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ABSTRACT

A statistically based analytical method was developed to improve the reliability of fatigue
failure predictions for metallic components of various geometric configurations subjected to
constant amplitude fatigue loads. The method required the determination of the distribution of
equivalent initial flaw sizes. The equivalent initial flaw size associated with an actual crack is
influenced by the geometric configuration of the body, the applied loading conditions and the
crack growth model employed. In this study four factors were identified including two types of
crack configurations and their influence on the equivalent initial flaw size distribution was
investigated. Also the influence of the four factors on the equivalent initial flaw size distribution

was examined. These are the stress concentration factor, K, the uncracked ligament length,

tg

W_, the maximum stress, S . and mean stress, S of the applied constant amplitude fatigue

X mean ?

loading. Two types of initial crack configurations were assumed; corner and surface flaw. Five

specimen types were investigated; smooth unnotched, open-hole, K, =3, K, =4 and K, =5

specimens all of which have different stress concentration factors.

Two statistical models were fitted and investigated. One model assumed that the initial
crack started as a corner crack, transitioned into a through crack, and then propagated till final
fracture. The other model assumed that the initial crack started as a surface crack, transitioned
into a through crack, and then propagated till final fracture. For each crack configuration, a
statistical model was fitted between the mean and the standard deviation of the distributions of
the equivalent initial flaw sizes and the stress concentration factor, the uncracked ligament
length, the maximum stress, and the mean stress of the fatigue loading. Multiple regression

techniques were used to fit these models. Using the statistical models together with Monte Carlo

Vil



simulation, a distribution of estimated fatigue lives were generated using the FASTRAN-II crack
growth code for the K, =3 and K, =4 specimen types, at various stress levels. Hypothesis
testing was used to compare the estimated fatigue lives of the specimen with the measured
fatigue lives obtained from testing at a level of significance of 0.05. An acceptance criterion was
established to determine if the predicted fatigue lives compared well with experimentally
obtained fatigue lives. As a conclusion, the methodology provided adequate approximation of
fatigue life for some of the fatigue loading cases of the K, =4 specimens and for one of the

fatigue loading cases of the K, =3 specimens. The initial crack configuration type did not have

any significant effect on the proposed methodology.
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CHAPTER 1

INTRODUCTION

1.1 Research Objective

The main objective of this study was to develop a statistical based analytical method for
generating reliable fatigue failure estimations for metallic components of various geometric
configurations subjected to constant amplitude stress levels. The method requires a minimum
amount of experimental data and accounts for stress concentration effects. This methodology
could greatly reduce the number of required fatigue tests and thus the cost associated with
fatigue testing.

Fatigue failure is essentially a random phenomenon. Customary methods of deterministic
analyses often produce inconclusive, or conflicting, estimates of the fatigue life of a component.
In order to overcome this drawback, a methodology based on a deterministic fracture mechanics
crack growth approach was augmented with a statistical approach to predict the life of the
component.

This durability analysis, based on a probabilistic fracture mechanics approach, takes into
account the initial fatigue quality (i.e., surface treatment, manufacturing defects), fatigue-crack
growth, load spectra, and structural design details. An equivalent initial flaw size distribution
was used to characterize the initial fatigue quality of the component. By treating the equivalent
initial flaw size as a random continuous variable, an equivalent initial flaw size distribution was
obtained by fitting a statistical distribution to a set of equivalent initial flaw size data. In practice
the initial flaw value is less 0.1 mm and is considered to be a small crack (Reference [1]),
therefore small crack-effects must be accounted for in the evaluation of the equivalent initial

flaw value. In order to satisfy this condition FASTRAN-II, a life prediction software developed



by Newman [2] based on small crack theory, together with measured fatigue life data from a
recent investigation by Locke [3] was used to calculate the equivalent initial flaw size associated
with each measured failure point.

The equivalent initial flaw size associated with the measured failure point is influenced
by the geometric configuration, fatigue loading conditions and the crack growth model
employed. In this study four factors were identified and their influence on the equivalent initial
flaw size distribution was investigated. These four factors included two factors associated with

the geometric configuration—stress concentration factor, K _, and uncracked ligament length,

tg 2
w_, and two factors associated with the constant amplitude cyclic loading-the maximum stress,

S_ .., and the mean stress, S__  of the fatigue load.

A statistical model was established to determine the relation between equivalent initial
flaw size distribution and these four factors. Multiple regression analyses were performed to
calibrate this statistical model. This model was able to provide equivalent initial flaw size

distribution parameters for a given S S K., and w . Once the statistical model was

max > Omean Nig>
calibrated an equivalent initial flaw size distribution could be generated for given values of these
four parameters and used as input in the FASTRAN-II code to generate component fatigue life
distribution using a Monte Carlo simulation. The model was benchmarked against data obtained
from experiments.

A major portion of this study was funded through the Data and Methodologies for
Structural Life Evaluation of Small Airplanes project conducted at Wichita State University from

2004 to 2006 [3].



1.2 Durability Characteristics

The durability of structural components subjected to high-cycle fatigue environments can
be characterized by an S — N curve, a graph of the number of cycles of fatigue load, N, at a
specific magnitude of stress, S, required to fail the material.

Material S — N curves are derived from coupon tests of the subject material. A regular
sinusoidal stress of magnitude S is applied and the number of cycles to failure is measured.
Each coupon test generates a single point on the curve. For sufficiently small stress levels there
is a runout where the required cycles to failure would require more time than that available for
the test.

Test specimens used in fatigue tests are polished to minimize the effects of surface
imperfections. Imperfections such as inclusions, small scratches and dents can generate stress
concentrations that produce crack initiation sites and reduce the endurance limit. Statistical
techniques are usually employed to fit an analytical curve to the measured data in order to

generate the final S—N curve.

1.3 Probabilistic Fracture Mechanics

In engineering applications, customary methods of deterministic analysis often produce
inconclusive, unrealistic predictions of component reliability. In order to account for this
shortcoming, probabilistic fracture mechanics is often employed. The application of
probabilistic fracture mechanics in its pure form presents some limitations, but not as severe as
those associated with a pure deterministic analysis. Generally the methods of probabilistic
fracture mechanics are based upon deterministic fracture mechanics procedures. A probabilistic

fracture mechanics model is calibrated against all relevant experience. That is, unknown model



parameters are determined by statistical means from a database of credible in-service
observations and reliable experimental data. The calibrated probabilistic fracture mechanics

model can provide accurate reliability predictions for a specific structural component.

1.4 Equivalent Initial Flaw Size

In practice it has been found that preexisting manufacturing defects or service induced
damage (scratches, flaws, burrs, cracks, and corrosion pits) are very often the initial source of
structural cracking for components subjected to cyclic loads. The impact of these defects on the
life of a component is dependent on the defect’s initial size, the rate of crack growth with service
usage, and the critical crack size.

From these considerations, the “damage-tolerance” design philosophy was developed
(Gallagher et al. [4]). The damage-tolerance approach assumes that a component has prior
damage, or a flaw of a size that is inspectable. The useful service life of the component can then
be determined to be a specified portion of the crack propagation life required to grow the crack
from this inspectable size to a crack length at the onset of unstable crack growth.

The durability design concept refers to a procedure to determine an economic-life
extension that minimizes in-service maintenance costs and maximizes performance of the
component (Manning and Yang [5]). The durability analysis methodology based on a
probabilistic fracture mechanics approach, accounts for the initial fatigue quality (i.e., surface
treatment, manufacturing defects), fatigue-crack growth, load spectra, and structural design
details.

An equivalent initial flaw size distribution is used to characterize the initial fatigue

quality. This equivalent initial flaw size distribution is obtained by fitting a statistical



distribution to equivalent initial flaw size data sets. An equivalent initial flaw is a hypothetical
crack assumed to exist in the structure prior to service. There is no direct physical relationship
between equivalent initial flaw size cracks and actual initial flaws in the structure. The
equivalent initial flaw size is an analytical creation that can be determined by using a simple
crack growth model to grow a crack of inspective size, usually about 0.762 mm, backwards to a

time equal to zero. This is illustrated in Figure 1.1 below.

. A
Flaw size Anaytical crack
growth prediction Fractography
Inspective| N\ ________/ _____________.
crack size 2 A
P i Small
e - | crack
EIFS k-~ ! size
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TTCI Cycles

Figure 1.1 Determining equivalent initial flaw size by backward extrapolation
(Courtesy of Yang and Manning [6])

Figure 1.1 depicts a typical plot of flaw size (crack length) as a function of the number of
cycles of loading for a specimen subjected to constant amplitude cyclic loading or to the more
general spectrum loading. The number of cycles taken to initiate a crack of inspective size (e.g.,
0.762 mm) is called the time-to-crack-initiation (TTCI). An equivalent initial flaw size (EIFS)
can be determined by extrapolating backwards in time a crack of inspective size at time-to-crack-

initiation to a time equal to zero using an analytical crack growth prediction model as illustrated



by dash dot curve in Figure 1.1. Equivalent initial flaw sizes are usually less than 0.1 mm and
therefore fall in the small crack size regime.

Equivalent initial flaw size is not a material property. That is, it is not unique for a
specific material, but rather it can be affected by many factors such as the material type,
manufacturing quality, stress gradient, crack configuration, residual stress, level of stress, load
type and severity, crack growth model, and small crack behavior.

As the equivalent initial flaw size becomes smaller (less than 0.1 mm), the question of
small crack effect must be addressed. A detailed explanation of the small crack effect will be
presented in Section 1.5. Equivalent initial flaw size variability with load spectra may be
resolved by implementing small crack theory in the analysis.

The evolution of both the “safe life” and the ‘“durability/damage tolerance” design
concepts have moved in the direction of “small crack behavior”. As manufacturing quality
improves, smaller initial flaw sizes are produced in manufacturing and likewise, as inspection
techniques improve with advances in technology smaller initial flaws can be detected. The
design of uninspectable (or geometrically hidden) structures, or structures subjected to an
extremely large number of cyclic loads (i.e. engines and helicopter components) must rely on
approaches that deal with the growth of small cracks.

Small crack theory, as opposed to large crack theory, can be used to assess the structural
fatigue life of a component at two levels of initial flaw sizes. First, it can be used to assess the
initial design quality of a structure based on the material microstructural properties, such as
cracks growing from inclusion particles, voids, grain boundaries, or cladding layers. In the
second level of calculations, as in the durability analysis, a manufacturing flaw or service-

induced flaw is used along with small crack theory to determine the remaining life of the



structural component. Thus, the analysis can account for the effects of small crack growth,
which has a faster growth rate at a given linear elastic stress intensity factor range, AK than the
large crack theory would predict. Furthermore, crack growth is possible for AK below the
threshold of large crack growth. Thus small crack theory can be used to determine the
equivalent initial flaw size for various load spectra and structural details, and to characterize the

S — N behavior of the material.

15 Small Crack Theory

Most fatigue life variations appear to originate, either directly or indirectly, from
microstructural inhomogeneities, such as inclusion particles, voids, slip-bands or from
manufacturing defects but the exact mechanisms responsible for the variability remain to be
identified. Traditionally, the total fatigue life of a mechanical component has been divided into
the following three phases: crack nucleation, small crack growth, and finally large crack growth
to fast fracture (Schijve [7]). Previous investigators of small crack growth [8-10] have observed
that fatigue failures of many engineering materials were initiated primarily by crack growth from
microstructural features. Thus, “small crack theory” can be considered to be the treatment of the
response to fatigue loading as a crack propagation process from micro-defect to failure. The life
due to crack nucleation is generally assumed to be negligible. The initial size of the
microstructural feature that is the origin of the fully developed crack is termed the initial flaw
size.

In structural component design, the application of fracture mechanics concepts to
characterize large crack growth and fracture is well founded. However, in the past decade, a

great deal of emphasis has been placed on extrapolating fracture mechanics theory to account for



very small cracks of the order of 10 um to 1 mm. A number of linear elastic fracture

mechanics studies (Pearson [11]; Ritchie and Lankford [12]; Miller and de los Rios [13]) on
small cracks have revealed that small cracks tend to grow much faster than would be predicted
from large crack theory and measured data and, they grow at a AK well below the large crack

threshold stress intensity factor range, AK, . Studies by Zocher [14], Newman and Edwards [8]

and in addition, Edwards and Newman [15] concluded that small crack behavior is more
prevalent with negative stress ratios.

Very early in small crack research, fatigue crack closure was recognized as a possible
explanation for the rapid small crack growth rates (Elber [16] and Nisitani and Takao [17]). It
was hypothesized that fatigue crack closure was caused by the residual plastic deformation left in
the wake of an advancing crack. Elber [16] introduced the effective stress intensity factor range,

AK,; in his linear elastic fracture mechanics analysis as the portion of the load cycle for which

the crack is fully open. A steady-state crack is one in which the residual plastic deformations
and crack closure along the crack surfaces are fully developed and stabilized under steady-state
loading. If a small crack were to be fully open, then the AK would be fully effective and the
crack-growth rate would be greater than the steady-state crack-growth rate. Small crack growth
rates are also faster than steady-state behavior because these cracks may initiate and grow in
weak microstructure environments.

Figure 1.2 below illustrates the small crack behavior relative to the long crack behavior.

In this figure the fitted curves associated with the measured crack growth rate, da/dN or dc/dN

data for both small cracks and large cracks has been plotted against the corresponding linear

elastic stress intensity factor range, AK .
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Figure 1.2 Typical fatigue crack growth behavior for small and large cracks
(Courtesy of Newman et al. [1])

The solid sigmoidal curve is representative of data obtained from tests with large cracks
for a given material and environment under constant amplitude loading. At low growth rates, the

threshold stress intensity factor range, AK,, is usually obtained from load reduction (AK

decreasing) tests. The development of the large-crack threshold has also been associated with a
rise in crack-opening load as the applied load is reduced (Minikawa and McEvily [18]; Newman
[19]). Some typical experimental results for small cracks in plates and at notches are illustrated
as the dashed curves. These results indicate that small cracks grow at AK levels below the large
crack threshold and that they also can grow faster than large cracks at the same AK level above
the threshold. The large crack threshold is associated with an increase in crack closure, thus the
steady state crack growth behavior for the large crack is given by the dash-dot curve of the

figure. On the other hand, small crack behavior has long been associated with a lack of closure



in the early stages of growth (small cracks) consequently the greater growth rates of the dashed

curves of the figure.

1.6  FASTRAN-II

FASTRAN-II is a fatigue life prediction computer code based on the plasticity-induced
crack-closure model developed by Newman [20]. The program calculates crack length as a
function of cycles from a user specified initial crack size for many common crack configurations
found in structural components. The crack-closure model can be used to calculate the stress
level at which a fatigue crack tip becomes fully open during cyclic loading. The applied cyclic
loads can be of the form of constant-amplitude, variable-amplitude, or spectrum loading. Either
tensile or compressive loads can be applied to a variety of crack configurations. The code used
for the analyses of this study contained seventeen predefined crack configurations and the option
for the user to define one other crack configuration by programming the stress-intensity factor
equation in a user defined subroutine. The crack-opening stresses were calculated as a function
of load history and crack length using either contact stress-intensity factors or crack-surface

displacement equations; and, the AK . was either elastic or modified for plastic yielding at the

crack tip (Newman [21]). Many of the input and internal variables used in the computer program
were defined in Newman [2].

The crack-closure model was developed for a central crack in a finite-width specimen
subjected to a uniform applied stress (Newman [20]). The model was later extended to through
cracks emanating from a circular hole in a finite-width specimen subjected to a uniform applied
stress (Newman [22]). The crack closure model was based on the Dugdale plastic zone model

[23] that was modified to consider the plastically deformed material in the wake of the crack.
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The primary advantage in using this model was that the plastic zone size and crack-surface
displacements were obtained by the superposition of two elastic problems—a crack in a plate
subjected to a remote uniform stress and a crack in a plate subjected to a uniform stress acting
over a segment of the crack surface.

This model also accounts for the 3-D constraint effects (Newman et al. [24]) related to
the buildup of stresses around a crack front due to the restraint against in-plane and out-of-plane
deformation. The degree of out-of-plane constraint is primarily influenced by the plate
thickness, whereas the in-plane constraint has been associated with the distance of the crack front
to external boundaries. Constraint effects play a strong role in the fatigue initiation and crack

growth process.

The FASTRAN-II code had several additional options not available in the original
version of FASTRAN. The revised program had the ability to model different crack growth
properties in the crack depth, a and crack length, c directions; to model surface or corner
cracks; and to accommodate properties given in either equation or tabular form. FASTRAN-II
also provided the capability to input user specified spectrum loadings. Also, several additional

flight-load spectra were added to the preexisting standard load spectra.

1.7  Literature Review

Yang and Manning [6] used the concept of the equivalent initial flaw size to characterize
the initial fatigue quality of metallic structures. In their study of open-hole specimens of 7475-
T7351 aluminum alloy with 15% load transfer when subjected to the load spectrum of a F—16
fighter with a maximum gross stress of 234.4 MPa, fatigue data were collected and used in

regression analyses to calibrate a simple crack growth rate equation of the form,
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@Y _ qa(t) (1.1)

Yang and Manning concluded that the general notion of an equivalent initial flaw size
distribution was a useful concept for durability analyses of structures and for quantifying the
economic life (e.g., probability of crack exceedance) of a structural component at the design
level, or in service. As a result, the equivalent initial flaw size distribution would have a wide
range of applications, including risk assessment of aging aircraft, durability analysis, multisite

damage prediction, and scheduling for service, inspection, and maintenance.

Yang et al. [25] randomized equation (1.1) by introducing a lognormal random variable
to account for crack growth rate dispersion. This probabilistic model together with the
equivalent initial flaw size concept was used to evaluate the durability of relatively small cracks
(<2.54 mm) in fastener holes. This model accounted for crack growth rate dispersion. Fatigue
crack growth test results for 7475-T7351 aluminum specimens with filled hole containing an
unloaded protruding head steel bolt with a clearance fit subjected to fighter and bomber load
spectra were used to evaluate the initial fatigue quality model, and the model calibration
procedures. A formulation to predict the cumulative distribution of crack size at any given time
and the cumulative distribution of the time-to-crack initiation at any given crack size was
developed using the derived equivalent initial flaw size distribution together with the stochastic
crack growth approach. A comparison of the predictions using the formulation to actual test
data in the small crack region indicated reasonable agreement. The authors also concluded that
either a stochastic or a deterministic approach was satisfactory for durability analyses of
aluminum alloys in the small crack region. However, the deterministic approach was less

cumbersome mathematically.
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Manning et al. [26] applied the equivalent initial flaw size concept in the durability
analyses of the lower wing skins of a fighter aircraft and test specimens with complex splices
subjected to a bomber load spectrum. In the first part of their study both right and left wing skins
were subjected to the equivalent of 16,000 flight hours using a repeatable block spectrum.
Fractographic evaluations identified a total of 33 fastener holes had cracks with lengths greater
than, or equal to, 0.76 mm. The durability analysis of each wing skin was divided into ten
regions based on stress levels, and the initial fatigue quality model parameters were calibrated
from data sets obtained in the investigation reported by Speaker et al. [27]. The authors reported
that the extent of predicted damage results tracked very well with the average test results for each
individual stress region. Approximately 1.1% of the fastener holes in each fighter lower wing
skin were predicted to have a crack size > 0.76 mm, while the test average for both the right and
left hand lower wing skins was 1.02%.

The second part of their study included durability analyses of complex-splice specimens
subjected to a bomber load spectrum. Eleven specimens made of 7475-T7351 aluminum plate
fastened with countersunk steel rivets were tested with cyclic loads that simulated two service
lifetimes (27,000 flight hours) or failure, whichever came first. From fractographic evaluations
of the test specimens, 25 out of the 110 fastener holes in the outer rows had a crack size >1.27
mm after 13,500 hours had been simulated.

