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ABSTRACT 

 

The motivation for the research is to find a method to describe the evolution of an open 

single qubit system since the Schrödinger equation cannot be used. Therefore, to do this, the 

single qubit is first coupled to another qubit so that the joint system is closed. Next, a QMUX 

operation is applied on the joint system, after which the state of the first qubit is found (by 

tracing over the second qubit). The goal now is to find such a QMUX operation/s that can map 

the density matrix of the first qubit into any arbitrary density matrix by applying the QMUX and 

the partial trace operation. 

The aim is to cover the entire region of the Bloch sphere. However, it will be shown in 

this thesis, the entire region is not covered under one single QMUX operation, but an ellipsoid 

within the Bloch sphere. In this thesis, different QMUX operations and the regions covered 

within the Bloch sphere will be presented. As future work, combinations of QMUX operations 

will be studied such that the entire sphere can be covered. Here, there types of QMUX operations 

are considered:  

Type 1: QMUX with single rotation  

Type 2: QMUX with two rotation 

Type 3: QMUX with three rotation 

In this thesis, a detailed study is only performed on Type 1 QMUX operations. It is also 

shown how to calculate system parameters for a given Hamiltonian to implement these QMUX 

operations. 
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PREVIEW 

 

Quantum systems are extremely fragile and are very difficult to keep isolated from their 

interactions with the environment. Such systems which do interact with their environment, do 

not follow the unitary dynamics of any closed quantum systems, and are called open quantum 

systems. This makes studying the dynamics of open quantum systems important for 

understanding various quantum phenomena pertaining to interactions with their environment. 

Several methods exist in the literature for describing the dynamics of open quantum 

systems. A common method is to use a reduced master equation for open system modeling [10-

22]. Usually, the master equation is cast into Lindblad form as it guarantees certain useful 

properties like conservation of probability and complete positivity of the reduced density matrix 

[21]. 

Other techniques have also been proposed for the evolution of open quantum systems 

[23-26]. In reference [23], the author  proposed an approach for simulating the Markovian 

dynamics of an open quantum system on a quantum computer and showed that the simulation of 

the Markovian dynamics can be reduced to building generators for a Markovian semi-group. In 

reference [24], an approach for preparing the thermal equilibrium state of an open quantum 

system was suggested. Small scale open system quantum simulators have also been 

demonstrated experimentally [25, 26]. In [27], the authors introduced a quantum algorithm for 

simulating the Markovian dynamics of an open system given its Hamiltonian, the operators 

through which the open system interacts with the environment, the spectral density of the 

environment, and the temperature. 
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Other methods for open system evolution include functional techniques [9, 10, 28-30], 

stochastic Schrödinger equations [8,31-35], and the quantum regression theorem, which deal 

with the dynamics of multi-time correlation functions [8, 28, 31, 36, 37]. In [45], a perturbative 

approach towards open quantum system dynamics has been presented. Another possible 

approach to the dynamics of open quantum systems is utilizing the study of dynamical maps and 

their positivity domains [39-44]. Moreover, several groups have addressed the important 

problem of introducing a measure to quantify the non-Markovian character of quantum evolution 

[45-51]. 

Another method to study the evolution of open quantum systems is through the use of 

Kraus operators, which is also referred to as the operator-sum representation [53-64]. Recently, 

an attempt was made using Kraus operators where it was showed how to describe and physically 

implement a dynamic map of an open quantum system that evolves from one arbitrary density 

matrix to another. To accomplish this task, the qubit was coupled to another qubit such that the 

pair of interacting qubits undergo closed unitary dynamics under an interaction Hamiltonian. The 

unitary dynamics, is, however, restricted to a suitable quantum multiplexer. 

The goal of this research is to design a universal Quantum multiplexer that can transform 

any arbitrary initial density matrix representing an open quantum system to a final density 

matrix. Bloch vectors are being used to represent density matrix for the simplicity of the 

calculations during this research. That is, for a given initial density matrix the QMUX was not 

able to cover the entire Bloch sphere but only a volume corresponding to the shape of an 

ellipsoid. 
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To this end an attempt is made to determine the shape of the volume covered on and 

within a unit sphere (Bloch sphere) when QMUX operations are being performed on density 

matrices. In most cases the resultant shape was found to be an ellipsoid. 

 As such the goal is to eventually design a QMUX wherein starting with a Bloch vector, 

the entire volume of the Bloch sphere is covered. This basically indicates that a given initial 

density matrix can be mapped to any other using a QMUX operation. 
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CHAPTER 1 

 

1.1       Dirac Notation 

While column vector notation is ubiquitous in linear algebra, it is often cumbersome in 

quantum computing, especially when dealing with multiple qubits. To overcome this challenging 

situation, P.A.M.(Paul, Adrian, Maurice) created a powerful and concise formalism which is now 

referred to as Dirac notation or bra-ket (bracket) notation. This notation presents a new language 

to fit the precise needs of quantum mechanics. 

There are two types of vectors in Dirac notation: the bra vector and the ket vector, so 

named because when put together they form a bracket or inner product. 

If ψ is a column vector then we can write it in Dirac notation as |ψ⟩, where the |⋅⟩ denotes 

that it is a column vector, i.e., a ket vector.  

Similarly, the row vector ψ† is expressed as ⟨ψ|. The vector ⟨ψ| is the conjugate-transpose 

of vector |ψ⟩. The bra-ket notation directly implies that ⟨ψ|ψ⟩ is the inner product of 

vector ψ with itself. 

More generally, if ψ and ϕ are quantum state vectors their inner product is ⟨ϕ|ψ⟩ which 

implies that the probability of measuring the state |ψ⟩ to be |ϕ⟩ is 
2

   

The following convention is used to describe the quantum states that encode the values of zero 

and one (the single-qubit two-dimension computational basis states):  

1 0
0 , 1

0 1
   

= =   
   

                                                                      (1.1) 
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1.2    Tensor Product Notation 

Dirac notation also includes an implicit tensor product structure within it. This is 

important because in quantum computing, the state vector described by two uncorrelated 

quantum registers is the tensor products of the two-state vectors. 

The tensor product structure implies that we can write ψ⊗ϕ for any two quantum state 

vectors ϕ and ψ as |ψ⟩|ϕ⟩, which can also be explicitly written as |ψ⟩⊗|ϕ⟩. 

Example: 

1
1 1 0

0 0 0 0 00
0 0 0

0

 
 

      = = =  =        
 
 

 

1.3   Ketbra or Outer Product 

The outer product is represented within Dirac notation as |ψ⟩⟨ϕ|, and sometimes called 

ketbras. They are often called projectors because they project a quantum state onto another state. 

The outer product is defined via matrix multiplication as |ψ⟩⟨ϕ|=ψϕ† for quantum state 

vectors ψ and ϕ.  

The simplest, and most common example of this notation are: 

 
1 1 0

0 0 1 0
0 0 0
   

= =   
   

                                                             (1.2) 

 
0 0 0

1 1 0 1
1 0 1
   

= =   
   

                                                               (1.3) 
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CHAPTER 2 

2.1 Quantum Computers 

A quantum computer is any device for computation that makes direct use of distinctively 

quantum mechanical phenomena, such as superposition and entanglement, to perform operations 

on data. Quantum computers were proposed in the 1980s by Richard Feynman and Yuri Manin. 

In a classical (or conventional) computer, information is stored as bits; in a quantum 

computer, it is stored as qubits (quantum bits). 

If large-scale quantum computers can be built, they will be able to solve certain problems 

exponentially faster than any of our current classical computers. For example, Grover’s search 

algorithm for factorization. 

2.2 Quantum Computing Background 

The foundational core of quantum computing is to store information in quantum states of 

matter and to use quantum gate operations to perform computations on that information. 

Quantum computing takes advantage of the strange ability of subatomic particles to exist in more 

than one state at any time.  

In classical computing, a bit is a single piece of information that can exist in two states – 

1 or 0. Whereas, quantum computing uses quantum bits or 'qubits' instead, which can be in a 

superposition of two states, simultaneously. For a single qubit system, the most general state of a 

qubit described by its state vector (wave function) at any given time 't' can be written as: 

( ) ( ) 0 ( ) 1t t t  = +                                         (2.1) 
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where 
1

0
0
 

=  
 

and 
0

1
1
 

=  
 

are unit vectors and they are used to represent logic states 0 and 1, 

respectively. The state given by Eq(2.1) is called a superposition state. Also, a qubit state must 

satisfy the normalization condition, which is 

                                                    
2 2 1 + =                                                     (2.2) 

This means that a qubit is given by a unit vector in a two-dimensional complex vector space 

known as the Hilbert space. On measuring the qubit, it is found to be in states 0 and 1  with 

probabilities 
2

 and 
2

 , respectively. 

2.3   Introduction to Bloch sphere and Bloch vector and representing a Qubit 

The Bloch sphere is a representation of the state of a single qubit. In other words, the 

Bloch sphere is a geometrical representation of the pure state space of a two-level quantum 

mechanical system (qubit), named after the physicist Felix Bloch. 

The north and south poles of the Bloch sphere are chosen to correspond to the standard 

basis vectors 0 and 1 . The points on the surface of the sphere correspond to the pure states of 

the system, whereas the interior points correspond to mixed states. 

A Bloch vector is a unit vector ( cos sin ,sin sin ,cos     ) used to represent points on a 

Bloch sphere. The figure below represents the Bloch Sphere; and shows angles  and  for 

qubit state cos 0 sin
2 2

ie     +   
   
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Fig 2.1:  Bloch sphere 

Qubits can be pictured in 3D using the Bloch sphere representation. This is important 

because it allows us to visualize single-qubit states and thereby develop reasoning that can be 

invaluable in understanding multi-qubit states. Also, quantum gates basically are operations that 

rotate the Bloch vector. 

Figure 2.2 shows some examples of qubit states on a Bloch sphere. The arrows in this 

diagram show the direction in which the quantum state vector is pointing, and each 

transformation of the arrow can be thought of as a rotation about one of the cardinal axes.  
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Fig 2.2 shows qubit representation on the Bloch sphere 

2.4    Evolution of a Qubit 

The time evolution of a “closed” quantum system is given by the Schrödinger wave 

equation, which is 

                                     ( )
( )

t
i H t

t





=


                                                  (2.3) 

here, H is the Hamiltonian of the system and
2
h


= . The Hamiltonian is a self-adjoint matrix or 

Hermitian matrix. A Hermitian matrix is a square matrix that is equal to its conjugate transpose, 

i.e., the element in the i-th row and j-th column is equal to the conjugate of the element in the j-th 

row and i-th column. Some properties of the Hamiltonian include the diagonal elements of any 

Hamiltonian matrix should be real because they must be equal to their conjugate. Also, the 

addition of two Hamiltonian matrices is Hamiltonian.  The general form of a single qubit 

Hamiltonian is given as: 
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x y zH k  =  + +
0 1 0 1 0
1 0 0 0 1

i
k

i


−     
=  + +     −     

                                        (2.4)                                                                                     

ik
H

ik





 − 
=  

 + − 
                                                                                                     (2.5) 

where  is the bias acting on
x , 

y and
z are the Pauli matrices,  and k are the tunneling 

parameters.  

