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ABSTRACT

The significant increase in data storage and its consumption in today's world
brings the focus on efficient query processing. It is general practice to query several data
sources for £ data entities based on a ranking of certain attributes associated with these
entities. In our work, we consider the top-k selection query of relational databases:

SELECT * FROM S ORDERBY f{#) LIMIT k
We consider the special case of linear monotone preference functions f that are based
only on two rank attributes in S. This is an important special case of the top-k join query,
and has received much attention. We study the problem of constructing efficient indexes
on S, so as to find the top-£ tuples, for any given linear monotone preference function f.
There are efficient algorithms in the literature to construct such an index for k=2. We
present another efficient algorithm for k=2, and also an efficient algorithm for £=3. As in
some previous works, our approach is based on convex layers, which are more

appropriate for linear monotone preference functions.
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Chapter 1

INTRODUCTION

Ever increasing data storage and its extensive usage, deem efficient query processing
to be of topical importance in current times. It is common practice to query several
significantly sized data sources for data entities based on certain attributes of interest
associated with these entities. To equip powerful query processing, it is practical to order
data entities based on these specific attributes. This ordering results in a ranking of the data
entities. In most cases, this ranking function is linear. However, the weighing of each
participating attribute varies depending on the preferences.

For example, consider an online real estate company that hosts a database of houses
for sale. Consider the attributes associated with each house (data entity): Price,
Neighborhood, Size in sq. ft., Lot size, Type etc. A user who looks for an affordable house
may assign a high weight on Price, whereas one who prefers a good neighborhood with a
large lot area, may put higher weights on Neighborhood and Lot size. In this way different
users may utilize a different weighing strategy that best fits their need. Simply put, it is a
selection query that identifies top-k data entries, for the given preference function.

Top-k query: Output the top-k tuples, from the result of an SQL query on a relational
database. The most general form of such a query is as follows:

SELECT * FROM §;, §> ... S,

WHERE join cond ORDERBY f(#) LIMIT &

This query joins the relations S;, S», ... , S,, based on some join condition and then outputs
the top-k tuples in the result, according to f. f is a preference function that assigns a

nonnegative score to each tuple 7 in the join result; f{?) is based on some rank attributes of t.



This problem has received much attention over the last 20 years, as seen from numerous
publications. [1] presents a nice survey. [2, 3] proposed efficient indexes to solve this
problem.

Their approach consists of two steps:

1. Index Construction. The relations S;, S», ... S,, and the join condition are known at
index construction time. f'is not known, but they restrict f to the important class of
linear monotone functions. Their index works for all fin this class.

2. Query Processing. Given a preference function f; use the index to quickly output the
top-k tuples.

[3] uses techniques from computational geometry [4] to efficiently carry out both these
steps. By item 1 in the above approach, the above join query becomes the top-k selection
query:
SELECT* FROM S ORDERBY f{#) LIMIT k

where S consists of the tuples in the join result. This special kind of query has received
much attention [2] [3] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15]. Except [3] [5], they
are based on the maximal layers of S. As shown in [5], for linear monotone preference
functions, using convex layers of S is more appropriate. As in [3], our approach is also based
on convex layers. [5] did not construct indexes. This indexing approach would be useful
when we execute the selection query several times, on the same relation S, but with different
preference functions, as in [2] [3] [11] [12] [13]. As in [2] [3], we consider the case where f
depends only on two attributes of S, called rank attributes. Singh [3] presented an efficient

algorithm to construct such an index for £=2; his results improved upon [2] [5].



Singh's [3] algorithm to construct indexes for k=2 is based on what we call the
Refinement Method. In this paper, we introduce another method, called the Merge Method.
As in [3], it is also based on convex layers. First, we present an efficient algorithm to
construct an index for k=2, using our Merge Method. This algorithm has the same
complexity as Singh's algorithm. Then, we extend Singh's Refinement Method: We present
an efficient algorithm to construct an index for £=3. Our description and terminology,
especially in Chapters 1--4, closely follows that in [3].

Outline of the thesis: In Chapter 2, we present our definitions and notations. In Chapter 3,
we define the convex layers that are relevant to top-k queries. In Chapter 4, we briefly
describe the index construction algorithm of Singh for k=2. In Chapter 5, we present our
algorithm for k=2, based on the Merge Method. In Chapter 6, we present an efficient index
construction algorithm for k=3, based on the Refinement Method. In Chapter 7, we discuss

future work and provide our conclusions.



Chapter 2

PROBLEM DEFINITION

Consider a relation S with two rank attributes x; and x,; their domain is nonnegative
real numbers. For a tuple ¢ € S, x;(z) denotes the value of attribute x; of . We ignore the non-
rank attributes of ¢, and represent ¢ by only its rank attributes, as ¢t = ('¢;, t2), where ;= x,(t)
and 1, = x,(?); t can be thought of as a point or as a vector ¢ in the first quadrant of the 2-
dimensional plane. Let n denote the number of tuples in S.

A preference function f assigns a nonnegative score f(z) to each tuple ¢ € S, based
only on x,(2) and x(). We consider linear monotone preference functions.

