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ABSTRACT

Two methods for the numerical conformal mapping of domains with m < oo separated
circular holes to domains with m polygonal holes are presented; bounded and unbounded
domains are both considered. The methods are based on extensions of the classical Schwarz-
Christoffel transformation to finitely connected domains. The first method uses a truncated
infinite product expressed in terms of reflections through circles, and is found to have a
computational time which increases geometrically with the number of levels of reflection
used. The second method uses the boundary behavior of the map to construct a linear system
which gives the coefficients of a Laurent series expansion for the map. The second method
has a computational time which is polynomial with the number of terms of the truncated
series. Both methods require the solution of a non-linear system of equations which gives the
correct parameters for the desired map. The solution to the non-linear system is achieved
by a numerical continuation (homotopy) method. An application is given. Maps from the

circle domains to the canonical slit domains are also computed using similar techniques.
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CHAPTER 1

INTRODUCTION

For over 100 years conformal mapping has been a topic of theoretical interest and a
useful tool for solving boundary value problems of potential theory in the plane. With the
development of computers, many numerical methods have been proposed for approximating
conformal maps. The book by Henrici [20] provides an introduction to this field. The
survey paper by Wegmann [39] and the book on Schwarz-Christoffel mapping by Driscoll
and Trefethen [22] review more recent work especially relevant to numerical computations.
In spite of the ability of today’s computers to solve many fully three dimensional problems,
there is a continuing interest in these inherently two dimensional methods of function theory
due to the power of the techniques and the clarity of the understanding that they bring to
many important applications.

In the last several years there have been a number of advances in methods for multiply
connected domains; see, for example, [5, 39]. In particular the Schwarz-Christoffel transfor-
mation for domains with polygonal boundaries has been extended to multiply connected
domains in [13, 17, 18] by the use of reflection arguments, in [3, 9] using the closely related
Schottky-Klein prime function, and in [2] in terms of Green’s function and the harmonic
measure functions of a conformally equivalent Jordan domain. The results in [13, 17, 15]
and [, 9] were the topic of a recent article in STAM News [6]. Those methods use multiply
connected domains with circular boundaries as their computational domains and involve
infinite products. Explicit formulas for conformal maps can be derived using the same tech-
niques [11, 15]. Canonical slit maps can be used to represent Green’s functions for the
Dirichlet, Neumann, and mixed boundary value problems for the Laplace equation in mul-
tiply connected domains; see [12]. One advantage of using circle domains is the possibility
of using fast computational methods based on Fourier/Laurent expansions centered at the

circles.



This dissertation extends the recent work by presenting a method for the numerical
computation of the multiply connected Schwarz-Christoffel maps given in [18, 13], as well
as the computation of some canonical slit maps. In addition a new method is presented
for computing both multiply connected slit domains as well as the unbounded Schwarz-
Christoffel maps. Some of the results of this thesis have appeared in [10], [19], and [20],
along with additional details and computations. Chapter 2 reviews recent work on multiply
connected maps given in terms of reflections. Chapter 3 discusses the numerical methods
used to implement the maps in Chapters 2 and 4. A more efficient method to compute maps
discussed in Chapter 2 is developed in Chapter 4. In Chapter 5 an application involving
the computation of the resistance of thin polygonal resistors with multiple polygonal holes

is given.



CHAPTER 2

MAPS BY INFINITE REFLECTION

In this chapter recent work on multiply connected conformal maps formulated in
terms of infinite products of reflections is reviewed. Specifically we discuss various types of
canonical slit domains, and bounded and unbounded Schwarz-Christoffel transformations.
The maps under discussion all have as a domain a (bounded or unbounded) region D of
connectivity 1 < m < oo, whose boundary components consist of m non-intersecting circles.
The maps are denoted by w = f(z), where w is in the region P, the image of z € D under
one of these maps. The boundary circles of D are denoted, for j = 1,...,m, by C;, and the
centers and radii of these boundary circles are denoted by ¢; and r; respectively. All of the
maps below are normalized such that ] is the unit circle centered at the origin, i.e., ¢; =0
and r; = 1. In the unbounded case, circles (', ..., (), are mutually exterior with oo € P.
In the bounded case, circles Cs, ..., C,, are in the interior of C; and are otherwise mutually
exterior. The images of the boundary components of ID under these maps will be denoted
by I'; = f(C}).

2.1 Reflections: notation and facts

The maps derived in the following sections are based on analytic extensions of the
mapping function by Schwarz reflection across arcs of boundary circles in D and the re-
flections across corresponding sides of slits or sides of polygons as appropriate in P. The
reflection process is then repeated across the arcs of reflected circles and slits or polygon
sides an infinite number of times until the entire plane of the circle domain (minus some
limit set) is covered. Complete mathematical details of the reflection process in D can be
found in [18], and will only be summarized here.

First recall that in the complex plane the reflection of a point z through a circle C



with center ¢ and radius r is given by

i.e., z and z* are symmetric points with respect to the circle C. If z € C then z* = z, so
that trivially po(C) = C. Given any two mutually exclusive circles C;, Cy, the reflection of

C; through C), is denoted Cy; = px(C>) := pe, (Cr).

Lemma 2.1. [/8, Prop. 1]

p(p-(2)) = par(pa(2))- (2.1)

Proof. Recall that Mobius transformations preserve reflections in circles and straight lines,

so let C), be the real axis, where reflection is just complex conjugation. Then

pa(p-(2)) = pr(2) = par(Z) = par(pa(2))- O

Note that the order in which reflections are carried out is important, i.e., in general

px(p+(2)) # pr(pa(2)).

Definition 2.2. The set of multi-indices v of length |v| =n > 0 is denoted
on={rvy-- vy 1<y, <mfori=1,....,n; andv; Zv;  fori=1,...,n—1},
with og := ¢. (If v € 09, then we write for convenience vj = j.) Also
on(j) ={v € on:vm #j},
denotes sequences in o, whose last factor never equals j.

An arbitrary reflected circle is denoted by C, with a multi-index v labeling the se-
quence of reflections. Consider for example an unbounded circle domain with m = 3. For

|v| = 3, three levels of reflection, the set of multi-indices would be

oy = {121,123,131,132, 212, 213, 231, 232, 312, 313, 321, 323}



with

os(1) = {123,132,212, 213, 232, 312, 313, 323} .

The reflections of circles Cy and C3 through circle C are Cio = pi(Cy) and Ci3 = p1(Cs)
respectively. The reflection process is continued with, for instance, the circle C; reflected
through Ciy for Cia1 = p12(Ch) = p12(p1(Ch)) = p1(p2(C1)) by an application of (2.1), and
C13 reflected through Ciy for Choz = 012(013) = P12(,01(03)) = Pl(ﬂz(czs)), etc. See Figure
2.1. Some care is required to reconstruct the original sequence of reflections from the index
v, as illustrated by Cia3. However note that in general, C, = C),,,...,, is in the interior of

C,, and arises from a sequence of reflections of C),, .

Figure 2.1: An example of reflected circles to a level of |v| = 3. The point ays =
p213(,021(p2(a))) is also shown.

Use of the radii and centers of the reflected circles, as well as the reflections of the

centers of the boundary circles of I, will be required. The radius of a reflected circle C,;
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will be denoted r,;, and let ¢,; be the center of such a circle. To make a distinction between
centers of reflected circles and reflections of the centers of the C; € JD, set s; = ¢; so that
s,; represents the latter. It is clear that s,; # ¢,; for v € 0,,(j), n > 0.

Repeated use of (2.1) shows that reflection through any circle C,, can be factored into
a sequence of reflections solely through the C; € 0D, which greatly simplifies the numerical
computation of these reflections. This factoring is expressed in the following form of [18,

Lemma 1].

Lemma 2.3. Forv =1vvy---v, € 0,(j),
Cuj = Py (Pug(' t (IOVn(Cj)) T ))7 and

Svj = P (Pua (-~ (o (57)) -+ +))-
The proof of [18, Lemma 1] uses (2.1) and an induction argument, which will not be given
here, to show that, e.g., Cy; = py,(Cy,..1,;). Repeated application of this to v, through v,
gives the Lemma.

In this vein, for any a € D, let a, := p,, (o, (- - (pu, (a)) -+ +)). Then given for example
a point as13, one may reconstruct the original sequence of reflections, by the use of (2.1),

azz = pa(p1(ps(a))) = pa(p1s(pi(a)))
= p2a13(p2(p1(a))) = pas(pai(p2(a))).
This is a reflected through C5, which is then reflected through Cs;, and this result is then
reflected through Cy13 = p21(Cas). See Figure 2.1.

Based on Lemma 2.3, a routine was developed in MATLAB which performs the
reflections of centers of boundary circles and points on these circles to some specified level
|v| = n. Only reflections across the original circles are computed. For instance, ajs3 =
p123(ai12) is computed as a123 = p1(p2(p3(a))). The code stores an expanding array of integers,
Jj € {1,...,m}, for each reflection such that p; is the most recent reflection. For the next
level of reflections, p; is then skipped, since p;(p;(a)) = a. It should be noted that for a
given |v| = n > 0, the set o, has |0,] = m(m — 1)"! elements. This exponential increase

in size is a principle difficulty in computing maps in terms of these reflections. A listing of

6



a simplified version of the reflection code is given in [19, Algor. 2.2, p. 198], and is given for
convenience as Algorithm A.1 in Appendix A.
In order to state convergence results for infinite products given in the Sections below,

the following definitions and lemma are needed.

Definition 2.4. The separation parameter of an unbounded, m-connected, m > 1, circular
domain D, is
ri+r
A= max ity (2.2)

1%1};’;‘7;% ‘Cj + cp\

In the case that ID is a bounded domain, we first reflect across C to create an
unbounded domain with boundary components C', Cs, ..., Cy,,. The separation parameter
for the bounded domain is then calculated at this first level of reflection, and definition 2.4

becomes

Definition 2.5. The separation parameter of a bounded, m-connected, m > 1, circular

domain D is

r,+r
A = max _r_n
Vs V(L \CV + Cu‘
v,pue{1}u{12,...,1m}

(2.3)

The rate at which the radii of the reflected circles shrink will be of interest, so an

inequality from [26, p. 505] is given.

Lemma 2.6.

> < N“f}?- (2.4)
=1

VEOn+1 J=

2.2 Maps to canonical multiply connected slit domains

The purpose of this section is to catalog a list of canonical slit domains for use mainly

as an easy source of orthogonal grids when plotting the Schwarz-Christoffel maps below.



Formulas for unbounded multiply connected radial and circular slit maps based on infinite
products of reflections were introduced in [15]. Variations on these for bounded domains
were given in [19]. A thorough discussion on slit domains as canonical domains can be found
in [31]. In general only sketches of the proofs for the formulas of these maps will be given
here; complete details are given in the the referenced papers.

In all cases, formulas for the maps f are derived by extending them through repeated
use of Schwarz reflections to a globally defined f on C \ {limit points}. Although f is many
valued, it is shown that f / f is single valued. A singularity function S is defined as the
uniform limit of a sequence of functions Sy, each the sum of singular parts of expansions
around singularities of f’ / f , where it is then shown by a use of the argument principle that

S = f'/f. The desired maps are then given by f(z) = exp([ S(z)). Examples are given.
2.2.1 Slit maps from unbounded circular domains
Radial slit map

Consider now the derivation of a formula for the map f from an unbounded, m-
connected circle domain D to an unbounded domain P with m radial slits with respect to
the origin, that is the boundary circles C; € 0D map to the radial slits f(C;) = I'; € JP.
The map satisfies f(a) = 0, for some point a € D\ {0DUoo}, and f(00) = co. See Figure 2.2.
This map was first given in [15]. The derivation is sketched in brief here; full details may be

found in the given reference.

Theorem 2.7. Let P be an unbounded m-connected radial slit region with 0,00 € P, and D

a conformally equivalent circular domain with a,00 € . Furthermore suppose D satisfies

—-1/4

the separation property A < (m — 1) for m > 1. Then D is mapped conformally onto P

by f with f(a) =0 and f(oco) = oo if and only if

fe=Ac-al] [T =~ (2.5)

for some constant A.



O 0000

Figure 2.2: Example of a map to an unbounded radial slit domain.

Proof. Only a sketch of this proof is given here; full details may be found in [15].

Let f be the map under consideration and extend it to a globally defined, many
valued function f on C* \ {limit points} by repeated use of the reflection principle. When a
point z is reflected across the arc of a circle C; which maps to one side of a radial slit, the
corresponding reflection for w = f(z) is across the radial slit I'; = f(C;). Reflections across
these slits leave 0 fixed, so the zeros of f are given by a and all of its reflections. Reflection
of infinity across a circle C; takes infinity to the circle center ¢; = s;; the corresponding
reflection across the slit I'; leaves infinity fixed. The reflection of this s; across any circle
reflected inside of C; corresponds to the reflection of infinity across one of the slits, which
also leaves infinity fixed, thus the poles of f are given by oo and the centers of the circles in
OD and their reflections. Although f is a global many valued function, the expression f’ / f
is single valued, since reflections across radial slits amount to a rotation. Let A = ¢’ be this
rotation and observe (Af(2)) /(Af(2)) = f'(2)/f(2).

