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Abstract—This paper derives analytically an optimum amplifying relay matrix using the minimum mean square error
(MMSE) criteria for a noncooperative amplify-and-forward (AF)
distributed relay network. Global and local power constraints
are included in the analysis. And a one-source-one-destination
node pair and 𝑁 -relay network is considered. Because the relays
are noncooperative, this paper exploits the diagonal property in
an amplifying relay matrix for the optimum matrix derivation.
Then, this paper claims that the bit error rate of the AF network
using the proposed amplifying relay matrix is signiﬁcantly better
than that of the AF network with the other existing amplifying
matrices.
Index Terms—Amplify-and-forward, minimum mean square
error, amplifying relay matrix, power constraint.

Fig. 1. Wireless relay network for 𝑁 relay nodes and a one-source-onedestination pair node under power constraints at the destination node.

I. I NTRODUCTION
In recent years, the importance of relay node roles in
wireless networks has been increasing in the area of wireless
communication. In relation to this, various relay schemes,
such as nonregenerative amplify-and-forward (AF), regenerative decode-and-forward (DF), selective decode-and-forward
(SDF), and compress-and-forward (CF), have been studied
in [1]–[6]. The nonregenerative AF relay scheme employed
in this current paper is a more popular and realistic protocol
due to no required signal processing at the relay nodes for
decoding and compressing procedures compared to the other
three relay schemes. In other words, all relay nodes in the
nonregenerative AF relay scheme only amplify their received
signals from a source node and transmit the ampliﬁed signals
to a destination node.
In addition, efﬁcient amplifying relay matrices using different objective functions and power constraints have been souThis work was partly sponsored by the Army Research Ofﬁce under
DEPSCoR ARO Grant W911NF-08-1-0256, and by NASA under EPSCoR
CAN Grant NNX08AV84A.
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ght for a single-input-single-output AF network [6]–[8]. In [6],
the authors presented the AF relay strategy under the received
signal power constraint at the destination node for a onesource-one-destination pair and 𝑁 -relay node network. The
advantage of using the power constraint at the destination node
instead of the source node or the relay nodes is to accomplish
a better performance by maximizing the received signal component power. A solution of closed form in (82) of [6] can
only be achieved with an assumption of low-noise relay nodes.
And, under this assumption, multiple approximations were
used in [6]. Behbahani and Eltawil in [7] minimized the mean
square error cost under the power constraint at an equalizer
input. Recently, the authors in [8] derived an optimal relay
factor for the one-source-one-destination pair and 𝑁 -relay
node network to minimize MSE under the power constraint
at the destination node. However, Behbahani et al. in [7] and
Behbahani and Eltawil in [8] employed the proportionality to
solve the optimization problem as shown in (17) of [7] and in
(15) of [8], respectively. However, in [9], [10], noncooperative
distributed minimum mean square error (MMSE)-based AF
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relay schemes in wireless networks under the received power
constraint at the destination node for single-input single-output
with 𝑁 relay nodes was studied by the authors of this paper.
Particularly, jamming environment and channel uncertainty
were considered in [9]. While, broadband jamming and channel uncertainty were considered in [10]. However, in [9], [10],
effects of noncooperative MMSE relay scheme under both
local and global power constrains were not considered.
Therefore, as was done in [9], [10], to achieve performance
better under a more realistic environment, compared to the
previous schemes in [6]–[8], this current paper proposes a
different minimum mean square error (MMSE) cost function
under both local and global power constraints at the destination node without any assumptions and approximations made
in [6]–[8] using the noncooperative strategy deﬁnition. In other
words, this current paper focuses on only BER performance
under no-jamming environment and no-node geometry. In
particular, a diagonal optimum amplifying relay matrix will
be derived using the objective function because the noncooperative distributed AF wireless relay network is considered.
This current paper will compare BER performance for the two
cases between the local power constraint and global power
constraint using a diagonal optimum amplifying relay matrix.
The remaining paper is organized into ﬁve sections. Section II describes the overall system model and data transmission strategy. Section III and Section IV present the noncooperative diagonal optimum amplifying relay matrices based on
the MMSE relay schemes, respectively, under a global power
constraint and a local power constraint at the destination node.
Section V shows the simulation results. Finally, Section VI
concludes the paper.
Notation: Matrices and vectors are denoted, respectively, by
uppercase and lowercase boldface characters (e.g., A and a).
The transpose, complex conjugate, inverse, and Hermitian of A
are denoted, respectively, by A𝑇 , A∗ , A−1 , and A𝐻 . An 𝑛 × 𝑛
identity matrix is denoted by I𝑁 . The expectation operator is
𝐸[ ⋅ ]. Notations ∣𝑎∣, ∣∣a∣∣, and ∣∣A∣∣𝐹 denote the absolute value
of 𝑎 for any scalar, 2-norm of a, and Frobenius-norm of A,
respectively.
II. S YSTEM M ODEL
Figure 1 illustrates a wireless relay network consisting of
a source node, a destination node, and 𝑁 noncooperative distributed relay nodes. There are two stages for data transmission
where a source node broadcasts a signal 𝑠 to the relay nodes
in Stage I and the relay nodes retransmit their signals received
from a source node to a destination node in Stage II, as shown
in Fig. 1. This paper considers the case where the direct link
from a source node to a destination node is considerably weak
and can be negligible. The perfect channel coefﬁcient complex
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column vector h𝑠 ∈ C𝑁 ×1 from the source node to the relay
nodes and the perfect channel coefﬁcient complex row vector
h𝑑 ∈ C1×𝑁 from the relay nodes to the destination node are,
respectively, written as
h𝑠 = [ℎ𝑠,1 , ℎ𝑠,2 , ⋅ ⋅ ⋅ , ℎ𝑠,𝑁 ]𝑇

