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ABSTRACT

Over the last two decades, extensive work has been conducted to study the dynamic
effect of the joint clearances in multibody mechanical systems. In contrast, little work has been
devoted to optimize the performance of these systems. In this study, analysis of revolute joint
clearance is formulated in terms of a Hertzian-based contact force model. For illustration, the
classical slider-crank mechanism with a revolute clearance joint at the piston pin is presented,
and a simulation model has been built through the analysis/design code MSC.ADAMS. The
clearance is modeled as a pin-in-a-hole surface-to-surface dry contact, with appropriate contact
force model between the journal and the bearing surfaces. Different simulations are performed to
demonstrate the influence of the joint clearance size and the input crank speed on the dynamic
behavior of the system with the clearance joint. An innovative DOE-based method for
optimizing the performance of a mechanical system with the revolute joint clearance for different
range of design parameters is then proposed. Based on the simulation modeling results from
sample points, which are selected by a Latin hypercube sampling method, a polynomial function
Kriging meta-model is established instead of the actual simulation model. The reason to build the
meta-model is to bypass a compute-intensive simulation computer model for different values of
design parameters to a more efficient and cost-effective mathematical model. Finally, numerical
results obtained from two application examples, considering the different design parameters,
including the joint clearance size, crank speed and contact stiffness, are presented for further
analyzing and optimizing the dynamics of the revolute clearance joint in a mechanical system,
thus accurately predicting the influence of the design parameters changes for the purpose of
minimizing the contact forces, accelerations, and power requirements due to the clearance.
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CHAPTER 1
INTRODUCTION

1.1

Background

A mechanical system consists of several components with rigid or flexible links and joints
connecting these links to restrict and transmit forces and motions. In general, the mechanical
system is considered with ideal or perfect kinematic joints during its dynamics analysis.
However, due to manufacturing tolerances, material deformations and wear after a certain
working period, and clearances occur in most kinematic joints between mechanical components
of mechanical systems. Excessive values of clearances result in large contact forces at the joints,
especially during the high-speed mechanical operations. In reality, all mechanical systems do not
have the ideal joints, and real joints must be lubricated or use rubber bushing. For example, in a
journal-bearing joint, there is a radial clearance between two components without lubricant, and
the journal is free to move inside the bearing until making a contact with the bearing wall. When
two bodies of a mechanical system contact with each other, a contact force is caused by the
deformation occurring between the two bodies at the contact area. Each small clearance can
cause vibration, fatigues phenomena and lack of precision or even random overall behavior [1].
The presence of clearances leads to a decrease in system reliability and durability of components
and machines.
In order to limit the dissipation and error caused by the contact force when the mechanical
system is in operation, a number of studies use the computer simulation approach to achieve a
better understanding of the dynamic performance of the mechanical system with clearance joints.
Different design parameters, such as the component initial speed, the material properties, and the
1

radial clearance size, are considered in these studies, and the design of components is based on
the results from the studies. Numerical and computational methods for analysis of multibody
mechanical system have eliminated parts of limitations of the trial-and-error scheme used in the
design of mechanical components [2]. Over the last decades, advances have been achieved,
mainly due to the development of intercross applications between the computer-aided analysis of
mechanical systems and optimization methodologies. The results could be used for the
application of different mathematical programming techniques to the parametrical and
topological synthesis and analysis of mechanical systems [3]. The optimization of mechanical
system model with clearances can be used to bypass the compute-intensive simulation of the
computer dynamic model for different values of design parameters to a more efficient and costeffective mathematical model. It also helps in the analysis design and in the control of the
dynamic performance of the complex mechanical systems, and in quantifying the influence of
clearance parameters.

1.2

Literature Review

During the last two decades, many studies have been constructed on the influence of joint
clearance in planar and spatial multibody mechanical systems. Dubowsky and Freudenstein
developed the impact ring model, a simple model, to demonstrate the effects of joint clearance in
planar mechanisms [4]. Springs and dashpots were arranged in their model to predict the
dynamics response of the mechanical system. Dubowsky and Moening quantified the interaction
between clearance joints and the mechanical system elasticity using a Scotch-Yoke simulation
model [5]. Large impact forces developed at the clearance joints caused a failure in the ScotchYoke model. Furubashi and Morita presented a four-bar mechanism with multiple clearance
2

revolute joints [6]. They analyzed and compared the results for different numbers and various
combinations of clearance joints, and demonstrated the effect of clearances on the performance
of the four-bar mechanism system.
Lankarani and Nikravesh extended the Hertz contact law to include a hysteresis damping
function and represent the dissipated energy during the impact [7]. A non-linear continuous force
model was acted on the model and the local indentation and relative penetration velocity was
related with the contact force. Flores and Lankarani developed a precise model for the dynamic
analysis of a mechanism system with dry and lubricated revolute joints [8]. The influences of the
selected parameters on the dynamic response of mechanical systems with multiple clearance
joints, including the clearance size, the input crank speed, the number of joints modeled as
clearance joints, were quantified in this study. Mahrus designed a set of experimental
investigations to show the performance of journal-bearing and the effect of the load diagram on
hydrodynamic lubrication [9]. Different loads were applied on the test journal-bearing joint, and
both steady and varying uni-directional and full two-component dynamic loading were
considered in the study. Wilson and Fawceet modeled a slider-crank mechanism with a clearance
in the sliding bearing to measure the transverse motion of the slider [10]. They tested a number
of parameters, such as the geometry, speed and the mass distribution of the mechanical system,
which influence the transverse motion, and they derived the equation of motion with these
parameters based on the results. Haines derived the equations of motion for a multibody
mechanical system that describes the contributions at a revolute clearance joint with no
lubrication present [11]. The study also included an experimental investigation on the dynamic
response of revolute clearance joints. Under static loading, the deflection associated with contact
elasticity in the dry journal-bearing was found to be much greater and linear than predicted [12].
3

