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ABSTRACT

This thesis investigates a closed subset E of the unit interval [0, 1] supporting a prob-

ability measure with size and Fourier decay constraints. We show that if these constraints

are met, then E must contain at least one three-term arithmetic progression.
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CHAPTER 1

Introduction

1.1 Literature Review

In 1953 Roth [8] showed that any subset of the natural numbers with positive upper

density will contain infinitely many three-term arithmetic progressions. This result by Roth

played a pivotal role in developing the study of arithmetic progressions by providing a result

that could be both extended and improved upon. In 1975, Szemerédi [9] expanded upon

Roth’s theorem to show that any subset of the integers with positive upper density will not

only contain infinitely many three-term arithmetic progressions, but infinitely many k-term

arithmetic progressions for k ∈ N.

Much of the work since Roth’s Theorem has centered around improving quantitative

results. Roth’s theorem showed that for ϵ > 0, any subset A of {1, 2, · · · , N} with at least

N · ϵ elements must contain a three-term arithmetic progression if |A| > Cϵ ·N

Extensions have also been made to other spaces as well. In 2008, Green and Tao [5]

extended Roth’s result to the prime numbers. Here, they showed that the prime numbers

contain k-term arithmetic progressions for any k ∈ N. Some results have also been published

extending Roth’s Theorem to finite fields. In the space of finite fields, significantly better

statements have been shown. In 2017, Ellenberg and Gijswijt [3] showed that the number of

elements in the largest subset of Fn
3 that contains no three-term arithmetic progressions is

O(2.756n). Therefore, any set larger than this will contain a three-term arithmetic progres-

sion.

Roth’s theorem has also been extended to subsets of R of fractional dimension.  Laba

and Pramanik [6] showed that for a closed set E ⊂ R of Hausdorff dimension α, if α is close

enough to 1, and if E supports a probability measure µ with certain size and Fourier decay

constraints, then E must contain non-trivial three-term arithmetic progressions. The result

of this thesis is in line with this result.
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1.2 Outline

We begin by stating the main theorem we will prove in this thesis.

Theorem 1.1. Let β > 0 and let µ be a probability measure supported on a closed set

E ⊂ [0, 1] such that for each x ∈ R and ϵ > 0

1. µ(B(x, ϵ)) ≲ ϵ log1/3(1/ϵ)

2. |µ̂(ξ)| ≲ |ξ|−β/2.

Then the set E contains a three-term arithmetic progression.

Many of the methods used to prove this theorem are adapted from a result by Fraser on

three-term arithmetic progressions in a subset of F∞
q with sufficiently large Fourier dimension.

[4] We will utilize the following strategy. First, divide the unit interval [0, 1] into 2n+1 sub-

intervals each with Lebesgue measure 2−n/2. We will need to determine a choice of n so that

there will be enough sub-intervals supporting µ which contain points as “near” three-term

arithmetic progressions. To find this value of n we will utilize Varnavides’s Theorem. We

will call this choice n1. We can then determine a subset of these intervals on which µ is

sufficiently large. Using a pigeon-hole argument, we will show this subset is large enough to

satisfy Varnavides’s Theorem.

If we think of each of the sub-intervals on which µ has large enough support as

discrete elements, we will have our result. To do this, we consider the left endpoints of each

of our intervals to represent the interval. If we find three-term arithmetic progressions out of

intervals with large support, then these endpoints of the intervals represent “near” three-term

arithmetic progressions. To show E actually contains three-term arithmetic progressions, we

choose n2 to be significantly larger than n1. We then convolve µ with a compactly supported

smooth function whose support is determined by ni, i ∈ 1, 2. This convolution will effectively

smooth out the support of µ. We will then consider a trilinear form Λn1 which picks out

three-term arithmetic progressions. Since we have convolved µ with a function, we can use
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this convolution as an input for Λ. We then consider the difference Λn1(µn1 , µn1 , µn1) −

Λn1(µn2 , µn2 , µn2) as n2 gets arbitrarily large. Once we have shown that this difference is

small we can conclude that E must contain a three-term arithmetic progression. It should

be noted that this strategy can be extended to any closed set F ⊂ R by simply rescaling

and translating the conditions to more properly fit the desired set.

1.3 Background

We will now state a few theorems, definitions, and properties that will be useful

throughout this thesis. First we define a common notation used in this thesis. The expression

α ≲ β

implies α < C · β where C is a constant. The expression

α ≲ϵ β

implies α < Cϵ · β where C is a constant depending on ϵ.

Since our goal is to locate three-term arithmetic progressions, and we will be en-

countering arithmetic progressions of arbitrary length, we will define the general arithmetic

progression.

Definition 1.2 (Arithmetic Progression). A sequence of real numbers is an arithmetic

progression if the difference between each successive term remains constant throughout the

sequence. An arithmetic progression can be written as

an = a1 + (n− 1)d

Theorem 1.1 also requires the use of a specific type of measure: a probability measure.

Definition 1.3 (Probability Measure). Let (X,M) be a couple consisting of a set X and a

σ-algebra M of subsets of X. A measure µ defined on (X,M) is a probability measure

if it satisfies the following conditions.
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1. µ takes on values in [0, 1] where µ(X) = 1 and µ(∅) = 0.

2. µ is countably additive. Specifically, for all countable collections of pairwise disjoint

measurable subsets of E1, E2, E3, · · · of X

µ

(⋃
i∈N

Ei

)
=
∑
i∈N

µ(Ei).

When we take the Fourier transform of a probability measure µ on R, we get sev-

eral very nice properties. One particularly helpful property is the normalization property.

Specifically, this is the fact that µ̂(0) = 1. The Fourier transform of µ is given by

µ̂(ξ) =

∫
R
e−2πixξdµ(x).

Therefore,

µ̂(0) =

∫
R
e−2πix·0 dµ(x)

=

∫
R

1 dµ(x)

= 1

This is because the total mass of a probability measure over R is always equal to 1 by

definition.

While proving Theorem 1.1, we need to construct some functions that have a certain

decay and smoothness property. Namely, we need these functions to decay faster than any

polynomial function. Functions that possess this property are called Schwartz functions.

