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ABSTRACT

The sensor coverage problem requires a group of mobile sensors to autonomously
determine trajectories such that the sensors enclose a region of interest. It has many applications
such as tracking oil spills underwater, volcanic ash plumes in the air, and so on. This thesis
develops analytical control laws so as to distribute autonomous mobile sensors on a plane in a
manner so as to ensure that an entire region of interest is covered by at least one sensor. Two
scenarios are considered. In the first scenario the shapes of the sensing zones for each sensor are
assumed to be circular, and dynamic inversion is used to develop control laws that autonomously
position three sensors in such a manner that there is no gap in coverage between them. In the
second scenario the shapes of the sensing zones are assumed to be arbitrary (convex or non-
convex), and a collision cone approach is combined with dynamic inversion techniques to
determine trajectories for the three sensors in such a way that the coverage zones of each sensor

touch. Simulations are performed to demonstrate the performance of the designed control laws.
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CHAPTER 1

INTRODUCTION

Autonomous mobile sensors can be deployed to monitor a region of interest. Note that a
mobile sensor will have a sensing coverage area that may or may not be omnidirectional. There
are a number of applications for autonomous mobile sensor networks. These applications can
occur in the air, underwater, and on ground. For instance, when volcanic eruptions occur,
volcanic ash enters the atmosphere and wind currents can cause the volcanic ash to spread over
large areas. In 2010, an eruption of the volcano Eyjafjallajokull in Iceland [1]caused widespread
disruption of commercial jet traffic across northern Europe. The smoke and ash in the air caused
by volcanic eruption leads to a reduction in visibility, and the ash poses a risk to the engines of
aircraft that fly through it. An aerial autonomous mobile sensing network can be deployed after
an eruption to monitor the density of ash and smoke to help determine if commercial jets can be
safely flown in the area.

Aerial sensor coverage networks could also be used to monitor atmospheric conditions.
Aircraft are sometimes flown into tropical storms and hurricanes to gather important
meteorological data that cannot be measured by weather satellites, such as accurate wind speed
and the barometric pressure throughout the storm. In the United States, the Unites States Air
Force Reserve's 53rd weather Reconnaissance Squadron fly Lockheed WC-1301J aircraft directly
into a hurricane and penetrate the eye several times in a mission at altitudes ranging from 500
feet to 10,000 feet [2]. The information that is collected can be very important for forecasting the
strength and trajectory of hurricanes and accurate forecasts can help determine the need for

evacuating areas that are in the path of a hurricane. It is very dangerous for a crew to repeatedly



fly into a hurricane, but an autonomous sensor coverage network can be used to collect the data
without the risk to an aircrew.

Aerial sensor networks can be used to perform surveillance. An autonomous aerial
sensor coverage network can be used to monitor a region. This can be particularly useful in a
region where real time information is very important, such as a battlefield. Over a battlefield,
piloted aircraft face the risk of enemy fire, while remotely piloted drones can require the pilot to
be focused and alert for shifts that may last for several hours. Furthermore, the remote
communication between the drone and pilot may be disrupted, rendering the drone
uncontrollable. In such cases, an autonomous aerial sensor coverage network can be deployed to
monitor a battlefield or track a target over long periods of time, without risking the safety of a
human pilot, and without the possibility of human error or communication disruptions that affect
piloted drones [3].

There are also underwater applications for autonomous sensor coverage networks. There
has been a history of oil spills in the ocean, whether due to oil tanker transport ships wrecking
and spilling oil, or off shore oil drills malfunctioning and spilling oil. Whenever an oil spill
occurs, it has a disruptive effect on the entire ecosystem of the effected region. It can be
dangerous for birds and marine life that are covered in oil, and an oil spill can also have a
negative effect on local economies that are dependent on the ocean. An autonomous underwater
sensor network can be deployed into the region to monitor the presence and quantity of oil, how
far the spill spreads, and how effective the cleanup efforts are [4].

Since the advent of sailing, ships have been sunk whether from storms, accidents, or
naval battles. Many ancient shipwrecks provide clues to archeologist as to how ancient

civilizations lived, and many Spanish trade ships sank while transporting gold from the new



world back to Spain. Autonomous underwater sensor networks could be deployed to search the
ocean for shipwrecks. Once the shipwrecks are located, it may be impractical for divers to dive
to the wreck due to the depth or other safety concerns. If the wreck is old enough, it may be
impossible to recover any portion of the wreck, but an autonomous underwater sensor network
could document the entire wreck with photographs and film.

Ocean currents and temperatures have a tremendous effect on the worldwide climate.
Warming or cooling of the ocean can cause a shift in ocean currents and cause the locations of
different species of fish providing challenges for fishing industries. Changing ocean
temperatures can also cause some regions to be warmer and drier, and others to be cooler and
wetter than normal, providing challenges to regions dependent on agriculture. An autonomous
underwater sensor network can be deployed to monitor ocean temperatures and currents to better
forecast weather patterns.

When multiple autonomous mobile sensors are deployed in a mobile sensing network, the
sensor coverage problem needs to be addressed. Sensor coverage problems may be categorized
into the area-coverage type, and the boundary-tracking type. In the boundary tracking problem,
it is the perimeter of the region of interest that needs to be enclosed by the sensors, whereas in an
area coverage type problem, the entire area of interest needs to be covered. The sensor coverage
problem is concerned with autonomously placing the mobile sensors in such a way as to ensure
that the entire region of interest can be observed by at least one sensor, without any gaps in
coverage. To solve the sensor coverage problem, the geometry of the region of interest, and the
geometry of the sensing area of each mobile sensor must also be considered, in order to ensure

that there are no coverage gaps in a given region of interest [5] [6].



There are several approaches to solving the sensor coverage problem [7] [8] [9] [10] [11]
[12] [13] [14], whether the sensors are assumed to be heterogeneous or not [15] [16], depending
on how the sensors are able to communicate with each other [3] [17] [18]. Some of the early
methods for coordinating multiple robot sensor systems included dividing the region of interest
up equally among the available sensors, and each sensor would be assigned a region to cover [7].
The Gabriel graph approach can be used to get near complete coverage. The method requires a
desired distance between sensors to be specified, and then each sensor moves in a coordinated
fashion until all the sensors are positioned in the desired configuration. The ability of the
Gabriel graph method to achieve complete coverage depends on the choice of the distances
between each sensor. If the separation distance is too large, then complete coverage cannot be
achieved, and if the separation distance is chosen to be too small, then extra sensors could be
required to achieve complete coverage [19].

Another method is the Voronoi based coverage algorithms [20] [17]. The idea is that the
region of interest is partitioned into regions known as Voronoi cells. The Voronoi partitions are
defined such that each sensor has complete coverage of its Voronoi cell, and when the coverage
area of two sensors overlap, the Voronoi partition for each sensor is the area closest to the center
of the sensor. As the sensors move in space, the Voronoi partitions can also change. A cost
function is defined based on the Voronoi partitions, and then a gradient descent algorithm is used
to move the sensors to minimize the cost function. This method requires that each Voronoi cell
be computed, and that each sensor have geometric knowledge of the sensors in each adjacent
Voronoi cell. Depending on the number of sensors, it can take a long time to compute all of the
Voronoi cells. An alternative approach that assumes each sensor is omnidirectional, is to divide

the region of interest into points, and rather than a cost function to minimize the area of the



sensing void between sensors, use a cost function to drive the distance between the point and the
center of the nearest sensor. Once that distance is less than the sensing radius of the sensor, the
point is considered covered by the sensor coverage network. There are infinitely many points in
a region to consider. To simplify the calculations, the region can sampled into a grid of points
and once each point in the grid is covered, then complete coverage is assumed. The accuracy of
this method is limited by the number of points chosen to be in the grid. [20]

An algorithm based on virtual forces can be used to optimize the positioning of sensors in
aregion [21]. Like the methods described above, the virtual force method requires a predefined
desired distance between sensors. If the distance between the sensors is too large, then an
attractive virtual force is calculated and the sensors are moved closer together. If the distance
between the sensors is too small, then a repulsive virtual force is calculated and the sensors are
moved apart. The virtual forces can also account for obstacles and the boundary of the sensor
coverage region of interest through attractive and repulsive virtual forces. This method allows
for a more autonomous deployment of sensors than the Gabriel graph method because the
sensors can orient themselves around boundaries and obstacles and the sensor coverage areas can
overlap as necessary, but it still requires a desired separation distance to be defined ahead of
time.

This thesis contributes two control algorithms, both of which are analytical in nature.

The first control algorithm guides three sensors with circular sensing zones placed at random
initial positions and assembles them such that there is no gap in the coverage area between the
three sensors. The second control algorithm guides three sensors that do not necessarily have
circular sensor coverage zones, but instead may have any arbitrary convex or non-convex shaped

coverage zone, together such that the sensor coverage zone of each sensor makes contact with



the sensor coverage zone of the other two sensors. These control algorithm do not require a
desired separation distance to be specified, and it does not require the sensors to have uniform
sensor coverage zone sizes. The first control algorithm (circular sensing zone) simply requires
that the radius of the circular sensing zone of each sensor be known, while the second control
algorithm (arbitrarily shaped sensing zone) requires that the shape of each sensor coverage zone
be defined. Toward the development of the second control algorithm, the collision cone
framework [22] [23] [24] is used. While the collision cone approach in [22] [23] [24] was
originally developed for the purpose of collision avoidance of autonomous vehicles, this thesis
demonstrates its applicability to addressing the sensor coverage problem as well.

In chapter 2, a control algorithm is developed to guide three sensors with circular sensing
zones together such that there is no gap in the sensor coverage between the sensors. In Chapter 3
the control algorithm is tested with four simulation test cases. In chapter 4 a control algorithm is
developed to guide three sensors with arbitrary sensing zones together such that the sensing
zones of all three sensors touch. In chapter 5 the non circular sensing zone control algorithm is

tested with four simulation test cases.



CHAPTER 2

CIRCULAR SENSORS

When multiple robots with sensors attached are used to detect an event, the goal is to
assemble the robots from arbitrary initial positions to one such that there is no gap in the
coverage area of the sensors. We consider three sensors, of which one sensor is the leader which
is free to move on a two dimensional plane in an independent trajectory, while the other two
sensors, F; and F,, are followers that will move towards the lead sensor, L, and assemble in such
a way that there is no gap in the coverage area enclosed by the three sensors. The sensors are
assumed to have a circular sensing area, and the sensing radius of each sensor is known a priori.
The sensors are heterogeneous in the sense that they can have different sensing radii. The
vertices of the three sensors form the triangle, and if the sensors move together in a manner such
that the perimeter of that triangle is driven to zero, then the coverage gap will also go to zero. A

dynamic control law is used to achieve this objective.

