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ABSTRACT

The optimal design of complex systems with low sensitivity to nonlinear subsystems is an
important problem in engineering and science. When talking about non-linearity, linearization
of non-linear control systems is an important technique used in control engineering to analyze
the behavior of complex nonlinear systems. The process involves approximating a nonlinear
system around an operating point by a linear system that can be analyzed using conventional
linear control theory. This technique is particularly useful in control system design since it
allows the use of well-established techniques such as state feedback, and linear quadratic
regulator (LQR) to design controllers for nonlinear systems. Linearization is a powerful tool
that can help researchers understand the behavior of nonlinear systems and design effective
control strategies to achieve desired performance objectives.

This paper proposes the single perturbation method as a model reduction technique to
reduce the order of the system. The singular perturbation approach identifies the slow and fast
dynamics of a complex system and develops reduced-order models that represent the system’s
core characteristics. The reduced-order models are then used to design optimal controllers for
the complex system that are insensitive to the nonlinear subsystems.

Game theory is a branch of mathematics that looks at how people make strategic
decisions when the results of their choices depend on the decisions made by others. It can be
used in a lot of different ways in control systems, especially in the design of systems with more
than one person making decisions and interacting with each other. Game theory may be used to
control systems to evaluate agent behavior and create controller designs that maximize system

performance. The reduced order model was optimized using Nash strategy of game theory.
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CHAPTER 1

INTRODUCTION

1.1 Background

The foundation of our society today is built on control theory, from cruise
control to intelligent robotics. Control theory’s goal is to push a system, often known as
the plant, to produce the desired output while maintaining the desired performance. It is
feasible and crucial for system performance to create a controller utilizing control theory
techniques that is optimum, stabilizing, and resilient. Large-scale systems include a wide
range of actual physical systems, including power networks, wireless telecommunications
networks, and computer networks. All large-scale systems require control in order to
function. However, due to dimensionality, restrictions on the information structure,
uncertainty in the information exchanges, and delays for long-distance data transfer,
large-scale systems are frequently too massive and the problems are too difficult to create
and evaluate. When studying, designing, and putting control techniques and algorithms
into practice, these complexities result in significant challenges [1][2].

When several interconnected subsystems are present, a system is said to be
large-scale. Large-scale systems are frequently characterized by a multidimensional,
complex structure, as well as multi-state and multi-input variables. A system is deemed
huge from the standpoint of the control system if it is larger than a single controller
structure. Large-scale systems are specifically controlled using a multi-controller structure.
A control designer must create effective control schemes that can be executed with the
least amount of money and resources because the control problem may grow exponentially
with an increase in the complexity of the large-scale system. A control designer’s
responsibility is to assure stability, robustness, and dependable operation of a large-scale

system in the event of a subsystem(s) failure. It is required to divide large-scale systems



into a number of smaller interconnected subsystems in order to handle the complexity in
the analysis and synthesis activities for these systems. Decentralized control is crucial in

this situation to make analysis and control synthesis for large-scale systems simpler.

1.2 Control System

A control system can be defined as a system that controls or manages other
systems to obtain a specific outcome. There are various classifications of control system,
such as; linear or nonlinear system, and continuous or discrete time system. Also, we have

different system structures like centralized or decentralized system.

1.3 Decentralized System

A decentralized control system contains a main system and one or more
subsystems controlling the main system. In this research, we will consider the system
structure to be a decentralized large scale system with non-linearity in the continuous time.

Large-scale systems commonly incorporate decentralized control. A decentralized
system is made up of numerous separate subsystems, each of which functions
independently and makes decisions based on its measurements. Each subsystem also has its
own input, output, and control unit. Decentralization is accomplished by breaking down a
large-scale system into smaller subsystems, resolving each subsystem independently, and
then merging the results to solve the original system as a whole. In control systems, this
can be accomplished by decomposing the analysis and synthesis of the entire system into
uncoupled subsystems, where there is no information transmission between various local
controllers. As a result, a decentralized controller comprised of a number of autonomous
controllers that work together to control the entire system. Each connected subsystem that
is under decentralized management is in charge of carrying out a certain system duty. The
control unit for each individual subsystem in decentralized control schemes is created in
such a way that it can only access a small, localized collection of information. A

decentralized control system’s core feature is its lack of reliance on information from other



subsystems, which completely eliminates the issue of distorted information sharing.
Decentralized control’s dependability objective is to stabilize the system by building a

control unit for each control channel such that it can withstand failures [3].

1.4 Non-Linearity

In control system, a part of the system can be linear while the other part is
nonlinear. For example, the main system can be linear but the subsystem is nonlinear or
the opposite. This is usually a problem to deal with in analysis and design. So, what needs
to be done, in order to deal with that, is linearizing the system. Another issue here is that
we will lose accuracy after linearizing the model because the state variables in the
linearized model have a different nature from the state variables in the nonlinear system
since they do not represent the actual value of x(t) but represent how far the value is from
a certain value.

Linearizing a nonlinear model is by expanding it around a particular point, we call
it an equilibrium point. The equilibrium point is where the system reaches a steady state.
If it is linear, then we have one equilibrium point which will be 0 at infinity(co).

For a nonlinear system, however; it can have more than one equilibrium point. So,
we consider the system to be linear around a particular equilibrium point, and for that
equilibrium point, we have the linearized model. This linearized model is an approximate
representation of the actual nonlinear system even if the model changes a little bit, the
linearized model will still represent the system well enough. That approximation means
that there is some uncertainty because the linearization process gets into the picture some
uncertain parameters. We assume that this uncertain parameter has a certain value, but it
is not equal to that value all the time. Therefore, we say that the non-linearity is an

uncertain parameter p, which is evaluated at the nominal value .



1.5 Singular Perturbation

The first essential stage in performing system analysis and control design is
mathematical modeling of a physical system. Modeling should achieve a balance between
being straightforward and accurate with sufficient in-depth dynamics. Ordinary differential
equations of high order are necessary for the accurate representation of many physical
systems. A model’s dynamic order and stiffness are frequently strengthened by the
presence of some parasitic factors, such as tiny time constants, masses, resistances, and
capacitances [2][4]. Time scales are created by stiffness, which is characterized by the
coexistence of slow and fast phenomena. Singularly perturbed systems, which are a subset
of more general time-scale systems, are high-order systems in which the suppression of a
minor parameter leads to a reduction in dimension [5|. The singular perturbation theory
often decouples the slow dynamics, which are the dominating features of a two-time-scale
(TTS) system, from the fast dynamics, which are only present for a brief period of time.
Determining if the system equations are of the singly perturbed type is crucial for the
control designer. Singular perturbation (SP) theory may be applied if just a small number
of the system states’ temporal derivatives are being multiplied by small coefficients.
Singularly perturbed systems (SPSs) are based on a tiny, SP real-valued parameter and
have a time-scale breakdown, reduced order (slow), and fast subsystems. Such SPSs
frequently involve the interaction of two different speed groups of eigenvalues. As a result,
its eigenvalues ratio is sufficiently low. Determining how states can be divided into slow
and rapid states requires careful investigation and understanding [6]. Designing distinct
slow and fast controllers for each subsystem before combining them to create a composite
controller for the original full-order system is suggested by the decomposition of TTS
systems into separate slow and fast subsystems. When the rapid control law is not
required, just the reduced (slow) control law is used [7]. So it is possible to research and
analyze the performance of a system using a reduced-order (slow) subsystem or a

composite system, and then apply the findings to a real full-order system. The control



designer can easily generate a rough solution of a lower-order system than the original by
applying SP theory. In addition to lowering system order, the separation of time scales also
gets rid of stiffness issues. In several areas of applied mathematics, including as electrical
power systems, robotics, aerospace systems, and nuclear reactors, areas of application for
SP and time-scale approaches appear to be expanding. For more information, see [4] and
the references therein. By assuming that the fast modes are infinitely fast when deriving
the slow subsystem and that the slow modes are constant during a fast transient when
deriving the fast subsystem, the characteristics of a singularly perturbed system enable the

separation of the actual full-order system into the reduced (slow) and fast subsystems [8].

