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ABSTRACT 

 

 

 Adhesively bonded joints are used on numerous applications involving light-weight 

composite materials. Consequently, the successful modeling and subsequent analysis of bonded 

joints involving more than one adherend material is crucial for optimization of structural 

components. An increasing effort to analytically predict the failure strength of adhesively bonded 

joints has driven the industry’s attention to energy methods such as the virtual crack closure 

technique. This research attempts to optimize the modeling of such joints in order to acquire 

accurate analytical predictions with a reasonable computational cost. A detail study of the 

application of virtual crack closure technique in Abaqus® showed the existence of considerable 

dependence of results accuracy in mesh densities, element type, and mixed mode criteria used for 

post processing of the results. The investigation reported herein involves the use of Hysol® 

EA9394 adhesive to bond components made of two different carbon/epoxy materials, as well as 

aluminum into single lap shear, double lap shear, T pull-off, and thick lap shear specimens. The 

results of this research are not intended to provide the analyst with exact parameters for 

constructing a FEM for a bondline and post processing the results. Rather, this paper provides a 

procedure for optimizing the finite element model in order to maximize the accuracy-to-

computational time ratio. Additionally, a procedure for correlating the analytical results to test 

data is provided. It is concluded that adhesively bonded joints can be accurately analyzed using 

VCCT’s in Abaqus®, provided the finite element models are developed using the technique 

described herein for obtaining converged analytical solutions. Finally, the correlation of 

analytical results to test data is not a trivial task that is achieved utilizing the procedure 

developed during this research. 
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CHAPTER 1 

 

1. INTRODUCTION 

 

 

The need for high stiffness, high strength, low weight structural materials in the aircraft 

industry has increased the importance of fiber reinforced laminated composites for such 

applications. On the later years, the utilization of composite materials on high performance 

structural components has increased substantially as manufacturing processes and quality 

controls evolve into the cost-effective spectrum [1]. An indirect contributor to the increase in use 

of light-weight composites is the rising cost of fuel. This emphasizes the benefits of employing 

weight efficient structures in commercial aircraft as it represents a decrease in relative fuel 

consumption, which directly correlates to a reduction in operational costs for the airlines. 

Composite structures oftentimes contain adhesively bonded joints. An example of such are 

adhesively bonded stiffeners which are commonly used as reinforcements for flat or curved 

laminated composite skin panels in aerospace structural applications [2]. However, the use of 

adhesively bonded joints is not limited to composite structures. These are employed, or have the 

potential to be employed, in a great number of applications, including metal-to-metal bond, 

laminated composites sharing lamina properties, laminated composites with dissimilar lamina 

materials, metal to laminated composites, etc.  

The adhesively bonded joints of composite parts, due to their complex structure, can 

exhibit complex failure behaviors composed of more than one failure mode [1]. These multi-

mode failures are not trivial to represent analytically due to interlaminar damage, such as 

delamination and adhesive failures, oftentimes interacting with intralaminar damage, such as 

lamina failure. Distinct failure modes are described in subsequent section of this chapter. 

Intralaminar damage initiation and propagation can be accurately predicted using analytical 



2 

 

tools. On the other hand, accurate prediction of interlaminar damage is not easily achieved as 

analytical tools are still under development across the industry. The later fact represents a 

limitation in the ability for the industry to characterize structural component containing bonded 

joints. An example of such is the case of a laminated composite stringer bonded to a laminated 

skin which is loaded in bending by an out-of-plane force. In this geometry, the stress gradient at 

the end of the stringer generates an out-of-plane peeling force which causes the bondline to fail, 

as shown in Figure 1 [2]. 

 

Figure 1. Experiment illustrating stiffener-skin disbonding [3]. 

Several techniques exist which attempt  to predict the failure of adhesively bonded joints 

of composite structures. Due to the complexity of these interfaces, the accurate prediction of 

their failure is an inherently complex task. The analysis of pristine bonded joints is divided into 

two sections, crack initiation, and crack propagation. The analysis of crack initiation is usually 

based on peak stresses in the interface combined with a stress interaction criterion, such as the 

quadratic interaction of interlaminar stresses, which involves a characteristic dimension [4, 5]. 

This procedure requires extensive testing to define the characteristic dimensions of the 

interaction of the interlaminar stresses, which are dependent on both, material properties and 

specimen geometry [3]. In contrast, prediction of crack propagation is attempted by means of 

linear elastic fracture mechanics (LEFM). This method yields accurate results in the cases in 
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which it is possible to ignore the material non-linearities while maintaining a representative 

model of the bondline [1, 6]. The LEFM methodology can only be applied if an initial crack is 

present in the interface. Virtual Crack Closure Technique (VCCT) [6] is one of the methods 

successfully used for prediction of crack growth in bonded joint interfaces [1]. In the case of 

damage tolerance analysis, an initial defect or crack of the same size as the minimum detectable 

defect during quality control and subsequent non-destructive inspections is assumed to exist at 

the interface. For such cases, crack initiation analysis is not needed as an initial crack of known 

length is assumed to be inherently present. 

1.1 Loading Modes 

Failure of a bonded joint occurs as a crack, delamination, or disbond propagates 

throughout the interphase. Crack of the matrix between fibers, commonly referred to as 

delamination, along with crack of the adhesive layer, commonly referred to as cohesive failure, 

are the primary failures of adhesively bonded joints of laminated composite parts [7]. Adhesive 

failures can also occur; however, this failure mode is less desirable due to the unpredictable 

nature of the failure. A detail description of failure modes of bonded joints is found in section 1.2 

of this paper.  

The forces capable of propagating a crack within a material can be divided into three 

orthogonal loading modes: mode I, mode II, and mode III [7]. Mode I, also referred to as the 

opening mode, consists of a displacement of the crack surface that is perpendicular to the plane 

of the crack, which is caused by normal stresses acting on the part. Mode I loading occurs most 

frequently and therefore is considered the most important of all three loading modes. Mode II 

loading is caused by shear stress and is commonly called the sliding mode or the in plane shear 

mode. Mode III loading is caused by transverse shear stresses and is referred to as the out-of-
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plane shear mode, the torsional mode, or the tearing mode [8, 9]. Figure 2 shows the three 

orthogonal pure loading modes. A part containing an initial crack can be loaded purely in one of 

these modes or in a combination of two or three modes [7].  

 

Figure 2. Pure mode loading [7]. 

Mode III loading was not included in the investigation described in this paper as this 

research consisted of modeling the parts using two-dimensional cross-sections which focus on 

the interaction between mode I and mode II loading. The interaction between these loading 

modes is non-linear in nature. Consequently, numerous mixed mode interaction criteria have 

been developed over the years as this is one of the most important aspects to be considered for 

accurately predicting the failure of an adhesively bonded joint. A detailed explanation of two-

dimensional loading mode interactions is presented in section 2.3 along with a list of the most 

commonly used mode interaction criteria. 

1.2 Failure Modes 

There are three distinct failure modes that can be present in a failed adhesively bonded 

joint. Recognizing each failure mode and understanding the probable causes and loads leading to 

such failures is a crucial matter as it has the potential of revealing the weaker component in the 

joint. This information can be used for improving the ultimate strength of the joint by altering its 
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geometry or changing the constituents as required [10]. The three basic failure modes of a 

bonded joint with laminated adherends are described in this section. 

1.2.1 Cohesive Failure 

Cohesive failures take place when fracture of the adhesive occurs with a clear presence of 

adhesive residue on the faces of both adherends. This failure is predominant in shear loaded 

joints; however, cohesive failures can also be caused by peel stresses or a combination of peeling 

and shear. The surfaces of the failed adhesive are characterized by a rough finish. Premature 

cohesive failure can be the effect of porosity present in the adhesive layer as well as due to 

degraded adhesive properties [10]. Figure 3 depicts the cohesive failure mode. 

 

Figure 3. Cohesive failure mode. 

1.2.2 Adhesive Failure 

Adhesive failures are caused by the presence of poor adhesion in the bondline, or the lack 

of adhesion at all. Failure occurs at the interface between the adhesive and adherend with none to 

little damage to the adhesive layer or the adherend. Adhesive failures are a result of poor 

manufacturing process, namely contamination and/or poor surface preparation, or 

incompatibility between the adhesive and adherend matrix. The surfaces of a joint that 

experienced adhesive failure are characterized by smooth features on both, the adhesive and the 

adherend surfaces at the location of failure. This is the least desired failure mode as it is  not 
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possible to accurately predict the energy of a bondline containing a contaminated or poorly 

prepared surface [10, 11]. Figure 4 shows an adhesive failure mode. 

 

Figure 4. Adhesive failure mode. 

1.2.3 Adherend Failure 

Adherend failures are characterized by the fracture of one of the adherends outside or 

near the joint location. Failure of the parent laminate typically occurs at the first ply, near the 

stress singularity. For laminated composite materials, peeling of the first ply in the laminate is 

more prevalent to occur when the ply of the adherend interacting with the adhesive is subjected 

to a high in-plane tension stress while the bondline itself is subjected to peeling stresses. An 

example of such loading condition is the case of T Pull-off specimens, in which the skin laminate 

is simply supported at the edges inducing high tension stresses at the ply that interacts with the T 

stringer. A joint that experienced a coherent failure exhibits residue of the parent material with 

rough finish on both faces of the fracture surface [10, 12]. Figure 5 shows a representation of a 

first ply adherend failure. 
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Figure 5. Adherend failure mode. 

More than one failure mode can be present at a failed interface due to variations in 

material properties throughout the bondline and changes in the bondline stresses as the crack 

grows. The extension of a crack throughout a bondline can cause significant deflection and 

redistribution of loads that can force the failure mode to change from one to another. For this 

reason, when a failed bondline is inspected in an attempt to understand the failure mode that took 

place, the attention should be directed to the area where crack initiation occurred [10, 11, 12]. 
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CHAPTER 2 

 

2. LITERATURE REVIEW 

 

2.1 Finite Crack Extension Method 

The finite crack extension method (FCEM) is also found in literature as crack closure 

method or two-step virtual crack closure technique [6]. The finite crack extension method is 

derived from Irwin’s crack closure integral, equations (2.1) and (2.2), which represent the mode I 

and mode II energy release rates of a crack as a function of the stress and displacement field at 

the edge of the crack-tip for small crack increments [13]. 

�� � lim∆�	
 ��∆�  ����� � �, � � 0� � ���� � ∆� � �, � � ����∆�
   (2.1) 

��� � lim∆�	
 ��∆�  ����� � �, � � 0� � ���� � ∆� � �, � � ����∆�
   (2.2) 

The energy release rate integrals above can be expressed in terms of nodal forces near the 

crack tip in a finite element model. Rybicki and Kanninen developed the energy release rate 

equations in terms of the nodal forces [13] based on Irwin’s theory that the energy dissipated 

during extension of a crack of length “a” by a distance “∆a” to “a+∆a” is equal to the energy 

required to close the newly developed section of the crack “∆a” [6]. Figure 6 depicts the section 

of the 2-D finite element model surrounding the crack tip. The model is composed of 4-noded 

elements with an existing crack of length “a” and nodal forces at the tip of the crack, location 1, 

of magnitude X1 and Z1 parallel to the x and x axis, respectively. Figure 7 shows the cross 

section after crack extension from “a” to “a+∆a” and the corresponding relative displacements 

∆u and ∆w at location 1 in the x and z direction, respectively. The energy release rate equations 

(2.1) and (2.2) are then represented in terms of nodal forces and displacements, where the crack 

surface is ∆A=∆a*1 as it is assumed that the two-dimensional model has unit thickness “1” [13]: 
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�� � ���∆ �∆!1�     (2.3) 

��� � #��∆ �∆�1�     (2.4) 

 

 

Figure 6. Finite crack extension method step 1, crack closed. 