Definition 2.1 [Linear Monotone Function]
A preference function fis linear if f(t)=f;t;+f>t2, for some real numbers f; and f>. Further, fis
monotone if f;= 0 and f>=> 0. f = (f1, f2) 1s the vector associated with f. ¢

From now onwards, we only consider linear monotone preference functions, simply
referred to as preference functions. Note that f = (f1, f>) lies in the first quadrant, just like ¢.
We consider the following problem.

Top-k Selection Problem (TSP-k): Given a preference function f, find the & tuples in S with

the largest scores according to f. TSPk(f) denotes the output (ordered list) consisting of these
tuples, in nonincreasing order of scores. ¢

Definition 2.2 [Domination <]

Lett,t'€S. t is dominated by t', denoted by ¢ < ¢/, if x;(2) < x;(t') and x,(2) < x2(1). ©

Note that f(?) < f(t'), whenever ¢ < ¢". This is what is meant by “fis monotone". We study the

problem of constructing the following index.



Top-k Selection Index (TSI-K): Given a relation S, and an integer > 1, construct an index

to solve TSP-£. ¢

Once we have the index TSI-£, for any given preference function f, we should be
able to quickly output the ordered list 7SPx(f) consisting of the £ tuples in S with the largest
scores.

Our approach for index construction is as follows. Consider the first quadrant

consisting of all possible preference VGC‘[OI‘ST. We divide the quadrant into some number

NR(n,k) of convex regions; TSI-k represents this division. With each such region R, we

associate an ordered list L(R) of top-k tuples from S; for all T €eR, T SPk(T) = L(R). Singh
[3] showed that each region R is a convex polygonal region. Note that, for a given S, some
lists L of k tuples from S would not have an associated region.

Once we have constructed the index TSI-k, query processing works as follows.

Given a preference VGC'[OI'T, we locate it in TSI-k, to see which region R it lies in; then we
just output the associated list L(R). Our method uses techniques from computational
geometry [4], to construct the index.

We let NR(n,k) denote the number of regions in TSI-k; PT(nk) denotes the

(preprocessing) time used to construct TSI-k; IS(n,k) denotes its size (i.e., space required to

store it). QT(n,k) denotes the time to answer a query: Given f, output 7. SPk(T).

We consider the case where the relation S and the TSI-k index fit in memory. Table 1
presents desired values for the four performance measures. Note that IS(n,k) includes storing
the output list L(R), for each of the NR(n,k) regions; this explains the K term in PT(n,k). The

+k term in QT(n,k) is for outputting the top-k tuples. Singh [3] and Tsaparas et al. [2]



showed that the objective in Table 1 can be achieved for k=2 (see Chapter 4). We show that

the objective can be achieved for k=3 (see Chapter 6).

TABLE 1 DESIRED BOUNDS ON THE PERFORMANCE MEASURES

Measure Description Desired Bound
NR(n,k) Number of polygonal regions in TSI-k O(kn)
PT(n,k) Time used to construct TSI-k O(n log n+k’n)
1S(n,k) Space required to store TSI-k O(’n)
OT(n,k) Time to answer a query O(log n+k)

Our approach in Chapter 5 (for £=2) and Chapter 6 (for £=3) is closely related to that of [2]

[3]. They did not give an algorithm for constructing the index for £=3.



Chapter 3

UPPER CONVEX LAYERS

Let S be a set of n points in the first quadrant. Let CH(S) denote the convex hull of S; it is the
smallest convex polygon that contains all the points in S [4]. The vertices of CH(S) are some
of the points in S. The convex layers of S are defined as follows (Figure. 1a):

CL,(S) = CH(S), CLx(S) = CH(S-CL/(S)),

and in general, CL,(S) = CH(S- U'Z] CL;(S)).

Figure 1 : a). Convex Layers CL;(S) and b).Upper Convex Layers UCL;(S)

Let R- = {(-90,0), (0,—)} be the set of 2 points at -co0 on the two axes. Let the

upper convex hull of S, denoted by UCH(S), be CH(S U R.) - R .

UCH(S) is obtained from CH(S U R-»), by deleting the points in R-.

The upper convex layers [3] of S are defined as (Figure 1b):
UCL,(S) = UCH(S),

UCL,(S) = UCH(S-UCL,(S)),

and in general, UCL(S )= UCH(S-U'Z} UCL;(S)).

n; denotes the number of vertices in UCL,(S); Y.; n; = n.



Theorem 3.1 [4, 16]
Let S be a set of n points in the first quadrant. UCL;(S) can be found in O(n log n) time. In

fact, all the upper convex layers can be found in O(n log n) time.

As in Singh [3], our TSI-k index is based on the upper convex layers.



Chapter 4

TSI-2 INDEX CONSTRUCTION ALGORITHM OF SINGH

In this section, we describe Singh's algorithm [3] for constructing the TSI-2 index; our
description closely follows [3]. As mentioned in Chapter 1, this algorithm is based on the

Refinement Method. Let S(x;x;) be a relation with n tuples. Tuples ¢t=(t,t;) € S, and

preference vectors f = (f;,/>)can be considered as points in the first quadrant.