Problem Formulation

To define the control law, first the system state variables need to be defined. The
velocities of the sensors, L, F; and F,, are represented as, vi(t), vi(t),and v,(t), applied at angles
ar(t), ai(t), and ax(t), respectively. The two follower sensors, F; and F; are at distances, r;(t) and
ro(t), from the leader with line of sight angles 0;(t) and 0,(t). The relative accelerations of the
two followers are a;(t) and a(t), applied at angles 6;(t) and 9,(t), respectively. The distances,

velocities, accelerations, and angles of the three sensor system are given in Figure 1.
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Figure 1 Geometry of the three sensors in the sensor coverage problem

In the interest of saving space, the following abbreviations will be used:
cos() = c() (1
sin() = s() 2
A line of sight is the line joining the two sensors, and the line of sight angle is measured with
respect to the horizon. The line of sights are F,L, F,L, and F,F,. The relative velocity

components resolved along, and perpendicular to the lines-of-sight are as follows:

Vi =11' = v c(ag - 01) - vy c(og - 6) 3)
vor =1101"=vr s(or - 01) - vi s(ay - 0y) 4)
Vo =12' = v c(ag - 02) - va c(on - 02) 5)
Vo2 = 120,' = vi s(aw - 62) - v2 s(az - 62) (6)
V' = 0'ver - ¢(81 - 01)ay (7)



Vor' = -0'vi1 - 8(31 - 61)a, (8)

Vo' = 0'Vp2 - ¢(32 - 62)ar )

Vo2 = -0'vio- 8(82 - 02)az (10)
The nonlinear kinematic state equations governing the lines-of-sight can be written in the form

x'= f(x,u) as follows:

Ur1
Y1
r1
F 71 ] _ (wrivey) _ —
o1 " $(61 = 61y
2
oo L — (6 — )y
vy = " (11
Ty vrz
62 Vo2
Vg2 T2
-V r2- _ (vravga) _ _
T s(82 = 62)a;
2
02 — ¢(6, — 03)a;

2
where a; and a, are the control inputs which are the accelerations of the two followers. The
above equations assume the leader's acceleration to be zero, and they can be suitably modified
when the leading acceleration is non-zero. The three lines-of-sight form the perimeter of a
triangle as shown in Figure 1, with edges 11, 12, and a third variable, ¢, which is found as:

¢ = [(11c(81) + r26(02))> + (115(01) + 125(62))°1" (12)
we define an output function y as the perimeter of this triangle.

y=r+ntc (13)
While the leader sensor may or may not be accelerating along its trajectory, it is assumed that the

follower sensors do not have knowledge of the leader's acceleration.



Control Law Derivation

Guidance Law
(33)

aF1

Guidance Law
(34)

¥

Y

Kinematic
Equations L F; (11)

b4

h 4

Kinematic

> Equations L F; (11)

y=ri+rn+c

L J

Figure 2 Block diagram of the control law used to control F, and F, for the circular sensing zone case.
To address this sensor coverage problem, we use nonlinear dynamic inversion to find

control inputs a; and a; such that y is driven to zero.

Dynamic inversion [25] [26] will be used to find the control inputs a; and a,. For a system

x'=f(x,u)

that can be described in an input affine form as:

x'=f(x) + g(x)u
with an output
y =h(x)
define the tracking error
C=Tref-y

then

1

€' = Tref - y

both r.r and ryf are zero for this sensor coverage problem

e' = -ky, where k >0

y'=-ky

10
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(15)

(16)

(17)

(18)

(19)

(20)



Where k is the feedback control gain and can be used to control how aggressively the controller
drives e' to zero. The output, y, is differentiated until the control input term, u, appears. If the
control input appears in the first derivative of y, and has the form:

y'=-ky = Vh(f(x)*g(x)u) = Li(x) + Lgh(x)u 2y
where for this sensor coverage problem:

V= [0h/Or; oh/00, oh/Ove; Oh/Ovy1 Oh/Ory ©h/0B; oh/Ove; Oh/Ovy] (22)

If the number of control inputs is equal to the number of system outputs, then the system is said
to be square and the control input, u, can be solved directly as follows:

u = 1/(Lgh)(-Lsh - ky) (23)
For this sensor coverage problem the output, y, is a perimeter formed by the three sensors, and is
a scalar, but there are two control inputs, a; and a,, so the system is not square. For the non
square system, the Moore-Penrose Pseudo-Inverse [27] of Lsh(x) can be used to solve for the
control inputs. For this sensor coverage problem where y' and L¢h(x) are both scalar, and Lyh(x)
is a 1x2 matrix and u is a 2x1 vector, the pseudo inverse is:

Lgh"(x) = Lh ()] Leh(x) Lgh'(x)]" (24)
then the control inputs u can be determined as:

u=Lgh "(x)[- Lih(x)-ky] (25)
For the sensor coverage problem, the control inputs appear after the second differentiation of y
with respect to time.

e" = Ipef' - Y" (26)
For this problem, r,.f" is zero,

e"=-kje' - koe wherek; >0and k, >0 27)

then

11



y'=-kiy' - kay = Lfh(x) + LS h(x)u (28)
then for this non square problem

L, h'(x) = Lh' (0)[ Lh(x) Loh'(x)] (29)

u=Lgh'(x) (- kiy' - kay - Lh(x)) (30)
The first differentiation yields:

Y =V + Vo + (2(c(02)r2 - ¢(01)r1)(c(02) Vi - ¢(01) V1 - S(02)r2vea/12 + 8(01)r1ver/11) +
2(8(02)r28(01)r1)(s(02) V2 - 8(01)vr1 + c(02)r2vea/1r2 - ¢(01)r1ve1/11))/(2(((02)r7 - s(el)rl)2 + (c(02)r; -

c(®)r)?)"?) 31)

and the second differentiation yields:

¥" = Voo /2 + vor /1 - a1c(8) - 01) - a8 - 02) - ((2vi23(82) - 2r15(01))(5(01)(Vor /1 - arc(dy
- 01)) - 8(02)(Voa /12 - ay¢(8; - 02)) + arS(8y - 01) + ay5(8; - 02) + (Vea s(02))/r2 - (Vor’s(81))/r1) +
(2viac(82) - 2r1¢(81))(c(B1)(vO1 Y/t - a1c(B) - 81)) - c(02) (Ve /12 - a2¢(82 - 02)) + a15(31 - 1) + a25(:
- 82) + (Vo2 c(02))/12 - (Vor"e(B81))/m1) - (Veac(62) - Vorc(B1) + Vias(62) - vis(81))(25(82)(Vea /12 - arc($:
- 0,)) - 2v016(01) - 2vaiS(01) + (2veaveac(02))/12) - (Veae(B2) - Verc(61) - Vns(62) +
VorS(01))(20(02) (Ve /12 - 02(82 - 02)) - 2vr1e(01) + 2vars(01) - (2veavias(02))/r2))/(2((Viac(6) -
r16(01))” + (vi2s(0) - 113(01))) ") - (2v2¢(82) - 2116(01))(Vi2c(62) - Virc(01) - Ves(02) + Vors(on)
+ (2V128(8:) - 2115(81))(Va2c(62) - Vorc(61) + Vias(02) - viis(B1)))(2viac(62) - 2r1¢(81))(c(B2)(Ver /12 -
820(3” - 02)) - vie(61) + Vers(01) - (Voavios(02))/12) + (2vi2s(62) - 2115(01))((82)(Vea /12 - 22(82 - 62))
- Vre(01) - Viis(01) + (Varviae(02))/m2) ) (4((Veac(8:) - 1ie(01))” + (vios(8) - 1is(01)))°?)  (32)

Next we solve for the acceleration control inputs a; and a, using equation (30)

12



a1 = ((c(B) - 81) + ((s(01 - 81) + (01)c(By - 81))(2s(0)r: - 25(82)r2) + (s(0) - 31) + c(61)c(0) -
S))(2c(0))r) - 2¢(02)r2))(2(112 - 2¢(0; - 02)r112 + 1)) (K (Ver + Vi + 211V + 202Vis - Ty Vioc(0; -
02) - virac(0; - 02) +8(0; - 02)r112(ve1/11 - Veo/12)) - ((c(01)ver - c(02)ver + 8(01)vy -
$(02)v2)(2¢(01)vor - 2¢(02)ver + 28(01)vr1 - 25(02)vr2) - (¢(01) vy - c(02) V2 - S(01)ver +
$(02)ve2)(2¢(01)vy1 - 2¢(02)via - 25(01)ve; + 25(62)V92))/(2(r12 - 2¢(0; - Oy + rzz)(”z)) +ko(r; + 17
+((s(01)r + $(02)r2)° + (c(01)r; + ¢(02)12)) 1) + Vi /11 + Var /2 - (111 + oV - TVie(01 - 0,) -
Varac(81 - 02) - (01 - 02)r1ves + 5(01 - 02)vorr2)*/(r1” - 2¢(01 - B2)rirs +12°) (e (B - 81) + ((s(6s
- 81) + 8(81)c(B1 - 81))(2s(B1)r: = 25(82)r2) + (s(B1 - 81) + c(B1)c(B1 - 31))(2c(O1)r1 - 2¢(B)r2)(2(r” -
2¢(01 - B)r1rs + 15°) 1)) + (c(8 - 82) + ((5(02 - 82) + 5(02)c(B - 82))(25(01)r1 - 25(B2)r2) + (3(6 -

82) + ¢(02)c(0; - 8))(2¢(01)r; - 2¢(0,)r2))/(2(11% - 2¢(0; - 0,)ryr2 + 122) )P (33)

2= ((c(02 - 82) + ((5(02 - 82) + 5(02)c(02 - 2))(25(01)r1 - 25(02)r2) + (3(62 - 52) + ¢(02)c(0; -
82))(2¢(81)r1 - 2¢(02)r2))/(2(112 - 2¢(01 - 02)r112 + 1)) (K (Ver + Vi + 211V + 202Vis - 11 Vioc(0; -
02) - Varac(; - 02) + (01 - O)rira(Voi/r1 - Vea/r2)) - ((c(O1)Vr - ¢(02)Vea + S(01) Ve -
$(02)Vi2)(2¢(01)Vo1 - 2¢(02)V2 + 25(01)Ve1 - 25(02)Vi2) - (c(O1)Vi1 - ¢(B2)Vs2 - 5(01)ver +
$(02)V02)(2¢(01)Vi1 - 2¢(02)V1a - 25(01)Vor + 25(02)ve))/(2(r17 - 2¢(01 - O)rirs + 12212 + Ko(ry + 12 +
((3(01)r1 + s(02)r2)> + (c(01)ry + c(0)r2)) P + Vi /11 + Vo /1t - (11 Vi1 + TaVia - 11 Vic(0) - 0,) -
Varac(01 - 02) - s(01 - 02)r1ve2 + 5(01 - 02)Verrs)/(r1” - 2¢(01 - B)rirs + 15°)**))/((c(01 - 81) + ((s(01
- 81) + 5(81)c(81 - 81))(28(81)r1 - 25(82)r2) + (5(B1 - 81) + ¢(B1)e(B: - 31))(2c(B1)r1 - 2¢(02)r2))/(2(r1” -
2¢(0) - 02)rir2 + 12°) "))+ (c(0: - 82) + ((3(0 - 82) + 8(02)c(0: - 32))(25(01)r1 - 25(02)12) + (5(6> -

85) + ¢(02)c(0; - 8))(2¢(01)r; - 2¢(0,)r2))/(2(r1% - 2¢(0; - 0,)rir2 + 122) )P (34)

13



then when the accelerations a; and a; are applied to the F; and F, sensors respectively, the
sensors will move in a coordinated fashion. As the perimeter of the triangle formed by the three
sensors decreases, the coverage gap decreases. When the three sensors are close enough such that
all three sensing circles overlap, then the coverage gap is defined by a Hyperbolic triangle [28],

as shown in Figure 3.