The initial fatigue quality model parameters of the fastener holes were calibrated based
on the fractographic results for nine data sets and three different reference crack sizes. Each
specimen was made of 7475-T7351 aluminum and contained two countersunk rivets. Load

transfer levels of 15%, 30% and 40% were considered during the study.
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After 13,500 hours, the model predicted that nine fastener holes would exceed a crack
size of 1.27mm as compared to the fractographic test results of 25. The difference in the
predicted crack exceedances and the measured exceedances were attributed mainly to the stress
level used in the predictions. The actual stress level and distribution in the outer row of fastener
holes was far more complex, than those considered in the crack exceedance predictions due to
lateral bending effects. The crack exceedance predictions were very sensitive to the gross
applied stress level used.

In their conclusions, the authors commented on the need to refine existing methods in
order to optimize the estimation of the equivalent initial flaw size distribution parameters using
pooled fractographic results, and to determine the sensitivity of these parameters to material,
geometry, crack size range, stress levels, amount of bolt load transfer and load spectra. They
also recommended the investigation of the accuracy and limits of the durability analysis in order
to increase confidence in the predictions for a broad range of applications.

Using the wing skin data reported in [26], Yang and Manning [28] performed durability
analyses based on equivalent initial flaw size distributions using two different approaches. Each
approach was divided into two segments; small crack size lengths less than 1.27 mm and large
crack size lengths greater than 1.27 mm. In the first approach both segments were treated in a
deterministic manner, while in the second approach the small and large crack size regions were
treated in a deterministic manner as well as a stochastic manner (Yang et al. [25]). The crack
growth rate expression of Equation (1.1) was used in both approaches.

Analytical predictions for the extent of damage (i.e., number of fastener holes with cracks

exceeding specified sizes), based on both approaches were compared with experimental results.
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In both approaches good correlations were obtained. The first approach was found to be more
conservative than the second.

Yang et al. [29] introduced a statistical based analytical function that was capable of
providing an equivalent initial flaw size distribution for different geometry configurations. This
function was based upon the Weibull weakest link hypothesis and included relevant geometric
parameters and the effective surface area of the critical location in its derivation. A baseline
equivalent initial flaw size distribution was established for smooth unnotched specimens with a
surface flaw using the S — N data for smooth unnotched specimens and a least square fit. By
determining the relevant geometric parameters for open-hole and double-edge notched
specimens, theoretical equivalent initial flaw size distribution functions were established for each
individual specimen type. Experimentally based equivalent initial flaw sizes were determined
using the Paris crack growth law for both long and short crack assumption. All experimental
data used in this study were for 7050-T7451 aluminum alloy, subjected to constant amplitude
loading, with a stress ratio (R) of 0.1, and various stress levels. The authors concluded that the
predicted equivalent initial flaw size cumulative distributions correlated well with the
experimentally based results.

Yang et al. [30] applied the analytical methodology employed in [29] for determining the
equivalent initial flaw size distribution for 2024-T3 aluminum alloy specimens with limited
fatigue data. Experimentally based equivalent initial flaw sizes were determined using
FASTRAN-II for both short and long crack behavior with elastic-plastic effects. The
investigation was conducted using constant amplitude fatigue results (R = 0) for electropolished
smooth unnotched and open-hole 2024-T3 aluminum specimens. A wide range of stress levels

was considered, including stress levels above yield and stresses near the endurance limit. A
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baseline equivalent initial flaw size distribution was established from smooth unnotched
specimens. By taking into account effective surface area and flaw type, theoretical equivalent
initial flaw size distribution functions were derived for two sets of open-hole specimens. The
theoretical and experimentally derived equivalent initial flaw distributions computed with
FASTRAN-II compared well. Reasonable life predictions were obtained for the open-hole data
sets compared to the experimental data with a limited number of fatigue tests.

Segerfrojd et al. [31] investigated the fatigue life of aircraft structural joints. A total of
ten different countersunk fastener types (Lockbolt, Hi-Lok, rivet, etc.) in open-hole specimens of
2024-T3 sheet of 2.5 mm thickness were subjected to the Mini-TWIST flight simulation loading
with subsequent fractographic examination.

The equivalent initial flaw size distribution was developed from a probabilistic based
equation of the form of Equation (1.1) and experimental data. Consistent sets of equivalent
initial flaw size values were obtained by individual fastener systems when grouped into fairly
large groups. In the Monte Carlo simulations, the crack growth rate analyses were coupled with
a lognormal stochastic function to simulate the scatter.

Meaningful results were obtained when comparing the results of the threaded group with
all other systems. In this case there was a large difference in equivalent initial flaw size between
the two sets, with the threaded fasteners displaying the lower values. Monte Carlo simulations of
all solid riveted specimens gave good agreement with experimental observations. It was shown
that the influence of crack growth rate variation was not as significant as the initial flaw size
distribution.

The main aim of Palmberg [32] in his study was to determine equivalent initial flaw sizes

using four different methods; Paris’ Law with two different sets of parameters, inverse
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hyperbolic tangent relation combined with a simple crack growth equation like equation (1.1),
and Paris’ Law combined with the strip yield model. An iterative scheme was developed to
calculate the equivalent initial flaw size. The iteration was terminated when the difference
between the computed and experimentally obtained number of cycles to failure was less than 100
cycles. Two types of 7010-T7651PL aluminum alloy specimens were considered, smooth
unnotched and open-hole. Both specimens had a plate thickness of 6 mm and were subjected to
constant amplitude loading at various stress levels with R =0.1.

The equivalent initial flaw size obtained showed a dependence on stress level, regardless
of the method used, and appeared to be sensitive to the Paris’ Law parameters. Also, the
equivalent initial flaw size became very small, especially at the lower stress levels. Both
Weibull and lognormal distributions seemed to fit the equivalent initial flaw size values better
when compared to other distributions.

Newman et al. [33] conducted a study of the small crack effect for both 7075-T6 bare and
LCOcs clad aluminum alloys in order to evaluate FASTRAN. In this study both experimental
and analytical aspects of small and large crack growth were investigated. Large crack tests and
analyses were conducted on center crack tension specimens, and small crack tests and analyses
were conducted on single-edge notched tension fatigue specimens.

The authors concluded that the FASTRAN predicted crack growth rate trends for small
cracks, created using constant amplitude and Mini-TWIST spectrum loading, were similar to
those observed in tests, especially for the LC9cs clad alloy. The discrepancies observed for the
7075-T6 aluminum alloy were attributed to the plastic replica (acetone) method having an

influence on small crack growth rates. Measured and predicted fatigue lives for constant
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amplitude and spectrum loading agreed quite well using a microstructural defect size, or the
cladding layer thickness, as an initial flaw size.

Newman et al. [1] used FASTRAN-II to predict the fatigue lives of various metallic
materials and loading conditions. The model was then used to calculate small and large crack
growth rates, and to predict total fatigue lives, for notched and unnotched specimens made of
two aluminum alloys, a titanium alloy, and a steel alloy under both constant amplitude and
spectrum loading. Fatigue lives were calculated using the crack growth relations and
microstructural features. Calculated and predicted fatigue lives for unnotched and notched
specimens made of the two aluminum alloys compared well with test data for both constant
amplitude and spectrum loading. Calculated fatigue lives for the titanium alloy were bounded by

using initial crack sizes of 2 and 20 um in the life prediction method. Similarly, fatigue lives for

notched specimens made of a high strength steel compared well with test data under constant
amplitude and spectrum loading.

Laz and Hillberry [34] investigated the role of inclusions in fatigue crack formation. A
test program was conducted using single-edge notched specimens of a 2024-T3 aluminum alloy.
The distribution of inclusion sizes obtained from experimental observation was used as the
stochastic input (Monte Carlo simulation) into a probabilistic life prediction model to predict the
variability in experimental fatigue lives. The probabilistic model accurately predicted the
shortest experimental fatigue lives and range of values under several loading conditions, but
under predicted the longer lifetimes.

Gruenberg et al., [35] assessed the applicability of a probabilistic model for estimating
fatigue life variability for 7075-T6 aluminum single-edge notched specimen tested under

constant amplitude loading (S, =120 MPa,R =0.01). A plastic replication procedure was

max
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used to identify crack nucleation sites and monitor crack growth. In agreement with previous
studies, the initial fatigue cracks formed as surface cracks. The distribution of inclusion sizes
(0.2-45 pm?) within the material was used as an initial flaw size distribution for the FASTRAN-
Il input. The cumulative distributions for the fatigue lives using the numerical model were
compared to the experimental data to assess the effectiveness of the numerical model. The
model predicted failures well within the shorter life regime. The predicted lives were
conservative, and in the shortest life region the predictions were within 15% of the observed

lives.
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CHAPTER 2

SCOPE OF WORK, ASSUMPTIONS, AND CHALLENGES

2.1  Scope of Work

Test specimens of 2024-T3 clad aluminum alloy sheets (2.286 mm thick) with a variety
of geometries were subjected to constant amplitude fatigue loads of various levels. Test
specimen stress concentration factors are functions of the specimen geometry. They are usually
determined through finite element analysis. Stress concentration factors associated with the
various specimens of study ranged from 1.000 to 7.671. Altogether five specimen types with

various levels of applied fatigue loading were studied during this investigation.

2.2  Experimental Data
Experimental S — N data were generated as a result of the research project of Reference
[3]. The following specimen geometries were considered during the research program:
a) Smooth unnotched specimen
b) Open-hole specimen
¢) K, =3 double-edge V-notched specimen
d) K, =4 double-edge V-notched specimen

e) K, =5 double-edge V-notched specimen

All the above specimens were made from a 2024-T3 clad aluminum alloy and each type
produced a stress concentration factor that was different from that of the other types of the study.
The angle of the V-notch for all of the notched specimen types was 60 degrees. The stress

concentration factors for all specimens were computed with finite element analyses and are
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presented by specimen type in Table 2.1. Stress concentration factors were determined from 2-D
quarter symmetry finite element models. The element type used was the CPS8 element which is
an 8-noded plane stress quadrilateral element with three translational degrees of freedom at each
node. Each of the finite element models was subjected to a remote axial load that produced a

uniform remote stress of S, =1.0MPa. Due to symmetry, only one-quarter of the specimen

was modeled and analyzed. The size of the mesh is given in Table 2.1

The stress concentration factor, K_, is expressed in terms of remote (gross) stress, rather

g
than the net section stress. The geometric specifications of each of the specimen types are given
in Figures 2.1 through 2.5 below.

The smooth unnotched specimen was treated as a rectangular plate with a width equal to

the uncracked ligament length. A rectangular plate has a K, of 1.0. The theoretical basis of this

assumption will be discussed in Chapter 4.0 of this document.
Table 2.1

Finite element mesh details and resulting stress concentration factors for the five
types of specimens of the study

Specimen type Kig Number of elements | Number of nodes
Smooth unnotched 1.000 * 434 1445
Open-hole 3.036 1216 3809
K, =3 5.165 5314 16261
K, =4 7.013 4121 12702
K, =5 7.671 3908 12063

Note: * The smooth unnotched specimen can be treated as a rectangular plate with K, of 1.000.
Refer to Chapter 4.
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Figure 2.3 Geometric details of the K, =3 specimen
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Figure 2.5 Geometric details of the K, =5 specimen

Figures 2.6 through 2.10 contain the S — N plots obtained experimentally for each of the

types of specimens defined above. In these plots the maximum value of the stress, S

associated with the amplitude of the constant amplitude loading was plotted against N, the
number of cycles to failure or measured fatigue life. For the smooth unnotched specimen, the

data were obtained for a mean value of stress, S of 144.790 MPa and S_, of 344.738,

mean X

282.685, 241.316, 210.290, and 206.843 MPa. Here the S and S__ values are not the

remotely applied actual loads but stress values which were normalized to the width at the neck of

the specimen. Equation (4.2) provides the expression for the normalized stress values as a
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function of the applied load. For the open-hole and the double-edge notched specimens S — N

data were obtained for two different mean stress levels, S of 20.684 and 41.369 MPa.

mean

S — N data for the open-hole specimens were measured for the combinations of S__  of 20.684

mean

MPa and S___ of 124.106, 82.737, 68.948, and 63.777 MPa and for the combinations of S

mean

of 41.369 MPa and S _, of 124.106, 86.184, and 79.290 MPa. S —N data for the K, =3

X

specimens were recorded for the loading combinations of S of 20.684 MPa and S, of

mean

68.948 and 48.263 MPa and for the combinations of S, 0of41.369 MPa and S, of 96.527

mean X

and 62.053 MPa . For the K, =4 specimens, S — N data were obtained for the combinations of

S ,ean 0£20.684 MPa and S of 62.053,37.921, and 32.061 MPa and for the combinations of

mean

S, ., 041369 MPa and S_,

mean

of 75.842, 55.158, and 51.711 MPa. Similarly, for the K, =5

X

specimens, S — N data were obtained for the combinations of S, of20.684 MPa and S of

mean

62.053, 48.263, 34.474, and 32.750 MPa and for the combinations of S of41.369 MPa and

mean

S of 75.842, 62.053, 53.434, and 51.711 MPa. The S — N data for the smooth unnotched

max

specimens were obtained for higher stress values than those for either the open-hole or the

double-edge notched specimens. The K, =4 specimens had two cases of runouts at a S of

mean

20.684 MPa.
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Figure 2.9 S—N data from K, =4 specimens
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Figure 2.10 S—N data from K, =5 specimens

2.3  Probabilistic Model Assumptions
The following assumptions were incorporated into the probabilistic model of the research
study of this document:

a) Cracks form from a single initial flaw. Based on a great deal of previous scanning electron
microscope (SEM) observations, researchers have concluded that most cracks initiate as
either corner or surface flaws. Two kinds of initial flaw configurations were considered for
this study; the single quarter circular corner crack and the single semicircular surface crack.

This was done by setting a, =cC, for the crack configuration geometries illustrated in

Figures 2.11 and 2.12.
b) Crack formation occurs from one planar side of the specimen and not from both sides.

c) The height of the nucleating defect was assumed to be 3 um.
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Figure 2.11 Initial (a) corner and (b) surface crack configuration for open-hole
specimens
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Figure 2.12 Initial (a) corner and (b) surface crack configuration for smooth unnotched
specimens and for the K, =3, K, =4, and K, =5 specimens

d) The crack propagation path was assumed to be parallel to and coincident with the symmetric

plane of the specimens.

e) Nucleation life was neglected. Life is defined from crack size equal to equivalent initial

flaw size to failure.

f) Equivalent initial flaw sizes were determined from the measured fatigue life of each

specimen.

2.4  Challenges
There were some basic problems with the equivalent initial flaw size concept. First, the

derived equivalent initial flaw sizes often lack credibility because such flaws cannot be directly
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verified by present non-destructive inspection (NDI) technique. The equivalent initial flaw sizes
were derived for different design variables and loading spectra as discussed in Section 1.4
because they could not be verified as generic material property.

The applicability and limits of linear elastic fracture mechanics principles for predicting
crack growth in the small crack size regime have not been well founded. Most previous
investigators have calculated equivalent initial flaw size from the number of cycles
corresponding to assumed initial crack size of about 0.762 mm, known as the time-to-crack-
initiation. However, in this study equivalent initial flaw size was determined based upon the
measured fatigue life, N . A crack size of 0.762 mm is relatively small when compared to the
final crack size at specimen failure. Between the time of initial crack length and final failure, the
plastic zone size has become more pronounced and has a significant influence on the material
response. Reference [3] only provided measured fatigue lives and therefore equivalent initial
flaw sizes were determined using measured fatigue life data. Getting time-to-crack-initiation
data from laboratory experiments could be expensive because it requires special crack growth
monitoring gage. Reference [3] also did not report crack growth history, or the final crack size.
If made available crack growth history data could be superimposed on the back extrapolation
curve from FASTRAN-II to validate equivalent initial flaw size calculations. Equivalent initial
flaw size could be evaluated more accurately if final crack size were used instead of measured
fatigue life. The combination of final crack size and crack growth history would allow for
implementation of fine adjustment that could perhaps improve the calculation of the equivalent

initial flaw size.
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CHAPTER 3

FINITE ELEMENT CRACK MODELING

3.1 Introduction

One of the required input parameters for the FASTRAN-II code is the stress intensity
factor. FASTRAN-II contains a vast library of likely configurations and loads, but for those
configurations that are not built into FASTRAN-II, the user must provide stress intensity factors
for various crack sizes and configurations in tabular form in order to conduct crack growth
analyses. There are various computational methods that can be used to compute stress intensity
factors, but the two most notable methods are the finite element method and the boundary
element method. The main disadvantage of the finite element method is that the entire domain
of the subject must be discretized while the boundary element method involves discretization
only of the boundary of the subject. However, the boundary element method generally leads to a
nonsymmetric, fully populated system of equations, unlike the finite element method which
yields a symmetric, banded system of equations. In this study the finite element method was
used to compute the stress intensity factors for the various crack sizes and geometries of the
project.

In this chapter we discuss the fundamental formulation and usage of finite element
method techniques to calculate the linear elastic fracture mechanics stress intensity factors and
energy release rates. The chapter describes:

a) the procedure employed to model the elastic crack front singularity,
b) the computational process employed to compute the stress intensity factors for 2-D and 3-D

problems.
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3.2  Singular Finite Elements

In general, the fundamental difficulty associated with modeling crack extension is the
representation of the singular crack-tip stress and strain fields predicted by linear elastic fracture
mechanics theory using conventional finite elements. Even if the overall mesh of elements is
refined, the finite element solution will initially tend to converge, but eventually diverges. Chan
et al. [36] identified this problem in the initial development stages of the finite element method.
Numerous investigators approached this problem by introducing singularity function
formulations in the finite element or stress intensity factors as nodal variables (e.g., Byskov [37];
Tracey [38]; Tong et al. [39]; Papaioannou et al. [40]; Atluri et al. [41]; and Benzley [42]) with
reasonable success. However, these elements are not found in most commercial codes.

The introduction of the quarter-point element was a significant development in the
application of the finite element method for linear elastic fracture mechanics problems. The
quarter-point element concept was the result of simultaneous and independent work by both
Henshell and Shaw [44] and Barsoum [45]. These researchers demonstrated that the proper
crack-tip displacement, stress, and strain singularity fields can be modeled by locating the
element’s mid-side node one quarter of the way between crack-tip and far end nodes, as

illustrated in Figure 3.1.
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Figure 3.1 (a) Quadrilateral and (b) collapsed quadrilateral quarter-point elements
(Courtesy of Ingraffea and Wawrzynek [43])

The quadrilateral quarter-point element described by Henshell and Shaw [44] is depicted
in Figure 3.1(a) while Figure 3.1(b) illustrates Barsoum’s [45] proposal of collapsing one edge of
the element at the crack-tip. The quarter-point element was a significant milestone in the
development of finite element procedures for linear elastic fracture mechanics, because minimal
numerical processing was required with the usage of these elements to model the crack-tip in
finite element codes. The remainder of this section will focus exclusively on various forms of

quarter-point elements.

3.3  1-D Quarter-Point Elements
The quarter-point concept can be best illustrated with a 1-D element. While such an

element has no use in practice, it does simplify the algebraic derivations and the same principals
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can be applied to 2-D and 3-D elements without any loss in generality. A 1-D quadratic order
element is illustrated in Figure 3.2. Figure 3.2(a) shows the parametric space of the element
while Figure 3.2(b) shows the element in the Cartesian space, with the location of the center

node controlled by the value of the parameter ® and the “crack-tip” is located at r =0.

