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ABSTRACT

This thesis investigates a closed subset E of the unit interval [0, 1] supporting a prob-
ability measure with size and Fourier decay constraints. We show that if these constraints

are met, then / must contain at least one three-term arithmetic progression.
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CHAPTER 1

Introduction

1.1 Literature Review

In 1953 Roth [8] showed that any subset of the natural numbers with positive upper
density will contain infinitely many three-term arithmetic progressions. This result by Roth
played a pivotal role in developing the study of arithmetic progressions by providing a result
that could be both extended and improved upon. In 1975, Szemerédi [9] expanded upon
Roth’s theorem to show that any subset of the integers with positive upper density will not
only contain infinitely many three-term arithmetic progressions, but infinitely many k-term
arithmetic progressions for k£ € N.

Much of the work since Roth’s Theorem has centered around improving quantitative
results. Roth’s theorem showed that for € > 0, any subset A of {1,2,--- N} with at least
N - € elements must contain a three-term arithmetic progression if |A| > C. - N

Extensions have also been made to other spaces as well. In 2008, Green and Tao [7]
extended Roth’s result to the prime numbers. Here, they showed that the prime numbers
contain k-term arithmetic progressions for any £ € N. Some results have also been published
extending Roth’s Theorem to finite fields. In the space of finite fields, significantly better
statements have been shown. In 2017, Ellenberg and Gijswijt [3] showed that the number of
elements in the largest subset of F§ that contains no three-term arithmetic progressions is
O(2.756™). Therefore, any set larger than this will contain a three-term arithmetic progres-
sion.

Roth’s theorem has also been extended to subsets of R of fractional dimension. Laba
and Pramanik [6] showed that for a closed set E C R of Hausdorff dimension «;, if « is close
enough to 1, and if E supports a probability measure p with certain size and Fourier decay
constraints, then E must contain non-trivial three-term arithmetic progressions. The result

of this thesis is in line with this result.



1.2 Outline

We begin by stating the main theorem we will prove in this thesis.

Theorem 1.1. Let 8 > 0 and let p be a probability measure supported on a closed set

E C [0,1] such that for each x € R and € > 0
1. w(B(x,€)) < elog*(1/e)

2. ag)l < lg=2.
Then the set E contains a three-term arithmetic progression.

Many of the methods used to prove this theorem are adapted from a result by Fraser on
three-term arithmetic progressions in a subset of F¢® with sufficiently large Fourier dimension.
[4] We will utilize the following strategy. First, divide the unit interval [0, 1] into 2" sub-
intervals each with Lebesgue measure 27" /2. We will need to determine a choice of n so that
there will be enough sub-intervals supporting ;¢ which contain points as “near” three-term
arithmetic progressions. To find this value of n we will utilize Varnavides’s Theorem. We
will call this choice n;. We can then determine a subset of these intervals on which g is
sufficiently large. Using a pigeon-hole argument, we will show this subset is large enough to
satisfy Varnavides’s Theorem.

If we think of each of the sub-intervals on which p has large enough support as
discrete elements, we will have our result. To do this, we consider the left endpoints of each
of our intervals to represent the interval. If we find three-term arithmetic progressions out of
intervals with large support, then these endpoints of the intervals represent “near” three-term
arithmetic progressions. To show E actually contains three-term arithmetic progressions, we
choose ny to be significantly larger than n;. We then convolve p with a compactly supported
smooth function whose support is determined by n;, ¢ € 1,2. This convolution will effectively
smooth out the support of p. We will then consider a trilinear form A,, which picks out

three-term arithmetic progressions. Since we have convolved p with a function, we can use



this convolution as an input for A. We then consider the difference A, (tin,, fnys fny) —
Ay (Hng s oy, finy) aS Mo gets arbitrarily large. Once we have shown that this difference is
small we can conclude that E' must contain a three-term arithmetic progression. It should
be noted that this strategy can be extended to any closed set F' C R by simply rescaling

and translating the conditions to more properly fit the desired set.
1.3 Background

We will now state a few theorems, definitions, and properties that will be useful

throughout this thesis. First we define a common notation used in this thesis. The expression
asSp

implies a < C'-  where C' is a constant. The expression
a S

implies a < C, - § where C' is a constant depending on e.
Since our goal is to locate three-term arithmetic progressions, and we will be en-
countering arithmetic progressions of arbitrary length, we will define the general arithmetic

progression.

Definition 1.2 (Arithmetic Progression). A sequence of real numbers is an arithmetic
progression if the difference between each successive term remains constant throughout the

sequence. An arithmetic progression can be written as
an =a1+ (n—1)d
Theorem 1.1 also requires the use of a specific type of measure: a probability measure.