Bengisu et al. developed a four bar mechanism, based on zero-clearance analysis, to compare
theoretical results with the experimental results [13]. A model with multiple joint was used in
clearances to study the contact energy loss in the mechanical system.
Feng et al. developed a method for optimizing the mass distribution of planar linkage with
clearance joints to control the change of inertia forces [14]. Tsai and Lai investigated the
kinematic sensitivity of the transmission performance of linkages with joint clearances [15]. In
their study, loop-closure equations were used in position analysis of a four-bar mechanism, in
which all joints have clearance. Yildirim et al. predicted the transmission angle of a slider-crank
mechanism with an eccentric connector based on the neural networks [16]. The neural network
structure was a feedforward network, and the best approximation was obtained with five types of
algorithm. Erkaya and Uzmay studied the effects of joint clearances on performance of the
mechanism in terms of path generation and transmission angle, using the neural networks and
genetic algorithm respectively [17, 16].
As observed, there have been a number of studies dedicated of the dynamic analysis of
mechanical system with joint clearances or imperfect joints. Some of these studies have
examined the system’s response at some defects of system parameters, such as the clearance size.
However, a study that quantified the performance of these systems for various ranges of design
parameters, such as the clearance size, material properties, the contact stiffness and the driving
input condition, have not been studied in a formed design-of-experiment or optimization of
design.

1.3

Objectives
In this thesis, computer-aided analysis of multi-body mechanical systems is utilized as a

simulation model. The goal of the study is to use the Kriging mathematical model, as a Design of
4

Experiment (DOE) optimization tool, to demonstrate the influence of dynamic behavior of
mechanical system with a revolute clearance joint. The reason the Kriging Model has been used
in this research is that the computer simulation for a given set of design parameters is usually
quite compute expensive, and each simulation for a given set of design variables could take long
computation time. As there are wide ranges of values in the design variables, such as the
clearance size, ratio of lengths, material properties, contact stiffness and speeds of operation,
studying the effect of each of these individual sets of design variables would take enormous
computation time and effort.

1.4

Methodology
In this study, the mathematical formulation of the revolute clearance joint is fully described

and the relationship between the design parameters and the contact forces in joints is examined,
as shown in Figure 1.1. First, the classical slider-crank mechanical system is modeled and
simulated in MSC.ADAMS, and the performance of the system at different sets of parameters is
examined. Then, theoretical basis of the methods is stated, illustrating the framework DOE
methods of Latin Hypercube Sampling, Kriging Meta-model and Genetic Algorithms. The
performance of the system at different ranges of parameters is investigated. Two examples are
presented using the previous methods to further analyze the dynamic behaviors of the system
with the revolute clearance joint.

5

Figure 1.1: Methodology of this study
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CHAPTER 2
MODELING REVOLUTE JOINTS WITH CLEARANCE

2.1

Modeling an Ideal Revolute Joint
In a mechanical system, components are interconnected by Kinematic joints. Kinematic

joints connecting bodies restrict and transmit forces and motions between links. Kinematic joints
include: revolute joint, translation joint, cam follower, gear set, spherical joint, universal joint,
and cylindrical joint. Revolute joints will be discussed in this study. Figure 2.1 shows an ideal
revolute joint prescribed by Nikravesh [19] as

( r ,2)  ri  Ai si' p  rj  Aj s 'j p  0


( r ,2)

 xiP  x Pj  0
 P
 
P
 yi  y j  0

Figure 2.1: Ideal clearance joint [20]
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(2.1)

(2.2)

2.2

Multibody System Formulation
Revolute joints exist frequently in dynamic multibody systems. For studying a multibody

system, a set of constraint equations

are derived as follow:

 (q , t)  0
where

(2.3)

is the vector of n coordinates of the system. The velocity constraint can obtained as

  qq 

(2.4)

where q is vector of velocities,  is vector of r.h.s. velocity equations,  q is constraint Jacobin
Matrix, defined as

  
q  

  q 

(2.5)

The kinematic acceleration of can be derived as

  qq  
where

(2.6)

is the r.h.s acceleration equation.

The dynamics of an unconstrained mechanical system can be modeled as

Mq  g

(2.7)

where M is the system mass matrix, q contains the vector of generalized acceleration, g is the
vector of generalized forces.
Equation (2.7) forms the motion for an unconstrained multibody mechanical system, and
for studying a constrained multibody system, the equation can be extended as

M qgg
g

(c)

(c)

 q 
T
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(2.8)
(2.9)

where g

(c)

is joint constraint forces, and  is the vector that contains the Lagrange multipliers.

Finally, the equations of motion for a dynamic multibody system can be assembled as

 M ΦT q   q 
g 

     
0    
Φ q
 

(2.10)

Equation (2.10) can be regarded as a combination of the equation of motion and kinematic
constraint equation.
q 
q 
  ti

Numerical Integration



q 
q 
  ti 1

(2.11)

In the present work, the initial condition of kinematic simulation of mechanical system is
assumed to be without clearance. The ideal revolute joint are only exist in theory, and real joints
have some clearances.