If we suppose the initial state of the quantum system is (0) , by integrating the 

Schrödinger wave equation, the state of the system as a function of time ‘t’ is, 

( ) exp (0) (0)iHt
t U  

− = = 
 

                                                                           (2.6) 

In the above equation, U will be a linear, 2×2 matrix for a single qubit system. Since the 

qubit represents a unit vector in a two-dimensional (2-D) Hilbert space, it is necessary for U to 

be unitary to fulfill the normalization condition. A matrix U is said to be unitary if it's conjugate 

transpose is also its inverse, i.e., 

                                                     † †UU U U I= =                                                          (2.7) 



8 
 

 Closed quantum system time evolution is always given by unitary transformations. A 

system is called "open" if the system cannot be isolated from its environment. The dynamics of 

an open system cannot be described by unitary evolutions. 

2.5   Two Qubits Operations 

The main difference between one- and two-qubit states is that two-qubit states are four-

dimensional rather than two dimensional. This is because the computational basis for two-qubit 

states is formed by the tensor products of one-qubit states. That is, the basis states are: 

1
1 1 0

00
0 0 0

0

 
 

       =        
 
 

                                                                                        (2.8) 

0
1 0 1

01
0 1 0

0

 
 

       =        
 
 

                                                                                       (2.9) 

0
0 1 0

10
1 0 1

0

 
 

       =        
 
 

                                                                                        (2.10) 

 



9 
 

0
0 0 0

11
1 1 0

1

 
 

       =        
 
 

                                                                                         (2.11) 

The vector

00

01

10

11









 
 
 
 
 
 

                                                                                                              (2.12) 

represents a general quantum state on two qubits if 
2 2 2 2

00 01 10 11 1   + + + = . Just as with 

single qubits, the quantum state vector of multiple qubits holds all the information needed to 

describe the joint  system's behavior. 

If we are given two separate qubits, one in the state




 
 
 

 and a second qubit in the state





 
 
 

, the corresponding two-qubit state is, 

 


  

  




    
    

         = =           
    
     

                                                                                        (2.13) 

Measuring two-qubit states are very similar to single-qubit measurements. Measuring the 

state 

00

01

10

11









 
 
 
 
 
 

yields 00 with probability
2

00 , 01 with probability
2

01 ,  10 with probability
2

10
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, and 11 with probability
2

11 . The variables 00 , 01 , 10 and 11  were deliberately named to 

make this connection clear. 

It is also possible to measure just one qubit of a two-qubit quantum state. In cases where 

we measure only one of the qubits, the impact of measurement is subtly different because the 

entire state is not collapsed to a computational basis state, rather it is collapsed to only one sub-

system. 

To see this consider measuring the first qubit of the following state, which is formed by 

applying the Hadamard transform on two qubits ( 2H  ) initially set to the "0" state: 

2

1
1 00 10 0 ( 0 1 )11
01 1 1 1 1 2 2 2
01 1 1 1 1 1 11 1

0 0 1 1 1 1 12 2 0
1 1 1 1 1 0 10 11 1 ( 0 1 )10

12 2 2
1

Outcome

H

Outcome



  
   + +  = = = =
     
     

  − −          = =         − −       
     − − + +      = = = =

 
 
 

                         

Here, outcome 1 and 0 means that qubit 1 is measured to be in the 1  and 0 states, 

respectively. Each outcome happens with probability ½. Note that in both cases, qubit 2 is in the 

“collapsed” state. 

Like a single qubit system, the time evolution of a two-qubit coupled system is preserved 

by the same Schrödinger wave equation, and the state of the system at any time is, 



11 
 

                               ( ) exp (0) (0)iHt
t U  

− = = 
 

  

Here U is 4×4 matrix. 

 

2.6   Quantum Gates 

The basic quantum circuit which operates on a small number of qubits is called a 

quantum gate. Since they are represented by unitary matrices, these gates are reversible. There 

are two types of quantum gates: single qubit and multiqubit gate operations. Single qubit gate 

operations function on one qubit, whereas multi-qubit gate operations function on two or more 

qubits. Some examples of common quantum gates are given below: 

2.6.1   X or Pauli X Gate (NOT): 

A NOT gate in quantum computing operates very similarly to the NOT gate in classical 

computers. The quantum NOT gate flips the state of a qubit from 0 to 1 , and vice versa. The 

matrix representation for the NOT gate is: 

0 1
1 0

X
 

=  
 

                                                                                              (2.15) 

2.6.2   Z gate or Phase flip gate 

A Z-gate in quantum computing has no classical analog. This gate applies a phase of +180o 

when the qubit is in the 1 state. When the qubit is in the 0 state, it does not change its phase. 

The matrix representation of the Z gate is: 
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1 0
0 1

Z
 

=  − 
                                                                                                 (2.16) 

 

 

 

2.6.3   Y or Pauli-Y gate  

The Y gate has no classical analog. This gate acts on a single qubit, and maps the 0 state 

to 𝑖 1  and 1 to - 𝑖 0 . The matrix representation for the Y gate is:  

0
0
i

Y
i

− 
=  
 

                                                                                                  (2.17) 

 

2.6.4   Hadamard or H Gate 

The Hadamard gate is one of the most important gates in quantum computing. This gate 

has no classical analog and is used for creating superposition states. 

The matrix representation for the Hadamard gate is: 

𝐻 =
1

√2
(

1 1
1 −1

)                                                                                         (2.18) 

 

 

2.6.5   Controlled-NOT (CNOT) Gate 

The controlled-NOT (CNOT) gate is an example of a two-qubit controlled gate where 

one qubit acts as the control and the other qubit acts as the target. The figure below shows the 

circuit representation of the CNOT gate. Here 1q  is the control, and 2q  is the target. The basic 



13 
 

operation of a CNOT gate is to flip the state of the target qubit when the control is 1 . If the 

state of the control is 0 , no operation is performed on the target. 

 
Figure 2.3. Two-qubit Controlled-NOT (CNOT) gate 

The matrix representation of the CNOT gate is: 

                      

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

CNOT

 
 
 =
 
 
 

                                                                  (2.19) 

 

                                                                                                                      

Table 1.1 shows the state table for the CNOT gate which is identical to performing a 

classical exclusive-OR (XOR) gate on the target qubit. The order of the qubit states is 1 2q q . 

                                                          TABLE 2.1 

                        STATE TABLE FOR CNOT GATE OPERATION 

Input Output 

00  00  

01  01  

10  11  

11  10  
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2.6.6    Controlled-Z Gate 

A controlled-Z gate is a two-qubit gate that applies a Z gate on the target qubit only when 

the control qubit is in the 1  state. Figure 1.6 shows the circuit diagram where 1q  is the control 

and 2q  is the target. 

 
Figure2.4. Controlled-Z gate on a two-qubit. 

 
Table 1.2 shows the state table. As can be seen from Table 1.2, under the gate operation a 

180o phase is applied when both qubits are in the 1  state.  

TABLE 2.2 

STATE TABLE FOR CONTROLLED-Z GATE OPERATION 

Input Output 

00  00  

01  01  

10  10  

11  – 11   
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CHAPTER 3 

3.1   Pure State: 

A pure state is the quantum state where we have exact information about the quantum 

system. In other words, we know what the exact state of system is for example, 

0 1  = + . A pure state is a quantum state that cannot be written as a probabilistic 

mixture of more than one state. 

3.2   Mixed State: 

Mixed quantum states correspond to a probabilistic mixture of pure states. In other 

words, these states are used to represent either a single quantum system of whose state we have 

partial or no knowledge or to represent an ensemble, which is the state of a collection of quantum 

systems. If all the quantum systems in the ensemble are in the same state, the ensemble is 

assumed to be in a pure state.  

Suppose a mixed state is such that the system comprises of two pure states 1 and 2  

with probabilities 1P and 11 P− , respectively. The system is represented as 

1 1 1 2{( , ), (1 , )}P P −                                                                                                    (3.1) 
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Note that the system can be in either state 1  or, 2 with probabilities 1P and 11 P− , 

respectively. If the systems can exist in two or different states, it can be written in a format like 

Eq. (3.1). However, the representation is cumbersome as the number of states grow. To 

overcome this difficulty, an alternate method of representation is used which is called density 

matrix representation.  

3.3   Density Matrix Representation: 

A density matrix is used to represent either a single quantum system in a pure state or 

mixed state or an ensemble quantum system in different quantum states. If the quantum system is 

in a known state   (or similarly, all the quantum systems in the ensemble are in the same 

state), then the system is said to be in a pure state. The density matrix representation is given by 

  =                                                                                                                         (3.2) 

If the system can be in one of N states i , each of them with probability 
iP  (or 

similarly, in an ensemble, the different quantum systems are in states i with probability
iP

), then the system is said to be in a mixed state, and the density operator for such ensembles 

are given by 

i i i

i

P  =                                                                                                       (3.3) 

Here, 0 1iP  and 1i

i

P =  
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This density matrix has the following properties: 

1. 2 =               projector 

2. † =               hermiticity 

3. Tr 1 =               normalization 

4. 0                    positivity 

 

3.4   Density Matrix Evolution for Closed Quantum Systems 

If the initial state is in a pure state  , then  the state after unitary evolution (U) is 

denoted as U  . If the initial state  is a mixed state before the unitary evolution then the 

mixed state after the evolution is given by the density matrix, 

      
†( )t U U =                                                                                                                   (3.4) 

     Here, †U  is the conjugate transpose of the matrix U. This is because for a closed 

quantum system, the density matrix evolution follows the Schrödinger equation. 

 

 3.5   Trace of the System 

Consider a matrix a b of a 2- dimensional system. Since the trace is the sum of 

diagonal elements, mathematically it is calculated in Dirac notation as shown below 
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1

0i i

i a b i b i i a
=

=                                                                                           (3.5) 

i

b i i a=   

b a=                                                                                                                                        (3.6) 

Here, we have used 
1

0i

i i I
=

=  

Partial trace can also be described as an operation that allows retrieval of the state of one 

subsystem from the state of the joint system. 

Consider a system of two qubit, A and B with the joint density matrix AB  

The trace of  with respect to the system B is denoted by A  and is called the reduced 

density matrix of system A. This can be written as, 

   ( )A BTr =                                                                                                                      (3.7) 

Note that after the partial trace, the dimension of the matrix will be reduced. For example, 

if the trace is taken over a 4×4 matrix, the resultant matrix will be a 2×2 matrix. In the example 

below trace and partial trace have been explained which will be used in the upcoming chapters to 

find universal quantum multiplexers.  