Using the singular parts of the globally defined f'(z)/f(z) at the nth level of reflection,
define a function

By (z) == zm: Z (z —1au- oz —13Vj> B zm: Z (2 —a‘;/jj)_(;lj 5uj)

i=1 vean(j) J




and the function

Sn(z) == +)_ Bu(2) (2.6)

z—a
which is analytic on D \ {a}. We now show this series converges uniformly. Let

d=0p:= in£{|z—ay|,|z—s,,| v Eo,,n=123..1}
ze

and note that § > 0 since a, and s, are in the compliment of D. Recall that |o,| =

m(m — 1)"~! and observe |a,; — $,;| < 2r,;. Then

- la,; — su;] 2 —
Ba@ <) Y i S w2 2 e
: Nz —aul|z = syl T 9
J=1 veon(j) J=1 veon(j)
Using the Cauchy-Schwarz inequality and Lemma 2.6,
1/2 1/2
2 — 2 =
F 2 sy 2 Zw 21
=1 veon(j) vEon(j vEon(j) =1

m 1/2
2 n n
< ﬁAz (Z 7“]2) Vm(m — 1)"/?
=1

< CA™(m — 1)™2,

The series Sy thus converges absolutely if A%\/m — 1 < 1 by the Weierstrass M-test, and,
since this is true for any point z € D\ {a}, the convergence is uniform. Denote the limit of

this series, called the singularity function, by

S(z) := lim Sy(z), (2.7)

N—oo

and note that since it is the uniform limit of a sequence of analytic functions, S(z) is analytic
as well. Note this implies the estimate [S(z) — Sy(z)| = O ((A?v/m — 1)N*1).

The argument principle, along with Lemmas 2.8 and 2.9 below, is used to show that
S(z) = f'(2)/f(2). Since f'/f is the logarithmic derivative of f, we have, for some constant

A,

f(2) = Aexp (/S(z)dz) A(z — a) ﬁ ﬁ

]:1 =
veonli)

— Sl/]

10



The boundary condition for the map is used in the proof of Theorem 2.7 in [14], and

is also referenced in Chapter 4. The following two lemmas give this condition for f’/f and

S.

Lemma 2.8. The circles in 0D are mapped to radial slits by f if and only if

f'(2)
f(z)

Re{(z—cj) }:O for ze€Cj, j=1,...,m.

Proof. Parametrize z € C; by z = ¢; + r;e®. Since f maps to radial slits, it must be that

arg f(z) = const., thus

0= d% arg f(z) = d%lm {log f(c; +r;e")} =Im {irjewf?/} e {Tjew?} -

The proof of Lemma 2.9 uses the following fact. Let w = re® and w* = %ew forr >0

(w and w* are symmetric points with respect to the unit circle). Then

w w* B T,eié? €i9
w—1+w*—1 _Tew—l—i_ei@—r
B re(re=1 — 1) e (e — 1)
12 —2rcosf+1  r2—2rcosf+1
r? —2re +1

r2 —2rcosf + 1
r?2 —2rcosf —i2rsinf + 1
r2 —2rcosf +1

shows that

*

Re{ I }:1. (2.8)

w—1 w+s—1

Lemma 2.9. If m > 1 and A < (m — 1)"Y4 then
Re{(z — ¢;)Sn(2)} = O ((A*Vm — 1)N)

for all z € C;. That is,
Re{(z —¢;)S(2)} = 0.

11



Proof. Given z € C}, group terms in Sy related by reflection across Cj:

Sw(z) = — — +<z1 Lt )+

Z—Sj —a Z—G,j

1 1 1 1
+ - — - 4o
Z—a, zZ—aj Z2—=8, Z—Sj

Multiplying by z — ¢; allows writing

(z = ¢;)Sn(2) =

(2 — Sj)/(a - 5) (2 —s;)/(a; — s;)

M e/ >—1+<z—sj>/<aj—sj>—1
o= - sg ) (2 — 5))/(ajup) — )
+p;1n=1 V@Zn(p) (2 —s5)/ aup )1 (2= 5)/(ap — 5) - 1)

(2.9)

(&
_i“ ( Sup = 55) <z—sj>/<sjup—sj>)

Sup sj) — 1 " (2 —85)/(sup — 85) — 1

p=1 n=1yp n(
1
R T ()
p=1 k=1 prean (k) (2 = ap) (2 = Spu)
p7)

Set w = (z — s;)/(ayp — s;); 1t is easy to show that w* = 1/w = (2 — s;)/(ajup — 5;). Indeed,
define r, = |a,, — s;| and write a,, = s; + r.e e'% . Reflecting a,, across circle C; gives

2 2

" "5 i
. = . —_— @ = ;
pj(al/p) = 5; + — =5t €7 = Qjyp,
Qyp — 5 Ty
where one then has
Z— 8; Ti oo Z— 8 Ta i(0_
J_ _361(6' 0a) and J _ _61(9 GG).
al,p — Sj Ta ajzzp — Sj T'j

Taking the real part of (2.9) and applying equation (2.8) shows that

Ref(e= ) ~ed (=) 3530 T ()

p=1 k=1 pveoyn
p#J

The estimate for the remaining terms are given by Lemma 2.6, in a manner similar to that

found in the proof of Theorem 2.7. O
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Circular slit map

Now consider the map from an unbounded domain D to a conformally equivalent
circular slit domain; the circular slits are arcs of circles with the origin as center and various

radii. This map was given in [15]; see Figure 2.3 for an example.

O 0 0 0O O

Figure 2.3: An example of an unbounded circular slit map.

As above this function is constructed by repeated use of the reflection principle. Even
though details of the proof of the map stated in Theorem 2.10 below will not be given, a
discussion the extension of f to f will be instructive in understanding the zeros and poles
of the function.

Again let a be such that f(a) = 0 with a simple pole at infinity, i.e., f(co) = co. The
reflection of a across circle C; to a; is related to the reflection of 0 across the circle arc I';,
that is f (a;) = co. A reflection of a; across any circle C,, p # j, relates to the reflection of
oo across the circle arc I',, p # j, to the origin. It follows that any sequence of reflections,
odd in number, of a; will be a zero of f , and an even number of reflections of a; will be a
simple pole. The center of any C; is the reflection of infinity, and infinity reflected across a
I'; is the origin. It follows that a sequence of reflections odd in number of s; will be a pole

of f, and an even number of reflections of s; will be a zero. As a notational convenience, let

13



v denote reflection multi-indices of even length, that is |v.| = 2n for some integer n, and let

v, denote multi-indices of odd length, |v,| = 2n + 1.

Theorem 2.10. Let P be an unbounded m-connected circular slit region with 0,00 € P, and

D a conformally equivalent circular domain with a,o00 € D. Furthermore suppose D satisfies

the separation property A < (m — 1)~1/4

by f with f(a) =0 and f(o0) = oo if and only if

oo

fe=ac-o] I (2 = au,y) (2 = 50.5)

(2 = @y j)(2 — 50,5)

7j=1 n=0
VEO'n(j)
|ve|=2n
|vol=2n+1

for some constant A.

Proof of this theorem will not be given here.

Maps to domains with mixed radial and circular slits

form > 1. Then D is mapped conformally onto P

(2.10)

Here the circular and radial slits are combined, that is, we map from an unbounded

circle domain ID to a domain [P where a circle C; goes to either a circular or a radial slit I';.

This map was also given in [15]; see Figure 2.4 for an example.

0O 0.0 0000 0

Figure 2.4: An example of an unbounded combined slit map.

14



Consider a point a € D such that f(a) = 0 and the normalization f(z)/z = O(1) as
z — oo. Reflections through radial slits will keep 0 and oo fixed, and reflections through
circular slits will swap 0 and co. Let a,, denote a sequence of reflections, an even number of
which are reflections of a through circles which map to circular slits, and let oo,, denote a
sequence of reflections, an odd number of which are reflections of co through circles which
map to circular slits; these will be the simple zeros of the map. Similarly, a,, and oo,, will

be the simple poles.

Theorem 2.11. Let P be an unbounded (0,00 € P) m-connected region with m,. radial slits
and m, circular slits such that m,+m. = m, and D a conformally equivalent circular domain
with a, 00 € D. Furthermore suppose D satisfies the separation property A < (m—1)"Y4 for

m > 1. Then D is mapped conformally onto P by f with f(a) = 0 and f(c0) = oo if and

only if

m [e.9]

£(2) = A(z — a) H I1 Ez - Ziz - Z‘;; (2.11)
Tk
|vo|=2n+1

for some constant A.

2.2.2 Slit maps from bounded circular domains
Half-plane radial slits

Here the bounded circle domain I is mapped to a half-plane with the origin on
the boundary and radial slits with respect to the origin. This map was given in [19]; see
Figure 2.5 for an example.

Consider distinct points a and b on one of the boundary circles such that f(a) = oo
and f(b) = 0. Reflections across the radial slits will leave 0 and oo fixed, thus reflections b,

of b will be simple zeros and reflections a, of a will be simple poles.

Theorem 2.12. Let P be an unbounded, m-connected radial slit upper half-plane and D a

conformally equivalent bounded circular domain with a,b € Cy. Further, suppose D satisfies

15
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/ \ /
!
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L x 1 L

Figure 2.5: An example of the bounded half-plane map. This was done with N = 4 levels of
reflection.

—1/4

the separation property A < m form > 1. Then D is mapped conformally onto P by f

with f(a) =0 and f(b) = oo if and only if

oz —a,
fzy=A1] — (2.12)
n=0 v
vEon

for some constant A.

Bounded radial and circular slits

As discussed in [19], the map from the bounded circle domain D to the bounded
domain PP, where by a normalization I'y is the unit circle and I'y, ..., I',, are radial or circular

slits, has the same form as the unbounded case, equation (2.11). See Figure 2.6.
Annulus with radial slits

Here a map from a bounded circle domain D to an annulus with radial slits is briefly
discussed.

The construction of this map was motivated by a similar map given in Nehari [31,
Chap. VII, eq. (8)]. There the map from an arbitrary multiply connected domain to a circular

slit ring, with boundary component j going to the outer circle and boundary component %
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OO0 0 00

-1 -0.5 0 0.5 1

Figure 2.6: An example of the bounded, mixed radial and circular slit map.

going to the inner circle, is shown to be the ratio of the maps R; and R; to circular slit disks
taking side 7 and side i, respectively, to the boundary of the disk (and a to the origin). The

map is denoted
R;(z;a)
Ri(z;a)

In this case since we are mapping from circle domains, the maps can be represented explicitly

Sji(z) =

by infinite product formulas. Two specified circles C; and C; can be mapped to the outer
and inner annulus boundaries and the remaining boundaries map to radial slits. Specifically,

given 7,4, the map to the radial slit annulus is given by

_ fi(®)
fi(2)’

where here f;(z) denotes the map from the circle domain to the disk with one circular slit

fii(2)

and m — 2 radial slits, such that C; maps to the outer circle, C;,7 # j, maps to a circular
slit, and the other circles map to the radial slits. The function f;(z) just exchanges the roles
of C; and Cj. The ratio clearly maps the circles C; and C; to boundaries of constant radius
and maps the other circles to radial slits. For instance, in Figure 2.7, if inner circles are
j =2 and ¢ = 3, then the map to the radial slit annulus would be fa3(2z) and would map the

outer circle C'; to the radial slit.
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-0.81

Figure 2.7: Example of a slit annulus map.

2.3 The Schwarz-Christoffel map for multiply connected domains

Here we recall formulas given in [18, 13] for multiply connected Schwarz-Christoffel
(MCSC) maps, i.e., conformal maps from an m-connected (un)bounded circle domain D) with
component boundary circles C1, ..., C,, to an m-connected (un)bounded polygonal domain
P with component boundary polygons I'y,...,T",.

For j € {1,...,m} let K, be the number of vertices on the jth polygon I';. Let wy
denote the kth vertex on T';. The maps will satisfy f(z; ;) = wy; where 2z, ; = ¢; + 7€
is the kth preverter on circle C;. (The notation I'; = f(C;) will also be used for images of
the circle boundaries.) Polygonal boundaries are given a counterclockwise orientation, and
the vertices are numbered in order according to this orientation. The interior angles of the
polygons at the vertices are denoted may; with 0 < oy ; < 2. The formulas below use the
turning angle 73 ; of the tangent vector on the polygonal boundaries at the vertices. The
interior angle and the turning angle satisfy the relation ay ; + 8¢ ; = 1. Also

K
Zﬁk,j =2 forall je{l,...,m}

k=1
with the exception of I'y in the bounded case where we use the convention



The derivation of the maps below are similar to the slit maps above. The map
f is extended by repeated Schwarz reflection to a global, many valued function f on C\
{limit points}. It is shown that f”/f” is single valued. A singularity function S is constructed

and it is shown that S = f”/f’. Thus the maps are of the form f(z) = [exp([ S(2)).
2.3.1 Unbounded case

The map for the unbounded domain was given in [18]. For examples of this map see

Figures 2.8 and 2.9.

Theorem 2.13. Let P be an unbounded m-connected polygonal region with oo € P, and D a
conformally equivalent circular domain. Further, suppose P satisfies the separation property
A < (m—1)"Y* form > 1. Then D is mapped conformally onto P by a function of the form
Af(z) + B where

f(z):/zﬁﬁ ﬁ (%)Bk d¢ (2.13)

for constants A and B. Here —1 < B;; <1 and ZkKi1 Brj = 2.

Although the proof of this theorem will not be given here, the proof of the convergence
of the singularity function S(z) = (d/dz)log f'(z) = f"(z)/f(z) will be shown since a
numerical error estimate based on the proof of this theorem will be discussed in Section 3.6.
In a fashion similar to that given in Section 2.2.1 we define a function using the

singular parts of the pre-Schwarzian f”(z)/f'(z),
m K; 5 ﬁ m
IEED Y0 ol Pyl P D S

k=1

- Z — Zkuyi -
vean(j) =1 \ k= kv vean(j) 5=1 k=1

and the function

Zzﬂ’“’j | (2.15)

— Zkwvj Z = Svj

S(2) == lim Sy(z) :Z >



| | | | |
| [6)] B W N — o -t N w A a |

Figure 2.8: An example of an unbounded MCSC map with m = 4. Here A =~ 0.6321 <
(4—1)"Y* =~ 0.7598. Also shown is the orthogonal grid from the conformally equivalent slit
domain; see Section 3.8.