2.3

Introduction to Revolute Joints with Clearance
A revolute joint with clearance, shown in Figure 2.2, can be described as a movable journal

assembled inside a bearing with the journal and the bearing’s radii of

and

. In reality, there

is a clearance between the journal and the bearing in mechanical systems to cause a relatively
motion between the two. The journal can move freely inside the bearing until any contacts
between the two bodies take place, and this will add degrees of freedom to the system. There is
no force between the two in this step. When the journal contacts with the bearing wall,
deformation takes place between the two, and causes the impact contact force. This process
continues until the journal and bearing separate from each other. The journal comes back to the
free-flight mode, and the force between the two bodies comes to zero. The difference between
the radius of the bearing and the journal is the radial clearance size c. The penetration between
the bearing and the journal occurs when they are in contact.
9

Impact
Penetration or indentation
Bearing
Journal

c

RB

Free flight
motion

RJ

Zoom
Impact

(a)

Figure 2.2: Revolute joint with clearance, for which the clearance is exaggerated for clarity [12].
2.4

Evaluation of Contact Force of the Clearance
The indentation depth due to the contact impact between the journal and the bearing can be

defined as:

d = e-c

(2.12)

where e is the magnitude of the eccentricity and c is the radial clearance. The eccentricity is
evaluated as

e = DX 2 + DY 2

(2.13)

where X and Y are the horizontal and vertical displacement of the journal inside the bearing.
In turn, the radial clearance is defined as:

c = RB - RJ

(2.14)

Because the journal moves freely inside the bearing, the contact forces at the joint only
appear when the journal reaches the bearing wall. There are two situations that could happen at
the joint. In one case, when the journal does not contact with the bearing, and the penetration
depth is a negative value, the journal has a free-flight motion inside the bearing. There is no
10

contact-impact force at the joint in this case. In the second case, when the journal contacts with
the bearing wall, a contact force between the journal and the bearing is developed [12], the
indentation depth value will be greater than zero.
The contact-impact force

, in relation to the penetration indentation, can be modeled by

Hertz law:

FN = Kd n

(2.15)

where K is stiffness coefficient and δ is the indentation depth given by (2.12). The exponent n is
usually set to analysis in the range 1.5-2.5 for the most metal-to-metal contact. The stiffness
coefficient K depends on the material properties and the contacting surface, and is defined as:
1

 RB RJ  2
4
K


3( B   J )  RB  RJ 

The material parameters

and

are defines as

sk =
variables

and

(2.16)

1- n k2
Ek

(k=B, J)

(2.17)

are the Poisson’s ratio and the Young’s modulus for journal and bearing,

respectively.
The Hertz law given by (2.15) does not include any energy dissipation. Lankarani and
Nikravesh [7] extended the Hertz model to include a hysteresis damping function as follows:
é 3(1- ce2 ) d ù
FN = Kd n ê1+
ú
4
d (-) úû
êë

where the stiffness coefficient K can be obtained from (2.16) and (2.17),
coefficient, ̇ is the relative penetration velocity and ̇

11

(2.18)
is the restitution

is the initial impact velocity.

Pin-cylinders model have contact situation, in which the contact area is rectangular.
Dubowsky and Fruedenstein [21] develop a model as follows:
 i  j
 L

  FN 

3
   L (R i  R j )  
ln


  1
 
   FN Ri R j ( i   j )  

(2.19)

where L is the length of the pin.
Flores reviewed this model as ESDU-78035 model [21] as
 i  j
 L

  FN 

   4 L(R i  R j )  
  1
 ln 
   FN ( i   j )  

(2.20)

In a mechanical system, friction force appears in the clearance joint when two contact
elements have a sliding motion. The Coulomb law is applied for representing the friction force
between dry contacting surfaces. A modified Coulomb law [22] is defined as

FT  c f cd FN
where
and

is the friction coefficient,

VT
vT

is the normal force,

(2.21)
is the relative tangential velocity

is a dynamic correction coefficient, which is expressed as

{

where

and

(2.22)

are given tolerances for velocity.

In this study, the friction force is not considered, and Lankarani and Nikravesh model of
Equation (2.18) is utilized to build the numerical model.

2.5

Example of Modeling and Analysis of a Multibody System with Joint Clearance
In this section, a computer model for the classic slider-crank mechanism with one revolute

clearance joint is considered to analyze the dynamic behavior of the mechanical system. Figure
12

2.3 shows the configuration of the slider-crank mechanism, which comprises of four bodies that
represent the crank, connecting rod, slider, and ground. In this case, the multi-body model has
only one clearance joint. There are four joints, two ideal revolute joints between ground and the
crank, the crank and connecting rod, one ideal translational joint between the slider and ground,
and one non-ideal revolute joint clearance is at the piston pin. The geometric and inertia
properties of each body in this system are shown in Table 2.1 [12].

Clearance
Y

η1

η2

ξ2

η3

3

2

ξ3

ξ1

η4

4
ξ4

X

1

Figure 2.3: Slider-crank mechanism with a clearance joint.
Table 2.1 Geometric and inertial properties of the mechanism
Body Nr.

Length [m]

Mass [kg]

Moment of inertia [kg.m2]

2

0.05

0.30

0.00010

3

0.12

0.21

0.00025

4

0.06

0.14

0.00010
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Figure 2.4: Slider-crank mechanism built in MSC.ADAMS.