For example, suppose the system of two qubits is in the tensor product state, 

AB m n p q =                                                                                                        (3.8) 

To find A , we trace over subsystem B:  
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( )A B ABtr m n q p = =                                                                                           (3.9) 

Likewise, since any AB can be written as a linear combination of product states, the 

general form of the partial trace, A , can be written as a linear combination of matrices similar to 

equation (3.9).The density matrix of the joint system is: 

dim dim

1 1

H H

i i i j j ji j
P P     

= =
=                                                      (3.10) 

           i j i j i j

i j

PP                                                                                         (3.11) 

On tracing over system B. 

i j i j i j

k i j

PP k k                                                                             (3.12) 

i j i j i j

k i j

PP k k                                                                              (3.13) 

i j i j j i

i j

PP                                                                                                 (3.14) 

i i i

i

P                                                                                                                      (3.15) 

 

3.6     Purification of the System 

The mixed state of an open quantum system can be converted into a pure state by 

integrating the open system into a larger system, such that the joint state of this larger system can 

be represented as a pure state. In other words, every mixed state can be a pure state on a larger 

Hilbert space. This process is called purification. 
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To demonstrate the purification process, suppose the system A  is in the mixed state , as 

given by the equation: 

dim

1

H

i i i

i

P  
=

=                                                                                                         (3.16) 

Here, dim H is the dimension of system A and the number of states in the ensemble is 

chosen to be equal to the dimension of system A. Now suppose a second subsystem B is added 

which has a Hilbert space with the same dimension as that of the original system A.Purification 

can be constructed as follows: 

dim

1

H

i i i

i

P  
=

=                                                                                                        (3.17) 

where i  is an orthonormal basis of the second system, B. To check if this 

representation for representing the joint system by Eq. (3.11) is valid, we can calculate the 

reduced density matrix of system A, by tracing over system B. 

dim

1

H

B i i i

i

Tr P   
=

  =                                                                                              (3.18) 

Here, we have used ,j i i j  =  is the Kronecker delta function which is 1 if i = j, and zero 

otherwise. 

 

 

 

 



21 
 

3.7    Bloch Vector of Mixed state 

The Bloch vector for a density matrix  of a single qubit system is 

f

g

e

 
 
 
  

 where 

2 2 2 2f g e r+ + = , 0 1r  . For pure state, r=1 since the state vector is on the surface of the 

Bloch sphere. For a mixed state, which is a density matrix i i i

i

P   , 0 1r  , the Bloch 

vector lies within the Bloch sphere. The density matrix can be written knowing the Bloch vector 

as follows: 

( ) / 2x y zf g e I   = + + +                                                                        (3.19) 

=
11

12
e f ig

f ig e

+ − 
 + − 

                                                                                     (3.20) 
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CHAPTER 4 

4.1 Controlled-Unitary Gate Operations 

The controlled unitary gate acts on two or more qubits. Figures below show circuit 

diagrams for a two-qubit controlled-unitary operation. 

In each case, the control is represented by a circle. In Fig. 4.1, the control is represented 

by a black circle, which means that the single-qubit gate U is applied on the target qubit when 

the control is in the 1  state. In the Fig. 4.2, the control is represented by a white circle, which 

means that the single-qubit gate U is applied to the target qubit when the control is in the 0 state. 

 

Figure 4.1: A controlled unitary gate with control 1  

The matrix representation for the gate operation shown in Fig. 4.1 is 

                                                        

0
0
I

U

 
 
 

                                                                    (4.1) 
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Figure 4.2: a controlled unitary gate with control 0  

The matrix representation for the gate operation shown in Fig. 4.2 is: 

 

                                                          
0

0
U

I

 
 
 

                                                             (4.2) 

For the generation of controlled-unitary operations, the complex exponential of the 

Hamiltonian is to be taken. This happens because the state evolves according to the Schrödinger 

equation and the final state is given by the equation, 

( ) exp (0) (0)iHt
t U  

− = = 
 

                                                                                                            

where ( )t and (0)  are 4 1  column vectors corresponding to the final and initial 

states, respectively. 

Since the Hamiltonian is a 4×4 matrix for a two-qubit system, finding the exponent of the 

matrix is difficult and we cannot solve for the parameters directly. To solve this, a reduced 
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Hamiltonian approach is used where we divide the evolution of the two-qubit system into two 

two-dimensional subspaces, therefore, we can easily solve for system parameters. The reason 

why this method serves the purpose is because controlled-unitary operations work on subspaces 

of the control qubit, wherein different operations are performed on the target qubit based on the 

state of the control. 

In general, a 4×4 unitary matrix that implements 2×2 unitary matrices 1U and 2U  in 

subspaces 0  and 1 , of the control qubit respectively, can be represented as: 

1

2

0
0

U
U

U

 
=  
 

                                                                                          (4.3) 

where, 
0 0
0 0

O
 

=  
 

,                                                                                        (4.4)                                                                                                         

Circuits implementing the operation above are known as Q-MUX (Quantum 

multiplexer). The QMUX operation in Dirac notation is defined as 

  1 20 0 1 1U U +  ,                                                                                            (4.5) 

Now, every 2  2 unitary matrices, belonging to SU(2) (special unitary matrices) can be 

represented as a product of three rotational matrices, typically two Z rotations and an X rotation 

sandwiched between them. That is, an arbitrary unitary matrix, U, with unit determinant can be 

written as: 
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(2 ) (2 ) (2 )z x zU R R R  =                                                                                              (4.6) 

where the three rotation matrices are defined as: 

2

2

0
( )

0

i

z
i

e
R

e






−

−

 
 =
 
  

                                                                                                       (4.7) 

2

2

0
( )

0

i

z
i

e
R

e






−

−

 
 =
 
  

                                                                                                    (4.8) 

and 
cos sin

2 2
( )

sin cos
2 2

x

i

R

i

 


 

    −    
    =

    −    
    

                                                                              (4.9) 

Therefore, the general form of a unitary matrix, U, can be written as 

2 2

2 2

cos sin
2 2

sin cos
2 2

i i

i i

e ie

U

ie e

   

   

 

 

+ −   − −   
   

− +   
   
   

    −    
    =

 
    −    

     

                                                                        (4.10) 

In the above matrix, the values of angles   , and  can be chosen to realize the desired 

unitary transformation. Suppose that there are two different Hamiltonian, 1BH  and 2BH  (as in 

the case of controlled-unitary operations when working with subspaces). 
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The corresponding unitary matrices are: 

1
1 exp BiH t

U
− =  
 

                                                                                                                   (4.11)

2
2 exp BiH t

U
− =  
 

                                                                                                                   (4.12) 

Now these two unitary matrices can be broken down into a product of rotations: 

1 ( ) ( ) ( )z x zU R R R  =                                                                                                             (4.13)                                       

2 ( ) ( ) ( )z x zU R R R  =                                                                                                             (4.14) 

There is a one to one mapping between SU(2) and SO(3) (standard rotation about x, y, z-

axis in cartesian coordinates, where SO (3) is special orthogonal matrices in 3D structure).  

SU (2)  SO (3)                                                                                       (4.15) 

The X and Z rotation matrices in SO (3) are:  

             

1 0 0
( ) 0 cos sin

0 sin cos
xuR   

 

 
 = −
 
  

                                                                                  (4.16) 

cos sin 0
( ) sin cos 0

0 0 1
zuR

 

  

− 
 =
 
  

                                                                                  (4.17) 
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To distinguish between the rotation matrix in SU(2) and SO(3), we will use a subscript 

for the SO(3) matrix. That is, for an X rotation by  , the SU(3) matrix is ( )XR   while the 

SO(2) matrix is denoted by ( )
xuR  . 

4.2   Determining Universal QMUX 

Our aim is to find a suitable QMUX operation which can describe the evolution of an 

open quantum system from a given initial density matrix to a final density matrix. 

Consider a quantum system made of two subsystems A and B, which is initially in the 

product state: 

(0) (0) (0)AB A B  =                                                                                           (4.18) 

where 1 2(0) 0 0 1 1A  = +                                                                         (4.19) 

Here in Eq. (4.18) each system by itself is an open quantum system, and cannot undergo 

unitary evolution; however, the combined joint state of the system is closed. The state (0)AB  is 

called the product state because it comprises of the tensor product of the density matrices of  

systems A and B. As we know, the closed system goes through unitary dynamics as given by the 

Schrödinger equation. 

Once the QMUX operation is performed, the final state of the system under a unitary 

evolution, U, is given by the density matrix  

( )AB t = †(0)ABU U                                                                                             (4.20) 
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= ( )( )( )† †
1 2 1 20 0 1 1 (0) (0) 0 0 1 1A BU U U U  +    +                   (4.21)                                                                 

= † †
1 1 1 2 2 20 0 (0) 1 1 (0)B BU U U U    +                                                         (4.22) 

where 1 1 0 0 1= =  is used. 

If we now trace over qubit A, the final state of qubit B becomes: 

 
† †

1 1 1 2 2 2( ) (0) (0)B B Bt U U U U    = +                                                                        (4.23) 

As such, using a QMUX operation we are able to evolve the open quantum system B 

from state (0)B to ( )B t . The goal now is to find suitable QMUX operation/s that can evolve a 

given (0)B to every possible ( )B t by changing system parameters. 

4.3   Type 1: QMUX using One Rotation  

In this section, we are determining a QMUX operation where 1U  and 2U comprise of 

only one rotation angle each From section 4.2, we already know that the initial state is a product 

state of the density matrices and,  

† †
1 1 1 2 2 2( ) (0) (0)B B Bt U U U U    = + . 