N
@ ®
-1 1 N

(2) (b)

Figure 3.2 The 1-D quadratic element in (a) parametric space and (b) Cartesian space
(Courtesy of Ingraffea and Wawrzynek [43])

Define u, to be the nodal axial displacement of the i™ node. Therefore, the displacement,

u, at any point within the element can be determined using standard second-order Langrangian

shape functions, N; = N, (&), and nodal displacements.

u :iNiui (3.1a)
u=Sale=tu + (=g b EE i, (3.1

or, regrouping in powers of &,
u=u, +%(u3 —ul)ath(u1 +u3)—u2}2;2 (3.2)

Using an isoparametric formulation, the same shape functions are used to interpolate the

geometry of the element:
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Consider the case where the center node is located at the midpoint of the element.

Substituting ® = 1/2 into equation (3.3), & becomes,
r
§= 2|— -1 (3.4)

Substituting this expression for & into equation (3.2) yields the expected quadratic expression

for the axial displacement at arbitrary I :

2

r r
u=u, +(-3u, +4u, —u3)T+2(u1 -2u, +u3)|—2 (3.5)
Differentiating this expression with respect to r yields the expected linear expression for the
axial strain in the element at arbitrary location, I :

_du

&E=—
dr

= (= 3u, +4u, —u3)|1+4(ul ~2u, +u3)ll2 (3.6)

Assuming linearly elastic conditions, the stresses are linearly related to the strains so the stress
distribution will be linear in r as well.
Now consider the case where the intermediate node is moved to the quarter-point

position. After substituting ® = 1/4 into equation (3.3), & becomes:

g:z\[ﬁ—l (3.7)

Substituting this expression for & into equation (3.2) and differentiating yields the following

expressions for the axial displacement and strain in the element at arbitrary r :

u=u, +2(u, —2u, +u3)|£+(— 3u, +4u, —u3)\/|E (3.8)
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The expression for the axial strain contains a constant term and a singular term that varies as a

du
e =Y _

=0 - (3.9)

2(u, —2u, + u3)|l+%(— 3u, +4u, —u,)

function of r™V % similar to the form of the lead term in the linear elastic fracture mechanics

stress and strain expansions near the crack-tip singularity.

3.4 2-D Quarter-Point Elements

The quadrilateral quarter-point element shown in Figure 3.1(a) is less frequently used in
practice compared to the collapsed quadrilateral version, Figure 3.1(b) because fewer of these
elements can be placed conveniently around a crack-tip. With fewer elements, the
(trigonometric) circumferential variation of the stress and displacement fields about a crack-tip
may be less accurately represented. Consequently, the collapsed quadrilateral element is the
more popular. As a general rule of thumb the minimum number of elements required to model a
2-D crack-tip is between eight and ten elements. Most commercially available finite element
codes come with the collapsed quadrilateral quarter-point elements for crack-tip modeling.
Figure 3.3 illustrates a 2-D crack-tip modeled with eight collapsed quadrilateral quarter-point

elements.
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collapsed quarter-point quadrilateral element

crack front node set

Figure 3.3 Crack-tip modeled with eight collapsed quadrilateral quarter-point elements

Both Barsoum [46] and Freese and Tracey [47] showed that when the side node (node 6
of Figure 3.1(b)) on the edge opposite the crack-tip is placed at the midpoint of a straight line
between the two corner nodes (nodes 2 and 3) for the collapsed quadrilateral element, the r~"2
singularity condition shown in equation (3.9), holds along paths of constant parametric
coordinate, 1. In Cartesian space lines of constant | map into straight rays emanating from the

crack-tip as illustrated in Figure 3.4(b). When node 6 is placed at eccentric midpoint between

nodes 2 and 3 as shown in Figure 3.4(c), lines of constant n map into quadratic curves in the

Cartesian space.
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Figure 3.4 (a) Parametric space of a quadrilateral element; mapping of constant n lines

in Cartesian space when node 6 is placed (b) midpoint and (c¢) eccentric
midpoint between far side nodes 2 and 3
(Courtesy of Ingraffea and Wawrzynek [43])

3.5  3-D Quarter-Point Elements

The 3-D quarter point element is created by extruding the 2-D element along the crack
front. Barsoum [45] considered the usage of a collapsed 20-noded hexahedral element, which is
actually a natural extension of the collapsed 8-noded quadrilateral. The elements were straight-
sided in which three of the element faces were rectangles.

Hussain et al. [48], Manu [49], and Koers [50] considered collapsed 20-noded elements
with curved crack fronts. Manu [49] also presented conditions on nodal positions that must be
observed in order to ensure r'* singularity on all rays emanating from the crack front. With

respect to the collapsed brick element of Figure 3.5, these constraints are

X, =X, =X, (3.10a)
X7 = Xy (3.10b)
Xs = Xg = X6 (3.10¢)
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Figure 3.5 The collapsed, 20-noded brick, quarter-point element
(Courtesy of Ingraffea and Wawrzynek [43])

X, = +(X, +X,) (3.10d)

1
Xia _E(X6 T X7) (3.10¢e)
X, = +(x +x,) (3.10f)

1
X _Z(Xl + X3) (3.10g)
X5 = +(X + %) 3.10h
13 4 5 6 ( . )
| .
Xis =4(Xs +x;) (3.10i)

In addition, the less obvious conditions:

X = (=X, + X, = X + X, +2X,,) (3.11a)
Xjo =2 (= X, + X, = X + X, +2X,;) (3.11b)

must be enforced. Similar conditions hold for the y and z coordinates of the nodes.
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3.6  Crack Modeling
Mode I stress intensity factor, K, is a required input to the FASTRAN-II code, which has
a built-in menu of seventeen predefined crack configurations. The smooth unnotched specimens,

and the K, =3, K, =4 and K, =5 specimens were not members of the predefined crack menu

of FASTRAN-II and therefore it was necessary to use finite element analyses to obtain the stress
intensity factor for those cases. In this study all cracks were assumed to form either as a single
quarter circular corner crack, or as a single semicircular surface crack. Consequently, stress
intensity factors were computed for three configurations; single corner crack, single surface
crack, and through crack configurations.

Crack modeling using finite element methods can be a very complicated process. A part-
through crack must be modeled with a 3-D mesh, whereas a through crack can be meshed with 2-
D elements provided the geometry of the object is appropriate. The capability to model the
crack-tip, or crack front, with most commercial finite element software is limited. In this study
three software packages (MSC.Patran 2004 [51], ZENCRACK Version 7.3e [52], and ABAQUS
Version 6.5 [53]) were utilized in order to calculate stress intensity factors. The flowchart of

Figure 3.6 describes the order and function of each code involved in the process.
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ABAQUS/CAE or MSC.Patran
Preprocessing
(Creates finite element mesh of an uncracked
component)

Input file:
job_no_crack.inp

ZENCRACK
Preprocessing
(Creates finite element mesh of the cracked
component)

Input file:
job_crack.inp

ABAQUS/Standard
Solver
(Solves finite element equations)

Output file:
job_crack.dat

Figure 3.6 Flow chart of the combination of commercial codes used to determine the
stress intensity factors of the specimens

The finite element preprocessing for this study was done using MSC.Patran, a general
purpose computer aided engineering code for interactive, 3-D modeling and visualization of
engineering analysis results. The output product of the MSC.Patran preprocessing is an
ABAQUS input file (.inp) for the component with no crack.

ZENCRACK is a state-of-the-art software tool for 3-D fracture mechanics simulation. A

ZENCRACK simulation requires an uncracked 3-D finite element mesh of the component of
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interest. This can be generated using a standard preprocessing tool along with standard finite
element software. With this uncracked 3-D mesh input ZENCRACK creates a mesh for the
“cracked” case by inserting one or more user specified cracks into the mesh. This is
accomplished by executing ZENCRACK. A minimum of two input files is required for any
ZENCRACK analysis: the uncracked mesh file, and the ZENCRACK input file. The
ZENCRACK input file is an ASCII file of additional information. The file must have extension
”.zer” and be located in the same directory as the uncracked mesh file. The ZENCRACK input
file contains keyword and data lines to define the crack-related requirements for the analysis
such as name of the uncracked mesh file, type of crack-block to be used (corner, surface and
through), the element number in the uncracked mesh in which the crack-block is going to be
substituted, the orientation of the crack front, the crack length, ¢, and crack depth, a. Once
ZENCRACK is executed it creates .inp file with a cracked mesh. This mesh is submitted to the
finite element solver code for structural analysis. The finite element solver used in this study
was ABAQUS/Standard. ABAQUS/Standard provides traditional implicit finite element
analyses for a range of contact and nonlinear material options. A standard feature of the
ABAQUS/Standard code is the capacity to compute the stress intensity factor distributions along
the specified crack front(s) of the body. Quadrilateral elements were used for the 2-D analyses

and hexahedral elements were used for the 3-D analyses.

3.7 Stress Intensity Factor Extraction
Under linear elastic fracture mechanics assumptions, the stress, strain, and displacement
fields in the region near the crack-tip can be determined using the stress intensity factor.

Therefore, essential to the use of the finite element method for linear elastic fracture mechanics
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analyses is the extraction of accurate stress intensity factors from the results of finite element
statistic load analyses. Several methods are available for extracting stress intensity factors.
These include the displacement correlation, the virtual crack extension, the modified crack
closure integral, and the J -integral techniques. The ABAQUS/Standard uses the J -integral
technique to extract stress intensity factors. The J-integral is widely accepted as a fracture
mechanics parameter for both linear and nonlinear material response. It is related to the energy
release associated with crack growth and is a measure of the intensity of deformation at a notch
or crack-tip. Under linearly elastic material assumptions, the J -integral, J, can be interpreted
as being equivalent to the energy release rate, G . Because of the importance of the J -integral
in the assessment of flaws, its accurate numerical evaluation is vital to the practical application
of fracture mechanics in design calculations. The details of the J -integral method for stress

intensity factor extraction from finite element analyses can be found in References [43] and [53].

3.8 Specimens

All of the finite element models of this study were 3-D models. Even though the
through-crack model can be modeled in a 2-D finite element model, it was convenient to model
it in a 3-D model because ZENCRACK provides crack-blocks in 3-D finite element models. The
elements used were 20-noded C3D20 continuum elements. Detailed information about this
element can be obtained from Reference [53], but essentially the C3D20 continuum element is a
second-order element that provides higher accuracy than a first-order element for “smooth”
problems that do not involve complex contact conditions, impact, or severe element distortions.
It also captures stress concentrations more effectively and is better for modeling geometric

features. It can be used to model a curved surface with an efficient number of elements. Finally,
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second-order elements are very effective in bending-dominated problems, because each node has
three degrees of freedom.

All of the specimens were loaded in Mode I by uniformly distributed tractions applied in
tension along the end surfaces perpendicular to the longest axis of the specimen. The applied

load for all of the finite element models was S, =1.0MPa. Symmetry of the specimen

allowed for the modeling of only half of the specimen.

The ZENCRACK crack-block library contains two topological types of crack-blocks;
quarter circular crack-blocks, and through crack-blocks. The naming convention of the crack-
blocks is based on these topological types. “sq” and “st” refer to quarter circular and through
crack-blocks respectively. The first number in each name indicates the total number of elements
in the crack-block, the second gives the number of elements along the crack front. A surface
crack is modeled using two quarter circular crack-blocks. Figures 3.7 through 3.10 contain
illustrations of examples of the finite element models for the various specimen types and crack-
blocks. Figure 3.7 contains a depiction of a finite model of the smooth unnotched specimen for a
corner crack with a length and depth of 1.016 mm. The crack-block type used was the
sql12x4c. This crack-block uses four continuum elements along its crack front. Therefore there
are nine nodes along the perimeter of the crack front. The ABAQUS output included nine stress

intensity factors calculated at each of the crack front nodes. A sample of the K, =3 specimen

model for a surface crack of length and depth of 0.254 mm is shown in Figure 3.8. The surface
crack was modeled with two sq103x4 type crack-blocks. Both blocks contributed to seventeen
crack front nodes and therefore seventeen stress intensity factor values were calculated across the

crack front. Figure 3.9 contains the finite element model of a surface crack in the K, =4

specimen. The crack had a length and depth of 0.635 mm that was modeled with two sql12ax4
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types of crack-blocks. Seventeen stress intensity factors values were computed along the crack
front of this model. Figure 3.10 contains an illustration of the finite element model of K, =5
specimen with a through crack of length 9.869 mm. The through crack was modeled with
st28x1 type crack-block. This crack-block uses one continuum element along its crack front
hence three nodes along the perimeter of the crack front. ABAQUS was used to compute the

three stress intensity factors at each of the crack front nodes
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crack front

Figure 3.7 Finite element grid in the vicinity of the crack-tip of a Smooth unnotched
specimen with a corner crack (a=c¢ =1.016 mm; sql12x4c crack-block;
total number of elements = 1,112; total number of nodes = 6,696; total
degrees of freedom = 20,088)

crack front

Figure 3.8 Finite element grid in the vicinity of the crack-tip of a K, =3 specimen with

a surface crack (a =c¢ =0.254 mm ; two sq103x4 crack-blocks; total number
of elements = 7,222; total number of nodes = 41,066; total degrees of
freedom = 123,198)
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Figure 3.9 Finite element grid in the vicinity of the crack-tip of a K, =4 specimen with

a surface crack (a =c =0.635mm; two sql12ax4 crack-blocks; total number
of elements = 2,646; total number of nodes = 15,085; total degrees of
freedom = 45,255)

)\ ] crack front

Figure 3.10 Finite element grid in the vicinity of the crack-tip of a K, =5 specimen

with a through-crack (¢ = 9.869 mm ; st28x1 type crack-block used;. total
number of elements = 2,486; total number of nodes = 14,408; total
degrees of freedom = 43,224)
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CHAPTER 4

FASTRAN-II

4.1  Introduction

The objective of this chapter is to provide an explanation of some of the important
parameters associated with the FASTRAN-II input file for crack growth analysis. The version of
FASTRAN-II used in this study was version 3.81. FASTRAN-II analyses were performed by
executing the fastran381.exe executable file and then specifying names of both input and output
file names. A typical FASTRAN-II input file is shown in Appendix A and Reference [2] is the

FASTRAN-II manual.

4.2 Mechanical and Fracture Properties

One of the inputs to FASTRAN-II is the effective stress intensity factor range, AK ;; as a

function of the crack growth rate, dc/dN. These data must be obtained for the material of

interest over the widest range in rates possible from threshold (low growth rates) to fracture
(large growth rates), especially if spectrum load predictions are required. Measured fatigue data
for the configuration of interest would be helpful, but it is not essential. The use of plasticity-
corrected stress intensity factors is only necessary if severe loading, such as low cycle fatigue
conditions are of interest. Most crack life calculations can be performed using the linear elastic
stress intensity factor analysis with crack closure modifications.

Under constant amplitude loading, another important input variable is the constraint

factor, o As explained in section 1.6, the constraint factor is used to elevate the flow

constraint *

stress to a o, at the crack tip to account for the influence of a 3-D stress state. The flow

constraint
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stress, G, can be defined to be the average of the yield stress, Oy and the ultimate tensile

strength, o, of the material. For plane stress conditions, a was set equal to 1.0; and for

constraint

simulated plane strain conditions, o was set equal to 3.0. The correct value of the

constraint
constraint factor will correlate the constant amplitude fatigue crack growth rate data over a wide
range of stress ratios [54]. According to Reference [2], for ideal full plane strain conditions, an
value of

o value of 3.0 is recommended, while for full plane stress conditions an o

constraint constraint

1.0 is recommended. When analyzing crack growth rate data from a specimen with a through
crack, such as a compact tension or centre crack tension specimen, Newman et al. [1]

recommends a procedure whereby a high o ... (plane strain) is assumed for low crack growth

rates where the linear elastic stress intensity factor range, AK is low. A low o is used at

constraint
high crack growth rates in the constraint loss regime where AK is high. The actual values of
constraint factor were chosen to best collapse the crack growth rate versus AK curves for
various stress ratios into one crack growth rate versus effective stress intensity factor range,

AK  , curve.

The mechanical, fracture and crack growth properties for the 2024-T3 aluminum alloy
used in this study were obtained from Reference [1] and summarized in Table 4.1. The 0.2%

offset yield stress and ultimate tensile strength are designated by o, and o, respectively.

Young’s modulus of elasticity is designated by E while K, and m is the elastic-plastic the
fracture toughness and fracture toughness parameter of the Two-Parameter Fracture Criterion.
The Two-Parameter Fracture Criterion is a fracture criterion that accounts for the elastic-plastic
behavior of the material. The m parameter is usually between 0.0 and 1.0. For linear elastic

fracture mechanics analysis it recommended to use an m value of 0.0 for brittle materials and an
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m value of 1.0 is recommended for very ductile materials. Details of this fracture criterion can
be found in Reference [2]. Table 4.1 also contains tabulated values of effective stress intensity

factor range, AK;, versus crack growth rate, and constraint factor, o, . VErsus crack

growth rate.

Table 4.1

Mechanical, fracture and baseline crack-growth (AK , -rate) properties for 2024-T3

aluminum (from Reference [1])
(Units for AK ; is MPay/m and dc/dN is m/cycle)

G, =360 MPa
5, =490 MPa
E =72000 MPa
K, =267 MPaJm
m=1.0
AK dc/dN O onsiraint dc/dN
0.80 1.0e-12 2.00 1.0e-07
1.10 5.0e-11 1.00 2.5¢-06
2.05 2.0e-09
4.00 8.0e-09
7.70 1.0e-07
13.50 1.0e-06
23.00 1.0e-05
36.00 1.0e-04
85.00 1.0e-02
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4.3 Stress Intensity Factor

As previously mentioned in Chapter 3, both the smooth unnotched specimen and the
three double-edge V-notched specimen types were not members of the predefined crack menu of
FASTRAN-II. This user specified configurations require stress intensity factors at various crack
lengths to be included in the input file. The averaged stress intensity factors obtained from finite
element analyses discussed in Chapter 3 were used for this purpose. The input format required
two columns of values of the ordered pairs of nondimenzionalized crack length and the

corresponding boundary correction factor, F(C), with the nondimenzionalized crack length

ranked in ascending order. The boundary correction factor was derived from the averaged stress
intensity factor and is a function of load, geometric configuration, and flaw size. The derivation
details for each specimen are presented in the coming sections. Up to 50 pairs of values can be
provided as input in the FASTRAN-II code. It should be noted that for the user input
configuration, FASTRAN-II does not have the capability of calculating crack propagation in the
depth direction; only in the width direction. For a part-though flaw the averaged stress intensity
factor was used in the analysis, instead of the stress intensity factor that corresponded to the
width direction. In this study it was assumed that a crack forms as a single initial part-through
corner flaw or as a single part-through surface flaw. Two separate input files were prepared; one
associated with the corner crack assumption and the other associated with the surface crack

assumption.
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corner of specime

outer surface of specimen

Figure 4.1 Crack front node set for the quarter circular corner crack

4.4  Smooth Unnotched Specimen

The FASTRAN-II input file required normalized crack lengths, c¢/w, , and boundary

n >’

correction factors, F(C), supplied in a tabular format for smooth unnotched specimen. The
boundary correction factor, F(C), were derived from the stress intensity factor using the

following defining equation:

K

— 1
S nc

app

F(c) 4.1

where C is the crack length in the width direction, w, is the width of the specimen in the plane
of the crack, S, = is the applied remote stress and K, is the averaged mode 1 stress intensity

factor associated with the stress field at the crack tip obtained from finite element analysis.

Figure 4.2 illustrates some of the nomenclature used for the smooth unnotched specimen.
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app g

Figure 4.2 Nomenclature for smooth unnotched specimen

Due to the hourglass shape of the smooth unnotched specimen it can be treated as a finite

width rectangular plate with width w, and applied stress o, as is depicted in Figure 4.1(b).