 

 

Figure 7. Finite crack extension method step 2, crack open. 

In order to calculate the energy release rate by employing this method it is necessary to 

conduct two analyses with the finite element model. The shear force X1 and the opening force 

Z1 in equations (2.3) and (2.4) are obtained from the first finite element analysis with the 

z, w, Z

x, u, X
Z1

X1

Crack Closed
∆a ∆aa

1 2
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original crack length “a” as represented in Figure 6. A second finite element analysis with the 

crack of length “a+∆a” as seen in Figure 7 needs to be conducted in order to obtain the relative 

displacements ∆u and ∆w [6]. 

2.2 Virtual Crack Closure Technique 

The virtual crack closure technique (VCCT) is the most widely used tool to estimate the 

energy release rate on the fracture analysis of composite materials. This method was developed 

for two dimensional applications by Rybicki and Kanninen and later extended to three 

dimensional applications by Shivakumar et al [14]. The virtual crack growth technique is similar 

to the finite crack extension method but requires only one finite element analysis. This 

methodology also assumes that the energy released during crack extension is identical to the 

energy required to close the newly extended section of the crack [15]. Additionally, the VCCT 

approach assumes that the nodal displacements at point 2 after crack extension, refer to Figure 8, 

can be closely approximated by the nodal displacements at point 1 before crack extension [13]. 

This assumption allows for the calculation of the energy release rates, GI and GII in one single 

finite element analysis step by using the nodal forces at the crack tip and the nodal displacements 

behind the crack tip. Equations (2.3) and (2.4) become equations (2.5) and (2.6), where the crack 

surface is ∆A=∆a*1 as it is assumed that the two-dimensional model has unit thickness “1”. 

�� � ���∆ �∆!1�     (2.5) 

��� � #��∆ �∆�1�     (2.6) 

In order for the displacements at point 2 to be accurately approximated using the 

displacements at point 1, it is presumed that the extension of the crack by a distance “∆a” alters 

the shape of the crack tip by a negligible amount [15]. The VCCT approach can yield accurate 

results when the mesh employed in the analysis is sufficiently refined, the crack extension step 
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“∆a” is small compared to the crack length “a”, and the size of the elements in the plane of crack 

growth is maintained constant [3].   

 

Figure 8. Virtual crack closure technique for four-noded elements. 

The virtual crack closure technique for four-noded elements, equations (2.5) and (2.6), 

can be extended to quadratic eight-noded elements as shown in equations (2.7) and (2.8). The 

application of virtual crack closure technique to quadratic elements take into account the nodal 

forces and displacements in the mid-side nodes in addition to the forces and displacements at the 

end nodes, as seen for linear elements. The products of the nodal displacements at the mid-side 

nodes behind the crack tip and the nodal forces in the mid-side nodes in front of the crack tip are 

included in the calculation of the energy release rate [16, 17]. Refer to Figure 9 for a clear 

representation of nodal forces and displacements used for calculating the energy release rates. 

�� � ��∆ 563 � �∆!1� 8 64 � �∆!2�:   (2.7) 

��� � ��∆ 5;3 � �∆�1� 8 ;4 � �∆�2�:   (2.8) 
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Figure 9. Virtual crack closure technique for eight-noded elements. 

The propagation of cracks in composite materials is most commonly seen in the form of 

delamination and, in line with the scope of this research, in the form of bondline failures as 

described in section 1.2. The virtual crack closure technique is used predict delamination growth 

by means of the Griffith crack growth criterion, which assumes linear elastic fracture mechanics 

(LEFM) governs the area of the crack interphase [1]. For ideally brittle materials, Griffith 

criterion indicates that a crack grows when the energy released during crack propagation, GT, is 

equal or larger than the critical energy release rate, Gc (GT ≥ Gc) [18]. The energy release rate of 

a material, or material interface in the case of a bondline, can be derived from experiments using 

standardized methods. The virtual crack closure technique calculates the energy release rate of 

each of the three loading modes, mode I, II, and III. The energy release rate components need to 

be combined using a geometry dependent and/or material dependent method and the resultant 

compared against the critical energy release rate using methods referred to as mixed-mode 

failure criteria. The following section expands in this topic. 
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2.3 Two Dimensional Mixed-Mode Failure Criteria 

In two dimensional crack propagation analyses, only two loading modes are taken into 

account, mode I and mode II. The effects of mode III loading are ignored based on either the 

plane strain or the plane stress approach, both of which are discussed in section 4.3. As shown by 

Reeder [7], different materials exhibit significantly distinct behaviors when exposed to various 

combinations of mode I and mode II loading. This implies that, generally, the fracture toughness 

of composite materials changes significantly depending on the mixed-mode ratio. Many attempts 

have been made over the last two decades to represent this nonlinear interaction between 

different loading modes. All the failure criteria presented herein are set up in such manner that 

crack propagation is expected to occur when the fracture parameter becomes greater that unity. 

Due to the nonlinear nature of the interaction between the two loading modes and the scatter in 

the data itself, fitting a curve across experimental data is not a trivial matter. Consequently, many 

authors have introduced data fitting parameters within their mixed mode fracture criteria 

formulations to aid in fitting the experimental data. 

The most basic mixed-mode fracture criteria do not employ data fitting parameters within 

the formulation. These approaches are simpler to use since they do not require the development 

of the data fitting parameters; however, their accuracy is limited to some basic loading 

conditions. The two simplest examples are the mode I critical and mode II critical failure criteria 

in which the interaction between the mode I and mode II loadings is considered to be negligible. 

The mode I critical and mode II critical fracture criteria are shown by equation (2.9) and (2.10) 

respectively [7]. 
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<=<=> ? 1        (2.9) 

<==<==> ? 1     (2.10) 

Both of these fracture criteria indicate crack growth when the energy release rate 

calculated using finite element analysis exceeds the critical energy release rate for the 

corresponding loading mode. On the other hand, the total energy release rate criterion, equation 

(2.11), accounts for the interaction between the mode I and mode II loadings by directly adding 

the two components of the energy release rate, GI and GII, and comparing the resultant, GT, to the 

critical energy release rate Gc [19]. 

<@<> ? 1                      ABCDC    �E � �� 8 ���   (2.11) 

The critical energy release rate employed in this method is a function of the mode mixity 

ratio, GII%, shown by equation (2.12) [19] and is derived from experimental testing of specimens 

loaded at a range of mode mixity ratios. Consequently, the interaction between the two loading 

modes is directly measured from experimental testing and accounted for in the value of Gc. 

���% � <==<=G<== � <==<@      (2.12) 

The linear criterion, shown in equation (2.13), is one of the most often referred to in 

literature [20]. This combines the mode I (2.9) and mode II (2.10) critical failure criteria by 

directly adding the results of each. 

<=<=> 8 <==<==> ? 1            (2.13) 

The KIc criterion, equation (2.14) makes the assumption that the fracture toughness of the 

material is a linear function of the mode I stress intensity factor KIc. Setting GIc = GIIc reduces 

(2.14) to the linear criterion (2.13). If GIc is assumed to be significantly smaller than GIIc (GIc<< 

GIIc), then this criterion reduces to the power law criterion explained bellow [20].  
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<=G<==
<==>H�<==>H<=>�I J=J=>

? 1     (2.14) 

The critical crack opening displacement criterion (COD) is based on the assumption that 

a delamination is extended when the critical mode I or mode II crack opening displacement is 

achieved. The longitudinal and transverse young modulus of the material, E11 and E22, are 

introduced in this formulation. This criteria involves two independent equations, (2.15) for mode 

I displacement critical and (2.16) for mode II displacement critical condition. Delamination 

growth is assumed to occur if either criterion is met [20].  

<==KL<==>IMKKMNN OJ=>J= H J=J=>P
? 1     (2.15) 

<=
Q<=>IMKKMNN ROJ==>J=> P

NOJ=>J==PHJ==J=>S
? 1     (2.16) 

More relatively complex mixed mode failure criteria involve data fitting parameters in 

order to fit the results to experimental data. The simplest of these is the power law criterion 

shown in equation (2.17) where α and β are selected to match the shape of the experimental data. 

This is one of the most versatile of the failure criteria due to its capability to produce curves of 

convex, concave, skewed, or linear shape. Consequently, this is one of the most widely utilized 

failure criteria in the industry [7]. 

T <=<=>UV 8 T <==<==>UW ? 1     (2.17) 

Assuming that the behavior of the total fracture toughness can be represented by a 

polynomial of the ratio of mode II to mode I leads to the polynomial criterion shown in equation 

(2.18). A wide variety of material responses can be modeled using this criterion by adjusting the 

values of ρ and τ accordingly. This criterion can also model both convex and concave failure 
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curves but is deemed unsuitable for mixed-mode fracture criteria due to not including GIIc in its 

formulation and consequently assuming its value to be infinite. 

<=G<==
<=>GXOJ==J= PGYOJ==J= P

N ? 1     (2.18) 

The Hackle criterion, equation (2.19), involves the use of the hackle formation to model 

the crack growth. This criterion also involves the longitudinal and transverse young modulus of 

the material, E11 and E22 and is based on a linear function of equation (2.20), which is a measure 

of the hackle angle. The value of λ can be adjusted to model the shape of different material 

responses; however, the hackle criterion also results inadequate for a mixed-mode criteria choice 

due to the fact that it will always predict an infinite GIIc as this parameter is not included in the 

formulation [20]. 

<=G<==
�<=>HZ�GZ[�GJ==J=IMKKMNN 

? 1     (2.19) 

I1 8 T\==\= U�       (2.20) 

Another criteria based on the hackle angle parameter shown in equation (2.20) is the 

exponential fracture criterion, equation (2.21). This formulation is based on an exponential 

function of the hackle angle parameter (2.20) instead of a linear function as seen in the prior 

criterion. Similar to the linear hackle criterion, the exponential hackle criterion uses only one 

arbitrary constant to model the behavior of fracture mechanics in different material. However, 

this criterion does include GIIc in its formulation, making it an adequate choice as a mixed-mode 

fracture criterion. This formulation is also capable of representing concave and convex failure 

envelopes [20]. 
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<=G<==�<=>H<==>��]^�K_`�G<==> ? 1                   ABCDC   a � [1 8 <==<= IbKKbNN  (2.21) 

The exponential K ratio shown in equation (2.22) is a criterion based on an exponential 

function of the mixed-mode stress intensity factor KIc/KIIc. The arbitrary constant η can be 

adjusted to represent a concave or convex range of material behaviors, similar to the capabilities 

of the exponential hackle criterion [20]. Note the similarity with the exponential Hackle criterion 

in the construction of the formulation. 

<=G<==
<=>G�<==>H<=>�]c[K/

J==J=
? 1    (2.22) 

 The criterion presented in equation (2.23) is referred to as the mixed-mode interaction 

and is based on an arbitrary parameter, κ, which represents the effect that the mode I and mode II 

loading have on each other. The value of this arbitrary parameter can be adjusted to produce a 

wide variety of material behavioral curves including concave and convex shapes. The mixed-

mode curves resulting from this formulation are almost identical to those produced with the 

power law criterion when the arbitrary constant α is set equal β [20].  