Here ( )1 2uZU R = , ( )2 2uXU R = , ( )†
1 2uZU R = − , ( )†

2 2uXU R = −  
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Using unitary matrices in SU(2) is computationally intensive, therefore for simplicity, all 

the computations are performed using the corresponding SO(3) matrices. As such we only have 

to look at the Bloch vector of (0)B . Suppose the Bloch vector of  (0)B  is 

f

g

e

 
 
 
  

where 

2 2 2 2f g e r+ + = , 0 1r  . Similarly the Bloch vector of ( )B t  is 
x

y

z

n

n

n

 
 
 
 
 

. Also 1U and 2U in 

SO (3) become: 

 

( )1 2
zuU R = =

cos 2 sin 2 0
sin 2 cos 2 0

0 0 1

 

 

− 
 
 
  

;                                                                  (4.24) 

( )2 2
xuU R =

1 0 0
0 cos 2 sin 2
0 sin 2 cos 2

 

 

 
 = −
 
  

                                                                  (4.25) 

 

The Bloch vector of ( )B t  after the QMUX operation is 

x

y

z

n

n

n

 
 
 
 
 

= 1 2(2 ) (2 )uZ uX

f f

R g R g

e e

   

   
   +
   
      

                                                                     (4.26) 

Therefore, we have, 
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1 2

cos 2 sin 2 0 1 0 0
sin 2 cos 2 0 0 cos 2 sin 2

0 0 1 0 sin 2 cos 2

x

y

z

n f f

n g g

e en

 

     

 

  −     
       = + −       

      
      

                     (4.27) 

Solving this further gives us the following results:                                        

1 1 2cos 2 sin 2xn f g f    = − +                                                                       (4.28) 

1 1 2 2sin 2 cos 2 cos 2 sin 2yn f g g e       = + + −                                           (4.29) 

1 2 2sin 2 cos 2zn e g e    = + +                                                                           (4.30) 

 

4.4   Type 2: QMUX with Two Rotations 

Here, 1U and 2U each comprise of two rotations: 

1 (2 ) (2 )
x zu uU R R  =

1 0 0
0 cos 2 sin 2
0 sin 2 cos 2

 

 

 
 −
 
  

cos 2 sin 2 0
sin 2 cos 2 0

0 0 1

 

 

− 
 
 
  

                        (4.31)                                                                                         

2 (2 ) (2 )
z xu uU R R  =  

cos 2 sin 2 0
sin 2 cos 2 0

0 0 1

 

 

− 
 
 
  

 

1 0 0
0 cos 2 sin 2
0 sin 2 cos 2

 

 

 
 −
 
  

                    (4.32)                                                                                                                                                                     

Following the same method for Type I: 

1 2

1 0 0 cos 2 sin 2 0 cos 2 sin 2 0 1 0 0
0 cos 2 sin 2 sin 2 cos 2 0 sin 2 cos 2 0 0 cos 2 sin 2
0 sin 2 cos 2 0 0 1 0 0 1 0 sin 2 cos 2

x

y

z

n f f

n g g

e en

   

         

   

  − −       
         = − + −         

        
        

     (4.33)  
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Solving further we have: 

1 2

cos 2 sin 2 cos 2 sin 2 cos 2 sin 2 sin 2
cos 2 sin 2 cos 2 cos 2 sin 2 sin 2 cos 2 cos 2 sin 2 cos 2
sin 2 sin 2 sin 2 cos 2 cos 2 sin 2 cos 2

x

y

z

n f g f g e

n f g e f g e

f g e g en

      

           

      

  − − −   
     = + − + + −     

     + + +    

 

 1 2[ cos 2 sin 2 ] [ cos 2 sin 2 cos 2 sin 2 sin 2 ]xn f g f g e      =  −  + − −             (4.34) 

1 2[ cos 2 sin 2 cos 2 cos 2 sin 2 ] [ sin 2 cos 2 cos 2 cos 2 sin 2 ]yn f g e f g e         =  +  − + + −     (4.35) 

 1 2[ sin 2 sin 2 sin 2 cos 2 cos 2 ] [ sin 2 cos 2 ]zn f g e g e      =  +  + + +            (4.36) 

4.5    Type 3 QMUX with Three Rotations 

Here, 1U and 2U each comprise of three rotations: 

1 (2 ) (2 ) (2 )
z x zu u uU R R R  =                              

cos 2 sin 2 0 1 0 0 cos 2 sin 2 0
sin 2 cos 2 0 0 cos 2 sin 2 sin 2 cos 2 0

0 0 1 0 sin 2 cos 2 0 0 1

   

     

 

− −     
     = −
     
          

                                  (4.37)  

                                                                                  

2 (2 ) (2 ) (2 )
x z xu u uU R R R  =  

              

1 0 0 cos 2 sin 2 0 1 0 0
0 cos 2 sin 2 sin 2 cos 2 0 0 cos 2 sin 2
0 sin 2 cos 2 0 0 1 0 sin 2 cos 2

 

     

   

−     
     = − −
     
          

                 (4.38)                                                                                                               
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Following the same mechanism from the sections above:

1 2

cos(2 ) sin(2 ) 0 1 0 0 cos(2 ) sin(2 ) 0 1 0 0
sin(2 ) cos(2 ) 0 0 cos(2 ) sin(2 ) sin(2 ) cos(2 ) 0 0 cos(2 ) sin(2 )

0 0 1 0 sin(2 ) cos(2 ) 0 0 1 0 sin(2 ) cos(2

x

y

z

n f

n g

en

   

         

   

  − −     
       = − + −       

            

cos(2 ) sin(2 ) 0 1 0 0
sin(2 ) cos(2 ) 0 0 cos(2 ) sin(2 )

) 0 0 1 0 sin(2 ) cos(2 )

 

   

 

−   
   −   
   
   

 

(4.39) 

                                                                                                                                                            

1

[cos(2 )cos(2 )] [sin(2 )cos(2 )sin(2 )] [sin(2 )cos(2 )] [sin(2 )cos(2 )cos(2 )] [sin(2 )sin(2 )]
[sin(2 )cos(2 )] [cos(2 )cos(2 )sin(2 )] [sin(2 )sin(2 )] [cos(2 )cos(2 )c

x

y

z

n f f g g e

n f f g g

n

           

         

  − − − +
  = + + + 
 
 

os(2 )] [sin(2 )cos(2 )]
[sin(2 )sin(2 )] [sin(2 )cos(2 )] [cos(2 )]

e

f g e

  

    

 
 − 
 + + 

     

        +
2

(cos 2 ) (sin 2 cos 2 ) (sin 2 sin 2 )
(cos 2 sin 2 ) (cos 2 cos 2 cos 2 ) (sin 2 sin 2 ) (cos 2 sin 2 cos 2 ) (sin 2 cos 2 )
(sin 2 sin 2 ) (sin 2 cos 2 cos 2 ) (sin 2 cos 2 ) (sin 2 sin 2 cos 2 ) (cos 2 cos 2 )

f g e

f g g e e

f g g e e

    

            

           

− 
 − − −
 + − + 





          (4.40) 

  

                                                                                                                                                                        

Simplifying, we have, 

1{ [cos(2 )cos(2 )] [sin(2 )cos(2 )sin(2 )] [sin(2 )cos(2 )] [sin(2 )cos(2 )cos(2 )]xn f f g g          = − − −  

2[sin(2 )sin(2 )]} { [cos(2 )] (sin(2 )cos(2 ) [sin(2 ) n(2 )]}e f g e si       + + − +          (4.41)                    

1{ [sin(2 )cos(2 )] [cos(2 )cos(2 )sin(2 )] [sin(2 )sin(2 )] [cos(2 )cos(2 )cos(2 )] [sin(2 )cos(2 )]}yn f f g g e            = + − + −  

2{ [cos(2 )sin(2 ) [cos(2 )cos(2 )cos(2 )] [sin(2 )sin(2 )] [cos(2 )sin(2 )cos(2 )] [sin(2 )cos(2 )]}f g g e e            + + − − −                                                                                                                                               

(4.42)                                                                                                                                                                                

1 2{ [sin(2 )sin(2 )] [sin(2 )cos(2 )] [cos(2 )]} { [sin(2 )sin(2 )] [sin(2 )cos(2 )]zn f g e f g          = + + + +  

[(sin(2 )cos(2 )] [(sin 2 sin(2 )cos(2 )] [(cos(2 )cos(2 )]}g e e      + − +  (4.43) 
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In the next chapter, we will see what region of the Bloch sphere is covered under different 

QMUX operations. In this thesis, we consider Type 1 QMUX. 

 

                                                             

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



34 
 

CHAPTER 5 

5.1      Revisiting Type 1 QMUX and Investigating its Linear Transformation 

From the previous chapter, we know that under Type 1 QMUX operation the three 

coordinates of the Bloch vector are: 

1 1 2cos 2 sin 2xn f g f    = − +                                

1 1 2 2sin 2 cos 2 cos 2 sin 2yn f g g e       = + + −                 

1 2 2sin 2 cos 2zn e g e    = + +    

The linear transformation governing the above three equations is: 

1 2 1

1 1 2 2

2 1 2

cos 2 sin 2 0
sin 2 cos 2 cos 2 sin 2

0 sin 2 cos 2

x

y

z

A

n f

n g

en

    

       

    

  + −   
     = + −     

    +    

            

          1 2(2 ) (2 )
z xu u

f

R R g

e

   

 
  = +   
  

 

             
x

y

z

n f

n A g

en

   
   =   
     

                                                                                                   (5.1) 

Therefore, 1
x

y

z

nf

g A n

e n

−

  
   =   
     

                                                                                            (5.2) 
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Now calculating the determinant of A matrix: 

det (A)= 2
1 2 1 2 1 2 2[ cos 2 ][{( cos 2 cos 2 )( cos 2 )} ( sin 2 ) ]           + + + + +     

1 1 1 2[ sin 2 ][( sin 2 )( cos 2 )]      +                                                                                         (5.3) 

=
3 2 2 2 2

1 1 2 1 2(cos 2 ) (cos 2 ) cos 2 cos 2 cos 2         + + +  

2 2 2 2
2 1 1 2 2 1 2 1cos 2 cos 2 cos 2 cos 2 cos 2            + + + +

3 3 3 2 2
2 1 2 1 2 1 2cos 2 (1 cos 2 ) cos 2 (1 cos 2 )          + + + + + +  

2 2
2 1 2 1

3 3 2 2
1 2 2 1 1 2 1 2

cos 2 (1 cos 2 ) cos 2
cos 2 (cos 2 (1 cos 2 )) cos 2 (1 cos 2 )

      

            

= + +

+ + + + + +
                              (5.4)                                                                                                                                                    

On simplifying, 

3 3
1 2 1 2( ) (cos 2 cos 2 cos 2 cos 2 )Det A        = + + + +                                                        (5.5)  

The above equation has been obtained by using the following conditions: 

1 2 1 + =                                                                                                                        (5.6) 

( )3 3 3 3 3
1 2 1 2 1 2 1 2 1 2 1 23 ( ) 3           + = + + + = + +                                                  (5.7) 

( )22 2
1 2 1 2 1 2 1 22 1 2       + = + − = −                                                                          (5.8) 

Calculating adjoint for A matrix: 

11 12 13

21 22 23

31 32 33

( )
M M M

Adj A M M M

M M M

− 
 = − − 
 − 

                                                                               (5.9) 
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Now calculating all the minors that comprise the adjoint of matrix A: 

2
11 1 2 1 2 2( cos 2 cos 2 )( cos 2 ) ( sin 2 )M         = + + +                                         (5.10)  

2
12 1 1 2[ sin 2 sin 2 cos 2 ]M      − = − +                                                                     (5.11)  

13 1 2 sin 2 sin 2M    =                                                                                               (5.13) 

21 1 1 2[ sin 2 ( cos 2 )]M     − = − − +                                                                            (5.14)                                                                                                                                                                                                                                                                                                                                                                                                                                                               

2
21 1 1 2sin 2 sin 2 cos 2M      − = +                                                                            (5.15)                                                                                          

21 1 1 2[ sin 2 ( cos 2 )]M     − = +                                                                                  (5.16)                                                                                          