Edges ofthe
hyperbolic tiangle

Figure 3 Hyperbolic triangle formed when the coverage area of the three sensors overlap.
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Figure 4 Interior angles of the hyperbolic triangle, the circle that touches the vertices of the hyperbolic
triangle, and radius of the circle.

A hyperbolic triangle is a non Euclidian triangle where the three edges are convex curves rather
than straight lines as seen in Figure 3. The three angles of a hyperbolic triangle always add up to
less than 180 degrees [29], and area of a hyperbolic triangle is found from:

area =R’ (1 - @~ Q2- ¢3) (35)
where R is the radius of the circle that passes through all three vertices, @i, @2, and @3 are the
internal angles of the hyperbolic triangle as seen in Figure 4. The angles ¢, ¢, and ¢3 need to
be found as a function of the state variables. As a first step, we need to find the vertices of the
hyperbolic triangle. For two circles as shown in Figure 5, there are two points where the circles

intersect.

15



Circle B

Circle A

Figure 5 Geometry of the intersection points between two circles.
The x and y coordinates of the intersections points, relative to the vertex of Circle, are:

X" =Rac(y1) (36)

¥ =Ras(r) (37)
from the Law of Cosines:

1 =cos” ((-Rg” + d* + RA%)/(2dR,)) (38)
solving for x"

X =(-Rg? + d* + RxH)/(2d) (39)
from the Pythagorean Theorem:

Ry =x"+y” (40)
solving for y

y* =+(Ra” + ((-R” + d* + Ra%)/(2d)))"? (41)

16



next we find the coordinates of the three vertices of the hyperbolic triangle (x 1,y 1), (X 2, ¥ 2),
and (x*lz, y*lz) in the inertial reference frame. We also need to define 0,,, the line of sight angle
between F; and F».

012 = tan” ((yr2 - ye1 )/(Xp2 - Xp1)) (42)
where Xr1, Xp2, Vr1, and yg; are the x and y coordinates of the vertices of F; and F,. We solve for
the x and y coordinates between the two sensors, and then rotate the coordinate axis about line
of sight angle between the two sensors to find the inertial coordinates. There are two points of
intersect between each sensor, denoted as X*la, y*la, X*1b, y*lb, x*za, y*Za, X*zb, y*Zb, x*lza, y*ua, X*12b,
and y*lzb,

X1 = (R + 112 + RA/Q2r)e(0)) - (R + (R + 112 + R2/Q2r))) s(0) + xp1 - (43)

Y 12 = (Rs* + 1> + RZ/Q2r)s(0)) +(Ry* + ((Rs” +11° + RA(2r))) 2e(01) +yr1 (44)

X1 = (-Rs> + 12 + RAD/2r)e(0)) + (R% + (-Rs? + 12 + RD/(2r)) s(0)) + xp1 (45)

Y= (-Rs? + 1,2 + R D/2r)s(0)) -(R> + (R + 1,2 + RD/(2r1)) %e(0)) + yp1 - (46)

X 20 = ((R32 + 122 + RA2r1)e(0,) - (Ro® + (R + 122 + RA(2r))) Ps(0) + xp2 - (47)

¥ 20 = (-Ra> + 122 + RA/(2r1)s(0,) HR2: + ((-Rs? + 127 + RyD)/(212))%) %c(0,) + yeo  (48)

X35 = (-R3> + 122 + RA/(2r1)e(02) + (Ro* + ((-Rs + 122 + RoD/(2r2)) s(6,) + X2 (49)

¥ 26 = (-Rs? + 127 + RyD/(21r))s(0,) -(Ra> + ((-Ra* + 1 + RA)/(2r2))) %c(0,) + yk2  (50)

X120 = (R + ¢ + RD/2r1)e(0)) - (R + (R + ¢ + R2(20)H) ?s(0) + xp12 - (51)

Y 12a= (Rs* + &+ RA2r)s(01) Ry + ((Ro” + ¢ + RiD20)) Ze(01) + yri - (52)

X126 = (-R5> + & + RD/2r1)e(01) + (Ri% + ((-R> + & + RD/(2¢)D) s(0:) + xp12 (53)

Y 126 = (R + ¢ + R D/Q2r1)s(0)) -(Ri* + (((Ro” + ¢ + RiD/(20))7) (01 + yriz  (54)
where R, is the sensing radius of the F; sensor, R; is the sensing radius of the F; sensor, and Rj is

the sensing radius of the Leader sensor. The relative positioning of the sensors determines which

17



intersection points comprise the vertices of the hyperbolic triangle. The combination of points
that give the smallest perimeter will be the vertices of the hyperbolic triangle, (x 1,y 1), (X 2,
y5), and (X 12, ¥ 12). To find angles @1, ¢, and @3, we need to calculate the arc lengths which
make up the edges of the hyperbolic triangle as seen in Figure 3. Once the arc lengths are
known, we can use the Hyperbolic Law of Sines, and the Hyperbolic Law of Cosines [28] to
solve for angles @1, ¢,, and @s.
The Hyperbolic Law of Sines is:

s(p1)/sinh(s1) = s(@3)/sinh(s3) = s(¢3)/sinh(s3) (55)
and the Hyperbolic Law of Cosines, which has two parts:

cosh(sz) = cosh(s;)cosh(s;) - sinh(s;)sinh(s;)c(¢3) (56)
and

cosh(sz) = (c(@1)e(92) + c(93))/(s(@1)s(¢2)) (57)
where s, is the arc length opposite ¢, s, is the arc length opposite ¢, and ss is the arc length
opposite ¢3. To calculate the arc length, [30] we look at two points on the perimeter of a circle

as in Figure 6.
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Figure 6 Geometry of a circle with two points on the perimeter, the chord length and the arc length between the two
points.

The straight line distance between two points on a circle, the chord length a is a function of the

angle y and R in Figure 6

a=2Rsin(y/2) = ((2x1)* + (yo-y1))'"? (58)
then

v =2sin” ((x2x1)° + (y2-y1))*/(2R)) (59)

and the arc length
s =Ry (60)
s = 2Rsin” (((x2-x1)” + (y2-y1)") "*/(2R)) (61)

Next we use equation (61) to find sy, sp, and s3

sp=2Rysin” (X 12X 1)* + (¥ 127 1)) /(2R))) (62)
8, = 2Rosin” (X 12X 2)* + (¥ 12-7 2)9)"2/(2Ry)) (63)
s3=2Rssin” (((x 23X 1)* + (y 2=y 1)) "Y(2R3)) (64)
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then using equation (56) to solve for @3

@3 = cos”'(-(cosh(s3) - cosh(s;)cosh(s,))/(sinh(s;)sinh(s))) (65)
then using equation (55)

@1 = sin”' (sinh(s;)s(3)/sinh(s3)) (66)

@, = sin "' (sinh(s,)s(3)/sinh(s3)) (67)
the last piece of the hyperbolic area equation is the radius R of the circle that passes through each
vertex of the hyperbolic triangle. For a triangle with sides a, b, and ¢, the diameter of the circle
that touches each vertex of the triangle is: [31]

diameter = abc/(2 * area of the triangle) (68)
Heron's Formula can be used to calculate the area of a triangle using only the edge lengths: [32]

A = 1/4*(4a’b*-(a*+b*-c?)?) (69)
then the radius of the circle that touches all three vertices of the hyperbolic triangle is:

R=(((2-x 0"+ (72 -y D) 2 - X3+ (72 -y 35 - X )7+ (v's -

Y O @K 1y 2 Xy s+ X3y 1 =X 1y 3-X 2y 1 - X 3y 2) (70)
Using the state variables and calculating the vertices of the hyperbolic triangle formed by the
three sensors, the hyperbolic triangle area is:

area = (((x2- X 1)+ (v 2=y D) 2 - X3 + (72 - Y33 - X )7+ (573 -y 1)) A2y 2 +
X2y 3+ X3y 1-X 1Y 3-X 2y 1-X 3y 2|)’(n- sin” (sinh(2R;sin™ (X 12-X 1)> + (y 12-

y ))"?/(2R1)))s(cos™ (-(cosh(2Rssin™ (X 2-x 1) + (v 2=y 1)) */(2R3))) - cosh(2Rsin™ (X" 12-
X1+ (Y 127y 1)) (2R))))cosh(2R,sin™ (X 12X 2)* + (¥ 12-¥ 2)Y)"/(2R2))))/(sinh(2R sin"

(& 12X ) + (¢ 127y 1)) PA2R))sinh(2Rosin” (X 12X 2)" + (¥ -

vy 2))"(2Ry)))))/sinh(2Rssin™ (x 2% 1)° + (v 2y 1)) */(2R3))))- sin” (sinh(2Rosin™ (" 12-x )’

+ (v 122y 2)H) " H(2Ry)))s(cos ™ (-(cosh(2Rssin (X 2-x 1)* + (¥ 2=y 1)) "2/(2R3))) - cosh(2R;sin”
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(& 2% ) + 12y 1)) 2R D) eoshRosin™ (12X 2)” + (¥ 12-

y 2))"?/(2R2)))/(sinh(2R;sin” (X 12 1)* + (¥ 12y 1)7)"*/(2R1)))sinh(2Rosin™ (X 12-x 2)* +

(v 12y 2) P 2R)N)sinh(2Rssin (2% 1) + (v 2y 1)) */(2R3))))- cos™ (-(cosh(2Rssin’

(X1 + (Y 27y 1)) I(2R))) - cosh(2R;sin™ (X 12X 1) + (¥ 12-y 1)7)"*/(2R})))cosh(2R,sin”

(2% + (7 127y 2)) 2R/ (sinh(2Rsin”™ (" 12% 1) + (¥ -

y %) /(2R ))sinh(2Rasin” (12 2) + (v 12-y 2)) P/(2R))) (71)
When r; <R;+Rj3 1, <R; + Rj3, and ¢ <R; + Ry, then coverage area of each sensor

overlaps with the coverage area of the other two, then the sensors are orientated in a fashion

similar to Figure 3, and the sensing radii are said to overlap. Before the three sensor sensing

radii overlap, the hyperbolic area equation yields an imaginary result, when the area of the

hyperbolic triangle area reaches zero the coverage gap has been closed. As the sensors continue

to move together, the hyperbolic triangle changes to an elliptical triangle, as seen in Figure 7,

and the hyperbolic triangle area equation above also yields an imaginary result.