<=<=> 8 �e � 1� <=<=>
<==<==> 8 <==<==> ? 1    (2.23) 

 The linear mixed-mode interaction criteria shown in equation (2.25) is an expansion of 

the mixed mode criteria (2.23) achieved by replacing the interaction parameter, κ, with a linear 

function of the ratio of mode I loading, GIc, to total combined loading, GIc+ GIIc as seen in 

equation (2.24). The addition of the arbitrary parameter, φ, greatly extends the range of material 

behavior curves that can be represented using the mixed-mode interaction criterion. However, 

the rather complicated implicit function of GIc and GIIc can make this criterion difficult to use in 

real applications [20]. 
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e 8 f T <=<=G<==U        (2.24) 

<=<=> 8 Re � 1 8 f T <=<=G<==US <=<=>
<==<==> 8 <==<==> ? 1          (2.25) 

The bilinear failure criterion, equations (2.26) and (2.27) presented by Reeder in 1992 

[20], assumes a change in failure mechanisms when the mode I energy release rate, GI, is 

identical to the mode II energy release rate, GII. It also assumes that each section of the material 

behavior can be represented by a linear interaction (2.13). This method models the peak in total 

fracture toughness observed in some materials when GI is equal to GII. The arbitrary parameters ξ 

and ζ are the slopes of the two linear curves and can be adjusted to model both concave and 

convex responses, as well as an initial increase in GIc with increasing GIIc. This formulation 

reduces to the linear criterion when ξ = ζ = - GIc/ GIIc [20]. 

<=Hg<==<=> ? 1           hiD         <==<= j 
Kk<=>G<==><=>Gg<==>           (2.25) 

l<==H<=l<==> ? 1           hiD         <==<= m 
Kk<=>G<==><=>Gg<==>           (2.25) 

The B-K criterion, equation (2.26), was developed by Gong and Benszeggagh in 1995. 

This criterion consists of a formulation similar to that seen in the exponential K ratio (2.22) and 

is also based on the ratio of the mixed-mode stress intensity factor KIc/KIIc. The shape of the 

material behavior curves produced by this criterion can be adjusted by changing the arbitrary 

constant η. The B-K criterion has gained popularity over the later years among researchers 

studying delamination growth [7]. 

<=G<==
<=>G�<==>H<=>�O J==J=nJ==P

c ? 1      (2.26) 
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Table 2-1 Summary of two-dimensional mixed-mode fracture criteria. 

Mode I Critical <=<=> ? 1  

Mode II Critical <==<==> ? 1  

Total Energy Release Rate <@<> ? 1                      ABCDC    �E � �� 8 ���   

Linear <=<=> 8 <==<==> ? 1  

KI Critical <=G<==
<==>H�<==>H<=>�I J=J=>

? 1  

Crack Opening Displacement <==KL<==>IMKKMNN OJ=>J= H J=J=>P
? 1                          for Mode I Critical 

<=
Q<=>IMKKMNN ROJ==>J=> P

NOJ=>J==PHJ==J=>S
? 1              for Mode II Critical 

Power Law T <=<=>UV 8 T <==<==>UW ? 1   

Polynomial Interaction <=G<==
<=>GXOJ==J= PGYOJ==J= P

N ? 1   

Hackle <=G<==
�<=>HZ�GZ[�GJ==J=IMKKMNN 

? 1  

Exponential Hackle <=G<==�<=>H<==>��]^�K_`�G<==> ? 1        ABCDC   a � [1 8 <==<= IbKKbNN  

Exponential K Ratio <=G<==
<=>G�<==>H<=>�]c[K/

J==J=
? 1  

Mixed-Mode Interaction <=<=> 8 �e � 1� <=<=>
<==<==> 8 <==<==> ? 1  

Linear Mixed-Mode 

Interaction 
<=<=> 8 Re � 1 8 f T <=<=G<==US <=<=>

<==<==> 8 <==<==> ? 1  

Bilinear Interaction <=Hg<==<=> ? 1           hiD         <==<= j 
Kk<=>G<==><=>Gg<==>  

l<==H<=l<==> ? 1           hiD         <==<= m 
Kk<=>G<==><=>Gg<==>  

B-K Method <=G<==
<=>G�<==>H<=>�O J==J=nJ==P

c ? 1  

 

Table 2-1 above lists all the two-dimensional mixed-mode fracture criteria described in 

this section. This list is not intended to be comprehensive but rather list mixed-mode failure 

criteria most commonly covered by literature. 
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2.4 Bi-Material Interface 

The analysis of cracks at an interface of two orthotropic materials with dissimilar 

properties presents an additional level of difficulty when using the virtual crack closure 

technique (VCCT). The nature of composite structures forces attention towards this topic due to 

the unlikeness for a crack or delamination to exist between two layers of identical properties. 

Contrarily, cracks usually appear either between two laminas of different orientation or at the 

interface between a composite laminate and an adhesive layer. The increase in complexity of the 

analysis at the interface between two orthotropic plates arrives from the mathematical solution of 

such interface yielding a stress field near the crack tip that indicates a divergent oscillation of 

stresses with increase proximity to the crack tip. At the immediate vicinity of the crack tip the 

stresses start to oscillate between peeling and in-plane shear stresses. Consequently, the mixed-

mode ratio, GI/GII, becomes undefined as the length of crack extension, ∆a, in equations (2.5 to 

2.8), approaches a value of zero [6, 21]. This condition suggests the existence of a lower 

boundary for the length of the element immediate to the tip of the crack, if the accurate 

representation of the interface behavior is intended. The value of ∆a at which this oscillation 

begins is directly related to the singularity condition existing at the delamination tip. This 

singularity is of the form 

 �HKNGop      (2.27) 

Where r is the radial distance from the crack tip and γ is a constant that depends on the 

properties of the two materials at the interface [22]. The imaginary power, γ, is responsible for 

the oscillations observed at close proximity to the crack tip. Continuum analysis shows that the 

values for GI and GII have no definite limit as the crack extension size, ∆a, approaches zero. The 

summation of the two energy release rates, on the other hand, does have a well defined limit 
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[22]. Figure 10 shows the divergent mode I and mode II energy release rates as the ratio of 

element length to ply thickness, ∆a/h, approaches zero. The total energy release rate, GI + GII, on 

the other hand remains at a constant value. 

 

Figure 10. Dependence of energy release rate on ∆a/h. 

In 1977, Atkins proposed the resin in interlayer method in an attempt to extract the most 

accurately representative values for the energy release rates of a bi-material interface by avoiding 

the oscillatory behavior near the crack tip. This approach consists in inserting a thin 

homogeneous layer of resin between the two distinct materials in the interface. The methodology 

is representative of the geometry at the interface between two laminas which is dominated by a 

resin rich layer. However, three main drawbacks exist in the application of this method in the 

finite element modeling of an interface. First, a much higher level of effort is needed in order to 

mesh this interlayer region as it requires significant mesh refinement in order to yield accurate 

results. A second disadvantage of employing this methodology is the addition of variables to the 
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analysis of the interface, such as the thickness and the material properties of the inserted 

homogeneous interlayer. The level of sensitivity of the solution to relatively small variation in 

the thickness and/or properties of the interlayer is not well defined. The final disadvantage of this 

approach relates to placing the crack fully within the interlayer. This assumption ignores the fact 

that under general mixed-mode loading, a crack within a homogeneous layer will branch to an 

interface [23]. This phenomenon is even more prevalent at tri-material interfaces such as 

composite/adhesive/steel bonded joints in which an interfacial crack existing at the 

steel/adhesive interface can turn into cohesive failure, quickly penetrating the adhesive, and 

propagating at the adhesive/composite interface [24]. Figure 11 shows typical crack propagation 

from one interface to the next. This phenomenon is referred to as kinking and the crack turning 

angle is dependent on the local mode mixity at the crack tip [24].  

A second method for extracting fracture modes in interfacial fracture analysis exhibiting 

diverging behavior involves altering certain material parameters, considered to be of little 

physical importance to the solution, with the objective of forcing the imaginary power, γ in 

equation (2.27), to be equal to zero. This approach typically involves modifying one or more 

Poisson’s ratios of one of the layer at the interface. For interfaces involving two isotropic 

materials, the procedure to determine the material properties of least physical importance is well 

established. Therefore, for most cases involving isotropic materials, it is possible to alter these 

material properties forcing the imaginary power γ to zero. For interfaces involving two 

orthotropic materials, on the other hand, the procedure to determine the physically insignificant 

material properties is far more complex discouraging the use of this method in real applications 

involving orthotropic materials [23]. 
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Figure 11. Typical crack path in tri-material interface under mixed-mode loading [24]. 

A third method attempting to solve the problem of divergent energy release rates at close 

proximity to the crack employs a different approach that the ones described above. Instead of 

altering the geometry of the interface or the properties of the materials, it recognizes that severe 

mode perturbations, due to divergent energy release rates, are restrained to a region very close to 

the tip of the crack. The dependence of distance to the crack tip is deemed negligible outside this 

region. Consequently, values for the energy release rates extracted from a prescribed distance 

located outside the γ dominated zone would be representative of the system, even when using an 

unaltered model of the interface. This method had been successfully applied to the use of 

VCCT’s by researchers investigating delamination of composite interfaces by assigning a value 

for ∆a sufficiently larger than the γ dominated zone. The popularity of this method is based on 

not requiring modifications to the representation of the interface or the material properties 

composing that interface, while outputting consistent values for energy release rates. However, 

the application of this methodology does have some drawbacks. As discussed earlier, the 
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divergent nature of the analysis of bi-material interfaces enforces a lower boundary for the length 

of crack extension, ∆a. Contrarily, it is important for the application of VCCT to remain at the 

vicinity of the crack tip where the singular fields generated by the crack tip itself dominates the 

interface behavior. Therefore, an upper boundary to the length of crack extension ∆a is also 

introduced. Determining these upper and lower boundaries for the value of ∆a is not a trivial 

task, especially if coupled with the selection of an appropriate mesh density for the finite element 

solution that would yield converged results itself.  

2.5 Parameters for the Finite Element Model 

As mentioned in the preceding section, for the fractural analysis of a bi-material 

interface, a lower bound for the crack extension length, ∆a, is imposed by the oscillating nature 

of the energy release rates at close proximity to the crack tip. Similarly, an upper limit is 

imposed due to the convergence of the finite element solution itself. Krueger [6] suggests that a 

more stringent set of upper and lower limits for element size is imposed by the nature of the 

composite lamina located at the interface. Therefore, the two boundaries are developed as a 

function of lamina thickness, h. The lower boundary for the height and length of the elements is 

set to be one tenth of the lamina thickness, as an element with this dimensions would correspond 

to the area occupied by four individual fibers in a square arrangement. Using a smaller element 

size would violate the assumption of modeling each ply as an orthotropic continuum.  Figure 12 

shows a bi-material interface with element sizes, ∆a, equal to one tenth of the thickness of the 

lamina at the interface compared to the assumed dimension and arrangement for the fibers within 

the lamina. 
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Figure 12. Lower bound for element size adjacent to crack tip proposed by Krueger [6]. 

The upper bound for the element size was set to be equal to the lamina thickness due to 

the fact that an element of larger dimensions would require properties for more than one ply to 

be assigned to the elements. Such configuration would significantly alter the representation of 

the interface due to changes in local stiffness. Figure 13, below shows a bi-material interface 

with element sizes ∆a equal to the thickness of the lamina at the interface. 