Definition 1.4 (Schwartz Space). The Schwartz space S(R) is the space of functions ϕ

such that for each α ∈ N and β ∈ N the expression

sup
x∈R

|x|α
∣∣∣∣ dβdxβ ϕ(x)

∣∣∣∣
is finite. We define this expression to be the seminorm || · ||α,β on S(R). In other words,

ϕ ∈ S(R) if and only if ϕ is a smooth function such that ϕ and all of its derivatives decay

faster than any polynomial.
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Schwartz functions are often useful for the purposes of controlling the decay of other

functions and maps. Note that the Fourier transform is a continuous bijection from the

Schwartz space to itself, meaning that the Fourier transform of a Schwartz function is also

a Schwartz function. Additionally, any compactly supported smooth function is a Schwartz

function.

One mathematical operation that we will find helpful is the convolution.

Definition 1.5 (Convolution). Let f and g be measurable complex-valued functions on R.

Then the convolution of f and g is given by

f ∗ g(x) =

∫
f(y)g(x− y)dy.

The convolution operator effectively blends two functions and produces a third func-

tion showing how one function modifies the other. Convolution possesses the properties of

commutativity, associativity, and distributivity over addition. We are also able to convolve

a function f with a measure µ to create a new function given as

f ∗ µ(x) =

∫
f(x− y) dµ(y).

Additionally, if we convolve a Schwartz function with a compactly supported measure, the

end result will also be a Schwartz function.

Another particularly helpful property of the convolution is that the Fourier transform

of a convolution of two functions is equal to the product of the Fourier transforms of each

function. Specifically, assuming f and g are both L1 functions, we have

f̂ ∗ g(ξ) =

∫
(f ∗ g)(x)e−2πixξ dx

=

∫ (∫
f(x− y)g(y)dy

)
e−2πixξ dx

=

∫
g(y)

(∫
f(x− y)e−2πixξ dx

)
dy

Here, make a change of variables letting u = x − y. Therfore, du = dx and x = u + y. We
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then have

f̂ ∗ g(ξ) =

∫
g(y)

(∫
f(u)e−2πi(u+y)ξ du

)
dy

=

∫
g(y)

(∫
f(u)e−2πiuξe−2πiyξ du

)
dy

=

∫
g(y)e−2πiyξf̂(ξ) dy

= f̂(ξ)

∫
g(y)e−2πiyξ dy

= f̂(ξ)ĝ(ξ).

We shall also find the following theorem quite useful. We state it here without proof.

Theorem 1.6. (Plancherel’s Theorem) The linear map F defined on L1(R) ∩ L2(R) given

by

Ff = f̂

has a unique extension to all of L2 as a bounded linear operator. The operator F is an

isometry; that is, for all f ∈ L2(R) we have

||Ff ||L2(R) = ||f ||L2(R)

Additionally, the operator T defined on L1(R) ∩ L2(R) by

Tf(ξ) =

∫
f(x)e2πixξ dx

has a unique extension to L2. Lastly, we have T = F−1.

Lastly we shall prove a few basic properties of the Fourier transform. The first

property we will prove is the scaling property.

Theorem 1.7. (Scaling Property) If f(x) has the Fourier transform f̂(x) then the Fourier

transform of f(γx) is given by

F(f(γ ·))(ξ) =
1

γ
f̂
( ξ
γ

)
where F denotes the Fourier transform.
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Proof. Let g(x) = f(γx). Then

ĝ(ξ) =

∫
g(x)e−2πixξ dx

=

∫
f(γx)e−2πixξ dx.

Now let u = γx. Therefore x = u
γ

and du = γdx and dx = du
γ

. We then have

ĝ(ξ) =

∫
f(u)e−2πiu

γ
ξ

γ
du

=
1

γ

∫
f(u)e−2πiu

γ
ξ du

=
1

γ
f̂
( ξ
γ

)

Next we show the translation property.

Theorem 1.8. (Translation Property) If f(x) has the Fourier transform f̂(ξ) then the

Fourier transform of f(x− ν) is given by

F(f(· − ν))(ξ) = e−2πiνξf̂(ξ)

where F denotes the Fourier transform.

Proof. let g(x) = f(x− ν). Therefore

ĝ(ξ) =

∫
g(x)e−2πixξ dx

=

∫
f(x− ν)e−2πixξ dx.

Now let u = x− ν. Therefore x = u+ ν and du = dx. We then have

ĝ(ξ) =

∫
f(u)e−2πi(u+ν)ξ du

=

∫
f(u)e−2πiuξe−2πiνξ du

= e−2πiνξf̂(ξ)
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CHAPTER 2

Discretization

2.1 Dividing the Interval

Our first task is to divide the unit interval [0, 1] into 2n+1 sub-intervals each with

Lebesgue measure 1
2n+1 . We wish to treat each interval discrete element. To do this, we

consider the left endpoint of each interval where we have a bijection from the set of left

endpoints to the set of dyadic sub-intervals. If we are able to show that there are three-term

arithmetic progressions consisting of these intervals as discrete elements, then we will have

collections of triplets of left endpoints where each point is within 2−n/2 of a point in an

actual three-term arithmetic progression.

Next, let I be the full collection of dyadic sub-intervals Ii of [0, 1] each with Lebesgue

measure 2−n/2. Let I ′ be the set of sub-intervals on which µ has large support. We now

need to make a choice of n so that we can guarantee the presence of three term arithmetic

progressions in I ′. To do this, we will utilize a modification of a theorem by Varnavides.

Theorem 2.1. Let Ω be a subset of {1, · · · , N}. for ϵ > 0, if

|Ω| ≥ N

log2/5(N)
, (2.1)

then the number of three-term arithmetic progressions in Ω is ≳ϵ N
2−ϵ.

The proof of this variant of Varnavides’s Theorem relies heavily on an extension of

Roth’s theorem by Bloom and Sisask. [2]

Theorem 2.2. Let N ≥ 2 and A ⊂ {1, 2, . . . , N} be such that |A| ≥ N
log(N)

. Then A contains

a three-term arithmetic progression.

Let δ > 0 and let P ⊂ {1, 2, . . . , N} be an arithmetic progression of length k which

will be chosen at a later step. Let Pk be the set of all progressions P of length k. We will
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consider the sets Ω ∩ P . We will now need to prove several lemmas in order to provide a

proof of Theorem 2.1.

Lemma 2.3. The total number of elements of Pk is at most ≲ N2

k
.