From equilibrium of forces, the remote stress of the idealized finite width plate, o,, can be
expressed as
= @2)
For the specimen in Figure 4.1(b),
F(c) %, (4.3)

When the crack length in the direction of the width of the specimen is very small, ¢ —> 0,

the geometric correction factor, F(C), was determined with the aid of the appropriate stress
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concentration factor. During crack growth analysis with FASTRAN-II the F(C) values of the
tabular input are converted to K, values using equation (4.3) for a particular crack length. The
incremental crack length is computed and added to the current crack length. This procedure was
done iteratively until a specified criterion was met. For intermediate crack lengths, which do not
fall into the tabular input values FASTRAN-II interpolates between two existing values.

One problem did occur when calculating the equivalent initial flaw sizes. Since
equivalent initial flaw sizes fall within the range of 10 and 10° mm, it was necessary to
determine stress intensity factors at these very small crack lengths. But, it was not feasible to
create a finite element mesh for such small crack lengths. In fact, the smallest crack length that
was modeled for the smooth unnotched specimen was a ¢=0.019 mm. The limiting case
solution concept was used to determine a value of F(c) when the crack length ¢ approached
zero. Consequently, crack growth analysis could be executed for crack lengths that fall between
¢ was near zero and ¢ =0.019 mm.

This approach can be summarized in the following manner. Consider the stresses acting
at the vicinity of crack tip of a very small crack, that is as ¢ — 0, as illustrated in Figure 4.3.

The localized normal stress, G, , at the crack tip, due to stress concentration, can be written as

¥
o, =K,o (4.4)
where K, is the gross stress factor and o, is the remote stress (see Figure 4.2(b)). The stress

concentration factor, K , equals 1.0 for a rectangular specimen, consequently

tg 2
G, =0 (4.5)

The stress intensity factor for a semi-infinite panel with an edge crack is given by,

K, =1.1226+/nc (4.6)
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Substituting equation (4.5) into equation (4.6),

K, =1.1226,+/nc (4.7)
Ay
GW
c—0
X

Figure 4.3 Local stresses acting in the vicinity of a crack tip as the crack length, c,
approaches zero

Substituting equation (4.7) into equation (4.3), yields the following

limF(c)= K _1im (4.8)

c—0 Gg\/E

The normalized crack length of 0.0 and limiting value of 1.122 was the first input pair of values
in the tabular format of nondimenzionalized crack lengths and the corresponding boundary
correction factors

Up to 50 pairs of nondimensionalized crack length and the corresponding boundary
correction factor could be inputted into the FASTRAN-II code. The more values provided, the
better the accuracy of the life prediction. A finite element model was required for every crack
size. From Table 3.1, for the smooth unnotched case, nine stress intensity factors were computed
for corner crack cases, nine for surface crack cases, and six for the through crack cases. Rather
than constructing 50 finite element models to calculate 50 stress intensity solutions a cubic

interpolation technique was utilized to obtain intermediate values. That is, a series of unique
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cubic polynomials were fitted between the data points, with the stipulation that the curve be
continuous and smooth. These cubic splines were then used to interpolate data points between
sampled data points generated with the finite element code. Cubic splines are popular because
they are easy to implement and produce a seamless curve. The cubic polynomials were fitted to
the ¢ versus K, data, because C is a predictable exponential functional of K,. Once the 50
ordered pairs of ¢ and K, values were obtained by cubic polynomial fitting, the data was
converted to nondimensionalized crack length and the corresponding boundary correction factor
values.

Figure 4.4 contains the plot of stress intensity factor, K, as a function of the crack length,

c, for the case of the smooth unnotched specimen with a quarter circular corner crack
assumption. The thickness of the smooth unnotched specimen was 2.286 mm, therefore for each
crack length that was less than 2.286 mm, the stress intensity factor value was averaged from the
values obtained at crack front nodes. This practice was implemented following the advice of Dr.
Jim Newman through personal communication. The stress intensity factor values for crack
length above 2.286 mm were through crack values.

Figure 4.5 contains a similar plot of the boundary correction factor for the smooth
unnotched specimen with a surface crack. It can be seen from the plots that two additional data
points were determined between the data points obtained from finite element analysis using the
cubic splines. Also note that at very small crack lengths the data points are sparse. This is due to
the inability of the ZENCRACK code to create a very fine mesh for very small crack lengths

(c<0.019 mm). The ¢ and K, values were converted to ¢/w, and F(C) respectively and used

in the input files.
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45  Double-Edge V-Notched Specimens

Figure 4.6 depicts the nomenclature used for the K, =3, 4 and 5 double-edge V-notched

specimens. Unlike the smooth unnotched specimen, V-notched specimen types have a constant
cross-section except in the region of the notch. The boundary correction factor was obtained

from equation (4.1) and the nondimenzionalized crack length was defined as ¢/w. Table 3.1

specifies the number of finite element models analyzed for each specimen type and flaw type.

app

treree

vevvvy

S

app

w

< »
< >

Figure 4.6 Nomenclature used for double-edge V-notched specimens

Just as for the case of the smooth unnotched specimen, the limiting case solution was

derived for V-notched specimens. In the case of the double-edge V-notched specimens, the K,

was obtained through the finite element analysis explained earlier in Chapter 2. The finite
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clement analysis generated the maximum axial stress acting at the edge of the notch, o, . and

the gross stress concentration, K, was computed as

(&)
Ky = —gymax (4.9)

app

By using the nomenclature of Figures 4.3 and 4.6, the localized normal stress, o, is given as

c, =K_S (4.10)

vy tg ~ app

Substituting equation (4.10) into equation (4.6) for a semi-infinite panel with edge crack,

K, =1.122K_S,_+/nc 4.11)

tg ~ app

Substituting, equation (4.11) into equation (4.1) yields the following:

K
limF(c)=————
Hri—)O( ) S A/ TTC

app

=1.122K, (4.12)

Therefore, this technique was used to determine the geometric correction factor for the
case of a very small crack; that is the limit as the crack length approached zero. The limiting
values for the V-notched specimens are presented in Table 4.2.

Table 4.2

Limit case values for the double-edge V-notched specimens

(Units for S, , and o, . are MPa)

K, S Gy K, limF (c)

1.0 5.165 5.165 5.7951
4 1.0 7.013 7.013 7.8686
5 1.0 7.671 7.671 8.6069

Figures 4.7 through 4.12 contain plots of stress intensity factor, K|, versus crack length,

c, for the V-notched specimens for both types of initial crack configurations. Both the finite
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element solution and the cubic spline interpolation are presented. Generally, the cubic spline
was used to determine two additional data points between the finite element solutions. Some
cubic spline data points were deliberately omitted because the total number of points was limited
to 50 pairs for the FASTRAN-II code. Similar to the smooth unnotched specimen, the V-
notched specimens had the same thickness of 2.286 mm. Therefore for crack lengths that were
less than 2.286 mm, the stress intensity factor value was averaged from the values obtained at

the multiple crack front nodes. The ¢ and K, values were converted to ¢/w and F(c)

respectively and used in the input files.
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CHAPTER 5

STATISTICAL ANALYSES AND RESULTS

5.1 Statistical Relationships

During the course of this study an attempt was made to determine the statistical relation
between the equivalent initial flaw size distribution and the combination of the geometric
configuration and the loading condition. The following four factors were identified as the
principal parameters to define the geometry and load. Two factors for the geometric

configuration—stress concentration factor, K _, and uncracked ligament length, w, , and two

tg >

factors defining the constant amplitude cyclic stress conditions—maximum stress, S and

max ?

mean stress, S

The following approach was taken to develop the statistical relationship. First, equivalent
initial flaw sizes were determined for the smooth unnotched specimens, the open-hole

specimens, and the K, =5 specimens by using FASTRAN-II crack growth code. The statistical

relation was then determined for the equivalent initial flaw size distribution parameter as
function of geometric and load factors for these specimens by using multiple regression analyses.
The objective of this phase of the study was not to predict a specific value of equivalent initial

flaw size, C,, but rather an estimated distribution of ¢,. This distribution of ¢, could then be

used as an input into the FASTRAN-II code to generate a distribution of estimated fatigue life
for the specimen. This form of simulation is called the Monte Carlo simulation.

In this study the distribution of equivalent initial flaw size, C,, was modeled as a normal

distribution. Therefore, by regressing the distribution parameters, such as mean and standard

deviation, on independent variables, K., w,, S .. ,and S, an estimation equation for each
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mean and standard deviation as functions of these independent variables was obtained. The
mean and standard deviation values were then obtained from these estimation equations by
substituting values of the independent variables for the K, =3 and K, =4 specimens. Using
the mean and standard deviation values, random equivalent initial flaw sizes were then generated
from a normal distribution. The random distribution of the equivalent initial flaw size was then
used an input into FASTRAN-II to generate estimated fatigue lives for the K, =3 and K, =4
specimens. Estimated fatigue lives were computed for both the assumed corner and surface

initial flaw configurations.

5.2  Calculating Equivalent Initial Flaw Size
For each point on an experimentally generated S — N curve there exists an equivalent
initial flaw size. The following numerical procedure was employed to determine the equivalent

initial flaw size. First, two initial flaw sizes (C,, and c, ) were identified by trial and error using
the FASTRAN-II code. The predicted fatigue life associated with ¢, N, (C,), would be
greater than the predicted fatigue life, N, associated with the actual point on the S —N curve,
and the predicted fatigue life associated with ¢, , Np,q; (CL) was less than N .

N, (c, )< N (5.1a)

Npasr(Cy)> N (5.1b)

Using a simple linear interpolation method an approximate flaw size, € was calculated using

approx

Capprox — (CU —Cp )[N B NFAST (CL )] +c, (5.2)
N FAST (CU )_ N FAST (CL )
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Equation (5.2) was derived by interpolating ¢ between data points [c,, N, (c, )] and

approx

[c,.Niasr(cy)]. A simple FORTRAN 90 interpolation code was written that used the

FASTRAN-II code to compute Ny, (C ), predicted fatigue life, for a given initial flaw size.

approx

The interpolation code updated the initial flaw size to C in the FASTRANC-II input file and

approx
automatically executed FASTRAN-II. Once the execution was complete the predicted fatigue

life, N or (c was obtained from the FASTRAN-II output file. N;,q; (Cappmx) was then

approx )

met the convergence criteria, then c was the

approx

compared to N value. If NFAST(Capprox)

equivalent initial size; otherwise the procedure was iterated until N,q; (Cappmx) met the required

convergence criteria. Figure 5.1 illustrates the iterative procedure involved in the calculation of
initial flaw size. For each (N,S,_ ) pair an equivalent initial flaw size was calculated for the
assumed corner crack configuration and another equivalent flaw size was calculated for the
assumed surface crack configuration. Appendix B contains a listing of the FORTRAN 90

program used for calculating the equivalent initial flaw size for the K, =5 specimen.
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Start

Enter
CU’ cL

<&
<

A 4

Set Cappmx = (CU —~ CL IN — NFAST (CL )]+
N FAST (CU )_ N FAST (CL )

Update c,,,,., in FASTRAN-II input file

C

Execute FASTRAN-II
Read N,,q(C,,,...) from FASTRAN-II input file

If
No
NFAST(Cappmx) <N
Yes
A 4
Set Set
CL = approx CU = Cappmx

N FAST (Capprox )E N

Print
c

approx

Figure 5.1 Flow chart depicting the iterative procedure involved in the calculation
of equivalent initial flaw size
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5.3  Parameter Relations
Figures 5.2 to 5.6, depict values of equivalent initial flaw sizes calculated from

experimentally measured fatigue lives replicated at each S_, level for the smooth unnotched
specimen, the open-hole specimen and the K, =5 specimen. Two sets of equivalent initial flaw
sizes have been reported at each S, level; one set calculated using the corner crack

assumption, C and another set calculated using the surface crack assumption, ¢

0,corner 0,surface *

Figures 5.2 through 5.6 contain plots of equivalent initial flaw size, C,, as a function of

the level of maximum stress at failure, S for the smooth unnotched, open-hole and K, =5

specimens for the various mean stress levels of the experimental S — N data. It can be seen from

the smooth unnotched specimen case of Figure 5.2 at a mean stress, S of 144.790 MPa, the

mean ?

equivalent initial flaw sizes range from 23.9 to 48.2 um for the corner crack assumption and

from 26.3 to 59.0 um for the surface crack assumption.
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Figure 5.3 The relationship of ¢, as a function of the S__ for the open-hole
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Figure 5.6 The relationship of c, as a function of the S
specimens with a S of41.369 MPa

mean

for the K, =5

max

The data of Figure 5.3, associated with the open-hole specimens, indicates that for the
case of a mean stress of 20.684 MPa, the equivalent initial flaw sizes fell in a range between

24.5 to 82.1 um for the corner crack assumption and from 21.3 to 68.4 um for the surface crack

assumption. Whereas, for the S of 41.369 MPa data of Figure 5.4, the flaw sizes ranged

mean

between 19.9 to 53.4 um for the assumption of an initial corner crack and from 17.0 to 49.3 um
for the surface crack assumption.
The computed equivalent initial flaw size data presented in Figure 5.5 fell in a range

between 15.8 to 188.2 um for the K, =5 specimen, atan S__ of 20.684 MPa for an assumed

mean

initial corner crack and from 11.5 to 98.9 um for an assumed initial surface crack. Whereas, the

data contained in Figure 5.6 for an S of 41.369 MPa the equivalent initial flaw sizes ranged

mean
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between 8.9 to 99.8 um for the corner crack assumption and from 6.3 to 47.7 um for the surface

crack assumption.
Neither the smooth unnotched specimens nor the open-hole specimens exhibited a great
deal of variability in the predicted equivalent initial flaw sizes as a function of the maximum

stress. However, the K, =5 specimens showed pronounced variability in the flaw sizes over the

range of maximum stresses, especially at the higher maximum stress levels.

With the exception of the smooth unnotched specimens, the equivalent initial flaw sizes
calculated from a corner crack assumption were greater than the equivalent initial flaw sizes
calculated from a surface crack assumption. The equivalent initial flaw sizes did not appear to
conform to any particular pattern when they were plotted relative to the maximum stress at
failure.

The objective in this phase of the study was to investigate how the equivalent initial flaw

size mean, (C, or C

0,corner

) and the equivalent initial flaw size standard deviation, (S or

0,surface corner

) vary in relation with the S values. The first step of the investigation was to determine

S surface X

the equivalent initial flaw size mean and standard deviation respectively.

The equivalent initial flaw size mean, C,

0,corner or surface *

ateach S__ is defined by

X

n
(CO,comer or surface )i

i=1

c = (5.3)

0,corner or surface n

| is the i™ corner or surface assumed equivalent initial flaw size at each

0,corner or surface )|

where (C
S,.. level.

The equivalent initial flaw size standard deviation, S at each S _, is defined

corner or surface ? X

by the following:
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: 2
z [(CO,comer or surface )i - CO,comer or surface ]
_ i=1

corner or surface

S

— (5.4)

Once the equivalent initial flaw size mean and standard deviation values at each S_, was

determined, the next step was to investigate the relationship of C, with respect to S_  and the

X

relationship of s with respect to S, for smooth unnotched, open-hole, and K, =5 specimens
for both assumed initial crack configurations. Figure 5.7 contains a compilation of plots of C, as
a function of S for both the assumed flaw types for all three specimen types. Figure 5.8

contains similar plots of S as a function of S also for both assumed flaw types and again for

all three types of specimens.
From Figure 5.7 the equivalent initial flaw size mean associated with the assumed corner

crack, C,

0,corner ?

for the smooth unnotched specimen type varied between 32.1 and 41.6 um while

the equivalent initial flaw size mean for the assumed surface crack, C, varied between 31.4

0,surface ?

and 47.3 um. The mean values of the initial flaw size for the open-hole specimen type, C

0,corner °

varied between 25.6 and 65.5 um for the corner crack assumption and the C values varied

0,surface

between 22.0 and 47.3 um for the assumed initial surface flaws. As for the K, =5 specimen,

the C,

0,corner

values varied between 11.2 and 114.5 um and the C .. values varied between 7.9
and 60.0 pm. It is evident by the data of Figure 5.7 that no clear relationship emerged for C, as

a function of S__ that was valid for all three specimen types.

max
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Figure 5.7 The relationship between C, and S, for smooth unnotched,

open-hole and K, =5 specimens
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Figure 5.8 The relationship between s and S_ for smooth unnotched,

open-hole and K, =5 specimens
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Similar to the C, case, the standard deviation of the initial flaw sizes presented in Figure
5.8 did not suggest any clear relationship betweens and S_, for the three specimen types. The

standard deviation values, S for the smooth unnotched specimen type for the assumed initial

corner

corner crack varied between 1.3 and 9.6 um while for the assumed surface crack the standard

deviation values, S varied between 2.1 and 12.6 um. The s for the open-hole

surface ? corner

specimens varied between 3.2 and 17.0 um, and the s values varied between 2.9 and 13.4

surface

um. The s values for the K, =5 specimen varied between 1.0 and 66.3 pm whereas the

corner

S values vary between 0.6 and 34.7 um.

surface

Since neither C, nor the s data presented in Figure 5.7 and 5.8 indicated a clear

relationship with S it was necessary to transform the dependent variables C, and S into

X

variables that could exhibit a distinct pattern with respect to S . This variable transformation

approach was neither a required nor a standard procedure; it merely simplified some of the
process involved in establishing the statistical relation through multiple regression analyses.
Because of the complex relations that sometimes exist between independent, or regressor
variables, and the response variables; finding a good relation between these variables can be
tedious and involved. Some of these complexities can be simplified by introducing the variable
transformation approach.

After considerable trial and error examinations of various combination of variables, a set

of transformation equations were introduced for C, and s. The new transformed variables were

called the equivalent mean, C,", and equivalent standard deviation, $*.
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The equivalent initial flaw size equivalent mean, C, at each S_, level was

0,corner or surface °

defined by

= - Iog(CO corner or surface )

C()e,?:orner orsurface é (5 5)

max
and the equivalent initial flaw size equivalent standard deviation, s;; . —ateach S , level
was defined by
: ~109(Smrorsuce)
SC(l;ll‘neI‘ or surface = éomer S (5 '6)

max

Figures 5.9 and 5.10 depict C,* as a function of S, and s* as a function of S __

respectively for smooth unnotched, open-hole specimens, and K, =5 specimens for both
assumed initial crack configurations.

From the plotted values of Figure 5.9 the equivalent mean, C;* values for the smooth
unnotched specimen type varied between 0.013 and 0.021 for both assumed initial flaw types.
The equivalent mean values for the open-hole specimen type varied between 0.036 and 0.059 for

both assumed initial flaw sizes. As for the K, =5 specimen, the equivalent mean values for the

corner crack configuration, C,?  varied between 0.064 and 0.092 whereas for the surface crack

0,corner

configuration C,! varied between 0.068 and 0.094. From observation of Figure 5.9 it is clear

0,surface
that C,* is inversely proportional to S __ for both crack configurations as it must be from

equation (5.5). The equivalent mean values for the assumed corner and surface were almost

identical for both the smooth unnotched and open-hole specimen types. Another interesting

observation from Figure 5.9 is that the C;* values for each specimen type occupied a specific

range that did not overlap the ranges of the other specimen types.
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Similar observations apply to the plotted values of $* in Figure 5.10. For the smooth
unnotched specimen the equivalent standard deviation, $*, values ranged between 0.014 and
0.028 for both assumed initial flaw types. In the case of the open-hole specimen the $* values

varied between 0.042 and 0.068 for both assumed initial flaw types. As for the K, =5

specimen, the S;i  values ranged between 0.069 and 0.116 whereas the S_.. = values varied

corner surface

between 0.073 and 0.118. As seen in equation (5.6), s varied inversely proportional to S_

for both crack configurations. Similar to the equivalent mean case, the equivalent standard

deviation values for the assumed corner and surface were almost identical for both the smooth

unnotched and open-hole specimens. Also the s values for each specimen type seemed to

occupy specific range according to specimen types and with no overlap amongst each other.

Having established a pattern of behavior for both the C;° and s* relative to S

multiple regression analyses could be performed to determine a statistical relation between

specimen and crack geometry and the parameters associated with the applied load.