Definition 1.3 (Probability Measure). Let (X, M) be a couple consisting of a set X and a
o-algebra M of subsets of X. A measure v defined on (X, M) is a probability measure

if it satisfies the following conditions.



1. p takes on values in [0,1] where u(X) =1 and p(d) = 0.

2. p is countably additive. Specifically, for all countable collections of pairwise disjoint

measurable subsets of Fy, Fy, B3, --- of X

I <U Ez) = ZM(E’L)
ieN ieN
When we take the Fourier transform of a probability measure p on R, we get sev-

eral very nice properties. One particularly helpful property is the normalization property.

Specifically, this is the fact that 12(0) = 1. The Fourier transform of p is given by

(6) = [ e taula),
R
Therefore,

) = [ 0 duta)

= /R 1 du(x)

1

This is because the total mass of a probability measure over R is always equal to 1 by
definition.

While proving Theorem 1.1, we need to construct some functions that have a certain
decay and smoothness property. Namely, we need these functions to decay faster than any

polynomial function. Functions that possess this property are called Schwartz functions.

Definition 1.4 (Schwartz Space). The Schwartz space S(R) is the space of functions ¢

such that for each o € N and 8 € N the expression

sup |z[* | 7 50(@)
is finite. We define this expression to be the seminorm || - ||as on S(R). In other words,

¢ € S(R) if and only if ¢ is a smooth function such that ¢ and all of its derivatives decay

faster than any polynomaial.



Schwartz functions are often useful for the purposes of controlling the decay of other
functions and maps. Note that the Fourier transform is a continuous bijection from the
Schwartz space to itself, meaning that the Fourier transform of a Schwartz function is also
a Schwartz function. Additionally, any compactly supported smooth function is a Schwartz
function.

One mathematical operation that we will find helpful is the convolution.

Definition 1.5 (Convolution). Let f and g be measurable complez-valued functions on R.

Then the convolution of f and g is given by

frg(x) = /f(y)g(w —y)dy.

The convolution operator effectively blends two functions and produces a third func-
tion showing how one function modifies the other. Convolution possesses the properties of
commutativity, associativity, and distributivity over addition. We are also able to convolve

a function f with a measure u to create a new function given as

f* ) = / F(x — ) du(y).

Additionally, if we convolve a Schwartz function with a compactly supported measure, the
end result will also be a Schwartz function.

Another particularly helpful property of the convolution is that the Fourier transform
of a convolution of two functions is equal to the product of the Fourier transforms of each

function. Specifically, assuming f and g are both L' functions, we have

—

Fa@) = [ e i

= / ( / f(:v—y)g(y)dy)6‘27”"’”5 dx
= [ot)( [ st = e o)y

Here, make a change of variables letting u = x — y. Therfore, du = dxr and z = u +y. We



then have

/g (/f ‘2’”“+y5du>dy
=L [ s ) a
J oo

gly)e EF(€) dy

We shall also find the following theorem quite useful. We state it here without proof.

Theorem 1.6. (Plancherel’s Theorem) The linear map F defined on L'(R) N L*(R) given
by
Ff=7

has a unique extension to all of L* as a bounded linear operator. The operator F is an

isometry; that is, for all f € L*(R) we have
F f 2w = 11122
Additionally, the operator T defined on L'(R) N L*(R) by
= /f(x)e%”‘:’:5 dx
has a unique extension to L?. Lastly, we have T = F~1.

Lastly we shall prove a few basic properties of the Fourier transform. The first

property we will prove is the scaling property.

Theorem 1.7. (Scaling Property) If f(x) has the Fourier transform J?(x) then the Fourier

transform of f(yx) is given by

where F denotes the Fourier transform.



Proof. Let g(z) = f(yx). Then
56 = [ glae < da
:/f(vm)e_zmxﬁ dx.

Now let u = yx. Therefore x = % and du = ydzr and dx = ny—“. We then have

IOR R —

= %/f(u)e%i:g du
12€

-31G)

Next we show the translation property.

-~

Theorem 1.8. (Translation Property) If f(z) has the Fourier transform f(&) then the

Fourier transform of f(x — v) is given by

F(f(- = v))(€) = e f(€)

where F denotes the Fourier transform.
Proof. let g(x) = f(xz — v). Therefore
56 = [ slae < da
= /f(a: — v)e 2™ g,
Now let w = x — v. Therefore x = u + v and du = dx. We then have
56 = [ Fge s dy

_ /f(u)e27riu§'627r'iu§ du
-



CHAPTER 2

Discretization

2.1 Dividing the Interval

Our first task is to divide the unit interval [0,1] into 2"™! sub-intervals each with
Lebesgue measure 271% We wish to treat each interval discrete element. To do this, we
consider the left endpoint of each interval where we have a bijection from the set of left
endpoints to the set of dyadic sub-intervals. If we are able to show that there are three-term
arithmetic progressions consisting of these intervals as discrete elements, then we will have
collections of triplets of left endpoints where each point is within 27"/2 of a point in an
actual three-term arithmetic progression.