Lemma 2.14. Suppose for connectivity m > 1 that D satisfies A < (m —1)"4, then Sy (2)
converges to S(z) uniformly on closed subsets of D\ {zx;:j=1,....,m; k=1,..., K;} by
the estimate

1S(z) = Sn(z)| = O ((A*Vm — 1))

20



Figure 2.9: An example of an unbounded MCSC map with m = 5. The separation condition
is violated since A = 0.8438 > (5 — 1)~/4 ~ 0.7071.

Proof. Let G be a closed subset of D\ {2, :j =1,...,m; k=1,..., K;} such that z € G

and n > 0 a level of reflection. Define § = inf.cq{|z — 2., [z —s,| 1k =1,...,K;; j =
1,...,m; v € 0,} and Kyay := max; K;. Recall that —1 < ;. ; < 1 and note |2x,; — 5,,| <
2ry;. Then

K;

Bl X 35t Pl sl 2 gk

ooty 151 i |(& = 2l (2 = 55 vean(j) =1 k=1

Using the Cauchy-Schwarz inequality and Lemma 2.6,

2 G 2Kmax =
52 Z Z Tvj S 52 Z ZTVJ'
veon(j) j=1 k=1 veon(j) =1
21 m \' N
(£ 30) (23]
vEon(j) J=1 veoy(j) j=1

52
< CA¥(m —1)7/2,

2K m 1/2
s ($2)

=1
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thus the series Sy converges absolutely if A%2y/m —1 < 1. [

It should be noted that the residues of Sy(z) add out in pairs which makes

N—oo

im [ Sw(¢)dc — / TS0 de

a single valued analytic function on D minus the prevertex points.

In Chapter 4 we derive a method for calculating equation (2.13) which does not
make use of the reflections. We will have need of the boundary conditions of this map,
stated in terms of the singularity function. To emphasize that in fact f”(z)/f'(z) = S(2),
the boundary condition will be given here in terms of both the pre-Schwarzian and the

singularity function.

Lemma 2.15.

Re{(z—cj)%(;)} =—1 for z=cj+rie? cCi\{m;:k=1,...,K;}.

Proof. The tangent angle of the boundary Cj is constant on each of the arcs between pre-

vertices, that is

arg {di@f(cj + rjew)} = Im {log (ir;e” f'(z)) } = const.

Thus

4 i {log(f'(2)) + log (ir;e”) }

! NS LY I S OB O
S CEa N G e a

Lemma 2.16. If A < (m — 1)7Y4, then, for z € C;\{z1; : k=1,...,K;},

Re{(z —¢;)S(2)} = —1.

Proof of Lemma 2.16 is not given here; for details see [1].
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0.6
0.4r
0.2

_0.2}
-0.4f
-0.61
-0.8

Figure 2.10: An example of a bounded MCSC map with connectivity m = 4. Note that
the separation condition is violated in this example, that is A ~ 0.8775 > (4 — 1)~/ =~
0.7598. Also shown is the orthogonal grid from the conformally equivalent slit domain; see
Section 3.8.

2.3.2 Bounded case

The map for the bounded case was given in [13]. See Figures 2.10 and 2.11 for

examples of this map.

Theorem 2.17. Let P be a bounded m-connected polygonal region, and D a conformally
equivalent circular domain. Further, suppose D satisfies the separation property A < (m —

1)=Y* form > 1. Then D is mapped conformally onto P by a function of the form Af(z)+ B
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Figure 2.11: An example of a bounded MCSC map with connectivity m = 6. The separation
condition is violated in this example, that is A ~ 0.9017 > (6 — 1)~/ ~ 0.6687.

where

s = [T T (€= 2™ (2.16)

for constants A and B. Here —1 < By; < 1 with ZkKi1 Brj = 2 forl < j < m and

K
kzll /Bk,l = -2

Again the proof of this theorem will not be given here, but we note that the singularity

function

S = o (7= =Y Yo 3 (217)

satisfies an estimate in the term related to the nth level of reflection similar to that given in

the proof of Lemma 2.14, that is

K K
Zm: Z i: B (Zkwi — Suj) ~ | Brj1 (ki1 — 5051)
= o S e ag)(z = sy) | 1=z (2 = su)

< ﬂ;‘;a"z > r (2.18)

J=1 veon(j)

24



Note that in the bounded case, when working with truncated forms of f’(z) or S(z),
we must pair one extra level reflection of points on C; with reflections at some level n > 0.
This extra level of reflection plays a role similar to that of the terms involving the centers of
reflected circles in the unbounded case, that is, these terms ensure the residues of Sy(z) add
out in pairs which makes limy_,o [~ Sy(¢)d¢ = [7S(¢) d¢ a single valued analytic function

on D minus the prevertex points.
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CHAPTER 3

NUMERICAL METHODS

The focus of this Chapter is on the numerical methods involved computing the mul-
tiply connected Schwarz Christoffel maps. For computation, the infinite products in the
formulas for the bounded and unbounded MCSC maps, equations (2.13) and (2.16), are

truncated to IV levels of reflection,

veon(j) v€on(j)
and
K m N K K;
po(2) =[] G=20™ T TI TIG—=20)™ [z = 200i)™ (32)
k=1 j=2 En:(% ) k=1 k=1
vEon(j

Following the remark at the end of Section 2.3.2, note that p, must include an extra level of

reflection for C].
3.1 The parameter problem

The Schwarz-Christoffel transformations (2.13) and (2.16) above give the form of
the mapping functions f for polygonal domains P. It is required, in order to apply these
formulas to the computation of the mapping function, to find the prevertices 2, ; such that

f(zr;) = wg;, along with the centers ¢; and radii r; of the conformally equivalent circle

domain. Recall that K; for j = 1,...,m represents the number of vertices on each I'; in OP.
Parametrize the prevertices by 2 ; = ¢; + rjeiekmf for k=1,..., K; with
917]' < 927]' < ... < GKJ.J. (33)

The unknown centers, radii, and prevertex angles amount to a total of

Ki+-+ Ky +3m
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unknown real parameters. Finding these quantities for a given polygonal domain is known
as the parameter problem.

In order to solve the parameter problem we will apply the normalization conditions
for conformal maps of multiply connected domains and enforce conditions, based on the
geometry of the polygonal domains, to set up complete systems of independent nonlinear
equations for these unknown parameters. The choice of the geometric conditions is not
unique, as will be demonstrated. The construction of the nonlinear system for the unbounded

case will be slightly different than the bounded case.
3.1.1 Unbounded case

The nonlinear equations for this case were first given in [11] and will be restated here.
By the theory given in [20, 31], given P and the normalization condition f(z) =z 4+ O(1/z)
for z — oo, there is a unique circle domain I such that f uniquely maps D onto P. Since

this normalization is difficult to impose, it is relaxed to
f(z2)=Cz+D+0(1/z), z— oo,

and constants C' and D are determined implicitly. To do this set ¢; =0, 7y =1, and 6;; = 0.

Define

_ Wa1 — W11
S pu(Q) de

and then write
f6)=A [ O+ B
with B = wy; = f(21,1). This normalization takes care of four of the real parameters, leaving

(K1 —-1)+Ky+-+K,+Bm—-3)=K,+---+ K, +3m —4

real parameters to be determined.
Here and below expressions such as f(zx1+1,;) — f(2r;) or similarly f(z1;) — f(z1,1)

are used as a short-hand for numerical integration over a path in domain connecting two
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prevertices. For example

ﬂ%ﬂﬁ—f@ww:A/w“QMOdg

Zk,j

or

ﬂaﬂ—f@msz/%%Ao@.

z1,1

The nonlinear conditions are now derived from the geometry of the polygonal domain.

To ensure the correct side lengths of the polygons, define the side length conditions

‘f(ZkJrl,j) - f(Zk,j)! = |’wk+1,j - wk,j\,

for j =1,...,mand k = 1,..., K}, with zx,41; = 21; and wg, 15 := wy;. This is a
total of Ky + ...+ K,, equations, but the definition of A above fixes the first side length
of I'y by scaling, which removes one from this count. The positions of polygons I'y through
', in relation to I'y (the position of the first polygon I'y is fixed by the normalization) are

determined by the position conditions

f(Zl,j) - f(21,1) =Wy, — W11

for 7 = 2,...,m which gives 2(m — 1) real equations. Finally the orientations of polygons

I's through I'), are determined by the orientation conditions

arg(f(z2,5) — f(21)) = arg(wa; — wy ;)

for j = 2,...,m (again the orientation of I'; is determined by the normalization), which gives
(m —1) real equations. The three conditions amount to a system of Ky + -+ K,, +3m —4

equations, equal to the number of undetermined parameters.
3.1.2 Bounded case

In order to guarantee uniqueness of the mapping function in the bounded case, the
map is normalized by fixing one boundary point, f(1) = wy 1, and one interior point, f(z) =
wp. (The map can also be normalized by fixing three vertices on the outer boundary, but

this has not yet been implemented.)
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As above set

Wo1 — W11

A= —520——
[ (e de

and write

f(z) = A / (O dC+ B,

21,1

with f(z11) = B = w;;. We again require that ¢; = 0 and r; = 1, and note that fixing
f(1) = wy; is equivalent to setting #;; = 0. This amounts to fixing four of the real
parameters, so once again there are Ky + --- + K,,, + 3m — 4 real unknown parameters to
determine.

The remaining parameters are determined as follows. As in the unbounded case define

the side length conditions,

| f(2rg1,5) — f(zk,j)| = |wiy1,5 — Wil

for j =1,...,mand k = 1,...,K;. This gives K; + --- + K, real equations, but, as
above, the calculation of A removes one from this count. In addition the last side lengths
of the first two polygons, I'y and I'y, are left off. The side length conditions then add up to
Ki+---+ K,, — 3 real equations. The positions of I'; through I',, with respect to the fixed

point wq are given by the position conditions,

f(Zl,j) - f(Zo) = Wi,; — Wo,

for j = 1,...,m. This is 2m real equations. Finally, the orientations of I'y through I,
(the orientation of I'; is determined by the calculation of A) are given by the (m — 1) real

equations, the orientation conditions,

arg(f(z25) — f(215)) = arg(wa; — w1 5),

for 7 = 2,...,m. Once again the side length, position, and orientation conditions give

Ky + -+ K,, + 3m — 4 real equations, exactly as needed.
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3.2 Transformation to unconstrained variables

The constraint (3.3) is difficult to enforce directly on the 6y ;, and its violation can

cause the nonlinear solver to fail to converge to a good solution. Therefore, as in [31, 3, 22,

], a transformation to a set of unconstrained variables is made which guarantees (3.3). This
change was not implemented in the initial attempt to compute multiply connected Schwarz-
Christoffel maps in [14] and it severely limited the robustness of the algorithm. With this
change the method is extremely robust and rarely fails, with very little care needed in the
selection of an initial guess. Fortunately it does not seem to be necessary, in practice, to
constrain the circles from overlapping by enforcing A < 1. This would be a difficult set of
conditions to apply.

The unconstrained variables, Re{c;}, Im{c;}, and log(r;) will be used in place of the
centers and radii in the nonlinear equation solver. For the 0} ;, which will be denoted for the
moment by 6, for brevity, a transformation similar to [3, eq. (21)] is used.

On any of the boundary circles in the computational domain with K prevertices, the
problem is to find the angles of these prevertices with respect to the circle center. The angles,

of course, must meet the constraint

K
Z ‘9k+1 — ‘gk = 27T
k=1

where we will use the convention 0, ; = 6; + 27. Defining
¢k I:Qk+1—8k fOI‘kzl,...,K,

the unconstrained angle variables for a given circle are then

Wy, ::loggb:;jl fork=1,..., K —1 (3.4)

(with ¢y ; temporarily represented by ;). In order to invert this transformation, note that

v _ bx _ 27
1+Z 1+¢1+ +¢1 5
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and

k—2

‘ P2 Gp—1 _ Oa—061 03— 0y Ok — k1 Ok — 6
1+ ) e¥=1+4-—=+---+ = + +t = ,
; ¢1 ¢1 ¢1 ¢1 ¢1 b1

so that

k=2

9 1+ Zj:l evs B (O — 61)/ 1 B
T T = 2w =0, — 0.
L+ e 2m /1
Assume that #; is known for the circle in question. Then any angle 6, for £k = 2,..., K, is
given by
+ 3 e
= 2 I .
Hk 91 + 27 Zsz_ll 61/); (3 5)

Thus the transformation (3.4) gives K; — 1 unconstrained parameters,

¢1,17 ¢2,1a s 7¢K1—1,17

on Cy (recall 6y, is fixed at zero). On each of the other circles with K; prevertices, j =
2,...,m, the angle of the first prevertex, 6, ;, is allowed to be unconstrained (this angle is

easily re-normalized to 27), for exactly K unconstrained, parameters

015,15, V2, - UKs-15-

The remaining angles on all circles, 0y j, . .., 0k, ; for j = 1,...,m, are then recovered by (3.5)
and (3.3) is automatically satisfied.

3.3 Solving the non-linear system

The system of non-linear equations given in Section 3.1 in terms of the transformed

variables from Section 3.2 can be expressed as a non-linear system,
F(X) =0, (3.6)

where F' : R — R", withn = K1+ - -+ K,,,+3m—4. To solve this system, the continuation

algorithm CONTUP from [|, Program 3] is used, as in [11].
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3.3.1 Numerical continuation

A brief description of this method is now given. It is assumed that F' is smooth
enough; that is, F' has enough derivatives to facilitate the required analysis. Let G be a
trivial map G : R" — R™ with known zeros. Let Xy, X; € R" be such that G(Xy) = 0 and

F(X;) = 0. Define the homotopy function
H(X,\) = AF(X) + (1 — NG(X)
for A € [0,1]. Note then that
H™Y0) =ker H={(X,\): H(X,\) =0} Cc R*"".