5.4  Multiple Regression Analyses

The effects of K,,, W, S and S on C;* and s* were investigated in this part of

mean ? X

tg 2
the study for both initial crack configurations. Multiple regression analyses, similar to those of
Reference [55-56], were performed using the STATGRAPHICS Plus software [57] in order to

find the following relations:

o =f(S_ .S K_,W) (5.7)

0,corner or surface max > =~ mean 2 tg2 " 'n

S K, ,w

mean tg 2 n)

s

corner or surface = f (S (5 . 8)

max ?
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The remainder of this section is devoted to the detailed explanation of the multiple
regression approach useful for this investigation. Consider a single dependent variable, or

response, Y, that depends on K independent variables, or regressor variables, X,, X,, ..., X,.

The relationship between the response and the regressor variables is characterized by a
mathematical relationship called a multiple regression model. The term “multiple” denotes that
there is more than one regressor variable. The type of regression model used in this study is
called the generalized linear model also referred to as the multiple linear regression model. In
the generalized linear model, the response variable is always a linear function of the regressor
variables.

Consider the following multiple linear regression model that describes the relationship

with two regressor variables ( X, and X, ). The model takes the form

y =B +BX +B,X, +¢ (5.9)
The parameters B,, B,, and 3, are called the regression coefficients and ¢ is the random error.
A basic assumption associated with the model is that for a set of observations, (V;, X5, X))
the mean value of y evaluated at given values of X, and X, traces a plane in the 3-D X,, X,, and
y space and that the given set of data points deviate about this plane of means by a random
amount equal to ¢, the random error. The parameter 3, defines the intercept of the plane with
the y-axis. The parameters 3, and 3, are sometimes called the partial regression coefficients,
because 3, represents the expected change in y per unit change in X;, when X, is held constant;
and, B, represents the expected change in y per unit change in X,, when X, is held constant. If

one assumes that the mean values of y deviate above and below the plane (positive deviations,
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and negative deviations), and with the expected value of ¢, E(e) = 0, then the expected value of
Yy, E(y) is given by

E(y)=E(@, +B,X +B,X, +¢)
Let § be defined to be an estimator of the mean value of vy, E(y), and a predictor of some

future value of vy, then,

y:Bo+B1X1+Bzxz (5.10)
where BO, ﬁl and Bz are estimators of ,, B, and 3, and X,, and X, are regressor variables. In

deriving equation (5.10) it is assumed that the random error, €, is to have a normal distribution

with mean zero and a constant variance. Using a set of observed response data, Y, at specific

pairs of X, and X,;, observed regressor data, the corresponding estimates of [30, [31 and [32 of

the regression parameters can be determined using a minimization technique known as the least
squares method. Note that the parameter estimates are not unique since they are functions of the
particular set of experimental observations.

In general, the response variable y may be related to k regressor variables. For
example, the model
9 =By +B% +BX, +- 4B X, (5.11)
is called a multiple linear regression model with K regressor variables.

Models those are more complex than equation (5.10) may often be analyzed by multiple

linear regression techniques. For example, consider adding an additional interaction term,

[31 , X, X, to the first-order model in two variables, equation (5.10), such that
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Y =Bo+BiX +BrX, + B XX, (5.12)
Define a new parameter X, such that X, = XX, and [33 = f&lz , then equation (5.12) can be written

as

9:[§0+BIX1+BZX2+[§3X3 (5.13)
which is a standard multiple linear regression model with three regressor variables.
As another example, consider the second-order response surface model in two variables
with the following form:
9=B0+[§)1X1+[§)2X2+[§)”X12+B22X22+B12X1X2 (5.14)
Again, define new parameters X, = X2, X, = X2, X, =X,X,, B; =PB,;» Bs =Py, and B, =P,

then this becomes

J =Py +PBX +B,X, +Byxs + P, x, +Bxs (5.15)

which is a linear regression model with five regressor variables.
Multiple regression analyses can be time consuming and tedious. In this study the
regression analyses were performed wusing the commercially available software,
STATGRAPHICS Plus. Using the geometric and loading condition data for the smooth

unnotched specimen, the open-hole specimen, and the K, =5 specimen the following relations

were obtained with STATGRAPHICS Plus for the estimated equivalent mean, ¢, and the

0 »°

estimated equivalent standard deviation, §°:

Gt = 0.000453704 +8.795028 1745 LOSK 002 _ 5310265 2w (5.16)
§59 . =—0.000668527 +10.2976S 1465 1239 0108 (5.17)

for an assumed initial corner crack, and
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A

Ce% e = 0.000200679 +7.45709S 27§10 K 0060 _ 5 494335057500 (5.18)
859 o =—0.000352877 + 8.805265 (1365 1210 0050 (5.19)

for an assumed initial surface crack. Each statistical relation was obtained using twenty sets of
data, that is n=20.

Each equivalent mean response variable for both assumed crack cases expressed in
equations (5.16) and (5.18) was a function of two regressor variables, while each equivalent
standard deviation response variable expressed in equations (5.17) and (5.19) was a function of
only one regressor variable. As illustrated in equations (5.16) to (5.19), the regressor variables
are complicated combinations of geometric and loading parameters. The regressor variables
were obtained by experimenting with various combinations of geometric and loading parameters.

Before we accepted the validity of these statistical relations it was important that we
conduct some tests on the multiple regression models in order to be certain that the models were
feasible and valid. The most common verification procedures are residual analysis and
hypothesis testing. Appendix C contains multiple regression analysis and analysis of variance
report for equations (5.16) through (5.19) obtained from STATGRAPHICS Plus which was
useful for the verification procedures. Some of the fundamental concepts of the verification

process will be detailed in the next few paragraphs.

5.5  Residual Analysis of Regression Models
An assumption associated with multiple regression analyses is that the experimental
random errors are uncorrelated and have a normal distribution with zero mean and a constant

variance. Another implicit assumption is that the chosen multiple regression model must be
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capable of representing the parameters of interest. Therefore, these assumptions must be verified
in order to have confidence in the empirical modeling approach.

The average of the response variable, Yy is defined by the expression

z Yi
=

n

V= (5.20)

where n is the total number of observations (20 in this study) and y, is the observed or

measured response data. The total sum of squares, SS,_,, is the summation of the squares of the

total »

differences of the observed response and the average value of the observed response, thus
SS i = 2. (Vi = V)’ (5.21)

The difference between the predicted variable, ¥,, and the average of the response value, Y,

may be used to quantify the variation of the regression model. The sum of the squares of these

differences is termed the regression sum of squares, defined by

SSregression = Z(yl - 7)2 (522)
i=1

1
It can be shown that

SS, =SS +SS (5.23)

total regression error

where SS__  is referred to as the error sum of squares, and is defined by the expression

error

(5.24)

error

wn
w
Il
M-
—~~
=
|
<
N—"
[\S]

i=1
Consequently it is clear from equation (5.23) that the total variation due to the difference
between the observed response and predicted variable has a contribution from the regression

model and a contribution from the residual error.
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The total deviation of the n observations from the average value must sum to zero, hence

Z:(yi —)7)=0. This condition can be met by knowing only n—1 values of y and Y.

i=l

Therefore, in the determination of SS

o 1t 1S implied that only n -1 of the contributing (yi - )7)
elements are independent. Hence the total sum of squares is said to have n—1 degrees of

freedom because one degree of freedom was lost due to the calculation of y. In statistics, the

term “degree of freedom” is a measure of the number of independent items of information on
which the precision of a parameter estimate is based. The degree of freedom for an estimate
equals the number of observations minus the number of additional parameters estimated for that
calculation. As more parameters have to be estimated, the degrees of freedom available
decreases. The number of degrees of freedom can be thought of as the number of observations
which are freely available to vary, given the additional parameters estimated.

In evaluating the error sum of squares, SS a total of k +1 degrees of freedom are

error

lost, where k is number of regressor coefficients B,,f,,..., B, , therefore resulting in a model of
n—k—1 degrees of freedom. That is, one degree of freedom is lost in the estimation of each
model parameters ﬁo through ﬁk . These estimated model parameters are used in the calculation

of the error sum of squares, hence k degrees of freedom are lost in the calculation of the error
sum of squares. Since degrees of freedom are additive, the degrees of freedom associated with

the regression sum of squares, SS is k (degrees of freedom associated with SS_, minus

regression

the degrees of freedom associated with SS

error ) *

The mean sums of squares are defined by dividing each of the sum of squares by their

respective number of degrees of freedom. Therefore, the mean total sum of squares, MSS

total »
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mean regression sum of squares, MSS and mean error sum of squares, MSS___ can be

regressionl 2 error

expressed as

SS,..
MSStotal = n t_tll (525)
SSre ression
MSSregression = gT (526)
MSS, = Dermr (5.27)

A residual analysis is a procedure designed to check the assumption that model errors are
normally distributed with a constant variance. For this purpose, a normal probability plot of
residuals was constructed. A normal probability plot is used to investigate whether process data
exhibit a normal, or Gaussian, distribution. If the distribution is close to a normal distribution,
the plotted points will lie close to a straight line. Systematic deviations from the straight line
indicate a non-normal distribution.

The following steps were involved in the construction of a normal probability plot of

residuals. First the i" residual, e, was calculated from the following expression
& =Yi— 9i (5.28)
where Y, is the i™ observed response data and Y, is the corresponding predicted value obtained

from the regression model. Expanding equation (5.28) for a multiple regression model with k

regressor coefficients leads to

€ =Y— [Bo + lel(i) + Bzxz(i) Tt kak(i) (5.29)
where Xy, Xy(i)s---s Xi(i) are the i™ observed regressor data corresponding to y;. The second

step was to list the data set of residuals in an ascending order. The newly ordered data is
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commonly termed as “ranked data”. The tail area of the z -distribution (standard normal
distribution) corresponding to each ranked i" residual data, A, was determined from the

following expression

i—0.375
= 5.30
A n+0.250 ( )

where n is total number of observations or sample size. The expected value of the i" residual

data, E(g,) is

E(ei )= V MSScrror [P(Z < Al )] (531)
where P(Z < Ai) is the probability of z being less than or equal to A, where z is a random

variable that has a standard normal distribution and MSS__  is the mean error sum of squares of

the residuals. Equations (5.30) and (5.31) were obtained from Reference [59]. The normal
probability plot was constructed by plotting the ranked residual, €;, on the vertical axis and the
corresponding expected residual, E(ei ) on the horizontal axis.

Figures 5.11 to 5.14 contain the normal probability plots of the residuals for equivalent
mean and equivalent standard deviation of this study. In each case the plotted data points track
the trend line relatively well thus validating the normality condition of the error. The slope and

y -intercept of the trend line were obtained from linear regression analysis; by regressing the

ranked residuals, e, on the corresponding expected residuals, E(e).
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The notion of a constant variance of the distribution can be verified by constructing a plot

of studentized residual, e as a function of the estimated response value, §. The variance

studentized °

of the i™ residual, V (g, ), is a function of the observed regressor data and can be defined by
V(e)=MsS,..(1-h;) (5.32)
MSS____ is the mean error sum of squares for the residuals and h, (0<h, <1) is the i"

error

diagonal element of the square matrix, H , defined by the matrix expression

H = x~(xT : x)_1 X" (5.33)
where X is given by
LX) Xy Xt
co|! Xe Xz:(z> X1 (5.34)
LX) Xn) X(n)

where X;;) is the i™ observed regressor data for regressor variable X;. Equation (5.32) is

derived for a multiple regression model with k regressor coefficients. Residuals scaled using

the estimated variances given in equation (5.32) are referred to as the studentized residuals. The

i™ studentized residual, e can be calculated using the following relation

studentized(i)

i (5.35)

) ) \/Msserror (1 - hii )

e

studentized(i

All the relations expressed in equations (5.32) through (5.35) can be found in References [55]
and [59].

Figures 5.15 and 5.16 contain plots of studentized residuals as a function of the estimated
equivalent mean and estimated equivalent standard deviation for both of the assumed initial

crack configurations respectively. In both figures the data points are randomly scattered in a
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constant horizontal band and this is a good indication of constant error variance [60]. Plots that
depict increasing or decreasing trend (€.9. funnel shape) clearly indicate non constant variance.
All of the regression models of our study satisfy the error normality and the constant variance

condition.
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5.6  Hypothesis Testing of Regression Model Parameters

Analyses of the variance of linear multiple regression models are usually presented along
with hypothesis testing [56]. Hypothesis testing is a statistical procedure to determine the
probability that a given hypothesis is true. The following two kinds of hypotheses testing were
considered in this study and they are discussed in this section: a) test for significance of
regression and b) test of individual regression coefficients.

Recall that the regression model developed in Section 5.4 was the generalized linear
model, called the multiple linear regression model. The response variable in this model is a

linear function of the regressor variables. Equation (5.11) (rewritten for convenience)

A

y:ﬁ0+B1X1+B2X2+'”+Bka (5.11)
is a general multiple linear regression model with k regressor variables. The goal of the test for
significance of regression is to determine if a statistically significant linear relationship exists
between the response variable, Yy, and a subset of the regressor variables, X, X,,..., X, for the
model of equation (5.11). A statistical result is called significant if it is unlikely to have occurred
by chance. A statistically significant difference means that there is statistical evidence that there
is a difference; it does not mean the difference is necessarily large, important, or significant in

the usual sense of the word. The null hypothesis, H,, that all of the regressor coefficients equal
to zero can be expressed as

H,:B,=B,=...=B, =0 (5.36)
while the alternate hypothesis, H,, that at least one of the regressor coefficients does not equal

to zero expressed as

H, :B; # 0 for at least one i (5.37)
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If the results of the appropriate decision-making procedures lead to the conclusion that

the null hypothesis, H,, should be accepted then this would imply that none of the regressor
variables, X,, X,,..., X, contribute significantly to the model of equation (5.11). Conversely if
the results of the decision-making procedures leads one to reject the H,, then this would imply
that at least one of the model terms involving the regressor variables X,, X,,..., X, contributes

significantly to the estimated parameter, ¥ .
It was shown in Reference [58] that if the null hypothesis is true, then the mean

regression sum of squares, MSS is distributed as a y’-distribution (chi-square

regression ?
distribution) with k degrees of freedom. Recall that k is the number of regressor variables in
the model. Similarly, it can also be shown that the MSS__ has 7’ -distribution with n—k —1

error

degrees of freedom, where n is total number of observations (or sample size). The test

procedure for the null hypothesis is to compute the test statistic, F,, defined by the following

expression
F MSSregression (5 38)
’ - MSSCH‘O[’ .
where MSS, .. and MSS_  are given in equations (5.26) and (5.27) respectively. The null

hypothesis, H, is rejected if
Fo > Foni (5.39)
where F,, .., is a random variable that has an F -distribution with level of significance of o

and k and n—k —1 are the numerator and denominator degrees of freedom respectively. The
F -distribution is a continuous probability distribution and is identified by three parameters:

level of significance, numerator degrees of freedom, and denominator degrees of freedom. The
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level of significance is the probability that the null hypothesis will be rejected in error (assuming
null hypothesis is true); a decision known as a Type I error [55-56]. The greater the level of
significance, o, the higher the probability of rejecting a true null hypothesis.

It is customary to report the observed level of significance, also called P -value of the test
[55-56] rather than reporting the level of significance of a statistical test. The P -value, in
actuality is the smallest level of significance, o, that would lead to rejecting the null hypothesis.
Having the smallest possible P -value would suggest the highest confidence in the rejection of
the null hypothesis if it is not true. Many researchers prefer to make use of P -values when
publishing the results of a statistical test of hypothesis. Instead of selecting a level of
significance, o, a priori and conducting a test as outlined in the previous paragraph, the
researcher may compute the value of the appropriate test statistic and its associated P -value and
leave to the reader of the report to judge the significance of the result. That is the reader must
determine whether to reject the null hypothesis in favor of the alternative hypothesis, based on
the reported P -value. Usually the null hypothesis will be rejected if the observed level of
significance, P -value, is less than a fixed level of significance, . That is in mathematical
terms,

If (P - value < a) Then REJECT H,, (5.40)

The P -value associated with the test statistic, of F; is
P -value = P(F, , ., > F,) (5.41)
where P(Fk’n_k_1 > FO) is the probability of F _ _,_, being greater than F;, where F  _,  is a

random variable that has an F -distribution with k numerator degrees of freedom and n—k —1

denominator degrees of freedom.
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The second type of hypothesis testing considered was a test of individual regression
coefficients. Testing the significance of the individual model parameters is useful in determining
the contribution of each term to the overall response. For instance, by including additional
variables or even deleting one or more variables the model effectiveness can be enhanced. In
general, the addition of a variable to the regression model will always cause the regression sum
of squares, SS

to increase and the error sum of squares, SS__ to decrease. The analyst

regression error

must decide whether the increase in the regression sum of squares is sufficient to justify the
addition of the variable. Moreover, the addition of an insignificant variable could actually

increase the mean square error, thereby rendering the model less effective.
Consider the i" regression coefficient, B,, of the model of equation (5.11), with, the

associated null and alternative hypotheses,

H,:B,=0 (5.42)
and

H, :B, %0 (5.43)
This form of hypothesis testing must be carried out for each of the regression coefficients in the
model, hence for the model represented by equation (5.11) the testing must be conducted for

each regression coefficients f3,, B,,...,B,. If the results of the decision-making procedures
leads one to accept the null hypothesis, H,, then this would imply that regressor variable, X;,
does not contribute significantly to the model of equation (5.11). Hence, regressor variable X,

can be deleted from the model with no penalty. Conversely if the results of the decision-making

procedures leads one to reject the null hypothesis, H,, then this would imply that X, contributes
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significantly to the estimated variable, §. The test statistic for the i" regression coefficient, t,,

is given by the following expression

t, = (5.44)

from Reference [55] and [59]. In this equation C, is the i" diagonal element of the square

matrix, (XT . X)_l corresponding to ﬁi, where X is as defined in equation (5.34), and 6° is the

estimated variance and is defined by the expression

62 — Sserror (545)
n—k

where SS_ = is the error sum of squares given in equation (5.24), n is the total number of
observations, and K is the number of regressor variables. The null hypothesis, H,, is rejected if

[to] > tynnaics (5.46)
where t,,, . is the value of a t-distribution with level of significance of a/2 and n—k -1
degrees of freedom. The P -value associated with test statistic t, is

P - value = 2P(t, ., > t,) (5.47)

where P(tnfkf1 > |t0|) is the probability of t, _, , being greater than |t0

, where t,_, | is a random

variable that has a t-distribution with n—k —1 degrees of freedom.

The multiple regression report from the STATGRAPHICS Plus software includes two
other parameter values called multiple coefficient of determination, R, and adjusted multiple
coefficient of determination, Razdj. The parameter R® is a measure of the reduction in the

variability of the response variable as a consequence of using each of the regressor variables in

the model. It is defined by the expression
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$S
R? = |- —oemr 5.48
5S (5.48)

total

where SS_ . is given in equation (5.24) and SS,, is given in equation (5.21). However, a large

value of R? does not necessarily imply that the regression model is good, since adding a variable
to the model will always increase R*, regardless of whether the additional variable is statistically

significant or not. Thus, it is possible for models with large values of R* to yield poor

predictions of new observations, or estimates of the mean response.

2 . .
Because R” always increases as terms are added to the model, some regression model

2

builders prefer to use an adjusted multiple coefticient of determination, Razdj . In general, the R,

statistic will not always increase as variables are added to the model. Rjdj is defined as

R2 :1_ n_l

i m(l -R?) (5.49)

where N is the sample size, k is the number of regressor variables and R* is given in equation

2

. Will often decrease, thus if

(5.48). If unnecessary terms are added to the model, the value of R

the R* and Razclj values of a model differ dramatically, there is a good chance that nonsignificant

terms have been included.