 

Figure 13. Upper bound for element size adjacent to crack tip proposed by Krueger [6]. 
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The use of this approach assumes that the size of the elements adjacent to the crack tip is 

only dependent of the geometry of the thinner lamina present at the interface, and is independent 

of the material properties of the lamina or the loading at the interface. No methodology exists to 

independently verify that the finite element model is in fact refined enough to provide a 

converged solution near the crack tip. This method, however, does provide the analyst with an 

idea of the order of magnitude of the element size needed at the vicinity of the crack tip. The 

drawback from this approach becomes evident when the values for the energy release rates at the 

crack tip obtained from the finite element solution are evaluated for convergence, since a change 

in these results with changing mesh density might be attributed to either a non-converged finite 

element solution or to the divergent nature existing in the γ dominated zone. 
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CHAPTER 3 

 

3. PROBLEM STATEMENT AND OBJECTIVES 

 

 

3.1 Statement of the Problem 

The virtual crack closure technique (VCCT) has been extensively employed in studying 

the behavior of crack propagation in specimens with a finite initial crack length. The accuracy of 

the VCCT is dependent on the assumption that the crack extension length, ∆a, is much smaller 

than the initial crack length, ao (∆a << ao). This ratio is a key factor in crack propagation analyses 

using VCCT due to the assumption that the shape of the crack tip as well as the stress field acting 

on its vicinity remain unchanged as the crack is extended by ∆a from ao to ao + ∆a. As explained 

in detail in chapter 2 of this paper, the VCCT approach can yield accurate results when all the 

following criteria are met: 

1. The mesh employed in the analysis is sufficiently refined 

2. The crack extension step, ∆a, is small compared to the crack length, a 

3. The size of the elements in the plane of crack growth is maintained constant 

The evaluation of cracks initiated at an interface, where at least one of the adherends has 

a free edge, presents an additional level of difficulty as the initial crack length, ao, approaches 

zero. For this case, the condition that ∆a is small compared to the crack length, a, would drive the 

element adjacent to the crack tip to be fully defined inside the singularity zone dominated by the 

imaginary exponent γ. As explained in section 2.4, the values for the energy release rate obtained 

under such condition would be divergent in nature and consequently the mixed-mode ratio GI/GII 

would be undefined. This problem is commonly encountered in joints subjected to out-of-plane 

or in-plane transverse loads in which the stress gradient at the free edge of the adherend 

generates an out-of-plane peeling force which causes the bondline to fail. Examples of 
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geometries exhibiting such behaviors include single lap shear as well as double lap shear joints 

and stringers bonded to a skin which are subjected to in-plane tension loads transverse to the 

bondline. Bonded joints subjected to out-of plane tension loads, such as T pull-off specimens, are 

also examples of geometries experiencing these behaviors. 

Cracks extending through the interface of these configurations can be analyzed using the 

VCCT if an initial crack of a predetermined length is assumed to exist in the specimen at a 

previously established location. The most critical location for the initial crack can be determined 

by performing a stress analysis of the particular configuration, materials, and loading condition 

and determining the highest loaded point in the interface [25]. The size of the initial crack, on the 

other hand, cannot be determined using any pre-established method, and consequently becomes 

an unknown in the analysis of such interfaces. The task of determining the size of this initial 

crack becomes even more complex when coupled with the task of determining the boundaries for 

the size of the elements adjacent to the crack tip, as explained in section 2.4. Consequently, the 

examination of cracks initiated at a free edge interphase using the VCCT method found in 

literature has three major parameters that need to be determined prior to accurately analyzing its 

behavior: 

1. The lower bound of the element size adjacent to crack tip needed to avoid 

diverging results 

2. The upper bound of the element size to ensure a converged finite element solution 

3. The initial crack length, ao, which needs to be sufficiently larger than the element 

size, ∆a 

The standardized application of an analytical method for evaluating the fractural behavior 

of an interphase, containing at least one free edge, requires formulation of consistent criteria for 
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identifying the three parameters listed above. In order to achieve such criteria it is imperative to 

decouple the refinement of the mesh from the selection of the sufficiently large initial crack, ao.  

3.2 Objectives 

The main objective of this investigation is to define a procedure to decouple the 

refinement of the two-dimensional mesh from the selection of the initial crack length, ao, located 

at the free edge of a bi-material interphase. Once these parameters are obtained, a converged 2-D 

finite element solution can be achieved for the propagation of a crack originated at the free edge 

of a bi-material interface by means of the virtual crack closure technique in Abaqus
®
. The theory 

being evaluated for achieving this task involves the use of the finite crack extension method to 

calibrate the FEM parameters. This is a two step solution, as explained in section 2.1, being used 

for applications in which the initial crack, ao, is of zero length. Figure 14 shows the nodal forces, 

X1, X2, Z1 and Z2, at a free edge interphase with zero crack length, step one of the finite crack 

extension method.  

 

Figure 14. Finite crack extension method applied with no initial crack, step 1. 

Figure 15 shows step two of the finite crack extension method in which the nodal 

displacements, ∆u1, ∆u2, ∆w1 and ∆w2 are extracted from the finite element solution. The loads 

and displacements from these two steps are combined to obtain the energy release rate at crack 
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initiation by using equation (3.1) and (3.2). Theoretically, the values for the energy release rates 

obtained using this method do converge with refined mesh density and are independent of the 

initial crack length, ao, which was assigned a value of zero. The lower bound of the mesh density 

is also to be evaluated during this investigation. 

 

Figure 15. Finite crack extension method applied with no initial crack, step 2. 

�� � ��∆ 561 � �∆!1� 8 62 � �∆!2�:   (3.1) 

��� � ��∆ 5;1 � �∆�1� 8 ;2 � �∆�2�:   (3.2) 

After convergence of the finite element solution is determined, the mode I and mode II 

energy release rates can be used to calibrate the length of the initial crack length, ao, by means of 

the mixed-mode fracture criteria presented in chapter 2. This step would evaluate the mixed-

mode fracture criteria for accurate prediction of crack initiation as well as crack propagation 

leading to failure of the interphase. The objective of this investigation is to define a procedure to 

obtain the initial crack length, ao, and verify the convergence of the simulation. The converged 

finite element solution and initial crack length, ao, can then be used for correlation to test data.  
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CHAPTER 4 

 

4. FINITE ELEMENT MODEL DETAILS 

 

 

In order to complete this investigation, a finite element analysis tool capable of 

performing two-dimensional analysis of the cross-section of a joint was needed. The qualifying 

finite element analysis software had to be able to perform non-linear stress analysis of the cross-

section of the joint to identify the critical location of initial crack at the interface. Additionally, it 

had to be able to extract nodal forces and displacements at the interface in order to utilize the 

finite crack extension method. Finally, the FEA software had to be able to incorporate the virtual 

crack closure technique into the analysis in order to validate the technique proposed in section 

3.2. Abaqus
®
/Standard was selected to perform the finite element analysis needed for this 

investigation since it fulfills all the requirement listed above and also provided an extensive 

element library. 

4.1 Element Formulations 

Abaqus
®
/Standard continuum element library provides a great number of element types 

that can be employed in the analysis of bonded joints. The elements appropriate for this 

application are first-order and second-order interpolation elements, in two or three dimensions, 

employing either full or reduced integration.  

4.1.1 Full Integration Elements 

Full integration is a terminology used by Abaqus
®
 to make reference to the number of 

Gauss points employed in the integration of the polynomial terms of the stiffness matrix of an 

element. More specifically, it refers to the integration that takes place when all the edges of a 

quadrilateral element are straight and perpendicular to adjacent edges. Fully integrated first-order 

elements utilize two integration points in each axial direction. Fully integrated second-order 
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elements, on the other hand, employ three integration points in each axial direction [26]. Figure 

16 shows the location of integration points for two-dimensional, fully integrated, first and second 

order elements. 

 
Figure 16. Two-dimensional, full integration elements. 

An important drawback associated with fully integrated elements is that these can exhibit 

analytical locking. Fully integrated, first-order elements for example, experience shear locking 

when subjected to bending loads. Shear locking increases the bending stiffness of elements, 

which can cause under-prediction of deflections. In reality, a section of a beam subjected to pure 

bending loads would experience deflections as shown in Figure 17. The edges of the beam 

section, initially parallel to the longitudinal axis of the beam, are deformed to a constant 

curvature, while the edges initially perpendicular to the longitudinal axis remain straight. During 

this deformation, the edges of the specimen remain perpendicular to each other at the vertices, 

indicating no shear deformation of the material [26]. For visualization purposes, dotted lines 

passing through the integration points of the element are plotted in the subsequent figures. 



33 

 

 
Figure 17. Deflections of beam under pure bending load. 

Since linear elements do not incorporate nodes between vertices, they are unable to 

represent the curvature seen at edges parallel to the longitudinal axis [26]. Consequently, if the 

same section of the beam is modeled using a single first-order full integration element, it would 

exhibit deformations as plotted in Figure 18.  

 
Figure 18. Deflections of fully integrated, first-order element under pure bending load. 

A close observation of the deformed shape in this figure indicates an elongation of the 

line connecting the two upper integration points and a contraction of the line connecting the two 

lower integration points. These dimensional changes would indicate tensile stress in the 

longitudinal direction, σ11, at the upper surface, and compressive stress in the longitudinal 

direction at the lower surface. Contrarily, the length of the lines perpendicular to the longitudinal 

axis does not appear to have changed by a significant amount, indicating negligible transverse 

stresses, σ22. These observations are consistent to the actual behavior of beams under pure 

bending loads. However, the presence of an analytical error is evident when attention is directed 
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to the angle between two lines passing through an integration point. It is evident that the initially 

right angle has changed significantly in the deformed state. This angular deformation is 

characteristic of shear stresses, σ12, being nonzero at these locations. This observation contradicts 

the behavior of beams under pure bending load, which have zero shear stresses across the entire 

element. The shear stress is originated by the inability of the edges of a first-order element to 

curve, artificially increasing the bending stiffness of the elements. In the absence of bending 

loads, first-order elements do not exhibit any other limitations [26].  

Second-order full integration elements, on the other hand, are able to represent the 

curvature of the longitudinal edges and therefore, do not exhibit shear locking. Figure 19 shows 

the deformation of a full integration, quadratic element subjected to pure bending loads. 

However, this element type is not impervious to shear locking if highly distorted or subjected to 

bending gradients [26]. Both conditions can be experienced by elements adjacent to a crack tip. 

 
Figure 19. Deflections of fully integrated, second-order element under pure bending load. 

The nature of the loads and deformations present at locations near the crack tip render 

both full integration elements types incapable of representing the behavior of the interface 

without the effects of shear locking affecting the accuracy of the solution. Therefore, these 

elements were not included in the finite element modeling needed for this investigation.  
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4.1.1 Reduced Integration Elements 

Reduced integration elements are a simplified version of the full integration elements 

explained in the prior section. These elements consist of one fewer integration point in each axial 

direction of the element than their fully integrated counterpart [26]. The reduced integration, 

first-order elements have only one integration point located at the centroid of the element. The 

second-order, reduced integration elements have the same number of integration points than the 

first-order, full integration elements. Figure 20 shows the two types of two-dimensional reduced 

integration elements and the location of their respective integration points. 

 
Figure 20. Two-dimensional, reduced integration elements. 

Contrary to their fully integrated counterparts, single-order, reduced integration elements 

experience significantly reduced bending stiffness when subjected to pure bending loads. Figure 

21 shows a reduced integration, linear element prior and after deformation due to pure bending 

loads. The numerical problem exhibited by this type of element is referred to as hourglassing. A 

comparison between the deformed and undeformed states of this element indicates that the 

length of both lines passing through the integration point remain unchanged. These constant 

dimensions indicate zero axial and transverse stresses, σ11 and σ22. The angle between these two 
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lines also remains unchanged after deformation, which implies zero shear stress, σ12, at the 

location of the integration point. 

