== " \WICHITA STATE

ulsu : UNIVERSITY

: UNIVERSITY LIBRARIES

Topological loops

ltem Type Thesis

Authors Larson, Joanne V.
Publisher Wichita State University
Rights Wichita State University

Download date

2026-05-14 14:07:19

Link to Item

https://hdl.handle.net/10057/30705



https://hdl.handle.net/10057/30705




TOPOLOGICAL LOOPS
BY

JOANNE V. LARSON

A THESIS
SUBMITTED TO THE GRADUATE SCHOOL
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF MASTER OF SCIENCE

DEPARTMENT OF MATHEMATICS

WICHITA STATE UNIVERSITY
WICHITA, KANSAS
JUNE, 1965



—=jje

Introduction
Part I - Concept of a Topological Loop

Part II - Subloop, Normal Subloop,
Factor Loop

Part III - Isomorphism, Automorphism,
Homomorphism

Bibliography

111

18
25



INTRODUCTION

The purpose of this thesis 1s to present some of
the ideas presented by L. Pontrjagin in chapter three of

his book Topological Groups, but relaxing the conditions

necessary for a group and considering topological loops.
The thesis 1s divided into three main parts: the
first introducing and defining the topological loop
along with listing a few of its properties. The second
part deals with the subloop, normal subloop and the
factor loop. The last part defines isomorphism, auto-
morphism, and homomorphism and gives several results
concerning these concepts,
This introduction would not be complete unless =
ﬁention was made of the help received; first from
Dr. Si¢ wnd Hudson, who was kind enough to send me an
abstract of his thesis on topological loops; second
to Dr. K. H. Hofman, whose article on topological loops
was uSed; and lastly, but perhaps most important, to

Dr. Donald Schmidt, my thesis advisor.



PART I - CONCEPT OF A TOPOLOGICAL LOOP

Definition 1. A loop, L, 1s a set with a binary
operation (x,y) = xy on L x L into L satisfying:
a) there i1s an element e é L such that ex = xe =
x, for all xe€ L.
b) for any x and y in L, there are zq and 25,
both unique, so that xz2q1 =y 2nd 2zZ2x =Yy
(we denote zp by yxX™ and zq1 by =F=%).
Definition 2., A topological loop, L, is a loop as
defined in definition 1 which has a topology making
it a T4 space, and so that
(X,5) = xy
(x,7) = £
(x,y) = yx*¥
are all continuous functions of L x L into L.
Definition 3. The mapping Rg$ x-=xa for all x €L and
a'fixed a in L is called a right translation; like-

wise, Lgt x — ax 1s called a left translation.

In order to obtain certain results in topological
loops it 1s necessary the right and left translations be
homeomorphisms on L onto L. There is an example listed
in Hofmann (2) of a topological loop in which the right

translations are not homeomorphisms.
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We next define an I - loop and show that in an I -

loop the translations are homeomorphisms. (2)

Definition 4. An I - loop is a loop in which both Lg

and R, are one-to-one, onto mappings for all a-

in the 1bop; also, there 1s a mapping x =) xﬂ'
such that:
Rel= Byed and Let= Le-s

for all xéL. x1 1is called the inverse element
of X.

Lemma 1. In an I - loop, aXax) = x and (xa)at=x
for a glven aél and for all xéL,

Proof: aXax) = Rg\(Bg (x) ) = 1(x) = x , where 1 1is

the identity mapning, since Rg-i = Hgf

(xa)a™l = Lg-i(Lg &x) ) = 1(x) = x , where 1 1is
the ldentity mapping, since Lg = Léf

Hence in an I - loop the solution to XzZy =¥ is

Z2q = xﬁb, and to ZXx =y is 2y = yxﬁk

Theorem 1. In a topological I - loop, L, the mappings

R and L are homeomorphisms.

a a

Proof: To prove this we must show that Ra:

X = ax 1is
continuous, and its inverse is continuous (we must
show the same for ‘La, also),
Consider the mapping, f, which takes the loop
L homeomorphically onto the subspace a x L of
L x L.
f: x = (a,x)

for a given a €L and for all x €L. Also, consider

i
I
[
i
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the mapping, g, such that

g: (a,x) = ax
for all xé6L and a given aé€L. By the definition
of a topological loop g 1s a continuous mapping.
Since |

R, = 8&f: x = ax,
and the composition of two continuous mappings is

contlinuous, R

s 1S 2 continuous mapping.