A curve ¢(s) € ker H, i.e.,

c:R — ker H,

is then determined such that ¢(sop) = (Xo,0) and ¢(s1) = (X1,1) for some sy < s; € R. The
idea then is to simply trace the curve ¢(s), via a predictor-corrector method, from s = sy to
s1, at which point we have a solution to (3.6). The existence of this curve is discussed in [I]
and will not be repeated here. Uniqueness of the solution is guaranteed by the uniqueness
of the conformally equivalent circle domain.

For the implementation of the algorithm in this case, let Xy € R™ be an initial guess
for the unknown parameters representing the circle domain, and set Fy = F(Xy). Define

G(X) = F(X) — F}, so that the homotopy function is then given by
HX,AN)=1-NGX)+ I (X)=F(X)+ (\A—-1)F.

A finite difference approximation to the Jacobian is used in tracing the curve c(s).
The condition number of the Jacobian has been generally found to be of order 10. A much
larger condition number indicates in the author’s experience an incorrect formulation of the
nonlinear equations leading to non-convergence, or convergence to an incorrect solution, that
is, a solution to an incomplete set of conditions. In such cases, a plot of an orthogonal grid

for the corresponding mapping function is usually obviously incorrect.
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3.3.2 Comparison to other solvers

Numerical continuation was chosen for use during the development of the numerics
since the method is by design not sensitive to the accuracy of the initial guess. It seems a
worthwhile question to ask how other nonlinear equation solvers, specifically those built into
MATLAB, handle the parameter problem. The discussion in this section closely follows that
of [20].

Since conformally equivalent domains can have inherently large geometric distortions,
it is not clear how one would in general make an initial guess for the map parameters which
might be close to a solution. We settle on a reasonable geometry for the circle domain for
a given polygonal domain. For example, an easy-to-generate initial guess for the polygonal

domain and associated circle domain shown in Figure 3.1 is given in Figure 3.2.

objective function call #125
(m-1)"-07598 A=0.8149 T

0.8

0.8f

0.6 n

0.6

0.4

0.4
0.2r

0.2F

0 0.5 1 -1 -0.5 0 0.5 1

Figure 3.1: An example with m = 4 used to test the different nonlinear solvers.

We tested the solvers in MATLAB’s Optimization Toolbox [29] which could be applied
to this problem. These were fsolve, 1sqnonlin, fminunc, and fminsearch. The fsolve
function was tested with the trust-region-dogleg (t-r-d), trust-region-reflective (t-r-r), and
Levenberg-Marquardt (l-m) algorithms. The function 1sqnonlin was tested with the (t-

r-r) and (I-m) algorithms. Since we did not supply the numerical gradient for our system
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objective function call #1
(m-1)""*=0.7598 A = 0.8000

0.8

0.6

0.4

0.2f

* 1 1
0 0.5 1

Figure 3.2: Initial guess for Figure 3.1 used with the nonlinear solvers in Table 3.1.

of equations, we tried the fminunc function with the BFGS quasi-Newton algorithm only.
Finally fminsearch was tried which uses the Nelder-Mead simplex algorithm. Results of
these comparisons are shown in Table 3.1; the infinity norm of the objective function (the
system of equations for the parameter problem) and the time in seconds each solver took
to find this solution are shown.! Note that fminunc and fminsearch were not tried with
connectivity above m = 3, since these functions failed to find a solution in the simplest case.

There is also the question of the sensitivity of the MATLAB solvers to the initial
guess. As a first attempt to address this question, we make the initial guess shown in Figure
3.3 to solve the problem shown in in Figure 3.1. Numerical continuation handled this new
initial guess with no problem, but only the the Levenberg-Marquardt algorithm as used in
fsolve and 1sqnonlin was able to find a solution; all other attempts failed. The successful
results are shown in Table 3.2.

Interestingly, a slight change in the previous poor initial guess, see Figure 3.4, results
in a starting point at which the Levenberg-Marquardt algorithm fails for both fsolve and

lsgnonlin. However using the ‘trust-region-reflect’ algorithm in either of these functions

allows finding a solution; see Table 3.3.

IThe solution time is obviously machine-dependent and is only given here for a sense of the relative speed
of each algorithm.
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Table 3.1: Different nonlinear solvers with an initial guess which was not near the solution.
The last two solvers in this table were not successful for m = 3, and thus were not used for
higher values of m. The infinity norm of the objective function and the time in seconds each
solver took to find this solution are shown. Only the Figure 3.1 for m = 4 is shown. The
other domains just add or delete an inner polygon. Note the increase in timings with m.

m=3 m =4 m =25
Solver 1F']] 0o secs | F| o secs | F | o secs

continuation | 2.88 x 10715 12.74 | 4.30 x 1071% 42.63 | 3.85 x 1071° 153.97
fsolve (t-r-d) | 2.32 x 10719 12.07 | 2.49 x 1071% 57.98 | 4.63 x 10712 278.89
fsolve (t-r-r) | 1.00 x 1079  12.05 | 2.70 x 10~ 57.55 | 4.60 x 10~  443.19
fsolve (I-m) | 4.73 x 1071 14.06 | 2.53 x 107 58.10 | 4.32 x 1071 274.27
Isqnonlin (t-r-r) | 1.00 x 107%  11.84 | 2.70 x 10~ 57.36 | 4.60 x 10~ 443.44
Isqnonlin (I-m) | 4.73 x 1071 14.21 | 2.53 x 107 57.53 | 4.32 x 1071% 273.25

fminunc | 3.32 x 1072 242.55 - - - -

fminsearch | 1.58 x 107! 266.55 - - - -

objective function call #1
(m=1)""-0.7598 A =0.8962
T

0.5

Figure 3.3: A poor initial guess.
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Table 3.2: A comparison of the nonlinear solvers which were able to find the map parameters
for Figure 3.1, given the initial guess in Figure 3.3.

Solver | |0 secs

continuation | 8.160 x 10~ 135.710
fsolve (l—m) 5.329 x 10~  170.573
Isqnonlin (I-m) | 5.329 x 107'*  165.974

objective function call #1
(m-1)""*=0.7598 A =0.8962

-1 -0.5 0 0.5 1

Figure 3.4: A slightly modified, but still poor initial guess.

Table 3.3: A comparison of the nonlinear solvers which were able to find the map parameters
for Figure 3.1, given the initial guess in Figure 3.4.

Solver | E || oo secs

continuation | 8.049 x 1015 121.571
fsolve (t-r-r) | 3.220 x 10711 171.911
Isqnonlin (t-r-r) | 3.220 x 107" 172.406
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3.4 Quadrature

Fast and accurate numerical quadrature is required in order to evaluate the MCSC
integrals (2.13) and (2.16). Gauss-Jacobi quadrature, used in [21, 22], is well suited to the

evaluation of integrals of the form

/ SO = (1417

where f(t) is smooth on the interval. The algorithm by Golub and Welsh [25], taken from SC-
Toolbox [21], is used to calculate the zeros of the Jacobi polynomials, giving the quadrature
weights and nodes.

The Gauss-Jacobi quadrature works well for singularities at the endpoints of integra-
tion, but it is also possible that an integration path will be near other singularities of the
map. To take care of inaccuracies in the map induced by nearby singularities, we implement

compound quadrature with the one-half rule as described in [22, 36], that is,

The one-half rule: No singularity may lie closer to an integration sub-

interval than one-half the length of that sub-interval. [22]

The only nearby singularities in the simply connected case were other prevertices. The
reflections of prevertices must also be considered in the multiply connected case. This does

not change the statement of the one-half rule, only its implementation.
3.5 Integration paths for positioning

In Section 3.1 it was mentioned that the geometric conditions driving the system of
equations for the parameter problem was not unique. The discussion in this section, closely
following that of [20], gives some examples of this.

As originally formulated, the system of nonlinear equations used to solve the param-
eter problem relies on integrating from the prevertex z;; to z;; for 1 < 7 < m to position
polygons I's through I',,. If care is not taken this can lead to the difficulties shown in

Figure 3.5. There the integration path used to fix polygon position passes too near the
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objective function call #65
(m=1)""4-0.8409 A =0.6339

_of

L L L L L L L n n n n L L L L L L
-0.5 0 0.5 1 15 2 25 3 35 4 4.5 -1 0 1 2 3 4

Figure 3.5: By anchoring polygons 2 and 3 to z; 1, we create an integration path that passes
too close to singularities (reflections of the centers) of the SC product. The resulting grid
fails to be orthogonal in some places.

singularities of the Schwarz-Christoffel product—in this case, the reflections of the centers.
This problem can be avoided by careful rearrangement of the order of the polygons and the
prevertices or by a change of the equations which dictate this positioning. In the current ex-
ample, we keep the triangle as I'; and change the equation which positions the third polygon

(the slit on the right) from

f(21,3) - f(Zl,l) =wy3— w1 to f(Zl,s) - f(Zl,z) = W1,3 — W1,2,

using the position of I'; to dictate that of I's. This result is shown in Figure 3.6.

Table 3.4: Map parameters found for cases shown in Figures 3.5 and 3.6. It should be noted
that continuation was successful in the first case, i.e., the algorithm converged but evidently
not to a solution to the parameter problem.

Figure Co T2 C3 T3

3.5 2.6015 - 0.00611 0.6492 4.3150 + 0.10171 0.2784
3.6 2.6042 - 0.00641 0.6512 4.2119 - 0.02861  0.2732

The polygons in Figure 3.7 provide an illustration of a case in which rearranging
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objective function call #51
(m=1)""20.8409 A =0.6340

o
M

-0.5 0 0.5 1 15 2 25 3 35 4 -1 0 1 2 3 4

Figure 3.6: The order of the polygons is as in the first example, but for positioning we
integrate first from 21 ; to 212 and then from z; 5 to z; 3.

the order of the polygons and vertices is not likely to produce an integration path which is
completely external to the figures and thus does not come near to possible singularities. For
instance, the path from 2 ; and z; 4 would pass inside of Cy (I'y is the figure in the upper-left
corner). In this case, we integrate from z3; to z;4 instead and the equations which fix the

polygon positions are

f(21,2) - f(Z4,1) = W12 — W4,

f(21,3) - f(21,1) = w13 — W11,

and

f(z14) = flz31) = wig — w3

The requirement that the integration path for positioning be to the first vertex of the polygon
being positioned is imposed by the constrained-unconstrained transformation, equations (3.4)
and (3.5); recall that the transformation relies on knowledge of the angle of the first prevertex
on a circle to recover the remaining angles. This could likely be changed, but the definition

of the first vertex on each polygon is flexible which effectively removes this concern. As an
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extension of the previous example, we add a fifth polygon; see Figure 3.8. The addition to

the positioning equations above is

f(z15) — flz32) = W15 — W32.

objective function call #96
(m=1)""-0.7508 A =0.7473

4t i

s s s s s - L L L L L L 1 L L
-2 -1 0 1 2 3 -8 -6 -4 -2 0 2 4 6 8 10

Figure 3.7: Integration paths for positioning only need connect the first prevertex on the
target polygon with another known prevertex, i.e., from z3; to z; 4. Note the center polygon
is I'y with the others, counter-clockwise from the bottom, being I's, I's, and I'y.

objective function call #98
(m=1)""-07071 A=0.7477
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-3 -2 -1 0 1 2 3 4 -10 -5 0 5 10

Figure 3.8: Integrating from the first polygon and between polygons may also be combined.

This change to the system of equations for positioning polygons holds for the bounded
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case as well. In Figure 3.9 we surround a previous example with a rectangular boundary.

The system of equations to position the polygons in this case is

f(z11) = f(20) = w1 — wo,
f(21,2) — f(20) = Wi,2 — Wo,
f(2’173) - f(2’472) = W1,3 — W42,

f(21,4) - f(Zo) = W1,4 — Wo,

and

f(Zl,s) - f(Z3,2) = W15 — W32

objective function call #106
(m-1)"*20.7071 A =0.9421
T T T

0.8

0.6

0.4

0.2f

-1 -0.5 0 0.5 1 -6

Figure 3.9: A choice of integration paths for positioning in the bounded case. (I's is the
largest inner polygon.)

Note that the map normalization serves as the polygon positioning anchor in both the
bounded and unbounded cases. The requirement that f(z) = A+ Bz + O(1/z) for z — oo
in the unbounded domain makes the prevertex z; ; an anchor point. In the bounded domain
the requirement that f(zg) = wy makes zp an anchor. Rewriting the positioning equations

requires attention to this condition, as any positioning equation which does not directly or
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indirectly make use of this information will result in a system for which, in our experience,

a search algorithm will fail to find a valid set of map parameters.
3.6 Error model based on reflected radii

An idea of the error in the mapping function is of importance. The sum of the
reflected radii ) r,; of the reflected circles at some level of reflection n, as given in the
proof of Lemma 2.14 in the unbounded case or equation 2.18 in the bounded case, gives
a useful estimate. Note that the radii 7,; for the reflected circles can be computed by the
reflection routine (see Algorithm A.1 on page 98) and, therefore, provide a built-in method
for estimating truncation error provided the reflection formula is used in the calculation of
the map.

The errors in the (constrained) parameters (centers, radii, and prevertex angles 6y ;
at the Nth level of reflection are denoted by a vector Xy ) are measured by || Xy — Xn_1]|co-
Given a constant ¢ and a level of reflection N, the estimate e™¢ ) r,; fits the data very well.
This error estimate is first illustrated with the exterior map to three symmetric radial slits
displayed in Figure 3.10. The errors and error estimates are given in Figure 3.11. The values

for the constant ¢ used in Figures 3.11 and 3.12 were calculated by

c = log Z Z Ty | —log ([[ X5 — Xall),

Jj=1 veos(j)
where N = 3 represents the lowest level of reflections shown. The radial slit maps used
in this example can also be computed “exactly” by infinite product formulas discussed in
Section 2.2.1, and comparisons of the Schwarz-Christoffel map with that of equation (2.5)
yield nearly identical errors. Figure 3.13 displays the error and the estimate for the polygonal

domain given in Figure 3.12.