22 1 2 1 2[( cos 2 )( cos 2 )]M      = + +                                                                        (5.17) 

2 2
22 1 1 2 2cos 2 (1 cos 2 cos 2 ) cos 2M        = + + +                                                 (5.18)                                                                                                                                                        

23 1 2 2[( cos 2 )( sin 2 )]M     − = − +                                                                         (5.19)                                                                                        

23 2 1 2[ sin 2 ( cos 2 )]M     − = − +                                                                           (5.20)                                                                                        

31 1 2 sin 2 sin 2M    =                                                                                              (5.21)                                                                                                       

32 2 1 2[ sin 2 ( cos 2 )]M     − = − − +                                                                       (5.23)                                                                                              

32 2 1 2[ sin 2 ( cos 2 )]M     − = +                                                                            (5.24)                                                                                               

2
33 1 2 1 2 1[( cos 2 )( cos 2 cos 2 ) ( sin 2 ) ]M         = + + +                                      (5.25)                                                      

2 2
33 1 2 1 2cos 2 cos 2 (1 cos 2 )M       = + + +                                                          (5.26)                                    
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These were the values of all the minors for the matrix. Now, we can form the adjugate 

matrix of A 

2 2 2
1 1 2 2 1 1 2 1 2

2 2
1 1 2 1 1 2 2 2 1 2

2 2
1 2 2 1 2 1 2

cos 2 cos 2 (1 cos 2 ) [ sin 2 sin 2 cos 2 ] sin 2 sin 2
[ sin 2 ( cos 2 )] cos 2 (1 cos 2 cos 2 ) cos 2 [ sin 2 ( cos 2 )]

sin 2 sin 2 [ sin 2 ( cos 2 )] cos 2
M

                

                 

           

+ + + − +
= + + + + − +

+ + + 1 2 cos 2 (1 cos 2 )   

 
 
 
 + 

    (5.27) 

Thus, the inverse of  matrix A is: 

1 1 TA M
A

− =                                                                                                                 (5.28) 

2 2
1 1 2 2 1 1 2 1 2

1 2 2 2
1 1 2 1 1 2 2 2 1 2

2
1 2 2 1 2 1

cos 2 cos 2 (1 cos 2 ) [ sin 2 ( cos 2 )] sin 2 sin 2
1/ [ sin 2 sin 2 cos 2 ] cos 2 (1 cos 2 cos 2 ) cos 2 [ sin 2 ( cos 2 )]

sin 2 sin 2 [ sin 2 ( cos 2 )]
A DetA

               

                  

          

−

+ + + +
= − + + + + +

− + + 2
2 1 2cos 2 cos 2 (1 cos 2 )    

 
 
 
 + + 

 (5.29)                                                                                                                                                 

2 2
1 1 2 2 1 1 2 1 2

2 2 2
1 1 2 1 1 2 2 2 1 2

2 2
1 2 2 1 2 1 2

cos 2 cos 2 (1 cos 2 ) [ sin 2 ( cos 2 )] sin 2 sin 2
[ sin 2 sin 2 cos 2 ] cos 2 (1 cos 2 cos 2 ) cos 2 [ sin 2 ( cos 2 )]

sin 2 sin 2 [ sin 2 ( cos 2 )] cos 2

               

                  

            

+ + + +
− + + + + +

− + + +
= 1 2

3 3
1 2 1 2

cos 2 (1 cos 2 )
(cos 2 cos 2 cos 2 cos 2 )

  

       

 
 
 
 + 

+ + + +
        (5.30) 

Now that 1A− has been calculated, f, g, e, each can be written as a functions of xn , yn and zn .i.e., 

1( , , )x y zf f n n n= ,                                                                   (5.31) 

2 ( , , )x y zg f n n n=                                                                      (5.32)                                                                                                                

3( , , )x y ze f n n n=                                                                        (5.33) 

where functions 1f , 2 3,f f  are obtained from 1A− . 
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Hereafter, f, g, and e will be represented as 0 0,x y and 0z respectively. Likewise, xn , yn and 

zn will be represented as x,y and z respectively. Recall that 
2 2 2 2f g e r+ + = where 0 1r  . 

Therefore, ( ) ( ) ( )2 2 2 2
1 2 3( , , ) ( , , ) ( , , )x y z x y z x y zf n n n f n n n f n n n r+ + =                                         (5.34) 

Now the whole aim of Eq.(5.34) is to see what region of the Bloch sphere is covered by 

these three vectors components xn
yn , zn . In the next chapter, the areas covered by the Bloch 

vector for different QMUX operations and for different values of  and   have been shown. 

Tables 1 through 7 show matrix 1A− for different values of 2 , 2 , 1 and 2 . 

Table 1 

 

2  2  
1  and 2   

1A−  

4    
1 21, 0 = =  1 0 0

0 1 0
0 0 1

 
 
 
  

 

4    1 2.5, .5 = =  0 0 0
1 0 0 0
.22

0 0 0

 
 
 −
  

 

4    
1 2.7, .3 = =  .89 0 0

1 0 .40 0
.16

0 0 .40

 
 
 
  
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Table 2 

2  2   1  and 2    1A−  

4  
2
  1 21, 0 = =  1 0 0

0 1 0
0 0 1

 
 
 
  

 

4  
2
  1 2.5, .5 = =  .5 0 0

1 0 .5 0
.75

0 0 .5

 
 
 
  

 

4  
2
  1 2.7, .3 = =  .58 0 0

1 0 .70 0
.58

0 0 .49

 
 
 
  

 

 

Table 3 

2          2  1  and 2    1A−  

4  
4
  1 21, 0 = =  1 0 0

0 1 0
0 0 1

 
 
 
  

 

4  
4
  1 2.5, .5 = =  .85 0 0

1 0 .85 .352
.633

0 .352 .85

 
 
 
 − 

 

4  
4
  1 2.7, .3 = =  1.68 0 0

1 0 1.48 .784
.876

0 .784 1.49

 
 
 
 − 

 



40 
 

 

Table 4 

2   2   1  and 2    1A−  

4  22.5 degrees 1 21, 0 = =  1 0 0
0 1 0
0 0 1

 
 
 
  

 

4  22.5 degrees 
1 2.5, .5 = =  .96 0 0

1 0 .96 .19
.99

0 .19 1.21

 
 
 
 − 

 

4  22.5 degrees 1 2.7, .3 = =  1.77 0 0
1 0 1.71 .4218

.539
0 .4218 1.71

 
 
 
 − 

 

 

Table 5 

2 value 2 value 
1 and 2  value  Resulting matrix 1A−  

  4  
1 21, 0 = =  1 0 0

0 1 0
0 0 1

− 
 −
 
 − 

 

  4  
1 2.5, .5 = =  0 0 0

1 0 0 0
.22

0 0 .5

 
 
 −
 − 
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  4  
1 2.7, .3 = =  .40 0 0

1 0 .40 0
.16

0 0 1.35

− 
 −
 
  

 

 

Table 6 

2  2  1 and 2                   1A−  

2
  4  

1 21, 0 = =  0 1 0
0 0 0
0 0 1

 
 
 
  

 

2
  4  1 2.5, .5 = =  .25 .5 0

1 .5 .5 0
.53

0 0 1

 
 −
 
  

 

2
  4  

1 2.7, .3 = =  .9 .7 0
1 .7 .31 0

.79
0 0 .58

 
 −
 
  

 

 

Table 7 

2  2  1 and 2                          1A−  

4
  4  

1 21, 0 = =  .707 .707 0
.707 .707 0
0 0 1

 
 −
 
  
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4
  4  

1 2.5, .5 = =  .85 .35 0
1 .35 .85 0

.63
0 0 .35

 
 −
 
  

 

4
  4  

1 2.7, .3 = =  .78 .48 0
1 .48 .78 0

.93
0 0 .37

 
 −
 
  

 

 

5.2    ELLIPSOID 

An ellipsoid is a surface that may be obtained from a sphere, by deforming it through 

directional scaling, or more generally, an affine transformation. 

In other words, the ellipsoid is a quadratic surface, that is, a surface that may be defined 

as the zero sets of a polynomial of degree two in three variables. 

Using a cartesian coordinate system in which the origin is the center of the ellipsoid and 

the coordinate axes are axes of the ellipsoid, the implicit equation of the ellipsoid has the 

standard form: 

2 2 2

2 2 2

 1
  

x y z

a b c
+ + =                                                                                                     (5.36) 

where a, b, c are positive real numbers. 

The points (a, 0, 0), (0, b, 0) and (0, 0, c) lie on the surface. The line segments from the 

origin to these points are called the principal semi-axes of the ellipsoid because a, b, c is half the 

length of the principal axes. 
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If  a b c=  ,one has an oblate spheroid; if a b c=  , one has a prolate spheroid; if 

a b c= =  , one has a sphere. 

Fig 5.1shows examples of ellipsoids with equation 
2 2 2

2 2 2

 1
  

x y z

a b c
+ + = . The top figure shows a 

sphere with a=b=c. The bottom left figure shows a spheroid with a=b=5, c=3. Bottom right 

shows a tri-axial ellipsoid with a=4.5, b=6 and c=3. 
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Chapter 6 

6.1   Obtaining Ellipsoid Equation for Certain Set of Angles and Lambdas for Type 1 

QMUX 

Case 1: 

When, 2 4 = and 2 =   

The determinant ‘k’ of A can be written as: 

2
1 2 1 2 1 21 4 ( ) 4k      = − = + −  

2 2
1 2 1 2 1 22 4     = + + −  

2
1 2( ) = −  

The 1A−  matrix can be written as: 

1A− =

2
1 2

1 2 2
1 2

1 2

( ) 0 0
10 ( ) 0

( )
0 0 ( )

 

 
 

 

 −
 −  −
 − 

 

1

1 2

1 2

1 0 0
10 0

( )
10 0

( )

A
 

 

−

 
 
 
 

=  − 
 
 

− 

 

Observing 1A−  we can say that the matrix is orthogonal, i.e.the dot product of the column 

vector is zero. 
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Next calculating when 1A−  does not exist, i.e., k=0 and solve it further. 