Since R, 1s continuous and one-to-one Q{i
exists. By the definition of an I -~ loop, |
R;J'= Rg-l, end hence we have that Rg™X x -~y a”k 1s

continuous, because Raq is continuous from above.,

The proof to show that L, 1s a homeomorphism
follows the same pattern.

Theorem 2. The mapping x = x‘l, for any x€L, is a
homeomorphism in an I - loop.

Prooft Consider the subspace L x e of L x L, and let
h be the projection mapping on L x L to L,
restricted to L X e. h 1s a homeomorphism and
hence

hh L -Lxe
is a homeomorphism: i.e.
Hqi X = (x,e).

Let k be the mapping
(X,y) = xYy
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of LxL to L be restricted to L x e, then

x (x,e) = x1 1s continuous sincel (x,¥) -)x.]y

is continuous. The mapping kﬁd' on L into L 1is

continuous since it is the composition of two
continuoﬁs mappl zs. Hence,

kh-l(x) = k(h-l(x)) = k(x,e) =x’1,

or

KA x =y X3

is a continuous mapping.

The mapping is one-to-one, hence the continuity
of the invérse mapping follows lmmediately.

The continuity of these mappings can be restated as
follows in terms of neighborhoods:

If x and y are in L, then for every nelghborhood
W of the element xy there exist neighborhoods U and
V of the elements x and y such that UVe W.

If x 1s in L, then for every neighborhood V of
the element iq' there exists a neighborhood U of the
element x such that U.lc: V.

Theorem 3, If L is an I - loop and a topological space
such that the mappings (X,y) => xy and x = xq'
are continuous then L 1s a topological I - loope.

Proof't In otherwords we want to show that the continuity
of (x,¥) => xy end x =5 x¥ implies the continuity
of the mappings (x,y) =5 xﬂy and (x,y) —a»yx{k

To do this we shall use the properties of neighborhoods.
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Since (x,y) => xy is continuous there exists
a neighborhood W of xy such that for U a
neighborhood of x and V a neighborhood of ¥y
UVeW, By the continuity of x =» 71, hence the

continuity of x! -y X, there exists a neighborhood

U of x such that for S a neighborhood of x1

S-lc-U., Now, WDUV>§1V, which implies that

(x,y) = ¥ly 1is continuous.

Similarly, (x,y) =» y¥1 1is continuous. Hence
in a topological I - loop the continulity of the
three mappings can be replaced by the continuity of

the two mappings:

(x,5) = xy
X = i?
Next we will show that the continuity of the two

mappings (X,y) =>» Xy and x = iqcan be replaced by

the continuity of the mapping (X,y) = xyl, ie. if x

and y are contained in L, then for every neighborhood

W of x§1 there exist neighborhoods U and V of the
elements x and y such that Uﬁic W. Consider the
elements x and y in L, and the neighborhood W of

the element Xj.. Since x and jq are in L and

(x,y) = xji is continuous, there also exist neighﬁorhoods
of x and il, U and S respectively, such that

US<W. Since y => ii is continuous, there exists a

neighborhood vV of y such that V'e s. UV-'C-US, and
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since USSW this does imply that UV'eW.
We need also to show that if (x,y) —» in is

continuous, then (x,y) —=>xy and x = 71

are

cont! uous. The mapring x =» i 1s continuous since it

i1s the compositécﬂ‘two continuous mappings as follows:
x = (e,x) - ex! = ¥l
Let W ©be a neighborhood of xy. The mapping

(x,51) = x(y1)? = xy is continuous. Hence, there exist

neighborhoods U and ¥' of x and yi respectively

such that UVﬁC:W. Since from above y =% ii is
continuous there exists a neighborhood V of y such
that Vie V', Hence UVXUV'<W and the mapping

(x4¥) = Xy 1is continuous.