Next, let Z be the full collection of dyadic sub-intervals I; of [0, 1] each with Lebesgue
measure 2~ /2. Let Z' be the set of sub-intervals on which p has large support. We now
need to make a choice of n so that we can guarantee the presence of three term arithmetic

progressions in Z'. To do this, we will utilize a modification of a theorem by Varnavides.

Theorem 2.1. Let Q be a subset of {1,---,N}. fore >0, if

N

QO >—
= log**(N)

(2.1)

then the number of three-term arithmetic progressions in € is >, N>~

The proof of this variant of Varnavides’s Theorem relies heavily on an extension of

Roth’s theorem by Bloom and Sisask. [2]

Theorem 2.2. Let N > 2 and A C {1,2,..., N} be such that |A| > %. Then A contains

a three-term arithmetic progression.

Let 6 > 0 and let P C {1,2,..., N} be an arithmetic progression of length k which

will be chosen at a later step. Let P, be the set of all progressions P of length k. We will



consider the sets 2 N P. We will now need to prove several lemmas in order to provide a

proof of Theorem 2.1.
N2
?.

Lemma 2.3. The total number of elements of Py is at most <

Proof. We define a progression P to be
xo,xo+d,...,x0+ (k—1)d
where g is the starting point of P and d > 0. Since
o+ (k—1)d<N

we have the number of starting places is given by N — (k — 1)d. Observe that if we assume

d < 2 then we see that N — (k — 1)d > N/3. We then have

N  N?
O N-(k-1d> > = =

1<d<N/k 1<d<N/(2k)
and
N2
N—-—(k-1d< = —.
Y DIEUSTITIN iy
1<d<N/k 1<d<N/k
Therefore
N? N?2
— <P < —.
o = [Pel ==

We define an incidence to be a pair (w, P) € Q X Py such that w € P,
Lemma 2.4. The number of incidences is at least = |Q]?.

Proof. Let w € ). We want to obtain a lower bound on the number of incidences that w
will contribute. Specifically, we want to find the number of progressions P € P, that will

contain w. There are N/k possible step sizes d for the progression P.



We now want to count the number of possible positions in P for which we can find
w. Without loss of generality, by symmetry we can choose w < N/2. We will only consider
step sizes d < ﬁ. Let

w=z9+n-d.

We then have

We also have n < k. Therefore the number of positions of P where w can appear is
min(k, [(w—1)/d]).

We now narrow our choice of w so that w is far from the endpoints 1 and N. €
contains at least |€2|/2 points that are at least |2|/4 from both 1 and N. To see this let
2] = a. We can divide the set {1,2,--- N} into the regions of points within «/4 of 1,
points within «/4 of N and those that are at least «/4 away from both 1 and N. We can

write the first region as
{12, [o/4]}.

The second region can be expressed as

Each of these regions cover 2- |« /4] points. Therefore at most /2 points can be considered

in the excluded regions and there must be at least «/2 points at least «/4 away from both

N

1 and N simultaneously. Call this set of points (2. Suppose w € €'. For each 1 < d < 155+

the number of progressions of step size d that contain w is 2 min(k,w/d). In the case where

d < w/k the minimum will be k. However, w > 1|Q|. Therefore the minimum will be k so

2]

long as d < 7555+ In this case w will be contained in k progressions of step size equal to d.
Therefore the total number of elements in P, that contain w is at least & - % = %. Since
there are %' choices for w, the total number of incidences is at least 2> |QJ2. O

10



Now let P, be the set of progressions P such that [2N P| > . Let P} be the rest
of all progressions P. Our choice in defining P} allows us to use Roth’s theorem on these
progressions to ensure the presence of three-term arithmetic progressions in the intersection

with €2. We now prove one last lemma before we prove Theorem 2.1.

Lemma 2.5. For any § > 0 each three-term arithmetic progression is contained in at most

<s N°k elements of Py.

Proof. let 6 > 0. Let @ be a three-term arithmetic progression contained in €. Let d be
the common difference of ). We now count the number of k-term arithmetic progressions
P containing ). Let s be the common difference of P. We now find an upper bound on
the number of possible choices for s. The step size s must be a divisor of d. Otherwise P
could not contain Q. Let o be the divisor function. We then have o(d) <5 d° <s N°. [1]
Additionally, for a given common difference s, the first element of () can occur in at most &
positions of P; hence, at most k progressions () of step size s contain P. Therefore the total

number of progressions containing @ is at most < N? - k. O
We can now prove our version of Varnavides’s Theorem.