 
Figure 21. Deflections of reduced integration, first-order element under pure bending load. 

The absence of strains at integration points indicates that the deformation caused by pure 

bending loads acting on first-order reduced integration elements is a zero energy deformation. 

Consequently, the element has zero stiffness in this mode and is unable to resist this type of 

deformation, which in the case of a coarse mesh, can propagate through the elements producing 

meaningless results [26]. However, in a sufficiently fine mesh, the effects of hourglassing can be 

negligible, as the pure bending loading is converted in pure tension of the upper elements of the 

beam and pure compression of the lower ones. In this case, the effects of hourglassing are 

reduced as the distance from the centroid of the element to the longitudinal axis of the beam 

increases.  

Reduced integration, second-order elements, on the other hand, only exhibit negligible 

hourglass modes that do not propagate if the mesh is sufficiently refined. These elements are not 

subjected to locking of any type, even when subjected to complex states of stress, including 

bending stress gradients [26]. Figure 22 shows a reduced-integration, second-order element prior 

and after deformation due to pure bending loading.  
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Figure 22. Deflections of reduced integration, second-order element under pure bending load. 

4.2 Two Dimensional vs. Three Dimensional Analysis 

Two-dimensional representations of three-dimensional interfaces have been extensively 

employed by the industry due to the significant savings in both, modeling and analysis time. In 

the two-dimensional finite element model of an interface, the crack or delamination is 

represented by a line. This more efficient model of the interface is even more attractive to the 

analyst when a great number of configurations need to be analyzed; such as, during preliminary 

design. The drawback from employing two-dimensional models is that geometry and boundary 

conditions are forced to remain constant throughout the entire width of the part being analyzed 

[6]. Two basic theories for the representation of three-dimensional bodies in two-dimensions 

exist, the plane-stress and plane-strain approximation. The assumptions leading to each are 

discussed in detail in section 4.3; however, their influence on the model of an interface compared 

to a three-dimensional model is discussed herein.  

An investigation conducted by Krueger et al. [27], indicated that the plane-stress and 

plane-strain solutions of a stringer-to-skin interface provided lamina strains and energy release 

rates that accurately represented the behavior of the interface with an increasing crack length. 

Their final conclusion recommended the use of these two-dimensional representations for 

determining the upper and lower bounds of the real, three-dimensional configuration for crack 



38 

 

initiation, as well as crack propagation analysis. This approach provides an approximate solution, 

with considerable precision when accounting for the significant reduction in modeling and 

computational time. Consequently, the analysis required for this investigation in limited to the 

two-dimensional analysis of bonded joints. 

4.3 Plane Stress and Plane Strain Conditions 

The plane-strain condition applies to a three-dimensional body having a dimension in the 

z-axis direction significantly larger than its x and y dimensions, as shown in Figure 23. The 

resulting geometry resembles a long, slender body. Additionally, it is assumed that all body 

forces and tractions are independent of z and have no component in the z-direction [28]. The 

resulting strain field in the body is then simplified to have zero out-of-plane strains (εz = γxz = γyz 

= 0). In this condition, the displacements in the z-direction are constrained and the stresses in this 

direction, σzz, are driven by the poison ratio of the material. 

 

Figure 23. Long body representing plane strain condition [28]. 

Plane-stress condition, on the other hand, is applicable to a body with a z-axis dimension 

significantly smaller than its other dimensions, as shown in Figure 24. The resulting body 

resembles a thin plate bounded by its two parallel surface planes. This theory also assumes no 
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body forces acting in the z direction and that all existing body forces are independent of z. 

Consequently, the two parallel surface planes are stress free (σz = τxz = τyz = 0). Due to the 

relatively small dimension perpendicular to the x-y plane, the stress variations across the 

thickness of the plate are assumed to be zero as well [28]. In the plane-stress condition, the 

deformations in the z-direction are unconstrained and the strains in this direction are driven by 

the poison ratio of the material.  

 

Figure 24. Thin plate representing plane stress condition [28]. 

In comparison to the representation of a bonded joint interface, a specimen of finite 

width, like the ones typically used for experimental data acquisition, have boundary conditions 

that are not fully represented by neither the plane-stress nor the plane-strain approximation. The 

plane-stress condition imposes zero stresses in the width direction at the free edge of every ply, 

allowing the displacement to be a free parameter dominated by the Poisson ratio of the materials. 

This condition is representative of the stresses at the side planes of the specimen but not across 

its complete width. On the other hand, the plane stress representation forces the strains in the 

width direction to be zero, which excessively constrain the plies. The resulting stresses in the 
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width direction are driven by the Poisson’s ratio of the material. The plane stress condition is 

more representative of the stress distribution away from the edges of the specimen; namely at the 

mid-width plane. 

4.4 Structural Analysis Applications 

The specimens used for data acquisition intend to represent the real, semi-infinite 

bondlines existing in the structure, but due to test fixture limitations, have a finite width. These 

finite dimension specimens tend to have peak peeling stresses at the corners of the interface. The 

plane stress condition emphasizes the importance of these peak stresses producing results with 

higher stresses at the interface. Plane strain condition, on the other hand, ignores these peak 

stresses at the corners of the interface and assumes the stresses located at the center of the 

interface to be constant across the whole specimen width. Consequently, these finite width 

specimens fall within the plane-strain and the plane-stress two-dimensional simplifications, 

justifying their use as upper and lower bounds of the real, three-dimensional interface. 

The interfaces found in structural applications are better represented by the plane strain 

condition due to the absence of corners to drive peak peeling stresses. The development of 

analytical tools capable of accurately predicting the strength of bonded joins, is intended for real 

structural applications which include both, finite and semi-infinite bondlines. Semi-infinite 

bondlines refer to long bonded joints that have a different, reinforced geometry at the otherwise 

free corners of the interface. Examples of semi-infinite bondlines include the joints of two 

fuselage or wing skins, skin to stiffener or doubler, skin to bulkhead, facesheet to core, etc. 

These interfaces are often found in aircraft structures with a second joint existing at their corners; 

such as, a stiffener to skin bondline ending at a bulkhead installed perpendicular to the initial 

bondline. The effects of these secondary interfaces reinforce the accuracy of the plane-strain, 
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two-dimensional representation. Consequently, the majority of the analysis conducted for this 

investigation involves plane-strain condition as it better represents semi-infinite bondlines. A 

limited number of plane-stress analyses are conducted to quantify the difference in results 

between these two simplifications. The results form plane-stress representations can be used to 

better understand the magnitude of the peak stresses located at the free edges of the interface. 

However, if the analysis is intended to determine the peak stresses at the edges of the interface, a 

three dimensional representation of the interface needs to be employed. 
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CHAPTER 5 

 

5. RESULTS AND DISCUSSION 

 

 

The stress distribution and displacements at the crack tip of a bonded joint is highly 

dependent of the materials present at the interface, as well as of the primary loading mode. Joints 

subjected to a pure shear load experience a significantly different behavior than those subjected 

to a pure tension load. This interaction between the two loading modes is rarely linear in nature, 

and exhibits considerable variations, even among materials with similar properties. 

Consequently, in order to evaluate the effectiveness of any theory intended to characterize this 

behavior, it is pertinent to include different joint configurations involving various materials at the 

interface. This investigation includes four joint configurations:  

• Double Lap Shear 

• T-Pull Off 

• Single Lap Shear 

• Thick Lap Shear 

All these configurations employ Hysol
®
 EA9394 as the adhesive. The first three 

configurations involve carbon/epoxy laminates as adherends using two different lamina materials 

and ply configurations. The thick lap shear configuration, on the other hand, is composed of 

aluminum plates as the adherends.  In order to determine the most computationally efficient and 

accurate method for the analysis of bonded joints, a number of finite element model 

configurations was studied during this investigation. All finite element modeling and analysis 

was performed using Abaqus
®
 Standard 6.9. 
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5.1 Critical Location of Initial Crack 

A two-dimensional, preliminary finite element model was constructed for each of the 

four configurations examined in this investigation with the objective of determining the location 

of stress concentrations in the bondlines. This point is the critical location for the initial crack for 

the subsequent analysis. These models consist of plane strain, quadratic elements with an 

element size of .005 inch. Individual lamina properties were represented using solid orthotropic 

material properties for each lamina direction.  

 The finite element model representing the double lap shear specimen consists of a 28-ply 

laminate center member and spacer of composite A, and two 36-ply laminated outer members of 

composite B joined together by a .025 inch thick layer of EA9394 Adhesive. Clamp constraints 

were applied to the free edge containing the center member; while roller constraints where 

applied to the opposite end to represent the rotational rigidity of the grips. A representative 

distributed load was applied to the end with the roller constraints. Figure 25 shows the details of 

the finite element model of the double shear lap specimen. 

 
Figure 25. Double lap shear specimen FEM details. 

The finite element model representing the T-Pull Off specimen consists of a 36-ply 

laminated skin of composite B and a 14-ply T-section of composite A bonded together using 

Hysol
®
 EA9394 adhesive. The area between the two curved sub-laminates and the flat plies of 

the T-section spar was assigned resin properties, representing the filler used during lay-up. 

28-Plies of Composite A

36-Plies of Composite BEA9394 Adhesive

(4 Places)

Clamped Edges

Roller Constraints with 

Applied Distributed Load
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Contact point constraints were assigned to the section of the skin interacting with the two pins in 

the fixture. Roller constraints were assigned to the free edge of the spar to represent the 

rotational and transverse constraints induced by the loading grip, while allowing for axial 

deflections due to the applied distributed load. Details of the finite element model of the T-Pull 

Off specimens can be seen in Figure 26. 

 
Figure 26. T-Pull off specimen FEM details. 

The finite element model representing the single lap shear specimen consists of two 14-

ply laminated plates of composite A and two 36-ply laminated plates of composite B assembled 

using EA9394 adhesive. The end containing the two 14-ply laminates was restricted using 

clamped constraints. Roller constraints along with a representative distributed load were applied 

to the end containing the two 36-ply laminates. Figure 27 shows the details of the finite element 

model representing the single lap shear specimens. 

36-Plies of Composite B

EA9394 Adhesive

Roller Constraints with 

Applied Distributed Load

Contact Point Constraint Contact Point Constraint

Resin Filler

14-Plies of Composite A
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Figure 27. Single lap shear specimen FEM details. 

The finite element model representing the thick lap shear specimen consists of four 

aluminum plates joined using EA9394 adhesive per ASTM D5656 [29]. Clamped constraints 

were applied to one end of the specimen while roller constraints, along with a representative 

distributed load, were applied to the opposite end. A detailed representation of the finite element 

model of the thick lap shear specimen is shown is Figure 28. 

 
Figure 28. Thick lap shear specimen FEM details. 

The average loads from specimen testing were applied to the finite element models 

described above to determine the critical location for the initial crack on each of the four 

configurations. The resulting maximum principal strains, in in/in, for the double lap shear 

specimen can be seen in Figure 29. The constructions, applied loads, and boundary conditions of 

this specimen are all symmetric along the horizontal mid-plane. Consequently, identical peak 

stress concentrations exist at the upper and lower bondlines at the interface between the adhesive 

layers and the center member. This is the edge that coincides with the free edge of the outer 

members. 