Definition 5. FA topological space L 1s homogeneous if
and orly if for any two elements p and q in L
there exists a homeomorphism h 6f L into itself
such that f(p) = q.

Theorem 4, A topological I - loop is homogeneous.

Proof: Let p and q €L, Consider the mapping Lqp“
which is a homeomorphic mapping on L into L.

Lope: x = (apl)x
for all xe L, Let x = p<¢L. Then
Lgp: p = (a61)p = q
Hence, a topological I - loop is homogeneous,

From the property of homogeneity it will be sufficient

to state and verify the local properties of a single
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element only of the topological loop. Hence, we may
verify the property at e, and it will hold over the
entire space. |
Consider, for example, the property of loczal
_ compactness. Let U be a neighborhood ¢ e such
that U 1s compact. Let pé€L, where L 1is a topological
I - loop with e as its identity. By the homogeneity
there exists a homeomorvhism £f on L to L such that
f(e) = p. Hence f(U) is a neighborhood of p. Since T
is a homeomorphism f(U) = T(U), and since continuity
preserves compactness T(U) 1is compact. Hence, L 1is
locally compact.
Definition 6. A topological space L 1is called regular
if for every neighborhood U of an arbitrary point
a there exists a neighborhood V of the same
point such that VeU.
Theorem 5, Every topological I - loop is a regular
topological space. |
Proof: We may establish the regularity of the space L
by considering the neighborhoods of the identity, e.
Let U be a neighborhood of e. Since eér = e
it follows that there exists a neighborhood V of
the identity such that VV <.U. To show that V&U
let pé V. Then every neighborhood of the point p

intersects V. pV 1s a neighborhood of p hence

there exists in V a point b such that



pb = aéVo
But then

(pb)vt = ap?

p = able vyl

<y,
Hence, V< U.
Theorem 6. Let L be a topological loop and let U
and V be two of its compact subsets, then UV
is also compact.
Proof: Consider the product L x L. For (a,b), (c,d)
contained in L x L define
(a,b) (c,d) = (ac,bd),
Lx L 1is a topological loop under this operation
with the product topology.
Let U and V Dbe compact subsets of L. Let
U' be the homeomorphic image of U 4in the first
factor and V' the homeomorphic image of V 1in
the second factor. Then U', V' are each compact and
U x V' 1is compact. Define a mapping
£f1U' x V' = UV
by
(u,v) = uv,
This mapping is continuous by the definition of a

topological loop, and hence UV 1is compact.



PART II - SUBLOOP, NORMAL SUBLOOCP, FACTOR LOOP

Definition 7. H 1is a subloop of the loop L 1if and
only if HCL, and if H is again a loop.
Definition 8. Let L Dbe a loop and let N e a
subloop of L, then N is a2 normal subloop if and
only if there exists a homomorphism f of L such
that N 1s the kernel of f.
A second way of defining a normal subloop, which
c;n be proven to be equivalent to the above definition
(see (2) ), 1is the following:
| Let L be a loop and let N be a subloop of

L, then N 1s a normal subloop of L 1if and only

17
a) alN =‘Na
b) a(bN) = (ab)N
c) a(Nb) = (aN)b
'd) N(ab) = (Na)b

for all a,bé L.

Definition 9. Let H be a subloop of L and also a
subset of the topological space L. We say H 1s
a topological subloop of L if H 1s a closed
subset of L.