Consider two tuples s,7 € S. If s < t, then f(s) < f(2). For the case where s and ¢ are

incomparable, they have the following.

Definition 4.1 [Dividing Line DL(s,t), regions Ry and Ry] [2,3]

Line DL(s,t), regions Ry and Rys. Let s = (5,,55) € S, t = (1,,12) € S, where s;<t; and s,>1,
(Figure. 2a). The dividing line DL(s,t) is the line defined by the equation fs;+f2s2 = fit;+/f2t2;
this line passes through the origin, and is perpendicular to the line segment sz [2]. It divides
the first quadrant into two regions Ry and Ry. For T € Ry, we have f15,+/2s, = fit;+/>t2; so,

s has a better score than ¢; reverse is true in Ry. ¢



i & ; /

B / Ry / Ry y Rt
/ 0% / §
/ /
Rt 4 DL(s,u) 7
/ : / / r
/ DL(ST) Rm Q / / DL(II,T)
/ o/
/ / r
F /
/ l,
h #
(a) (b)

Figure 2 : a). Dividing Line DL(s,¢) and b). Fact 4.1: When R,# @

Definition 4.2 [ Angle/Slope of a Vector/Line] [3]
The angle of a vector d, denoted by angle(d), is the angle from the positive y-axis to the

vector, in the clockwise direction.

The slope of d, denoted by slope(d), is tan(g — angle(a)). The angle and slope of a line

through the origin are defined similarly.

Fact 4.1 [3]
Consider two tuples s = (s;,52) € S, t = (t1,2) € S, where s; < ¢; and s,>t, (Figure 2 b).
Consider a tuple u = (u;,u;) € S such that s;<u;<t;. Then u has a better score than both s and

t, for some preference function, iff u is above the line segment sz. ¢

Theorem 4.1 [3]

A tuple ¢ € S can be a top-/ query result, for some f, iff t € UCL (S).

10



Figure 3 : The TSI-/ index

Singh's [3] TSI-2 index is based on the upper convex layers of S:

UCL(S) = (ti1 ,to, ... ,ti); 2ini = n. By Theorem 3.1, all these layers can be found in O(n
log n) time. By Theorem 4.1, the TSI-1 index is determined by the tuples in UCL(S) =

(ti1,t12, ... tiny).

The first quadrant is divided into n; regions R;, I/ < j< ny;; L(R) = (t;;) (Figure. 3). The
boundary between regions R; and R;.; 1s the dividing line DL(t;;,¢;45+1)). The regions R; can
be constructed from UCL;(S) in O(n;) time; TSI-/ consists of the slopes of the dividing

lines, in decreasing order.

Consider query processing: Given ]7, output 7. SPI(]T)). It }? € R;, then T. SP;(? ) =ty
Given ]7, we can find the region R; containing it in O(log n;) time; this is achieved by binary

search for slope(]?), in the TSI-/ index. So, for the TSP-/ problem, Singh [3] has NR(n,1) =

n;, PT(n,1) = O(n log n), I1S(n,1) = O(n;) and QT (n,1) = O(log n;).

Now, for the TSI-2 index, we need to subdivide the above regions. Consider a region
R;, I <j < n; (Figure 4a).

11



Riji—1) Ra  Riasn)

Rio Rysr1)

UCL o(S)

(a) (b)

Figure 4 : a). Subdivision of R; b). UCL,(S) near ¢,
For a preference vector ]?close to the left boundary DL(t;4.1),t;;), we have T, SPg(j?) =
(tij.t14.1)). Similarly, for ]? close to the right boundary DL(t;;t;4+1)), we have TSPZ(]?) =

(tijtign)-

Now consider f in R; away from the left and right boundaries; what is the second
tuple in 7SP,(f )? This is where the second layer UCL(S) comes in. Consider the points p in
UCL;(S) with x coordinates between that of #;5.;) and ¢4+, (Figure 4b). By Fact 4.1, p can
compete with #;4.;) and #;4+;) for inclusion in 7. SPg(?) (for some ]? € R)), only if p is above

the segment #;.;) t15+1); S0, consider only the chain C; consisting of such points.

Consider the tangents #;45.;) t2, and #;5+1) t2 to C;. Note that CH(S — {#;}) can be
obtained from CH(S) by replacing ¢;; with (t24, 24+1), ..., t2). So, by Fact 4.1, as we move
]7 in R;, from the left boundary to the right boundary, the second point in 7. SPg(]?) moves
from left to right of the list C'; = (¢1.1), t20, L20a+1), - » L2, Lig+1)- SO, Singh [3] subdivides R;
by drawing the dividing lines between each pair of adjacent points in C'; all such lines lie

within R;.

12



TSI-2 consists of these subdivisions (over all the R;s). For each region R within R;,
L(R) = (t;,t), where t € C'; is the point corresponding to R. Query processing consists of
locating the given ]T), in a particular region R in TSI-2, using binary search, and outputting
the associated L(R). Let us see how Singh [3] efficiently constructs this subdivision of all

RjS.