Proof. We define a progression P to be

x0, x0 + d, . . . , x0 + (k − 1)d

where x0 is the starting point of P and d > 0. Since

x0 + (k − 1)d ≤ N

we have the number of starting places is given by N − (k − 1)d. Observe that if we assume

d < N
2k

then we see that N − (k − 1)d ≥ N/3. We then have

∑
1≤d≤N/k

N − (k − 1)d ≥
∑

1≤d≤N/(2k)

N

3
=
N2

6k

and ∑
1≤d≤N/k

N − (k − 1)d ≤
∑

1≤d≤N/k

N =
N2

k
.

Therefore

N2

6k
≤ |Pk| ≤

N2

k
.

We define an incidence to be a pair (ω, P ) ∈ Ω × Pk such that ω ∈ P .

Lemma 2.4. The number of incidences is at least ≳ |Ω|2.

Proof. Let ω ∈ Ω. We want to obtain a lower bound on the number of incidences that ω

will contribute. Specifically, we want to find the number of progressions P ∈ Pk that will

contain ω. There are N/k possible step sizes d for the progression P .
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We now want to count the number of possible positions in P for which we can find

ω. Without loss of generality, by symmetry we can choose ω ≤ N/2. We will only consider

step sizes d < N
100·k . Let

ω = x0 + n · d.

We then have

n =
ω − x0
d

≤ ω − 1

d
.

We also have n ≤ k. Therefore the number of positions of P where ω can appear is

min(k, ⌈(ω − 1)/d⌉).

We now narrow our choice of ω so that ω is far from the endpoints 1 and N . Ω

contains at least |Ω|/2 points that are at least |Ω|/4 from both 1 and N . To see this let

|Ω| = α. We can divide the set {1, 2, · · · , N} into the regions of points within α/4 of 1,

points within α/4 of N and those that are at least α/4 away from both 1 and N . We can

write the first region as

{1, 2, · · · ⌊α/4⌋}.

The second region can be expressed as

{N − ⌊α/4⌋ + 1, N − ⌊α/4⌋ + 2, · · · , N}.

Each of these regions cover 2 · ⌊α/4⌋ points. Therefore at most α/2 points can be considered

in the excluded regions and there must be at least α/2 points at least α/4 away from both

1 and N simultaneously. Call this set of points Ω′. Suppose ω ∈ Ω′. For each 1 ≤ d ≤ N
100·k

the number of progressions of step size d that contain ω is ≳ min(k, ω/d). In the case where

d ≤ ω/k the minimum will be k. However, ω ≥ 1
4
|Ω|. Therefore the minimum will be k so

long as d ≤ |Ω|
100·k . In this case ω will be contained in k progressions of step size equal to d.

Therefore the total number of elements in Pk that contain ω is at least k · |Ω|
100·k = |Ω|

100
. Since

there are |Ω|
2

choices for ω, the total number of incidences is at least ≳ |Ω|2.

10



Now let P1
k be the set of progressions P such that |Ω∩P | > k

log(k)
. Let P2

k be the rest

of all progressions P . Our choice in defining P1
k allows us to use Roth’s theorem on these

progressions to ensure the presence of three-term arithmetic progressions in the intersection

with Ω. We now prove one last lemma before we prove Theorem 2.1.

Lemma 2.5. For any δ > 0 each three-term arithmetic progression is contained in at most

≲δ N
δk elements of Pk.

Proof. let δ > 0. Let Q be a three-term arithmetic progression contained in Ω. Let d be

the common difference of Q. We now count the number of k-term arithmetic progressions

P containing Q. Let s be the common difference of P . We now find an upper bound on

the number of possible choices for s. The step size s must be a divisor of d. Otherwise P

could not contain Q. Let σ be the divisor function. We then have σ(d) ≲δ d
δ ≲δ N

δ. [1]

Additionally, for a given common difference s, the first element of Q can occur in at most k

positions of P ; hence, at most k progressions Q of step size s contain P . Therefore the total

number of progressions containing Q is at most ≲ N δ · k.

We can now prove our version of Varnavides’s Theorem.

Proof of Theorem 2.1. We have split the progressions Pk into two subsets P1
k and P2

k . Recall

that P1
k is defined as the set of progressions that contain at least k

log(k)
elements of Ω. We can

say that the total number of incidences is ≳ |Ω|2 and is less than or equal to k·|P1
k |+ k

log(k)
|P2

k |.

We can use these facts to obtain a lower bound on |P1
k |. We know that |P2

k | ≤ |Pk| and that

|Pk| ≲ N2

k
. Therefore

|Ω|2 ≲ k|P1
k | +

k

log k

N2

k

|Ω|2 ≲ k|P1
k | +

N2

log k

|Ω|2 − N2

log k

k
≲ |P1

k |
N2

log4/5 N
− N2

log k

k
≲ |P1

k |

11



We can then choose k = N δ. Therefore

N2

log4/5 N
− N2

δ logN

N δ
≲ |P1

k |

Therefore, if we choose N appropriately we can conclude that |P1
k | ≳ N2−δ. Our choice of

N is determined as follows:

1

log4/5(N)
≫ 1

δ log(N)

=⇒ δ log(N) ≫ log4/5(N)

=⇒ δ5 log(N) ≫ 1

=⇒ N ≫ e1/δ
5

.

Each element of P1
k contains a three-term arithmetic progression of elements of Ω by Roth’s

theorem. Therefore we can count the number of three-term arithmetic progressions in Ω by

dividing the number of elements of P1
k by the number of times a given three-term arithmetic

progression appears inside an element of P1
k . This implies the number of three-term arith-

metic progressions in Ω is at least ≳δ
|P1

k |
Nδk

≳δ
N2−δ

N2δ = N2−3δ. Here we can choose δ small

enough so that N2−3δ ≤ N2−ϵ

Now we choose n such that 2n will satisfy condition 2.1 for a given ϵ > 0. Call this

choice n1. We define I to be the set sub-intervals Ii of [0, 1] and I ′ to be the sub-intervals

Ik of I such that µ(Ik) ≥ 2−n1

100
. Our next goal is to show that I ′ is large enough so we can

use Theorem 2.1.

Lemma 2.6. Let I ′ be the subset of sub-intervals of the unit interval such that for each

Ik ∈ I ′, µ(Ik) ≥ 2−n1

100
. Then |I ′| ≥ 2n1

log2/5(2n1 )
.