Theorem 7. If H 1is a subloop of a tovological loop

L, then H 1s itself a topological loop.
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Proof: In order to show this we must show that the loc
operations are continuous. Consider a,bé& H, 54
is also contained in H, so abl = ceé H. Every
neighborhood W' of the element ¢ in the relative

topology'can be obtained as follows:
W' = HAOW,

-where W 1is a neighborhood of the element ¢ in
the loop L. Since L 1s a topological loop there
exist neighborhoods U and V, of a and b
respectively, in L such that UViczw. Now

U= HAU
and vVt = HAOV
are also neighhorhoods of the elements a and b
respectively in the space H. So we have
urvrtle w

and grye—l

c H.
Eence
UVl e WaH e W
so the operations are continuous.
Theorem 8., If H 1is an open subset of L and a
subloop of L, then L 1is closed.
Proof:s To prove this first note that the space
(L-®E=VU{xH/xeéL-H]f,
which is the union of the open sets xH, is open.

(L - H)H has empty intersections with H, for suppose

there exists an x¢ H V(L - H)H. Then xé H and
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x€é€(L -H)H . Hence x=1h, 16L - H, héH.
Since x€H, 1lh = h' for some h'é€ H. But, this
impl es that 1 = h'H € H which contrad sts the
fact that 16 L. - H.

Now;
(L - H)HVH 2 (L - H)VHE = L.
So H 1s the complement of an open set, and 1is
therefore closed.

Theorem 9. Let H be a subloop of a topological loop
L. If L 1is compact, or locally compact, then H
1s respectively compact, or locally compact.

Proof: If L 1is compact, since H 1is a closed subset
of L, then H 1is also compact. If L 1is locally
compact and If aé H, then there exists a neilghborhood
U of a in L such that U 1is compact. HNU = U'
is a neighborhood of the element a in the
topological space H. Since H 1is closed in L,
U'c¢ H, and U'* =U'nH=0'. Also, U'«U, and
so U' 1is compact, as a closed subset of a compact
set. Hence, H 1is locally compact.

Definition 10. Let L be a topological loop 2nd H a
subloop of L. Let L/H=2Ha / aéL} be the
totality of all right cosets of the subloop H.

Let & be a basis for the topology on L and
let Ueé&ZI. Denote by U¥ the set of all cosets

of the form Hx, x éU. For the basis for a
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topology ZI¥* of L/H we take the totality of all
sets of the form ‘U*, v iere U 1is an arbitrary
element of &, ne topological space L/H 1is
then called the space of right cosets of the subloop
H in the loop L. (Likewise we can define the space
of left cosets.)
To prove that I#%*, as defined above, is a basis
for a Ty - topology on L/H we must show the following
two conditions are met:
a) for any A,Bé L/H there exists a U#%
of thé basis I* which is such that
A€ U%*, but BEU¥,
b) for any two sets U¥* and V¥ of the
basis I%* which contain the point
A€ L/H, there exists a W¥¢g ¥ such
that A& W¥c U¥ V¥,
To show that condition a) is met let A 3nd B he
two distinct cosets and let aé A. Since B = Hb is
a closed set and a¢B there must exist & neighborhood
U of &a which does not intersect B. Then the set
U¥ of all the cosets of the form Hx, where xé U,
forms a neighborhood of the coset A which does not
contain B.
To show that condition b) is met let U¥ and
V* be two neighborhoods of a coset A, and let aé A.

U* = sz / x€u, vesl
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v# = {Hy / yev, veg]
HU and HV are open sets such that HU<L and
HV<L and both contain a. There exists a
neighborhood W of the element a, which is
contained in both open sets HU and HV. Let
w*:in/zéw, WcZ? |
It follows that W¥ 1s a neighborhood of the coset
A, where A U¥n V¥,

Definition 11. The mavping f of a topologiczl space
R 1into a topological space R' will be called
open if for every open set U€R, f(U)SR' is
open.