(1)

h𝑑 = [ℎ𝑑,1 , ℎ𝑑,2 , ⋅ ⋅ ⋅ , ℎ𝑑,𝑁 ]

(2)

and

where the channel coefﬁcient h𝑠,𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁 , from the
source node to the 𝑖-th relay node is the 𝑖-th element of
h𝑠 , and the channel coefﬁcient h𝑑,𝑖 , from the 𝑖-th relay
node to the destination node is the 𝑖-th element of h𝑑 . Each
channel coefﬁcient h𝑠,𝑖 and h𝑑,𝑖 is assumed to be independent
identically distributed zero mean circular complex Gaussian
with unit variance and quasi-static Rayleigh fading in order
for them to be constant during data transmission. The received
signal complex column vector r ∈ C𝑁 ×1 at the relay nodes is
written as
r = h𝑠 𝑠 + v𝑠

(3)

where v𝑠 ∈ C𝑁 ×1 is a zero-mean complex additive white
Gaussian noise vector with covariance matrix 𝜎𝑣2𝑠 I𝑁 . For the
relay noncooperation, it is assumed that all relay nodes cannot
communicate their received signal information from the source
node to each other. The processed signal complex column
vector x ∈ C𝑁 ×1 at the relay node outputs is given by
x = Fr

(4)

where F ∈ C𝑁 ×𝑁 is a diagonal amplifying relay matrix used
by the relay nodes to increase performance at the destination
node. The received complex signal 𝑑 ∈ C1×1 at the destination
node can be written as
𝑑 = h𝑑 x + 𝑣𝑑

(5)

where 𝑣𝑑 ∈ C1×1 is a zero-mean complex additive white
Gaussian noise with variance 𝜎𝑣2𝑑 . Substituting (4) into (5)
and using (3), the received complex signal 𝑑 ∈ C1×1 at the
destination node can be written as
𝑑 = h𝑑 Fh𝑠 𝑠 + h𝑑 Fv𝑠 + 𝑣𝑑 = fh𝑠 𝑠 + fv𝑠 + 𝑣𝑑