42



A =0.1944 a=05

SHEIN
O o
ol /
ONIRN
@ o
O\l /

Figure 3.10: Geometry used to test the error estimate based on the sum of the reflected
radii.
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Figure 3.12: An example map to the exterior of 4 polygons used in the graph of the error

estimate, Figure 3.13.



log(IIXy, — Xy,,I1.)

Figure 3.13: Error for Figure 3.12 fit with log > r,; — c.
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3.7 Apparent accuracy

Although sums of the reflected radii give a useful estimate of the error in the MCSC
maps, the method in Chapter 4 does not use reflections to calculate these maps. An estimate
of the accuracy of the map, inspired by [21], is therefore given. In essence, the images of
the prevertices from the solution process are calculated using the appropriate formulas, and
this result is compared with known vertex values. The largest deviation from known values

is then called the accuracy error, E,.., or apparent (vertex) accuracy. That is,

Zht1,j
A/ p(z)dz + wrj | — wip
Zk:,j

where p(z) represents equation (3.1) or equation (3.2) as appropriate. The integration path

Eace = max
3k

)

should be through the domain and away from the boundaries. In the simply connected circle
map a similar calculation is done [21], but the integration path is simply a line from one
prevertex to the origin, and then from the origin to the other prevertex. In the multiply
connected case there is no convenient single point through which to integrate each of these
(one might integrate through a singularity).

A simple solution to this consists of expanding the radius of each circle (or reducing
the radius of the outer circle in the bounded case) by adding (subtracting) one-half the
distance to the closest circle. The integration path is then outward (inward) radially from a
prevertex on the boundary to the associated point on the expanded (reduced) circle, along
the arc of the expanded (reduced) circle to the point associated with the next prevertex, and
then radially inward (outward) from the associated point, to the prevertex on the boundary.
In other words let ¢;, r;, 2, ; and z,41; be the center and radius and two prevertices of a

circle in question with 6 ; and 0, ; the angle of the prevertices. Set

8 I . .
szrjiép;?{|Cj_Cp’_rj_rp} for j,pe{l,....m}.

Now set z; ; = ¢; + fjewk’j and Zp41; = ¢ + fjewk“vﬂ'. Compute

24,5 2k, Zk+1,5 Zk+1,5
/ p(z)dz = / p(z)dz +/ p(z)dz + / p(z)dz
Zk,j 2k, 5 Zj Zkt1,5

5]
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where on the right-hand side of the equation, the first and last integrals are along radial
lines, and the middle integral is along the arc of the expanded (reduced) circle.
Note that even though one-half the distance between the closest circles is used, the

method described here is not the one-half rule for compound quadrature mentioned in Sec-

tion 3.4.
5 —
ot
L _
4}
-6
-5 0 5 10

Apparent (vertex) accuracy

—o—Using 1/2 rule
—e— Without 1/2 rule

4 6 8 10 12 14 16 18
n.
¢]

Figure 3.14: Apparent (vertex) accuracy Fy. as a function of the number of quadrature
points ngy;, along with the geometry used to test this. The test was done both with and
without the one-half rule for compound quadrature. The truncation level N for the map was
held constant while ng; was varied.

Figure 3.14 gives the relationship between E,. and ngy;, the number of quadrature
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points in each compound integration interval, for the geometry shown. The re-entrant corners
on the polygon were chosen to create singularities in equation (2.13) to ensure the one-half
rule for compound quadrature is necessary for accurate computation; the slits were chosen

~1/4

to ensure the separation condition, A < (m — 1) , was satisfied.

3.8 Inverted slit maps for grid generation

An orthogonal grid under a conformal transformation is of course still an orthogonal
grid. While not always necessary the images of these orthogonal grids can assist in visually
understanding the conformal transformation in question. The selection of the appropriate
grid depends on the problem at hand. This Section discusses the orthogonal grids chosen
for the MCSC maps in this work and, briefly, their method of computation.

In early versions of the MCSC numerical work, rectangular grids of dots were chosen
in the circle domain, and these dots were simply put through the calculated map and plotted
in the polygonal domain, often with lines drawn to emphasize the grid. See Figure 3.12 on
page 44 for an example. These grids were unfortunately only a very crude representation of
the preservation of angles, although they were very easy to compute.

Conceptually, given a circle domain, an easy grid could be given by taking concentric
circles and radial lines from a conformally equivalent circular, radial, or combined circular
and radial slit domain and mapping these onto the circle domain. It is only a small difficulty
that we have the maps from the circle to the slit domain, but not their inverses. It is possible
to use a Newton iteration to calculate the inverse of such maps, since the calculation of their
derivatives is not complicated. For example the derivative of the log of the unbounded map

to a slit radial domain, given by equation (2.7), is

d e 1 N S
sl = Fy = oo X <z—aw Z—Sw‘>

j=1 n=0
v€on(j)

so that multiplication by f gives f’. Adapting the idea given in [22], the following strategy
is used to invert the map. The point a € D such that f(a) = 0 is given, so this is used

as the starting point for inversion. The radial lines starting at the origin are treated first;
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a rough estimate of the preimage of the points next to the origin are given by solving the

initial value problem
dw 1
- = ith £71(0) =
= 70 wi f7(0)=a

by one of MATLAB’s built in ODE solvers. The result of this is used as the initial guess

for Newton’s method to find the preimage points to a desired accuracy. Once the first set of
points has been inverted, these points are used as the initial guess to Newton’s method to
find the next set of points along the radial lines. Each complete set of points is then used as
the initial guess for the next round of iterations to find the next set of points until the radial
lines are complete. One of the radial lines is then selected to determine the initial guess
for inverting points along the circular lines; again Newton’s method and adjacent points are
used to complete the circular grid line preimages.

The difficulty in this method comes when a grid line must cross a slit, since the
preimage of a grid line in the circle domain will have to jump a circle, so to speak. This can
be overcome once the prevertices of the slit tips are known, which can be found by noting
that the radial slit tips occur at the maximum and minimum of | f(C})| for circles which map
to radial slits, and the circular slit tips occur at the maximum and minimum of arg f(C})
for the circles which map to circular slits. The derivatives of these functions along the slits
with respect to the angle around the preimage circle change sign on either side of the slit
tips, and so a simple bisection method may be employed. It is then noted that the preimage
of a grid line will meet a circle boundary at an angle on the circle with respect to one of the
slit tip preimages; the corresponding angle on the other side of the tip preimage is then used
as an initial guess to an ODE solver, whose result is then put into the Newton iteration to
continue inverting the grid line.

At the time of this writing, only the code for inverting lines from a radial slit domain is
complete, but there are no foreseen difficulties with extending this to the circular and mixed
circular and radial slit domains. See Figure 2.8 on page 20 and Figure 2.10 on page 23 for

examples of this grid.
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Two other types of canonical domain used for orthogonal grid generation are applied
in Chapter 5. The first is the slit rectangular domain: Once the bounded circle domain D
for a given bounded polygonal domain P is determined, a modified parameter problem is
used to find a conformally equivalent rectangular domain with four marked arcs on the outer
boundary of the circle going to the four sides of a rectangle and the interior circles going to
horizontal slits. A rectangular grid is then imposed on this rectangular domain, and then
inverted to the circle domain in a fashion similar to that of the slit domains above. Again
the inverse of the map is calculated using a Newton iteration, and the derivative of the map
used is simply the integrand of the bounded MCSC formula. See Figures 5.1 and 5.2 on
pages 83 and 84 for examples.

The last type is the slit annular domain as given in Section 2.2.2. Here the grid is
a polar grid as in the slit domains above with the exception of the spacing of the circular
grid lines which use a log-linear spacing. The points which make the radial grid lines are not
linearly spaced but log-linearly spaced from the inner ring to the outer. Were this log-linear
spacing not implemented, the grid lines would be clustered around the circle which maps to

the outer ring of the annulus. See Figures 5.5 and 5.6 on pages 87 and 89 for examples.
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CHAPTER 4

MAPS BY LAURENT SERIES

The maps in this Chapter take a selection of those presented in Chapter 2 and evaluate
all or parts of the infinite product expressions using truncated Laurent series. Coefficients
of the series are found by solving a linear system of equations derived from the boundary
conditions of the given map. The linear systems are then solved numerically in the least

squares sense. It is shown this method is much more efficient than the reflection method.
4.1 Slit maps

This section concerns a method of computation for unbounded and bounded radial,
circular, and mixed radial and circular slit maps given by equation (2.11) which bypasses the
use of the reflection formula. A linear system for the Laurent coefficients is derived from the
boundary conditions of the map. The map from the bounded circle domain to a radial slit
half-plane (see equation (2.12)) is similarly treated. We will continue to use D to denote the
m-connected circle domain with 9D = J;*, C; and P to denote the conformally equivalent
slit domain with OP = (Ji*, T';.

4.1.1 Unbounded case
Let f(z) be the mixed slit map such that f(a) =0 and f(z) = O(z) as z — oo, and
start by noticing that the argument of f(C;) is constant if f maps C; to a radial slit, and
the modulus of f(C}) is constant if f maps C; to a circular slit. That is,
Im {log f(2)} = const., for z € C; where I'; is a radial slit, and (4.1)
Re {log f(2)} = const., for z € C; where I'; is a circular slit. (4.2)
Write f(z) = (2 — a)ed®, where g(z) is analytic in D and g(z) = O(1/z) as z — oo and is

given by a sum of Laurent series expansions around the centers of the Cj,

S R (4.3)



(the r7 are factored out of the coefficients for numerical stability). This gives log f(z) =

log(z — a) + g(z), and the boundary conditions in terms of g(z) become

Im {g(z)} = const. — arg(z —a), for z € C; — radial slit, and (4.4)

Re{g(z)} = const. —log |z —a|, for z € C; — circular slit. (4.5)

Discretize by limiting the Laurent expansion around each circle to N terms, and select

M collocation points z on each C;. Define the column vector x = [d,, ;]mnx1 and the matrix

F; = [r"(z —

J

Cj)_n}Mme’ for z € Cj, (46)

where the rows are determined by the collocation points and the columns by the terms in g.

Writing = = zg +ix; and F' = Fg, +iF7; gives the approximations
Re{g(2)} ~ Fr,op — Frzr and  Im{g(2)} = F1,op + Fg,21.

as appropriate for z € C;. Define the larger matrix

Ay
A | where A, — [FI]. Fp, }MXQmN’ C; — rédlal sht.
[FRj — I }M“mN, C; — circular slit.
A

"1 mMx2mN
Note that the pairwise difference of Im{log f} and Re{log f} for points on any C; are zero,

so define the matrices

-1 1 P
-1 1 P
-1 1 P
L J(M-1)xM L 4 m(M—-1)xmM
and set
Y1 ) ]
y=| where 1, — [—arg(z —a)]yn, 2€C;— I‘?Ldlal sht'
[—log|z —ally,, z¢€C;— circular slit.
Ym| o
mMx1
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This gives at last the linear system

TR
EA = Ey, (4.7)

Xy

whose solution in the least squares sense using the MATLAB backslash operator gives the
coefficients of ¢g. The system given by equation (4.7) can be made square if M = 2N, but it
was found in all experimental cases that the overdetermined system, given when M = 2N +1,

has a smaller condition number, and so the overdetermined system is used in practice.
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Figure 4.1: An example of the unbounded combined radial and circular slit map with m = 10
and N = 25.

Remark 4.1. It is also possible to state boundary conditions using the derivatives of
equations (4.1) and (4.2) with respect to the argument of z on each C; parametrized by
z=cj+r;e?, that is

Z—Cj

% Im{log f(2)} = Re{ po— + (2 — cj)g’(z)} =0, ze€ (C; — radial slit

Z—Cj

% Re{log f(2)} = —Im{ .t (z — cj)g’(z)} =0, =z¢€ C;— circular slit.
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Note these conditions are exactly those used in the proofs of Theorems 2.7 and 2.10. The
condition for the radial slit was stated in this work as Lemma 2.8; the condition for the circu-
lar slit follows a similar calculation and was not stated here, but is given in [15]. Rearranging

the terms in the above conditions leads to

Re{(z —¢j)d' ()} = —Re {Z — 9 } , 2z € (C; — radial slit (4.8)
z—a

Im{(z —¢;)d'(z)} = —Im { S } , 2z € C; — circular slit. (4.9)
z—a

These boundary conditions, now in terms of ¢’ instead of g, give a linear system which does
not need the difference matrix £. Numerically, the condition number of the matrix based
on equations (4.8) and (4.9) for an overdetermined system is slightly larger than that of
the condition number for the matrix an overdetermined system based on equations (4.1)
and (4.2). Although the system given by equations (4.1) and (4.2) involves a matrix-matrix
multiplication, the matrix F is sparse, and taking advantage of this results in little increase

in computation time over that of the method given by equations (4.8) and (4.9).
4.1.2 Bounded case

Combined slit map

The reflection formula for the bounded mixed radial and circular slit map is the same
as the unbounded case, equation (2.11). It makes sense then to use the same boundary

condition linearization as in the unbounded case. The map is written

f(2) = (2 = a)es®

as above, but in the bounded case we have

Zd 12" Z _

]2n1

the Taylor expansion inside € and Laurent series expansions external to Cs,...,C;. The
boundary conditions (4.1) and (4.2) are applied with the exception that C; always maps to

a circle (its image will have constant modulus). The result is shown in Figure 4.2.
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Figure 4.2: An example of the bounded combined radial and circular slit map with m =5
and N = 25.