2
1 2( ) 0 − = 2

1 2 1 2( ) 4    − −  

1 21 4 0  − =  

1 2
1
4

  =  

Therefore, A-1   does not exist when 1 2
1
4

  = . Since ( )1 2 1 + = , we know that A-1   does     

not exist when 1 2
1
2

 = =  

From A-1   we obtain the following: 

ox x= , i.e., 1( , , )f x y z x=  

1 2

1
( )oy y
 

=
−

, i.e., 2 ( , , )f x y z =
1 2

1
( )

y
 −

 

1 2

1
( )oz z
 

=
−

, i.e., 3( , , )f x y z =
1 2

1
( )

z
 −

 

Plugging in these coordinate values obtained in the equation 
2 2 2 2

o o ox y z r+ + =  and 

comparing it with the ellipsoid equation gives us the equation below: 

( ) ( )2 22

2 2 2 2
1 2 1 2

1
( ) ( )

y zx

r r r   

  + + =  − − 
 

Hence the values of a,b and c are obtained: 
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;a r=  

1 2( )b r = − ; 

1 2( )c r = −  

Now, as an example, suppose 1 2.7 .3and = = ,then, 

.89 0 0

.16
.400 0
.16

.400 0

.16

o

o

o

x x

y y

zz

 
 

    
    =
    
       

 
  

 

Substituting the values and forming the equation: 

2 2 2
2 2 2 2.89 .40 .40

.16 .16 .16
x y z r

     + + =     
     

 

Hence, the equation of ellipsoid in this case is: 

2 2 2

2 2 2
2 2 2

1
.16 .16 .16
.89 .4 .4

x y z

r r r

+ + =
     
     
     

 

Case 2: 

When 2 2 4and   = =  

The determinant is 

2
1 2 1 2 1 21 4 ( ) 4k      = − = + −  
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2 2
1 2 1 2 1 22 4     = + + −  

2
1 2( ) = −  

1 21 4 0  − =  

Next calculating when 1A−  does not exist, i.e. k=0. 

1 21 4 0  − =  

1 2
1
4

  =  

1 2
1

1 2
1 2

2 1

1 2 0 0
10

1 2
0

A

 

 
 

 

−

− 
 =
  −
 − 

 

Since ( )1 2 1 + = , we have 1 2
1
2

 = =  and this is when 1A−  does not exist. 

From A-1   we obtain the following: 

2 1
2

1 2

( )
( )ox x
 

 

−
=

− 2 1

1
( )

x
 

 
=  − 

 

2 1
2

1 2

( )
( )oy y
 

 

−
=

− 2 1

1
( )

y
 

=
−

 

oz z=  

Plugging in the values obtained in the equation 
2 2 2 2

o o ox y z r+ + =  and comparing it 

with the ellipsoid equation gives us the equation mentioned below:  
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( ) ( )

2 2 2

2 2 22 2
2 1 2 1

1x y z

rr r   
+ + =

− −
 

Now finding the values of a, b and c for the above equation: 

( )2
2 1a b r = = −   , c=r 

 

Case 3: 

When 2 4 = and 2
2


 =  

The determinant of A is  

( ) ( )3
1 2 1 2 1 2 1 23k        = + − + +  

1 21 2k  = −  

( )2
1 2 1 22k    = + −  

2 2
1 2k  = +  

Now finding 1A−  

1 1 2
2 2 2 2

1 2 1 2

2 1
2 2 2 2

1 2 1 2

1 0 0

0

0

A
 

   

 

   

−

 
 
 
 

=  + + 
 −
 

+ + 

 

 Observe that 1A− is orthogonal as dot product of the column vectors is zero. 
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Next calculating when 1A− doesn’t exist,.i.e., solving for k =0 

1 2 1 2
11 2 0
2

    − =  =  

We know that 1 2 1 + =  and 1 2
1
2

  = , 

Now ( ) ( )2 2
1 2 1 2 1 24     − = + − =-1 

which does not have a real solution. Therefore, 1A− always exists. 

From A-1   we obtain the following: 

ox x=  

1 2
2 2 2 2

1 2 1 2( ) ( )oy y z
 

   
= +

+ +
 

2 1
2 2 2 2

1 2 1 2( ) ( )oz y z
 

   

−
= +

+ +
 

Plugging in the values obtained in the equation 
2 2 2 2

o o ox y z r+ + =  and comparing it 

with the ellipsoid equation gives us the equation below:  

2 2 2

2 2 2 2 2 2 2
2 21 2 1 2

2 1 2 1

1
( ) ( )
(1 2 ) (1 2 )

x y z

r
r r

   

   

+ + =
   + +
   − −   

 

Now finding the values of a, b and c from the equation above: 

a r= ; 
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( )2 2
1 2b c r = = +  

(by using 2 2 2 2 2
1 2 1 2 1 2 1 2 1 2 1 2 1 21 2 ( ) 2 2 2             − = + − = + + − = + ) 

Case 4: 

When 2 2 4
2

and


  = =  

The determinant of A is k= 1 21 2 −  

Calculating when 1A− does not exist, i.e., k=0. 

1 2 1 2
11 2 0
2

    − =  =  

Again, 1A− exists for all 1  and 2 . 

From A-1   we obtain the following: 

2 1
2 2 2 2

1 2 1 2( ) ( )ox x y
 

   
= +

+ +
 

1 2
2 2 2 2

1 2 1 2( ) ( )oy x y
 

   

−
= +

+ +
 

oz z=  

Plugging in the values obtained in the equation 
2 2 2 2

o o ox y z r+ + =  and comparing it 

with the ellipsoid equation gives us the equation mentioned below:  
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2 2 2

22 2 2 2 2 2
2 21 2 1 2

2 1 2 1

1
( ) ( )
(1 2 ) (1 2 )

x y z

r
r r

   

   

+ + =
   + +
   
   − −   

 

Now finding the values of a, b and c for the equation above: 

( )2 2
1 2a b r = = +  

c r=  

            Case 5: 

When, 2 4 = and 2
4


 =   

The determinant is  

3 3
1 2 1 2(2.41)k    = + +  

Now to check where 1A−  does not exist, equating k=0 and solving it 

3 3
1 2 1 2(2.41) 0    + + =                                                                                      (6.1) 

3 3
1 2

1 2
( )

2.41
 

 
+

 = −   

Since 1 2 1 20 1,0 1, 1       + = , there is no pair of values for 1 , 2  that satisfies 

Eq.(6.1). This means that 1A− always exists. Therefore applying 1A−  we have: 

2 2
1 2 1 2

3 3
1 2 1 2

2
(2.41)ox x

   

   

+ +
=

+ +
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2
2 2 2

1 1 2

3 3 3 3
1 2 1 2 1 2 1 2

11
2 2 2

(2.41) (2.41)oy y z

 
  

       

 + + + 
 = +

+ + + +
 

2
2 22

1 1 2

3 3 3 3
1 2 1 2 1 2 1 2

11
2 22

(2.41) (2.41)oz y z


  

       

 + + +−  
 = +

+ + + +
 

Therefore, the equation of the ellipsoid in this case is: 

 

( )

2 2 2

3 3 2
21 2 1 2 3 3 2 3 3 22 2 21 2 1 2 1 2 1 22 2

2 21 2 1 2 2 2
2 22 2 2 2

1 1 2 1 1 2

1
( (2.41) )

( (2.41) ) ( (2.41) )
2

(1.707) (1.707)
2 22 2

x y z

r
r r

   
       

   
   

     

+ + =
     

+ +     
+ + + +     

 + +            + + + + + +            

 

 

Now finding the values of a, b and c from the equation above: 

3 3
1 2 1 2

2 2
1 2 1 2

(2.41)
2

a r
   

   

 + +
=  

+ + 
     

3 3
1 2 1 2

2
2 2 2

1 1 2

(2.41)

(1.707)
22

b r
   

 
  

 
 + +
 =
 + + +
  

 

3 3
1 2 1 2

2
2 2 2

1 1 2

(2.41)

(1.707)
22

c r
   

 
  

 
 + +
 =
 + + +
  
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Case 6: 

When, 2 4 2
4

and


  = =  

The determinant is  

3 3
1 2 1 2(2.41)k    = + +  

Now to check where 1A−  does not exist, equating k=0 and solving it 

3 3
1 2 1 2(2.41) 0    + + =                                                                                          (6.2) 

3 3
1 2

1 2
( )

2.41
 

 
+

 = −  . 

Since 1 2 1 20 1,0 1, 1       + = , there is no pair of values for 1 , 2  that satisfies 

Eq.(6.2). This means that 1A− always exists. Therefore applying 1A−  we have: 

2
2 1 1

2 1 2

3 3 3 3
1 2 1 2 1 2 1 2

(1.707)
2 2

(2.41) (2.41)ox x y

 
  

       

+ +
= +

+ + + +
 

2
21 1

2 1 2

3 3 3 3
1 2 1 2 1 2 1 2

(1.707)
2 2

(2.41) (2.41)oy x y

 
  

       

− + +
= +

+ + + +
 

2 2
1 2 1 2

3 3
1 2 1 2

2
(2.41)oz z

   

   

+ +
=

+ +
 

Therefore, the equation of the ellipsoid in this case is: 
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( )

2 2 2

3 3 2
21 2 1 23 3 2 3 3 2 22 21 2 1 2 1 2 1 2 2 2

2 2 1 2 1 22 2 2 2
2 21 1 1 1

2 1 2 2 1 2

1
( (2.41) )

( (2.41) ) ( (2.41) )
2

(1.707) (1.707)
2 22 2

x y z

r
r r

   
       

   
   

     

+ + =
     

+ +     
+ + + +     + +            + + + + + +      

      

 

 

Now finding the values of a, b and c from the above equation: 

3 3
1 2 1 2

2
1 1

2 1 2

(2.41)

(1.707)
2 2

a r
   

 
  

 
 + +
 =
 + + +
  

 

 

3 3
1 2 1 2

2
1 1

2 1 2

(2.41)

(1.707)
2 2

b r
   

 
  

 
 + +
 =
 + + +
  

 

 

3 3
1 2 1 2

2 2
1 2 1 2

(2.41)
2

c r
   

   

 + +
=  

+ + 
 

 

Case 7: 

When 2 4 2
8

and


  = =  

The determinant is  



55 
 

3 3
1 2 1 2(2.84)k    = + +  

Now to check where 1A−  does not exist, equating k=0 and solving it 

3 3
1 2 1 2(2.84) 0    + + =                                                                                          (6.3) 

3 3
1 2

1 2
( )

2.84
 

 
+

 = −  

Since 1 2 1 20 1,0 1, 1       + = , there is no pair of values for 1 , 2  that satisfies 

Eq.(6.3). This means that 1A− always exists. Therefore applying 1A−  we have: 

2 2
2 1 1 2
3 3

1 2 1 2

(1.84)
(2.84)ox x

   

   

+ +
=

+ +
 

2 2
2 1 1 2 2

3 3 3 3
1 2 1 2 1 2 1 2

(.92) (1.92) (.38)
(2.84) (2.84)oy y z

    

       

+ +
= +

+ + + +
 

2 2
2 2 1 1 2

3 3 3 3
1 2 1 2 1 2 1 2

(.38) (.92) (1.92)
(2.84) (2.84)oz y z
    

       

− + +
= +

+ + + +
 

Therefore, the equation of the ellipsoid in this case is:

( ) ( ) ( ) ( ) ( )

2 2 2

3 3 2 3 3 2 3 3 2
2 2 21 2 1 2 1 2 1 2 1 2 1 2

2 2 22 22 2 2 2 2 2
2 1 1 2 2 1 1 2 2 2 1 1 2 2

1
( (2.84) ) ( (2.84) ) ( (2.41) )