(6)

where f(∈ C1×𝑁 ) ≜ h𝑑 F = [𝑓𝑑1 , . . . , 𝑓𝑑𝑁 ] is deﬁned as a
linear transformation row vector to apply the MMSE between
the received signal at the destination node and the transmitted
signal at the source node in the next section.
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III. N ONCOOPERATIVE MMSE R ELAY S CHEME UNDER
G LOBAL P OWER C ONSTRAINT
This section focuses on the noncooperative distributed
MMSE relay scheme in wireless networks under a global
power constraint P at the destination node, where P is the
total power usage available to all relay nodes in a network. In
other words, this section presents the steps in how to design
a diagonal amplifying relay matrix F1 under the global power
constraint using a linear transformation row vector f = h𝑑 F1 in
(6). The minimizing mean square error criterion between the
received signal 𝑑 at the destination node and the transmitted
signal 𝑠 at the source node is used under a global power
constraint at the destination node. The optimization can be
written as
F†1 = arg min 𝐽(F1 )
𝐹1
[
]
s.t. 𝐸 ∣h𝑑 x∣2 = P

(7)

where the objective function 𝐽(F1 ) using the second equation
in (6) is written as
[
]
𝐽(F1 ) = 𝐸 ∣𝑑 − 𝑠∣2
𝐻
𝐻
2
2
2 𝐻 𝐻
2
2
= 𝜎𝑠2 fh𝑠 h𝐻
𝑠 f +𝜎𝑣𝑠 ff −𝜎𝑠 fh𝑠 −𝜎𝑠 h𝑠 f +𝜎𝑠 + 𝜎𝑣𝑑 .
(8)

Using (5) and the second equation in (6), the amount of global
signal power at the destination node is written as
P = 𝜎𝑠2 ∣fh𝑠 ∣2 + 𝜎𝑣2𝑠 ∣∣f∣∣22 .

(9)

To solve a constrained optimization problem, a Lagrangian
multiplier 𝜆 in [11] is applied as
(
)
(10)
𝐿(F1 , 𝜆) = 𝐽(𝐹 )1 + 𝜆 𝐸[∣h𝑑 x∣2 ] − P .
Differentiating 𝐿(F1 , 𝜆) in terms of f using the properties
of the derivative matrix [12] to (10), and employing the
noncooperative scheme design, the 𝑖-th element of f ∈ C1×𝑁
is represented as
𝑓𝑑𝑖 = ℎ𝑑,𝑖 𝑓𝑖 =

𝜎𝑠2 ℎ∗𝑠,𝑖

(
).
(1 + 𝜆) 𝜎𝑣2𝑠 + 𝜎𝑠2 ∥h𝑠 ∥22

(11)

Using (12), the Lagrangian multiplier 𝜆 can be written as

 𝑁 (
)
 1 ∑ 𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 + 𝜎𝑣2 𝜎𝑠4 ∣ℎ𝑠,𝑖 ∣2
𝑠
⎷
− 1.
(13)
𝜆=±
(
)2
P 𝑖=1
𝜎 2 + 𝜎 2 ∥h𝑠 ∥2
𝑠

2
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where

√
ℎ∗𝑠,𝑖 P
√∑
𝑓𝑖 =
(
) , 𝑖 = 1, . . . , 𝑁.
𝑁
2
2
2
2
ℎ𝑑,𝑖
𝑘=1 ∣ℎ𝑠,𝑘 ∣ 𝜎𝑠 ∣ℎ𝑠,𝑘 ∣ + 𝜎𝑣𝑠
(15)

This implies that the 𝑖-th relay needs to know only its own
channel coefﬁcient from the source to the 𝑖-th relay and
from the 𝑖-th relay to the destination because the square root
in the denominator of (15) is common and behaves as a
normalization coefﬁcient. Hence, 𝑓𝑖 plays a role as a matched
ﬁlter for the source-to-relay link and a precoder for the 𝑖-th
relay-to-the destination. Regardless of the sign of 𝑓𝑖 , the same
BER performance is achieved. Hence, the positive sign of 𝑓𝑖
is used in Section V.
For performance comparisons, the existing AF relay
schemes proposed in [6]–[8] under their objective functions
and power constraints for the one-source-one-destination and
𝑁 -relay node noncooperative distributed wireless relay network are, respectively, presented in the rest of this section,
and applied for simulation in Section V. In other words,
√
ℎ∗𝑠,𝑖 ℎ∗𝑑,𝑖 P
(16)
∙ 𝑓𝑖 ≈ √∑
) in [6]
∣ℎ𝑠,𝑘 ∣2 ∣ℎ𝑑,𝑘 ∣2 ( 2
𝑁
2
2
𝑘=1 𝜎 2 ∣ℎ𝑠,𝑘 ∣2+𝜎 2 𝜎𝑠 ∣ℎ𝑠,𝑖 ∣ +𝜎𝑣𝑠
𝑠