1.6 Literature Survey

In the early 1960s, singular perturbation methods were initially developed as a
tool to simplify the computing of optimal trajectories. In the control literature, Sannuti
and Kokotovic 9] developed SP as a model-reduction methodology for finite-dimensional
dynamic continuous-time systems that disregard high frequency parasitics in the late
1960s. Since then, SP theory has received a great deal of interest, and fast growth in the
further development of these control systems has happened, as evidenced by surveys of the
scientific literature [4, 7, 10]. A 2002-t0-2012 survey by Zhang et al. [11] covered six
stability, estimation, optimum and other control problems, as well as applications of
singularly perturbed systems. It is important to note that SP theory has its origins in fluid
dynamics and has widespread applications in the field of aerospace systems, as
demonstrated by the review of SP applications on aerospace systems [12]. In the design of
optimum control for large-scale systems, the need for order reduction associated with the
SP approach is most pronounced. Saksena et al. [10] have conducted a comprehensive
analysis of the composite control design based on separate control law designs for slow and
rapid subsystems. The so-called reduced technique [6] is a prevalent way for handling
SPSs. Without knowledge of the tiny perturbation parameter, Chow and Kokotovic |8|

built a near-optimal state regulator for slow and fast mode systems. Haddad and



Kokotovic [13] utilized SP to solve the linear quadratic Gaussian (LQG) problem for
stochastic systems exhibiting both fast and slow dynamics. Khalil and Gajic [14]
introduced a new technique for decomposing and approximating LQG estimation and
control problems for SPSs. The Kalman-Bucy filter was separated into slow- and fast-mode
filters via decoupling transformation. Shen et al. [15] designed a composite feedback
controller for discrete systems subject to stochastic jump parameters using an SP method.
Oloomi et al. [16] derived an output feedback regulator for discrete temporal systems that
are singularly affected. Using the sequential Galerkin approximation (SGA) method, Kim
et al. [17] provided algorithms for finding composite control laws for singularly perturbed
bilinear systems. Yao [18] has developed a method of iteration for designing sub-optimal
static output feedback computer control for decentralized SPSs. Zhou and Challoo [19]
discovered a nearly optimum solution for a singularly perturbed large-scale interconnected
discrete-time system with undetermined parameters. Corless et al. [20] have investigated
and constructed controllers for uncertain linear time-varying systems utilizing singular
perturbation techniques. Stepanyan and Nguyen [21] devised a controller for a plant with
slow actuators utilizing singular perturbation techniques with tracking error guaranteed to

be constrained to a minimal parameter in the dynamics of the actuator.



CHAPTER 2

INTRODUCTORY BACKGROUND ON CONTROL THEORY

2.1 Control Theory and Linear Systems

Control theory deals with the regulation of dynamic systems that have distinct
inputs and outputs. The primary objective is to determine the optimal system inputs that
lead to the desired output outcome. This chapter provides an overview of the fundamental

concepts and principles of control theory, which are essential for designing control systems.

2.2 Problem Formulation

Given a system model and a function representing the cost of operation, find the
input that would result in the minimum value of the cost. The main specification is to

minimize cost.

t = Ax + Bu
(1)
y=Cx
where z(t) € R" is the state vector, u(t) € R™ is the control vector, and y(t) € R" is

the output vector. The notations A € R™*", B € R"*™ ,C' € RP*™ are constant matrices of

appropriate dimensions.

2.3 Linear-Quadratic Regulator (LQR)

Performance index function "J", defined in terms of u, x,ty, and ¢y, t, and ¢; are
the initial and final times.

This design is for a linear system model and a quadratic cost function in the form

T=3allt) Valt)+ 5 [ (@0 Qult) +u 0) R ult) d @)

to



r:nxl1,
u:n x1,
Q:nxn,
R:m xm,
Vi.nxn,
J : scalar.

2.4 Optimal Control Theory

The objective is to minimize the cost function J, defined in equation 2) by
determining the optimal values of u(t), x(t), and z(t;), while ensuring that the model
equation, given by equation 1 is satisfied. This can be referred to as a conditional
optimization problem.

To do this, we propose a new function that combines the cost function and the
model equation into a single formula. By minimizing this function, we can automatically

satisfy the model equation while also minimizing the cost function.
o1 Tl
J = 3 a'(ty) V x(ty) —I—/ {ﬁ(xT Qr+u’ Ru)+ (PT(Ax + Bu — a:))] dt (3)
0

Where P is a vector with the same dimension as z. It is called Lagrange Multiplier.

So, we have
7 1 g R L 7 T T T,
J:§x (tr)Va(ty) + 3% Qx+§u Ru+ P"Ax+ P* Bu— P | dt (4)
0
We apply integration by parts to the last term.
ty tf .
/.ﬂmn&ﬂwn@yJﬂmM@—/:HMt (5)
0 0

Using 5 in 4, we get
J=J+ o+ Js (6)



such that

To= 5o (Velty) — PPt )alty) + PT(0)(0) ™)
Jo = /tf BxTQx + PT Az + prl dt (8)
Js = / y BUTRu + PTBU] dt (9)

We note that 7, 8, and 9 are uncoupled with respect to z(ts), , and u, respectively. So, to
minimize J, we need to minimize J;, Jo, and J3 independently. The results are z*(t;),

u*(t), and x*(t) in terms of P(t)

d.J,
0= a.CE(tf)

0=Va(ty) — P(ty) (10)

D.Jy

"=
0=Qz—ATP+P (11)

_0J;

0= ou
0=Ru— B'P (12)

Equation 11 is linear. So, the relationship between P and X can be expressed as

P(t) = K(t)x(t) (13)

K(t) is a matrix with dimension n X n.

Note:

P(ty) = K(ty)x(ts) (14)



Furthermore, we have

P=Kz+ Ki

= Kz + K[Az + Bul

Now, from 12, we have

u=—R'B"P

And, by using 13, we have
u=-R"'B"Kz
Now, we use 17 in 15.
P =Kz + K[Az + Bu] = Kz + KAz — KBR'BTKz
But, we also have, from 11, the following
P=—-Qr—A"TP=—Qu— ATKzx
Finally, from 18 and 19, we have
K+ KAz — KBR'B"Kx = —Qx — ATKx
This must be satisfied for all x. Therefore, we must have
~K=KA+ATK+Q—- KBR'BTK

From 10 and 14, we have

K(ty) =V

(15)

(16)

(17)

(18)

(20)

(21)

(22)

Equation 21 is a matrix differential equation. We solve it to obtain K, using the boundary

condition 22.

10



Equation 21 is Known as Riccati Equation.

2.5 LQ Problem

The LQ problem, which refers to a linear system that is subject to the quadratic

cost function, can be viewed as a particular instance of the general optimization process.

The system is:
= Ax + Bu

and the cost function is quadratic:

1 [
J= x?fo—l——/ (z" Q z+u" Ru)dt
0

1
2 2
Then, the Hamiltonian

1 1
H(u") = éxT Qx+ §uT Ru+ J"{Az + Bu}

The partial derivative is to be taken with respect to u, for minimization

0
0= —H = Ru+ B'J
ou
yields to the optimal control input
u =—-RB"J;

and the optimal Hamiltonian H*

1 1
H* =H(u") = §a:TQx —~ 5J;;TBR—lBTJ;; + T Az

For a linear system and a quadratic cost function, it is expected that

11

(23)

(24)

(25)

(27)

(28)

(29)



where K (t) is an unknown symmetric non-singular matrix. Then,

0=J +H(u") (30)
which can be written as
L 7 L r L r ~1pT T
0:§x Kx+§a: Qx—éx KBR "B 'Kz +x" KAz (31)
or
~K=Q+KBR'B'K + KA+ ATK (32)

This is the Riccati Equation. The optimal value for feedback gain is to be found using the
solution K and thus the control input « and optimal cost. The representation 32 is called

the Algebraic Riccati Equation (ARE), which has the form

0=Q+KBR'B'"K + KA+ ATK (33)

2.6 Output Feedback

The Output feedback method involves using only the information from the output
signal, without estimating the system states, to compute the feedback gain. As a result,
the feedback gain will only relate to the output signal’s properties and will not be

connected to the state vector z. So, consider the system

& = Az + Bu (34)

y=Cx (35)

In case the state is not available, the controller will base its decisions solely on the output

signal and will take the following structure

u=—Fy (36)

12



And the quadratic performance index

Now, using 35 and 36 in 34, we get
t=Ar+ B(—FCx)=(A—-FC)x = Ax
And the performance index will be expressed as

1 OO T
7=5 [ @Ot

where

Q.=Q+CTFTRFC
minimizing J can be found by selecting a positive semi-definite P so that
1, 1
J = 57 (0)Pz(0) = Etr{PZ}

where

0=A"P+PA.+ Q.

and

¥ = 2(0)z”(0)

Note that 41 is a condition for 40 and will be noted as x.
k=AlP+ PA.+ Q.

Then, the performance index in 40 can be minimized by introducing the Lagrangian

multiplier Z to the Hamiltonian H in 44 satisfying 43

H=tr{PX} +tr{xZ}

13

(37)

(38)

(40)

(43)

(44)



taking the partial derivative of H with respect to P, z, and F' and then set it equal to zero

to get optimization

oH

o T
0=5, =Qc+AP+PA (45)
0 " =S+ AZ+ ZAT (46)
oP
0= ?}‘ — 2RFCZC" —2B"PZC" — F = R'B"PZC"(CZCT)™"  (47)

These equations can be solved by assuming CZC7 is non-singular and R is positive
definite. To begin, select an initial value for F'. Then, use equations 45 to find P and 46 to
find Z, by solving the Lyapunov equations. Next, use the values of P and Z to solve
equation 47 for F. Repeat this process by updating the values of A, and (). with the

calculated F' until convergence is achieved.

2.7 State Feedback Optimal

State feedback is considered to be a special case of output feedback with C' = I. For

the system 34 we will have the feedback gain:
u=—Fux (48)
and substitute this gain into the performance index function 37, we get

7= /t " @ (1)Qa(r) + o () Ru(r)dr (49)

14



CHAPTER 3

PROBLEM STATEMENT

3.1 Overview

In a decentralized control system, the main system is controlled by one or more
subsystems. For decentralized systems, controller synthesis contains a local controller for
each subsystem, which operates the main system properly. Figure 2.1 shows that the

subsystems are not interconnected; rather, they operate independently.