(1.84) (.92) (1.92) (.38) (.92) (1.92) (.38)

x y z

r r r
           

             

+ + =
     + + + + + +     
     + + + + + + + +
     

 

 

Now finding the values of a, b and c from the equation above: 

3 3
1 2 1 2

2 2
2 1 1 2

(2.84)
(1.84)

a r
   

   

 + +
=  + + 
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( ) ( )
3 3

1 2 1 2
2 2

2 1 1 2 2

(2.84)
(.92) ) (1.92) (.38)

b r
   

    

 + +
 =

+ + +  

 

( ) ( )
3 3

1 2 1 2
2 2

2 1 1 2 2

(2.84)
(.92) (1.92) (.38)

c r
   

    

 + +
 =

+ + +  

 

 

Case 8: 

When 2 4 ;2
8


  = =  

The determinant is  

3 3
1 2 1 2(2.84)k    = + +  

Now to check where 1A−  does not exist, equating k=0 and solving it  

3 3
1 2 1 2(2.84) 0    + + =                          

3 3
1 2

1 2
( )

2.84
 

 
+

 = −  

Since 1 2 1 20 1,0 1, 1       + = , there is no pair of values for 1 , 2  that satisfies the 

equation of k. This means that 1A− always exists. Therefore applying 1A−  we have: 

2 2
1 2 1 2 1

3 3 3 3
1 2 1 2 1 2 1 2

(.92) (1.92) (.38)
(2.84) (2.84)ox x y

    

       

+ +
= +

+ + + +
 

2 2
1 2 1 2 1

3 3 3 3
1 2 1 2 1 2 1 2

(.92) (1.92) (.38)
(2.84) (2.84)oy y x

    

       

+ + −
= +

+ + + +
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2 2
2 1 1 2
3 3

1 2 1 2

(1.84)
(2.84)oz z

   

   

+ +
=

+ +
 

Therefore, the equation of the ellipsoid in this case is: 

( ) ( ) ( ) ( )
( )
( )

2 2 2

23 33 3 2 3 3 2
1 2 1 22 2 21 2 1 2 1 2 1 2

2 2 22 22 2 2 2 2 2
1 2 1 2 1 1 2 1 2 1 2 1 1 2

1
(2.84)( (2.84) ) ( (2.84) )

(.92) (1.92) (.38) (.92) (1.92) (.38) (1.84)

x y z

r r r
          

             

+ + =
     + ++ + + +     
     + + + + + + + +
     

Now finding the values of a, b and c from the equation above: 

( ) ( )
3 3

1 2 1 2
2 2

1 2 1 2 1

(2.84)
(.92) (1.92) (.38)

a r
   

    

 + +
 =

+ + +  

 

( ) ( )
3 3

1 2 1 2
2 2

1 2 1 2 1

(2.84)
(.92) (1.92) (.38)

b r
   

    

 + +
 =

+ + +  

 

3 3
1 2 1 2

2 2
2 1 1 2

(2.84)
(1.84)

c r
   

   

 + +
=  + + 

 

 

Case 9: 

When 2 2
2 2

and
 

 = =  

1 21 3k  = −  

2 2
2 1 1 2

1 2 2
1 1 2 2

1 2 2 2
1 2 1 1

1
1 3

A

   

   
 

   

−

 
 = − −
 − 

                                                                               (6.4) 

Observing, 1A− it is not orthogonal. 
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Writing the co-ordinates down: 

2 2
2 1 1 2

1 2 1 2 1 21 3 1 3 1 3ox x y z
   

     
= + +

− − −
                                                                        (6.5) 

2 2
1 1 2 2

1 2 1 2 1 21 3 1 3 1 3oy x y z
   

     

−
= + +

− − −
                                                                        (6.6) 

2 2
1 2 2 1

1 2 1 2 1 21 3 1 3 1 3oz x y z
   

     

−
= + +

− − −
                                                                        (6.7) 

We will now investigate specific cases for different combinations of 1  and 2 . 

Case 9.1: 

When 1 2
1
2

 = =  ( 2 2
2


 = = ) 

From Eq. (6.5) through (6.7), we obtain 

0x x y z= + +                                                                                                                  (6.8)                                                                                                                                            

0y x y z= − + +                                                                                                                (6.9) 

0z x y z= − +                                                                                                                 (6.10) 

Using 
2 2 2 2
0 0 0x y z r+ + =  we have, 

2 2 2 2( ) ( ) ( )x y z x y z x y z r+ + + − + + + − + =                                                               (6.11) 

2 2 2 23 3 3 2 2 2x y z xy yz xz r + + − + + =                                                                       (6.12) 
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Equation (6.12) has the quadratic form 

  2

3 1 1
1 3 1

1 1 3

x

x y z y r

z

−   
   − =
   
      

                                                                                  (6.13) 

3 1 1
1 3 1

1 1 3
B

− 
 = −
 
  

 

The matrix B is similar and non-diagonal.   

The eigen values of the matrix Bare 4,  4 and 1 

The corresponding eigen vectors are: 

3 1 2

1 1 1
1 1 11 , 1 , 0
3 2 21 0 1

V V V

− −     
     = − = =
     
          

,  respectively.                                     (6.14) 

Observe that the eigen vectors 1V and 2V are not orthogonal. This is due to the 

multiplicity of 2 for eigen value “4”. 

We will now use Gram-Schmidt process to find orthonormal eigen vectors for eigen 

value 4. 

Applying Gram-Schmidt process: 

1 2

1 1
1 11 , 0
2 20 1

V V

−   
   = =
   
      

                                                                                    (6.15) 
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 2 1 1 1

1
1 1 0 1 1
2 0

V V V V

− 
 =
 
  

                                                                          (6.16) 

1
2 21

1 1 11
2 2 2 20

0

 
 

−   
  

 − = −  
   
 
  

                                                                                        (6.17) 

Next, calculating 2 2 1 1V V V V−                                                                               (6.18) 

 

1 1
1 10 1
2 2 21 0

   
   = − − =
   
      

                                                                                                (6.19) 

1
2 2

1
2 2
1
2

 
 
 
 
 
 
 
 
 

                                                                                                                        (6.20) 

Normalizing this vector, we have, 

11
62 2

1 2 1*
2 2 3 6
1 2
2 3

  
  
  
   =   
  
  
  

   

                                                                                                   (6.21) 
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Therefore, the orthonormal vectors are, 

11
621

1 1 11 , ,
3 2 61

0 2
3

  −   
 −   
   

 −    
       
     

                                                                                       (6.22) 

Note that B can be written as 

1 1 1 1 1 1
3 2 6 3 3 31 0 0

1 1 1 1 10 4 0 0
3 2 6 2 20 0 4

1 1 21 20
33 6 63

TB PDP

   
− − − − −   
    
    = − − =    
        
   
    

                       (6.23) 

Observe from Eq. (6.12) and (6.13) that xy, yz, zx terms exist. This is because matrix Bis 

non-diagonal. To obtain an ellipsoid equation in standard form, we will rotate matrix B such that 

it becomes diagonal. That is, we define new coordinates 'x , 'y , 'z such that:                   

'

' 1

'

x x

y P y

zz

−

   
   
   
     

                                                                                                              (6.24) 

'

'

'

x x

P y y

zz

   
   

 =   
     

                                                                                                            (6.25) 
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Using   2

x

x y z B y r

z

 
  =
 
  

                                                                                         (6.26) 

We have 

 

'

' 2

'

' ' ' '
x

x y z P BP y r

z

 
 

= 
 
 

                                                                                        (6.27) 

 

'

' 2

'

' ' '
x

x y z D y r

z

 
 

= 
 
 

                                                                                                (6.28) 

Therefore, the equation of the ellipsoid is '2 '2 '2 2 4 4x y z r+ + =  

 

Case 9.2:  

When 2 2
2


 = =  and  1 2
1 3
4 4

 = =   

From Equations (6.5) through (6.7), we obtain 

0
9 1 3
7 7 7

x x y z
     = + +     
     

                                                                                          (6.29) 

0
1 3 9
7 7 7

y x y z
     = − + +     
     

                                                                                        (6.30) 

0
3 9 1
7 7 7

z x y z
     = − +     
     

                                                                                          (6.31) 
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 Using 
2 2 2 2
0 0 0x y z r+ + = , we have, 

2 2 2 291 91 91 21 21 21
49 49 49 49 49 49

x y z xy yz xz r
           

 + + − + + =           
           

                           (6.32) 

Equation (6.32) has the quadratic form 

=  2

91 21 21
49 49 49
21 91 21
49 49 49

21 21 91
49 49 49

x

x y z y r

z

 − 
  
  − =
  
    

 
  

                                                                      (6.33) 

The matrix B is similar and non-diagonal. 

The eigen values of matrix B are 16 161,
7 7

and . 

The corresponding eigen vectors are: 

3 1 2

1 1 1
1 1 11 , 1 , 0
3 2 21 0 1

V V V

− −     
     = − = =
     
          

respectively.                                       (6.34) 

Observe that the eigen vectors 1V and 2V are not orthogonal.                                                                     

Applying Gram-Schmidt process: 

1 2

1 1
1 11 , 0
2 20 1

V V

−   
   = =
   
      

                                                                                      (6.35) 



64 
 

 2 1 1 1

1
1 11 0 1 1
2 20

V V V V

− 
 

 =
 
  

                                                                  (6.36)                                                                  

Solving this further: 

1
2 2

1
2 2

0

 
 
 
 = − 
 
 
  

                                                                                                                    (6.37) 

Next, calculating 2 2 1 1V V V V− =

1
2 2

1
2 2
1
2

 
 
 
 
 
 
 
 
 

                                                             (6.38) 

Therefore, the orthonormal vectors are,  

1 1
6 21

1 1 11 , ,
3 6 21

02
3

   −   
 −   
    −     

          
     

                                                                                              (6.39) 

Note that B can be written as 
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1 1 1 1 1 1
1 0 03 2 3 3 3 3

1 1 1 16 1 10 0 0
73 2 6 2 2

16 1 1 21 2 0 00 7 33 6 63

TB PDP

   
 − − − − −   
    
    
 = − − =   
    
    
         

                  (6.40) 

Observe from Equation (6.32) and (6.33) that xy, yz, zx terms exist. This is because 

matrix B is non-diagonal. To obtain an ellipsoid equation in standard form, we will rotate matrix 

B such that it becomes diagonal. That is, we define new coordinates 'x , 'y , 'z such that:                   

'

' 1

'

x x

y P y

zz

−

   
   
   
     

                                                                                                            (6.41) 

'

'

'

x x

P y y

zz

   
   

 =   
     

                                                                                                           (6.42) 

Using   2

x

x y z B y r

z

 
  =
 
  

                                                                                        (6.43) 

We have 

 

'

' 2

'