Figure 7 The shaded region is an elliptical triangle, with three convex curved edges.
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There are two sets of stopping conditions, the first stopping condition is applied to the
first follower sensor when it reaches the leader and their sensing radii overlap, the second
stopping condition is reached when the sensing radii of each sensor overlaps and the hyperbolic
area equation has an imaginary component meaning that there is no coverage hole as shown in
Figure 8. A pseudo code for the stopping condition is:
ifri <Ry+Rzandr, >R, + Rj3

stop relative motion of F,
endif
ifr, <Ry+Rzandr; >R; +Rj3

stop relative motion of F,
endif
ifr; <R;+Rsandr, <R, + Rs and ¢ <R; + R; and the area of the hyperbolic triangle from
equation (71) is imaginary

stop relative motion of F; and F,
else

a; = equation (33)

a, = equation (34)

endif
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Figure 8 Control algorithm used for the circular sensor problem.
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CHAPTER 3

CIRCULAR SENSOR SIMULATION RESULTS

To test the effectiveness of the control laws equations (33) and (34), simulations are
performed. Simulations are run from several different initial positions with different initial
velocities, and the results are that the coverage hole is closed in each case. In each case, the
initial and final position and path of each sensor is plotted, and the commanded accelerations that
are applied to both follower sensors, are shown

For the circular sensing radius problem, four test cases with various initial conditions are
shown in Table 1. The leader is tracing an independent trajectory on the plane, and F; and F; are

trying to close the coverage gap using equations (33) and (34).

Table 1
Circular sensing radius test conditions
Case 1 Case 2 Case 3 Case 4
Leader initial x position | 15 m I5m I5m I5m
Leader initial y position | 18 m 18 m 18 m 18 m
Leader final x position 20.99 m 15 I5m 5543 m
Leader final y position 2595 m 18 18 m -23.423 m
11(0) 18.3848 m | 19.7231m | 19.7231 m | 18.868 m
r2(0) 18.868 m 13.1529m | 13.1529m | 18.3848 m
0,(0) 7854 rad 1.0391 rad | 2.1025rad | 2.1295rad
0,(0) 2.1295rad | -.1526rad |-.1526rad |.7854 rad
ve1(0) 0 m/s .1 m/s -.125m/s 0 m/s
ve2(0) 0 m/s 25 m/s dlm/s 0 m/s
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Table 1 (continued)

v:1(0) -1 m/s -1 m/s -2 m/s -1 m/s
vi2(0) -1 m/s -1 m/s -1 m/s -1 m/s
ki 1 1 1 1

&1 0 rad 0 rad 0 rad 0 rad
&2 0 rad 0 rad 0 rad 0 rad

The dynamic inversion control law is used to drive y, equation (13), towards zero, however in
each case the stopping condition is reached before y equals zero. The only way y can equal zero
is if the vertices of each sensor sit on top of each other, which is not desirable because the three
sensors would all be sensing the same region and would have no benefit over using just one
sensor. The stopping condition is reached when the coverage gap is closed, which always occurs

before y reaches zero.

Case 1

The leader moves on a path from an initial position. The leader does not follow a straight line on
the path from its initial position to its final position. F; begins below and to the left of the leader,
and F, begins below and to the right of the leader. Both followers move toward the leader, and
as the trajectory of the leader changes the trajectories of the two followers also change in
response. The control law is able to drive both followers towards the leader and close the

coverage gap.
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Figure 9 Case 1:Initial and final positions of each sensor. Solid lines indicate the trajectory of the sensors.
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Figure 10 Case 1: Value of the output y that is used to develop the dynamic inversion control law.
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Figure 11 Case 1: Acceleration of Follower; and Follower,
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Case 2

F, begins below and to the left of the leader, while F; begins above and to the left of the leader.
The leader is assumed to be stationary in this case. This is in not limiting in any way since the
follower accelerations, equations (33) and (34) have been determined in a relative velocity
framework. Both followers begin with an initial velocity that does not point directly at the
leader, but the control laws equations (33) and (34) are able to redirect the followers towards the

leader and close the coverage gap.
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Figure 12 Case 2: Initial and final positions of each sensor. Solid lines indicate the trajectory of the sensors.
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Figure 13 Case 2: Value of the output y that is used to develop the dynamic inversion control law.
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Case 3

The leader is again assumed to be stationary. F; begins below and to the right of the leader, while
F, begins above and to the right of the leader. Both followers have initial velocities that do not
point directly at the leader. Equation (34) applies a small acceleration to redirect F, to the
bottom left side of the leader. F; has an initial trajectory that points to the right of the leader,
equation (33) applies an acceleration to F; to redirect F;, but the magnitude of accelerations due
to equation (33) causes a few overshoots in the change in trajectory of F;, before F; is put on the

path to close the coverage gap with F, and the leader.
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Figure 15 Case 3: Initial and final positions of each sensor. Solid lines indicate the trajectory of the sensors.
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Figure 16 Case 3: Value of the output y that is used to develop the dynamic inversion control law.

Relative Acceleration of Follower, to Leader Relative Acceleration of Follower, to Leader
2 T T T T 0.1 T T T T
151 A 0.05~ N
1 b or
% %
E 0.5 A E -0.05 N
c c
k<] k<]
8 8
< <
g of g 01 b
(%] o
IS IS
-0.5 A -0.15~ A
1r b 0.2~ b
15 r r r r 0.25 r r r r
0 20 40 60 80 100 0 20 40 60 80 100
time (s) time (s)

Figure 17 Case 3: Acceleration of Follower; and Follower,
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Case 4

In test case 4, F; begins below and to the left of the leader, and F, begins below and to the right.
The leader begins moving up and to the right, before turning to move down and to the right.
Both followers begin moving towards the leader, and are able to change directions when the
leader changes directions, close the coverage gap, and continue to move in a coordinated fashion

with the leader.
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Figure 18 Case 4: Initial and final positions of each sensor. Solid lines indicate the trajectory of the sensors.
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Figure 19 Case 4: Value of the output y that is used to develop the dynamic inversion control law.
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CHAPTER 4

NON CIRCULAR SENSING ZONE

For the case where the sensors are not assumed to have a uniform circular sensing radius,
a different approach is required. Non circular sensing zone can occur for instance, when the
sensors use a beam forming antenna. Beam forming is a method to create a desired radiation
pattern of an antenna by adding constructively the phase of signal in a desired direction, and
nulling the phase of signals in undesired directions. Unlike the circular sensing radius case, a
coverage hole area cannot be defined for a group of three sensors with a non uniform sensing
zone. Instead, the goal is to develop a control law that will guide the sensors to move together
such that the sensing zone of each sensor overlaps with the other two sensors. This can be
achieved using a Collision Cone Approach.

The collision cone method [22] [23] [24] is used to predict if a collision is imminent
between two objects with unknown trajectories based on the geometry of the two objects and
their relative positioning in space. So far the collision cone method has been used as a collision
avoidance method. If a collision is determined to be imminent, then evasive maneuvers can be
performed. For the sensor coverage problem, it is desired that the sensing area of each sensor
overlap, and the collision cone method is used to ensure that each sensor is on the appropriate
course to ensure such an overlap. From the collision cone approach, it is shown that if two
arbitrary objects (convex or non convex) moving on a plane satisfy the conditions

v <0 (72)
and

Voo < ST W/2)( VoS + V) (73)

then the two objects are on a collision course.
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Problem Formulation

The system state variables for the non circular sensing zone problem are defined similarly
to the state variables for the circular sensor problem. Each sensor, L, F; and F,, has a velocity,
VL, Vi,and vy, applied at angles ay, a;, and ay, respectively. The two follower sensors, F; and F,
are at distances r; and r,, from the leader with line of sight angles 0, and 6,. The line of site
between each sensor pair is defined as the angular bisector of the smallest cone such that a pair
of sensors lie on the opposite sides of the vertex of the cone. The two followers have relative
accelerations, a; and a,, applied at angles 6; and 9,, and a; and a; are the control inputs. The
distances, velocities, accelerations, and angles of the three sensor system are given in Figure 21.
The line of sight velocities and accelerations match equations (7), (8), (9), and (10), and the

nonlinear kinematic state equations match equation (11).

36



Figure 21 Geometry for the non circular sensing zone problem.
The sensors are labeled the leader, F; and F,, where the sensor designated as the leader can be

stationary, or may move to a desired location, or along a desired trajectory. A control law is
developed such that F; will move towards both the leader and F,. A second control law is

developed such that F, will move towards the leader.

Control Law Derivation

In both cases, the control law is developed using dynamic inversion. For Fy, y; is defined

as:

Vi = (Vor® - " (W1/2) (Vir® + Vo)) + (Voo - 87 (W12/2) (Vei2® + Ver2?)) (74)
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which can be split into two parts, y;, and yip.

yia = (o’ - S°(¥1/2) (va” + ver))” (75)
and

yib = (Vor2” - 8° (W12/2) (Ve + ve12?))’ (76)
where v, and vy, are the components of the relative velocities between F; and F,. y;, =0
implies that F; follows a trajectory such that the relative velocity of F; with respect to L is driven
to lie on the boundary of the collision cone between F; and L. Similarly, y;, = 0 implies that F,
follows a trajectory such that the relative velocity of F; with respect to F, is driven to lie on the
boundary of the collision cone between F; and F,. Both v;i; and vy, are functions of the state
variables, they are defined as:

Vo2 = (Vr1(c(01)8(02)-5(61)c(02))r2-vi2(c(01)s(02)-3(01)c(02)r1 - (c(01)c(82)r2 + s(01)s(02)r2 - 11) Vor -

(c(01)c(02)r1 + 5(01)s(02)r1 - 12) Ve2)) / (-2¢(01)c(02)r11s - 25(01)s(02)r 12+ *+1,7) (77)

Vi2 = =(Vr1(c(01)c(02)r2+s(01)s(02)r2 - 11) + via(c(01)c(02)r1+5(01)s(02)r1 - 12) + (c(01)s(02) -

s(01)c(02))( Vor/r1 - Vea/r2)r112) / (-2¢(81)c(02)r113 - 28(01)s(0,)r 1o+, 2 41,7) 2 (78)
then y;, becomes:

Vib = (s(W12/2)*((Ve1(c(01)c(02)r2 - 11 + 5(01)8(02)r2) + Via(c(01)c(B2)ry - 12 + 5(61)s(02)r1) +
r112(c(01)s(02) - ¢(02)s(01))(Ver/r1 - Vea/12))* /(11> + 12” - 2¢(01)c(02)r112 - 25(01)s(02)r112) +
(vra(ve1(c(01)c(B2)r2 - 11 + 5(01)s(02)r2) - c(01)s(02) + ver(c(01)c(B2)r - 12 + 5(01)s(02)11) +
c(02)s(01)r1) + r2ve1(c(01)s(02) - €(02)s(01)))/(r1 + 127 - 2¢(01)c(02)r 112 - 25(61)s(02)r1r2)) -
(vra(ve1(c(01)c(B2)r2 - 11 + 5(01)s(02)r2) - c(01)s(02) + ver(c(01)c(B2)r - 12 + 5(01)s(02)11) +

c(02)s(01)r1) + r2vp(c(01)s(02) - ¢(02)8(61)))*/(11% + 12” - 2¢(01)c(02)r113 - 28(01)s(02)r112))*  (79)
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so that y; =y, + yib, Y1 can only equal zero if both y;, = 0 and y;, = 0. Note that while in the
circular sensing case, y is defined as the perimeter of the triangle formed by the three lines of
sight. In this case y; is defined as the sum of squares of the differences between the angles of the
relative velocity vector and the boundary between the F and L collision cone. The control input,
aj, appears in the first derivative of y;. The components of a; due to y;, and y;, a;, and ajp,
respectively are split into two parts so the components of y;' are found separately. The
acceleration is split into two parts so that when F, rendezvous with the leader, the stopping
condition can be triggered for a;, and when F, rendezvous with F, the stopping condition for a;p
is triggered. Once the stopping condition is triggered, it remains in effect as long as the sensing
zones of the sensors are in contact with one another. If the sensing zone of F; no longer is in
contact with the sensing zone of L, then a;, becomes active again. Similarly if the sensing zone
of F; no longer overlaps with F; then a;, becomes active again. The stopping condition is
defined below.

yia' = ~(2ver* - 287 (y1) (Vir® + vor ) (s(w1)’(2ver(ais(0 - 81) - (Viver)/r1) - 2vei(aic(0; - 81)

- Velz/rl)) - 2V91(a18(61 - 61) - (Verel)/I'l) + \VI'C(\I/I)S(\I/I)(Vrlz + Ve]z)) (80)

yiv' = (25" (W12/2) (Vi (c(B1)e(02)r2 - 11 + 5(B1)s(B2)r2) + Vea(€(B1)e(B2)r1 - 12 + 5(81)s(82)r1)
+ rira(c(81)5(82) - c(B2)5(B))(Vor/r1 - Voa/r2))/(1” + 127 - 2¢(B1)e(B2)r1r2 - 25(01)s(02)r112) +
(Via(Vor(c(01)e(02)r2 - 11 + 5(01)s(02)r2) - €(01)8(02) + Vea(c(01)c(02)r1 - 12 + 5(B1)s(B2)r1) +
c(82)s(81)r1) + r2v (c(01)5(82) - €(62)5(81))) /(11" + 127 - 2¢(B1)c(B2)rir - 25(81)s(B2)rir)) -
CV(Ver(c(01)e(@)r - 11+ 5(01)3(02)r2) - €(01)3(82) + Var(c(O1)c(B2)r1 - 12 + 5(01)s(02)r1) +
c(82)s(81)r1) + r2vi (c(01)5(82) - €(82)5(81)))" (11" + 12 - 2¢(81)c(B2)rir2 - 25(B1)s(B2)rir2)) (s (12/2)

(((Vrl(C(el)C(ez)rz -1+ 5(91)5(92)1'2) + Vrz(C(el)C(ez)rl -1+ S(el)S(ez)rl) + 1‘11'2(0(91)5(92) -
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c(02)s(01))(ver /11 - Voa/12))(2¢(01)c(02)r1Ves - 202Vig - 211V + 2¢(01)c(02)r2vy1 - 2¢(01)s(02)r1 v +
2¢(01)s(02)r2ver + 2¢(02)s(01)r1vez - 2¢(02)s(01)r2ver + 25(01)s(02)r1ve2 + 2S(91)S(92)I'2Vr1))/(r12 + 1,7
- 26(01)c(02)r1rs - 25(01)s(B)ri2)” + (vVia(Vor ((O1)e(02)r2 - 11 + 5(81)5(B2)r) - c(B1)3(62) +
Voa(e(B1)e(B2)r: - 12+ 5(81)s(02)r1) + ¢(B2)s(O1)r1) + r2vea((B1)5(62) - ¢(82)5(61)))*(2¢(B1)c(B)r1via -
217Vyg - 211V + 2¢(01)c(02)r2ve - 2¢(01)s(02)r1ver + 2¢(01)s(02)r2ver + 2¢(02)s(01)11ve2 -
2¢(02)s(00)r2vor + 25(01)s(02)r1via + 25(01)s(0)r2ve)/ (11" + 12” - 20(01)e(02)rirz - 25(01)s()rir2)” -
((2vra(ver(c(81)c(B2)rz - 11 + 5(01)s(B2)r2) - ¢(61)s(02) + Var(c(B1)c(B2)r1 - 12 + 8(B1)s(B2)r1) +
c(02)s(01)r1) + 202vi1(c(61)5(02) - €(82)5(61)))((22¢(62 - 82) - Voa /r2)(Von(c(01)e(B2)r - 11 +
$(01)s(02)r2) - c(01)s(82) + voa(c(B1)c(B2)r1 - 12 + 5(61)3(82)r1) + ¢(02)8(01)r1) - Via(Ver (s(01)s(02)via -
Vi T ¢(01)c(02)via - ¢(01)s(82)vea + c(82)s(01)vea + (c(B1)s(B2)r2ver)/r1 - (c(82)s(81)r2ve1)/r1) - ((s(62
- 32)((2vi2 Ve )12 - 2'e(Wa/2)(Via” + Ve ))/(28(02 - 82)vez + 2¢(02 - 82)s(w2/2)Vra - 25(0; -
02)s(Y2/2)Ve2) + (VizVe)/12)(c(01)e(02)r1 - 12 + 8(01)s(B2)r1) + Vo (s(01)8(02) Vi1 - V2 + c(B1)e(02) Ve +
c(01)s(B2)vor - c(02)s(B1)vor - (c(01)3(02)r1ve2)/r2 + (c(B2)3(01)r1ve2)/12) + (a1(81 - 81) -
(Vriver)/r)(e(01)e(82)r - 11 + 5(01)s(B2)r2) + ¢(81)c(B2)vor + ¢(02)s(01)vin - (c(B1)c(B2)va2)/r2 +
(5(01)3(B2)Vo1)/r1 - (5(B1)S(02)r1ve2)/r2) + 12(c(01)5(82) - ¢(B2)s(01))(1€(01 - 81) - Vi */r1) +

12V ((€(01)c(B2)vor)/r1 - (c(01)e(82)vo)/r2 + (3(81)s(82)var)/r1 - (8(01)s(02)Va2)/12) - Virvia(c(D1)s(62) -
c(02)s(ONN/(r1” + 127 - 2¢(01)c(02)r1rs - 25(01)s(O2)r112) + (2vea(€(01)e ()1 - 11 + 5(81)s(02)r2) +
2via(c(01)e(B2)r1 - 12 + 5(01)s(B2)r1) + 2r1r2(c(01)s(02) - ¢(02)s(01))(Vor/r1 - Vor/12))(Vri (s(01)s(B2)vi2 -
Vi1 + ¢(01)c(02)via - €(01)3(02)voz + ¢(02)s(B1)vez + (c(B1)s(B2)raver)/r1 - (c(02)s(O1)raver)/r1) -
(22¢(02 - 8) - Vor /12)(c(01)c(02)r1 - 12+ 5(01)5(B2)r1) - (a16(1 - 1) - Vor/r1)(e(01)e(B)r - 1y +
3(01)s(02)r2) + via(s(01)s(B2)ven - via + ¢(01)c(B2)vr1 + c(01)s(B2)vor - c(02)3(01)var -
(c(01)s(B2)r1ve2)/r2 + (c(82)8(01)r1Ve2)/12) + 11via(€(01)5(02) - ¢(82)8(01))(Vor/11 - Veo/12) +

I‘erl(C(el)S(ez) - 0(92)5(01))(V91/r1 - Vez/rz) + rlrz(C(el)S(ez) - 0(92)8(91))(((8(92 - 82)((2Vr22V922)/I‘2 -
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\|12'C(\|12/2)(Vr22 + vga?)))/(25(0 - 82)vey + 2¢(6; - 02)s(W2/2)vra - 25(0; - 02)s(w2/2)vez) +
(Viaven)/12)/12 + (218(0; - 81) - (Vr1Ve1)/11)/1] - (Vervor)/r + (Verez)/I‘zz) - 1112(Ve1 /17 -
voo/12)((e(81)e(02)vor) /1 - (e(01)e(02)ve2)/rs + ((B1)s(02)Vor)/ri - (s(01)s(02)ven) 2117 + 12 -
2¢(01)c(B2)r1rz - 25(01)s3(02)r112)) - (Via(Ver (c(81)c(B2)r2 - 11 + 5(01)3(02)r2) - c(01)s(62) +
Voa(e(B1)e(B2)r: - 12+ 5(81)s(02)r1) + ¢(B2)s(O1)r1) + r2via(c(B1)5(02) - ¢(82)5(81)))*(2¢(B1)c(B2)r1via -
217y - 211V + 2¢(01)c(02)r2ve - 2¢(01)s(02)r1ver + 2¢(01)s(02)r2ver + 2¢(02)s(01)11ve2 -
26(02)s(01)r2ve1 + 25(81)s(02)11ve2 + 25(81)s(02)r2vin)J(11” + 127 - 2¢(81)c ()11 - 25(01)3(B2)rir2)” +
((2vra(vei(c(81)c(B2)rz - 11 + 5(81)s(B2)r2) - ¢(01)s(02) + Var(c(B1)c(B2)r1 - 12 + 8(B1)s(B2)r1) +
c(02)s(01)r1) + 202vi1(c(61)5(02) - ¢(82)5(61)))((22¢(62 - 82) - Vor /r2)(Von(c(01)e(B2)r - 11 +
8(01)s(02)r2) - c(01)s(82) + voa(c(B1)c(B2)r1 - 12 + 5(61)s(82)r1) + ¢(02)s(01)r1) - Via(ver (s(01)s(02)via -
Vi T ¢(01)c(02)via - ¢(01)s(02)vea + c(82)s(01)vea + (c(B1)s(B2)r2ver)/r1 - (c(82)s(81)r2ve1)/r1) - ((s(62
- 32)((2vi2 Ve V12 - 2'e(Wa/2)(Via” + Ve ))(28(02 - 82)vez + 2¢(02 - 82)s(w2/2)Vra - 25(0; -
62)s(Y2/2)Ve2) + (VizVe)/12)(c(01)e(02)r1 - 12 + 8(01)s(B2)r1) + Vo (s(01)8(02) Vi1 - V2 + c(B1)e(02) Ve +
c(01)s(B2)vor - c(02)s(B1)vor - (c(01)3(02)r1ve2)/r2 + (c(B2)3(01)r1ve2)/12) + (a1(8: - 81) -
(Verve1)/r1)(c(01)c(02)r2 - 11 + 8(01)s(02)r2) + ¢(01)c(02)ver + c(02)s(01) v - (c(01)c(02)ver)/r2 +
(5(01)3(B2)Vo1)/r1 - (5(B1)S(02)r1ve2)/r2) + 12(c(01)5(82) - ¢(B2)s(01))(1€(01 - 81) - Vi */r1) +