Uy
5 €%; = Ajpx + 4113 + By
! Y1 = Ciax + 025
N4l
&= Aygx+ Agy 2, + Agy s
U
> €55 = Asox + A55%5 + Bous /
F2 Y2 = Ca1x + €323
Y2

Figure 1: Decentralized system setup with two subsystems.

Through the utilization of output feedback gain, the controllers F; and F; are able
to exert control over the respective subsystems z; and z,, which, in turn, exert control over
the primary system x. After the gains F} and F5 have been calculated, it is possible to
identify the controller for the composite system. The response of the slow system is

expected to be the same for the entirety of the singular perturbation, which allows us to

15



define the fast dynamics as the reaction of the fast converging subsystems. When the
responses of the quick systems converge to zero, we have reached the slow state, also known
as the steady state dynamic. This occurs when the reaction of the slow system is the only
one that has any impact on the system. The system that is being investigated is a

decentralized singularly perturbed linear time-invariant system.

3.2 Conditions and Limitations

Since there is uncertainty in the system, the solution may not exist for some
values of 75”. So, ”S” has to be small enough to have a solution. Furthermore, limitations

exist if the singular perturbation e < 1.

3.3 Mathematical Model
3.3.1 Model without Sensitivity

Consider the linear time-invariant decentralized singularly-perturbed model.

T = Agox + Ag121 + Apgazo (50a)
€z1 = Ajpxr + A121 + Biug (50b)
€Zy = Aogr + Agozo + Bous (50¢)
y1 = Cnz + Ciez (50d)
Y2 = Cnx + Corzo (50e)

where x € R" is the state variable of the main system z, z; € R™!, and 2o € R™? are the

state variables of the subsystems Z; and 25 respectively. Inputs u; € R™ and us € R™ are
the control input vectors of subsystems Z; and 25, and outputs y; € RP* and y, € RP? are
the control output of subsystems 2; and 2.

Aogo, Aot, Aga, Arg, A11, Asg, Ao, By, By, C11, Cha, Co1 and Cyy are constant matrices with

appropriate matching dimensions.It is assumed that the singular perturbation parameter

16



€ < 1 is a small positive number.

The performance index in equations (50) can be calculated by

0 =5 [ @O (7)Q ()42 (7)Qussalr) +a (7) Ruvs () (7) Raa ()l
(51a)

B0 =5 [T (7)Qun(r) 5T (1)Qu a7 4 (7)Qusalr) ] () Rata(r) - () ()
(51b)

where Q17 Q27 Qzu QZQ Z 0 and Rla R27 R37 R4 > 0.
This system is linear and has no source of uncertainty. But, what if we have

non-linearity as a source of uncertainty?

3.3.2 Model with Sensitivity

Now, consider the same system with o; and g5 which represent the sensitivity to

nonlinear subsystems z; and 2s.

T AOO AOl Aog 0 0 T 0 0
62:1 AlO All 0 0 0 21 B1 0
Uy
EZ'Q - A20 0 AQQ 0 0 29 + 0 BQ
Uz
0:1 0 A,11|M0 0 A11|u0 0 01 0 0
_0:2_ i 0 0 Al22’u0 0 AQQ‘#O_ _0'2_ | 0 0 i
iil' = Aool' + A0121 + A0222 (52&)
621 = Alo.CC + AHZl -+ Blul (52b)
622 = AQ()ZE + A22Z2 + BQUQ (52C)
e = Alylu21 + Ay, 01 (52d)
ey = Apylup22 + Az, 02 (52e)
Yy = 011113' + 01221 (52f)

17



Yo = Cy1x 4+ Canzo (52g)

where 01 € R™ and o9 € R™? are the sensitivity such that ¢; and o9 are defined as the
derivatives of z; and z,, respectively, with respect to p evaluated at g which is the

nominal value of .

__ 0z __ 0z . . . .
o] = 8_ul|“0 and gy = 8_i|H07 also, p is a parameter in A;; and Asy. and pyg is the

nominal value of u. (1 is given by the manufacturer).
The performance index in equations (51a) and (51b) can be calculated by

10 =5 [ @) + Q)+ ()Qza(r)

(53)
+ul (7)Ryuy (1) + vl (T) Ryus (1) + 01 S1o1 + 0F Syo)dt
1 o
Jo(t) = = e (T)Qax(7) 4 2] (T)Q2, 21(T) + 23 (T)Q1y 22(T
0=3 | @ OQua)+ () + ()l o

+ul (7)Raup (1) + ud () Ryua(7) + 01 S1o1 + 03 Sa09)dt

where 51,52, Q1, @2, @, Q., > 0 and Ry, Ry, R3, Ry > 0.
So, we have a system with sensitivity to nonlinear subsystems. Our goal is to

linearize this system and then we optimize it to get the best feedback.
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CHAPTER 4

APPROACH

4.1 Mathematical Tools

Calculus of variations is used in this research, which is also known as
Pontryagin’s maximum principle.In optimal control theory, Pontryagin’s maximum
principle is used to determine the optimal control for transitioning a dynamical system
from one state to another, particularly in the presence of restrictions for the state or input
controls. It claims that any optimal control must solve the so-called Hamiltonian system,
which is a two-point boundary value problem plus a maximum condition of the control
Hamiltonian, coupled with the optimal state trajectory. These necessary conditions become
sufficient under specific goal and constraint function convexity conditions. Also, singular

perturbation will be used to reduce a large-scale system.

4.2 Linearization

Linearizing a nonlinear model goes through some steps [22].
Let
2 = fi(z,z1,u1) and 29 = fox, 20, us).
Tey 21,5 Z2., U1, , and uy, are equilibrium points.
Here,

fxe, z1,,u1,) = f(xe, 20,,u2,) =0

Now, define Az = x —x,, Az =21 — 21, Azo = 29 — 29, Auy =u; —uy,, and
AUQ = U — Ug,.

So,

r=x.+Ax, 21 =21, + Az, 2o = 29, + Az, uy = uy, + Auq, and

Uy = Ug, + A'UQ.
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Note that, since x is linear, this means the equilibrium point x, = 0.
=x=Ax

Thus,
fi(z, zi,u5) = f(xe + Az, 25, + Azgyuy, + Aug)  i=1,2

dfi dfi df; .
—f —f worzs s DT F —f|ze - w. Au; + higher order terms
ox Qz; 7rerte Ou; e

= f(‘/'["e’ Zie’ uie) + TeyRie Uie Ax +

Note that,

f(:L“e, Zieauie) - O
The higher order terms can be represented as p. Hence,

ofi

fi<x72i7ui) = afE %

2oz o AT+
€r*rersWie azl

TeyZie Uie AZZ + au
(2

Te,Zie Uie Aul + ’u

Where ;1 =higher order terms as we mentioned earlier, and the nominal value of py = 0,

and then, this p will be incorporated as follows:

éi = Ap(p)z + Aiu(1) G + Bi(p)ou

Where,
Aio = % Te,Zig s Uie
Aii = g—fj TeyZie Wie
Bi = gqu Te,Zig Uie

So, in the linearized model, the state variables (; represent the variation between z;
and the equilibrium points z;, respectively. Also, the input «; represent the variation

between the input w; and the equilibrium points wu;, respectively.

— 9

Also, note that: oy = %—%ho and o3 = 32|,
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Therefore, the new linearized model will be as the following :
&= Aoz + AoiC1 + Ao2Ce

e¢i = Az + AnG + By

€Co = Asx + AssCo + ooy

edr = AlluC + Arilu01

cdy = Ap oGz + A2z iy 02
y1 = Cnr + Cil

Y2 = Oz + Caa(o

4.3 Optimal Control For Non-Linearity

(55a)

(55b)

In order to optimize the model (55), we first need to convert the system by using

a technique known as singular perturbation (SP)[1].