Figure 2.5: Kinematics of the crank-slider mechanical system
14

Figure 2.6: Details of the joint clearance at the piston pin
A model of the slider-crank mechanism is constructed in MSC.ADAMS, as shown in
Figure 2.4. In the model, all the bodies are considered to be rigid. The initial crank angle and
velocity of the journal center are set as zero, and the journal and bearing center are coincident.
Based on the simulation of the multibody mechanical model, Figure 2.5 depicts the kinematics
for crank-slider mechanism. Figure 2.6 clearly shows the detail image for the clearance joint
which is at the piston pin. The dynamic parameters used in simulation are listed in Table 2.2.
Table 2.2: Parameters used in the dynamic simulation of the slider-crank mechanism with a
clearance joint.
Nominal bearing radius
Journal-bearing width
Restitution coefficient
Friction coefficient
Young’s modulus
Poisson’s ratio
Baumgarte 
Total time of simulation
Total steps

10.0 mm
40.0 mm
0.9
0.0
207 GPa
0.3
5
0.24 s
50000

15

2.6

Comparison of Computer Simulation and Experimental Results
Comparing plots from this computer simulation model, as shown in Figure 2.8, with the

experimental results of slider-crank mechanism obtained by Flores et al. [23], as shown in Fig.
2.7, indicates the similar pattern between the computer model in this study and the experimental
results. Hence, the slider-crank mechanism model from this study can simulate the dynamic
behavior of the system with clearance with reasonable accuracy. The simulation model will be
utilized in this study. The values for the radial clearance size and the input crank speed are used
for investigating the impact of the revolution clearance joint in slider-crank mechanical system.

Figure 2.7: Dynamic response of the experimental slider-crank [23] for a crank speed of 200 rpm
(a) slider position for a clearance of 0.25mm; (b) slider acceleration for a clearance of 0.25mm.
16

Figure 2.8: Dynamic response of the slider-crank from this study for a crank speed of 200 rpm
(a) slider position for clearance as 0.25mm; (b) slider acceleration for clearance as 0.25mm.

2.7

Simulations with Different Parameters
From Figures 2.9-2.12, the results on slider acceleration, and contact force at the clearance,

the crank reaction moment and the power consumption demonstrate the different dynamic
behaviors of the slider-crank mechanism, with different values of the radial clearance, namely
0.05 mm, 0.1 mm, 0.2 mm and 0.5 mm. The crank rotates with a 2000 rpm constant angular
speed. The radial clearance is much smaller than the size of body in real joint, which is around
17

0.02-0.05mm, but in this study the radial clearance is enlarged for observing the dynamic
response obviously.
Figure 2.9 shows when the clearance size is increased, the response curves become more
chaotic, and the dynamic behaviors tend to be non-periodic. As the clearance size decreases, the
dynamic behavior is forced to be closer to ideal situation. Most of these plots reach the highest
value when the crank angle is at multiples of 180 degrees rotation, which is when the slider is in
the critical position. The highest peak value for the radial clearance size of 0.1mm nearly equates
to the radial clearance size of 0.05mm, but the maximum value of slider acceleration for radial
clearance size of 0.2mm is 3.5 times larger than the maximum value of slider acceleration for
0.1mm. When the clearance size reduces, the highest peak of the slider acceleration also
decreases, and gradually approaches to the condition of an ideal joint. These observations can
also be confirmed in the plots of the joint reaction forces in Figure 2.10. Minimizing the
clearance size can control and reduce the contact force inside the joint. Comparing Fig 2.10(b)
and Figure 2.10(c), the value of the contact force has a dramatic increase, so the clearance joint
becomes more and more unstable after the radial clearance size reaches more than 0.1mm. The
plots of the crank moment show differently with slider acceleration and contact force. From
Figure 2.11 and 2.12, the power consumption plots show the similar results as the crank moment
plots. The plots for power consumptions would be identified as they are the product of crank
moment and angular speed. When the clearance size reduced, the energy loss is rather small. As
these figures show, when the clearance size is increased, the contact force and required crank
input power is signally increased.
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(a)

(b)

(c)

(d)

Figure 2.9: Slider acceleration for different clearance sizes: (a) 0.05 mm; (b) 0.1 mm; (c) 0.2
mm; (d) 0.5 mm.
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(a)

(b)

(c)

(d)

Figure 2.10: Contact force for different clearance sizes: (a) 0.05 mm; (b) 0.1 mm; (c) 0.2 mm; (d)
0.5 mm.
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(a)

(b)

(c)

(d)

Figure 2.11: Crank moment for different clearance sizes: (a) 0.05 mm; (b) 0.1 mm; (c) 0.2 mm;
(d) 0.5 mm.
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(a)

(b)

(c)

(d)

Figure 2.12: Power consumption for different clearance sizes: (a) 0.05 mm; (b) 0.1 mm; (c) 0.2
mm; (d) 0.5 mm.
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In Figure 2.13-2.16, the influence of the crank angular speed is shown. The values chosen
for the crank speed are 200 rpm, 1000 rpm, 2000 rpm and 5000 rpm. In this set, the clearance
size is set to 0.1 mm.
The different behaviors of the slider acceleration, joint reaction force, crank reaction
moment, and power consumption are displayed in these plots. Two full crank rotations are
reported in the simulations. The plots show that the decrease in crank speed forces the slider
acceleration, joint reaction force, crank reaction moment and power consumption curves to have
more noise and be more chaotic. The contact forces between the journal and the bearing increase
with the input driving speed increasing. The changes of the slider acceleration are caused by the
contact force inside the clearance joint, so the acceleration also increases when the input crank
speed increase. The higher peaks of the values of the slider acceleration, joint reaction force,
crank reaction moment, and power consumption are consistent with the higher crank angular
speed. The higher input driving speed causes larger contact forces and energy loss in mechanical
operation, but the lower crank speed forces the mechanical system to be more unstable.
In fact, more design parameters can be studied as variables that have a significant influence
on the dynamic behaviors of mechanical systems with clearance joints. The changes of crank
angular speed, clearance size, contact stiffness, the length of the crank and connecting rob and
the exponent may all affect the contact force and power consumption, but the variables can be
studied more efficiently with the optimization methodology. The optimization methodologies
can be utilized much more efficiently.
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(a)