' ' ' '
x

x y z P BP y r

z

 
 

= 
 
 

                                                                                        (6.44) 
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 

'

' 2

'

' ' '
x

x y z D y r

z

 
 

= 
 
 

                                                                                                (6.45) 

Case 9.3: 

When 2 2
2


 = = and 1 2.7 .3 = =  

From Equations (6.5) through (6.7), we obtain 

 

0
.09 .49 .21
.37 .37 .37

x x y z
     = + +     
     

                                                                           (6.46)                                                                                                                                                                             

0
.49 .21 .09
.37 .37 .37

y x y z
     = − + +     
     

                                                                        (6.47) 

             0
.21 .09 .49
.37 .37 .37

z x y z
     = − +     
     

                                                                           (6.48) 

Using 2 2 2 2
0 0 0x y z r+ + =  we have 

( ) ( ) ( ) ( ) ( ) ( )2 2 22.107 2.107 2.107 1.1 1.1 1.1x y z xy yz xz + + − + +                           (6.49)  

Equation (6.49) has a quadratic form 

 
( )

( ) 2

2.107 1.1 1.1
1.1 2.107 1.1

1.1 1.1 2.107

x

x y z y r

z

−   
   − =   
     

                                                              (6.50) 

Eigen values of B are: 1 2
93 3207,

1000 1000
 = − =                                                           (6.51) 
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The corresponding eigen vectors are: 

3 1 2

1 1 1
1 1 11 , 1 , 0
3 2 21 0 1

V V V

− −     
     = − = =
     
          

respectively.                                       (6.52)                                                                                                 

Observe that the eigen vectors 1V and 2V are not orthogonal.                                                                     

Applying Gram-Schmidt process: 

1 2

1 1
1 11 , 0
2 20 1

V V

−   
   = =
   
      

                                                                                      (6.53) 

 2 1 1 1

1
1 11 1 0 0
2 21

V V V V

 
 

 = −
 
  

                                                                  (6.54) 

Solving this further: 

1
2 2

1
2 2

0

 
 
 
 = − 
 
 
  

                                                                                                                  (6.55) 

Next calculating, 2 2 1 1V V V V−                                                                               (6.56) 
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1
2 21 1

1 1 10 1
2 2 2 2 21 0

1
2

 
 
    
    = − − =     
       
 
 
 

                                                                              (6.57)                                                                                                                                                                                 

1B PDP−=                                                                                                         (6.58) 

1 1 1 1 1 193 0 0
3 2 3 3 3 31000

1 1 1 3207 1 10 0 0
10003 2 6 2 2

3207 1 1 21 2 0 00 1000 33 6 63

TB PDP

    − − − − −   − 
    
    = − − =    
    
    
         

     (6.59) 

                                           

Observe from Equation (6.49) and (6.50) that xy,yz,zx terms exist. This is because matrix 

Bis non-diagonal. To obtain an ellipsoid equation in standard form, we will rotate matrix B such 

that it becomes diagonal. That is, we define new coordinates 'x , 'y , 'z such that:                   

'

' 1

'

x x

y P y

zz

−

   
   
   
     

                                                                                                              (6.60) 

'

'

'

x x

P y y

zz

   
   

 =   
     

                                                                                                            (6.61) 
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Using   2

x

x y z B y r

z

 
  =
 
  

                                                                                         (6.62) 

We have 

 

'

' 2

'

' ' ' '
x

x y z P BP y r

z

 
 

= 
 
 

                                                                                        (6.63) 

 

'

' 2

'

' ' '
x

x y z D y r

z

 
 

= 
 
 

                                                                                                (6.64) 
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CHAPTER 7 

7.1    Implementation of Quantum Multiplexer 

In this section, the practical implication of a QMUX is discussed. 

Consider the Hamiltonian of the system to be: 

( )
,

i zi i xi ZAB

i A B

H    
=

= + +  

Such systems are called Ising- coupled and are typical of super-conducting qubits. 

As we know a two-qubit QMUX operation has one control and one target qubit. Such systems 

are called Ising- coupled and are typical of super-conducting qubits. 

The QMUX has the form 0

1

U

U

 
 
 

. Unitary matrix 0U is the 2 2 matrix applied on the 

target in subspace 0S (where control is 0 ); unitary matrix 1U is the 2 2 matrix applied on the 

target in subspace 1S (where the control is 1 ). 

Under a QMUX operation, the control never changes its state. By maintaining a high bias 

on the control, the Hamiltonian can be divided into 2 Hamiltonians, each acting on a subspace of 

the control qubit. 

The Hamiltonian in subspace 0S is: 

( )0 B ZB B XBH    = + +   and 02
0

i H t
U e

−=                                                              (7.1) 

Since the 0U  can be written as a product of 3 rotations, we also have 
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0 ( ) ( ) ( )z x zU R R R  =                                                                                                   (7.2) 

Equating equations (7.1) and (7.2) for 0U ,we have the set of 4 equations: 

0cos(2 ) cos( )cos( )
2 2

f t
  


+

=                                                                                       (7.3) 

0
0

sin(2 ) sin( )cos( )
2 2

B f t
f

    


+ +
=                                                                             (7.4) 

0
0

sin(2 ) sin( )sin( )
2 2

BK
f t

f

  


−
=                                                                                 (7.5) 

0
0

sin(2 ) cos( )sin( )
2 2

B f t
f

  


 −
=                                                                                 (7.6) 

where ( )22 2
0 B B Bf k =  + + +                                                                                  (7.7) 

Now, if 0Bk =  which is typical for superconducting qubits,                                       (7.8) 

sin( ) 0,sin( ) 0
2 2

  −
= =  or both                                                                                   (7.9) 

             Likewise, for subspace 1S : 

( )1 B ZB B XBH    = − +    and 12
1

i H t
U e

−=                                                           (7.10) 

Also, 1 ( ) ( ) ( )z x zU R R R  =                                                                                         (7.11) 

The set of 4 equations are: 
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1cos(2 ) cos( )cos( )
2 2

f t
  


+

=                                                                                   (7.12) 

1
0

sin(2 ) sin( )cos( )
2 2

B f t
f

    


− +
=                                                                         (7.13)

1
0

sin(2 ) sin( )sin( )
2 2

BK
f t

f

  


−
=                                                                               (7.14) 

1
0

sin(2 ) cos( )sin( )
2 2

B f t
f

  


 −
=                                                                               (7.15) 

where ( )22 2
1 B B Bf k =  + − +                                                                                    (7.16)                                                                                                                         

0BIf k= = then,                                                                                                         (7.17) 

sin( ) 0,sin( ) 0
2 2

  −
= = or both.                                                                                 (7.18) 

Example 1: Controlled-H gate. 

In this case, 0U I= ; 1U H=  

Unitary matrices for the two subspaces in terms of rotations are: 

0 (0) (4 ) (0)z x zU R R R=                                                                                                      (7.19)                                                                                                                           

1 ( ) ( ) ( )
2 2 2z x zU R R R
  

=                                                                                                 (7.20)                                                                                                                       

From equations (7.3) through (7.6) for subspace 0S  , we have,  

0cos(2 ) cos(0)cos(2 ) 1f t = =                                                                                       (7.21)                                                                                                          



73 
 

02 0, 2 , 4 ,f t   =     etc.                                                                                        (7.22) 

0
0

sin(2 ) sin(0)cos(2 ) 0B f t
f

 
 

+
= =                                                                           (7.23)                                                                                                                                                                


0

(0) 0B

f

 +
=  no information obtained                                                                    (7.24)                                                                                 

0
0

sin(2 ) sin(0)sin(2 )BK
f t

f
 =                                                                                     (7.25)                                                                                                        

 0 0=       no information obtained                                                                           (7.26)                                                                                                     

0
0

sin(2 ) cos(0)sin(2 )B f t
f

 


=                                                                                     (7.27)

 0 0=  no information obtained                                                                                 (7.28) 

To satisfy equation (7.22), choose 02 2f t M =                                                       (7.29) 

Or 0f t M=                                                                                                                    (7.30) 

From equations (7.12) through (7.15) for subspace 1S , we have, 

1cos(2 ) cos( )cos( ) 0
2 4

f t
 

 = =                                                                                     (7.31) 

1
32 ;

2 2
f t etc

 
 =                                                                                                     (7.32) 

1
0

sin(2 ) sin( )cos( )
2 4

B f t
f

   


−
=                                                                              (7.33) 



74 
 

1
0

1sin(2 )
2

B f t
f

 


−
=                                                                                               (7.34) 

1
0

sin(2 ) sin(0)sin( )
4

BK
f t

f


 =                                                                                       (7.35) 

0BK =                                                                                                                           (7.36) 

1
0

1sin(2 ) cos(0)sin( )
4 2

B f t
f





= =                                                                             (7.37) 

B B − =                                                                                                                    (7.38) 

To satisfy equation (7.32), we have 

12
2

f t


 =                                                                                                                 

Or 1 4
f t


=                                                                                                                      (7.39) 

Or 
( )2 221

1 1 7.07
4 4 24 BB B

t ns
f



 
= = = =

 + −
                                                     (7.40) 

where, B  is assumed to be 25MHz (for experimental value)                                    (7.41) 

From equation (7.38), 

0.025B B GHz − =  =                                                                                                    (7.42) 

From equation (7.39), we have 

0f t M=                                                                                                             
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 ( )22 1B B t  + + =                                                                                                 (7.43) 

 ( )
2

22
2

1 1
7.07B B

t ns
 

 
 + + = =  

 
                                                                              (7.44) 



2
21 .025 .1392

7.07B GHz
ns

 
 + = − = 
 

                                                              (7.45) 

From equations (7.42) and (7.45) we have, 

82 ; 57B MHz MHz = =                                                                             

For implementing the gate, A is kept arbitrarily high (10GHz), the tunneling parameters 

are fixed to 25MHz from fabrication. The coupling parameter   is tuned to 57 MHz. 

Next the bias on the target qubit B, which is initially kept high at 10GHz is pulsed to 

82MHz.The bias on B is kept on low for 7.07 ns, after which it is made high again (10 GHz).  
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                                                      CHAPTER 8 

Conclusion 

In this research, a method to describe the evolution of an open single qubit. To do so, the 

single qubit was first coupled to another qubit so that the joint system was closed. Then, a 

QMUX operatior was applied on the joint system, after which the state of the first qubit was 

found (by tracing over the second qubit). The goal was to find such a QMUX operation/s that can 

map the density matrix of the first qubit into any arbitrary density matrix by applying the QMUX 

and the partial trace operation.  

The aim was to cover the entire region of the Bloch sphere. However, it was shown in 

this thesis, the entire region is not covered under one single QMUX operation, but an ellipsoid 

within the Bloch sphere. Also, different QMUX operations and the regions covered within the 

Bloch sphere were presented. As future work, combinations of QMUX operations will be studied 

such that the entire sphere can be covered. 
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