Half-plane radial slit map

As in the case of the mixed slit maps, we consider the approximation of the log of

the reflection map, equation (2.12), that is

log f(z) = log(z — b) —log(z — a) + g(z) (4.10)
where g(z) is analytic in D and given as the sum of the Taylor expansion inside the outer
boundary with the Laurent expansions outside the inner boundaries,

Zdlnz +ZZ _

]2n1

and again the r} are factored out of the d;,, for numerical stability. Every boundary com-
ponent C; € JD maps to a boundary I'; € 0P with constant argument, and the boundary

condition would simply be

Im{g(2)} = const. — arg 70 forze Cij,j=1,...,m, (4.11)
Z_

but recall that a and b are points on a circle C, € D such that f(a) = co and f(b) = 0,

and it is clear that there is a singularity at a. On circle C}, we then use the derivative of the
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argument of f with respect to the angle on C,, which gives the boundary conditions used in

this map,
—b
Im{g(z)} = const. — arg - forzeCj,j=1,...,m,j#p (4.12)
z—a
Re{(z —¢,)¢'(z)} =0 for z € C,,. (4.13)

The implementation of the system of equations to find the coefficients for the Laurent ex-
pansion of g is similar to that of the MCSC factor maps described in Section 4.2.1 below,

and will not be given here; see [19] for details. See Figure 4.3 for an example.
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Figure 4.3: An example of a map to a radial slit half-plane using the Laurent approximation.

4.2 Unbounded Schwarz-Christoffel maps

Consider the inner infinite products for the unbounded Schwarz-Christoffel formula

given in equation (2.13), which will be written here

ad zZ — Zk,u‘
fo,(2) = [ =2 (4.14)
e0 z S,/]
vEon(j)

This means (2.13) can be viewed as

1@ =A [ TITL ()™ dc+ 5. (4.15



This finite product formula is more in line with the framework proposed in [22] where the
factors ensure the derivative of the map is piecewise continuous on the boundary with given
jumps at the corners.

Temporarily, for notational convenience, let a; be any point on the boundary of D,

that is a; € C; for some j = 1,...,m, so that we now consider

fulz)= J] =2 (4.16)

n=0 Z T S
Veo'n(j)
Note that f,;(a;) = 0 and f,;(c0) = 1. Numerical computation of this function using

reflections shows that it maps boundary circles C,, p # 7, to radial slits with respect to the
origin. These slits are contained in a region, the image of D, which is bounded by the image
of Cj, fa;(C;). It also appears that the image of D, ignoring the radial slits, is star-like with

respect to the origin. See Figures 4.4 and 4.5 for some examples of this map.

0.51

Figure 4.4: One example of the effect of f,; on I with connectivity m =4 and N =5 levels
of reflection.

Under the assumption the boundary components C,, p # j, map to radial slits, the

following theorem may be given.
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Figure 4.5: Another example of f,, with m =5 at N =5 levels of reflection.

Theorem 4.2. The function f,, satisfies

arg fo.(z) = const. for z€ Gy, p#j.

That is, fa; maps the circles C,, p # j, to radial slits with respect to the origin if and only if

Re{(z—cp)%} =0 for ze€C,.

Proof. Consider the parametrization z = ¢, +7,e%. If Ja; maps the Cy, p # j, to radial slits,
then

d d f’ fa; (cp +1pe")
= Im {1 =1 Wb
0= a9 "8 Jo; = ag " { o8 faj} " {ere Ja; } fe {Tpe Ja;(cp +1pe”) -

Define a singularity function S,,(2) for fq,(2) on D by

[e.e]

fa,(2) d 1
S =P ek = Y ()

Vo)
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This definition only makes sense if S,; is the uniform limit of a sequence of functions with

derivatives on ID. As has been the theme, define a sequence of functions by

Sa; N (2) ::iv: Z < ! _z—ls,,j)‘ (4.18)

2 — Qyj

Lemma 4.3. For m-connected regions D, m > 1, satisfying the separation condition A <

(m — 1)"Y4 the sequence Sq;,N converges uniformly to Sq; on D such that

10,(2) = S v(2)| = O (A2Vm =1)"").

Proof. The proof is similar to that of the convergence of the singularity function given in

the proof of Theorem 2.7. O

It is now possible to state two theorems describing the boundary behavior of S,;, and

thus of f,,. However, first note that given w = e,

Re {%} - % (4.19)

since

w /2 cos(0/2) +isin(6/2) 1 . 0
= 7 072 = - —1cot .
w—1 2 —e-i0/2 i2sin(0/2) 2 2

Theorem 4.4. Suppose z € C,, j # p for j,p € {1,...,m}. If A < (m —1)"Y/4, then
5 N
Re {(z — 5,)Sq,;n(2)} = O ((A m—1) )

and

Re {(z — 5,)Sq,(2)} = 0. (4.20)

Proof. The proof of this is similar to that of Lemma 2.9; here, however, the sums over the

circles 1,...,m are missing. O
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Theorem 4.5. Suppose z € Cj and A < (m — 1)"Y4. Then
1
Re {(z — 5;)Sq, n(2)} = -5t O ((A2 m— 1)N>

and

Re {(z — 5;)S,,(z)} = —=. (4.21)

Proof. With the parametrization z = s; + r;e" one may write

(Z—Sj)saj,N(Z) = (Z—Sj) { 1 — 1 4+ ...

Z—(lj Z—Sj

1 1 1 1
- - - - +oe
z — (l,/j z — Clj,jj z — S,/j z — sz/j

Z—Sj

) )
e ) f(an — ;) =1 (e 5,0/ (@ —57) — 1

) )

( (

Then, with a; = s; + r;€?% in conjunction with equations (2.8) and (4.19),

0

Rﬂ@—w&M@H:—LHE{AG }+u—m+u—n+m

et — gib;
i(G—Gj) 1
(&

A difficulty at this point is the lack of an existence theorem for f,, as described. The

following is given as conjecture, but at the time of this writing is unproven.

Conjecture 4.6. If f,; is an analytic function on an unbounded, multiply connected domain

D such that f,,(0) = 0 and f,,(c0) = 1 with the boundary conditions

arg fq,(2) = const. for z € C,, p # j and (4.22)

darg fo,(2)/00 = —1/2 for z = c; +r;e" € Cj, (4.23)
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then fq, s a uniquely determined conformal map from the circle domain to the interior of a
domain bounded by a curve I'; = fq,(C;) through the origin, and star-like with respect to the

origin, with interior radial slits I'y = f,,(Cy) for p # j.

In terms of singularity functions S, (z) given by equation (4.17), where we have
substituted using prevertices z ; in place of a;, the function given by equation (4.15) satisfies
the same boundary conditions as the map defined in terms of reflections, equation (2.13).
To see this define

J

S(z) := Z Z Br,jSu,(2).

j=1 k=1
Recall that ) 8 ; = 2 for a given j. Then, applying Theorems 4.4 and 4.5,

Re{(z— e)S()} =33 Ay Re{(z — )5, ()]
=5 B Re {(= — ¢)Suy, ()]
1\ &
(—5) ;ﬁm

= 1.

Compare this to Lemma 2.16 for the boundary condition given for the singularity function

from the MCSC formula in terms of reflections.
4.2.1 Linear system for a map factor as a series

The factors f, ; of equation (4.15) are now computed numerically assuming Conjec-
ture 4.6 holds by using these conditions to build a linear system of equations describing the
coefficients of a Laurent expansion for the function. This is a modification of the method
given above in Section 4.1 used to compute slit maps.

For brevity we again use f,; in place of f,, .. Begin by writing the function f,; in the

form
z — aj

e9(2)

faj (Z) =

?
Z—Cj
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where g is analytic in the domain and g(z) — 0 as z — oo. Then f4,(a;) = 0 and fq,(c0) =1,
as required. The function g is given as the sum of the Laurent series expansions on the

exterior of each boundary circle,

Since Im {log f,,} = arg f,,, the boundary conditions (4.22) and (4.23) above are
now

Im {log f,,} = const., forallz€C, p#j

and

0 1
%Im {logfaj} =5 for all z € Cj.

Note for z = ¢; + r;e®,

. N PAC) S P A O
%Im{logfa](Z)} = {ere faj(z)} =R {( ])faj(z)}

fo,(z) d 1 1

faj<z> = Elogfaj(z) = z —a; - Z—¢ —|—g/<2)

where

which gives

fw{u—w%§g}=m{jjz—1+@_@m&§:-5

Using equation (4.19) we have also

zZ—c; e'? 1
R il _Red ¢ _L_ 2
e{z—a]} e{ew—e’ea‘} 2

The boundary conditions may thus be restated in terms of g by

Z—CLJ'

Im{g(z)} = const. — arg for all z € C,, p# J; (4.24)

Z—Cj

Re{(z —¢;)d'(2)} =0, forall z € C;. (4.25)

The coefficients d;, of g are found by solving a linear system of equations based on these

conditions.
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For computation we discretize by limiting the index ¢ in g to N terms, and choose M

points z on each boundary circle. Let = [dy,]| be the (mN x 1) column vector of coefficients.

Define for p =1, ..., m the matrices

Fp = [rﬁ(z — Sp)_Z]Mme for z e Cp, p 75 ]
Based on
nox Edgpr
- Z Z )
p=1 (=1
define
G = |—l(z—cj)ri(z — sp)*‘ffl)]Mme for zeCj.

With F, = Fg, +1F},, G = Gr + 1G]y, and x = g + iz a calculation shows

Im{g(2)} = Fr,xg + Fr,x; onany C, p#j

and

Re{(z —¢j)d'(z)} ~ Grar — Grz; on Cj.

The values of Im(f,;) may not be known in advance, but the difference of Im(f,,) for any

pair of points on a circle Cp, p # j, is zero. Then define

-1 1
-1 1
P=
-1 1
L 4 M-1xM
so that for z € C, we have
P TR P .
= — 279
(RN S A

by the boundary condition (4.24). By the boundary condition (4.25) it is also the case

o —a] ™| - 1o

Xy
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For the sake of exposition suppose j ¢ {1, m}. Define the block matrices

Fh FR1
Flj—l FRjA
B, = | Gp and By = | -G ,
Py, FRri
ki, Fr,,
L dmMxmN L 4 mMxmN

where the matrices Gr and —G occupy the jth block-row, and the block diagonal difference

matrix

P

P

| I mM—1)+1xmM

where the (M x M) identity matrix occupies the jth block-row. A solution to the linear

system ) )
arg —*
TR
K [Bl Bg} =-E| 0 (4.26)
Xr
T v

in the least squares sense by the use of the MATLAB backslash operator gives the coefficients
for approximating g.
To choose the number of collocation points M, consider that for the system given by

equation (4.26) to be square a calculation shows that M must satisfy

2mN +m —1
- .

M:

The ceiling function could be employed to allow for any truncation level N without regard

to m, which would make the system overdetermined in the case M is not an integer. For
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consistency we just require that the system always be overdetermined by the inequality

2mN +m — 1
>
m

M

Y

where

_2mN+m>2mN+m—1
N m m

M =2N +1
satisfies this condition.
4.2.2 Numerical examples

Here numerical examples of the finite product computations using least squares, as
well as comparisons with the reflection method are given. The examples below use these rep-
resentations to evaluate the derivative of the MCSC transformation in solving the parameter

problem as outlined in Chapter 3.

Example 4.7. The first example is shown in Figure 4.6. It is clear from Figures 4.8, 4.9,
and 4.10 that the finite product method performs much better than the reflection method;
one gets better convergence and accuracy for less computation time. The vectors X (N) are
the MCSC parameters after the solution process has finished at N levels of reflection or a
series truncation level of N terms appropriately. We compare || X (N) — X (N — 1)||o in the
case of reflections and || X (N) — X(N — 3)|| for the series. Figure 4.7 shows one of the slit

maps in the finite product representation.
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Figure 4.6: Simple exterior map with m = 3. See Example 4.7. In terms of separation,
A ~0.8409 and (m — 1)~'/* =~ 0.4078.

(O -
O

Figure 4.7: The map f,, for Example 4.7; i.e., the MCSC factor with k =1, j = 1.
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Solution convergence comparison
N = number of reflections

107 5 6 7 8 9 101 1307
110°°
_38 -8 _38
@ 10 "T\
z z
x 10710><
| |
z =3
g RS [ S ) 10_125
107" 1107
—e— Finite product
_16|=_* ~ Reflections 16
10 : : ! ! ' 10
9 12 15 18 21 24 27 30

N = series truncation level

Figure 4.8: Comparison of convergence of the solution to the parameter problem for both
methods for Example 4.7.

Computation time comparison

N = number of reflections

0% 4 5 6 7 8 9 10 1 13y
10° JPLRR T
- nd .
» _ P
2 . e 2
g 10°F P 110
3 L
- d -
—
10— {10"
—e— Finite product
o - » - Reflections o
10 1 1 1 1 T 10
9 12 15 18 21 24 27 30

N = series truncation level

Figure 4.9: Comparison of computation time to find solution of the parameter problem for
Example 4.7. Each method was started with the same initial guess.
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Apparent accuracy comparison

N = number of reflections

10°3 4 5 6 7 8 9 10 11 1345°®

Apparent accuracy

—e— Finite product
- » - Reflections

9 12 15 18 21 24 27 30
N = series truncation level

1 1 1 0

Figure 4.10: Comparison of apparent accuracy for Example 4.7.
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Example 4.8. The next example, see Figure 4.11, is only slightly more complicated with
4 unbounded polygons (m = 4), but shows a more extreme example of the difference in
computation time between the two methods. This is due to the higher connectivity and
higher vertex count. Note for this example the separation condition is not satisfied, i.e.,

A > (m—1)"Y4

Figure 4.11: Example 4.8 with m = 4 and higher vertex count.
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Solution convergence comparison
N = number of reflections

10° 3 4 5 6 7 8 910°
8
= B 1 N -5 _8
= 10 ---_110 =
; I
< X
|
z _10&
g 10 10 10 10><
—e— Finite product
10718 -.- Reﬂelctlons s

1 1 1 1 0
15 25 35 45 55 65 7&
N = series truncation level

Figure 4.12: Convergence comparison for the solution to the parameter problem for the 4-
connected domain in Example 4.8. Note the slow convergence of the reflection method, since
in this example we have A ~ 0.8164 with (m — 1)7'/* ~ 0.7598.