Proof. The proof of this lemma will utilize the pigeonhole principle. Since µ is a probability

measure, µ([0, 1]) = 1. Assume there are k intervals with measure at least 2−n1

100
. All other
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intervals will have measure less than this. We then have

µ

(⋃
Ii∈I

Ii

)
= 1 ≤ k · (2−n1 log1/3(2n1)) + (2n1 − k)

(
2−n1

100

)
=⇒ 1 ≤ k · (2−n1 log1/3(2n1)) +

1

100

=⇒ 99

100
≤ k · (2−n1 log1/3(2n1))

=⇒ k ≥
(

99

100 · log1/3(2n1)

)
2n1

≥ 2n1

log2/5(2n1)

Here, the first line utilizes the ball condition 1 of Theorem 1.1:

µ(B(x,
1

2n1
)) ≲

1

2n1
log1/3(2n1).

Therefore, considering each interval as a discrete element, we are able to use Theorem

2.1 to guarantee the set of intervals with large measure contains a three-term arithmetic

progression.

13



CHAPTER 3

Introduction and Lower Bounds on a Trilinear Form

3.1 Introduction of the Trilinear Form

We start by introducing ψ, a compactly supported, smooth function supported on

the interval [−1, 1]. We then renormalize this function to obtain the function

ψn1(x) =
2

5 − 2−n1(1+ϵ)
ψ

(
2

5 − 2−n1(1+ϵ)

(
x− (

2−n1(1+ϵ) + 5

2
)
))

.

Note that the support for ψn1 is on the interval [2−n1(1+ϵ), 5]. We now show an important

bound for this function.

Lemma 3.1. Let ψn1(x) = 2
5−2−n1(1+ϵ)ψ

(
2

5−2−n1(1+ϵ)

(
x− (2

−n1(1+ϵ)+5
2

)
))

. be a compactly sup-

ported, smooth, Schwartz function supported on [2−n1(1+ϵ), 5]. Then

|ψ̂n1(ξ)| ≲ (1 + |ξ|)−100

Where the implied constant is independent of n1.

Proof. let γ = 2
5−2−n1

and ν = 2−n1+5
2

. We then have

ψn1 = γψ(γ(x− ν)).

By the scaling property and the translation property of the Fourier transform we have

ψ̂n1(ξ) = γe−2πiνξ 1

γ
ψ(
ξ

γ
)

= e−2πi 2
−n1+5

2
ξψ̂
(5 − 2−n1(1+ϵ)

2
ξ
)
.

Taking the absolute value of both sides, we obtain

|ψ̂n1(ξ)| =

∣∣∣∣e−2πi 2
−n1+5

2
ξψ̂
(5 − 2−n1(1+ϵ)

2
ξ
)∣∣∣∣

=

∣∣∣∣ψ̂(5 − 2−n1(1+ϵ)

2
ξ
)∣∣∣∣ .
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Here, 5−2−n1

2
is bounded below by 2 when n1 is small and bounded above by 5

2
when n1 is

large. Because ψ is a Schwartz function, ψ̂ is also a Schwartz function. Therefore we can say

ψ̂(ξ) ≲ (1 + |ξ|)−100.

Therefore

ψ̂n1(ξ) ≲
(

1 +

∣∣∣∣(5 − 2−n1(1+ϵ)

2
)ξ

∣∣∣∣ )−100

≲ (1 + |ξ|)−100.

This gives us a bound for ψ̂n1 which is independent of our choice of n1. We now

introduce the following trilinear form.

Λn1(f, g, h) =

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
f(x)g(x+ a)h(x+ 2a) dx da

Here, a ∈ R is positive. We now define another compactly supported smooth function ϕ

supported on [−1, 1]. Here, ϕ(0) = 1,
∫
ϕ = 1, and ϕ(x) ≥ 1

2
whenever |x| ≤ 1

2
. Since ϕ and

ψn1 are compactly supported smooth functions, they possess the particularly useful property

that their Fourier transforms will be Schwartz functions. This means that we will be able

to utilize these functions to control the decay of Λ. We next consider the L1- normalized

dilation of ϕ given by

ϕk = 2kϕ(2kx).

We can now take the Fourier transform of ϕk.

ϕ̂k(ξ) =

∫
2kϕ(2kx)e−2πixξ dx

=

∫
ϕ(u)e−2πi2−kuξ du

= ϕ̂(2−kξ).

We now define the following convolution:

µnk
= µ ∗ ϕk.

15



In a certain sense, this convolution smooths out the support of µ. Additionally, the convolu-

tion of µ with a function ϕk is a genuine function. Therefore we can consider it as an input

for Λ. Consider

Λn1(µnk
, µnk

, µnk
) =

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µnk

(x)µnk
(x+ a)µnk

(x+ 2a) dx da.

For small nk, the support of µnk
is quite spread out. Therefore if Λ(µnk

, µnk
, µnk

) is positive,

we have near three-term arithmetic progressions but our error is quite large. As nk gets

large, the support of µnk
tightens. Therefore if Λ(µnk

, µnk
, µnk

) > 0 we know we have near

three-term arithmetic progressions with an error that has an inverse relationship to nk.

3.2 Writing Λ in Terms of the Fourier Transform

We now express Λn1(µ ∗ ϕk, µ ∗ ϕk, µ ∗ ϕk) in terms of the Fourier transform. For

simplicity, we use the notation µi = µ ∗ ϕni
where i ∈ {1, 2}.

Λn1(µi, µi, µi) =

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µ ∗ ϕi(x)µ ∗ ϕi(x+ a)µ ∗ ϕi(x+ 2a) dx da

=

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µ̂i(·)(ξ) ̂µi(· + a)µi(· + 2a)(ξ) dξ da

=

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µ̂i(·)(ξ) ̂µi(· + a) ∗ ̂µi(· + 2a)(ξ) dξ da

=

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µ̂i(·)(ξ)

∫
̂µi(· + a)(η) ̂µi(· + 2a)(ξ − η) dξ dη da

From here, note that we can rewrite ̂µi(· + a)(η) and ̂µi(· + 2a)(ξ − 2η) using Theorem 1.8

to obtain

Λn1(µi, µi, µi) =

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µ̂i(ξ)

∫
e2πiaηµ̂i(η)e4πia(ξ−η) ̂µi(ξ − η) dξ dη da

=

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µ̂i(ξ)

∫
e−2πiaηµ̂i(−η)e−4πia(ξ−η) ̂µi(η − ξ) dξ dη da

Here −2πiaη − 4πia(ξ − η) = −2πia(2ξ − η). Therefore

Λn1(µi, µi, µi) =

∫∫
µ̂i(ξ)µ̂i(−η)µ̂i(η − ξ)

∫
a>2−n1(1+ϵ)

e−2πia(2ξ−η)ψn1(a) dξ dη da

=

∫∫
µ̂i(ξ)µ̂i(−η)µ̂i(η − ξ)ψ̂n1(2ξ − η) dξ dη.
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Let θ = 2ξ−η. Therefore we have −η = θ−2ξ and η−ξ = ξ−θ. This is to write everything

in terms of θ and ξ. We can then write our trilinear form as

Λn1(µi, µi, µi) =

∫∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ)ψ̂n1(θ) dξ dθ.