12V ((€(81)c(B2)vor)/r1 - (c(01)e(02)vo)/r2 + (3(081)s(02)ver)/r1 - (8(01)s(02)va2)/12) - Vi via(c(D1)s(62) -
c(02)s(ONN/(r1” + 127 - 2¢(01)c(B2)r1rs - 25(01)s(2)r112) + Wia'e(Wi2/2)s(y12/2)((Ver (¢(01)e(B2)r - 11
+5(01)s(02)r2) + via(c(01)c(B2)r1 - 12 + 5(61)s(02)r1) + 1112(c(01)5(62) - ¢(02)3(01))(Ver/11 -

Voo/12)) /(0”127 - 2¢(01)e(02)r112 - 25(01)8(82)r112) + (Vea (Vo1 (c(01)c(02)r2 - 11 + 5(01)3(02)r2) -
c(01)s(02) + Voa(c(01)c(2)r1 - 12+ 3(81)s(02)11) + ¢(02)s(01)r1) + 12via(¢(01)s(2) - c(02)3(01)))*/(r1* +

127 - 2¢(01)c(02)r115 - 25(01)8(02)r112))) (81)
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aj, 1s from the first derivative of y;,, and a; is from the first derivative of y;p, such that:
a;=ap tap (82)
solving for a;, and a;y yields:
ata = ((Qvaver )/ + wi'e(wi/2)s(yi/2)(va” + Vo D2s(w1/2)* (vn” + ver?) - 2ver”) +
Ka(s(w1/2) (ver” + vor®) - vor )V ((8(w1/2) 2vrie(d1 - 01) + 2vars(31 - 01)) - 2vors(3: -

0))2s(y1/2)*(vei® + Vor%) - 2ver?)) (83)

ar =(ki(s” (W12/2) (Ver(£2(81)e(82) - 11 + 125(01)5(82)) + Vea(110(01)c(B2) - 12 + 115(81)5(62) +
rira(¢(81)5(62) - ¢(82)s(01)(Voi/11 - Vor/12)) /(112 + 127 - 2r1125(81)(62) - 2r112¢(61)c(62)) +
(Via(Vor(r26(81)c(82) - 11 + 125(61)5(62)) - €(81)s(82) + Voa(r1c(81)c(82) - 12 + 115(61)s(62)) +
116(02)(81)) + 12911 (c(01)5(82) - c(82)5(81)))/(11” + 127 - 211128(81)5(82) - 211126(81)(62))) -
(Via(Vor(r26(01)e(02) - 11 + 128(01)8(62)) - €(01)8(02) + Voa(r1c(01)c(02) - 12 + 115(01)s(62)) +
116(02)5(01)) + 12vea(c(81)5(82) - €(82)s(61)))*/(11” + 127 - 2r1125(81)s(82) - 2rirac(B1)e(62)))” +
(25*(W12/2) (Ve (r2c(81)c(62) - 11 + 125(01)5(02)) + Via(r1(81)c(62) - 12 + 115(01)5(62)) +
ri2(c(81)5(82) - c(02)5(0N))(Vor/r1 - Voa/r2)) /(1 + 127 - 2r1125(81)5(62) - 2r112¢(81)c(62) +
(Via(Vor(r26(01)e(02) - 11 + 128(01)8(62)) - €(01)8(02) + Voa(r1c(01)c(02) - 12 + 115(01)s(62)) +
116(02)5(01)) + 12vr1(c(81)5(82) - ¢(82)s(61)))*/(r1” + 127 - 2r1125(81)5(62) - 2r112¢(81)c(62))) -
2(Vr(Ver(r2c(81)c(02) - 11 + 128(01)s(82)) - €(01)3(82) + Var(11€(01)c(02) - 12 + 115(01)3(62)) +
116(02)5(01)) + 12vra(c(81)3(82) - €(02)s(61)))*)(11” + 12" - 2r1125(61)s(6) -

20112¢(81)e(02)))(s(w12/2) (2Vr1 (126(81)e(2) - 11 + 125(81)5(82) + 2via(11(B1)c(62) - 12 +
115(01)s(02)) + 2r112(c(01)s(02) - ¢(02)8(01))(Vor/11 - Veo/12))(Vir (Viae(01)e(02) - Vi - Vorc(01)s(02) +
Vo20(02)s(01) + vias(01)s(02) + (r2verc(01)s(02))/11 - (12ve1¢(02)s(01))/11) + Via(vr1€(01)e(02) - Vi +

Velc(el)s(ez) - Velc(ez)s(el) + Vrls(el)S(ez) - (I‘]Vezc(el)s(ez))/rz + (I']V@20(92)S(91))/r2) + (V922/I'2 -
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(c(82 - B2)(K2(s*(W2/2) (Via® + Vea?) - Ver?) + (2viaven”)/t2 + Wa'c(a/2)s(wa/2) (Via +

Vo DV(8(y2/2)*(2Viae(32 - 0) + 2v4as(3: - 02)) = 2vas(83 - 02)))(r1¢(01)c(62) - 12 + 115(81)5(62)) +
(Vor (r2¢(01)c(B2) - 11 + 123(01)5(82)))/r1 + 1112(c(81)3(62) - ¢(02)s(01)((VeaV2)/12 - (3(32 -
02)((2vi2 vor )tz - W2'c(W2/2)(Vi” + Ve )))(2Vias(w2/2)c(S2 - 02) - 2vas (82 - 0) + 2vis(3; -
02)s(y2/2)))/rs - (2viver /11> + (Viaven)/2%) + 11Vi2(c(01)s(02) - c(02)s(01))(Vor/11 - Vea/12) +
12vr1(€(01)s(02) - c(02)s(01))(Vor/r1 - Var/12) - 1ira(Ver/11 - Ver/r2)((Verc(01)e(02))/11 - (Veac(61)c(02))/r2
+ (Vors(00)s(02))/r1 - (Voas(O1)s(02))/r)))/(r1” + 12 - 2r1ras(01)s(B:) - 2r1r20(B1)e(62) +
((Ver(r2e(01)c(02) - 11+ 125(01)5(82)) + via(r1€(61)c(62) - 12 + 115(61)3(82)) + 1112(c(01)5(62) -
(02)s(01))(Vor/11 - Voa/12))*(2r1vgac(02)s(01) - 2122 - 211Ve2c(01)s(02) - 21y + 2r2ve1¢(01)s(65) -
205v016(02)5(01) + 21Vea5(01)(02) + 262ve15(01)(02) + 2r1veac(01)c(82) + 22verc(01)c(02)/(112 + 122
- 211125(01)3(62) - 2r1126(01)(62))” + ((2via(Vor (126(01)(62) - 11 + 125(01)s(62)) - ¢(01)s(62) +
vox(116(01)c(02) - 12 + 115(01)s(62)) + 11¢(02)5(61)) + 2r2vin(c(61)s(62) -

c(02)s(0))(Via(Vor (Viac(81)e(82) - Vi - Vaac(81)s(82) + vac(82)s(01) + vias(01)s(62) +
(r2vo10(81)s(02))/11 - (1r2v016(82)8(01))/11) + Vor(Veic(B1)e(82) - Viz + Vorc(01)s(B2) - vorc(62)s(61) +
Veis(01)s(02) - (11veac(01)s(02))/r2 + (11ve2e(82)s(01))/r2) - (Viave)/r2 - (5(82 - 02)((2Via Va1 -
W2'c(W2/2) (Ve + Voo )V (2vias(92/2)e(82 - B2) - 2vaas(83 - 0) + 2vas(S2 - 02)5(y2/2)))(r1¢(81)e(2) -
1y +118(01)8(82)) + vorc(01)c(82) + vric(02)s(61) - (Voac(81)e(02))/12 - (Virvor(rac(81)e(82) - 1 +
155(01)5(02)))/11 + (Vors(01)s(02))/11 - (11v25(01)5(02))/12) + (Vo /1 - (c(82 - 02)(K2(s*(y2/2) (vir” +
Ver') - Vea?) + (2viaver )2 + y2'c(W2/2)s(W2/2) (Vi + Ve )W (W2/2) (2viae(83 - 02) + 2vos(S; -
62)) - 2v028(82 - 62)))(Vor(r2c(01)c(82) - 11 + 125(01)5(02)) - ¢(01)s(82) + voa(ric(01)e(62) - 12 +
118(01)s(62)) + 11¢(02)5(01)) - 12vi1((Vorc(01)c(02))/11 - (vo20(01)c(02))/r2 + (vers(01)s(02))/r -
(Ve25(01)5(02))/12) + viivia(€(61)5(62) - ¢(02)s(01)) + (r2v1°(c(01)s(62) - c(02)s(B1))/r))/(11” + 12 -

211128(01)s(02) - 2r112¢(01)c(02)) + ((Via(Ve1(12¢(01)c(02) - 11 + 125(01)s(02)) - ¢(01)s(02) +
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Voa(1r16(01)e(82) - 12 + 113(01)5(8)) + 16(82)s(81)) + 12vi ((B1)5(62) - ¢(82)5(81)))*(2r1vac(B2)s(61) -
217y - 211v2¢(01)s(02) - 211V, + 212vp1¢(01)s(02) - 212ve16(02)5(01) + 211v28(01)s(02) +
263v8(01)8(02) + 2112 (01)(02) + 2raveie(On)e(@)))/(r1” + 127 - 261128(01)s(62) - 2rirac(B1)e(62))")
- ((2via(vor(r26(01)c(02) - 11 + 128(01)s(62)) - €(01)8(02) + var(r16(01)c(62) - 12 + 118(01)s(62)) +
11¢(02)s(01)) + 2r2vri(c(01)3(62) - €(02)s(01)))(Via(Vor (veac(01)c(62) - Vit - veac(61)s(62) +
v026(02)3(01) + vias(01)s(02) + (1r2ve16(01)5(02))/11 - (12v61¢(02)5(01))/11) + Vea(Vric(01)c(62) - vro +
Vo16(81)s(82) - vorc(02)s(61) + vris(01)s(82) - (r1ve2c(01)s(62))/12 + (r1ve2c(82)s(61))/12) - ((Viave)/12 -
(5(82 - 02)((2vi2 ™V )12 - w2'e(W2/2)(Vea” + Vo ))/(2Vias(92/2)e(82 - 02) - 2vas(s - 02) + 2vis(3: -
02)s(y2/2)))(116(81)c(62) - 12 + 115(01)5(62)) + varc(01)c(62) + viic(B2)s(01) - (voac(61)c(62))/r2 -
(VerVor(r2c(01)¢(0:) - 11 + 125(01)3(02)))/m1 + (Vors(01)s(02))/r1 - (11ve2(61)5(02))/12) + (Vea /12 - (¢(32
- 0)(K2(s2(W2/2) (Via” + Vi) - Vin?) + (2viaves /s + wa'c(wa/2)s(wa/2)(vio? +