The multiple regression analysis and analysis of variance reports (ANOVA) for each of
the regression equations (5.16) through (5.19) are presented in Appendix C. Both of these
reports are made available by the STATGRAPHICS Plus software. The multiple regression
analysis report presented the estimated coefficient, Bi , the test statistic, t,, as defined in equation

(5.44) and the P -value associated with t, as defined in equation (5.47) for each regressor

variable. The analysis of variance report presented the regression sum of squares, SS the

regression 2
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error sum of squares, SS the total sum of squares, SS their associated degrees of

error total >

freedom, the mean regression sum of squares, MSS the mean error sum of squares,

regression >

MSS the test statistic, F,, as defined in equation (5.38), the P -value associated with F; as

defined in equation (5.41), multiple coefficient of determination, R, and adjusted multiple
coefficient of determination, Rfdj . Table 5.1 contains some of the key information obtained from
the multiple regression analysis report and the analysis of variance report. The first column
represents the estimated variables of the regression. The second column contains P -values
associated with test statistic, F, while the third and fourth columns contain P -values associated
with statistic t, for each regressor variable X, and X, respectively. Each of equivalent standard
deviation regression equation has one regressor variable while the equivalent mean regression
equations have two regressor variables each. Columns five and six contain values of the R* and
RZ, .

In many engineering applications a level of significance of a =0.05 is desirable. If the
observed level of significance, P -value, is less than the chosen level of significance, o, then

there is sufficient confidence to reject the null hypothesis, H,. From column two of Table 5.1,
all P -values associated with the test statistic, F,, were less than an o value of 0.05. This
implies that at least one of the model terms involving (X, or X,) for the equivalent mean
equations and ( X, ) for the equivalent standard deviation equations contributes significantly to the

estimated parameter. Based on columns three and four of Table 5.1 all of the P -values

associated with the test statistic, t,, were also less than an a value of 0.05. This implies that

each regressor variable contributed significantly to the estimated parameter. Again note that no
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P -values were listed for the regressor variable X, for either §° term since neither is a function
of that regressor variable. The R* and Razdj values in columns five and six of the models are
large (well above 95%) and differ very slightly which is good indication that only significant

terms were included in all regression models. All of the regression models of this study satisfied

the hypotheses tests.
Table 5.1

Key parameters multiple regression analysis and analysis of variance reports

g P -value P -value P -value R? R azd_
(Model) (X)) (X,) i
L(i‘iomer 0.0000 0.0003 0.0349 99.3666% 99.2921%
S 0.0000 0.0000 — 97.8302% 97.7096%
ioe,cslurface 0.0000 0.0002 0.0347 99.6669% 99.6277%
S e 0.0000 0.0000 — 98.1982% 98.0981%

5.7 Estimated Values

Now that the statistical models have been established, the estimated mean and standard

deviation values of equivalent initial flaw sizes for the K, =3 and K, =4 specimens can be

calculated. Rearranging the terms of equation (5.5), the estimated mean equations for both

assumed initial crack configuration can be expressed as

A

(5.50)

0,corner or surface )

= antilog(— S,..co

0,corner or surface

is given in equation (5.16) and € is given in equation (5.18). Likewise,

0,surface

where €0

0,corner
rearranging terms of equation (5.6) the estimated standard deviation equations for both assumed

initial crack configuration can be expressed as

97



= antilog(— S, S )

S max v corner or surface (5 * 5 1 )

corner or surface

where §%

corner

is given in equation (5.17) and $%!

surface

is given in equation (5.19). By substituting

the set of S S K., and w, values the estimated mean and standard deviation of the

mean max tg 2

equivalent initial flaw sizes were obtained. Tables 5.2 and 5.3 contain summaries of these values

for the K, =3 and K, =4 specimen respectively. The sets of S S K.,and w_ values

mean ? max ? tg?

were chosen for which experimental tested data was available. Columns one and two of Tables

5.2 and 5.3 contain S

mean

and S_, values of the loading respectively. Column three and four

contain the estimated mean and estimated standard deviation values of the equivalent initial flaw
size for the assumed corner crack configuration. Similarly, columns five and six contain the
estimated mean and estimated standard deviation values for the assumed surface crack
configuration.

Table 5.2

Equivalent initial flaw size estimated mean and estimated standard deviation for
K, =3 specimen (K,, =5.165,w, =3.0480x10” m)

(Units for S, and S, are MPa)

S an S Cocomer Scomer Cosric Seome
20.684 68.948 7.17558E-05 | 1.46654E-05 | 5.10609E-05 | 9.77627E-06
20.684 48.263 4.46498E-05 | 5.22688E-06 | 3.66314E-05 | 3.90235E-06
41.369 96.527 3.77582E-05 | 1.20853E-05 | 2.71166E-05 | 7.57950E-06
41.369 62.053 2.07761E-05 | 3.19381E-06 | 1.78239E-05 | 2.32452E-06
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Table 5.3

Equivalent initial flaw size estimated mean and estimated standard deviation for

K, =4 specimen (K, =7.013,w, =3.0480x10* m)

(Units for S_,,, and S, are MPa)

S mean S Cocomer Scormer Cosurtuce Scomer
20.684 62.053 5.35515E-05 | 1.58435E-05 | 3.19266E-05 | 8.97895E-06
20.684 37.921 2.74221E-05 | 3.79277E-06 | 1.99811E-05 | 2.46855E-06
20.684 32.061 2.16976E-05 | 2.24940E-06 | 1.69942E-05 | 1.54409E-06
41.369 75.842 2.32944E-05 | 8.79670E-06 | 1.46641E-05 | 4.86260E-06
41.369 55.158 1.49801E-05 | 3.36256E-06 | 1.07575E-05 | 2.04292E-06
41.369 51.711 1.36762E-05 | 2.74608E-06 | 1.00969E-05 | 1.70267E-06

5.8  Monte Carlo Simulation

Monte Carlo simulation uses statistics to model a process and then estimate the likelihood
of possible outcomes. It is widely used for simulating the behavior of various physical and
mathematical systems. A set of random numbers is used iteratively as input to a deterministic
model to create a set of output. Using a set of random input transforms the deterministic model
into a stochastic model. Because of the repetition of algorithms and the large number of
calculations involved, Monte Carlo simulation is suited to calculation using a computer.

Essentially, the application of the Monte Carlo method in the determination of estimated
fatigue lives might be described in the following manner. With the estimated mean and standard
deviation of the equivalent initial flaw size given in Tables 5.2 and 5.3, a set of random initial

flaw sizes were generated from a normal distribution. These random initial flaw sizes were then

used as input to FASTRAN-II code to generate estimated fatigue lives. The STATGRAPHICS
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Plus software was used to generate a set of random numbers from the normal distribution. A
total of 75 random initial flaw sizes were generated for each case stress level case.
Before we proceed further it is essential to prove that the equivalent initial flaw sizes at

each S level are normally distributed or approximately normally distributed for the smooth
unnotched, open-hole, and K, =5 specimens. The following steps were involved in the

construction of a normal probability plot for the equivalent initial flaw size, C First

0,corner or surface *

at each S_, was ranked in the ascending

0,corner or surface )i

the i™ equivalent initial flaw size, (c

X

order. Then the tail area of the z -distribution (standard normal distribution) corresponding to

each ranked i" residual data, A, was determined from equation (5.30). Here n is total number
of equivalent initial flaw sizes at each S___level. The expected value of the i™ equivalent initial

flaw size at each S level, E(c )i 1s expressed as

0,corner or surface

E(CO,corner or surface )| = Scorner or surface [P(Z S Al )] (5'52)

where P(Z < Ai) is the probability of z being less than or equal to A, where z is a random

variable that has a standard normal distribution and S is the equivalent initial flaw size

corner or surface

standard deviation and is defined in equation (5.4). The normal probability plot was constructed

on the

0,corner or surface )i s

by plotting the ranked equivalent initial flaw size at each S__ level, (C

max

vertical axis and the corresponding expected equivalent initial flaw size, E(Coﬁcorm,,mrsurface ) at the

I
same stress level on the horizontal axis.
Figures 5.17 to 5.21 contain the equivalent initial flaw size normal probability plots for a

few selected cases for the smooth unnotched, open-hole and K, =5 specimens. Each figure

contains the probability plot for both assumed crack configuration types. In each case the plotted
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data points track the trend line relatively well thus validating the normality condition for the

distribution of equivalent initial flaw size. The slope and Y -intercept of the trend line were

obtained from linear regression analysis; by regressing the ranked equivalent initial flaw size,

(Cmcommr surface ) , on the corresponding expected equivalent initial flaw size, E(C

[oN
(e

Co (Lm)
T
SH3Eh

(98]
(9]

0,corner or surface ) *

Je Corner crack assumption o
Jo Surface crack assumption - =
— P -0 O
: o W
. > —"0 o
' I ' I ' I ' I ' I ' I
-12 -8 -4 0 4 8 12
E(Co) (um)

Figure 5.17 c, normal probability plot for the smooth unnotched specimen

Co (nm)
—_ N W B W
oSS S S

(S,.. of 144.684 MPa and S__ of210.290 MPa)

mean

Je Corner crack assumption
0 Surface crack assumption
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-12 -8 -4 0 4 8 12
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Figure 5.18 c, normal probability plot for the open-hole specimen

(S, 0f20.684 MPa and S__ of 124.106 MPa)

mean
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Figure 5.19 ¢, normal probability plot for open-hole specimen

(S,.. of41.369 MPa and S__ of79.290 MPa)

mean
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Figure 5.20 c, normal probability plot for the K, =5 specimen

(S, 0f20.684 MPa and S__ of32.750 MPa)

mean

16 e Corner crack assumption
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Figure 5.21 c, normal probability plot for the K, =5 specimen

(S, of41.369 MPa and S__ of 62.053 MPa)

mean
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The resulting estimated fatigue lives are provided in Appendix D for the K, =3 and
K, =4 specimens. For some of the K, =4 specimens, when the randomly generated initial

flaw sizes were small, the FASTRAN-II calculated crack growths were negligible and the
corresponding lives exceeded 10 million cycles. In such cases the simulation was halted and the
expected life data was not recorded for that particular initial flaw size. However, for the

particular case of S of 41.368 MPa and S, of 51.711 MPa, FASTRAN-II calculated

mean X

negligible crack growth for all initial flaw sizes of the distributions for both assumed crack

configurations.
. . . T MC .

The estimated fatigue life mean, N~ . ateach S __ was defined by the expression

n

MC
(N corner or surface )i

N7 MC _ =l
N corner or surface n MC (5 53)
where (N M o surface)i is the i" estimated fatigue life using either corner or surface assumed

equivalent initial flaw size at each S__ level and n¢ is the sample size or total number of

estimated fatigue lives in each S level. The estimated fatigue life standard deviation,

X

MC
N ,corner or surface ?

at each S__ was defined by the following expression

n
corner or surface /i corner or surface
i=1

MC_l

MC _
N ,corner or surface

(5.54)

In probability and statistics, the standard deviation is usually expressed in dimensionless form
known as the coefficient of variation. The coefficient of variation is a measure of dispersion of a
probability distribution and is defined as the ratio of the standard deviation to the mean. The

estimated fatigue life coefficient of variation is expressed as
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MC
MC __ T N,corner or surface
v,corner or surface R MC (5 . 5 5)
corner or surface

Tables 5.4 and 5.5 contain the means and coefficient of variations for the estimated

fatigue life determined with the Monte Carlo simulation for the K, =3 and the K, =4

specimens. Columns one and two of the tables contain S and S, values of the loading,

columns three, four, and five contain the number of computed values, the means, and the
coefficient of variations of the estimated fatigue life for the corner crack configuration, while
columns six, seven, and eight contain the number of computed values, the means, and the

coefficient of variations of the estimated fatigue life for the surface crack configuration. From

Tables 5.4 and 5.5 it can be seen that the estimated fatigue life obtained from the corner crack

assumption, NM¢

corner

is less than the estimated fatigue life obtained from the surface crack

N MC
surface *

assumption,

Table 5.4

Estimated fatigue life mean and coefficient of variation for K, =3 specimen
(Units for S, and S are MPa)

mean

S pean S s ne Nomer | Corcomer ne Noe | Gl
20.684 68.948 75 49215 0.0624 75 53525 0.0693
20.684 48.263 75 199121 0.0345 75 230718 0.0507
41.369 96.527 75 18125 0.2051 75 22921 0.2081
41.369 62.053 74 398763 0.5918 75 496311 0.6209
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Table 5.5

Estimated fatigue life mean and coefficient of variation for K, =4 specimen
(Units for S, and S are MPa)

mean

S e S nMc Nemer | Corcomer nMc Nomee | Comsuruce
20.684 | 62.053 75 42129 0.0894 75 43366 0.0950
20.684 | 37.921 75 347845 | 0.2615 74 413340 | 0.3551
20.684 | 32.061 46 2603838 | 0.4175 25 3184441 | 0.6059
41369 | 75.842 74 32866 0.2013 75 35173 0.2466
41369 | 55.158 42 750795 | 0.5076 19 1170348 | 0.2817
41369 | 51.711 — — — — — —

5.9 Hypothesis Testing of Simulation Results

Once estimated fatigue life means and standard deviations were obtained, they were
compared to the measured fatigue life means and standard deviations which were obtained
through experimental testing to evaluate the validity of the theoretical prediction. The
comparison was performed through statistical inference.

Inferential statistics comprises the use of statistics to make inferences concerning some
unknown aspect of a population. It is distinguished from descriptive statistics. A statistical
inference can be made in either of two ways—by estimating an unknown value of a parameter or
making a decision about a hypothesized value of the parameter. Confidence intervals and
hypothesis tests are related and can be used to make decisions about parameters. Before further

testing was evaluated the means and standard deviations were determined for the measured
fatigue life. The measured fatigue life mean, N, at each S__ was determined from the

X

following expression
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n

2N
N = i:ln (5.56)

where N, is the i" measured fatigue life obtained at each S__ level and n is the sample size.

The measured fatigue lives were presented in the S — N plots of in Section 2.2.

The measured fatigue life standard deviation, Sy, at each S_,

was defined by the

X

following expression

(5.57)

¢ =K (5.58)
v_ﬁ .

Tables 5.6 and 5.7 contain the mean and coefficient of variation values of the measured

fatigue life for the K, =3 and K, =4 specimen respectively. Columns one and two contain the

S,ean and S_ . values of the loading, column three is the number of specimens tested (or sample

mean
size), and columns four and five contain the means and standard deviations of the measured

fatigue life.
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Table 5.6

Measured fatigue life mean and coefficient of variation for K, =3 specimen
(Units for S, and S are MPa)

mean

S mean S ax n N C,
20.684 68.948 5 69435 0.1293
20.684 48.263 3 285749 0.1048
41.369 96.527 5 28827 0.0821
41.369 62.053 5 529815 0.4765

Table 5.7

Measured fatigue life mean and coefficient of variation for K, = 4 specimen

(Units for S_,,, and S, are MPa)

S ean S e n N c,
20.684 62.053 9 39572 0.1446
20.684 37.921 9 381294 0.1159
20.684 32.061 9 2686738 0.7540
41.369 75.842 9 36862 0.1499
41.369 55.158 9 462135 0.1403
41.369 51.711 9 3533902 0.7840

This section contains an explanation of the hypothesis testing of the simulation results.
Hypothesis tests were conducted for the mean and standard deviation of the estimated fatigue life

for both the K, =3 and K, =4 specimens at various stress levels.

The hypothesis test for comparing standard deviation values of the measured fatigue life
and estimated fatigue life at each maximum stress level must be stated in terms of the ratio of

two population variances. By definition the standard deviation is the square root variance. Let
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MC
corner or surface

o’ be the measured fatigue life population variance and (G )2 be the estimated fatigue

life population variance obtained from Monte Carlo simulation using either corner or surface
crack assumption. The hypothesis for the testing ratio of two population variances can be

expressed as

(e}
Hy: =1 (5.59)
0 (G Z[)Sner or surface )2
and
G2
H, eI (5.60)

R —
Gcorner or surface

The expressions above simply states that if the decision-making procedures lead to a conclusion

accepting the null hypothesis, H, then the variance of the measured fatigue life is equal to the

variance of the estimated fatigue life. Conversely if the decision-making procedures lead to the

rejection of the H,, then this would imply that the variance of the two populations is not equal.

The test statistic, F,, taken from Reference [56] at each S_, level is given by

(SN )2

2 MC 2
( MC )2 When (SN) > (Sﬁ,comeror surface)
SN ~
,corner or surface
F, = (5.61)
C.
N,COI‘HCI or surface MC 2 2
( )2 when (Sﬁ,comeror surface) > (Sﬁ)
SN
where s was defined in equation (5.57) and SN e Was defined by equation (5.54). The

assumptions made in equation (5.61) are that (1) both of the populations from which the samples

are selected have relative frequency distributions that are approximately normal and (2) the
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random samples are selected in an independent manner from the two populations. The null
hypothesis, H, is rejected if

F,>F (5.62)

0/2,v;,V,

where F is the value of the F -distribution with a level of significance of @/2 and v, and

a/2,vy,v, °
v, are the numerator and denominator degrees of freedom respectively. The P -value
associated with the test statistic, of F; is

P-value=2P(F, . >F)) (5.63)

where P(F > FO) is the probability of F,  ~being greater than F, where F, | is a random

variable that has an F -distribution with v, numerator degrees of freedom and v, denominator
degrees of freedom. The degrees of freedom associated with measured fatigue life is n—1, and

the degrees of freedom associated with estimated fatigue life is n™“ —1.
Tables 5.8 and 5.9 contain the P -values of the hypotheses test results for differences

between the measured population and the estimated population for the K, =3 and K, =4
specimens respectively. Column one contains the S, and column two contains the S__
values of the loading, while column three contains the P -values associated with F; for the

corner crack assumption and column four contains the P -values associated with F; for the

surface crack assumption.
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(Units for S

mean

Table 5.8

P -values for variance hypothesis test results for K, =3 specimen
and S are MPa)

S P -value P -value
mean ma FO,corner FO,surface
20.684 68.948 0.000 0.001
20.684 48.263 0.000 0.005
41.369 96.527 0.391 0.177
41.369 62.053 0.685 0.772
Table 5.9

P -values for variance hypothesis test results for K, =4 specimen
(Units for S

mean and S are MPa)
P -value P -value

mean max FO,comer FO,surface
20.684 62.053 0.226 0.135
20.684 37.921 0.197 0.001
20.684 32.061 0.007 0.792
41.369 75.842 0.614 0.172
41.369 55.158 0.000 0.000
41.369 51.711 — —

test for K, =3 specimens for an S

hypothesis was rejected for each case.

mean

In Table 5.8, the P -values associated with the variance (standard deviation) hypothesis

of 20.684 MPa and for both an S_,

48.362 MPa were all less than 0.05 for both assumed initial crack configurations, hence the null

Rejection of the null hypothesis indicates that the
measured fatigue life population variance was significantly different from the estimated fatigue

life population variance obtained with a Monte Carlo simulation. Conversely, for the case of an

of 68.948 and of



S of 41.369 MPa and an S_, of 96.527 and of 62.053 MPa the P -values for both

assumed initial cracks were greater than 0.05 therefore the null hypothesis was accepted for each
case indicating that the estimated fatigue life population variance was similar to the measured
fatigue life population variance.

The P -values associated with the variance hypothesis test for K, =4 specimens were

presented in Table 5.9. The null hypothesis was accepted for the fatigue loading of S of

mean

20.684 MPa and S, of 62.053 MPa for both assumed initial crack configurations since the

X

P -values of both cases were greater than 0.05. However, for the cases of S___ 0f20.684 MPa

mean

and S__ of 37.921 MPa the null hypothesis was accepted for the assumed initial corner crack

configuration and was rejected for the assumed initial surface crack configuration. In the third

case with an S 0of 20.684 MPa anda S___ of 32.061 MPa the null hypothesis was rejected

mean max

for the assumed corner crack configuration and accepted for the assumed surface crack

configuration. For the specimens subjected to a fatigue load of S, of 41.369 MPa and S__

mean

of 75.842 MPa the null hypothesis was accepted for both assumed initial crack configurations.