Preliminary Results of:

4.3.1 Slow Subsystem

First, we set € = 0, then ¢{; = 0, it signifies that only the slow portion dynamics

have an impact on the system. Now let Z, (;, and &; represent the system’s quasi-steady

state variables. The system’s slow variables can be set as follows:
T =T, Yi, =Y, i, =0
Then, the system (55) will be reduced to the following model
T = ApT + AoiC1 + An
0= AT+ A + By

21
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0= Aggi' —+ AQQEQ + BQO_CQ (56C)

Now, from (56b) and (56¢), we get the following:
G = —[Au] " (AwT + Biay) (57a)

(o = —[Ag) ' (AT + Badis) (57b)

Next, by substituting ¢; and (s in Z, (56a) will be as the following
T = AT + By + By (58)

Where,
Ag = Aoy — An[A1r] 1 Arg — Aga[Ass] T Agg
By = —Ao[An] ' By
By = —Aga[Az] ' B,
The quadratic performance index for slow subsystem is

1 [ - - - -
Js(t) = 5/0 (.’Engfﬂs -+ ClTQClCi + C’ZTQCQCQ + OziRlals + Oég;RQOCQS)dt (59)

Now, by inserting (57a) and (57b)in (59), we will have the following:

1 o
Js(t) = 5/0 (27 Qus + [~ AL (AT + Biau]" Qo [~ Ay (A10T + Bia] ()
60
+[—A;21 (AQ().T -+ BQ@Q]TQCZ [—A;; (Agof —+ BQO_éQ] + OéiRlOéls + Oégs RQOCQS)dt
Next, we can use same structure described in 23] to rewrite (60)
1 o0
J5<t> = 5/ (iL‘ZQ(yTs -+ 2$ZM1C(1S -+ QI'ZMQOQS -+ OéiR()lCYls + OégsRogOézs)dt (61)
0

Where,
Qo = Qu + ATAT Qe AT Avo + A AL Qe Azy Axg
M, = A1T0A1_1TQC1A1_1131
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M, = A2TOA52TQ<2A521B2

Ror = Ry + BY Ay Q¢ A1) By

Roy = Ry + By A5y Q¢ Ay By

To eliminate (227 M;a,,) and (22 Myas,),
let

oy, = o1, + Foias
g, = oo, + Foows

The preliminary feedback input is
Fy = — Ry M
Foy = —Rgy My
By applying this feedback gain, we will have

-1 T

—1a4T
Qo = Qp2, — R02 M2 Tg

Now, we can rewrite (61) to be as the following
L[~ r T T
Js(t) = 3 (75 Qszs + a1 Ror0, + ay Roparp, )dt
0

Where,
Qs = Qo + 2M 1 Fyy + 2MyFp

The optimal feedback control of the system will be as

ary(t) = Fas(t)

S

agg(t) = Foous(t)

23
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Where,

F(Tl = —R&l(MlT + BoTle)

(65)
Fp, = _Razl(MzT + BS;KS)
K is the solution to the following algebraic Riccati equation:
0= K,As + AT K, — KBy Ryy' By, Ky — K Bpa Roy Bio Ks + Qs (66)

Where,
AS - A(] - BOlRallMlT — B02R821M2T

4.3.2 Fast Subsystem

First, we consider the fast dynamics. We define the fast variables as follows:
Gy =C—G, Gy =G~ o1, =ay—ay, oy, =@y — Gy, Y1, =¥y — §1, and
Yo, = Yo — Y2. Also, we assume x = T =constant, 51 =0, and 52 = (0. The slow part of each
variable is assumed to be constant during the transient period.

Thus, we have the two subsystems

Gél = Az + An¢i + By

_ ) ) ) (67)
€Cy = A + Ag2(o + By
And the slow parts, i.e. when ¢ = 0:
0= AioZ + ACi + Biay
) o (68)
0= Aggff + A22§2 + BQdQ
By subtracting (68) from (67), we will have the following fast subsystem:
€1 = Ao(x — 7) + A (G — ) + Bi(on — &) (69)

o = Ago(z — Z) + Aga(Co — () + Ba(ag — a)
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But we assumed = = 7, 5’1 =0, and 52 = 0. We can rewrite (69) to be as
€(GL—G) = Eélf = Anle + B1041f

(6~ G) = €Ca, = Ao, + Baa,

Furthermore, for the output, we will have
yi, =y1 — 4 = Chalyy

Y2, = Y2 — Y2 = Oy,

Also, we have the gain feedback as:

ar, = —Fogyr, = —Fo3Ci2C1, and ag, = —Fogys, = —FpaCar(y,
By inserting the gain feedback in our fast subsystem, it will be
: 1 ~ 1 - _ .
G, = E[Anle — B1Fp3Cia(y, ] = E[AH — B1F3Cha)C1, = A, G,

: I - = 1, - _ .
G = Z[A22C2f — BaFpaCala,] = Z[AQZ — BaFpuCosl (o, = Az, (o,
o1, = Aifglf + Alffflf
Oy, = A'ngzf + AQfUQf

Where
Alf = 1(Ayy — B1F3Cyz) and AQf = 1(Ap — ByFpuCa)

(70)

(71)
(72)

(73)

We consider the quadratic Performance index which includes o1, and o3, in order to

minimize the following cost
1 [ A A
Ji(t) = 5/0 (¢1, @11, + 63, Qa6a, + 01, 51,01, + 03,55,09,)dt

where

Ql = Q¢ + CLELER Fo3Cia
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QQ = Q¢ + C F{ RaFyCos
Also, we have

C1, = ¢1(t)C1,(0)
C2 = ¢2(t)f2f (O>
/ st — 7) AL, 61(7)Gr, (0)dr

o, = / b4(t — 7)) (7)o, (0)dr

where
o(t) = Ayt , go(t) = Az, )t L st —7) = e(/hf)(t—f)7 oult —7) = o(A2,)(t=7)
and ¢;,(0), i = 1,2, are initial values.

We form the Hamiltonian as

1 A n R
H - §(C,11;Q1C1f + (21;Q2C2f + O-r{fslfo-lf + O-ngQf0-2f) + )\glfAlfCIf

(75)
+)\CT2fA2fC2f + )\Zlf (A,lfle + AlfUlf) + )\UTQf (AIQfCQf + A2f02f)
Applying the minimum principle [24], We get
- OH A - T
)‘le - _Tif = _[nglf +A{f/\C1f + Allf)‘cnf]
‘ OH A - T
)‘sz = _@ = _[Q2<2f + Agf)‘@f + A,2f>‘a2f]
. OH (76)
)\o'lf = _ao_lf [Slfalf + A )\Ulf]
. oH )
)\U2f = —60_2f = —[SQfO'Qf + Agf)\UQf]

Now, Let

)‘le = KnG, + K301,

)‘sz = K222, + K2409,

Aoy, = KiiQiy + Kazon,
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Aoy, = Koo + Kaaoy,

K;; can be obtained by solving the following equations, (i,j = 1,2, 3,4)

T

KuAy, + A Ky = —Q1 — KA — A Ka (77a)
KisAy, + Af Ky = — A Ky (77h)

KAy, + A Koy = —Qa — KniAy, — A) Ky (77¢)
KAy, + AJ Kyy = — Al Ky (77d)

Ky Ay, + Al K3 = — K3 Aj, (77¢)

Kz Ay, + Al Kyz = =5y, (77f)

K42A2f + Ang@ = —K44121/2f (77g)

KuAy, + A Ky = =5, (77h)

The Hamiltonian is rewritten as follows:

1 1
H = tr[é(le + Ol Fgg Ry FosCha)Ca G, + §(Q<2 + O gy RoFosC2) G, G5,

1 1
+ §Slf01f0¥; + 5521‘0-2)‘0-%;

(78)
+ A1fC1f/\£f + AQfCQf)\Z;f
+ (Allfglf + Alfo-lf))‘cj;lf + (‘AA/2fC2f + A2f0-2f)/\22f]
The necessary condition of minimizing Jy given by;
< OH
0=F dt = 3,4 79
| geari=s (79)
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will result the following equations:

1 _
Fjy = ERlelT (K11 E 4 K13Gy + K3 GT + K33G5)CL(CloECT) ™!

1 _
F}, = ERngQT (Koo N + KoyTy + KupoT + Ky Th|Ch (Coa NCL) ™

where F,G1,G9, N, T}, and T are obtained by solving the following equations:
A E+ EA] = -0

A1fG1 + Glflle = _A’le
A, G+ GQAff — _Glgﬂ _ AflfGIT
AQfN-I— NAQTf = -,
flsz1 + Tlflsz — _AéfN
Ao, Ty + Ty AL, = —T A, — Ay T

Where,
0, =BG, (0)C.(0))

Qy = B¢, (0)¢3,(0)]

4.4 Composite Control

The composite optimal control solution for the main system (55) is

* % x % *
a) = ay, oy, = Fos — F3Chay;

* * * _ * _ *
Qy = Qi+ Qg = Fooxs F04022C2,-

But we have

1

&I
Il
8
w

C1f = (1 —
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Where

Now,

Similarly,

Therefore,

Where,

oy = Fyyrv — FaCra(G — G,) = Foyr — FzChaGr + FyChada,
= Fyo — FiCrali + FisCra(— A Ayor — Ay By Fjy )

= [Fy7 — F53012A51131F5133] - F53012A1_11f_11033 — F3Ch2Gi

oy = [Foyx — FyCon Ay By] — FjCon Ay Agg — FiyCanlo

* * *
oy = Iz — F3Craly

* % *
ay = Fogr — Fg,Caa(,

Fys = [Foy — FisCraAr BiFgy] — FsCraApy Ayg

Fos = [Foy — FyCazAsy BoFy) — FiyCaz Asy Agg

4.5 Numerical Example 1

Consider the following system

-2 0 3 -1 -3 2
T = z(t) + Gi(t) + Ga(t)
0 -3 -1 -2 -4 -1
. -1 2 -5 0 —2
€1 = z(t) + G(t) + o (1)
4 3 2 —6+2u 2

(83)

(85)



-1 5 —6 1 —1
€Cy = z(t) + Gt) + () (88)
-3 2 1 344 1
o o 5 o] [=2| [2 1]
€01, = G, + — Fos o1, (89)
0 2 2 -6 2 1 3
' 0 0 6 1 1 13
€09, = G, + - Foy 02 (90)
_0 1_ i 1 —3_ i 1 | _2 1_
x
Yy = (91)
G
x
Y2 = (92)
G2

10
Wlthe:OL Ry :RQZL and Qx:Qzl :QZQ = = = Q.
01

Solution: Two cases are considered in solving this example. The first case is when

S

; and Sy, are set equal to 0 X I, which means there is no sensitivity in the system. The

solution in this case does exist and it is guaranteed. The second case is when
Slf = ng = 40000 x I, and the solution exists in this case.