3.3 Lower Bounds on Λ

Our next goal is to demonstrate a lower bound on Λ. Recall that we have defined I ′

to be the set of intervals Ik such that µ(Ik) ≥ 2−n1

100
.

Lemma 3.2. If the number of three-term arithmetic progressions in I ′ is ≳ 2n1(2−ϵ) then

Λn1(µn1 , µn1 , µn1) ≳ 2−n1ϵ.

Proof. Assume I ′ has N2−ϵ three-term arithmetic progressions.

Λn1(µn1 , µn1 , µn1) =

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µn1(x)µn1(x+ a)µn1(x+ 2a) dx da

≳
∑

I1,I2,I3

23·n1

∫∫
1I1(x)1I2(x+ a)1I3(x+ 2a)µ(I1)µ(I2)µ(I3) dx da

To see why this holds, consider

µk(x) = µ ∗ ϕk

=

∫
ϕn(x− λ) dµ(λ)

= 2n

∫
ϕ(2n(x− λ)) dµ(λ)

Recall that we have defined ϕ so that ϕ(0) = 1, and ϕ(x) ≥ 1/2 whenever |x| ≤ 1/2.

Therefore, whenever |x− λ| ≤ 2−n

2
we have ϕ(2n(x− λ)) ≥ 1/2. Therefore, we have

2n

∫
ϕ(2n(x− λ)) dµ(λ) ≥ 2n1

∫
B(x, 2

−n

2
)

1

2
dµ(λ)

= 2n · 1

2
µ(B(x,

2−n

2
))

Therefore, since the intervals Ik are chosen so that the length of each interval is 2−n/2, the

ball B(x, 2
−n

2
) will contain that interval I containing x. Therefore, we can say

µn(x) ≥ 1

2
· 2n

∑
I

1I(x)µ(I).
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Applying this argument to both x+ a and x+ 2a will give us the bound we need. Next we

have

Λn1(µn1 , µn1 , µn1) ≳
∑

I1,I2,I3 ∈ I′

23·n1

∫∫
1I1(x)1I2(x+ a)1I3(x+ 2a)(100 · 2n1)−3 dx da

≳
∑

I1,I2,I3 ∈ I′

23·n12−3·n1

∫∫
1I1(x)1I2(x+ a)1I3(x+ 2a) dx da

≳
∑

I1,I2,I3 ∈ I′

I1,I2,I3 ∈ 3-term AP

2−2·n1

≳ 2n1(2−ϵ)2−2·n1

= 2−n1ϵ

Here we have utilized our version of Varnavides’s theorem showing there are at least N2−ϵ

three-term arithmetic progressions made out of each of the intervals in I ′
where N = 2n1 .

In the next section we will choose n2 to be significantly larger than n1. We will now

prove a lemma that will be especially helpful in proving the Theorem 1.1. Specifically, we

will show if Λn1(µn2 , µn2 , µn2) is bounded below we can guarantee a certain number of near

three-term arithmetic progressions.

Lemma 3.3. If Λn1(µn2 , µn2 , µn2) > 2−n1ϵ, then there exist ≳ 2−n1ϵ+n2(2−ϵ) pairs (x, a), where

a > 2−n1(1+ϵ), that are 100 · 2−n2 separated such that x, x+ a, x+ 2a are within 2−n2 of the

support of µ.

Proof. First, recall that

Λn1(µn2 , µn2 , µn2) =

∫
a>2−n1(1+ϵ)

ψn1(a)

∫
µn2(x)µn2(x+ a)µn2(x+ 2a) dx da.

Observe that the pairs (x, a) such that x, x+ a, or x+ 2a are not within 2−n2 of the support

of µ will cause µn2(x), µn2(x+ a), or µn2(x+ 2a) to vanish causing the integrand to vanish.

Therefore, fix x0 and a0 so that x0, x0 + a0, and x0 + 2a0 are all within 2−n1 of the support
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of µ and a0 > 2−n1(1+ϵ). Therefore we have the following estimate.∫
|a−a0|<100·2−n2

ψn1(a)

∫
|x−x0|<100·2−n2

µn2(x)µn2(x+ a)µn2(x+ 2a) dx da

=

∫
|a−a0|<100·2−n2

ψn1(a)

∫
|x−x0|<100·2−n2

∫
ϕn2(x− t1) dµ(t1)

·
∫
ϕn2(x+ a− t2) dµ(t2)

∫
ϕn2(x+ 2a− t3) dµ(t3) dx da

≤
∫
|a−a0|<100·2−n2

ψn1(a)

∫
|x−x0|<100·2−n2

∫
2n21[x−2−n2 ,x+2−n2 ](t1) dµ(t1)

·
∫

2n21[x+a−2−n2 ,x+a+2−n2 ](t2) dµ(t2)

∫
2n21[x+2a−2−n2 ,x+2a+2−n2 ](t3) dµ(t3) dx da

This inequality holds because we have bounded ϕn2 above by 2n2 . Therefore we can consider

the indicator function over the given intervals. We also bound ψn1 above to obtain∫
|a−a0|<100·2−n2

∫
|x−x0|<100·2−n2

23·n2µ([x− 2−n2 , x+ 2−n2 ])

· µ([x+ a− 2−n2 , x+ a+ 2−n2 ])µ([x+ 2a− 2−n2 , x+ 2a+ 2−n2 ]) dx da

≤ 23·n2

∫
|a−a0|<100·2−n2

∫
|x−x0|<100·2−n2

(
2−n2 log1/2(2n2)

)3
dx da

≲ϵ 2−n2(2−ϵ)

The last line holds since n2 log(2) ≲ 2ϵn2 . This shows that each 100 · 2−n2 neighborhood of

some (x0, a0) will contribute ≲ 2−n2(2−ϵ) to the integral. Therefore, since we have assumed

Λn1(µn2 , µn2 , µn2) > 2−n1ϵ, we can divide 2−n1ϵ by 2−n2(2−ϵ) to show the total number of pairs

is ≳ 2−n1ϵ+n2(2−ϵ).