Computation time comparison

N = number of reflections

2 3 4 s 5 7 8 9y

10

—e— Finite product
- » - Reflections

5 15 25 35 45 55 65 75
N = series truncation level

Figure 4.13: Comparison of computation times for Example 4.8.
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Apparent accuracy comparison

N = number of reflections

10° 2 3 4 ] 6 7 8 910°
>0 NG T e s -
S 407 107
5
(6]
(&}
©
€
o
g 10 -10
a 10 10
<
—e— Finite product
- » - Reflections I
10—15 T | | 10—15

5 15 25 35 45 55 65 75
N = series truncation level

Figure 4.14: Comparison of apparent accuracy for Example 4.8.
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Example 4.9. This example compares performance of the two methods in a domain with
close to touching circles. See Figure 4.15. Figures 4.17 and 4.18 show the finite product
method achieves better accuracy for approximately the same computation time. Even with
A = 0.9474 ((m — 1)71/* 22 0.8409) it is clear that, as in the reflection case, the separation
condition is a sufficient, not necessary condition for the convergence of the infinite series. To
of the factor maps are also given for two of the prevertices on C; (the largest circle), 21, and

26,1; see Figures 4.19 and 4.20.

Figure 4.15: For Example 4.9, the circles in the domain are very close to touching: A =~
0.9474 with (m — 1)~ ~ 0.8409.
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Figure 4.16: Convergence for Example 4.9.
Computation time comparison
N = number of reflections
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©
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1]
107
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1 - » - Reflections 1
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Solution convergence comparison

N = number of reflections

N = series truncation level

Figure 4.17: Time comparison for Example 4.9.
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Apparent accuracy comparison

N = number of reflections
6 7 8 9 1|0 1.1 12

Apparent accuracy

—e— Finite product
- » - Reflections

50 75 100 125 150 175 200
N = series truncation level

Figure 4.18: Accuracy comparison for Example 4.9.
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Figure 4.19: The MCSC factor map f., , for Example 4.9.
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Figure 4.20: The MCSC factor map f.;, for Example 4.9.
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Figure 4.21: An example of high connectivity, m = 10. This took around 5 hours to solve
the parameter problem with the reflection method, and around 5 minutes using the finite
product method.

Example 4.10. The last example involves high connectivity, m = 10; see Figure 4.21. On
the same hardware, the reflection method took just a little over 5 hours to solve the parameter

problem, while the finite product method took around 5 minutes to solve the same problem.
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CHAPTER 5

AN APPLICATION

In this Chapter the polygonal domains P represent infinitely thin plates of uniform
electrical resistance. This exposition closely follows [16]. Two parts of the boundary, the
so-called “marked sides”, are assumed to be perfect conductors and the remainder of the
boundary is insulated. The values of the resistance are invariant under conformal mapping
(see [26, Sec. 16.11] and [32, Sec. 2.2] for an introduction) and mapping to an appropriate
canonical domain gives those values as ratios of simple geometric quantities. In the calcula-
tions below, maps from the circle domains to two types of canonical or model domains are
used: rectangles with horizontal slits and annuli with radial slits. The maps to the rectangles
with horizontal slits are computed as a special case of the more general mapping problem
using techniques adapted from Section 2.3.2. The maps to radial slit annuli just require the
application of the method discussed in Section 2.2.2. Therefore, the maps between the poly-
gonal resistors and the model domains are known implicitly via maps from the circle domains.
This is all that is needed to find the values of the resistance. Conformal mapping has been
applied often to such calculations. For instance, the recent book [32] considers applications
of conformal mapping to the calculation of resistance of integrated circuit networks. Most
of the applications in the literature so far have considered only simply or doubly connected
domains. The methods developed here can be used for polygonal domains of arbitrary finite
connectivity.

There are a number of possibilities for the choice of a canonical domain in conformal
mapping of multiply connected domains [31]. The choice can be made on the basis of
geometric appeal or by convenience for a set of applications. In this Chapter canonical
domains where either a rectangle with horizontal slits or an annulus with radial slits are used.
We first consider the rectangle with horizontal slits. If the domain, D, under consideration is

bounded and its outer boundary is a contour C;, then, with the specification of an ordered
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set of four points on C;, one may think of D as a “generalized marked quadrilateral”. There
is a conformal map of this configuration onto a rectangle in which the four marked points
are taken to the corners of the rectangle with the marked sides mapped to the vertical ends
and the interior boundary components, I'y, I's,...,I',,, mapped to horizontal slits. This
map and the rectangle are uniquely determined by the aspect ratio of the rectangle and the
specification of the images of two of the marked points.

These facts follow from a variational principle due to Rengel. An exposition can
be found in Pfliiger [33]; see also [27], [3], Chap. VII], and [35]. This idea, together with
a Schwarz-Christoffel transformation for finitely connected polygonal domains, are used to
compute resistances of multiply connected resistors. The resistance can be given in terms
of the Dirichlet integral of the electrical potential with voltages applied to the marked sides
(conductors) and normal derivatives set to zero on the insulated sides. The Dirichlet integral
is invariant under conformal mapping. This potential is easily found for a rectangle. The
resistance is just the ratio of the adjacent sides of the conformally equivalent rectangle
to the marked sides which represent the electrical contacts. The inclusion of horizontal
slits, which are parallel to the direction of the current, does not change the resistance, so
that once the map to this model domain is known, the resistance calculation is trivial. An
important precursor of this work is that of Trefethen [37] in which simply connected resistors
were analyzed using simply connected Schwarz-Christoffel transformations. The Schwarz-
Christoffel methodology was also a natural choice there for the problem of designing resistors
of specified resistance by “trimming”, that is, varying the resistance by cutting slits into the
domain from the boundary in order to change the initial resistance to the specified value.
These of ideas of resistor analysis are extended here to arbitrary finite connectivity. The
design problem follows as in [37], since the resistance of a multiply connected “quadrilateral”
has the same monotonicity properties that justified the resistor trimming calculation there.

We will discuss the trimming problem in future work.
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In addition to polygonal resistors with exterior electrical contacts, resistances with
interior contacts are also computed. For such configurations another model domain is appro-
priate, namely, a circular ring (or annulus) with radial slits. The domain ID can be mapped to
an annulus with radial slits where two chosen interior boundary components are mapped to
the inner and outer circular boundaries and the remaining boundary components are mapped
to the radial slits. The ratio of the inner and outer radii are then uniquely determined and
the lengths and locations of the radial slits are determined up to a rotation of the annulus.
The resistance is then given by the logarithm of the ratio of the radii of the outer and inner
circular boundaries.

The problem of crack detection in which unknown slits are determined via “gener-

alized Schwarz-Christoffel parameter problems” [37] is likely to yield to similar analysis to
that in the simply and doubly connected cases, [23, 24], but this problem is left to future
work.

5.1 Maps to rectangles with m — 1 parallel slits

In this section it is shown how to adapt the map from Section 2.3.2 to compute maps
from the circle domain D to rectangles with horizontal slits, thus, implicitly giving the maps
between the polygonal resistors and the conformally equivalent horizontally slit rectangles.
This is a special parameter problem where D and the prevertices of the corners of the
rectangles are known. Rectangles with m — 1 parallel slits are shown to be canonical domains
in [33] using Schwarz reflection and mapping to circular slit annuli. As explained above, the
ratio of the length to the height of a conformally equivalent rectangle with horizontal slits is
the resistance of the previously described polygonal resistor. In the examples below, maps
to radial slit annuli will be used, but those maps do not require the solution of a parameter
problem.

The Schwarz-Christoffel map from the circle domain D to the rectangle with horizontal
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slits is given (up to a scaling by A and a translation) by

6= (TI6 -6 ) T (T~ G TI6 =) 61

veEoy .7)

The (,1 € C1,k =1,...,4, are given and map to the four vertices of the rectangle, f((x1)-
Set f(C11) =4 and f(C21) = 0 to fix A and the translation. (Note, that in the examples
the (i1 are prevertices of I'y of the polygonal resistor corresponding to the endpoints of the
marked sides, as indicated in the figures. However, this need not be the case. The endpoints
of marked sides can be chosen anywhere on I'y. If the (;; are preimages of other specified
points on I'y, then the map to the resistor must be inverted to find the (;’s. This will not be
done here.) The circle centers, c¢;, and radii, r;, for j = 2,...,m are also given. Therefore,
one only need solve for the preimages 2 ;, k = 1,2, j = 2,...,m, of the tips of the horizontal
slits, wy ; = f(2k,;). This requires 2m — 2 real equations that force the slits to be horizontal
and the length of the top of the slit to equal the length of the bottom of the slit, i.e., the

top and bottom slits form closed curves. The equations are

sin (arg(f(21,5) — f(z2,5))) =0,

and

f(2)dz
<

f(z)dz
Z

for j = 2,...,m, where, for the second set of equations, C’; denotes the arc of C; from z; ;
to z2; and C? denotes the arc of C; from z; to z1,j, both traversed in the counterclockwise
direction. Again a change to unconstrained coordinates is used to find the prevertex angles,

O, for the prevertices 2 ;.
5.2 Resistance examples

Examples of two types of resistance calculations are given. The first computes resis-
tances for multiply connected polygonal “quadrilaterals”, that is, domains — here, polygonal

— with two marked sides on their (outer) boundaries, representing electrical contacts where
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voltages are given and indicated by thick lines in the figures. The marked sides are sepa-
rated by two unmarked sides, indicated by thin lines. The unmarked sides and the interior
boundaries are insulated. The second type of example computes resistances for circuits with
voltages given on two interior boundaries with the remaining boundaries insulated. (Note
this second case with interior contacts would also be an appropriate problem for the Schwarz-
Christoffel transformation for unbounded domains, developed in [18] and computed in [14]
and [19]. However, this will not be pursued here.) These problems, like many applications
of conformal mapping, can be solved easily using maps to the appropriate “model” domain.
The model domains are, basically, the canonical slit domains, first cataloged by Koebe [27].

Many of these domains are rigorously treated in such texts as [33, 31].
5.2.1 Computation of resistances for quadrilaterals

In this case, the model domain is a rectangle with horizontal slits as in Section 5.1.
When constructing the rectangle domain, vertices f(z11) = ¢ and f(221) = 0 are fixed.
Resistances are calculated by computing the real parts of the third and fourth vertices,
f(z31) and f(z41), which are just the lengths of the bottom R, and the top R, of the
rectangles. These lengths should be equal and their difference gives an estimate of the error;
see Table 5.1. The Schwarz-Christoffel map is again evaluated using a truncated product,
and so the accuracy of the calculations are dependent on the number of levels of reflection N
chosen to do the computation. An example of a resistor with m = 3 is given in Figure 5.1,
and a table of calculated resistance values with the associated levels of reflection used is given
in Table 5.1. In the tables and the error plots in the figures, it is found that the sum of the
radii at the Nth level, ZM:N T, as discussed in Section 3.6, gives a practical estimate of the
error. This quantity can be computed easily from the reflections of the circles. For instance,
the bottom plot in Figure 5.1 illustrates that the error estimates |R,(N) — Ry(N — 1)],
|R:(N) — R(N —1)], and || Xy — Xn_1]lc given by the computations with successive levels

of reflection N — 1 and N are well-approximated by EM: ~ Tv- In addition the values of A
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Table 5.1: Accuracy of resistance calculations for Figure 5.1 with m = 2 and A = 0.8080.
Sample computational times are given. The times roughly double with each increase in IV,

as expected.

N | resistance (bottom) resistance (top) >, _y v sec
3 | 1.8330969110 1.8328044088 1.6-1072 2.0
4 | 1.8328657973 1.8328484817 3.3-1073 3.1
5 | 1.8328713577 1.8328427644 731071 5.6
6 | 1.8328410576 1.8328392515 1.6-107* 12.0
7 ] 1.8328408268 1.8328390036 3.4-107° 19.3
8 | 1.8328388750 1.8328387543 7.3-10°° 37.7
9 | 1.8328388440 1.8328387436 1.6-107° 72.8
10 | 1.8328387363 1.8328387293 3.5-1077  155.4
11 | 1.8328387340 1.8328387289 7.6-1078 372.9
12 | 1.8328387285 1.8328387281 1.6-107% 1069.7

and (m —1)~'/* are given in the figures. The number of evaluations of the objective function
is also given and provides some measure of the difficulty of the nonlinear problem.

See Figures 5.2, 5.3, and 5.4 for other examples. Computation time for the multiply-
connected Schwarz-Christoffel map is exponential in the level of reflections. As a conse-
quence, the N’s chosen for the resistance measurements in these examples were based ar-
bitrarily on the increasing amount of time required to perform these calculations on the
author’s computer. Note that high accuracy with a large number of reflections is feasible for

the doubly connected example in Figure 5.2.
5.2.2 Computation of resistances for interior contacts

In this case, the model domain is an annulus with radial slits. This is the canonical

domain given in 2.2.2. Given this domain, the resistance R is then given by the log of the
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3t objective function call #34
(m-1)""420.8409 A =0.8080
1 # T T
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-4 -3 -2 -1 0 1 2 3 -1 -05 0 05 1
1
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of
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ok
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—— R(N) - R(N-1)] [3

—— Xy = Xyl

Zo

Figure 5.1: A resistor with m = 3. Resistance = 1.832838728. The errors in the resistance
and the parameters Xy are well-estimated by the sum of the radii at the Nth level ZIV\: N v
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251 objective function call #35
) (m=1)""*21.0000 A =0.7802
1 . . .
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1t
= 05 0 05 1 0 02 04 06 08 1 12 14 16 18
107" T
Ir
v
1072 IRy(N) - R (N-1)|]
—— R(N) - R(N-1)]
107 Xy = Xqlle

Figure 5.2: A doubly connected resistor. Resistance measurements for N = 16 are R, =
1.84354823853007 and R; = 1.84354823853003 (bottom and top measurements). The time
was only 0.81 seconds, since the number of reflections does not increase geometrically with
N in the doubly connected case.
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objective function call #49
1+ (m=1)""4-0.8409 A =0.9009
1
0.5r
05
ok
0
-0.5
-05
1t
15 1 —05 0 05 1 15 3 05 0 05 1
1 A
ST 157
ST
0.5 l
0 0.5
-05 or
-05
-1 ) ) ) ) ) )

-1 -05 0 0.5 1 0 0.5 1 15 2 25
Figure 5.3: A resistor with m = 3. Resistance measurements for N = 11 are R, =
2.8419984 = R;.

objective function call #51
(m-1)""4-07598 A=08188
|
0.5¢
ok
-0.5¢
- 1 0.5 0 05 1

0 0.2 0.4 0.6 0.8 1 1.2

Figure 5.4: A resistor with m = 4. Resistance measurements for N = 6 are R, = 0.9940 = R;.
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ratio of the radii of the inner and outer circles,

1 outer
R=—1Io Touter

)
2m Tinner

where 7outer = | f5i(2)|, 2 € C;, and Tipner = | fji(2)], 2 € Ci.