Proof of Theorem 2.1. We have split the progressions Py into two subsets P} and PZ. Recall
that P} is defined as the set of progressions that contain at least ; (k elements of 2. We can
say that the total number of incidences is 2> |Q|* and is less than or equal to k-|P}| +m |P2|.
We can use these facts to obtain a lower bound on |P}|. We know that |P?| < |Px| and that

1P| < 2. Therefore

2
08 S P+ oy
N2
20 S KPH + 1
‘ ‘2_1(])\@; < 1
—— " < )]
N? N2
log4/5 - logk < |Pk|

11



We can then choose k = N?. Therefore

N2 N2
logh/5 N ~ dlogN

N§

S Pyl

Therefore, if we choose N appropriately we can conclude that |P}| = N27%. Our choice of

N is determined as follows:

1 1
>
log*?(N) ~ dlog(N)
— Jlog(N) > log"?(N)

= §°log(N) > 1

— N>/
Each element of P contains a three-term arithmetic progression of elements of {2 by Roth’s
theorem. Therefore we can count the number of three-term arithmetic progressions in €2 by
dividing the number of elements of P} by the number of times a given three-term arithmetic

progression appears inside an element of P}. This implies the number of three-term arith-

. . . . Pl 2-6 _
metic progressions in ) is at least >5 L6 >, N0 N2-35

N 26 NT . Here we can choose § small

enough so that N273% < N27¢ m

Now we choose n such that 2™ will satisfy condition 2.1 for a given € > 0. Call this
choice n;. We define Z to be the set sub-intervals I; of [0,1] and Z' to be the sub-intervals
Iy, of Z such that u(Iy) > %. Our next goal is to show that 7’ is large enough so we can

use Theorem 2.1.

Lemma 2.6. Let Z' be the subset of sub-intervals of the unit interval such that for each

I, €T, u(l) > 2. Then |T'| > —%-

100 ]0g2/5(2"1) .

Proof. The proof of this lemma will utilize the pigeonhole principle. Since u is a probability

measure, £1([0,1]) = 1. Assume there are k intervals with measure at least 2--. All other

12



intervals will have measure less than this. We then have

12 (U ]i) =1<k- (2—n1 10g1/3(2"1)) n (2n1 B k) (21—07;1>

I,eT

1
— 1 <k-(27™1log'3(2™)) + —

100
99
— < k- (27" log!/¥(2m
= og Sk (@ log " (2™))
= k> ( 29 ) 2m
100 - log"/3(2m)

om
>_ =
- log2/5 (2m1)

Here, the first line utilizes the ball condition 1 of Theorem 1.1:

1 1/3/9n
p(B(r, 5)) % o log*(2").
[

Therefore, considering each interval as a discrete element, we are able to use Theorem
2.1 to guarantee the set of intervals with large measure contains a three-term arithmetic

progression.

13



CHAPTER 3

Introduction and Lower Bounds on a Trilinear Form

3.1 Introduction of the Trilinear Form

We start by introducing v, a compactly supported, smooth function supported on

the interval [—1,1]. We then renormalize this function to obtain the function

2 2 27n1(1+6) + 5
¢n1 (‘T) = 5 — 2—n1(1+6)¢ (5 — 9—ni(1l+e) <$ B ( 2 )) ‘

Note that the support for ¢, is on the interval [27":(1+9) 5] We now show an important

bound for this function.

Lemma 3.1. Let i, (v) = 5_2_31(1+€)@/) (5_2_31(1+6) (x - (%))) . be a compactly sup-

ported, smooth, Schwartz function supported on [2_”1(“6), 5]. Then

[ (6)] S (14 [g]) 10

Where the implied constant is independent of ny.

Proof. let v =

2+ and v = 25*2. We then have

Un, = (v(x —v)).
By the scaling property and the translation property of the Fourier transform we have

- £
— 2mivé
U, (6) = 71#(7)
nl(l—i-e)

omi2 1+5§¢<5—2_2 5)

Taking the absolute value of both sides, we obtain

=€

o) = |ermeep (=)

2Z(5 — 22”1(1+e) 5) ‘ |

14




5—2""1

Here, >=

is bounded below by 2 when n, is small and bounded above by g when n; is

large. Because 1 is a Schwartz function, QZ is also a Schwartz function. Therefore we can say

D&)< (1 +1eN™.

Therefore

5— 2—”1(1+€)) ‘ >100

o (14|

S (14 g) =

O

This gives us a bound for E,Z which is independent of our choice of n;. We now

introduce the following trilinear form.

Am(f,g,h):/ /f g(z + a)h(z + 2a) dr da
a>2—"1(1+€)

Here, a € R is positive. We now define another compactly supported smooth function ¢
supported on [—1,1]. Here, $(0) =1, [ ¢ =1, and ¢(x) > 3 whenever |z| < 3. Since ¢ and
1y, are compactly supported smooth functions, they possess the particularly useful property
that their Fourier transforms will be Schwartz functions. This means that we will be able
to utilize these functions to control the decay of A. We next consider the L!- normalized

dilation of ¢ given by
o1, = 2" (2 ).