Vo DV(S(2/2)(2vi26(82 - B2) + 2vens(3 - 02)) - 2v25(32 - 02)))(Ver(r26(81)c(82) - 11 + 125(81)s(62))
- ¢(01)s(02) + voa(ric(01)c(82) - r2 + 115(81)5(02)) + 116(02)(61)) - r2vir((Vorc(81)c(02))/11 -
(Vo2c(81)e(02))/r2 + (Vors(01)s(02))/r1 - (Ve2s(01)8(02))/12) + Vi via(c(01)s(62) - ¢(02)s(61)) +
(r21°(¢(01)5(82) - c(02)3(81))/r))/(1” + 12" - 211128(81)3(62) - 2r112¢(81)(62)) -
((Via(ver(r26(01)c(02) - 11 + 125(01)3(82)) - €(01)s(02) + vor(r1c(01)c(02) - 12 + 115(01)s(62)) +
11¢(02)3(01)) + 12ve1 (c(01)3(02) - ¢(02)5(01)))*(2r1v42¢(82)5(01) - 22Ve2 - 201veac(01)5(05) - 211Vt +
213ve1¢(01)s(02) - 212ve1¢(02)s(01) + 21r1vi28(01)s(02) + 21r2v18(01)s(02) + 211 viac(01)c(0,) +
205vi1¢(01)e(02)))/(1” + 12” - 2r1128(01)8(62) - 2r1m2¢(81)c(62))” +
Yi2'e(Y12/2)s(y12/2) (Vi (12¢(01)e(02) - 11+ 128(01)5(02)) + via(r1€(01)e(62) - 12 + 115(01)5(62)) +
rira(e(01)s(02) - ¢(02)s(01))(Vor/r1 - Vea/12))*/(11” + 127 - 201128(61)(62) - 2r1m2¢(81)c(62)) +
(Via(ver(r26(61)c(02) - 11 + 125(01)3(82)) - €(01)s(02) + ver(r1c(61)c(02) - 12 + 115(01)s(82)) +

11¢(02)8(01)) + r2v;1(c(01)s(02) - c(0,)8(01)))*/(11% + 157 - 2r1125(01)s(6,) -
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2r120(01)c(ODN((2s(y12/2) (v (r26(81)c(62) - 11 + 125(81)5(62)) + Vo 116(61)e(B:) - 2 +
r18(01)s(82)) + rira(c(61)5(02) - c(02)s(B1))(Vor/r1 - Vo/r2)) /(11 + 12 - 2r1125(81)s(62) -
2r1120(01)(62)) + (Vea(vor (r26(81)c(62) - 11+ 125(81)3(62)) - c(81)5(8) + von(ric(B1)c(62) - 12 +
r18(01)s(82)) + 116(02)s(61)) + r2vii(c(B1)s(62) - ¢(02)(81)))*/(11” + 12 - 2r1125(61)3(62) -
2r1126(01)c(62))) - (2(Vea(vor (r26(81)c(62) - 11 + 125(81)5(62)) - (81)s(62) + Vor(r1c(B1)c(8:) - 2 +
r18(01)s(82)) + 116(02)s(61)) + 12via(€(61)5(02) - ¢(82)s(01)))*)/(r1” + 15 - 2r1155(81)s(62) -
2r112¢(01)e(02)))(s*(W12/2) (2Vea(Vor (12¢(81)c(8:) - 11 + 125(81)5(82)) - ¢(B1)3(62) + Van(r1c(81)c(62) -
£+ 115(81)3(62)) + 116(82)(81)) + 2r5ve1(c(B1)5(62) - c(82)s(01))(vVios(deltal - 01)(rac(81)c(B2) - 11 +
15(61)s(62)) + rac(deltal - 01)(c(01)s(62) - c(B2)s(ONN/(r1” + 1% - 2r1155(01)5(62) - 2r112¢(81)c(62)
+ ((c(deltal - 0;)(r2c(01)c(02) - 11 + 125(01)s(07)) + ras(deltal - 01)(c(01)s(0;) -

c(02)s(01)))(2Ve1 (126(01)c(8:) - 11 + 125(B1)8(B2)) + 2vea(11c(B1)c(62) - 12 + 115(81)5(62)) +
2r112(c(01)s(62) - (02)s(01))(Vor/r1 - Var/r2)))/(r1” + 127 - 2r1128(01)s(62) - 2r1120(61)c(62))) -
((2via(vei(r2e(81)c(02) - 11+ 128(01)8(62)) - €(01)8(62) + voa(ric(01)e(82) - r2 + 115(61)s(62)) +
11¢(82)s(81)) + 2r2vi1(c(81)s(82) - ¢(62)s(61)))(vros(deltal - 01)(r2c(01)c(62) - r1 + 125(61)s(62)) +

rc(deltal - 0,)(c(01)s(62) - ¢(02)s(01))))/(r1> + 12” - 2r1125(01)s(65) - 2r11r2¢(01)c(62)))) (84)

The control law for F; is from the dynamic inversion of y,, where y, is defined as

V2 = Vor” - 57 (W2/2) (Vi '+ Vo) (85)
and the control input a, appears in the first derivative of y,

V2' = 2vea(a28(02 - 82) - (Vioven)/12) - s(W2/2)(2vea(a28(02 - 82) - (Viavi)/12) - 2via(axc(0 - 32)
- Vi) - (W2 (W2l 2)(Vea” + ve?))/2 (86)

solving for a, yields
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a = (ka(s(W2/2)"(Vi2” + V') - Var') + (2veaver V2 + y'e(y2/2)s(y2/2)(vio” +
Voo ))/(s(W2/2)2(2viac(8; - 02) + 2veas( - 62)) - 2vs(Ss - 0,)) (87)
equations (83), (84) and (87) are the analytical equations for the accelerations of F; and F; that

can be used to cause contact between the three sensors when they have non circular sensing

Zones.
ri=>0 Guidance Law ar Kinematic > 1 (74)
E— (82) — Equations L F; (11) >
=0 Guidance Law an Kinematic v (75)
— ) )—> (85) » Equations L F, (11) >

Figure 22 Block diagram of the control law used to control F, and F, for the non circular sensing zone case.

Example

For the purpose of simulation, a sensor coverage shape must be defined. The shape that is

chosen is defined by
x = Re(0) (88)
y = Rs(0)-.75Rs(6)’ (89)

where R is a constant used to adjust the size of the sensor shape. The shape is shown in Figure

23.

46



Figure 23 Shape of the non-convex sensing zone used for simulation.

Figure 24 Noncircular sensor rotated by an angle B
For each sensor pair, an angle vy is defined as the angle between two lines tangent to both sensors

as shown in Figure 25. The distance between the closest points of each sensor, d, is also shown
in Figure 25. Each sensor can also rotate about its center by an angle 8. The calculation of both
v and d depend on the shape of each sensor sensing zone, the orientation of each sensor, and

their relative positions.
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1 1 & 1 I |

Figure 25 Distance between closest points and angle between tangent lines.

To determine v, the tangent lines of each sensor need to be calculated. First, the rotation
about the center of each sensor, f, is added to the calculation of the x and y components of the
perimeter of the sensing zone.

x = Re(0)c(B) - (Rs(0)-.75Rs(0)’)s(B) (90)

y =Re(0)s(B) + (Rs(0)-.75Rs(0) )c(B) oD
the distance, p, from the center of the sensor to the edge of its sensing zone is:

p = (Re(0)s(B) + (Rs(0)-.75Rs(0) )e(B))* + (Re(0)e(B) - (Rs(0)-75Rs(0))s(B)*) (92)
then the derivative dp/d0 is calculated:

dp/do = (2(c(B)(Rs(0) - (3Rs(6)*)/4) + Re(B)s(B))(c(B)(Re() - (ORc(0)s(6)*)/4) -

Rs(0)s(B)) + 2(s(B)(Rs(B) - (3Rs(0)*)/4) - Re(0)c(B))(s(B)(Re(6) - (9Re(B)s(0)*)/4) +
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Rs(0)c(B)))/(2((c(B)(Rs(0) - (3Rs(0)’)/4) + Re(0)s(B))” + (s(B)(Rs(0) - (3Rs(0)*)/4) -
Re(0)c(B))) ) (93)

the slope of the tangent lines are:

dy/dx = (dp/d0 s(0)+pc(0))/(dp/doc(0)-ps(6)) (94)
which for the sensor shape chosen becomes:

dy/dx = -(c(0)((c(B)(Rs(8) - (3Rs’(6))/4) + Re(0)s(B))” + (s(B)(Rs(B) - (3Rs(8))/4) -
Re(0)c(B))!" + (s(B)(2(c(B)(Rs(6) - (3Rs’(0))/4) + Re(0)s(B))(c(B)(Re(D) - (9Re(B)s*(60))/4) -
Rs(0)s(B)) + 2(s(B)(Rs(6) - (3Rs*(6))/4) - Re(B)c(B))(s(B)(Rc(B) - (ORc(B)s’(6))/4) +
Rs(0)c(B))V2((c(B)(Rs(6) - (3Rs*(6))/4) + Re(®)s(B))’ + (s(B)(Rs(B) - (3Rs’(6))/4) -
Re(B)c(B))) )/ (s(0)(c(B)(Rs(6) - (BRs’(0))4) + Re()s(B))’ + (s(B)(Rs(B) - (3Rs’(6))/4) -
Re(B)c(B)))"? - (c()(2(c(B)(Rs() - (3Rs’(9))/4) + Re(0)s(B))(c(B)(RC(B) - (ORc(B)s’(8))/4) -
Rs(0)s(B)) + 2(s(B)(Rs(6) - (3Rs*(6))/4) - Re(B)c(B))(s(B)(Rc(B) - (ORc(B)s’(6))/4) +
Rs(0)c(B)))((c(B)(Rs(6) - (3Rs*(6))/4) + Re(®)s(B))’ + (s(B)(Rs(6) - (3Rs’(6))/4) -
Re(0)c(p))*)")) (95)

then dy/dx for each sensor is equated to the Ay/Ax for each sensor sensing perimeter and the
tangent points and slopes of the tangent lines are found.

then v is found to be:

v = (tan™ (((my-my)/(1+(mimy)))) (96)

where m; and m; are the slopes of the tangent lines. During simulation, y;' and y»' are calculated

numerically.
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Next, the minimum distance between sensors needs to be found. If the x and y

coordinates of each sensor sensing perimeter is

X1 = Ryc(01)c(Br)-(Rys(01)-.75R s(01))s(B1) + X160 97)
Y1 = Rlc(Gl)s(Bl)-(Rls(91)-.75Rls(61)3)c([31) + Yio (98)
Xy = RzC(Gz)C(Bz)-(RzS(ez)-.75R2$(92)3)S(Bz) + X20 (99)
¥2 = Rac(02)8(B2)-(R28(62)-. 75R25(62)3)e(B2) + ¥20 (100)

where X1,, X20, Y10 and y», are the x and y coordinates of the center of each sensor, ; and B, are
the rotations that each sensor has undergone, and 0, and 0, define where along the perimeter the
points (x1,y;) and (x2,y>) are located. Then, the distance between any point on the one sensing

perimeter to any point on the other sensing perimeter is:

D = ((x1-x2)” + (y1-y2))""? (101)

then to find the minimum distance, the critical points at 0D/00; =0 and 0D/06, =0 are calculated.