(b)

(c)

(d)

Figure 2.13: Slider acceleration for different crank speed: (a) 200 rpm, (b) 1000 rpm, (c) 2000
rpm and (d) 5000 rpm.
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(a)

(b)

(c)

(d)

Figure 2.14: Contact force for different crank speed: (a) 200 rpm, (b) 1000 rpm, (c) 2000 rpm
and (d) 5000 rpm.
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(a)

(b)

(c)

(d)

Figure 2.15: Crank moment for different crank speeds: (a) 200 rpm, (b) 1000 rpm, (c) 2000 rpm
and (d) 5000 rpm.
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(a)

(b)

(c)

(d)

Figure 2.16: Power consumption for different crank speeds: (a) 200 rpm, (b) 1000 rpm, (c) 2000
rpm and (d) 5000 rpm.
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CHAPTER 3
METHODOLOGY FOR KRIGING MODEL BASED OPTIMIZATION
3.1

Design of Experiment method
This chapter presents a procedure for constructing an objective function using the Kriging

Model. In the first part, the Latin Hypercube is introduced for acquiring initial design points.
After locating several initial design points, their performance data can be obtained by the
computer simulation experiment (MSC.ADAMS). Each computer simulation of a system with
joint clearance for a given set of design parameters takes a long computation time. Due to large
contact force being applied once a short period time, each full crank rotation simulation requires
up to 50000 steps, and it is quite inefficient and computationally expensive. The Kriging Model
is built in this research to optimize the process. The objective here is to develop a prediction
model to estimate the objective function for any given design point in the design space using the
Kriging Model instead of the computer simulation experiment. For this purpose, Kriging Model
can be constructed based on the initial design points and its performances. The implementation
of the method is shown in Figure 3.1. The Kriging Model is constructed by using the results from
sample points coming from individual computer simulations. The Genetic Algorithm is used to
obtain the optimal results on the design parameters.

Figure 3.1: Flowchart for the implementation of DOE and Kriging-based optimization model.
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3.2

Latin Hypercube Sampling
In order to acquire a set of initial samples from the ranges of the parameter variables to

confine the number of simulations, Latin Hypercube sampling is used to ensure that each value
of a variable is equally important in the sample. The method can not only reduce the number of
simulations, but it can also retain proper orthogonalily and proportionality of the sample. Latin
Hypercube is a statistical method for placing M sample points, which are divided into the equally
probable intervals in every variable, when a function has N variables. Also, the M sample points
must be satisfied with Latin hypercube requirement, that each sample is the only one in each
axis-aligned hyper-plane containing it [24]. Figure 3.2 plots an example that uses Latin
Hypercube sampling to obtain 30 design points, from which 3 design variables are studied.

Figure 3.2: 30 design samples from 3 variables by Latin Hypercube sampling
3.3

Kriging Model
The Kriging Model is a nonparametric interpolation model for integrating the given

sample points to approximate the model parameters and forecasting the unknown response of a
new design point [25]. Considering a performance function with k random inputs, a Kriging

29

Model can be constructed with n samples, in which each sample is ( , ),
1…n) are simple inputs and

=(

….

), (i =

is the system performance when the system is given the inputs

.

In the Kriging Model, the system performances are generated from:

Y ( x)  f ( x)  G( x)

(3.1)

where Y(x) is the unknown function, f(x) is a polynomial function of x, and G(x) is the realization
of a Gaussian stochastic process with zero mean and variance

. The polynomial term f(x) is

simplified by a constant value m. Hence, the Kriging Model can be rewritten as

Y ( x )    G( x )

(3.2)

The entry correlation matrix for G(x) is given by [25]
Corr G  xi , x j    2 R  xi , x j 

where the R( ,

(3.3)

) represents the (i, j) entry of an n × n matrix, and this correlation matrix is

defined by the distance between two sample points

,

with ones along the diagonal, which

can be expressed as:

 k
p 
R  xi , x j   exp   p xip  x jp 
 p 1

The term inside the exponential is the distance between the two designed sample points
and

and

(3.4)
,

;

are the two parameters that need in order to make a proper prediction using the

Kriging Model. With n sample points ( ,

), the likelihood function of the model parameters

can be given as:
1
1
T

Likelihood    n ln(2 )  n ln  2  ln R  2  y  A  R 1  y  A 
2
2


(3.5)

where y is the column vector of response, A is a n × 1 vector filled with ones. We can estimate m:
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  [ AT R1 A]1 AT R1 y
The

(3.6)

also can be estimated as [25]:

 y  A 

T

 
2

R 1  y  A 
n

(3.7)

With the two equations above, the likelihood function is transformed to a function that depends
only upon the parameters

and

. And these two parameters can be determined by

maximizing the likelihood function and therefore the correlation matrix R can be calculated.
With this prediction model, the system performance can be estimated for any given design point
as:

Y ( x* )    rT ( x* ) R1 ( y  A )
where r(
~

) is the correlation vector between the prediction point

(3.8)
and the design points

, which are given by
r T  x*   Corr G  x* , x1  ,...Corr G  x* , xn  



3.4

(3.9)

Example for Kriging Model
In order to explain the sampling method and Kriging model, a mathematical model, which

is shown as the Branin function, is considered in term of two variables
5.1
5

1


Y ( x)   x2  2 x12  x1  6   10 1 

8

4




x1  [5,10]
2

x2  [0,15]

and

as [26]



 cos x1  1



(3.10)

In the first step of the example, twenty design points are selected by the Latin Hypercube
Sampling (LHS), shown in Figure 3.3.
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20 Design Points
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10
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Figure 3.3: Design points selected by LHS.
Figure 3.4(a) shows what the entire model looks like as a meta-model and twenty design
points are shown in the image as the little dots. In Figure 3.4(b), a surrogate model is built using
the Kriging model. The Kriging Model with these 20 design points has been used to assume the
response surface. Comparing to the exact results, the Kriging Model uses only 20 design points
to obtain acceptable and reasonably accurate results.