We can now take the Fourier transform of ¢y,.
ou(e) = [ 2Fo(2ia)e i

/¢ —271'12 kug du

~¢).

We now define the following convolution:

15



In a certain sense, this convolution smooths out the support of p. Additionally, the convolu-

tion of p with a function ¢y is a genuine function. Therefore we can consider it as an input

for A. Consider

Aot tostin) = [ () [ i @i o+ ) (4 20) dida.
a>2""1 1+e

For small ny, the support of p,, is quite spread out. Therefore if A(jiy,, fin, , fn, ) 1S positive,
we have near three-term arithmetic progressions but our error is quite large. As n; gets
large, the support of y,, tightens. Therefore if A(pin, , fin, , ftn,) > 0 we know we have near

three-term arithmetic progressions with an error that has an inverse relationship to ny.
3.2 Writing A in Terms of the Fourier Transform

We now express Ay, (it * @, b * ¢, it * @) in terms of the Fourier transform. For

simplicity, we use the notation p; = p * ¢, where i € {1,2}.
Moy (pos s ) = / Y (@) / e Gu(@)pnx iz + ) dula + 2) de da
a>2—n1(1+e€)
_ / Y () / (- + (- +2a)(€) de da
9-n1(1+e)
/ Yo (@) / )t a) (-t 20)(€) de da
a>2—n1(1+e€)

Y () / m0)(©) / il 1 ) () + 2a)(€ — ) dE dyda

a>2— ni(14e€)

—_—

From here, note that we can rewrite p;(- + a)(n) and p;(- 4+ 2a)(€ — 2n) using Theorem 1.8

to obtain

Mstpogsi) = [ e [@(©) [ ementietncn e =) dednda
= / i U (@ / fii(€) / e (—m)e™ T 1y~ €) de dy da
Here —2mian — 4mia(§ — n) = —2mia(2§ — n). Therefore
Aol = [[EORDRE=0) [ e, (o) dedpda

~ [[ B - 7mee - dean

16



Let 0 = 26 —n. Therefore we have —n = 6 —2¢ and n— & = £ — 0. This is to write everything

in terms of # and £&. We can then write our trilinear form as
Ao s o) = [ [ B ~ 200706 — 0)7m,(6) d
3.3 Lower Bounds on A
Our next goal is to demonstrate a lower bound on A. Recall that we have defined Z'

—nq

to be the set of intervals I, such that p(l),) > 255

Lemma 3.2. If the number of three-term arithmetic progressions in I' is > 2™~ then

Ap, (,Uma Py s fny) 2 277

Proof. Assume I’ has N27¢ three-term arithmetic progressions.

Am (,um y Mg ,um) = /

a>2-n1(1+e)

z ) 2w / / 1, (@)1, (@ + )1, (@ + 2a) (1) (L) p(13) dz da

11,12,13

i (a) / b ()t (& + @)ty (2 + 20) iz da

To see why this holds, consider
= [L* P
/ Pn(x — ) du(N)
=2 [ 02"~ N) du(¥

Recall that we have defined ¢ so that ¢(0) = 1, and ¢(x) > 1/2 whenever |z| < 1/2.

Therefore, whenever |z — A| < 2= we have ¢(2"(z — \)) > 1/2. Therefore, we have

1
2 [ 6@ =2 duty) 2 2 [ g

= 9" Lu(Blr, 25))

Therefore, since the intervals [, are chosen so that the length of each interval is 27" /2, the

ball B(z,2~) will contain that interval I containing x. Therefore, we can say

S (o

17
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Applying this argument to both x 4+ a and x + 2a will give us the bound we need. Next we

have

Aoy (B s oy oy ) 2 Z 23m // 1, ()1, (z 4+ a)lg (z + 2a)(100 - 2™) 7% dx da

Il,IQ,Ig e’

> Z g¥mig=dm // 1 (2)1,(x 4+ a)ly(z + 2a) de da

11,012,153 € T

Z Z 272%1

I, I3 €T’
I1,I2,I3 € 3-term AP
ni (2—6) —2n1
>9 p
— 9—me

Here we have utilized our version of Varnavides’s theorem showing there are at least N2~

three-term arithmetic progressions made out of each of the intervals in Z' where N = 2. [

In the next section we will choose ny to be significantly larger than n;. We will now
prove a lemma that will be especially helpful in proving the Theorem 1.1. Specifically, we
will show if Ay, (fng, tng, tny) is bounded below we can guarantee a certain number of near

three-term arithmetic progressions.