First, for each point p € UCL,(S), find the unique point g € UCL,(S), to the right of p,

such that pq is tangent to UCL(S).

For a particular pair (p,q), pg is tangent to UCL,(S), iff both the points adjacent to ¢ in
UCL,(S) lie below the line pg; this can be tested in O(1) time. As we start at the left end of
UCL,(S), and move p to the right, the point g € UCL(S) it is tangent at also moves to the
right. So, we can find all tangents (p,q) by moving to the right in both UCL,(S) and

UCLZ(S), in O(n1+n2) time.

Similarly, for each point p in UCL,(S), we can find the unique point g € UCL,(S) to

the /eft of p, such that pq is tangent to UCL,(S).

Now, for each R;, Singh [3] construct the list C’, and do the subdivision in O(|C’}|)

time. The number of subdivisions in R; is |C’j|. C'; and C';+; can share at most one point:
C'i = (tig-1) La L2a+1)s - > ton Lig+1)
C'is1 = (t), toe, trert)y oo s t2a, tiG+2)

The only possible overlap between these two lists is that 7,, = t5.. So, the total number of
subdivisions over all R;, | <j < ny, 1s at most 2n;+n,+min(n;,n;); the term 2n; accounts for

the first and last term in each C'j; the second term 7, accounts for the other terms in the C’s,

13



excluding possible overlaps, if they together contain all the points in UCL,(S); the third term

min(nj,ny) accounts for possible overlap.

Note that 2n;+n,+min(n;,nz = (n;+nz)+(n;+min(n;,n;)) < n+n = 2n; so, NR(n,2) < 2n.

Theorem 4.2 [3]

The performance bounds listed in Table 1 can be achieved for k=2. ¢

Now, let us compare Singh's [3] results with those of [2] [5].

TABLE 2 : COMPARISON OF RESULTS

Measure [3] [2] [5]
NR(n,2) O(1D:)) O(D:|) 1
PT(n,2) O(n log n + |Ds|) O(|D5’ log |Ds|) O(n log n)
IS(n,2) O(1D:)) O(D:|) O(1D:|)
OT(n,2) O(log |D:|) O(log |D|) O(1D:))

Comparison with [2] : Among all the previous works, Taparas et al.'s [2] Ranked Join
Index is closest to Singh's [3] TSI-2 index. They first select a set D, € S of tuples; no tuple
in D, is dominated by at least two other tuples in S. Table 2 presents the various
performance measures, for [3] and [2], in terms of |D;|. Singh's [3] preprocessing time is

much less, since |D;| could be 8(n).

Comparison with [5]: For our query model, the technique in [5] computes and stores the
upper convex layers. They do not set up an index similar to Singh's TSI-2 index. Their query

processing is expensive; Table 2 presents the various performance measures.

We call Singh’s method for constructing TSI-2 the Refinement method. It refines each R; €

TSI-1, based on the points in UCL,(S), to construct TSI-2.
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Chapter 5

TSI-2 INDEX CONSTRUCTION BASED ON THE MERGE METHOD

In this section, we present an efficient algorithm to construct the TSI-2 index, using
our Merge Method. This algorithm has the same complexity as Singh's algorithm in [3] that
is based on the Refinement Method. The Merge Method is simpler of the two, but it requires
slightly more space (but not asymptotically more) to compute the indexes. The Refinement
Method continues to generate indexes based on the previously generated indexes. The
Merge method first constructs a TSI-2 index using only UCL,(S) and a TSI-/ index using
only UCL;(S). It then merges them to construct the overall TSI-2 index.

Informally, TSI-2(S) = merge(TSI-2(UCL,(S)), TSI-1(UCL,(S))). Unlike the Merge
Method, the Refinement Method does not generate indexes that have no relation to the
previously generated ones.

TSI-k index is based on upper convex layers of S; i.e., UCL,(S) = (ti},ti2, ... ,tim). The

upper convex layers of S are shown in Figure 5.

Figure 5 : Top two Upper Convex Layers UCL; and UCL,
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First consider only the first upper convex layer: UCL; = (a;, as, as, ay). We identify
regions Ra, Ra, Ra; and Ra,. This is done by constructing dividing lines for UCL; which act
as boundaries between each region, as in Definition 4.1. The dividing lines are stored by

their angles, with respect to the y axis.

ag

/2

Figure 6 : Dividing lines constructed for the first Upper Convex Layer UCL,

Looking at Figure 6, we store the dividing lines that define regions Ra, Ra,, Ra;, and Ra, as
ap=0, a, a, and as. After this step, we know that the best option for a preference function
lying in region Ra, is a;. Similarly for region Ra,, a», for region Ra;, az and region Ra,, ay.

Hence we have constructed TSI-/ considering only UCL,(S).