 

 

EA9394 Adhesive (3 Places) Clamped Edges

Roller Constraints with 

Applied Distributed Load

36-Plies of Composite B 14-Plies of Composite A

Aluminum

EA9394 Adhesive (3 Places) Clamped Edges

Roller Constraints with 

Applied Distributed Load



 

Figure 29. Critical initial crack location in d

Similarly, Figure 30 shows the resulting maximum principal strains

Pull off specimen. This configuration is fully symmetric about its ver

an identical stress distribution exists at each of the free edges of the spar hat. The critical initial 

crack location is at the interface between the adhesive and th

Figure 30. Critical initial crack location in T
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shows the resulting maximum principal strains, in in/in, 

This configuration is fully symmetric about its vertical mid-

an identical stress distribution exists at each of the free edges of the spar hat. The critical initial 

crack location is at the interface between the adhesive and the composite B laminated skin.

. Critical initial crack location in T-Pull off specimen.

 
lap shear specimen. 

, in in/in, for the T-

-plane; therefore, 

an identical stress distribution exists at each of the free edges of the spar hat. The critical initial 

laminated skin. 

 
Pull off specimen. 



 

The single lap shear specimen presents a 

asymmetric about both, the vertical and 

distribution, in in/in, is shown in 

present at the interface between the 

Figure 31. Critical in

The thick lap shear specimen is symmetric about it vertical plane yielding identical strain 

distributions at both edges of the interface. The principal strain distribution, in in/in, for the thick 

lap shear configuration is shown in 

initial crack. 
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The single lap shear specimen presents a more complex interface as this configuration is 

both, the vertical and horizontal planes. The maximum principal strain

is shown in Figure 31. The most critical location for the 

present at the interface between the adhesive and the composite A laminated plate.

. Critical initial crack location in single lap shear specimen.

The thick lap shear specimen is symmetric about it vertical plane yielding identical strain 

distributions at both edges of the interface. The principal strain distribution, in in/in, for the thick 

r configuration is shown in Figure 32. This figure also shows the critical location for the 

more complex interface as this configuration is 

horizontal planes. The maximum principal strain 

on for the initial crack is 

laminated plate. 

 
itial crack location in single lap shear specimen. 

The thick lap shear specimen is symmetric about it vertical plane yielding identical strain 

distributions at both edges of the interface. The principal strain distribution, in in/in, for the thick 

. This figure also shows the critical location for the 



 

Figure 32. Critical initial crack location in thick lap shear specimen.

5.2 Mesh Density Dependence

To improve computational efficiency, the models were re

long elements for the tape plies and 0.015” tall, 0.015” long elements for the 5HS plies. The 

section surrounding the critical location for the init

more refined mesh in order to maintain the accuracy of the solution. In order to study the 

dependency of VCCT accuracy 

was introduced at the predeterm

Consequently, the mode I and mode II energy release rates, GI and GII, respectively, were 

obtained as a function of the relative mesh density, 

varied from .02” to .001” for both, linear and quadratic element models

specimen yielded strain energy release rates 

this section is concerned with the 
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. Critical initial crack location in thick lap shear specimen.

nce 

o improve computational efficiency, the models were re-meshed using 0.005” tall, 0.01” 

long elements for the tape plies and 0.015” tall, 0.015” long elements for the 5HS plies. The 

section surrounding the critical location for the initial crack in each specimen was assigned a 

more refined mesh in order to maintain the accuracy of the solution. In order to study the 

dependency of VCCT accuracy as a function of mesh density, an initial crack of length 0.02” 

predetermined critical crack location, while the mesh density was 

he mode I and mode II energy release rates, GI and GII, respectively, were 

obtained as a function of the relative mesh density, ∆a/a. The element size, ∆

1” for both, linear and quadratic element models. The single lap shear 

specimen yielded strain energy release rates significantly larger than the other specimens. Since 

this section is concerned with the relative convergence of the solution and not with the 

 
. Critical initial crack location in thick lap shear specimen. 
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ial crack in each specimen was assigned a 
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while the mesh density was varied. 

he mode I and mode II energy release rates, GI and GII, respectively, were 

∆a, was gradually 

The single lap shear 

significantly larger than the other specimens. Since 

n and not with the 
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magnitude itself, the single lap shear results were scaled down to allow plotting of all results in 

the same graph. Figure 33 shows the resulting mode I energy release rate, GI, as a function of the 

element size relative to the initial crack, ∆a/a, for the double lap shear, single lap shear, and T-

Pull off specimens modeled using linear elements. 

 
Figure 33. Mode I energy release rate, GI with changing ∆a/a for linear elements. 

The influence of mesh refinement on the mode I strain energy release rate distribution 

seems to converge for relative element sizes, ∆a/a, between 0.125 and 0.25 before diverging for 

smaller element sizes. Figure 34 shows the variation in mode II energy release rate, GII, as a 

function of the relative element size, ∆a/a, for the double lap shear, single lap shear, and T-Pull 

off specimens modeled using linear elements. The mode II strain energy release rate, GII, does 

not show a well defined relative element size range for convergence. The mesh refinement 

influence is only slightly reduced before diverging again for smaller element sizes. This 

represents a problem since, as shown in section 2.3, crack propagation is usually evaluated using 

mixed-mode fracture criteria that involves both strain energy release rate modes, GI and GII. 
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Figure 34. Mode II energy release rate, GII with changing ∆a/a for linear elements. 

The same procedure was repeated, using quadratic elements, for the double lap shear, 

single lap shear, and T-Pull off specimens. The mesh refinement influence on strain energy 

release rate, GI and GII, as a function of relative element size, ∆a/a, is shown in Figure 35 and 

Figure 36, respectively. The representation using the quadratic elements exhibits a similar 

dependency in mesh refinement as seen for the linear elements. For quadratic element 

representations, the range of the converged mode I strain energy release rate reduced to between 

0.125 and 0.167, which is narrower than for the linear elements. The mode II energy release rate 

dependence on mesh density, for quadratic elements, remains un-converged.  
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Figure 35. Mode I energy release rate, GI with changing ∆a/a for quadratic elements. 

 

 
 Figure 36. Mode II energy release rate, GII with changing ∆a/a for quadratic elements. 

This mesh density dependence investigation does not seem to show a range of relative 

element sizes for which a completely converged finite element solution is achieved for the case 

of small cracks at the free edge of an interface. However, based on conclusions made in Krueger 
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[6], the lower bound of the element size is a function of the material properties at the interface 

and not a function of the crack length itself. The upper bound of the element size, on the other 

hand, is a function of the lamina thickness for the case of relatively large crack lengths. For the 

case of small cracks at the free edge of an interface, as applicable in this investigation, the upper 

bound of the element size can be dependent of the initial crack length. Therefore, the procedure 

attempted in this section is unable to identify whether a finite element model yields converged 

result or not, but rather provides a range in which convergence should be evaluated. This range 

will used to evaluate the convergence of the finite element models in a subsequent section using 

the finite crack extension method as described in Section 3.2. 

5.3 Comparison between Linear and Quadratic Elements 

While the results shown is section 2.3 indicated that a similarity in mesh refinement 

dependency exists between linear and quadratic elements, a difference in the magnitude of the 

values obtained using each type of elements is worth investigating. This section compares the 

magnitude of the solution obtained using each type of elements in order to determine if the 

higher computational expense of quadratic elements is justified by the accuracy of the solution. 

Figure 37 shows the mode I energy release rate values obtained using linear and quadratic 

elements for double lap shear, single lap shear, and T-Pull off specimens. Based on this figure, it 

is clear that there is no significant different between the values of GI obtained using linear and 

quadratic elements.  

Contrarily, the values of the mode II strain energy release rate obtained using quadratic 

elements do differ from those obtained using linear elements. For the sake of clarity, this 

comparison is shown in an individual charts for each specimen configuration. The contrast of the 
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mode II energy release rate values obtained using linear and quadratic elements is shown in 

Figure 38 for double lap shear, in Figure 39 for T-Pull off, and in Figure 40 for single lap shear. 

 
Figure 37. GI values using both, linear and quadratic elements. 

 
Figure 38. GII values for double lap shear using both, linear and quadratic elements. 

1.30

1.40

1.50

1.60

1.70

1.80

1.90

2.00

2.10

0.000 0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 1.000 1.100

G
I (

in
-l

b
/i

n
^

2
) 

∆a/a  (in/in)

GI Results Using Linear (4N)  and Quadratic (8N) Elements

DLS 4N GI

SLS 4N GI

TPO 4N GI

DLS 8N GI

SLS 8N GI

TPO 8N GI

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.000 0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 1.000 1.100

G
II

 (
in

-l
b

/
in

^
2

) 

∆a/a  (in/in)

Linear (4N)  vs. Quadratic (8N) Double Lap Shear for GII

DLS 8N GII

DLS 4N GII



54 

 

  
Figure 39. GII values for T-Pull off using both, linear and quadratic elements. 

 
Figure 40. GII values for single lap shear using both, linear and quadratic elements. 

The advantage of using quadratic elements to represent a bonded interface becomes 

evident when the values of mode II energy release rate are being considered. The lack of bending 

stiffness of linear, reduced integration elements, as explained in section 4.1.1, allows for higher 
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the quadratic elements are able to form a curved edge behind the crack tip to better represent the 

shape of the crack as shown in Figure 41.  

 
Figure 41. Element shape comparison at crack tip. 

Linear elements are unable to account for this non-linear crack shape and result in higher 

mode II values. This difference cannot be neglected since, as shown in section 2.3, crack 

propagation is usually evaluated using mixed-mode fracture criterion, which involves both GI 

and GII. Figure 42 shows a more practical way of plotting results in which the total energy 

release rate, GT=GI+GII, is plotted as a functions of the mode II percentage, GII/GT. From this 

figure, the difference between the results obtained with the two element types becomes more 

evident and so does the dependence on mesh refinement discussed in section 5.4. Considering 

the higher accuracy of the results obtained using quadratic elements, it is evident than the 

advantages of their employment in modeling bonded joints, outweighs the associated additional 

computational time. 
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Figure 42. Total energy release rate differences for linear and quadratic elements. 

5.5 Mixed-Mode Criteria 

In order to correlate the finite element analysis results to actual test data, it is necessary to 

use a mixed-mode failure criterion to represent the response of the materials at the interface. 

Therefore, the mixed-mode failure criteria described in section 2.3 were evaluated to determine 

their ability to fit the test data for the EA9394 adhesive to carbon/epoxy interface. The failure 

criteria formulations were represented as a function of the percentage of mode II loading, 

GII/GT. This conversion results rather complex for some formulations. For the case of the power 

law, the conversion needs to be performed numerically and becomes rather time consuming. 

Table 5-1 shows the critical strain energy release rate data used for this investigation as reported 

by Seneviratne et al [19]. Figure 43 shows the best-fit curve of the test data using the failure 

criteria that involve no adjusting parameters. The mode I and mode II critical failure criteria 

clearly fail to represent the material response to different loading mode combinations; the same 
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is observed for both crack opening displacement criteria. All four of these criteria assume little to 

no interaction between loading modes. The KI-critical failure criterion is able to represent the 

pure mode energy release rates but fails to represent the true response of the material as the mode 

II influence increases. The linear failure criterion, on the other hand, yields a considerable 

accurate representation of the material response, especially for lower percentage of mode II 

loading. 

Table 5-1 Critical strain energy release rate values for EA9394 paste adhesive [19]. 

Mode 

Mixity (%) 

Carbon/EA9394 

Gc KJ/m
2
 Gc in-lb/in

2
 

0 0.352 2.01 

25 0.411 2.35 

50 0.600 3.43 

70 0.679 3.88 

80 0.704 4.02 

100 0.924 5.28 

 

 
Figure 43. Best curve fit of test data using failure criteria with no adjusting parameters. 
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Figure 44 shows the best-fit curves of the failure criteria involving only one adjusting 

parameter. All five failure criteria shown in this figure are able to represent the material behavior 

near the pure mode I region. The Hackle criterion is unable to represent the material response for 

loading with more than 70% mode II influence. The B-K method and the exponential hackle are 

the ones that best represent the material response throughout the complete loading spectrum. 