Lemma 3.3. If Ay, (finy, g finy) > 27, then there exist > 27 4m2C2=9) pairs (1, a), where

a > 270+ that are 100 - 272 separated such that x, x + a, x + 2a are within 27" of the

support of .

Proof. First, recall that

Anl (Mn27 Hng s Mng) = / (40 ¢n1 (a) /,U/ng (x)ﬂ/ng (LU + a),ung (1’ + 2@) dz da.
a>2—n1li+re

Observe that the pairs (x,a) such that z, x + a, or x + 2a are not within 27" of the support
of p will cause pin, (), pin,(z + a), or p,,(z + 2a) to vanish causing the integrand to vanish.

Therefore, fix xq and ag so that xq, o + ag, and x¢ + 2ag are all within 27" of the support
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of 1 and ag > 27U+ Therefore we have the following estimate.

/ (@) [ fins () i (2 + @)y (& + 20) v da
|a—ap|<100-27 "2 |x—xz0|<100-27 "2

- /|aa0|<100-2n2 Vs (a) /:vx0|<100.2n2 /anz (l' — tl) d,u(tl)
: /cbm (z + a —t) du(ts) / Oy (@ + 2a — t3) du(ts) dz da

S/ ¢n1(a)/ /2n21[$2n2’z+2n2}(t1> d[,b(tl)
la—ag|<100-27 "2 |z—x0|<100-27 "2

’ /2n21[x+a—2_”2,ar+a+2_"2}(t2) dﬂ<t2) /2n21[x+2a—2_"2,x+2a+2_”2}(t3> dlu’(t3) dz da

This inequality holds because we have bounded ¢,,, above by 2"2. Therefore we can consider

the indicator function over the given intervals. We also bound ,,, above to obtain

/ / [ — 277, x4 272))
la—ao|<100-2772 J |z —x0|<100-2~ "2

Wz +a—2""r4+a+27")u([r +2a — 27", x + 2a +27"]) dx da

3
< ¥z / / (2—"2 10g1/2(2"2)> dz da
la—ao|<100-2-72 J|z—20|<100-2-72

< 2—n2(2—6)

~E€

The last line holds since nylog(2) < 2*2. This shows that each 100 - 272 neighborhood of
some (g, ag) will contribute < 272279 to the integral. Therefore, since we have assumed
Ay (Hngs iy ) > 2771, we can divide 27™€ by 27"2(279 0 show the total number of pairs

is > 9metna-0), m

Next, we will choose a large ny and show [A,, (fnys fnys fny) — Mny (g fng s fny )| 18

small.
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CHAPTER 4

Refining Arithmetic Progressions

4.1 Bounds on 0

We have chosen n; so that Theorem 2.1 will hold. The result remains valid for any
n > ny. Therefore we can choose an ns significantly larger than n;. We then allow ns to get
arbitrarily large and show the difference |A,,, (12, pi2, o) — Ay, (g1, pi1, 1) is small. However,
before we do this, we want to show that we are able to restrict our consideration of A,, over
6 to the region where 6 is small. We start by proving a lemma that will help with bounding

several integrals seen in the remainder of this paper.
Theorem 4.1. Let 7 > 0. Then the following inequality holds.
16 = 29P0 4+ 1) de 51 (4.1)
where the implicit constant is independent of 6.
We start with a lemma that will be key for this result.

Lemma 4.2. Define the function

1= e <R

TR<£>:{O €l > R

Then the function Y/E(ﬁ) > 0. Moreover, for any 0, we have

/ 70— 26)PTr(€)de < / AP Tr(E)de.
13 I3

Proof. We start by showing from the definition of the Fejer Kernel, that T r(¢) > 0. We do
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this by direct calculation:
Talc) = [ Tulepe > dg

R
/ (1 _ |£R|)6_27”§<d£

R

/R omi€C © € omiec B & omiec
—R —R R 0 R

B sin(2R7rC) N l<€e—27ri£C 0 B /O e-27ri§Cd > 1 B /R 6_27ri£Cd€>
¢ R\ —2miC 1- _p —2mi¢ R\ —27iC lo 0 —2miC
sin(2Rw¢) 1 ;Re*mRe 1 — mif 1 / Re—27iR¢C  p—2miRC _ q
¢ +E( —2mi( + 4m2(? >_ E( —2mi( + 472 (2 >
Sin(2Rm()  e2milC _ o=2miRC 9 _ o2miRC _ =2k

1 (56_27”;5(: R

=T a0 T Domic T AT2R(?
 sin(2Rx¢) . o—2miRC _ p2miR¢ .\ 9 _ p2miR( _ o—2miR¢
¢ 2miC 4m2 R(?
_ sin(2Ra()  sin(2R7() n 2 — 2cos(2mR()
e ¢ 4Rm2(?
1 —cos(2mR()
~ 2Rm2(2?