Figure 3.4: (a) Exact model of Branin function; (b) Surrogate model predicted by the Kriging
model.
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3.5

Genetic Algorithm
Genetic algorithms (GA) are non-gradient methods [27], which can generate a global

promising result for a complex optimization problem. For most cases, GA is divided into three
steps, evaluation, crossover, and mutation. An initial population of the design variable is selected
by some cost functions. Then the initial population is changed depending on the fitness function,
and uses the mutation and crossover strategies to generate a new generation of population. This
process continues until the fitness function converges to the global optimal point. The input
variables for this optimal point will be the strongest population selected by the evolution. GA can
successfully avoid the local minima compare to the gradient method, since it tests the design
points over a large domain in the global space. However, this method is computationally
expensive, especially when it is applied to the computer simulation models. In order to overcome
this limitation, the cost-effective Kriging Model will replace the ordinary computer simulation
model to compensate for the expensive optimization process.
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CHAPTER 4
DOE AND KRIGING BASED STUDY OF THE SLIDER-CRANK MECHANISM

In this chapter, the dynamic behavior of the slider-crank mechanical system with a revolute
clearance joint will be studied further. Two simple examples, which use the DOE method
introduced in the previous sections, will be presented. The Kriging meta-model is constructed in
order to optimize and analyze the computer simulation experiment process, and the Genetic
Algorithm is used to find the minimal contact force in the joint by controlling appropriate values
of the design parameters. The implementation of the method is shown in Figure 3.1. Sample
points are selected from design variables by the Latin Hypercube sampling, and the slider-crank
mechanism model developed in the previous section is used to evaluate the performances
acquired from the sample points. Then, the absolute maximum value for dynamic behavior, such
as contact forces, slider accelerations, crank moment, power consumption, all from the
simulation model, can be treated as system performance, and a surrogate model is built by the
Kriging meta-model to replace the expensive computer simulation model. The rest of the
quantitative values from the objective functions can by predicted by the Kriging model. The
Genetic Algorithm is then used to optimize the results. In the process, the dynamic behavior of
the mechanical system with a revolute clearance joint case is obtained for a range of design
parameters.

4.1

Demonstrative Example 1 for the Kriging Model Based Study
An example is presented here to investigate the influence of the radial clearance size and

material/contact stiffness coefficient on the dynamic behavior of the slider-crank mechanism
with a revolute clearance joint. The computer simulation model built in MSC.ADAMS is used in
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this experiment. A constant input speed as 5000 rpm is set up on the crank. At a high constant
input speed, the contact forces at the joint can also become quite large, and the impact of the
change of clearance size and stiffness coefficient can be more visible on the dynamic response of
the system.
Table 4.1 shows that radial clearance size and material/contact stiffness coefficients,
selected as the design variables, and the slider acceleration and contact force in the revolution
joint are investigated as the objective functions. The diametric clearance size of the non-ideal
revolute joint drops in the interval between 0.05 mm and 0.5 mm, which corresponds to the
clearance size in a typical journal-bearing. For the stiffness coefficient, common steel and iron
alloys are chosen as experimental materials. Young’s modulus of metal is taken to between
113GPa and 210GPa, and Poisson’s ratio is fallen into the region between 0.23 and 0.3. The
stiffness coefficient is taken to be between 3.4 E+009 N/

and 1.7 E+010 N/

.

Table 2.1: General experiment objects in example 1

Design Variables

1. Radial Clearance Size

0.05 - 0.5mm

2. Contact Stiffness
Coefficient

3.4E+009 - 1.7E+010 N/m1.5

1. Slider Acceleration
Objective Functions

2. Contact Force in Joint
3. Power Consumption

Ten design points were generated by the Latin Hypercube method (Table 4.2), and inserted
in the simulation model to evaluate the objective functions. In Figure 4.1, the surface plots are
acquired by utilizing the Kriging Model.
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Table 4.2: Sample points and the computer simulation results
Sample
Number
1
2
3
4
5
6
7
8
9
10

Clearance
Size (mm)
0.5
0.45
0.05
0.3
0.15
0.35
0.25
0.1
0.2
0.4

Stiffness
(N/m1.5)
9.4E+09
3.4E+09
1.5E+10
1.1E+10
1.2E+10
6.4E+09
1.7E+10
7.9E+09
4.9E+09
1.4E+10

Slider Acceleration
(m/s2)
1.1E+05
1.0E+05
2.0E+04
8.5E+04
2.7E+04
9.3E+04
6.8E+04
2.0E+04
4.5E+04
9.1E+04

Contact Force
(N)
1.5E+04
1.4E+04
2.7E+03
1.2E+04
3.7E+03
1.3E+04
9.6E+03
2.8E+03
6.3E+03
1.3E+04