The mapping f 1s open if and only if for every

aé€l and every neighbbrhood V of a there exists a

neighborhood V' of the point f(a) = a' such that

vie £ (V). |

Theorem 10, Let L be a topological loop, H one
of its subloops and L/H the spacé of cosets,
Assocliate with every element x€ L the element
X = f(x) of the space L/H which is the coset
containing the element x. The mapning f .
(called the natural mapping) of the topological
space L on the space L/H 1s a continuous open
mapping.

Proof: Let us assume L/H' 1s the space of right

-cosets (the same results will hold for the space
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of left cosets)., Let a L, and A = Ha, i.e.
f(a) = A, Let U¥% L/H be some :1ighborhood of
A, U% 1is composed of all cosets of the form Hx,
where X U and U 1s a neighborhood of a 1in
the spacé' L. HU L 1is open and a HU.‘ Hence

there exists a neighborhood V of a such that

1
!

V HU. It follows that (V) U%, so f |1is
continuous.
Let a L and A= Ha = f(a). Let U
be some neighborhood of a. Hx / x U = U¥%,
and U% 1s a neighborhood of the element A.
We have f(U) = U*, hence U% f(U). Therefore f
1s open.
Definition 12. Let L be a topological loop and N
a normal subloop. Consider the set L/N of
cosets. L/N 1is called the factor loop of the
topological loop L by the normal subloop N.
In L/N the solution to the equation
(Na)(Nx) = Nb
is the element Nx in L/N such that x 1is the
solution of éx =b in L. Inan I - loop this element
is x = alo. Hence |
(Na)(Na o) = N,
or in general
(Nx) (Ny) = Nxy.
Similarly for the equation (Nx)(Na) = Nb.
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To show that L/N is an I - loop we need to show
that each X& L/N has a unique inverse. Let X = Nx,
then conside (Nx)(NxD). Bv the above result this gives
N(xxl) = Ne = N.

x‘l - ’ ‘l

Hence = NX

We also need to show that Ry and L, A€ L/N are
one-to-one and onto. Rps X - XA, A = Na, and A4'= Nbfa
where A€ L/N, aéL and N 1is a normal subloop of L.

(X14)A° = (X,a)a
(leNa)Na'l= (Nle\l.sat)Nef'l

(Nx a)Nat = (Nxge)Nal

N[-(xla)a'g = N (xla)a"g
le = NXZ
X; = X,

If Ye¢L/N, Y= 0Ny, yéL, then
Y = N(ya’l)Na = Nt(ya'l);.l = Ny.

To prove the continulty of the loop operations in
L/N we let A and B be two elements of L/N,
C = AFL and W* be a neighborhood of C. W¥ 1is
composed of all the cosets of the form Nz, where z€ W
and W 1is a neighborhood in L. Since CéW* there
exists a c €W such that C’= Nec. We have

C = ABT

¢B= (ARY)B = A :

1}

So there exists a béB such that a = cb, with a€A,

The loop operations in L are continuous so there
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exist neighborhoods U and V of a and b
respectively such that UVicW. Let U¥* be the
nelghborhood of the element A which is composed of
all cosets of the form Nx, x €U and V¥ be the
neighborhood of the element B. So
(o) ()™ = () (Y = e () = ) () = dey e W
hence U*V*qt:w*, so the loop operations are continuous
in L/N. |
Theorem 1ll. If a topological loop is compact or
locally compact then each of its factor groups,
L/N, is correspondingly compact or locally compact.
Proof: Using the natural map f: L = L/N, this map
is continuous, and hence it preserves compactness.
Suppose L 1is locally compact, then there
exists a neighborhood U of e such that U 1s
.compact. Let f Dbe the natural mapving of L
on L/N. Since f 1is an open mapping it follows
f(U) = U¥ is an open set in L/N. Since f is
continuous f(J) 1is compact, furthermore, N& U#*
since N 1s the kernel of the homomorphism f.
Because of the regularity of L/N there exists a
neighborhood V# of the element N such that
V*cU¥cf(U). Since V* 1is a closed subset of
the compact set f(U), it is also compact. Hence,
L/N 1is locally compact.