OD/281 = -(2(s(B1)(Ric(81) - (OR1c(B1)s(61)*)/4) + Ric(Br)s(O))(x10 - X20 - S(B1)(R15(8:) -
(3R15(01)°)/4) + s(B2)(R25(62) - (3R25(62)")/4) + Ruc(Br)c(81) - Rac(B2)e(82) + 2(c(Bi)(Ric(6r) -
(OR1¢(81)s(01)°)/4) + Ris(B1)s(81))(¥1o- Y20 - c(BI)(Ris(81) - (BR15(81)')/4) + c(B2)(Rs(62) -
(3R25(82)")/4) + Rus(B1)e(61) - Ros(B2)e(82)))/(2((x10 - X2 - S(B)(R15(81) - (3Ri5(61)°)/4) +
S(B2)(R25(B2) - (3R25(82)°)/4) + Ric(B1)e(81) - Rac(B2)e(82)) + (Y10 - ¥2o - c(B)(R15(8:) -

(BRi5(01)°)4) + c(B2)(Ras(0:) - (3R25(62)")/4) + Ris(Br)e(8:) - Ras(B2)e(82))) ") (102)

50



dD/d6; = (2(S(B2)(Rac(62) - (ORac(82)5(82))/4) + Rac(B2)s(02))(x16 - X26 - s(B)(R15(01) -
(3R;5(81)’)/4) + s(B2)(Ros(62) - (3Ras(82)°)/4) + Ryc(Br)e(B1) - Roc(B2)c(62)) + 2(c(B2)(Rac(B) -
(9R0(02)s(02)°)/4) + Ras(B2)s(02))(¥1o- Yao~ c(B1)(R1s(01) - (BR15(01)*)/4) + c(B2)(Ras(62) -
(3Ras(02)°)/4) + Rys(B1)c(01) - Ras(B2)e(02))/(2((X1o - Xao - S(B(R15(01) - (BR5(01)°)/4) +
S(B2)(Ras(8:) - (3Ras(82)")/4) + Ric(Bi)e(81) - Rac(B2)e(82))” + (vio - ¥ao- c(B(R1s(8) -

(BR15(01)°)/4) + c(B2)(Ras(0:) - (BR2(0:)°)/4) + Ris(Br)e(01) - R*s(B2)e(62))") ") (103)

then all critical points that are between the tangent points on each sensor are checked to find the
minimum distance, d. When d equals zero, the two sensor zones are in contact. During
simulation, d can approach zero but typically never reaches it. When the sensing zone begin to
overlap, d is greater than zero, and increasing, so the stopping condition that is used for
simulation is when d is less than a threshold, which for these simulations was chosen to be .05
meters, and increasing. F, needs to only overlap with L, so when the minimum distance between
them is less that the threshold, then the relative motion is stopped. F; needs to overlap both L
and F,, which may require a larger overlap with one sensor or the other in order to overlap with
both. If the minimum distance from F; to L is increasing and v;; <0, or if the minimum distance
is decreasing and v;; > 0, then F; must overlap L If the minimum distance from F; to F, is
increasing and v, < 0, or if the minimum distance from F; to F; is increasing and v, > 0, then
F; must overlap F,. The stopping condition for F; is reached when either the minimum is less
than the threshold, or an overlap is detected for both sensors as in Figure 26.

A pseudo code for the stopping condition is:

if minimum distance from F; to L < threshold and minimum distance from F; to F, < threshold
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stop relative motion of F,
else
a; = equation (82)
endif
1f minimum distance from F» to L < threshold
stop relative motion of F,
else
a, = equation (85)

endif
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Apply accelerations a;
and a,

h 4

Check minimum
distances from F; to L
and Fq to Fy. Check
overlap conditions.

No
Is the minimum distance

from F; to L less than

the threshold, or hasan

overlap been detected?

Stop relative motionof F; to L

Is the minimum distance

fromFito L and from Fy

to F; less than the

threshold, or has an

overlap been detected?

Yes

h

Stop relative motion of F; to L

Figure 26 Control algorithm used for the noncircular sensing zone problem.
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CHAPTER 5

NON CIRCULAR SENSING ZONE SIMULATION RESULTS

The simulation results indicate that from various initial conditions in Table 2. the sensors

all come together such that their sensing perimeter either touch or overlap. For each sensor, the

rotation angle [ is set equal to @, the angle of the velocity vector relative to the horizon.

Table 2
Initial conditions used for the non circular sensor simulations

Case 1 Case 2 Case 3 Case 4
Leader initial x position | 15 m I5m 15m I15m
Leader initial y position | 18 m 18 m 18 m 18 m
Leader final x position I5m I5m 15m 20 m
Leader final y position 18 m 18 m 18 m I5m
11(0) 10.8087 m | 15.8087 m | 12.0278 m | 14.8924 m
r2(0) 7.6301 m 12.7648 m | 10.7648 m | 10.0333 m
0:(0) 2561 rad 2.3065rad |-.7296rad | .281 rad
02(0) -2.72 rad .561 rad -2.647rad -1.2866 rad
ve1(0) -.5m/s -2 m/s -.1m/s 0 m/s
vn(0) 0 m/s 13 m/s Om/s 0 m/s
v:1(0) -1 m/s -1 m/s -1 m/s -1 m/s
v(0) -1 m/s -1 m/s -1 m/s -1 m/s
81 0 rad 0 rad 0 rad 0 rad
&2 0 rad 0 rad 0 rad 0 rad
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Table 2 (continued)

ki 1 1 1 1

Case 1:

F, starts below and to the left of the leader, while F, starts above and to the right of the leader.
The lead sensor is stationary, which is not limiting an any way because the control laws
equations (83), (84), and (87) are based on the relative positions and velocities of the sensors.
Here F, rendezvous with L and stops the relative motion of F, to L when the coverage zone of F,
overlaps with the coverage zone of L. F; rendezvous with both L and F,, and stops the relative
motion of F; to L and F, when the coverage zone of F; overlaps the coverage zones of both L and

F».
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Figure 27 Case 1: Initial and final positions of each sensor.
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Figure 28 Case 1: Value of the outputs y; and y, used to develop the dynamic inversion control laws.
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Figure 29 Case 1: Acceleration of Follower; and Follower,.
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Case 2:

L is stationary, F; begins below and to the right of L, and F, begins below and to the left of L. F;
rendezvous with L and stops when the coverage zones touch. F; rendezvous first with L, and
then continues on to rendezvous with F,. The coverage zone of F; overlaps the coverage zone of

L when the coverage zone of F; touches the coverage zone of F, and stops.

20 T T T T T

15~

y position (meters)

F, )
10~ 2+0 .

5 L L r r r
0 5 10 15 20 25 30
X position (meters)

Figure 30 Case 2: Initial and final positions of each sensor.
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Figure 31 Case 2: Value of the outputs y; and y, used to develop the dynamic inversion control laws.
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Figure 32 Case 2: Acceleration of Follower; and Follower,.
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Case 3:
L is stationary, F; begins above and to the left of L, and F, begins above and to the right of L. F,
rendezvous with L and stops when the sensor coverage zones touch. F;rendezvous with both L

and F, and stops when the sensor coverage zone of F; touches both the sensor coverage zones of

L and F».
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Figure 33 Case 3: Initial and final positions of each sensor.
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Figure 34 Case 3: Value of the outputs y; and y, used to develop the dynamic inversion control laws.
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Figure 35 Case 3: Acceleration of Follower; and Follower,.
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Case 4:

F, begins below and to the left of L, and F, begins above and to the left of L. F; begins on a
trajectory to rendezvous with L stopping when the coverage zone of F; touches the coverage
zone of L. F; begins on a trajectory towards L and F,, and as both L and F, move, and all three
sensors rotate, the trajectory is corrected to complete the rendezvous with both L and F,, F,
rendezvous first with L, and then continues on to rendezvous with F,. The coverage zone of F,
touches the coverage zone of L while overlapping the coverage zone of F,, reaching its stopping

condition.
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Figure 36 Case 4: Initial and final positions of each sensor.
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Figure 37 Case 4: Value of the outputs y; and y, used to develop the dynamic inversion control laws.
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Figure 38 Case 4: Acceleration of Follower; and Follower,.

For each test case the three sensors assembled such that the sensing zone of each touches.
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CHAPTER 6
CONCLUSIONS

In this thesis, two analytical control laws were developed to position three
omnidirectional sensors such that there is no gap in coverage between the three sensors. These
control laws are developed using the dynamic inversion of the perimeter of the triangle formed
by the vertices of each sensor. The result is that accelerations are applied to the two follower
sensors so that each follower moves towards the lead sensor and the other follower sensor. The
three omnidirectional sensors are able to autonomously assemble in a triangle that has no gaps in
coverage between the three sensors.

A second set of control laws are developed for the case when the three sensors are not
onmidirectional based on the collision cone approach. This second set of control laws has one
control law that applies an acceleration to one of the follower sensors that puts it on a course to
rendezvous with the leader sensor and guides it until the sensing area of the follower overlaps the
sensing area of the leader. When the sensing area of the follower sensor overlaps the sensing
area of the leader, the follower sensor reaches its stopping condition. The other control law is
designed to put the follower sensor on a course to rendezvous with both the leader and the other
follower. Once the sensing area of this follower overlaps both the sensing area of the leader and
the sensing area of the other follower, then it has reached its stopping condition.

There are several possibilities for future work. The control laws were developed
assuming all sensors are on a 2-D plane. The problem could be expanded to the third dimension.
Another possibility would be to increase the total number of sensors. There are a couple of
possible approaches if the number of sensors is increased. One option would be to develop

control laws such that if four sensors are used, they would assemble in a quadrilateral with no

65



coverage gap rather than a triangle, or if five sensors are chosen they would assemble in a
pentagon with no coverage gap, etc. Another approach would be to use the same control laws
developed in this paper, and designate one sensor as the global leader which would have its
follower; and follower,, and then one of those followers could be designated as the local leader
for another set of followers, and this approach could be extended to include any number of

Sensors.
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