After the Kriging model is built by following the methodology, in order to detect the
accuracy of the Kriging model, another point (11th point) is required as the clearance size
0.18mm and the contact stiffness 1.0E+010 N/m1.5. Both computer simulation model and Kriging
Meta-model are used to examine the highest absolute value of the slider acceleration of the
slider-crank mechanism. The result for the highest absolute value of slider acceleration from the
computer simulation model is 3.2E+004

(Figure 4.1). The highest absolute value of slider

acceleration from the Kriging model is 3.0E+004

(Figure 4.2). The results indicate that the

respective error for the highest absolute value of acceleration for the Kriging model is with 6%
of the accrued value.
Hence, the Kriging model can reasonably predict the response of this system for the range
of parameter studied.
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Figure 4.1: Test result from computer simulation model for example 1

Figure 4.2: Test result from Kriging model for example 1
Figure 4.3(a) presents the contact force between the bearing and the journal for the
dynamic response histories, as the functions of the clearance size and the stiffness coefficient.
Figure 4.3(b) and (c) show the surface plots for the slider acceleration and power consumption.
From the Figure 4.3, it is clear that the contact force grows monotonically as the clearance
size increases at the center of the image, and the change gradually becomes smooth when the
curve tends to be the edge of the image. Also, the clearance size is more sensitive than the
stiffness in the range studied. The results for the slider acceleration show similar phenomena on
the contact force. After applying the Genetic Algorithm, the optimal point is found to be material
stiffness coefficient of 3.4E+009 N/

and radial clearance size of 0.05mm. The results from

this DOE-based study show that the lowest values in the ranges of design variables are optimal.
In the next example, a larger range of design variables will be selected to investigate the dynamic
response of the same system.
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(a)

(b)

(c)

Figure 4.3: (a) Surface plot for joint contact force (b) Surface plot for slider acceleration (c)
Surface plot for crank power consumption.
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(a)

(b)
Figure 4.4: (a) Contours of multi-objective analysis (b) surface plot of multi-objective analysis

From Figure 4.4, the multi-objective synthesis was realized with constant weighs (0.33 for
all 3) for the objective functions, namely slider acceleration, the reaction force produced in the
clearance joint, and the power consumption for the mechanical system.

f ( x)  0.33* f A ( x)  0.33* f F ( x)  0.33* f p ( x)

(4.1)

The curve shows the similar consequence as the results from slider acceleration, contact
force and power consumption at the clearance. The changes of the radial clearance size influence
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the dynamic behaviors of the mechanical system strongly. When the real revolute joints have a
smaller clearance size, The mechanism works on the better condition.

4.2

Demonstrative Example 2 for the Kriging Model Based Study
In this section, another example of the use of DOE and Kriging model is presented to

illustrate the dynamic response of the revolute clearance joint. The same slider-crank mechanical
system is used in this experiment as well, and three input design variables are utilized. As shown
in Table 4.3, for this analysis, the objective functions, as contact forces between the bearing and
the journal, there are three design variables chosen in the experiment, size of joint clearance,
input crank speed and material stiffness. The larger ranges of the parameter variables are given in
the example, as the diametric clearance size is chosen in the interval between 0.02 mm and 1
mm, the range of the stiffness coefficient is taken between 3.3 E+008 N/
N/

and 3.3 E+011

, and the value of the crank speed is chosen between 50 rpm and 5000 rpm. Thirty sample

points are chosen by the Latin Hypercube sampling. Importing the samples in the simulation
model, the absolute maximum values for objective functions are shown in Table 4.4.
Table 4.3: General experiment objects in example 2
1. Input Crank Speed [rpm]
Design Variables

50 – 5000

2. Contact Stiffness Coefficient
3.3E+008 - 3.3E+011
[N/m1.5]
3. Radial Clearance Size [mm]

0.02 – 1.00

1. Contact Force in Between Bearing and Journal
Objective Function
2.Power Consumption
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Table 4.4: Sample points and the computer simulation results
Sample
Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Crank
speed
(rpm)
7.33E+02
5.00E+01
3.80E+03
3.12E+03
3.30E+03
1.07E+03
2.62E+03
9.03E+02
2.78E+03
5.62E+02
2.43E+03
1.25E+03
4.15E+03
4.83E+03
2.95E+03
3.98E+03
3.47E+03
1.75E+03
4.67E+03
4.48E+03
1.42E+03
3.63E+03
2.10E+03
2.27E+03
2.20E+02
3.92E+02
1.59E+03
5.00E+03
1.93E+03
4.32E+03

Stiffness
(N/m1.5)

Clearance size
(mm)

Contact
Force (N)

2.16E+11
2.31E+10
2.62E+11
9.13E+10
1.59E+11
1.94E+11
3.30E+08
1.17E+10
2.96E+11
3.07E+11
2.39E+11
1.37E+11
1.48E+11
3.44E+10
3.19E+11
1.03E+11
1.71E+11
1.25E+11
3.30E+11
2.85E+11
1.14E+11
2.50E+11
5.72E+10
6.85E+10
2.28E+11
7.99E+10
2.73E+11
2.05E+11
1.82E+11
4.58E+10

0.76
0.39
0.63
0.8
0.05
0.19
0.49
0.7
0.09
0.56
0.53
0.97
0.59
0.12
0.9
0.22
0.93
0.46
0.29
0.86
0.02
0.26
1
0.16
0.43
0.83
0.32
0.36
0.66
0.73