On the other hand the specimen loaded with an S of 41.369 MPa and an S_, of 55.158

mean X

MPa resulted in a P -value less than 0.05 which supported the rejection of the null hypothesis
for both assumed initial crack configurations. The population variance hypothesis test could not

be performed for the load case of S_. 0of41.369 MPa and S__ of 51.711 MPa because the

mean X

FASTRAN-II output exceeded more than 10 million cycles.
The hypothesis test for comparing mean values of the measured fatigue life and estimated

fatigue life at each maximum stress level must be stated in terms of population parameters. Let

MC
corner or surface

u be the measured fatigue life population mean and p be the estimated fatigue life
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population mean obtained from Monte Carlo simulation using either corner or surface crack

assumption. The hypothesis for testing differences between two populations is expressed as

Hy (0= 1Y e )= 0 (5.64)
and
H, (1= 1Y e ) % O (5.65)

The above expression states that if the decision-making procedures lead to an acceptance of the
null hypothesis, H, then this would imply that the measured mean life is equal to the estimated
mean life. Conversely, if the decision-making procedures leads to the rejection of the H, then

this would imply that the two mean values are not equal.

. . . 2
When the variance of the two populations are equal, i.e., 6° = (GMC ) , the test

corner or surface

statistic, t,, taken from Reference [56] at each S, level is given by

N — NM¢
to — cornerorsurface (5,66)

o1 1
Sp H—}_ nMC

where s; is defined as,

MC
2 - 1)(8 ( IXS N ,corner or surface )

n+nM¢ -2

(5.67)

N is defined by equation (5.56), N M is defined by equation (5.53), n is the sample size

corner or surface

of the measured fatigue life, n™ is the sample size of the estimated fatigue life, Sy 1s defined

by equation (5.57), and sY' is defined by equation (5.54). The assumptions made in

N ,corner or surface

equation (5.66), from [Reference 56], are (1) the populations from which both samples are

selected have approximately normal relative frequency distributions, (2) the variances of the two
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populations are equal, and (3) the random samples are selected in an independent manner from
each of the two populations.

However for the case where the variance of the two populations are not equal, i.e.,

2 o e . .
G’ # (ci‘f)imrsurface) , the test statistic, t,, taken from Reference [56] at each S _, level is given
by
N _ NMC
tO — corner or surface = (5.68)
2 MC
(S N ) (S N ,corner or surface )
T MC
n n

and the degrees of freedom, v is defined as,

( ) (S M,CCOIIICI or su )
N N surface

n VS
V = ; o 5 5 (5.69)
{(SN )2 } (SN,COI‘HCI‘ or surface )
MC
n n
+
n-1 nM¢ -1

Note: The value of v will generally not be an integer and therefore has to be rounded down to
the nearest integer.

In equation (5.68) N is defined by equation (5.56), N\ is defined by equation (5.53), n

corner or surface
is the sample size of the measured fatigue life, n™ is the sample size of the estimated fatigue

life, sy is defined by equation (5.57), and sMe is defined by equation (5.54). The

N ,corner or surface
assumptions made in equation (5.68), from [Reference 56], are (1) the populations from which
both samples are selected have approximately normal relative frequency distributions, (2) the
variances of the two populations are not equal, and (3) the random samples are selected in an
independent manner from each of the two populations.

The null hypothesis, H,, is rejected if the magnitude of the test statistic satisfies
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Ity >t (5.70)

a/2,n+nMC -2

where t 22 is based on a t-distribution with level of significance of /2 and n+ nMc -2

degrees of freedom. The P -value associated with test statistic t, is

P-value=2P(t . >t

n+

(5.71)

Equation (5.71) states that the P -value is equal to twice the probability that t ..  is greater

than |t0| where t e, is a random variable that has a t -distribution with n+n™“ -2 degrees of

freedom. Tables 5.10 and 5.11 contain the resulting P -values of the hypotheses test for

differences between two populations for the K, =3 and K, =4 specimens respectively.

and S

max

Columns one and two contain the S

mean

values of the loading respectively. Columns

three and four contain the P -values associated with the magnitude of the test statistics, [t,|, for

the assumption of an initial corner crack and surface crack respectively.

Table 5.10

P -values for mean hypothesis test result for K, =3 specimen
(Units for S, and S, are MPa)

mean

S P -value P -value
e e ‘tO,comer ‘to,surface
20.684 68.948 0.007 0.017
20.684 48.263 0.038 0.087
41.369 96.527 0.000 0.008
41.369 62.053 0.235 0.813
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Table 5.11

P -values for mean hypothesis test result for K, =4 specimen
(Units for S, and S, are MPa)

mean

S P -value P -value

mean max ‘to,wmer ‘to,surface
20.684 62.053 0.114 0.014
20.684 37.921 0.153 0.159
20.684 32.061 0.905 0.517
41.369 75.842 0.086 0.571
41.369 55.158 0.000 0.000
41.369 51.711 — —

The mean hypotheses test results for the K, =3 specimen were presented in Table 5.10
while the mean hypothesis test results for the K, =4 specimens were presented in Table 5.11. A

level of significance, o of 0.05 was used for the criteria of accepting or rejecting the null

hypothesis, H,. That is, if the P -value of the hypothesis test was less than 0.05, the null

hypothesis was rejected.
The P -values, reported in Table 5.10, associated with the mean hypothesis test for

0f20.684 MPa and an S

mean max

0of 68.948 and for an S 0f41.369

mean

K, =3 specimens for an S
MPa and an S _, 0f96.527 MPa, the P -values were all less than 0.05 for both assumed initial

crack configurations hence resulting in the rejection of the null hypothesis. Rejection of the null
implies that the measured fatigue life population mean is significantly different than the
estimated fatigue life population mean obtained through a Monte Carlo simulation. However for

the case an S

mean

0f 20.684 MPa and an S___ of 48.263 MPa, the null hypothesis was rejected

X

for corner crack case and was accepted for the surface crack case. For the case of an S of

mean
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41.369 MPa and an S of 62.053 MPa the P -values for both assumed initial crack types

were greater than 0.05 therefore indicating that the estimated fatigue life population mean were
similar to the measured fatigue life population mean.
In Table 5.11, the P -values associated with the hypothesis test of the mean for the

K, =4 specimens foran S__ of 20.684 MPa and an S_, of 62.053 MPa were 0.114 for the

mean X

assumed initial corner crack and 0.014 for the assumed initial surface crack. Therefore, the null
hypothesis was accepted for the former case and rejected for the latter case.

As for S, 0f20.684 MPa and S _, of 37.921 and 32.061 MPa and S, of 41.369

an X an

MPa and S, of 75.842 MPa all the P -values were greater than 0.05 indicating that the

estimated fatigue life population mean obtained with a Monte Carlo simulation were similar to

the measured predicted life population mean. However, for an S of 41.369 MPa and an

mean

S of 55.158 MPa the P -values were less than 0.05 for both assumed initial configurations

max

resulting in a rejection of the null hypothesis for both cases. For the case of an S of 41.369

mean

MPa and an S__ of 55.158 MPa the initial flaw sizes were so small that the FASTRAN-II

X

predicted lives exceeded 10 million cycles.
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CHAPTER 6

DISCUSSION OF RESULTS

Summaries of the hypothesis test results for the K, =3 and K, =4 specimens are

presented in Tables 6.1 and 6.2 respectively. Columns one and two contain the S and S

values of the fatigue associated with each S — N test. Columns three and four contain the results
of the null hypothesis tests results for the assumed initial corner crack and the assumed initial
surface crack respectively. If both the mean and the variance of the hypothesis tests resulted in
accepting the null hypotheses for a particular combination of mean stress, maximum stress, and
form of initial crack then the null hypothesis was accepted, indicating that the estimated fatigue
lives from Monte Carlo simulation were similar to the measured fatigue lives of the laboratory
tests at level of significance, o of 0.05. However, if either of the null hypothesis was rejected
for a particular combination of mean stress, maximum stress, and form of initial crack, then the
estimated fatigue lives from Monte Carlo simulation were significantly different as compared to
the measured fatigue lives of the laboratory tests at o of 0.05.

Based on these criteria, the null hypothesis was rejected for the K, =3 specimens

specified by S of 20.684 MPa for both maximum load cases and both crack configuration

mean

types. Likewise, the null hypothesis was also rejected for the fatigue load case of an S of

mean

41.369 MPa and an S _, of 96.527 MPa for both initial crack configurations. However, the

X

null hypothesis was accepted for the fatigue loading defined by an S of 41.369 MPa and an

mean

S_.. 0f62.053 MPa for both assumed initial crack configurations.

max
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Using the same criteria for the K, =4 specimens, for the loading specified by S of

mean

20.684 MPa and for the S__ of 62.053 and 37.921 MPa the null hypothesis was accepted for

max

the assumed initial corner crack configuration but was rejected for the assumed surface crack

configuration. On the other hand, for the case of S of 20.684 MPa and S, of 32.061

mean X

MPa the null hypothesis was rejected for assumed corner crack configuration but was accepted
for the assumed surface crack configuration. For the specimens subjected to a fatigue load of

S_. of 41369 MPa and S_

mean

of 75.842 MPa the null hypothesis was accepted for both

assumed initial crack configurations however for the specimens subjected to fatigue load of

S of 41.369 MPa and S_,

mean

of 55.158 MPa the null hypothesis was rejected for both

assumed initial crack configurations.
Table 6.1

Summary of hypothesis test results for K, = 3 specimen
(Units for S, and S are MPa)

mean

S H 0,corner H 0,surface
e " (mean and variance) | (mean and variance)
20.684 68.948 Rejected Rejected
20.684 48.263 Rejected Rejected
41.369 96.527 Rejected Rejected
41.369 62.053 Accepted Accepted
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Table 6.2

Summary of hypothesis test results for K, =4 specimen
(Units for S, and S, are MPa)

mean

S H 0,corner H 0,surface
e " (mean and variance) | (mean and variance)
20.684 62.053 Accepted Rejected
20.684 37.921 Accepted Rejected
20.684 32.061 Rejected Accepted
41.369 75.842 Accepted Accepted
41.369 55.158 Rejected Rejected

Based upon the hypothesis results presented in Tables 6.1 and 6.2 the proposed statistical
model of the distribution of the equivalent initial crack size seems to better estimate lives for the

case of the K, =4 specimens than for the K, =3 specimens at o of 0.05. A possible reason for

this could be that the numbers of samples used to collect experimental fatigue life data were
between three to five for each of the K, =3 specimens stress level, while nine coupons were
tested for each of the K, =4 specimens combination of mean and maximum stress. Data
collected using more specimens generally reduces the variability of the test results.

While the proposed methodology was not able to estimate the fatigue lives for all stress
levels and specimen types, the general idea is worth exploring further. There are some rational
explanations as to why the methodology did not function as anticipated.

One explanation was a possible manufacturing flaw in the K, =5 specimen. In the
original design of these specimens the V-notch was designed to join the circular notch at a point

of tangency. The finite element model was constructed according to this original design,

therefore, the stress concentration factor and stress intensity factors were evaluated using finite
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element model as a basis. However, flawed specimens were manufactured and the measured
data were collected with flawed specimens.
Another possible explanation is also related to manufacturing. The manufacturing

process used to machine the notches for both the K, =4 and K, =5 specimens were rather
different than the one used to machine the K, =3 specimens. For both the K, =4 and K, =5

specimens two operations were involved in the machining process. First the hole was drilled
using a drilling operation and the rest of the notch was milled out in a separate operation. An
error in the milling operation led to a manufacturing flaw for the K, =5 specimens as explained
in the previous paragraph. As for the K, =3 specimens the notches were machined out in a
single drilling operation.

Based on observed experimental results reported in the Reference [33] and also through
personal communication with Dr. Jim Newman, in most cases cracks tend to originate as a
corner flaw in open-hole specimens and as surface cracks in notched and unnotched specimens.
Based on these reported observations, perhaps the regression model should be modified so that
flaw sizes for open-hole specimens are based on an initial corner flaw, and flaw sizes for all

other specimens have an assumed initial surface flaw.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

In this investigation a statistically based analytical method was proposed that could
generate a distribution of estimated fatigue lives for 2024-T3 aluminum alloy specimens with
various stress concentration factors subjected to constant amplitude fatigue loads. The statistical
method was based on a distribution of equivalent initial flaw size concept. The influence of the
initial flaw, either corner crack or surface crack, was also investigated in this study. The
equivalent initial flaw sizes were calculated using FASTRAN-II crack growth software using
experimentally measured fatigue lives. The stress intensity factor for each specimen was
required for input to the FASTRAN-II code. These stress intensity factors were computed using
finite element methods for those specimens which were not available in the FASTRAN-II menu
of configurations. Once a set of equivalent initial flaw sizes were calculated for each load

definition for the smooth unnotched, open-hole and K, =5 specimens, then the mean and

standard deviation values were determined at each combination of mean stress and maximum
stress level. Multiple regression analyses were used to find the statistical relations for the mean
as a function of the parameters under investigation, namely the geometric parameters and the
loading related parameters. An identical approach was used to determine the standard deviation
as a function of the same parameters. The statistical relations were developed for two assumed
initial flaw types; one equation assuming that the crack started as a corner crack and another
equation assuming that the crack started as a surface crack. These statistical models were
verified by residual analyses and hypotheses testing.

From the established statistical relations the estimated mean and standard deviation of the

distribution of equivalent initial flaw sizes were calculated for the K, =3 and K, =4
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specimens. Using these estimated means and estimated standard deviations of the equivalent
initial flaw sizes, random values of initial crack length were generated based on an assumed
normal distribution. The randomly generated equivalent initial flaws sizes were used as the
required input of initial crack size in the FASTRAN-II code to compute the estimated fatigue
lives of each specimen for the load definition. The mean and variance of the estimated fatigue
lives were computed and compared to the mean and variance of the experimentally measured
fatigue lives using hypothesis testing. An acceptance statistical criterion for similarity of
distributions was established, namely if either null hypotheses for both the mean and variance at
a particular stress level were rejected at a level of significance, a, of 0.05 then the distribution of
the estimated fatigue lives were statistically different from the distribution of the measured
fatigue lives. Alternatively if the null hypotheses associated with the mean and variance were
both accepted at an o of 0.05 at a particular loading condition then the distribution of the
estimated fatigue lives were identical to the distribution of measured fatigue lives at that loading
condition. This methodology led to identical measured and computed distribution for some of

the load conditions of the K, =4 specimens, but for only one of the load conditions associated
with the K, =3 specimen. The initial crack configuration type did not have any significant

effect on the proposed methodology.

Even though the proposed methodology was not able to estimate the fatigue lives for all
fatigue load conditions and specimen types at an o of 0.05, the methodology seems sound and
the following recommendations should improve the capability of the methodology. The first

suggestion would be to construct finite elements models of the flawed K, =5 specimen and

determine the actual stress intensity factors and stress concentration factor associated with the as-
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built specimen. The next step would be to update all the necessary calculations using these new
values.

The second suggestion involves the K, =3 specimen only. The experimental data used
to validate results for the K, =3 specimen were collected from sample sizes that ranged

between three and five specimens. This sample size is considered to be too small because it
could introduce a significant amount of variability. Thus data collected from a larger sample size
could reduce the variability in the test results and improve the comparison of the measured and
computed fatigue lives. A sample size of eight to ten would be desirable.

Based on experimental observations it is recommended to update the statistical relations
so that flaw sizes for open-hole specimens are based on corner flaw and for all other specimens
on surface flaw only.

It was pointed out that measured crack growth history would allow back extrapolation
curves to be superimposed on the crack growth history curves to assess the accuracy of the
FASTRANT-II crack closure model. If necessary, fine tuning could then be introduced to create
better agreement. Therefore, in future work, it is recommended that measured crack growth
history data be collected.

The influence of stress gradient on equivalent initial flaw size must also be investigated.
For open-hole and double-edge V notched specimens the presence of a hole and notch
respectively causes stress gradient at symmetric plane of the specimens. The effect of the stress
gradient on crack growth is significant and therefore must be considered in the statistical model.
Finally, other statistical distributions, such as the Weibull or lognormal distribution, should be
considered in addition to the normal distribution for the distribution of the assumed equivalent

initial flaw sizes.
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APPENDIX A

FASTRAN-II Input File for the Smooth Unnotched Specimen

A sample of the FASTRAN-II input file for the smooth unnotched specimen is given

below. The detailed explanation of each input parameter can be found in Reference [2].

SC4: (SI UNITS) Mean Stress=144.790 MPa, Maximum Stress=210.290 MPa
cstamp 200.0

2024-T3

360. 490. 72000. 0.0 2.0 1 1 1.0 <

1

5.0E-11 4.07 0.8 0.0 0.999E+04 2.0 267.0 1.0

9 0

0.80 1.00E-12

1.10  5.00E-11 _IMechanicaI and fracture
2.05  2.00E-09 properties

4.00 8.00E-09

7.70 1.00E-07

13.50  1.00E-06
23.00 1.00E-05
36.00 1.00E-04
85.00 1.00E-02 Geometry and flaw
1.00E-07 2.00 1.0 250E-06 1.0 1.0 <"l acification

5000 5000 1 0 0.01

9 0 0 4 0 00
9.525¢-3 4.6638014E-05 4.6638014E-05 4.6638014E-05 4.6638014E-05 4.6638014E-05 3.e-6 0.0
46

0.0000  1.1220 -
0.0007  0.3921

0.0013  0.5288

0.0020 0.6176

0.0058  0.7983

0.0096  0.7849

0.0133  0.7392

0.0178 0.7212

0.0222  0.7272 _|

Nondimensionalized crack length and
boundary correction factor

0.0267  0.7381
0.0356  0.7458
0.0444  0.7429
0.0533  0.7413
0.0622  0.7477
0.0711  0.7578
0.0800  0.7670
0.0889  0.7726
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0.0978  0.7769
0.1067  0.7830
0.1156  0.7928
0.1244  0.8058
0.1333  0.8209
0.1422  0.8374
0.1511  0.8547
0.1600 0.8722
0.1689  0.8903
0.1778 009114
0.1867  0.9385
0.2286  1.1598
0.2706  1.4611
0.3125 1.7631
0.3542 2.0164
0.3958  2.2258
0.4375 2.4016
04792  2.5827
0.5208  2.9198
0.5625  3.5697
0.6042  4.5632
0.6458  5.5284
0.6875  6.0430
0.7291  6.1974
0.7708  7.8766
0.8125 13.2091
0.8542 24.1186
0.8959 42.3604
0.9375 69.5488
9.525e-3

0.0 0.0

0 00

1 1 0 0
210.290

1 1

1.0 0.377 1000

0 0.0 0.0 0.0 0.0

HALT

Loading condition
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APPENDIX B

FORTRAN 90 Program to Determine the Equivalent Initial Flaw Size

A listing of the FORTRAN 90 program used for calculating equivalent initial flaw size for

K, =5 specimen is given below.