When 5, = 53, =0 x I. The optimal solutions for the composite control are

o) = [0.4049 —0.0906] xr — [—0.1302 0.0867} Ci2Gi

ay = [—0.0783 —0.0229} T — [0.0695 —0.0641} Ca2(2

and

aLy” = [0.4249 —0.0944] Ts

Qg = [0.0070 —0.1009] Ts
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With

E =103

Amplitude

0.9451 0.2109

Kll =

KIS = K24 = K31 = K33 = K42 = K44 =

0.3166

—0.1047

—0.1047  0.1880

0.0010 0.0002
0.0002 0.0008

0.2109 0.8777

0.0009 0.0003
0.0003 0.0017

Y

)

1=

1=1

0—4

b

0.0011 0.0036

—4

0.0399 0.1483

0.0009 0.0003

KZQ =

0.0003 0.0017

0.0095 0.0363
0.0695 0.2974

Y

b

T, =

0

Response to Initial Conditions

0
0

1073

0.0008 0.0171
0.0171 0.4802

0.0044 0.0266
0.0226 0.1531

To: Out(1)

To: Out(2)

Time (seconds)

Figure 2: Systems Responses To Initial Condition When S;, =0 x I and Sy, =0 x [
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When 5, = 53, = 40000 x I. The optimal solutions for the composite control are

ay = [—0.9509 1.2270]:1:— [—0.2808 0.7627} Ci2G
Qy = [—2.1556 2.2095]:1:— [1.1354 —0.5256} Ca2(o
and
aj, = |0.4249 —0.0944} Ts
as. = [0.0070 —0.1009} T
With )
0.3166 —0.1047
K, =
| —0.1047  0.1880
0.0021 0.0027 0.0571 0.0519
11 — 7Kl3:
0.0027 0.0102 0.2766 0.3310
0.0571 0.2766 49.2064 16.4222
31 — 7K33:
0.0519 0.3310 16.4222 26.5542
0.0014 0.0024 0.0059 0.0230
Ky = , Koy =
0.0024 0.0175 0.1433 0.5637
0.0059 0.1433 38.0135 12.2069
K42: 7K44:
0.0230 0.5637 12.2069 49.0865
0.0013 0.0003 0.3557 0.2070 0.0624 0.0721
E = .Gy =10"° Gy =107
0.0003 0.0005 0.6146  0.6154 0.0721 0.1349
0.0011 0.0003 0.0253 0.0328] 0.0797 0.1716
N = Ty =107 Ty =10"°
0.0003 0.0011 10.0658 0.1171 | 0.1392 0.3816
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Amplitude

To: Out(1)

To: Out(2)
o

Response to Initial Conditions

Cip® .l
A R - I
T T
\ [SPRL)
w n
w
‘\\\\\ (22{(‘” et
‘\\\
WA
e WA —
LS
SR T 4 CT T O, e [&
0.01 0.015 0.02

Time (seconds)

Figure 3: Systems Responses To Initial Condition When S;, = Sz, = 40000 x I

0.025

As shown in Figures (2) and (3) the sensitivity has been reduced, considering

different values of 1. The values considered for g are 0, 0.1, 0.2, 0.3, and 0.4.

4.6 Numerical Example 2

Consider the following system

EC1 =

0 100
0 010
x(t) +

0 0 01
-1 2 00
—1+4+3n 0
4 —1

x(t) +
0 0
1 0

33

_1- [
0

Gi(t) +
0
1
0 —1 ]
0 -1
1 242
0 —4+2u

0 1

0 1

-1 0

0 0
Ci(t) +

Ca(t)

a1 (t)

(93)

(94)



1 0 0 O —1+pu 0
) -1 0 -1 0 0 —2
€Co = z(t) +
0O 0 0 2 0 —2+2u
-1 0 0 0 -3 0
30 00 —1 0 -1
' 4 00 o -1 0 -1
€01, = Gy +
0 0 2 o 0 -1 -2
0 0 2 1 0 0 -4
1020 -1 0 -1 0
_ 0 00 0O -2 0 0
€09, = Coy +
0200 0 -2 -3 -3
0 00 -3 0 0 -4
x
Y1 =
G
x
Y2 =
G2
With e = 0.1, Ry = Ry = 1, and
1000
0100
QJEIQQ :QCQ = :QIZQQ--
0010
00 01

Ga(t) +

_1-
0
(0] (t)

~1

~1
- (99)
0'1f (96)
O'Qf (97)
(98)
(99)

Solution: In this example, also two cases are considered. The first case is when

S =0 x I. The second case is when S = 100 x [.

When S, = 53, =0 x I. The optimal solutions for the composite control are

*
ay

34

= [0.5742 —0.1585 0.3434 0.3448}1‘—[—0.2798 —0.0363 0.2435 —0.0448] Ci2Gi



@ = 10.6965 0.0982 —0.0963 —0.3003}$—[—0.4613 —0.3836 —0.0293

and
ay, = [0.5865 —0.0864 0.4747 0‘1314} T
= [0.6559 0.0796 —0.1286 —0.3569] T
with _ _
1.5718 —0.0461 0.2322 —0.5994
. —0.0461 0.4963 —0.1159 —0.0634
0.2322 —0.1159 0.3927 —0.0414
—0.5994 —0.0634 —0.0414 0.5311
0.0044 —0.0005 —0.0010 0.0002
—0.0005 0.0050 —0.0000 —0.0009 —0.0000 0.0033
K11: aK22:
—0.0010 —0.0000 0.0050 —0.0018 —0.0009
0.0002 —0.0009 —0.0018 0.0022 —0.0006  0.0006
0000
0000
KlS = K24 = K31 = K33 = K42 = K44 =
0000
0000
0.2883 —0.0557 —0.1113 0.0933 0.0487
0.4534 —0.1086 —0.2173 0.1546 0.0833
Gy =103 .Gy =103
—0.0299 —0.0001 —0.0001 0.0206 —0.0107
0.0893 —0.0394 —0.0787 0.0637 0.0192
0.0032  —0.0003 —0.0005 0.0006
- —0.0003  0.0053  0.0006 —0.0003
—0.0005 0.0006  0.0062 —0.0006
0.0006 —0.0003 —0.0006 0.0014

35

—0.0008

0.0058  —0.0000 —0.0009 —0.0006

0.0833
0.1471
—0.0231
0.0343

—0.0008  0.0006
0.0020  —0.0008
—0.0008  0.0018

0.3988| C2(2

—0.0107  0.0192
—0.0231 0.0343
0.0110  —0.0034

—0.0034 0.0097



0.0364 —0.0710 0.2311 —0.0902 0.1623 —0.0150 0.0925 —0.1833
5 —0.0404 —-0.0038 —0.0616 0.0716 4 —0.0581 —0.0225 —0.0150 0.0711
T =10" , 15 =107
0.0313 0.0844 0.0677 —0.0716 0.0592 0.0322 0.0934 —0.1166
—0.0270 0.0373 —0.1752 0.0870 —0.1172  0.0023 —0.0934 0.1605
0.0035  0.0003  0.0001 —0.0020
N 0.0003  0.0025 —0.0009 —0.0002
0.0001 —0.0009 0.0034 —0.0012
—0.0020 —0.0002 —-0.0012 0.0029
Response to Initial Conditions
| S |
=)
e | | e =
T . et ]
:_;t : T T T T 1 N jﬁigi
e, X\ ol
© A ‘ | i |4231(t) ’,
564\\‘ I I I I I
0 0.02 0.04 Tir?q.(e](i(seconds) 0.08 0.1 0.12
Figure 4: Systems Responses To Initial Condition When S;, =0 x I and Sy, =0 x I
When S, = 53, =100 x I. The optimal solutions for the composite control are
ay = [0.2436 —0.3007 —0.0802 0.8123} T — [—0.6087 —0.0518 0.6587 —0.4234} Ci2G1
Qy = [0.5091 0.1196 —0.1700 —0.2484} T — [—0.9350 —0.5903 —0.1413 0.8317} Ca2(o
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and