Now let us think about the second best for each region, still considering only UCL;.
First consider regions that are adjacent to the axes i.e., Ra, and Ra,. In these regions, the
second best would be the next closest point on UCL;. This would be a, for region Ra, and a;

for Ra,. Now consider regions that are not adjacent to any of the axes. These regions have
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two possibilities for the second best, as both side neighbors compete for this position. In this
case regions Ra, and Ra; are such regions. Ra, has a; and a; competing for the second best,
and similarly for region Ra;, a, and a, compete. To identify which tuple is the second best,
we construct a dividing line for the two adjacent points as in Definition 4.1. This dividing
line decides which adjacent point stops becoming the second best, and designates the next
adjacent point to become the second best in that region. Considering Figure 6, here for
region Ra,, we consider points a; and a; adjacent to a, in UCL,(S). We construct a dividing
line DL(a;,a3) and name it ;3. Hence, until a;;, a; is the second best in region Ra,; beyond
it, as is the second best. Similarly constructing a dividing line DL(a, a4), a24 between a, and
ay for region Ra;, we conclude that a, remains second best until a,,and a, beyond it. Hence
after constructing the dividing lines, they will be stored in the order of their angles with

respect to the Y axis as shown below.

a0=O<a1<a13<a2<a24<a3<§ (51)
Considering only UCL, for indexing, we present the fop-2 query result for the example in

Figure 6 in Table 3.

TABLE 3 : TOP-2 QUERY RESULT CONSIDERING ONLY THE TOP MOST UPPER
CONVEX LAYER UCL;

Regions
Ral RGQ Ra3 R(lq
until a3 | at ag3 | beyond g3 || until gy | at argy | beyond apq
Best ay as as ay
ndpest || as a1 Both a1 and a3 as as Both as and a4 a4 as
Top-2 (a1,a2) || (ag,a1) | (a2,a1) or (az,as) | (ag,as) as,a2) | (as,ag)or (as,aq4) | (as,ay) (ag,a3)

To get the next level of indexing for a correct solution on the second best point, we consider

the second upper convex layer UCL;. In our particular example, UCL, = (b;, by, b3, by, bs,
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bs, by, bs, by, bjy, b;i, bis). Here we assume that the first upper convex layer UCL; has been

peeled off and therefore UCL; is the outermost convex layer available.

Bo=0

B. B2 ﬁg ﬁ
[ % Bs 3
r * B,
Bs Bap
Bas

n/2

Figure 7 : Dividing lines constructed for the second Upper Convex Layer UCL,

We construct dividing lines f; to f;; between adjacent pairs of points on UCL,, which define

regions Ry, to Ry, (see Figure 7). The lines will be stored in the order of their angles with

respect to the Y axis, as shown below:

Lo=0<p; <p2<p; <,B4<ﬂ5<ﬁ6<,37<ﬁ8<ﬁ9<1310<ﬁ11<§ (5.2)

These dividing lines are stored in the same way as the dividing lines on UCL; (i.e., ay to

a3). Hence, we now consider the merge of these two sets of dividing lines (see Figure 8).
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Figure 8 : Merged dividing lines for UCL; and UCL;

These points are analogous to event points along which the function f sweeps from the Y

axis to the X axis. On merging, the dividing lines appear as follow in Equation (5.3)

A

050:50:0<,31<ﬁz<53<,34<a1<ﬁ5<,b)6</37<(113<58<,39<,310<az<ﬁu<0!24<0!3<05425

(5.3)

Let us consider the various cases that follow when we consider this merged set to construct
TSI-2(S). In region Ra,, its obvious that a; is the best result, since it belongs to UCL,.
However, for the second best option, there is competition between a; on UCL; and (b;, by,
bs, by, bs) on UCL, for this region. In order to resolve this, we consider any cost function f,
for example (0,1) on Y axis i.e., at oy and go on sweeping across the various event points to
find the best option. Evaluate f'on b; and a, (in case of the example given above, we simply

compare the ordinates).
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e Region Ry,

At ay = Py (i.e., Y axis): If a, has a better value than b; at @, this means that a; is second

best until line a;; i.e., we can ignore points (b;, by, bs, by). Hence in region Ra,, TSP, =
(a;, az). However, if b; has a better value than a», at @y, then we move on to f; to

compare the values.

At f;: We move on to see if b; is still better than a, on f;; i.e., to check if it is still the
second best. If yes, then b; and b, are equivalent in terms of value, for the given cost
function, since they share a boundary f;. We can then move on to evaluate b, and a, at
fS>. Hence TSP, until f; would be (a;,b;). However, if a, is better than b; at f;, then
somewhere between Sy and f; the transition between b; and a, happens. This transition
happens at the dividing line, DL(b;,a;), which is denoted fy;. Hence, until £y;, TSP, =

(a;, b;). Beyond fy;, we can ignore by, b3, b, until ;. In this case TSP, = (a,, ay).

At B>: As mentioned above, we move on to £, only if b; is better than a; at ;. Now we
evaluate and compare b, and a, at f,. If b, is better than a; at f5,, then b, and b; are
equivalent in terms of value for the given cost function since they share a boundary ..
We can then move on to evaluate b; and a; at ;3. Hence TSP, for this case is as shown in

Table 4.

