) =H( 1) ,'"AA ( 1) 

100 COW=COW+BB( 1) 
PRINT,COW,F 
IF(F-COW)l30,200,20 

130 ALP=ALP-DALP 
DALP= • b':DA LP 
IF(DALP-TOL)200,200,20 

200 PRINT, ALP 
· GO TO 80 

END 
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APPENDIX C 

NUMERICAL QUADRATURE 

In numerical quadrature there are two types of problems 

sueh ·as 

1. The evaluation of a definite integral 

2. The evaluation of an indefinite integral as a 

function of the upper limit. 

In this investigation the evaluation of an indefinite 

integral is of interest. 

An approximation of the definite integral of a 

function f (x) is given by Gauss's quadrature for a function 

f (x) in the form 
b 'Y\ 

J f (x) dx = L H. f (X.) 
J J 

a. J=-1 

where X. 's are abcissae and H. 's are corresponding 
J J 

weight coefficients. The principle is to obtain the 

best subdivision of the interval (a, b), the -value of the 

function at these points, and coefficients to multiply by 

the functional values to yield the val~e of the definite 

(C-1) 

integral. In geometric approach, · the points X. of coincidence 
J 

of both curves are chosen so that the shaded area above the 

curve fzn-l (x) cancels those below it within the interval 

(see Figure · c-1). 
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t (X) 
n-\ 

+ 0<) 
an-1 

I 
I I 
I I 
l I I 
I l I 
I I I 
I I I 

l I I ~ 
I XI X 1.. I X I X ~ ~.s a-------------J...:..;,.::_ ___ --L,;,..:..&.,_ ___ i..:..:...;:!.._ ___ ----1..:.:::!..-h!.-X 

Ct 
Figure C b 

The curve Fn-l (x) represents a power polynomial of degree 

(n-1) and this curve P.asses through n points where these 

points are betwee~ the limit x = a, x = b. The curve · 

f 2n-l (x) represents another power -polynomial of degree 

(2n-l) and the integral on the left-hand side of Equation 

(C-1) represented by the area between the x axis and the 

curve f 
1 

(x), limited by the ordinates x = a and 
2n-

.. 

x = b, respectively. In order to have an exact solution 

for the problem is to specify the abcissae X.'s and the 
J 

corresponding weight coefficients H's so that the right-
j 

hand side of Equation (C-1) represents the left-hand 

k side exactly for as many powers x as possible 

(k = 0, 1, - - - - n-1) • 

To determine the abcissae X.'s and the corresponding 
J 

weights H.'s, assume x1, x,- -
J 

x are n points 
n 
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that F n-l (x) coincides with f 2n-l (x) at th_ese points 

Let 

f 2n- l (x) = F n- l (x) + TI (x) G n-1 (x) 

F n-l (x) and 

degree (n-1) and 

G n-l (x) are both polynomials of 

n ( X) = ( X - X 1) ( X - X ) - - - - - ( X - X ) 
2 n 

Integrating both sides of Equation (C-2) with respect to 

x between the limits a and b. The areas subtended by the 

curves f and F between the limits x = ·a, x = b, will be 

ide_ntical if x1, x2- - - -, ?{n are chosen so that 

If Equation (C-4) holds for any polynomial G n-l (x) 

with arbitrary coefficients, it must certainly be ful­

filled for each one of . its constituent terms separately 

and this will be so if 

where 

k = 0, 1, 2, - - - (n - 1) 

(C-2) 

(C-3) 

(C-4) 

(C-5) 
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Then Equation (C-5) represents n independent conditions for 

a determination of n unknown constant X.'s. 
. J 

In order to find the values of X. we have to find 
J 

the roots of a polynomial 

~n (x) = (x .- x 1) (x - x2) - - -(x - xn) 

which, as Equation (C-4) or (C-5) discloses, must be 

orthogonal to any polynomial in x of degree less than n. 

Determination of the coefficients of polynomial is given 

in Reference 9. 

If the interval of integration is infinite such as 

the case where [ a, b 

~ :(x) f (x) dx = 

1 = l O, 00 }hen 
~ H. f (X.) L J J 

0 
J-=.o 

where W (x) is the weight function. The weight function 

for generalized Gauss's quadrature is x ~ e -x and it is 

an integrable function throughout the interval of integration. 

Corresponding quadrature formula used in this investigation 

is 

j:@ 
'Y\ 

-x =l e. f (x) dx H. f (X.) (C-6) 
J J 

" J::.I 
where n and ~ are order and degree of the quadrature 

respectively. The abcissae x. 's 
J 

(roots of the generalized 
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Laguerre polynomial 
p 

(x) and corresponding weights L 
n 

may be found by the following relations: 

(3 
ex x -(5 dn l -x x&+n] 

1ri (x) = e 
dxn . 

or 
~ - Z3 X dn [ 

-x ~+n ] L (x) = X e_ e X 
n n 

dx 

H n ! r (n + (?> + 1) 
' -

j [ e (Xj) ] 2 
Ln+l 

't. -
for ~= - 2/3 corresponding abcissae Xj's and weights 

H.'s are tabulated in Appendix B. The discussion about 
J 

the. numerical quadrature is taken from References 9, 12 

and 13. 

H. Is 
J 
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APPENDIX D 

In case of the f~at plate because of the trans­

formation variable "7, there are three forms of the 

boundary layer equations which appear in the literature. 

The following two forms are discussed in this thesis. 
2 f ' I I + f f I I = Q 

2 2 2 

f' ' ' 3 

(D-1) 

(D-2) 

In this section the method is developed for convertir.g one 

numerical value to another and this is used for semi-

infinite plane. 

Let 

f''' + f f'' 
3 3 3 

where 

f' ( ~3) = 
3 

and 

2f''' 
2 

+ f f" 2 2 

where 

f' ( '7 2) = 2 

substitute 

= 

1 . 