The first example, shown in Figure 5.5, is a symmetric triply connected bar. Voltages
are given on the interior square boundaries. The exterior boundary is insulated. This
example is computed in [37] with simply connected Schwarz-Christoffel transformations by
exploiting the symmetry to subdivide the domain into four simply connected domains. For
the calculations done here, symmetry is not exploited. The bottom right graph in Figure 5.5
is a plot of accuracy at reflection levels N=3 to N=12. In the accuracy graph, the value Ry is
the resistance given in [37] to several digits and is listed here in Table 5.2 as the exact value.
The R,.cdian and R,,cqn values in the error plot come from the fact that 100 points on each
circle are mapped to the slit-ring domain. The other three pictures are plotted with N = 8.
This is a difficult example for this method. The inner circular boundary of the annulus is not
visible to the eye in the figure and the radial slit very nearly touches the inner circle. The
inner circles of the conformally equivalent circle domain which map to the inner and outer
annulus boundaries are also barely visible and nearly touch the unit circle, as indicated by
the fact that the separation parameter is A = 0.9968.

The second example, shown in Figure 5.6, is an asymmetric polygon with interior
contacts. The resistance cannot be calculated by subdividing the domain and using simply
connected conformal maps. The inner circular annulus boundary is visible here, but the

radial slit still appears to be touching the inner circle.
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Figure 5.5: An interior contact with m = 3 from [37, Fig. 2d].
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Table 5.2: Accuracy of resistance calculations for Figure 5.5 with m = 3 and A = 0.9968.

Ripean ZM:N "y
2.81475482267  0.0095309
2.75464368554  0.0049531
2.75699777668 0.0025849
2.77062007508  0.0013568
2.77137596289 0.0007121
2.76784836631 0.0003741
2.76801923981 0.0001965
2.76899878312 0.0001032
2.76905554016  0.0000542
12 2.76879077906 0.0000285
exact value | 2.76886750270

@OO\ICDCH%COZ

_
=)

Table 5.3: Accuracy of resistance calculations for Figure 5.6 with m = 3 and A = 0.9540.

Rinean Z\y\:N %
0.381664 0.60637
0.364481  0.29556
0.364269 0.14338
0.367363 0.06984
0.367653 0.03391
0.367116 0.01651
0.367015 0.00802
0.367103  0.00390
0.367129 0.00189
0.367115  0.00092
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Figure 5.6: An asymmetric interior contact with m = 3 and A = 0.9540.
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CHAPTER 6

CONCLUSION

6.1 Concluding remarks

The main goal of this project was the numerical computation of the multiply con-
nected Schwarz-Christoffel map, unbounded and bounded, originally given in [18, 13]. This
was accomplished as presented in this dissertation using the reflection method for both
bounded and unbounded maps. In addition a Laurent series method was presented for the
unbounded case which showed a great reduction in computational complexity of the problem.
An application for bounded maps was presented. Several slit map canonical domains given
in terms of reflection formulas were also cataloged. Laurent series methods for calculating

some of these slit maps were given.
6.2 Future work

Although the main goal of this work was accomplished, there is more work to be
done. A method for the computing the integrand of the unbounded MCSC map was given
in terms of finite products of Laurent series estimates in terms of slit maps; the development
of an equivalent method for the bounded case is in progress. Part of the difficulty with the
bounded case is the determination of the correct pairing of an extra level of reflection of the
first circle with the other reflections. As of this writing, no factor map similar to that shown
by Figures 4.4 and 4.5 have been determined for the bounded case.

The expression of the integrands of the MCSC maps as factors of slit maps was dis-
cussed in [19], along with attempts to connect these formulas to those of Crowdy [3, 9].
Crowdy’s formulas for mapping to bounded and unbounded polygonal domains from a con-
formally equivalent circle domain are expressed in terms of Schottky-Klein prime functions,

and software has been developed [10] to calculate the prime functions from an efficient solu-
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tion to a boundary value problem. It would be of interest to see the numerical behavior of
the MCSC maps where the integrands are calculated by this algorithm.

Instead of creating an estimate for each factor of a product as presented in this
dissertation, it would be even more efficient to create one single estimate for the entire MCSC
integrand. One method under investigation is to make a Laurent series approximation to the
singularity function, S(z) = f”(z)/f'(2), of the bounded or unbounded map based on the
boundary values of S(z). In fact a better understanding of the Riemann-Hilbert boundary
problem given by the condition on S(z), e.g., Lemma 2.16, might also lead to more efficient
methods for solutions to these problems by, for example, an adaptation of the methods
in [38]. A recent paper by Mityushev [30] discusses the map from the circle domain to the
circular slit domain in terms of a Riemann-Hilbert problem.

Large geometric distortions inherent in many conformal maps also create problems
numerically. The case of crowding, where prevertices corresponding to the ends of long
channels become exponentially close in the aspect ratio of the channel, is a well known
problem in the simply connected case and has been largely solved; see [3, 22]. In the multiply
connected case, elongated channels between boundary components can cause circles to nearly
touch; see Figure 4.15 and [5] for examples. In the case of crowding, an adaptation of the
ideas given in [3] to multiply connected domains is necessary. When circles are close to
touching, it is expected that the Laurent series will converge slowly, e.g., Example 4.9, and
some combination of reflections and Laurent series expansions as in [7] may be useful.

Domains of very high connectivity will involve very large numbers of unknowns. Here
it might be possible to adapt ideas from [1] in order to compute maps of simply connected
polygons with thousands of vertices. In [1] the fast multipole method is used to speed up
the evaluations of f/(z), and a side length iteration is used to solve the parameter problem
with fewer computations per step than quasi-Newton iterations.

Finally, we desire to polish the experimental code and release it to the public. There
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are some issues that should be dealt with before this happens. One is the automatic selection
of an initial guess for the iterative solution of the parameter problem.

Another is the selection of integration paths for circle positioning; this was discussed
in part in Section 3.5. Automatic selection of these paths would be best, but it is not clear
how this might be implemented. Allowing the user to select these paths, for domains of up
to at least a moderate connectivity, might work. It would also be useful to add a procedure
which keeps integration paths inside of the computational domain in order to avoid rare

failures of convergence; such a procedure is investigated in [23].
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APPENDIX A

CODE EXAMPLES

This Appendix gives MATLAB implementation examples of some of the algorithms

described in previous Chapters.

Program A.1. The reflection algorithm was discussed in Section 2.1.

function [zn,cn,rn,sn,jlr,rsum] = reflect_alg(zin,cn,rn,sn,vc,N)
% preallocate
m = numel(rn); % connectivity by radius count
zrows = zeros(sum((m-1).~(1:N)),m);
cn = [cn; zrows]; % centers
rn = [rn; zrows]; % radii
sn = [sn; zrows]; % reflected centers
zn = zeros(max(vc),sum((m-1).7(0:N)),m); % prevertices
zn(:,1,:) = zin;
sumrl = zeros(N,m); % for summing reflected radii

% initialize (nu = 1 is level O - original circles)
% jlr(nu,j) = leading index = index of circle of last reflection
jlr = [1:m; zrows];

% outer j loop over m circles
for j=1:m
% track reflections from circle j down to level N
num = 0;
for level = 1:N
sumrl (level, j)=0;
nul = num+i1;
ifm =2

num = ((m-1)"level - 1)/(m-2);
elseif m ==

num = nul;
end

nuj = num;
for nu = nul:num
for j1l = 1:m
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APPENDIX A (continued)

if j1 "= jlr(au,j)
nuj = nuj+i;
jlr(nuj,j) = ji;
[cn(nuj,j) rn(auj,jd] = ...
centrad(cn(1,j1),rn(1,j1) ,cn(nu,j) ,rn(au,j));
zn(1l:vc(j),nuj,j) = ...
reflect(cn(1,j1),rn(1,j1),zn(1:vc(j) ,nu,jl);
sn(nuj,j) = ...
reflect(cn(1l,j1),rn(1,j1),sn(nu,j));
sumrl (level,j) = sumrl(level,j) + rn(nuj,j);
end
end
end
end
end

% calculate the sum of reflected radii at each reflection level
rsum = zeros(1,N+1);
rsum(1l) = sum(rn(l,:));
for level = 1:N
rsum(level+1l) = 0;

for j = 1:m
rsum(level+l) = rsum(level+l) + sumrl(level,j);
end
end
end

Program A.2. This function gives centers and radii of reflected circles, used in Program A.1.

function [co ro] = centrad(c,r,ci,ri)
% reflects circle with center ci, radius ri through circle with
% center c, radius r, to get circle with center co, radius ro
co=c +1r°2x(ci - c)/(abs(ci - ¢c)"2 - ri~2);
ro = r 2xri/abs(abs(ci - ¢)"2 - ri~2);

end

Program A.3. This function reflects through circles, used in Program A.1.

function zo = reflect(c,r,zi)
% reflects zi through circle with center c, radius r to get zo
zo = ¢ + r°2./conj(zi - c);

end
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APPENDIX A (continued)

Program A.4. This function calculates the coefficients of the series representation for the

radial and circular slit maps discussed in 4.1.

function x = calc_coefficients(a0,c,r,N,rcs)
m = numel(c); % connectivity by number of centers

%% sample points

M = 2xN + 1; % makes system just overdetermined

repmat(c,M,1) + repmat(exp(2i*pi*(0:M-1)’/M),1,m)*diag(r);
z(:);

VA
V4

%% Laurent basis matrices and RHS
F = zeros(mx*M, 2*xm*N) ;

Fp = zeros(M,m*N) ;

rh = zeros(m*M,1);

za0 = z - a0;

for p = 1:m
blk = (p-1)*M+1:px*M;

for j 1:m
zcj = r(j)./(z(blk)-c(j));
Fp(:, (j-1)*N+1) = zcj;
for ell = 2:N
Fp(:,(j-1)*N+ell) = Fp(:,(j-1)*N+ell-1) .* zcj;
end
end

if rcs(p)
% circular slit
F(blk,:) = [ real(Fp) -imag(Fp) 1;
rh(blk) = -log(abs(za0(blk)));

else
% radial slit
F(blk,:) = [ imag(Fp) real(Fp) 1;
rh(blk) = -angle(zaO(blk));
if any(diff(rh(blk)) > pi)

rh(blk) = mod(rh(blk),2*pi);

end

end

end
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APPENDIX A (continued)

difference block matrix
= sparse(kron(eye(m) ,toeplitz([-1 zeros(1,M-2)],[-1 1 zeros(1,M-2)])));

matrix-matrix multiplication is less than 0(n"3) since E is sparse
(ExF)\ (Exrh) ;
complex (x(1:numel(x)/2),x(numel (x)/2+1:end));

Program A.5. This function calculates the coefficients of the series part of log f,,(z) de-

scribed in Section 4.2.

function x = calc_coefficients(c,r,aj,N)

8]

= c(j);

%% sample points

M

N N N N

= 24N+1; % makes system overdetermined
= repmat (exp(1ix(2xpix(1:M)’/M)),1,m);
= zxdiag(r);

= repmat(c(:).’,M,1) + z;

= z(:);

%% setup Bl and B2

A

B1

= Amatrix(I,z);
= imag(A); B2 = real(A);

jrows = (j-1)*M+1:j*M;
zG = z(jrows);

G

= zeros (M, m*N) ;

for p=1:m

G(:, (p~1)*N+1:p*N) = ...
A(jrows, (p—1)*#N+1:p*N) .* (-(zG-sj)./(zG-c(p))*(1:N));

end
GR = real(G); GI = imag(G);

Bi(jrows,:) = GR;
B2(jrows,:) = -GI;

%% the E matrix

D

= toeplitz([-1 zeros(1,M-2)],[-1 1 zeros(1,M-2)]);

arg = cell(l,m);
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APPENDIX A (continued)

for p=1:m
if p==j
arg{p} = eye(M);
else
arg{p} = D;
end
end

E = sparse(blkdiag(arg{:}));

%% right-hand side
argas = (z-aj)./(z-sj);
argas(jrows) = 0;

argas = angle(argas);
rhs = -Exargas;

%% solve linear system
B = Ex[B1 B2];

x = B\rhs;
x = complex(x(l:end/2),x(end/2+1:end));
end

Program A.6. Returns the matrix of basis functions for the series part of log f,,(2) from

Section 4.2. Used in Program A.5.

function A = matrix_A(z,c,r,N)
% return matrix of basis functions for g
m = numel(r);

A = zeros(length(z) ,m*N) ;

for j = 1:m
zen = r(j)./(z-c(§));
AC:,(j-1)*N+1) = zcn;
for n = 2:N

AC:,(j-1)*N+n) = A(:,(j-1)*N+n-1) .* zcn;

end

end

end
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