with

K42 =

0.0129
—0.0007
—0.0013
—0.0011

0.0088
—0.0009
—0.0002
—0.0015

0.0054
0.0397
—0.0007
—0.0068

0.0200
—0.0009
—0.0062

0.0007

of, = |0.5865 —0.0864 04747 0.1314] ,

*
(1/23

—0.0007
0.0050
—0.0000
—0.0008

—0.0009
0.0047
—0.0012
0.0008

0.0000
—0.0013
0.0003
0.0002

—0.0048
—0.0097
0.0097
—0.0072

[0.6559 0.0796 —0.1286 —0.3569] Ts

1.5718
—0.0461
0.2322

—0.0013
—0.0000
0.0050
—0.0017

—0.0002
—0.0012
0.0027
—0.0012

0.0000
—0.0000
0.0000
0.0000

0.0143
0.0025
—0.0039
—0.0001

—0.0461 0.2322 —0.5994

0.4963

—0.1159 0.3927

—0.0011-
—0.0008
—0.0017
0.0030

—0.0015-
0.0008
—0.0012
0.0023

—0.0016-
—0.0088
0.0126

—0.0005

—0.0096
0.0049
0.0009

0.0027

37

—0.1159 —0.0634

7K13

7K24

7K33

aK44_

—0.0414

—0.5994 —-0.0634 —0.0414 0.5311

0.0054

0.0000

0.0000
—0.0016

0.0200
—0.0048
0.0143
—0.0096

0.2712
—0.0649
—0.1278

0.0975

0.4442
0.0110
—0.0756

—0.0622

0.0397  —0.0007 —0.0068

—0.0013
—0.0000
—0.0088

—0.0009
—0.0097
0.0025
0.0049

—0.0649
0.4990
—0.0012
—0.0844

0.0110
0.3260
—0.0761
0.0641

0.0003
0.0000
0.0126

—0.0062
0.0097
—0.0039
0.0009

—0.1278
—0.0012
0.4999
—0.1721

—0.0756
—0.0761
0.1899
—0.0726

0.0002
0.0000
—0.0005

0.0007
—0.0072
—0.0001

0.0027

0.0975
—0.0844
—0.1721

0.2016

—0.0622
0.0641
—0.0726

0.1810



G, =103

0.0725 —0.0145 —0.0200 0.0423
0.1381 —0.0621 —0.1000 0.1005
—0.0003 —0.0150 -0.0366 0.0331

0.0377  —0.0325 —0.0607 0.0631

0.0016 —0.0001 —

0.0005 —0.0003 -

—0.0019 —-0.0594 0.1510 —0.0507
—0.0276 —0.0035 —0.0507 0.0700
0.0236  0.0888  0.0266 —0.0550

—0.0001  0.0053  0.0006 —0.0003
—0.0001 0.0006  0.0063 —0.0006

0.0610  0.1377

o = 0.1377  0.4175
, U2 =
—0.0036 —0.0404

0.0457  0.1350

0.0001  0.0005

0.0006  0.0015

0.6029 —0.3736
T — 10-5 —0.3185 —0.1007
y L2 =

—0.0023  0.0665

—0.3636  0.3510

—0.0006 0.0337 —0.1339 0.0706

0.0030  0.0004 —
0.0004  0.0025 —

—0.0017 —0.0001 -
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—0.0004 —0.0008 0.0030 —0.0009

0.0004 —0.0017
0.0008 —0.0001

0.0009  0.0030

—0.0036 0.0457-
—0.0404 0.1350
0.0451 0.0105
0.0105 0.0625

0.3901  —0.9366
—0.0645 0.5624
0.5306 —0.4955

—0.5403  0.9591



Amplitude

Response to Initial Conditions
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Figure 5: Systems Responses To Initial Condition When S;, = S3, = 100 x
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CHAPTER 5

GAME THEORY

5.1 Introduction to Game Theory

Game theory is a technique of strategic decision-making. It focuses on optimizing
costs among multiple players. It takes into account the decisions of other players, whether
they are cooperative or non-cooperative, in determining an individual player’s choice. This
approach is applicable in various fields and not limited to economics. In control systems,
decision-making is a crucial aspect of controller design. When there are multiple controllers
with mutual impact, game theory can be used to analyze their interactions. Each controller
is considered a "player" in this scenario, and they can be either cooperating or competing

to improve the overall performance of the system.

5.1.1 Game theory in control systems

A non-cooperative game is comprised of three fundamental components, including
the number of players, a set of strategies, and utility functions or performance index.
Extensive research has been conducted on various game-theoretical strategies and
techniques to address non-cooperative games. Among these, the Nash equilibrium is a
well-known solution concept used to minimize the cost function and achieve a steady-state
equilibrium. It characterizes the state where a player’s performance cannot be improved
given the fixed actions of other players [25].

In this research, the Nash equilibrium solution is utilized to optimize the defined
system. A game can be modeled to minimize the objective function J(x,u,us) to obtain
the optimal J*(x, uj, u}).

such that

Ji(x,ul, us) < Ji(z,ug, ub) (100)
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JQ*(‘T7UT7U;) < JQ(I,UT,UQ)

So, we suppose that we have the system
T = Ax + Blul + BQUQ

Y1 = Cix
Y2 = Chx

with z(0) = g and output feedback input,

Uy = —Flclx
Ug = —FQCQ,I’
For each controller input, the given performance index function

1 o0
J = 5/ (2" Qo + ui Riyuy + ug Rigus)dt
0

where Ry3 >0, Q, >0, Ry; > 0, (Cy and Cy) have full row rank. Then
T = (A - BlClFl - BQCQFQ)I‘ = Acl'

S0,

1 o o

Ji=3 / 2" (Qu + CT F RiuFyCy + CF Ff Rip FyCh)wdt = / o’ Qeadt
0 0
The solution for this LQR problem was already found previously,
1
Jl = §t7“(P12)

where 3 = 2(0)27(0), and P; > 0 is the solution of k; defined as

K1 = AZPI + PlAC -+ Qx + ClTFlTRHFlcl + CQTFZTRHFQCQ =0
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Introducing the symmetric undetermined Z; as a co-state variable for input 1 into the

following Hamiltonian function

Hi=tr(PX) +tr(k127) (110)

Taking partial derivatives of H with respect to the variables Z;, P;, and F} and set equal

to zero, H will be minimized,

0
a—? =kl = ATP + PLA.+ Q. + CTFIT R\ F\C, + CTFI Ry, Fy,Cy = 0 (111)
1
OH
—— = A7+ 7, AT + % = 112
oP; 1+ Z1A, + 0 (112)
a—H——BTPZCTJrR Rz, Cch =0 (113)
8F1_ 14 141%v 114'141v —

where P;, R's, and ), are symmetric.
Subsystem 1 will assume that the feedback gain of the other player’s decision (F3)
remains constant. Through an iterative process of solving these equations, the Nash

equilibrium can be determined.

5.2 Decentralized Singularly Perturbed Model

Let’s consider the following linearized decentralized singularly-perturbed model :

= Agor + Ag1C1 + Ap2e (114a)
€1 = Az + AnG + Bioy (114b)
Gy = Agox + Agyly + Boay (114c)
o1 = Al + Arlu0n (114d)
Gy = AbylueCo + Asal02 (114e)
1 = Cnz+ CGy (114f)

42



Y2 = Co12 + Cly (114g)

Where,

/L‘o = %j; TesZieWie
Az‘z‘ = g_fz Te,Zie Uie
Bi = g_iz Te,Zie Uie

The quasi-steady state model of the singularly perturbed decentralized large scale is

obtained as

s = Aors + By, + Bogag, (115a)
y1, = Conxs + Doraa (115b)
Y2, = Coas + Dogara, (115c¢)

Where,
Ag = Ago — Api[A11] 1 A1g — Aga[Ag] 1Ay
By = —An[An] ' B
Byy = —Ag[An] ' B,
Cor = C1y — C1a A Ay
Doy = —Co[A7]'] By
Cog = Cy — Can Ay Agg
Doy = —Cay[Ag] ™' By
Note,
G = —[Au] (A1 + Bivy) (116a)

(2 = —[A] (AT + Byay) (116b)

Input & for each subsystem can be written in terms of z as
a; = —Fijy = —Fi\Cy & — Fi D&y = —(I) + F1Do1) ' FiCo T = ~FCo (117a)
@; = —Fng = —F2002f — FQDOQO_Q - —<IQ —|— F2D02)71F2002j = _FQCOQE (117b)
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Where,
Fl = (I + F1D01)_1F1
FQ = (Ir+ F2D02)_1F2

Now, (115a) can be rewritten as
ZL’ - A[).i' —|— B()l(—FA’lCOli’) + BOQ(—FQCOQ(T) — (AO - B[)1F1001 - BOQFQCOQ)i' — AT.’Z' (118)

Now, the uncertainty parameter p has been incorporated in (118). Therefore, ¢ can

be defined as the change of  and can be represented as ¢ = g—i. Hence,
o=Az+ A0 (119)
Where A/ is the derivative of A, with respect to p.
Thus, the reduced model is obtained as
r=A% (120a)
o=AT+ A7 (120Db)
Y1 = CoiZ + Dorov (120¢)
Y2 = Co2Z + Do2ts (120d)
The performance index functions are
Ji(t) = % /Ooo(:z:TQlf +af Riay + a3 Ryaip + 67 55)dt (121)
Jo(t) = % /0 Oo(:fTng + al Rs@y + ai Ry + 67 Sa)dt (122)

Now, by inserting (117) in (121) and (122), the performance index can be rewritten as:

Ji(t) == / (7 Q17 + [-F\C1&])" Ry [~ FyCo1 &) + [~ FyCopE])" Ry[—EF5Cou] + 67 So)dt
0
(123)
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1 [ . . . .
Jo(t) = 3 /0 (27 Qo7 + [~ F1Co17) T R3|—F1C1 @) + [~ F2C007)" Ry[—FyCo0Z) + 67 S7)dt

So,
1 [ A A A A
Ji(t) = 3 / (z7[Q1 + CL T R F1Co1 + CLE) RyFyCop)7 + 6755 )dt
0
1 [ N A A A
Jg(t) — 5/ (ET[QQ —|— C&FngFlcgl + C£F§R4F2002].ﬁz —|— 5'T55')dt
0
Thus,
1 [ N
Ji(t) = 5/ ("1 + 05" So)dt
0
I “TA = | =Ta=
Jo(t) = 5 (Z" Qo + 07 So)dt
0
Where,

Ql =@+ CoTlﬁlTRlﬁlCm + Cg;FQTR2FQCOQ
QQ = Q2+ CoTlﬁlTRsFlCm + Cg;FQTRALFQCOQ

To minimize J;, introducing the Hamiltonian:
1 A
Hy = 5(3Z’TQ133 +6795) + \L[A,7] + AL[Alz + A5

Now, by applying the minimum principle, We get
OH,

0T
Ao = —% = —[S7 + AT),]
0o

Now, Let

)\5; - Klljf + Km&

Ao = KT + K0

K;; can be obtained by solving the following equations, (7, j = 1,2)

KA+ Alel = _Ql — K10 Al — [A;]TK21
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KlQAT -+ A?:Klg = —[A;]TKQQ (131b)
KglAr + A;Kgl = _KQQA;. (].31C)
KypA, + ATKyy = —S (131d)

The Hamiltonian is rewritten as follows:

1 . . . . 1
Hi = tr{[ﬁ(Ql +CLFER By Coy + CLF Ry FyCop) T + 555—5T + A, 22D+ A e L+ Azl

(132)
The necessary condition of minimizing J; (127) given by;
<0
0= E/ My (133)
o OF;

will result the following equation:

Fy = R{YBL (KM + K13Gy + Kot GF + KyGo)CL + (BT (Kot M + Ko5G1)(Co) | (Con MCL) ™!

(134)
where M, GG; and G5 are obtained by solving the following equations:
AM + MAT = —Q (135)
AG+ G A = —A M (136)
AGy + Go AT = —G (AT — ALGT (137)
where
Q= E{zoz}
Now, to minimize J, (128), the same process is applied to the Hamiltonian (138)
1 .
Hy = §(§;TQ2§: +6795) + A\L[A,7] + \L[Az + A5 (138)
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P,; can be obtained by solving the following equations, (i, = 1,2)

PllAr + A,,TKH = _QQ - PlgA,T - [A”Tpgl (139&)
PioA, + AT Py = —[A)T Py, (139b)

P21Ar + AqTP21 = —PQQA; (139C)

Py A, + AT Py = -8 (139d)

The Hamiltonian is rewritten as follows:

1 . . . - 1
Hy = tr{[5(Q2+ CI FI Ry Coy + CLFI Ry, Cop)zz” + 5855T + A,z I+ A e D+ AL zATY

(140)
The necessary condition of minimizing .J; (128) given by;
*0
0= E/ LEPA (141)
o O

And then:

Fy = Ry [BL(Py N + PiyTy + Py TE + PyuTy)CL + (B (PorN + PyoTy)(Coz) |(Coe NCL) ™

(142)
where N, T} and T, are obtained by solving the following equations:
AN+ NAT = —-Q (143)
AT+ T AT = — AN (144)
ATy + T AT = =Ty(A)" — AT (145)

where

Q= E{zoz}
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5.3 Nash Equilibrium

In game theory, the controllers must be acquainted in order to minimize while
taking each other into account. First, controller 1 begins without any knowledge of
Controller 2’s feedback gain. Controller 1 will first estimate the feedback gain F» and then
use equations (147) and (148) to determine the feedback gain F using the optimal cost

function of the singularly perturbed system given by (146).
Ji(t) = —/ (2T Q1 + 67 Sa)dt (146)
0
and the optimal feedback gain

Fy = R{YBL (KM + K13Gy + Kot GF + KpyGo)CL + (BT (Kot M + Ky5G1)(Co) | (Con MCL) ™!

(147)
where M, GG; and G5 are obtained by solving the following equations:
AM + MAT = —Q (148a)
AGL+ G AT = A M (148b)
AGy + Go AT = —G (AT — AGT (148c)
where
Q= E{xoxl}

K;; can be obtained by solving the following equations, (i, = 1,2)
KpA, + ATKy = —Qp — K AL — [A)T Ky, (149a)
KA, + ATK 1y = —[A)T Ky (149Db)
KnA, + AT Ky = — Ky Al (149c¢)
Ko A, + ATKyy = — S (149d)
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Using the results of the previous iteration, and following the same minimization

process, the feedback gain F5 for controller 2 will be obtained.

Jo(t) = %/Ooo(xTQQx + 57S7)dt (150)

With optimal feedback,

[y = RY[BL(PuN + PiTy + PyTE + PyyTy)CL + (Bhy)T (PN + PayT1)(Cog) T (Coa NCL) !

(151)
where N, T} and T, are obtained by solving the following equations:
AN +NA' = -Q (152)
AT + T AT = — AN (153)
ATy + T AN = —Ty(A)" — ATT (154)

And
Q= E{xoxl}

Then the two calculated feedback gains F; and F5 that are now known can be used to
recalculate F; and F, with estimates that are better than the initial guess for F. Until an
equilibrium that reflects the Nash solution to this minimization problem is reached, this

method can be repeated.

5.4 Numerical Example 3

We have the following model

i - o)+ T I (155)
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. -1 2
€1 =
—4 3
. -1 5
€C2 =
-3 2
With € = 0.1.

Consider only the reduced model obtained from section (5.2), given by:

Where,

T p2—129 u+340

-5 4
x(t) +

-3 —1+4+p

-2 -1
x(t) +

-2 —T4p

1 = Co1% + Do1oyy

Y2 = Coa + Doyatrs

CY{ - —F1C'01a?
— % - —
Oy = —F2C02$

T p?-776 p+1827

Ay = “

11 p2—141 u+476

w1

67 u%—670 u+1569

w2

such that

w2

wi =2(5p—17) (n— 6)

wy = (5 —17) (u — 6)
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G(t) +

Ga(t) +

CYl(t)

Odg(t)

(156)

(157)

(158)

(159)

(160a)

(160b)

(161a)

(161b)



pn—06
Setting i equal to the nominal value py = 0 gives:

A ——1.6667 —8&8.9559 0.5882 P 0 0.8235 2.6667
r p— _— 1 —_—
i 4.6667 —15.3824 2.2353 —1.0000 1.5294 2.3333
W —0.1356 —0.3228 0.0553 P 0 0.8235 0.1944
r - 1 -
i 0.7679 —0.5193 0.7750 —1.0000 1.5294 0.0555

Followed by the performance index functions for the reduced model as

1 o
h(t) =5 / ("1 + & Riay + ag Rotvs + 67 So)dt
0
1 oo
Jo(t) = 3 / (27 Qo7 + a] Rzay + a3 Ryay + 67 S5)dt
0
with
10 0.2
le ,andQ2: andR1:R2:R3:R4:1,
0 1 0 0.2
10
Ci1=Cla =0y =Cy = = (.
0 1
Solution

~

Fy

A

2

0.6667  2.7500

—0.3333  0.5000
(162)

0.6667  2.7500
—0.3333 0.5000

(164)

(165)

The cases in solving this example are (S =0 x I) and (S =5 x I). The solution

exists for each case, and the sensitivity has been reduced.
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When S =0 x I, we have
ay = [0.0578 0.0415] Co1®

a0 = [0.0197 —0.1063} CooZ

with
0.1388 —0.0551

Kll =

—0.0551  0.0642

0
Kiy = Ky = Koy =
0 0
0.1632 0.0234 —0.0100 —-0.0036 0.0000 —0.3026
= JGl == 7G2 - 1073
0.0234 0.0389 0.0040 —0.0001 0.3026 —0.0000

0.0281 —0.0113
11 =

—0.0113  0.0133

Py =Py = Py =
0 0

0.1632 0.0234 —0.0100 —0.0036 10-3 0.0000 —0.3026

- y 41 — 7T2:

0.0234 0.0389 0.0040 —0.0001 0.3026 —0.0000
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Response to Initial Conditions

To: Out(1)

x4(t)

0.9

e ]
:_;:‘ 0.2 T T T T T T T
%,(t)
o Time(seco(rijs) o o o
Figure 6: Systems Responses To Initial Condition When S =0 x I
When S =5 x I, we have
o) = [0.0308 0.0093] CorZ
= [0‘0194 —0.3620} CooT
with ) ) ) )
0.1427 —0.0570 —0.0337 0.0297