= 

B 

0 

0 

for ~ 3 = A 

for ? 
2 

= C 

(D-3) 

(D-4) 
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Differentiate Equation (D-3) 

f' = D f' 
2 E 3 

f" = Q_ f i r 

2 2 3 :m 

f"' = Q__ f''' 
2 E3 3 

Then substitute Equations (D-5) and (D-3) in (D-1) 

2 
f"' + Q__ f f '" 

3 E2 3 3 = 0 

Equating Equation (D-6) to Equation (D-2) 

D "-

2 = 1 
E3 

= 1 

2D = E3 

2 = E 
2 

D = E 

E = VZ. D = {f 

Using Equation (D-5) 

f" = Q_ f" 
2 E2 3 

or 
1 f" (0) = - f" (0) 

2 E 3 

f" (0) = _1_ f" (0) 
2 'Jz · 3 

(D-5) 

(D-6) 
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An example application from page 

For f" (0) = 0. 4 722 (Present Method) 
3 

f~ (O) = i_
4 14 

= 0 .4 722 

Present 
Method 

L. Howarth 

Squire 

Meksyn 

f " (0) = 0.334 
2 

£" (0) 
2 

£" (0) 
2 

£'-' (0) 
2 

'c. 

= 0.33206 

= 0.340 

= 0.333 

is as follows: 



45 

REFERENCES 

1. Smith, A. M. O., "Rapid Laminar Boundary-Layer Calculations 

by Piecewise Application of Similar Solutions," Journal of 

the Aero. Sciences, October, 1956. 

2. Squire, William, Application of Generalized Gauss­

Laguerre Quadrature to Boundary Layer Problems, 

J.A.S., Vol. 26, 1959, p. 540. 

3 .. Blasius, H., Z. Math. U. Phys., 56, 1908, p. 1. 

4. Weyl, Hermann, Concerning the Differential Equations 

of Some Boundary Layer . Problems, National Academy of 

Sciences Proa., Vol. 27, 1941, p. 578. 

5. Hartree, D.R., On an Equation Occurring in Falkner 

and Skan Approximate Treatment of the Equations of 

the Boundary Layer, Proc. Carnb. Phil. Soc. 33, Part 

II, ~937, p. 223. 

6. Weyl, H., Ann. Math, 43, 381, 1942. 

7. Cappel, W. A., On a Differential Equation of Boundary 

Layer Theory, Royal Society o~ London, Phil. Trnas. A, 

Vol. 253, 1960, September, pp. 101-102. 

8. Meksyn, D., New Methods in La~ipar Boundary Layer 

Theory, Pergamon Press, New York, 1961, pp. 41, 81-90, 

151-169. 



46 

9. Ralston and Wilf, Mathematical Methods for Digital 

Computers, John Wiley and Sons, Inc., 1952, pp. 242-248. 

10. Schlichting, H., Boundary Layer Theory, McGraw-Hill 

Book Company, Inc., New York -1958, pp. 303, 144. 

11. Falkner, V. M., Skan, S. W., Some Approximate Solutions 

of the Boundary Layer Equations, Phil. Mag. 12, 1931, 

p. 865. 

12. Kopal, Z., Numerical Analysis, John Wiley and Sons, 

Inc., New York 1955, pp. 347-385. 

13. Hildebrand, F. B., Introduction to Numerical Analysis, . 

McGraw-Hill Book Company, Inc., 1~56, pp. 319-327. 

14. Howarth, L., On the Solution at the Laminar Boundary 

Layer Equations, Proc. Roy. Soc., London, A 164, 547, 

1938. 




	Karabulut05012023_103125-0001
	Karabulut05012023_103125-0002
	Karabulut05012023_103125-0003
	Karabulut05012023_103125-0004
	Karabulut05012023_103125-0005
	Karabulut05012023_103125-0006
	Karabulut05012023_103125-0007
	Karabulut05012023_103125-0008
	Karabulut05012023_103125-0009
	Karabulut05012023_103125-0010
	Karabulut05012023_103125-0011
	Karabulut05012023_103125-0012
	Karabulut05012023_103125-0013
	Karabulut05012023_103125-0014
	Karabulut05012023_103125-0015
	Karabulut05012023_103125-0016
	Karabulut05012023_103125-0017
	Karabulut05012023_103125-0018
	Karabulut05012023_103125-0019
	Karabulut05012023_103125-0020
	Karabulut05012023_103125-0021
	Karabulut05012023_103125-0022
	Karabulut05012023_103125-0023
	Karabulut05012023_103125-0024
	Karabulut05012023_103125-0025
	Karabulut05012023_103125-0026
	Karabulut05012023_103125-0027
	Karabulut05012023_103125-0028
	Karabulut05012023_103125-0029
	Karabulut05012023_103125-0030
	Karabulut05012023_103125-0031
	Karabulut05012023_103125-0032
	Karabulut05012023_103125-0033
	Karabulut05012023_103125-0034
	Karabulut05012023_103125-0035
	Karabulut05012023_103125-0036
	Karabulut05012023_103125-0037
	Karabulut05012023_103125-0038
	Karabulut05012023_103125-0039
	Karabulut05012023_103125-0040
	Karabulut05012023_103125-0041
	Karabulut05012023_103125-0042
	Karabulut05012023_103125-0043
	Karabulut05012023_103125-0044
	Karabulut05012023_103125-0045
	Karabulut05012023_103125-0046
	Karabulut05012023_103125-0047
	Karabulut05012023_103125-0048
	Karabulut05012023_103125-0049
	Karabulut05012023_103125-0050
	Karabulut05012023_103125-0051
	Karabulut05012023_103125-0052
	Karabulut05012023_103125-0053