 
Figure 44. Best curve fit of test data using failure criteria with no adjusting parameters. 

Figure 45 shows the failure criteria involving two adjusting parameters. These mixed-

mode failure criteria are generally more accurate in representing the response of materials 
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interaction, but fails to accurately represent the increase in fracture toughness with mode II 
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power law criterion is much harder to represent in this format than the linear mixed mode 

criterion. 

 
Figure 45. Best curve fit of test data using failure criteria with no adjusting parameters. 
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properties at the interface, namely the width of the curve representing the scatter in the material 

response to applied mixed mode loadings.  

The methodology proposed in section 3.2 employs the finite crack extension method, 

with an initial crack length of zero, to determine the convergence of the finite element model. 

Additionally, the results obtained using the finite crack extension method, can be used to 

determine the variation of the material response at the interface, with respect to the average 

material response used to produce the best-fit curve. In other words, a reduced or otherwise 

increased material response curve offset can be generated to better fit the analytical results to the 

test data. This procedure can significantly reduce the effects that the scatter in the material 

properties has in the post-processing of the analysis of bonded joints. 

In order to verify the effectiveness of the above described methodology, three finite 

element models were developed for each specimen configurations using the following: 

• The critical location for initial crack as listed in section 5.2 

• Quadratic, reduced integration, plane strain elements  

• Element size near crack tip of .005”, .00333”, and .0025” 

The two-step finite crack extension method (FCEM) described in section 3.2 was used to 

determine the mode I and mode II strain energy release rates at the edge of the interface. The 

resulting total strain energy release rates, GT, were plotted as a function of the percentage of 

mode II loading, GII/GT. The results from the three FEM for each specimen type were compared 

to each other to determine the mesh density needed for a converged mesh refinement. If 

convergence could not be determined, the mesh density near the crack tip was refined and the 

new model was verified for convergence with respect to the prior iteration of the model. 
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Once a converged finite element model was achieved, an offset of the best-fit curve of the 

material properties was created to pass through the converged solution. The VCCT was then 

used on the converged model to find the strain energy release rates corresponding to different 

initial crack lengths. The results were plotted along with the corresponding FCEM results and the 

best-fit curve offset. Figure 46 and Figure 47 show the results from the finite crack extension 

method (FCEM), the material test data, the best-fit curve, the curve offset, and the results from 

the VCCT using two different mesh densities, 0.0025” and 0.005” for the double shear and T-

Pull off specimens, respectively.  
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Figure 46. VCCT and FCE results for double lap shear specimen. 
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Figure 47. VCCT and FCE results for T-Pull off specimen. 
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The results of the VCCT that lay on the best-fit curve offset correspond to a valid initial 

crack length for the analysis of these interfaces. The crack length corresponding to the VCCT 

results appearing above the best-fit curve offset would over-predict crack propagation and 

consequently, under predict the strength of the adhesively bonded joint. The magnitude of the 

offset from the best-fit curve that best matches the converged FCEM results is directly dependent 

of the load applied to the finite element model. The energy release rate varies as a function of the 

second power of the ratio of the applied loads. Consequently, the total strain energy release rate 

solutions are very sensitive to variations in applied load; which for tested specimens could be a 

function of the scatter in material properties. Other factors that can vary the magnitude of the 

load at which a real interface fails include the presence of failure modes other than cohesive and 

the existence of defects in the bondline. Similarly, this procedure was used to analyze the single 

lap shear and the thick lap shear specimens; the results are shown in Figure 48 and Figure 49, 

respectively. No data regarding the material response was available to validate the results of 

these interfaces; therefore, a curve of assumed material behavior was used to show the 

appropriate length of the initial crack.  
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Figure 48. VCCT and FCE results for single lap shear specimen. 
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Figure 49. VCCT and FCE results for thick lap shear specimen. 
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Table 5-2 shows the range of crack length corresponding to the energy release rates that 

match the best-fit curve offset for each of the four specimen configuration. A converged finite 

element model, using VCCT with an initial crack length within the range listed in this table, 

would accurately represent the behavior of the adhesively bonded joint. The appropriate length 

of the initial crack is not constant for all joint configurations. The initial crack length for the 

thick lap shear specimen has a much more narrow range than for the T-Pull of specimens. Mode 

II loaded interfaces seem more sensitive to changes in initial crack length than mode I loaded 

interfaces. The variation in initial crack length can also be a product of the materials composing 

the interface in question. 

Table 5-2 Initial crack length results. 

Initial Crack Length (inch) 

Double Lap Shear 0.035 - 0.05 

T-Pull Off 0.02 - 0.05 

Single Lap Shear 0.035 - 0.045 

Thick Lap Shear 0.015 - 0.0175 

 

An additional data point displayed in each of the four figures above are the results 

obtained using plane stress quadratic elements with a 0.02” initial crack length. A considerable 

difference is observed between the plane stress and plane strain results. This difference in 

magnitude is due the assumptions used to develop each two-dimensional simplification, as 

explained in section 4.3. The actual behavior of the three-dimensional interface would be 

wounded by these two solutions. The difference between the two-dimensional, plane strain 

solution and the real, three-dimensional behavior of the interface is, in part, responsible for the 

need of the best-fit curve offset.  
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CHAPTER 6 

 

6. CONCLUSION AND FUTURE WORK 

 

 

6.1 Conclusion 

The results from analysis of both, the double lap shear, and T-Pull off specimens 

correlated very well to the data for the response of the materials at the interface. The results from 

the analysis of the T-Pull off specimens fell slightly below the material response data. This is 

mainly attributed to the presence of adherend failure recorded during experimental testing of this 

configuration. However, this failure mode occurred at 93% of the load needed for the cohesive 

failure mode to dominate the interface. No material behavior data was available, at the time of 

this investigation, to verify the accuracy of the finite element solutions for the single lap shear 

and thick lap shear specimens. However, the effectiveness of using the finite crack extension 

method to determine the convergence of the FEM solution was still verified. It is worth 

mentioning that the accuracy of the results obtained from either the FCEM or the VCCT is 

highly dependent on the assignment of representative properties to the individual plies in the 

laminate. The stiffness of top ply adjacent of the adhesive interface is responsible for one half of 

the shape of the crap tip. Assigning constant properties throughout the laminate would have a 

significant effect in the deflections near the crack tip which would generate erroneous values for 

GI and GII. 

The convergence of the finite element model and the accuracy of the results produced are 

both determined by correlation to material behavior data. This data is developed under controlled 

environments to ensure that a single failure mode dominates the interface. Consequently, the 

results from the finite element models are compared against the test data from a single failure 

mode. The failures of adhesively bonded joints in structural applications typically exhibit 
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multiple failure modes. The mixed-mode failure criteria do not account for the presence of 

multiple failure modes, especially when complex failure mode interactions occur. An example of 

such is the case of a failure initiated in the adherend, extending to the adhesive/adherend 

interface through kinking, to later become a cohesive failure. The analysis procedure presented 

in this paper is only capable of providing accurate results when consistent failure modes occur at 

the interface. Much more complex models, perhaps incorporating this analytical method, are 

needed in order to accurately represent complex failure modes involving the combination of 

adherend, adhesive, and cohesive failures. 

The procedure to obtain a converged and accurate finite element solution for an 

adhesively bonded interface with a small crack at the free edge using VCCT is the following: 

1. Determine the critical initial crack location using finite element analysis. 

2. Determine the best-fit curve to the test data of the material response to mixed-

mode loading. 

3. Use the FCEM to determine the mesh density around the crack necessary for a 

converged finite element solution. 

4. Adjust best-fit line, if needed, to pass over the converged total strain energy 

release rate obtained using the FCEM. 

5. Vary the initial crack length in the finite element model until the results from the 

VCCT match the adjusted best-fit curve.  

6. The crack length corresponding to the VCCT results that match the adjusted best-

fit curve is the crack length needed for accurate representation of the bonded 

interface. 
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In conclusion, the use of the finite crack extension method to determine the convergence 

of the finite element model is a technique that can be used to accurately represent the behavior of 

an adhesively bonded joint using VCCT in Abaqus
®
. Additionally, this method can be used as an 

aid in understanding the correlation of finite element results to test data. 

6.2 Recommendations for Future Work 

• Employ the FCEM to determine the initial crack length for three dimensional 

models of adhesively bonded joints. 

• Apply the method described in Section 5.6 to two dimensional and eventually to 

three dimensional representations of scarfed bondlines of laminates. 

• Explore the correlation of the results developed for metal-to-metal bondlines, 

similar to the thick lap shear specimens, to test data of the material response to 

mixed-mode loading. 

• Investigate the accuracy of the method described in section 6.2 to determine the 

convergence of a finite element model using cohesive elements to represent the 

bondline.  

• Employ the converged finite element model with the determined initial crack 

length in the analysis of structural components for real-life applications. 
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APPENDIX A 

 

 

Double Lap Shear, Plane Strain 

Table A-1 Double lap shear strain energy release rates with linear elements a=.02 in. 

 

Table A-2 Double lap shear strain energy release rates with quadratic elements a=.02 in. 

 

Table A-3 Double lap shear strain energy release rates from FCEM. 

 

 

 

 

 

 

∆a/a a (in)  ∆a (in)
GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.02 2.000E-02 1.95 0.56 2.51 0.22

0.500 0.02 1.000E-02 1.80 0.66 2.46 0.27

0.333 0.02 6.667E-03 1.76 0.71 2.47 0.29

0.250 0.02 5.000E-03 1.75 0.72 2.47 0.29

0.167 0.02 3.333E-03 1.74 0.74 2.48 0.30

0.125 0.02 2.500E-03 1.74 0.75 2.49 0.30

0.050 0.02 1.000E-03 1.75 0.79 2.54 0.31

∆a/a a (in)  ∆a (in)
GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.02 2.000E-02 1.96 0.59 2.55 0.23

0.500 0.02 1.000E-02 1.80 0.63 2.43 0.26

0.333 0.02 6.667E-03 1.77 0.67 2.43 0.27

0.250 0.02 5.000E-03 1.75 0.68 2.44 0.28

0.167 0.02 3.333E-03 1.74 0.70 2.44 0.29

0.125 0.02 2.500E-03 1.74 0.71 2.45 0.29

0.050 0.02 1.000E-03 1.75 0.75 2.49 0.30

 ∆a (in)
Z1, Z2       

(lb)

ΔW1, ΔW2 

(in)

X1, X2       

(lb)

Δu1, Δu2 

(in)

GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

23.80 2.32E-04 23.59 6.90E-05

24.57 1.51E-04 -0.82 4.30E-05

28.18 2.72E-04 27.98 7.99E-05

28.24 1.73E-04 -2.05 4.98E-05

35.40 3.33E-04 34.57 1.02E-04

34.90 2.15E-04 -1.07 6.18E-05

1.79 0.31 0.152.09

1.91 0.32 2.23 0.15

1.95 0.35 2.30 0.15

2.500E-03

3.333E-03

5.000E-03
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Table A-4 Double lap shear strain energy release rates from VCCT ∆a=.005 in. 

 

Table A-5 Double lap shear strain energy release rates from VCCT ∆a=.0025 in. 

 

 

Single Lap Shear, Plane Strain 

Table A-6 Single lap shear strain energy release rates with linear elements a=.02 in. 