K = , Ko =
_—0.0570 0.0663 ] i 0.0097 —0.0142_
—0.0337 0.0097 0.6755 —0.2599

Ko = , Kog =
[ 0.0297  —0.0142] -0.2509  0.3127 |

0.1587 0.0208 —0.0095 —0.0033 G 10-3 —0.0000 —0.2853
p— y 1 pu— y 2 p—
0.0208 0.0390 0.0040 —0.0001_ 0.2853 0
0.0347 —0.0154 —0.0337 0.0297

Pll == 7P12 ==

—0.0154 0.0162 0.0097 —0.0142
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Amplitude

—0.0337  0.0097 0.6755 —0.2599
P21 = y 4722 =
0.0297 —0.0142 —0.2599 0.3127
0.1587 0.0208 —0.0095 —0.0033 0 —0.2853
T = Ty =103
0.0208 0.0390 0.0040 —0.0001 0.2853 0
Response to Initial Conditions
X1

Time (seconds)

Figure 7: Systems Responses To Initial Condition When S =5 x [

5.5 Numerical Example 4

We have the following model

—4

0 0 -3

-1 0 0

-3 0 0
Gi(t) +

1 0 0

-1 1 0
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-2 0
0 1
-2 -1
-1 -2

G(t) (166)
-1

=0
#=0.1
§=02
#=03
4=0.4




2 0 1 0 -1 -2 -1 0 0

. 0 0 0 1 -1 -1 0 0 0
€C1 = x(t) + Gi(t) + (1) (167)

5 —4 -2 —6 0 -1 1 —1 0

14 -2 -5 2 1 -3 —1+4u 1

-3 0 -2 0 -1 -1 0 —1 0

. 0o -3 —-1 -1 -1 =2 0 0 0
€Gr = w(t) + Cao(t) + (1) (168)

2 1 -3 -1 -1 0 =2 0 1

o -1 0 =3 0 0 0 —24u 0

Consider applying the same reduced model in Numerical Example 3 (5.4) to this example

with the given values. The reduced model is

i=Az (169)

T+ A0 (170)

55



_ 31u—86 2(2u—5)* 3 (34213 u+18)

2 (u—3) w1 w2 w4
2(4p-9) 19 u—3
w — == —w —
Ay = 3 p—3 3 2(u—3)
C19u-50  2(4p?—21pu+28) w 134271 ut-114
2 (u—3) w1 2 w4
20 ;1—39 _ 10p?-35pu+27  5u+6  32p2—97u+57
n—3 w1 n=3 w1

where

_ 5p—22
w2 2(1-3)

11 p—12
W= 23

1
~ D) 0
3
2 (p—3) 0.5 . C .
By = : , Bgs = . After differentiating with respect to p and
e —-0.5
3 ~1.0
Setting p = 0,
—14.3333 8.3333 —3.6667 4.5 0.1667
2.0 —6.0 —-20 =05 —0.5
Ag = By =
—8.3333 9.3333 —3.6667 9.5 0.1667
13.0 —4.5 2.0 -9.5 —1.0
0
0.5
By =
—0.5
—1.0
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—1.3333 1.3333 —0.6667 1.5000
o 2.3333 —0.3333 0.6667 —0.5000
01 —
—0.3333 1.3333 1.3333  —0.5000
2.3333 —1.3333 —2.3333 —5.0000
—5.0000 4.0000 —3.0000 4.0000
o 3.0000 —2.5000 1.0000 —2.5000
02 —
4.0000 —1.5000 1.0000 —2.5000
0 —0.5000 0 —0.5000
0.38889 0.2778 —0.3889 0.5 0.0556 0
—1.1667 0.6667 1.1667 3.0 —0.1667 0
A6: »B(/n: a362
0.3889 0.7778 —0.3889 2.0 0.0556 0
—2.3333 2.0833 2.3333 8.25 —0.3333 0
With 6_: 01, Rl = R2 = Rg = 34 = 1, _ ~ _
1 00 0 02 0 0 O 1 000
01 00 0 02 0 0 0100
Q= ,and @y = , Q)=
0010 0O 0 02 O 0010
0 001 0O 0 0 0.2 0 0 01

Solution: The considered cases in this example are three cases. The first case is
when S = 0 x I. The second case is when S = 20 x I.
When S =0 x I, we have

ay = [—0.1263 —0.1528 —0.0297 0.0254] CorZ

ay = [0.0207 —0.0170 0.0370 0.1581} Coo

with

0.1501  0.0943 —-0.0344 0.0910

% 0.0943 0.2097 0.0523 0.1105
1=
—0.0344 0.0523 0.2030 0.1185

0.0910 0.1105 0.1185 0.2049
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K12 = K21 = K22 =

0.1085  0.0700
0.0700  0.1149
—0.0567 —0.0344

0.0576  0.0106

0.0442  0.0361 —0.0117 0.0363
0.0334  0.0277  0.0061 0.0346

o
I

o
I

—0.1016 —0.1182 0.3980 0.0990

—0.0016 —0.0210 0.2232 0.1104

0.0357  0.0250
0.0250 0.0491

Py =
—0.0073 0.0110
0.0228  0.0281
Pio =Py = Py =
0.1085  0.0700
0.0700  0.1149
N =

—0.0567 —0.0344

0.0576  0.0106
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o o o O
o o o O
o o o O
o o o O

—0.0567 0.0576
—0.0344 0.0106
0.3803  0.0784

0.0784 0.1367

—0.0000  0.0023
—0.0023 —0.0000
0.1127  0.1435

0.0440  0.0633

—0.0073 0.0228
0.0110 0.0281
0.0435 0.0260

0.0260 0.0471

_0 0 0 ()_
0000
0000
0000

—0.0567 0.0576
—0.0344 0.0106
0.3803  0.0784

0.0784 0.1367

—0.1127
—0.1435
—0.0000
—0.1602

—0.0440
—0.0633
0.1602
0.0000




0.0442 0.0361 —0.0117 0.0363 0.0000 0.0023 —0.1127 —0.0440
T 0.0334 0.0277 0.0061 0.0346 . —0.0023 0.0000 —0.1435 —0.0633
1= Ty =
—0.1016 —0.1182 0.3980 0.0990 0.1127 0.1435 0.0000 0.1602
—0.0016 —0.0210 0.2232 0.1104 0.0440 0.0633 —0.1602 —0.0000
Response to Initial Conditions
g e ‘, | | o
:_;'(' -1 T T T //:;04
o %3
?5)--0.5 x40
’ o 1 Tinlés(seconds) ’ e
Figure 8: Systems Responses To Initial Condition When S =0 x I
When S = 20 x I. we have
ay = [—0.0507 —1.4791 1.0926 0.7909} Coix
Qy = [—1.1260 —10.1207 5.9874 21.9703] CoaT
with

0.8884 0.2475 0.0150 0.9657 —0.0625 0.1661 0.1976 0.0589
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusion

In conclusion, the design of complex systems with low sensitivity to nonlinear
subsystems is an essential problem in engineering and science. The linearization of
non-linear control systems is a useful technique in control system design as it allows the use
of conventional linear control theory to design controllers for nonlinear systems. This
research proposes the singular perturbation method as a model reduction technique to
develop reduced-order models that represent the system’s core characteristics. The
reduced-order models can be used to design optimal controllers for the complex system
that are insensitive to the nonlinear subsystems.

The use of game theory in control systems has also proven to be a valuable tool,
especially in systems with multiple agents making decisions and interacting with each
other. In this research, the reduced order model was optimized using the Nash strategy of
game theory to maximize system performance.

The results of this study demonstrate the effectiveness of the singular perturbation
method as a model reduction technique and the use of game theory in designing optimal
controllers for complex systems. This research contributes to the understanding of
nonlinear systems’ behavior and the design of effective control strategies to achieve desired
performance objectives. Further research can be done to explore the potential of other
model reduction techniques and game theory strategies in optimizing control systems for

complex nonlinear systems.
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6.2 Future Work

There are several areas for future work on the optimal design of complex systems
with low sensitivity to nonlinear subsystems. One potential area of research is to
investigate the application of other model reduction techniques, such as aggregation
technique, in designing reduced-order models for nonlinear systems. A comparative study
of the effectiveness of different model reduction techniques in controlling complex systems
would be a valuable contribution to the field.

Another area of future work in the optimal design of complex systems with low
sensitivity to nonlinear subsystems is the impact of the sampling period on the
performance of the designed controllers. The sampling period is the time interval between
two consecutive measurements or updates of the control system. In practical applications,
the sampling period is finite, and it can have a significant impact on the performance of the
control system. The impact of the sampling period on the performance of complex
nonlinear control systems is an important area of future work that can lead to significant
advancements in control theory and practice.

Additionally, it would be interesting to explore the application of game theory in
control systems beyond the Nash strategy. Other game theory strategies, such as
cooperative game theory or evolutionary game theory, could be used to design optimal
controllers for complex systems with multiple agents making decisions and interacting with
each other.

Overall, the future work in the optimal design of complex systems with low
sensitivity to nonlinear subsystems is vast and varied. Further research in these areas could

lead to significant advancements in engineering and science, with practical applications.
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