Next, we will choose a large n2 and show |Λn1(µn1 , µn1 , µn1) − Λn1(µn2 , µn2 , µn2)| is

small.
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CHAPTER 4

Refining Arithmetic Progressions

4.1 Bounds on θ

We have chosen n1 so that Theorem 2.1 will hold. The result remains valid for any

n ≥ n1. Therefore we can choose an n2 significantly larger than n1. We then allow n2 to get

arbitrarily large and show the difference |Λn1(µ2, µ2, µ2)−Λn1(µ1, µ1, µ1)| is small. However,

before we do this, we want to show that we are able to restrict our consideration of Λn1 over

θ to the region where θ is small. We start by proving a lemma that will help with bounding

several integrals seen in the remainder of this paper.

Theorem 4.1. Let τ > 0. Then the following inequality holds.∫
|µ̂i(θ − 2ξ)|2(1 + |ξ|)−τ/2 dξ ≲τ 1 (4.1)

where the implicit constant is independent of θ.

We start with a lemma that will be key for this result.

Lemma 4.2. Define the function

TR(ξ) =

{
1 − |ξ|

R
|ξ| ≤ R

0 |ξ| > R

Then the function T̂R(ξ) ≥ 0. Moreover, for any θ, we have∫
ξ

|µ̂(θ − 2ξ)|2TR(ξ)dξ ≤
∫
ξ

|µ̂(ξ)|2TR(ξ)dξ.

Proof. We start by showing from the definition of the Fejer Kernel, that T̂R(ζ) ≥ 0. We do
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this by direct calculation:

T̂R(ζ) =

∫
TR(ξ)e−2πiξζdξ

=

∫ R

−R

(1 − |ξ|
R

)e−2πiξζdξ

=

∫ R

−R

e−2πiξζdξ +

∫ 0

−R

ξ

R
e−2πiξζdξ −

∫ R

0

ξ

R
e−2πiξζdξ

=
sin(2Rπζ)

πζ
+

1

R

(ξe−2πiξζ

−2πiζ

∣∣∣0
−R

−
∫ 0

−R

e−2πiξζ

−2πiζ
dξ
)
− 1

R

(ξe−2πiξζ

−2πiζ

∣∣∣R
0
−
∫ R

0

e−2πiξζ

−2πiζ
dξ
)

=
sin(2Rπζ)

πζ
+

1

R

(Re2πiRζ

−2πiζ
+

1 − e2πiRζ

4π2ζ2

)
− 1

R

(Re−2πiRζ

−2πiζ
+
e−2πiRζ − 1

4π2ζ2

)
=

sin(2Rπζ)

πζ
+
e2πiRζ − e−2πiRζ

−2πiζ
+

2 − e2πiRζ − e−2πiRζ

4π2Rζ2

=
sin(2Rπζ)

πζ
+
e−2πiRζ − e2πiRζ

2πiζ
+

2 − e2πiRζ − e−2πiRζ

4π2Rζ2

=
sin(2Rπζ)

πζ
− sin(2Rπζ)

πζ
+

2 − 2 cos(2πRζ)

4Rπ2ζ2

=
1 − cos(2πRζ)

2Rπ2ζ2

≥ 0.

Since µ is real valued, we have that µ(x) = µ(x). Therefore,∫
|µ̂(θ − 2ξ)|2TR(ξ)dξ

=

∫∫
e−2πi(θ−2ξ)x dµ(x)

∫
e−2πi(θ−2ξ)ydµ(y)TR(ξ) dξ

=

∫∫∫
e−2πi(x−y)(θ−2ξ) dµ(x) dµ(y)TR(ξ) dξ

=

∫∫
e−2πiθ(x−y)

∫
TR(ξ)e−2πi(x−y)2ξ dξ dµ(x) dµ(y)

≤
∫∫

e−2πiθ(x−y)

∫
TR(ξ)e−2πi(x−y)ξ dξ dµ(x) dµ(y)

=

∫∫
e−2πiθ(x−y)T̂R(x− y) dµ(x) dµ(y)

≤
∫∫

|e−2πiθ(x−y)T̂R(x− y)| dµ(x) dµ(y)

=

∫∫
T̂R(x− y) dµ(x) dµ(y).

Here, the last line comes from the fact that T̂R is nonnegative. If we reverse our calculations,
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we can write this result as ∫
|µ̂(ξ)|2TR(ξ) dξ.

Proof of Theorem 4.1. We rewrite the integral in 4.1 as∫
ξ

(1 + |ξ|)−τ/2|µ̂2(θ − 2ξ)|dξ = I∗θ +
∞∑
k=0

Ik,θ

where

I∗θ =

∫
|ξ|≤1

(1 + |ξ|)−τ/2|µ̂2(θ − 2ξ)|dξ

and

Ik,θ =

∫
2k≤|ξ|≤2k+1

(1 + |ξ|)−τ/2|µ̂2(θ − 2ξ)|dξ

However, since the integral is symmetric, we can simply consider the integral

Jk,θ =

∫
2k≤ξ≤2k+1

(1 + |ξ|)−τ/2|µ̂2(θ − 2ξ)|dξ.

Next, we show that

Jk,θ ≲ 2−τk/4

where the implied constant is not dependent on k or on θ.

We see immediately due to the range of integration

Jk,θ ≤ 2−kτ/2

∫
2k≤ξ≤2k+1

|µ̂2(θ − 2ξ)| dξ

Since the integrand is nonnnegative, we have an upper bound of

100 · 2−kτ/2

∫
|µ̂2(θ − 2ξ)|T2k+2(ξ) dξ

≲ 2−kτ/2

∫
|µ̂2(ξ)|T2k+2(ξ) dξ

≲ 2−kτ/4

∫
(1 + |ξ|)−kτ/4|µ̂2(ξ)|T2k+2(ξ) dξ

≲ 2−kτ/4

∫
(1 + |ξ|)−kτ/4|µ̂2(ξ)| dξ

≲ 2−kτ/4

22



Here, the fact that
∫

(1 + |ξ|)−kτ/4|µ̂2(ξ)| dξ is finite is can be seen in Theorem 2.8 and 3.10

in Mattila’s Fourier Analysis and Hausdorff Dimension. [7]

Next, recall that we have expressed Λn1 in terms of the Fourier transform as

Λn1(µi, µi, µi) =

∫∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ)ψ̂n1(θ) dξ dθ.