 

 

 

∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.005 5.000E-03 2.26 0.34 2.61 0.13

0.500 0.01 5.000E-03 2.04 0.44 2.48 0.18

0.333 0.015 5.000E-03 1.87 0.56 2.43 0.23

0.250 0.02 5.000E-03 1.75 0.68 2.44 0.28

0.200 0.025 5.000E-03 1.67 0.79 2.46 0.32

0.167 0.03 5.000E-03 1.62 0.89 2.50 0.35

0.143 0.035 5.000E-03 1.57 0.98 2.55 0.38

0.125 0.04 5.000E-03 1.54 1.06 2.60 0.41

0.111 0.045 5.000E-03 1.52 1.13 2.65 0.43

0.100 0.05 5.000E-03 1.50 1.20 2.71 0.44

∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.0025 2.500E-03 2.26 0.30 2.56 0.12

0.500 0.005 2.500E-03 2.20 0.34 2.55 0.13

0.333 0.0075 2.500E-03 2.10 0.41 2.51 0.16

0.250 0.01 2.500E-03 2.00 0.47 2.47 0.19

0.200 0.0125 2.500E-03 1.92 0.53 2.45 0.22

0.167 0.015 2.500E-03 1.85 0.60 2.44 0.24

0.125 0.02 2.500E-03 1.74 0.71 2.45 0.29

0.100 0.025 2.500E-03 1.67 0.82 2.48 0.33

0.071 0.035 2.500E-03 1.57 1.00 2.57 0.39

0.042 0.06 2.500E-03 1.50 1.35 2.85 0.47

0.026 0.095 2.500E-03 1.57 1.67 3.23 0.52

∆a/a a (in)  ∆a (in)
GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.02 2.000E-02 1.57 0.68 2.25 0.30

0.500 0.02 1.000E-02 1.45 0.73 2.18 0.34

0.333 0.02 6.667E-03 1.42 0.78 2.20 0.35

0.250 0.02 5.000E-03 1.41 0.80 2.21 0.36

0.167 0.02 3.333E-03 1.41 0.82 2.23 0.37

0.125 0.02 2.500E-03 1.41 0.83 2.24 0.37

0.050 0.02 1.000E-03 1.43 0.89 2.31 0.38
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Table A-7 Single lap shear strain energy release rates with quadratic elements a=.02 in. 

 

Table A-8 Single lap shear strain energy release rates from FCEM. 

 

Table A-9 Single lap shear strain energy release rates from VCCT ∆a=.005 in. 

 
 

 

 

 

 

 

∆a/a a (in)  ∆a (in)
GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.02 2.000E-02 1.61 0.69 2.30 0.30

0.500 0.02 1.000E-02 1.45 0.70 2.16 0.33

0.333 0.02 6.667E-03 1.42 0.73 2.16 0.34

0.250 0.02 5.000E-03 1.41 0.75 2.16 0.35

0.167 0.02 3.333E-03 1.41 0.77 2.17 0.35

0.125 0.02 2.500E-03 1.41 0.78 2.19 0.36

0.050 0.02 1.000E-03 1.42 0.82 2.24 0.37

 ∆a (in)
Z1, Z2       

(lb)

ΔW1, ΔW2 

(in)

X1, X2       

(lb)

Δu1, Δu2 

(in)

GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

41.36 3.98E-04 44.34 1.57E-04

45.08 2.60E-04 0.23 1.00E-04

48.80 4.55E-04 50.93 1.85E-04

52.40 2.99E-04 2.42 1.16E-04

63.16 5.93E-04 66.23 2.20E-04

62.38 3.81E-04 0.72 1.34E-04

5.83 1.50 7.33 0.20

1.445.81 7.25 0.20

6.25 1.49 7.74 0.19

2.500E-03

3.333E-03

5.000E-03

∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.005 5.000E-03 7.10 1.47 8.57 0.17

0.500 0.01 5.000E-03 6.16 1.78 7.94 0.22

0.333 0.015 5.000E-03 5.44 2.22 7.66 0.29

0.250 0.02 5.000E-03 4.94 2.62 7.56 0.35

0.200 0.025 5.000E-03 4.57 2.98 7.55 0.39

0.167 0.03 5.000E-03 4.29 3.28 7.57 0.43

0.143 0.035 5.000E-03 4.06 3.56 7.61 0.47

0.125 0.04 5.000E-03 3.87 3.79 7.66 0.50

0.111 0.045 5.000E-03 3.71 4.00 7.71 0.52

0.100 0.05 5.000E-03 3.58 4.18 7.76 0.54
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T-Pull Off, Plane Strain 

Table A-10 T-Pull Off strain energy release rates with linear elements a=.02 in. 

 

Table A-11 T-Pull Off strain energy release rates with quadratic elements a=.02 in. 

 

Table A-12 T-Pull Off strain energy release rates from FCEM. 

 

 

 

 

 

 

 

 

 

 

 

 

∆a/a a (in)  ∆a (in)
GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.02 2.000E-02 1.72 0.37 2.09 0.18

0.500 0.02 1.000E-02 1.63 0.41 2.04 0.20

0.333 0.02 6.667E-03 1.61 0.43 2.04 0.21

0.250 0.02 5.000E-03 1.60 0.44 2.04 0.22

0.167 0.02 3.333E-03 1.60 0.45 2.04 0.22

0.125 0.02 2.500E-03 1.60 0.45 2.05 0.22

0.050 0.02 1.000E-03 1.61 0.47 2.08 0.23

∆a/a a (in)  ∆a (in)
GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.02 2.000E-02 1.72 0.35 2.07 0.17

0.500 0.02 1.000E-02 1.62 0.39 2.01 0.20

0.333 0.02 6.667E-03 1.60 0.41 2.01 0.20

0.250 0.02 5.000E-03 1.59 0.42 2.02 0.21

0.167 0.02 3.333E-03 1.59 0.42 2.02 0.21

0.125 0.02 2.500E-03 1.59 0.43 2.02 0.21

0.050 0.02 1.000E-03 1.61 0.45 2.06 0.22

 ∆a (in)
Z1, Z2       

(lb)

ΔW1, ΔW2 

(in)

X1, X2       

(lb)

Δu1, Δu2 

(in)

GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

21.88 2.18E-04 21.14 6.15E-05

22.92 1.43E-04 -0.63 3.78E-05

26.11 2.56E-04 25.37 7.08E-05

26.36 1.66E-04 -1.56 4.39E-05

32.80 3.15E-04 31.44 9.11E-05

32.78 2.05E-04 -0.91 5.46E-05

1.63 0.26 1.89 0.14

0.261.67 1.94 0.14

1.72 0.28 2.01 0.14

2.500E-03

3.333E-03

5.000E-03
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Table A-13 T-Pull Off strain energy release rates from VCCT ∆a=.005 in. 

 

Table A-14 T-Pull Off strain energy release rates from VCCT ∆a=.0025 in. 

 
 

Thick Lap Shear, Plane Strain 

Table A-15 Thick lap shear strain energy release rates from FCEM. 

 

 
 

∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.005 5.000E-03 1.79 0.25 2.04 0.12

0.500 0.01 5.000E-03 1.68 0.30 1.98 0.15

0.333 0.015 5.000E-03 1.62 0.37 1.99 0.18

0.250 0.02 5.000E-03 1.59 0.42 2.02 0.21

0.200 0.025 5.000E-03 1.58 0.46 2.04 0.23

0.167 0.03 5.000E-03 1.56 0.50 2.06 0.24

0.143 0.035 5.000E-03 1.55 0.53 2.08 0.25

0.125 0.04 5.000E-03 1.54 0.55 2.09 0.26

0.111 0.045 5.000E-03 1.53 0.58 2.11 0.27

0.100 0.05 5.000E-03 1.53 0.60 2.13 0.28

∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.0025 2.500E-03 2.00 0.24 2.24 0.11

0.500 0.005 2.500E-03 1.74 0.23 1.97 0.12

0.250 0.01 2.500E-03 1.67 0.31 1.98 0.16

0.167 0.015 2.500E-03 1.62 0.38 1.99 0.19

0.125 0.02 2.500E-03 1.59 0.43 2.02 0.21

0.100 0.025 2.500E-03 1.58 0.47 2.05 0.23

0.071 0.035 2.500E-03 1.55 0.53 2.09 0.26

0.056 0.045 2.500E-03 1.54 0.58 2.12 0.28

0.045 0.055 2.500E-03 1.53 0.63 2.16 0.29

0.029 0.085 2.500E-03 1.54 0.72 2.26 0.32

0.026 0.095 2.500E-03 1.55 0.75 2.30 0.32

 ∆a (in)
Z1, Z2       

(lb)

ΔW1, ΔW2 

(in)

X1, X2       

(lb)

Δu1, Δu2 

(in)

GI            

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

24.71 1.95E-04 24.75 5.45E-05

30.80 1.33E-04 -1.58 3.68E-05

29.23 2.31E-04 28.90 6.39E-05

35.72 1.59E-04 -0.62 4.00E-05

41.76 3.18E-04 40.97 8.56E-05

43.08 1.84E-04 -2.87 5.22E-05

1.81 0.26 2.07 0.132.500E-03

1.91 0.28 2.19 0.133.333E-03

0.342.14 2.48 0.145.000E-03
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Table A-16 Thick lap shear strain energy release rates from VCCT ∆a=.0025 in. 

 
 

All Specimens, Plane Stress  

Table A-17 Strain energy release rates from VCCT a=.02 in. 

 
 

Failure Criteria Adjusting Parameters 

Table A-18 Adjusting parameters used for failure criteria with one adjusting parameter. 

 

Table A-19 Adjusting parameters used for failure criteria with two adjusting parameters. 

 

∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

1.000 0.0025 2.500E-03 3.15 0.27 3.42 0.08

0.500 0.005 2.500E-03 2.78 0.31 3.09 0.10

0.333 0.0075 2.500E-03 2.23 0.43 2.66 0.16

0.250 0.01 2.500E-03 1.74 0.61 2.35 0.26

0.200 0.0125 2.500E-03 1.36 0.84 2.20 0.38

0.167 0.015 2.500E-03 1.08 1.11 2.19 0.51

0.143 0.0175 2.500E-03 0.88 1.39 2.27 0.61

0.125 0.02 2.500E-03 0.73 1.69 2.42 0.70

0.111 0.0225 2.500E-03 0.62 1.97 2.59 0.76

0.100 0.025 2.500E-03 0.54 2.25 2.78 0.81

0.083 0.03 2.500E-03 0.42 2.75 3.17 0.87

0.071 0.035 2.500E-03 0.33 3.19 3.52 0.91

0.063 0.04 2.500E-03 0.22 3.91 4.13 0.95

Specimen ∆a/a a (in)  ∆a (in)
GI                

(in-lb/in
2
)

GII              

(in-lb/in
2
)

GI+GII           

(in-lb/in
2
)

GII/GT

Double Lap Shear 0.250 0.02 5.000E-03 2.33 0.64 2.97 0.22

Single Lap Shear 0.250 0.02 5.000E-03 7.30 3.01 10.31 0.29

T-Pull Off 0.250 0.02 5.000E-03 1.95 0.34 2.29 0.15

Thick Lap Shear 0.125 0.02 2.500E-03 1.25 1.38 2.63 0.53

λ 2.25 γ 0.9 η -1.1 κ 1.1 η 1.7

B-KHackle
Exponential 

Hackle

Exponential        

K Ratio 
Mixed Mode

α 1.7 ρ 1.05 κ 0.4 ζ 1

β 0.75 τ -0.11 φ 0.99 ξ -0.38

Power Law
Linear Mixed 

Mode
BilinearPolynomial
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