> 0.

Since p is real valued, we have that p(z) = p(x). Therefore,

[ 170~ 26)PTn(e)a

= [[eme0m dua) [ ermio-29nauty) Tate) de
_ / / / e~ 2 0020) 4y () dpu(y) Tr(€) dé

= [[[ ez [ Taiege e de du(o) duty
< / / e mey) / Tr(§)e ™% dg dp(x) dps(y)
= [[ e T - ) duta) duto)
< [[1e e Tota — )] du(o) duty)

//TRa:— (z) dpy).

Here, the last line comes from the fact that 7/]\% is nonnegative. If we reverse our calculations,
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we can write this result as

/ A©)PTr(¢) de

Proof of Theorem 4.1. We rewrite the integral in 4.1 as

/E (1 &) 72120 — 20)ldg = I; + sza

where
L= [ el - 20l
|§1<1
and

o= [ (I TR - 200l
2k§‘§|§2k+1

However, since the integral is symmetric, we can simply consider the integral

Jo= [l PR G - 26)lde
2k§£§2k+1

Next, we show that

Jk p 5 2—7’k/4

where the implied constant is not dependent on k or on 6.

We see immediately due to the range of integration

Jo <2 [ e -2 ag
2k <g<okt1
Since the integrand is nonnnegative, we have an upper bound of
100277 [ |76 ~ 20Ty
S22t / 122 (€)[ T2 (€) dé
S 27 [ (L €)FHRE) Ty €)

< b / (1+ 1) /4(a2(0)] de
5 2—kT/4
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Here, the fact that [(1+ |&])~*/4|a2(€)| d€ is finite is can be seen in Theorem 2.8 and 3.10

in Mattila’s Fourier Analysis and Hausdorff Dimension. [7]

Next, recall that we have expressed A,,, in terms of the Fourier transform as
Ao i) = [ [ OO ~ 200i(¢ — 0)50,0) d .
Now, we split up the integral into two regions as follows.
Ay piy ps) = I+ 11

Where
/|9|§2n1/2/“(5)ﬂ( §)ii(§ — 0)n, (0) d€
and

11 = /|9|>2n1/2 /Ni(ﬁ)ﬂz‘(e - 25)/%(5 — 9)1/}”1(9) de de.

Recall that we have shown the following bound on J,: in lemma 3.1.
[0, ()] S (1 + |01
where the constant here is independent of our choice of n;. We then have that
= [ RO~ 20 (€ - 0)n0) ds i
|o]>2m1/2
s [ asi™ [ momne-20me - o) d .
|6]>2m1/2

o= (60— 0) de do.
§/|9|>2n1/2(1+‘ ) /< + €N 20 - 26) (€ — 0) d€
—100 812529 — 1/2 5272 /2

§/|9|>2n1/2(1+\9\) (/(1+!§D (@ 2£)d5> (/(1+\€!) (€ —0) dg) "
S (1+0))"1 do

|6]>2m1/2
S 0|71 do
N/|9|>2"1/2| |
:2—99n1/2
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Here, each of the integrals in £ is bounded utilizing Theorem 4.1. Therefore, moving forward,

we are able to write our trilinear form as

|g]<2m1/2

4.2 Determining the Difference

Now that we have chosen n;, we can choose ns to be significantly larger than n;. We
can make ny as large as we wish. With the choice of ny we now show that A, (p1, 1, 1) —
Ay, (pa, pi2, pi2) has a small difference. For the sake of simplifying notation, we define the

following function.

Fy(€) = $1(E)d1 (0 — 26)1(€ — 0) — d2(€)da (0 — 26)pa (€ — 0).

The difference then becomes

oy ) =) = [ [ @(€I0 —20)tE )R de.

In order to show this difference is small, we will split this integral into the sum of two
integrals in order to separate our integral over £ into two regions: one where £ is large and

the other where ¢ is small. The difference will then become

Anl (:u’h M1, ,ul) - Anl (:u27 K2, :uQ) =A + B?
where
a=[ | T (OYFERO — 2)T(E — 0)Fo(€) de db
l|<2m1/2 J|¢|<100-2m1/2
and
s=[ T (OVAEA0 — 26)(E — 0)Fy(€) de db.
lo]<2m1/2 J|¢|>100-2m1/2

We first consider the case where ¢ is small. Recall that ¢,, = 2™¢(2™x). Therefore,

~

¢f\n1 = ¢(27™¢). Therefore we can express Fy(&) as

Fy(€) = 6(27™E)p(27" (0 — 26))p(27™ (€ — 0)) — G(2726)D(272(0 — 26)) (272 (€ — 0))
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We can then Taylor expand (g(f) centered at 0. This gives us

(€)= 6(0) + ()¢ + O(&).

Therefore we can then write Fy(¢) using this Taylor expansion.