Now, we split up the integral into two regions as follows.

Λ(µi, µi, µi) = I + II

Where

I =

∫
|θ|≤2n1/2

∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ)ψ̂n1(θ) dξ dθ

and

II =

∫
|θ|>2n1/2

∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ)ψ̂n1(θ) dξ dθ.

Recall that we have shown the following bound on ψ̂n1 in lemma 3.1.

|ψ̂n1(θ)| ≲ (1 + |θ|)−100

where the constant here is independent of our choice of n1. We then have that

II =

∫
|θ|>2n1/2

∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ)ψ̂n1(θ) dξ dθ.

≲
∫
|θ|>2n1/2

(1 + |θ|)−100

∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ) dξ dθ.

≤
∫
|θ|>2n1/2

(1 + |θ|)−100

∫
(1 + |ξ|)−β/2µ̂i(θ − 2ξ)µ̂i(ξ − θ) dξ dθ.

≤
∫
|θ|>2n1/2

(1 + |θ|)−100
(∫

(1 + |ξ|)−β/2µ̂i
2(θ − 2ξ) dξ

)1/2(∫
(1 + |ξ|)−β/2µ̂i

2(ξ − θ) dξ
)1/2

dθ

≲
∫
|θ|>2n1/2

(1 + |θ|)−100 dθ

≲
∫
|θ|>2n1/2

|θ|−100 dθ

= 2−99n1/2
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Here, each of the integrals in ξ is bounded utilizing Theorem 4.1. Therefore, moving forward,

we are able to write our trilinear form as

Λn1(µi, µi, µi) =

∫
|θ|<2n1/2

∫
µ̂i(ξ)µ̂i(θ − 2ξ)µ̂i(ξ − θ)ψ̂n1(θ) dξ dθ + O(2−99·n1/2).

4.2 Determining the Difference

Now that we have chosen n1, we can choose n2 to be significantly larger than n1. We

can make n2 as large as we wish. With the choice of n2 we now show that Λn1(µ1, µ1, µ1) −

Λn1(µ2, µ2, µ2) has a small difference. For the sake of simplifying notation, we define the

following function.

Fθ(ξ) = ϕ̂1(ξ)ϕ̂1(θ − 2ξ)ϕ̂1(ξ − θ) − ϕ̂2(ξ)ϕ̂2(θ − 2ξ)ϕ̂2(ξ − θ).

The difference then becomes

Λn1(µ1, µ1, µ1) − Λn1(µ2, µ2, µ2) =

∫
|θ|<2n1/2

∫
ψ̂n1(θ)µ̂(ξ)µ̂(θ − 2ξ)µ̂(ξ − θ)Fθ(ξ) dξdθ.

In order to show this difference is small, we will split this integral into the sum of two

integrals in order to separate our integral over ξ into two regions: one where ξ is large and

the other where ξ is small. The difference will then become

Λn1(µ1, µ1, µ1) − Λn1(µ2, µ2, µ2) = A + B,

where

A =

∫
|θ|<2n1/2

∫
|ξ|<100·2n1/2

ψ̂n1(θ)µ̂(ξ)µ̂(θ − 2ξ)µ̂(ξ − θ)Fθ(ξ) dξ dθ

and

B =

∫
|θ|<2n1/2

∫
|ξ|>100·2n1/2

ψ̂n1(θ)µ̂(ξ)µ̂(θ − 2ξ)µ̂(ξ − θ)Fθ(ξ) dξ dθ.

We first consider the case where ξ is small. Recall that ϕn1 = 2n1ϕ(2n1x). Therefore,

ϕ̂n1 = ϕ̂(2−n1ξ). Therefore we can express Fθ(ξ) as

Fθ(ξ) = ϕ̂(2−n1ξ)ϕ̂(2−n1(θ − 2ξ))ϕ̂(2−n1(ξ − θ)) − ϕ̂(2−n2ξ)ϕ̂(2−n2(θ − 2ξ))ϕ̂(2−n2(ξ − θ))
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We can then Taylor expand ϕ̂(ξ) centered at 0. This gives us

ϕ̂(ξ) = ϕ̂(0) + ϕ̂′(0)ξ + O(ξ2).

Therefore we can then write Fθ(ξ) using this Taylor expansion.

Fθ(ξ) =
(
ϕ̂(0) + 2−n1ϕ̂′(0)ξ + O(2−2n1ξ2)

)(
ϕ̂(0) + 2−n1ϕ̂′(0)(θ − 2ξ) + O(2−2n1(θ − 2ξ)2)

)
·
(
ϕ̂(0) + 2−n1ϕ̂′(0)(ξ − θ) + O(2−2n1(ξ − θ)2)

)
−
(
ϕ̂(0) + 2−n2ϕ̂′(0)ξ + O(2−2n2ξ2)

)(
ϕ̂(0) + 2−n2ϕ̂′(0)(θ − 2ξ) + O(2−2n2(θ − 2ξ)2)

)
·
(
ϕ̂(0) + 2−n2ϕ̂′(0)(ξ − θ) + O(2−2n2(ξ − θ)2)

)
Now, since we are only considering the region where |ξ| ≲ 2n1/2 and θ ≲ 2n1/2 we can say

that each of the error terms become O(2−n1) and O(2−n2) and therefore

Fθ(ξ) =
(
ϕ̂(0) + 2−n1ϕ̂′(0)ξ + O(2−n1)

)(
ϕ̂(0) + 2−n1ϕ̂′(0)(θ − 2ξ) + O(2−n1)

)
·
(
ϕ̂(0) + 2−n1ϕ̂′(0)(ξ − θ) + O(2−n1)

)
−
(
ϕ̂(0) + 2−n2ϕ̂′(0)ξ + O(2−n2)

)(
ϕ̂(0) + 2−n2ϕ̂′(0)(θ − 2ξ) + O(2−n2)

)
·
(
ϕ̂(0) + 2−n2ϕ̂′(0)(ξ − θ) + O(2−n2)

)
We then expand these products. For simplicity, we only show the expansion for n1. The

product for n2 will look similar(
ϕ̂(0) + 2−n1ϕ̂′(0)ξ + O(2−n1)

)(
ϕ̂(0) + 2−n1ϕ̂′(0)(θ − 2ξ) + O(2−n1)

)
·
(
ϕ̂(0) + 2−n1ϕ̂′(0)(ξ − θ) + O(2−n1)

)
= ϕ̂3(0) + ϕ̂2(0)ϕ̂′(0)2−n1ξ + ϕ̂2(0)ϕ̂′(0)2−n1(θ − 2ξ) + ϕ̂2(0)ϕ̂′(0)2−n1(ξ − θ) + O(2−n1)

= ϕ̂3(0) + O(2−n1)

Therefore we can write

Fθ(ξ) = ϕ̂3(0) + O(2−n1) −
(
ϕ̂3(0) + O(2−n2)

)
= O(2−n1).