TABLE 4 : TSP, 1F b, IS BETTER THAN a; AT f>

From fy to 31 | (a1,b1)
From (7 to B2 | (a1,b2)
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However, if a; is better at £, than b,, this means that at a certain line between f£; and £,
b, stops being second-best and a; takes over. This transition happens at DL(a,,b,), which

is denoted by f;,. Hence, TSP, for this case is as shown in Table 5.

TABLE 5 : TSP, 1F a, IS BETTER THAN b, AT >

From 3y to (1 (a1, by)
From 31 to (12 | (a1,bs)
From (12 to a1 | (a1, a2)

At f5: Suppose b, is better than a; at 5, At f; we evaluate and compare b; and a; for the
given cost function. If b; is better than a; at f3, then b; and b, are equivalent for the
given cost function, since they share a boundary. We then move on to S, to repeat this

step with b, and a,. Hence TSP, until 3 would be as show in Table 6.

TABLE 6 : TSP, IF b; IS BETTER THAN a;, AT p;

From }’3() to 31 ((1,1 A b])
From [y to B2 | (a,b2)
From (5 to (3 ((1 13 1)3)

However, if a; is better than b; at 3, this means the transition for second best position
from b; to a, happens between £, and f;. This transition happens at f,3;, which is

DL(a,bz). Hence, TSP, for this case is as shown in Table 7.

TABLE 7 : TSP, 1F a, IS BETTER THAN b3 AT B3

From [y to (31 (a,b bl)
From ,31 to /32 ((1,1 ; bg)
From f35 to (23 | (a1,bs3)
From ,1323 o o ((1,1. (1,2)
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At B4 Suppose b; is better than a; at f3 We evaluate and compare a, and b, for the given
cost function at f,. If b, evaluates higher than a,, then it means that b, is equivalent to bs

and we move on to the next event point ;. Here the TSP, is as shown in Table 8.

TABLE 8 : TSP, 1F b, IS BETTER THAN a; AT p4

From 3y to 1 | (
From (31 to B2 | (a;
From (35 to 33 | (a1,bs
From f33 to 34 | (

However, if at f,, a; is better than by, then this means that at a point between 3 and £,
the transition for second best position from b, to a, happens. This transition happens at

L34, which is DL(a,,b,). Hence, TSP, for this case is as shown in Table 9.

TABLE 9 : TSP,IF a, IS BETTER THAN b, AT B4

From [ to /3; ( )
From (31 to B2 | ( )
From /32 to “33 ((1,1 4 1)3)
(a1,ba)
(a1, as)

From (3 to (34
From 34 to oy

ay: It is evident that beyond a; until a, (region R,,;), a, is the best result. Suppose by
evaluates higher than a; at ,, then b, and b5 are equivalent at f,. However, at a certain
point between S, and a;, bs stops being the second-best and a, will take over. This is
because a; < f5. We identify this line f4,;, which is DL(a,bs). This case is shown in

Table 10.
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TABLE 10 : TSP, IF b, IS BETTER THAN a; AT ;4

From Sy to (1 ( )
From 31 to (32 ( )
From 5 to (33 (a1, bs)
From (3 to 4 (a1,by)
(a1, b5)
( )

From f4 to B4q,

From 44, to aq

e Region R,

We now consider the second region that spans from a; to a,. There are several points
competing for the second best position in this region. Until a;3, a; competes with points

(bs, bs, b7, bg). From a3 until a;, a3 competes with points (bs, by, bg, biy).

At fs: At a;, a; and a, are equivalent since the transition happens. This means, at a;,
TSP; = (a;, az). We sweep towards a,, checking the value of the cost function with the
competing points. At f5 we compare the value of the cost function for a; and bs. If a;
evaluates to a higher value than bs, then this means that the second best in this region is
a;. Hence TSP, from a; to fs is: (az, a;). We move on towards fs to the next event point.
However, if b5 evaluates higher than a;, this means that somewhere between a; and £
the transition happens from a; to bs. This transition happens at DL(a;,b5). We identify
this line as f,;5. Beyond this line, since a; < fi5, a; no longer competes with bs, bgs or b.
We can infer these points and directly skip to Sg to evaluate further. Hence 7SP; for this

region is as shown in Table 11.
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TABLE 11 : TSP, IF bs IS BETTER THAN a; AT ps

From a1 to Bays

From Bq,5 to S5

From g to 57

( )
( )
From S5 to g (az,be)
( )
( )

From 37 to a3

At fs: If at S5, the second best point was evaluated as a,, then we evaluate the cost function
at fs for a; and bg. If a; is still better than bg, then TSP, from a; to fs is (a2, a;). We move on
to the next event point f;. However, if bs evaluates higher than a; at fs, then somewhere
between 5 and fg, the transition from a; to bs happens. We identify this line as 4, which is
DL(a;, bg). Hence until line £;4, a; holds the second best position and we can infer the rest of

the points until #; since a; < fis. Hence TSP, for this region is as shown in Table 11.