Every topological loop has two trivial normal

subloops: ie} and the whole loop L.
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Definition 13. A topdlogical loop L 1is called .
simple only if each of its normal subloops is
either'discrete or coincides with L (a
topological loop L 1is called discrete if it
contains no limit points).

Theorem 12. Let L beia topological I - loop and H
e subloop of the abstract loop L. Then H is a
subloop of the topological loop L.

Proof: Let a€¢H, be&¢H. We shall prove that ab-lé E.
Let W Dbe a neighborhood of the element aBﬂl
Then there exist nelghborhoods U and V of
the elements a and b such that U\flc W. Since -
aéH and be H there exist elements x and y of
H such that x¢U and y€V; but then xy.leH,
and at the same time xyﬁLéw. Hence an arbitrary
neighborhood W of the element aﬁq' intersects
H, and ab ¢ H. Accordingly E 1s a subloop of
the abstract loop L. But since H 1is closed in
the space L, it follows that B 1s a subloop of

the topological loop L.



PART III - ISOMORPHISM, AUTOMORPHISM, HOMOMORPHISM

Definition 1l4. A mapping f of a topological loop

L ona ﬂopological loop L' 1is called isomorphic

if:

a) £ 1is an isomorphic m2pping of the abstract
loop L on the abstract loop VL'.

b) £ 1is a homeomorphic mapving of the
topologic~l space L on the topological
space L'.

Two topological loops are called isomorphic

i1f there exists an isomorphic mapping of one loop

on the other.

Definition 15. An isomorphic mapping of a topological
loop L 1into itself is called an automorphism of

the loop L.

It is interesting to note that the set of all
automorphisms of a topological loop L forms an abstract
group. (3)

Definition 16. A mapving of a topological loop L

into a topological loop L¥* 1is called hémomorphic

if:

a) g 1s a homomorphic mapping of the abstract
loop L into the abstract loop L¥.
b) g 1s a continuous mapping of the topological

space L 1into the topological space L¥%,
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Definition 17. A homomorphic mapping g of a
topological loop L into a topological loop L#*
is called open if g 1is an open mapping or the
topolog cal space L 1into the topological space
L*, |
It is the open homomorphism which gives a natural

generslization of the concept of a homomorphism in the

theory of abstract loops.

Theorem 13. Let L and L¥ Dbe two topologic=l loops,
and let g be a homomorphic mapvring of the loop
'L into the abstract loop L%. In.order that the
mapping & should be continuous, or open, it is
sufficient to show that it is continuous or open
at the identity. " To be continuous it is sufficient
that for every neighborhood U%* of the identity
e¥ in the loop L* there exists a neighborhood
‘U of the identity eé L such that g(U)<U¥,
and for g to be open, that for every neighborhood
\' of the identity e there exists a neighborhood
V* of the identity e%* such that g(V)oV*,

Proof: Suppose the condition for continuitv is
fulfilled. Let aé€ G, g(a) = a¥ and let U*
be an arbitrary neighborhood of the element a¥%,
Then U%*a#*l is a neishborhood of e* and hence
from the continuity condition there exists a U!'