(4.2)
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Now we can write A as

A =

∫
|θ|<2n1/2

∫
|ξ|<100·2n1/2

ψ̂n1(θ)µ̂(ξ)µ̂(θ − 2ξ)µ̂(ξ − θ)Fθ(ξ) dξ dθ

≲ 2−n1

∫
|θ|<2n1/2

∫
|ξ|<100·2n1/2

ψ̂n1(θ)µ̂(ξ)µ̂(θ − 2ξ)µ̂(ξ − θ) dξ dθ

≤ 2−n1

∫
|θ|<2n1/2

ψ̂n1(θ)

∫
|ξ|<100·2n1/2

(1 + |ξ|)−β/2µ̂(θ − 2ξ)µ̂(ξ − θ) dξ dθ

≤ 2−n1

∫
|θ|<2n1/2

ψ̂n1(θ)
(∫

|ξ|<100·2n1/2

(1 + |ξ|)−β/2|µ̂2(θ − 2ξ)| dξ
)1/2

·
(∫

|ξ|<100·2n1/2

(1 + |ξ|)−β/2|µ̂2(ξ − θ)| dξ
)1/2

dθ.

Using Theorem 4.1 we are able to bound each of these integrals in ξ. Therefore we have

A ≲ 2−n1

∫
|θ|<2n1/2

ψ̂n1(θ) dθ

≲ 2−n1 .

This holds since ψn1 is a Schwartz function and we are integrating over a finite region.

Next consider the case where ξ is large. We consider the integral

B =

∫
|θ|<2n1/2

∫
|ξ|>100·2n1/2

ψ̂n1(θ)µ̂(ξ)µ̂(θ − 2ξ)µ̂(ξ − θ)Fθ(ξ) dξ dθ.

We have defined ϕ to be a Schwartz function. Since the space of Schwartz functions is closed

under the Fourier transform, ϕ̂ is also a Schwartz function. Therefore, Fϕ(ξ) is bounded. We
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then have the inequality

B ≲
∫
|θ|<2n1/2

ψ̂n1(θ)

(∫
|ξ|>100·2n1/2

(1 + |ξ|)−β/2|µ̂2(θ − 2ξ)| dξ
)1/2

·
(∫

|ξ|>100·2n1/2

(1 + |ξ|)−β/2|µ̂2(ξ − θ)| dξ
)1/2

dθ

≲
∫
|θ|<2n1/2

ψ̂n1(θ)

(∫
|ξ|>100·2n1/2

(1 + |ξ|)−β/4(2n1/2)−β/4|µ̂2(θ − 2ξ)| dξ
)1/2

·
(∫

|ξ|>100·2n1/2

(1 + |ξ|)−β/4(2n1/2)−β/4|µ̂2(ξ − θ)| dξ
)1/2

dθ

≲ 2−n1β/8

∫
|θ|<2n1/2

|ψ̂n1(θ)|dθ

≲ 2−n1β/8

∫
|θ|<2n1/2

|1 + θ|−100dθ

< 2−n1β/8

∫
|1 + θ|−100dθ

≲ 2−n1β/8

Using the Lemma 4.1 we can bound each integral in ξ and we are able to bound ψ̂n1 by

Lemma 3.1. Therefore we have the following bound on the difference

|Λn1(µ1, µ1, µ1) − Λn1(µ2, µ2, µ2)| ≲ 2−n1 + 2−n1β/8 + 2−99n1/2

≲ 2−n1β/8.

This is because 2−n1 and 2−99n1/2 are both smaller than 2−n1β/8. We also have by Lemma

3.2 that Λn1(µ1, µ1, µ1) ≳ 2−n1ϵ. Therefore if we choose ϵ = β/100, we have by the triangle

inequality that Λn1(µ2, µ2, µ2) ≳ 2−n1ϵ − 2−n1β/8 ≳ 2−n1ϵ. From Theorem 3.3 we know that

there are triples of points in the support of µ that are within 2−n2 of a three term arithmetic

progression. As we take n2 to infinity, we obtain a sequence of near three-term arithmetic

progressions. Since the support of µ is compact, we can find a sub sequence that will converge

to an actual three-term arithmetic progression. This guarantees the presence of an actual

three-term arithmetic progression in the support of µ, thus completing the proof of Theorem

1.1.

27



REFERENCES

28



REFERENCES

[1] Tom M. Apostol. Introduction to analytic number theory. Undergraduate Texts in
Mathematics. Springer-Verlag, New York-Heidelberg, 1976.

[2] Thomas F. Bloom and Olof Sisask. Breaking the logarithmic barrier in Roth’s theorem
on arithmetic progressions. arXiv e-prints, page arXiv:2007.03528, July 2020.

[3] Jordan S. Ellenberg and Dion Gijswijt. On large subsets of Fn
q with no three-term

arithmetic progression. Ann. of Math. (2), 185(1):339–343, 2017.

[4] Robert Fraser. Three-term arithmetic progressions in subsets of F∞
q of large Fourier

dimension. Ann. Fenn. Math., 46(2):1007–1030, 2021.

[5] Ben Green and Terence Tao. The primes contain arbitrarily long arithmetic progressions.
Ann. of Math. (2), 167(2):481–547, 2008.

[6] Izabella  Laba and Malabika Pramanik. Arithmetic progressions in sets of fractional
dimension. Geom. Funct. Anal., 19(2):429–456, 2009.

[7] Pertti Mattila. Fourier analysis and Hausdorff dimension, volume 150 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2015.

[8] K. F. Roth. On certain sets of integers. J. London Math. Soc., 28:104–109, 1953.
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