TABLE 12 : TSP, IF bs IS BETTER THAN a; AT Bs

From a1 to 16 | (a2,a1)

(

From (16 to Bg | (a2, bg)
(
(

From [g to 37 as, by

)
az, bg)

From (7 to a3

At B7: We evaluate this point only if a; is still in competition. Hence we compare a; and b;
at f7. If a; is still better than b; at £, then TSP, from a; to 7 = (a,, a;). However, if b; is
better than a;, then this means that somewhere between fs and £, the transition happens
from a; to b;. This transition happens at f;7, which is DL(a;,b;). Hence TSP, is as shown in

Table 13.

TABLE 13 : TSP, IF b; IS BETTER THAN a; AT S

From a1 to 817 | (a2,aq)
From (17 to 87 | (a9, by)
From 37 to ay3 | (a9, bg)

24



At a;3: Suppose a; is better than b; at 7. Then we compare a; and bs at a;3. Two cases exist:
Case I: a; is better than bg at a;3. Then from a; to a;3, TSP, = (azay)
Case 2: bg better than a; at a;3. Then construct ;3 = DL(a;,bs)
From a;to f;s: TSP, = (ay, a;)
From f;s to a;3: TSP> = (a,, bs)
The transition from a; to a; for the second best position happens when we consider UCL;.
Hence from a;; onward, a; competes with bg, by, b9 and b;; for the second best position.
We compare a; and bg:
Case I: a; is better than bg. Then from a;; to a,, TSP; = (ay, a3)
Case 2: bg is better than a;. Then at a;3, TSP, = (ay, bs)

We move to the next event point fg

At Bs: Suppose by is better than a; at a;3, We compare bg with a; at fs. If a; evaluates better
than bg, then the transition from bg to a; happened at fg; = DL(bs, as). From fs;, a; holds the
second best position until a, Else bs is second best until fs; TSP, = (a,, bs) from a;; to fs.

Then we move on to compare by and a; at fy.

We can move on to the next region R,; directly from hereon. The other condition here would
be if bg evaluates to a better value than a;, then TSP, from f; to fs = (a2, bg). We continue

this process for all the event points.

The above process is applicable to all the regions, and we obtain 7SP, across all the
regions. We store the 7SP, against each region. When a query is made, the 7SP; that fits the

region can be obtained easily.
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Theorem 5.1

The merge method computes 7S/-2 in time O(n;+n,) = O(n), given UCL,(S) and UCL(S).
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Chapter 6

TSI-3 INDEX CONSTRUCTION BASED ON THE REFINEMENT METHOD

As mentioned in Chapter 1, we extend the algorithm of Singh [3], which we refer to
as the 'Refinement Method'. The algorithm, as discussed in Chapter 4, describes generating
TSI-/ and TSI-2 indexes. In the Refinement Method, the indexes are generated by filtering
the set of potential indexes based on the previously selected indexes. It works by eliminating
those indexes which are not possible TSI-k candidates for every level. Hence, unlike the
Merge Method, the unnecessary indexes are not stored as a filtering is done at every level.
Similar to the Merge Method, it begins by generating the Upper Convex Layers (Figure 5).
It then identifies various regions by constructing the dividing lines as in Definition 4.1 in
Chapter 4. As seen in the Figure 5, for UCL; which consists of points (a;, as as a4, the
regions generated are R,;, R,,, Ry and R,,. Their dividing lines are a;, a; and a;3. Similarly,

UCL,; consists of points (b;, by, bs, by bs, bs, by, bs, by, by, b;;), and their corresponding

dividing lines: (Bo=0, B1, B2, B3, B+, Bs. Bs B7. Bs, Bo. Bio, P11, P12).

TSI-7: The best selection for any cost function that lies in R, is a;, in R, is a; and so on.

Hence TSI-/ is straight forward for any cost function i.e., preference vector ]7 provided.

TSI-2: In case of finding the second best option, we have to consider the location of the

preference function. If the preference vector ]? is closer to any of the boundaries, then the

second best option will also lie on the UCL;. This is evident because the dividing line shows

that both adjacent regions compete for the position. For example, if j? lies in region R,, then

TSI-1 = (a,). Hence, if a preference function that exists closer to a;, a; or a3, then the second
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best option will lie on UCL;. Now if j_”) lies in region R,, but is close to a;, then the second
best option here would be a; and in this case, TSP, = (ay, a;). Consider the Figure 5, the

TSP for the preference vector being close to any of the boundaries are provided in Table 16.