program ifs_kt5 prog

use ifs_kt5 mod
implicit none
integer :: status

! This program calculates initial flaw size for KT=5 specimen.
call ifs

end program ifs_kt5 prog

module ifs kt5 mod

implicit none
integer,parameter :: g=selected real kind(p=12,r=80)

contains

I Calculates initial flaw size.
subroutine ifs

use dfport

implicit none

integer :: ioerr,status,id,life_ex,life lo,life up,life c,ferrnum, &
count,flag

real(kind=q) :: ifs_lo,ifs_up,ifs_c,criterial,criteria2,radr

character(len=110) :: line,add1,add2

character(len=8) :: idI='10.16e-3'

character(len=10) :: inputfile="i.txt',outputfile='o.txt'

life ex=1127310
life 10=1040367
ifs_1lo=1.3595E-05
life up=1177616
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ifs_up=1.3239E-05
read(idl,fmt="(e8.2)")radr

count=0
flag=0

! Iterate.
iterate: do

if(flag.eq.0)then
! Secant method.
ifs c=(ifs_up-ifs_lo)*(real(life_ex,q)-real(life lo,q))/(real(life_up,q)- &
real(life_lo,q))+ifs_lo
endif
flag=0

open(unit=1,file='s1i.txt',status="'old',action="read',iostat=status)
if(status.gt.0)then
write(unit="*,fmt='(3a)')"program could not open sli.txt."
stop
endif
open(unit=2,file=trim(inputfile),status="replace',action="write',iostat=status)
if(status.gt.0)then
write(unit="*,fmt="(3a)')"program could not open ",trim(inputfile),"."
stop
endif

! Prepare input file with new initial flaw size value.
modify: do
read(unit=1,fmt='(a)',iostat=ioerr)line
if(line.eq.")exit modify
if(ioerr.1t.0)exit modify
id=0
id=index(line,idl)
if(id.ne.0)then
line=' 53.34e-3'
write(add1,fmt="(es13.7)")ifs_c
write(add2,fmt="(es16.10)")ifs_c+radr
line=trim(line)//' '//add1
line=trim(line)//' '//add2
line=trim(line)//' '//add1
line=trim(line)//' '//add2
line=trim(line)//' '//add1
line=trim(line)//' '//'3.e-6'
line=trim(line)//" '//idl
endif
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write(unit=2,fmt='(a)")line
enddo modify
close(unit=1)
close(unit=2)

! Execute FASTRAN-II.
open (unit=3,file="input.txt',status="replace',action="write',iostat=status)
if(status.gt.0)then
write(unit="*,fmt='(a)")"program could not open input.txt."
stop
endif

write(unit=3,fmt='(a)")trim(inputfile)
write(unit=3,fmt='(a)")trim(outputfile)

f=system('fastran381 < input.txt')
if(f.eq.-1)then
errnum=ierrno()
write(unit="*,fmt="(a,2x,13)")"Error" ,errnum
endif
close(unit=3)

write(unit="* fmt='(a,2x,es13.7)")"ifs =",ifs ¢
write(unit="*,fmt='(a,2x,15)")"count =",count

! Read life value from output file.
open(unit=4,file=trim(outputfile),status='old',action="read',iostat=status)
if(status.gt.0)then

write(unit="*,fmt='(3a)")"program could not open ", trim(outputfile),"."
stop
endif

! Read output file.
inner: do
read(unit=4,fmt="(a)',iostat=ioerr)line

if(ioerr.It.0)exit inner

id=0

id=index(line,'LIMIT ON SIF SOLUTION FOR NTYP =-99 EXCEEDED")

if(id.ne.0)then
write(unit="*,fmt="(a)")" "
write(unit="*,fmt="(a)")" "
write(unit=*,fmt='(a)")" = PROBLEM "
write(unit="*,fmt="(a,2x,es13.7)")"ifs =",ifs ¢
ifs_c=ifs c+0.000001e-5
write(unit="*,fmt="(a,2x,es13.7)")"ifs =",ifs ¢
write(unit="*,fmt="(a)")" "
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write(unit="*,fmt='(a)")" "
flag=-1
exit inner
endif
id=index(line, TOTAL CYCLES'")
if(id.ne.0)then
read(line(71:79),fmt="(19)")life_c
exit inner
endif
enddo inner
close(unit=4)
if(flag.eq.-1)cycle iterate

criterial=abs(real(life _c,q)-real(life_ex,q))
criteria2=(abs(real(life_c,q)-real(life_ex,q))/real(life_ex,q))*100.0_q

if(criterial.le.2.or.criteria2.1t.0.0005)exit iterate
if(life_c.It.life_ex)then
life_lo=life c

ifs lo=ifs ¢
elseif(life_c.gt.life_ex)then

life up=life ¢

ifs_up=ifs c
endif
count=count+1

enddo iterate

end subroutine ifs

end module ifs_kt5 mod
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APPENDIX C

Multiple Regression Analysis and Analysis of Variance Report

This appendix contains the STATGRAPHICS Plus report of the multiple regression
analyses and the analyses of variance for the equivalent mean and equivalent variance statistical
relations. Both the equivalent mean and equivalent variance statistical relations were established
for the assumed corner crack and surface crack configurations. Statistical relations were
established for the following response variables: a) equivalent mean for assumed corner crack
configuration b) equivalent mean for assumed surface configuration ¢) equivalent variance for
assumed corner crack configuration and d) equivalent variance for assumed surface crack
configuration. The statistical relation was established by regressing the response variable for the
smooth unnotched specimen, the open-hole specimen, and the K, =5 specimen against their
respective geometric and loading conditions.

Tables C.1(a), C.2(a), C.3(a), and C.4(a) are the multiple regression analysis reports for
equations (5.16) to (5.19) respectively and Tables C.1(b), C.2(b), C.3(b), and C.4(b) are the
analysis of variance reports for equations (5.16) to (5.19) respectively. Column one of the

multiple regression analysis report table contains the regressor variables, column two contains
the estimated coefficients, Bi , while column three contains the test statistics, t,, as defined in
equation (5.44) and column four contains the P -values associated with t, as defined in equation

(5.47) for each regressor variable. Column one of the analysis of variance report contains the
sources of variation, column two contains the sum of squares values, column three contains the
degrees of freedom associated with the each sum of squares, column four contains the mean

regression sum of squares and mean error sum of squares, while column five contains the test
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statistic, F,, as defined in equation (5.38) and column six contains the P -value associated with
F, as defined in equation (5.41). The multiple coefficient of determination, R*, and adjusted

multiple coefficient of determination, R’ are also included in the analysis of variance report.

]
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Multiple regression analysis report response variable: C,

Tabl

e C.1(a)

eq
0,corner

Regression bt ]
Parameter Coofficient t -statistic P -value
CONSTANT | 0.000453704 0.312968 0.7581
S e S K 8.79502 4.48106 0.0003
S O8I0 -5.31026 -2.29246 0.0349
Table C.1(b)
Analysis of variance report for response variable: Cj ...
Source Sum of Degree of | Mean Sum E —ratio P _value
Squares Freedom of Squares
Regression 0.0259185 2 0.0129592 1333.44 0.0000
Error 0.000165216 17 0.0000097186 — —
Total 0.0260837 19 — — —

Multiple Coefficient of Determination, R* = 99.3666%
Adjusted Multiple Coefficient of Determination, Ry = 99.2921%
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Multiple regression analysis report response variable: S;.|

Table C.2(a)

corner

Analysis of variance report for response variable: S

Parameter Regresglon t -statistic P -value
Coefficient
CONSTANT -0.000668527 -0.230783 0.8201
Saan S K1 10.2976 28.4878 0.0000
Table C.2(b)

corner

Sum of Degree of | Mean Sum .
Source F -ratio P -value
Squares Freedom of Squares
Regression 0.0357409 1 0.0357409 811.55 0.0000
Error 0.00079272 18 0.00004404 — —
Total 0.0365336 19 — — —

Multiple Coefficient of Determination, R*> = 97.8302%

Adjusted Multiple Coefficient of Determination, R

adj
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Multiple regression analysis report response variable: C,

Table C.3(a)

€q
0,surface

Regression it i
Parameter Coofficient t -statistic P -value
CONSTANT 0.000200679 0.191053 0.8507
S967g 1033 ng'%o 7.45709 4.8078 0.0002
S 0y 009 -5.49433 -2.29508 0.0347
Table C.3(b)
Analysis of variance report for response variable: Cpgpc.
Source Sum of Degree of | Mean Sum E —ratio P _value
Squares Freedom of Squares
Regression | 0.02579585 2 0.0139792 2543.12 0.0000
Error 0.000093447 17 0.0000054968 — -
Total 0.0280519 19 — — —

Multiple Coefficient of Determination, R* = 99.6669%
Adjusted Multiple Coefficient of Determination, Ry = 99.6277%
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Multiple regression analysis report response variable: S:°

Table C.4(a)

surface

Analysis of variance report for response variable: S_

Parameter Regresglon t -statistic P -value
Coefficient
CONSTANT -0.000352877 -0.130086 0.8979
Saon S K™ 8.80526 31.3208 0.0000
Table C.4(b)

surface

Sum of Degree of | Mean Sum .
Source F -ratio P -value
Squares Freedom of Squares
Regression 0.0394203 1 0.0394203 980.99 0.0000
Error 0.000723313 18 0.0000401841 — —
Total 0.0401436 19 — — —

Multiple Coefficient of Determination, R* = 98.1982%

Adjusted Multiple Coefficient of Determination, R

adj

142

2 =98.0981%




APPENDIX D

Estimated Fatigue Lives

This appendix contains the distribution of the estimated fatigue lives for the K, =3 and
K, =4 specimens. The distribution of estimated fatigue lives were computed using FASTRAN-

IT code using a distribution of random initial flaw sizes. The data of Tables D.1 and D.2 have
been organized in the following manner. Tables D.1(a), D.1(b), and D.2(b) contain two major
columns with each column containing two sub columns. Table D.2(a) contain three major
columns with each column containing two sub columns. The major column contains values of

the maximum stress, S while the sub columns contain the estimated fatigue lives for the

max ?

corner and surface crack configuration respectively.
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Estimated fatigue lives for K, =3 specimen and for S

Table D.1(a)

=20.684 MPa

mean

Sinax = 68.948 N/mm? Simax = 48.263 N/mm?
N omer N e N omer N e
43152 45950 189031 267408
43338 46145 189222 263273
44391 46539 189340 252601
44427 47299 189888 252304
44610 47980 191464 248815
44739 49136 191650 247465
44730 49216 191731 246222
45624 49559 191865 245717
45672 49666 192179 245345
45926 49677 192379 244326
46353 49730 192355 243469
46387 49775 192709 242354
46406 50121 193046 242194
46481 50159 193047 241656
46618 50272 193527 240723
46845 50287 193741 240097
46871 50362 193808 239053
47011 50612 193963 238720
47216 50717 194081 238546
47215 51064 194213 238539
47368 51352 194597 237985
47381 51442 194837 237409
47572 51482 194890 236733
47576 51692 195096 236083
47602 51699 195175 235401
47641 51700 195242 233992
47655 52011 195436 233371
47664 52207 195639 233367
47723 52257 195666 233081
47816 52309 195716 233035
48021 52651 196601 232310
48115 52807 197054 231327
48303 52846 197167 230827
48351 52892 197177 230627
48427 52975 197223 230611
48615 53108 197823 230377
48711 53134 198132 230141
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48827 53345 198166 230088
48853 53377 198187 228340
48869 53385 198595 228079
48887 53402 198689 228040
49300 53458 198750 227945
49357 53805 199264 227653
49559 53862 199442 227563
49727 53929 199517 226668
50158 54523 199593 225708
50160 54549 199650 224653
50291 54638 200186 224105
50370 54769 200430 223648
50392 54794 200603 223340
50531 55119 200676 223018
50673 55223 200813 222920
51081 55290 201840 222867
51213 55301 201922 222839
51454 55334 202253 222407
51574 55346 202274 222226
51587 55625 202466 221767
51614 55623 202644 221544
51629 55905 202978 221339
51867 56614 203720 220719
52046 56673 203936 220318
52154 56999 204348 220148
52159 57378 204687 219994
52366 57505 204815 218856
52436 57596 206832 218638
52598 57749 207071 218596
52644 57775 207194 218176
53253 57856 207442 217577
53763 58211 207558 216208
53842 58518 207961 215712
53998 59163 210049 215343
54018 59593 210394 214956
54487 62435 218556 214751
56697 62652 220592 211041
58144 64248 223297 210564
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Table D.1(b)

Estimated fatigue lives for K, =3 specimen and for S . =41.369 MPa
Simax = 96.527 N/mm’ Simax = 62.053 N/mm’
14384 18078 190070 272436
14395 18344 207597 278159
14643 18435 209048 279320
14673 18572 225481 281304
14710 18912 230782 283135
14808 18979 235808 286223
14878 19148 237782 289057
15224 19241 242163 290822
15337 19290 245415 294717
15418 19550 248184 297609
15468 19686 250430 298768
15495 19882 253838 301935
15518 19944 256397 302528
15683 19981 257046 305938
15685 20014 257697 313985
15725 20101 258288 316921
15760 20119 262591 319990
15791 20228 262719 320070
15907 20300 265977 321926
15919 20523 266152 325574
15967 20536 267302 325643
16104 20637 267966 331404
16106 20634 268601 335686
16177 20666 268649 338262
16226 20734 270643 342824
16234 20791 272499 343833
16260 20800 272766 346070
16330 20960 273296 352518
16457 21001 274582 353089
16505 21155 277284 360878
16619 21189 280423 362996
16622 21214 281773 368915
16661 21319 283227 381639
16666 21348 286946 385803
16701 21522 299517 389177
16865 21532 300858 393502
16920 21617 302098 393638
16958 21832 302294 394626
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16983 21926 303377 395578
17024 22026 307059 405445
17171 22141 310461 414368
17547 22254 316740 415981
17707 22299 317748 418317
17830 22433 326451 419139
17940 22468 330761 423303
18045 22493 345534 430204
18057 22589 353989 439392
18079 22691 355506 451775
18168 23112 358967 453095
18366 23158 380815 461526
18644 23161 403602 462778
18687 23278 422142 462981
18813 23535 423789 474714
18903 23686 426606 475758
19076 23711 451385 510283
19138 23805 490799 519937
19231 24505 501627 520825
19332 24519 506176 533490
19693 24556 519710 559096
20135 25093 538650 566084
20649 25244 542108 572250
20676 25334 542334 581525
20872 25367 550541 611065
20930 25905 550991 639343
21014 25914 578938 643361
21508 26682 661294 663478
21594 26763 669370 674187
21820 27429 670129 897879
22005 28229 671962 900363
22230 28785 708497 944376
22425 29024 817614 1284267
22616 29598 1284912 1295385
24010 30334 1291055 1394651
32561 31799 1362650 1441787
38105 54395 -- 1984392

147




Estimated fatigue lives for K, =4 specimen and for S

Table D.2(a)

=20.684 MPa

mean

S,x = 62.053 N/mm?

Spax = 37.921 N/mm?

Sinax = 32.061 N/mm?

N MC MC N MC MC MC MC
corner surface corner surface corner surface
34308 35005 282187 314770 1126448 1934762
36164 36465 284307 316710 1232732 2082059
36184 38488 284601 318671 1325026 2294021
36869 38624 289677 320098 1369634 2388405
37206 39073 291557 320758 1541870 2389399
37480 39189 291801 323022 1636764 2452668
37589 39243 294602 324410 1696706 2532682
37681 39383 299284 324682 1808235 2535413
37847 39548 301407 326295 1847953 2554902
38182 39619 302037 329011 1850461 2630845
38348 39629 303087 330348 1857415 2643900
38520 39779 303755 333623 1928047 2780870
38742 40023 306367 335071 2072500 2810437
39188 40150 307358 336271 2081003 2840581
39232 40179 307501 336625 2132795 2967732
39353 40577 308313 337170 2164212 3043174
39416 40620 310700 339458 2209639 3054616
39544 40865 311239 343464 2224372 3161278
39763 40950 313525 347607 2282126 3161382
39783 40982 314168 351232 2296076 3212780
40004 40987 315684 353581 2308204 3354385
40067 41236 317158 354132 2319673 3368834
40148 41470 318602 355412 2410979 3388468
40163 41779 318947 356771 2413283 3837201
40372 41827 319492 359183 2468413 12190226
40533 41876 319722 359545 2504140 --
40599 41909 320474 360072 2524927 --
40828 42067 320496 362408 2586228 --
40928 42301 321168 362541 2744867 --
41030 42333 321854 363118 2774589 --
41099 42525 321980 363665 2908222 --
41106 42583 322161 363978 2966852 --
41392 42757 323629 364252 3049680 --
41427 42826 325379 366339 3075724 --
41510 42881 326075 369459 3140613 --
41543 42895 329307 369995 3167849 --
41581 43013 330272 371895 3168391 --
41656 43082 331011 372653 3285096 --
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41656 43088 331678 373341 3416637 --
41712 43253 333969 375516 3417895 --
41843 43299 334269 378084 3528719 --
41858 43337 334422 381878 3575547 --
41867 43410 335009 381887 3711406 --
41982 43675 336126 389397 3718729 --
42006 43698 337012 390602 3900106 --
42178 43719 338280 394886 8005763 --
42490 43864 340342 395175 -- --
42619 43950 341332 396749 -- --
42718 44020 341737 400663 -- --
42736 44025 343302 401012 -- --
42949 44081 345670 411567 -- --
43069 44254 349382 412068 -- --
43137 44380 350329 414435 -- --
43368 44396 351300 414604 -- --
44051 44652 351541 427477 -- --
44070 45323 352838 435992 -- --
44247 45418 354958 437591 -- --
44293 45686 355792 440876 -- --
44304 45722 356153 443585 -- --
44433 45825 357215 445829 -- --
44655 45871 358004 447258 -- --
44734 46052 360898 449673 -- --
44757 46085 361205 465531 -- --
45010 46224 363742 467472 -- --
45099 46406 365127 484022 -- --
45115 46523 365961 484882 -- --
45464 46533 366877 485393 -- --
46081 47113 383769 510056 -- --
46105 47386 388296 517412 -- --
46273 48165 396001 522049 -- --
46462 48524 398811 653550 -- --
48629 48867 450154 756590 -- --
49271 49077 520779 893306 -- --
53505 50097 626227 1368472 -- --
67532 67744 736758 -- -- --
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Table D.2(b)

Estimated fatigue lives for K, =4 specimen and for S, =41.368 MPa
Simax = 75.842 N/mm’ Simax = 55.158 N/mm’
25843 27100 366201 485109
26086 27144 373667 754742
26400 28658 395580 792117
27103 28674 402791 822680
27230 28720 404103 827986
27263 29487 405586 907747
27412 29580 405702 1149329
27467 29693 424539 1167732
27481 29755 440749 1177342
27577 29849 449593 1188303
27619 30031 456380 1268240
27651 30137 487579 1272939
27693 30211 499201 1287595
28132 30254 500203 1371110
28375 30267 507579 1451330
28510 30482 516479 1468870
28600 30611 517217 1523941
28726 30724 565548 1567108
28787 30791 594551 1752391
29001 31045 599210 --
29009 31035 601243 --
29122 31093 618543 --
29395 31158 647484 --
29610 31219 662387 --
29760 31399 664561 --
29843 31484 669474 --
29850 31594 680577 --
29881 31608 703486 --
30088 31828 742487 --
30135 31973 831555 --
30193 32033 882207 --
30432 32152 1093072 --
30543 32430 1091606 --
30677 32716 1118391 --
31134 32734 1139520 --
31158 32757 1173236 --
31209 32780 1210225 --
31363 32830 1311205 --
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31410 32926 1488472
31749 32928 1511242
31896 33054 1587577
31911 33207 1792387
32159 33222 --
32161 33406 --
32321 33447 --
32328 33448 --
32396 33478 --
32507 33496 --
32575 33549 --
33362 33884 --
33694 34045 --
33746 34056 --
33791 34072 --
33950 34382 --
34101 34406 --
34545 34716 --
34803 34741 --
35010 35104 --
35036 35527 --
35551 36012 --
35594 36289 --
35946 37469 --
37029 38046 --
37654 38354 --
38694 40665 --
41029 41430 --
41452 42449 --
41998 42623 --
42397 44386 --
42817 44976 --
42893 53359 --
45133 56088 --
53280 59972 --
68794 71058 --

-- 75678 --
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