-~

Fy(€) = (8(0) + 27 F(0)¢ + 0272¢2) ) (5(0) + 27" 8(0)(6 - 26) + 027" (0 — 2¢)%))

(9(0) + 27 (0)(E — 0) + 027 (6 - 0)?))

— (6(0) + 2723 (0)¢ + 02722 ) (8(0) + 272 (0)(0 - 2€) + O(272(0 - 26)?))
(6(0) +2728(0)(¢ — 0) + O *(¢ - 0)%))

/\

Now, since we are only considering the region where [£| < 27/2 and § < 2™/2 we can say

that each of the error terms become O(27"1) and O(27"2) and therefore

Fy(€) = ($(O>+2*”1<$’<0)5+0<2 m))(? )+ 27 (0)(6 _25)+o<2fm)>
- (6(0) + 273 (0)(¢ - 0) + 02™))
— (9(0) +27d(0)s + 027" >)( (0) +27=3(0)(6 — 2) + O(27™))
(90 + 279/ 0)(e )
We then expand these products. For simplicity, we only show the expansion for n;. The

product for ny will look similar

(6(0) + 273 (0)¢ + O@™) ) (6(0) + 27 F(0)(0 - 26) + O2™))

(6(0) + 278 (0)(§ — 0) + O(2™))
= 5(0) + 9(0)F (027 € + *(0)6 (0)27 (9 — 26) + F2(0)9 ()27 (€ — ) + O27™)
(0)+0@™)

<

Therefore we can write

Fy(§) = 3°(0) + 0(27) = (§°(0) + O(27))

(27m).

(4.2)

I
S
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Now we can write A as
A= / / Uy (O)E(E)AO — 26)( — 0) Fy (&) d€ df
|o]<2m1/2 J|€|<100-271/2
SR / / U (O)(E)T(O — 29)7i(E — ) dE db
|8]<2m1/2 J|€|<100-271/2
=2 / Um (6) / (1+ €1) /220 — 26)(€ — 6) dE b
|]<2m1/2 |€]<100-271/2
—ny /n\ 9 —B/2152(p _ p 1/2
S ’ /9|<2”1/2 ¢ 1< )</|£<100,2n1/2(1 T |€|) |H ( 2€)| g)
1/2

' (/ (1+ [ 2(¢ — 0)| dg) " db.
|€]<100-271/2

Using Theorem 4.1 we are able to bound each of these integrals in . Therefore we have

A2 / Tni(6) d9
|0]<2m1/2

<27,
This holds since 1, is a Schwartz function and we are integrating over a finite region.

Next consider the case where ¢ is large. We consider the integral

s T (O)AE)O — 20)T(E — 0)Fo(€) d db.
|o|<2m1/2 J|¢[>100-271/2

We have defined ¢ to be a Schwartz function. Since the space of Schwartz functions is closed

under the Fourier transform, $ is also a Schwartz function. Therefore, Fj(&) is bounded. We
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then have the inequality

1/2
B < /n\@ 1+ ’5/2A29—2 d>
~ /|;0|<2n1/22/) 1( )(/|;>100A2n1/2( ‘€|> |,LL ( €>| é-

1/2
([ sl - o)) a
|€>100-271/2
_ 1/2
</ wmw)( / (14 [€]) 2/ (2 /2) 531526 — 26)| d€>
|6]<2m1/2 |€]>100-271/2

1/2
</5| 1002 /z(”'5‘>_5/4<2"1/2>‘ﬁ/4|ﬁ2<§—9)!dé) o
> 2n1
s 2_7“/3/8/ RO
|6]<2m1/2
S 2n16/8/ it +9|7100d0
|6]<2m1/2

<2—n1,3/8/|1+9’—100d0

< 2—n1,3/8

Using the Lemma 4.1 we can bound each integral in ¢ and we are able to bound Jn\l by

Lemma 3.1. Therefore we have the following bound on the difference

‘Am (/“Lh M, Ml) - Am (,LLQ, Mo, N2)| ,S 2™m 4 2*”15/8 + 2*99111/2

< 9—mB/8

This is because 27" and 2799"1/2 are both smaller than 27"/ We also have by Lemma
3.2 that A, (p1, 1, 1) 2 27™€. Therefore if we choose € = 3/100, we have by the triangle
inequality that A, (o, o, fta) = 27™€ — 27mB/8 > 9=me  From Theorem 3.3 we know that
there are triples of points in the support of u that are within 272 of a three term arithmetic
progression. As we take ns to infinity, we obtain a sequence of near three-term arithmetic
progressions. Since the support of i is compact, we can find a sub sequence that will converge
to an actual three-term arithmetic progression. This guarantees the presence of an actual
three-term arithmetic progression in the support of i, thus completing the proof of Theorem

1.1.
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