of the identity e such that g(U')< U¥a¥l,
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Since U = U'a 1is a nejghborhood of the element
a we have
g(U) = g(UM)g(a) = (U*a¥lax = ys,
Hence the mapping is continuous.
Analogously, it follows, using the second
condition, that g 1is open.
Let L Dbe a topological loop, N one of its
normal subloops, and L/N the corresvonding factor
loop. Associate with every x €L the coset XéN
such that x€éX and g(x) = X. Then the mapping g
of the topological loop L on the topological loop
L/N 1is an open homomorphic mapping. This mapping is
called the natural homomorphic mapping of the loop
L on the loop L/N. g 1is homomorphic since the mapping
of the abstract loop L on the abstract loop L/N 1is
homomorphic, and by theorem 10 the mapping was shown to
be continuous.
Theorem 14, Let L and L%* be two topological loops,
let g be an open homomorphic mapping of the loop
L 6n the loop L*¥ and let N be the kernel of the
homomorphism g. Then N 1is a normal subloop of
the loop L, and the topological loop L¥ 1is
isomorphié with the loop L/N.
Proof: N 1is a normal subloop of the abstract loop
L. Furthermore, because N 1i1s the complete inverse

image of the element e% under the continuous
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neighborhood of a%, 3Since g 1s a continuous
mapping and g(a) = a¥%, it follows that there
exists a neighborhood V of the element a such
that g(V)<U¥%, Let V* Dbe the neighbofhood of
the element A which is composed of 2ll cosets of
the form Nx, x€V. Since g(V)eU%, it follows
that fﬁRV*)<3U*. Hence fg' is a continuous
mappinge.

Thus f 1s an isomorphic mapring of the

topological loop L%* on the topological loop L/N.

Theorem 15, If L and L¥ are two locally compact
topological loops satisfing the second axiom of
countability, then every homomofphic mapping g
of the loop L on the loop L% is open.

Proof: Let W&G, be open. To show: g(W) contains an
open set.

Since L 4is both locally compact and regular,

there exists an open set V such that its closure,
V, is compact and V<W. The set of all the open
sets of the form Vx covers the whole space L,
and since the space L satisfies the second axiom
of countability it follows that froh this covering
we can select a countable covering. Hence, there
exists a countable sequence of points a,, n=1,2,...
such that the system of open sets XVaéz’n = 1,25000y

covers the space L. Suppose that g(Va,) = Fp.
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Since Va, is compact, F

n 1s also compact.

Since G* 1is regular and satisfies the second
axio of countability, Fn is closed.s The system
of sets, Fp, n = 1,2,6.0, covers the space G¥,
To show that among the sets F, there
exists at least oné_containins an open set,
suppose the opposite to be true. Let V¥ be an
open set of G¥ such that its closure V* 1is
compact. Since Fl does not contain an open set
there exists a point blé-V* not belonging to Fl.
There exists further a neighborhood Vl of the
point by such that Vi©=V*, and V; does not

intersect F In the open set Vl we can also

l.
find a point b2 not belonging to FZ’ and a
neighborhood 7V, such that Vzc:Vi and V, does
not intersect F2' Continuing this process we

construct a sequence of open sets V.

ne n = 1,2,000,

such that Vp4p S Vy, V, is compact and does not
intersect Fp. () V, ¥<ﬁ s, = 1,2,000y1 €. there
exists a b sucﬁ that b¢F, for any n. This
however i1s impossible, since the sYstem Fn’ n=1,
2,..09 Ccovers the space L¥, Hence one of the sets
Fn’ say Fk’ contains an open set, But then

g(V) = kg(akl) also contains an open set. Sincé
VCW, g(W) contains an open set.

Let W be a neighborhood of the identity



-2l
e €L. There exists a neighborhood W of the
identity such that WWJZ:U. From what has Jjust
been proved g(w) contains an open set W¥,
Let Q €W¥ and let p be a point of W such that
g(p) = g« Then Wﬁd' 1s a neighborhood of the
point e which is contained in U (since pé€W,
WpéhzwwczU). Also, W%g 1is a neighborhood of the
identity e%*€ L¥*, Since g(W)DW¥%, it follows
g(Wp"l)::W*q-l and therefore g(W)Dw*q-l. Hence
the mapring g 1is open. |
It i1s interesting to note that if an open homomorphic
mapping g of a topological loop L on a topological
loop L¥* has a kernel conatining only the identity, then

this mapping is isomorphic.
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