9.03E+02
1.32E+01
9.24E+03
8.45E+03
1.19E+03
5.00E+02
5.03E+03
1.11E+03
9.26E+02
6.79E+02
4.80E+03
1.83E+03
9.05E+03
2.89E+03
8.83E+03
5.02E+03
1.14E+04
2.40E+03
1.11E+04
1.73E+04
2.22E+02
5.85E+03
5.29E+03
9.47E+02
3.50E+02
4.16E+02
2.24E+03
1.39E+04
4.09E+03
1.36E+04

Similar accuracy test as the demonstrative example 1 is presented again for this example.
After obtaining 30 design points by Latin-Hypercube sampling, another point (31th point) is
obtained to evaluate the accuracy of the Kriging model. The 31th point is set with the clearance
size 0.5mm; the contact stiffness 2.2 N/m1.5; the input crank speed 3000rpm. The highest
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absolute value of slider acceleration from the computer simulation model is 4.5E+004
(Figure 4.5). The highest absolute value of slider acceleration from the Kriging model is
4.4E+004

(Figure 4.6). The results indicate that the respective error for the highest absolute

value of acceleration for the Kriging model is within 2% of the accrued value.
Hence, the Kriging model can reasonably predict the response of this system for the range
of parameter studied.

Figure 4.5: Test result from computer simulation model for example 2

Figure 4.6: Test result from Kriging model for example 2

The data from Table 4.4 is used to build the Kriging Meta-model. The Kriging model is
established as a prediction model to estimate the objective function for any given design points
and used to replace the computer simulation experiment.
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(a)

(b)

(c)

Figure 4.7: Surface plots on the contact force (a) low speed input; (b) medium speed input; (c)
high speed input.
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(a)

(b)

(c)

Figure 4.8: Surface plots on the power consumption (a) low speed input; (b) medium speed
input; (c) high speed input.
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Figure 4.7 shows the dynamic response histories of the contact force between the bearing
and the journal as functions of the clearance size and the stiffness coefficient, with the input
crank speed set up to the values of three different levels: the low speed input of 1480 rpm, the
medium speed input of 3000 rpm, the high speed input of 4450 rpm. In each radial clearance
situation, the contact force remains constant with respect to the stiffness coefficient, as shown in
Figure 4.7(b). However, the contact force between the bearing and the journal shows a clear
increase in learance size. In this case, the effects of the dynamic response are more sensitive to
the clearance size than the stiffness coefficient in the mechanical system with one revolute
clearance joint. As figure 4.7 shows, when the system with clearances operates at lower speed
levels, more variation can be observed, in this case, a positive correlation between an increase in
contact force and increase in crank speed. Figure 4.8 shows dynamic behavior histories of power
consumption in mechanical operation with different values of input driving condition that are
similar to figure 4.7. The curve is very chaotic and unstable when the mechanical system is in a
lower input crank speed condition. The curves become smoother with medium and higher
driving speeds. Similar conclusions can be drawn from Figures 4.9 and 4.10, as they illustrate the
influence of the radial clearance and crank speed on the contact force and power consumption for
a given stiffness coefficient of 1.63E+011 N/m1.5. A rising trend of the contact force and power
consumption between the bearing and the journal is obtained with an increase in the radial
clearance size and crank speed.
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Figure 4.9: Dynamic response of the contact force with constant stiffness coefficient.

Figure 4.10: Dynamic response of the power consumption with constant stiffness coefficient.
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CHAPTER 5
CONCLUSIONS AND RECOMMENDATIONS
5.1

Conclusions
The influences of dynamic behavior of a multi-body mechanical system with a revolute

clearance joint were investigated in this study. The computer-aided analysis of mechanical
system and the framework of DOE modeling were presented to study the effect of joint clearance
size, input crank speed and material/contact stiffness coefficient on the dynamics response of a
multi-body system with one clearance joint. A classical slider-crank mechanism with revolute
joint clearance at the piston pin was considered in this study. The Kriging Meta-model was used
to replace the computer simulation experiment, as a more cost-effective mathematical tool for
optimizing the performance of the system.
The global results obtained from this study indicate that the dynamic behavior of the
mechanical system with clearance is quite sensitive to crank speed and clearance size. The
contact force is increased when the crank speed increases, and the decrease of crank speed causes
the curve of dynamic response more noisy and chaotic. The contact force increases clearly with
the increase in the clearance size, and as the clearance size decreases, the dynamic behavior
tends to be closed to ideal situation. The dynamic response of mechanism does not change
significantly with the change of contact stiffness coefficient. In general, the reduced input crank
speed and clearance size minimize the contact force between the bearing and the journal.
The method presented in this paper can be utilized for optimizing the performance of the
mechanical systems with joint clearance. The two demonstrative example of the system of the
DOE and Kriging model based optimization on the slider-crank mechanism indicated that the
Kriging model reasonably predicts the response of the system for all the range of parameters
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considered. Hence, the Kriging model can be utilized to optimize the system. By utilizing the
Kriging Meta-model, the computer simulation time can significantly be reduced, while the
response of the system can be studied and optimized for a wide range of input design variables.
5.2

Recommendation
This Kriging model can be used to conduct a multi-objective optimization. The relationship

between slider acceleration, crank moment, and power consumption could be studied to optimize
the impact of dynamic response of the mechanical system with clearance. The multi-objective
optimization can be extended by setting the appropriate weighs to each objective function. As
only three design variables were discussed in this study, additional input parameters, such as the
length of the crank, mass and initial of the bodies, material properties, and number of clearances
should be investigated. In another area, the flexibility of components can be included in the
analysis and optimization of flexible multibody systems with revolute clearance.
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