TABLE 14 : TOP-2 QUERY RESULT CONSIDERING 7 LYING CLOSE TO THE

BOUNDARIES

Region f lies in | Boundary closest to f | TSP,

R, a (a1,as9)
R(l-g a1 ((1,2. aj )
R, as ((12« a:})
R(zcz az ((1.-;* aQ)
Rag ay (as,aq)
R(u as (awl« (l;g)

Now let us consider the possibility where ]T> lies away from the boundaries. In this

condition, there would be competition for the second best option from UCL,. For example,

look at Figure 9, consider that ]? lies somewhere in the region R,; away from the
boundaries. Then in this case we consider the line segment connecting the two adjacent
points a, and a,. The points competing for second position would lie on UCL; that lies
above this segment. We draw tangents a,, b; and a4, by to UCL,. The points below these
tangents are eliminated, i.e., (b;, by, bj9). Hence the potential candidates for the second best
position in this case would be (b3, by, bs, bs, by, bs, bg). Dividing lines (B3, f4, Bs, Ps b7, Ps
p9) are constructed for these candidate points which define the regions. Based on which
region the preference function ]? lies, the second best point is deduced. If jT> lies in region

Ry 1.€., near fy, then the second best option is by. Hence in this case TSP, = (a3, by).
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Figure 9 : Identifying candidates for 7SP, when ]_’) lies away from the boundaries

TSI-3: We extend the Refinement Method by generating TSI-3. The third selection of
indexes follows the previous two. If the preference function lies close to any of the
boundaries, then the third-best point would be the respective adjacent point on UCL,.
However, if we consider a point away from both the boundaries, we move on to filter the
candidates on UCLj;. In this case, we consider each point and draw a segment from the
adjacent (boundary) points. The normal case here is that some part of UCLj; lies above the
segment. We start by drawing tangents from each candidate point on UCL; to UCL3;. As we
go on doing this, we eliminate those points which fall below the tangents. We construct
dividing lines for these points and store them accordingly. Then based on the preference

function, we identify the point that is the closest. = Consider Figure 10, taking the example

that the best option here is a,, and the second best option here is b3. Assuming that ]T) lies
away from b, or by, we draw tangents b,, cs and by, c9. Hence we eliminate the points (cy, cs,
c19), and consider points (cg, c¢7, cs, cg) as potential choices. We generate dividing lines for
these points. Based on which region ]T) lies, we identify the third point. If ]? lies in the

region R, then the third best index would be cs. Hence TSI-3 = (a;, b3, cs).
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Figure 10 : Identifying candidates for TSI-3 for the normal case when UCL; lies above the
segment (b,, by (When 7 lies away from the boundaries)

So far we have discussed the normal conditions wherein the curve of UCL; lies above the
segment joining the adjacent points. Now there may be special cases where the curve of
UCL; lies below the segment or touches the segment at a single point (tangential). We

discuss these two special cases in terms of UCL;3.

UCL; lies under the segment joining adjacent points: When UCL; lies below the segment

joining the boundary points of UCL,, we do not consider UCL;. Here the two points
competing for the third best position would be the two adjacent points. The Figure 11
illustrates such a case. In this case, since the curve of UCL; does not intersect the segment

b,, by, b, and b, are the next best options.
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Figure 11 : Identifying candidates for TSI-3 for the special case when UCL; lies below the
segment (b,, by (When 7 lies away from the boundaries)

UCL; touches the segment joining adjacent points: When UCL; touches the segment joining

the boundary points of UCL; at a single point i.e., the segment acts as a tangent to the curve
of UCL;. Here all three points i.e., the boundary points on UCL, and the point at which the
segment touches in UCL; are equally eligible to be the third index. For example, consider
the Figure 12. Here b; is the second best option, and 7 lies away from the boundaries £, and
S4. Segment (by, by) is tangential to UCL; at c;. In this case, the third best option here would
be any of the points b,, by or c;. Hence we have the third, fourth and fifth indexes (in any

order).
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Figure 12 : Identifying candidates for TSI-3 for the special case when UCL; touches the
segment (b,, by)

The Merge and Refinement methods are both efficient methods of Index construction (Table
2). Both methods have the same time complexities, yet they vary significantly in their

approaches.

Theorem 6.1
The refinement method computes 75/-3 in 6(n;+ny+n3) = O(n) time, given UCL(S),

UCLQ(S) and UCLg(S)
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Chapter 7

CONCLUSION

In this thesis, we studied the top-k selection query of relational databases:
SELECT * FROM S ORDERBY f{#) LIMIT k

We considered the special case of linear monotone preference functions f that are
based only on two rank attributes. We studied the problem of constructing efficient indexes
on S, so as to find the top-£ tuples, for any given linear monotone preference function f.

All previous works, with the exception of [5, 3] for this problem are based on the
maximal layers of S. As shown in [5], for linear monotone preference functions, using
convex layers of S is more appropriate. As in [3], our approach is also based on convex
layers.

Singh [3] presented an efficient algorithm to construct such an index for k=2.His
algorithm is based on what we call the Refinement Method. In this thesis, we introduced
another method, called the Merge Method. First, we presented an efficient algorithm to
construct an index for k=2, using our Merge Method. This algorithm has the same
complexity as Singh's algorithm. Then, we extended Singh's Refinement Method: We
presented an efficient algorithm to construct an index for £=3.

Future research directions and applications of our index include the following: Index
construction for higher dimensions (i.e., three or more rank attributes), index maintenance
(when S is dynamic), eliciting the user's preference function f[10, 15], fair assignment and
stable matching [13, 12], adding the WHERE clause [5] and joins [2], and disk I/O

efficiency.
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