√

∙ 𝑓𝑖=

𝜎𝑟2𝑖

𝜎𝑣2
𝑑
P

𝑣𝑠

√
ℎ∗𝑠,𝑖 ℎ∗𝑑,𝑖 P
√∑
2

∣ℎ𝑑,𝑖 ∣2 𝜎
+ 𝜎2 𝑣𝑠
𝑟

𝑁
𝑘=1

𝑖

in [7]
∣ℎ𝑠,𝑘 ∣2 ∣ℎ𝑑,𝑘 ∣2

2 𝜎2
𝜎𝑣
𝑑 𝑟𝑘
P

+∣ℎ𝑑,𝑘 ∣2 𝜎𝑣2𝑠

(17)

√

√

∙ 𝑓𝑖 =
∣ℎ𝑑,𝑖 ∣2 𝜎𝑟2𝑖

𝜎𝑣2
𝑑
P

ℎ∗𝑠,𝑖 ℎ∗𝑑,𝑖 P
√∑
𝜎2
𝑁
+ 𝜎𝑣2𝑠
𝑘=1
𝑟𝑖

in [8].
∣ℎ𝑠,𝑘 ∣2

2 𝜎2
𝜎𝑣
𝑑 𝑟𝑘
P

+𝜎𝑣2𝑠

(18)

Using (11), the global power constraint at the destination node
is written as
)
𝑁 ( 2
∑
𝜎𝑠 ∣ℎ𝑠,𝑖 ∣2 + 𝜎𝑣2𝑠 𝜎𝑠4 ∣ℎ𝑠,𝑖 ∣2
(12)
P=
(
)2 (
)2 .
𝜎𝑣2𝑠 + 𝜎𝑠2 ∥h𝑠 ∥22
𝑖=1 1 + 𝜆

𝑣𝑠

Substituting (13) into (11), a diagonal optimum amplifying
relay matrix F†1 for the power of entire relay nodes can be
written as
(
)
F†1 = diag 𝑓1 , . . . , 𝑓𝑁
(14)

where 𝜎𝑟2𝑖 is the received signal power of the 𝑖-th relay node.
IV. N ONCOOPERATIVE MMSE R ELAY S CHEME UNDER
L OCAL P OWER C ONSTRAINT
In this section, a diagonal amplifying relay matrix F2 under
local power constraint using a linear transformation row vector
f is studied. The same minimizing MSE criterion between the
received signal 𝑑 at the destination node and the transmitted
signal 𝑠 at the source node under a local power constraint at
the destination node can be written as,
F†2 = arg min 𝐽(F2 )

(19)

𝐹2
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[
]
s.t. 𝐸 ∣ℎ𝑑,𝑖 𝑥𝑖 ∣2 = 𝑝𝑖 , 𝑖 = 1, . . . , 𝑁.

V. S IMULATION R ESULTS

Similarly, using the second equation in (6), the objective
function 𝐽(F2 ) for the noncooperative scheme design can be
written as
𝐻
𝐻
2
2
2 𝐻 𝐻
2
2
𝐽(F2 ) = 𝜎𝑠2 fh𝑠 h𝐻
𝑠 f +𝜎𝑣𝑠 ff −𝜎𝑠 fh𝑠 −𝜎𝑠 h𝑠 f +𝜎𝑠 + 𝜎𝑣𝑑
𝑁
𝑁
𝑁
(∑
)( ∑
)
(∑
)
∗
= 𝜎𝑠2
𝑓𝑑𝑖 ℎ𝑠,𝑖
𝑓𝑑∗𝑖 ℎ∗𝑠,𝑖 +𝜎𝑣2𝑠
𝑓𝑑𝑖 𝑓𝑑,𝑖
𝑖=1
𝑖=1
𝑖=1
𝑁
𝑁
(∑
)
(∑
)
−𝜎𝑠2
ℎ∗𝑠,𝑖 𝑓𝑑∗𝑖 − 𝜎𝑠2
𝑓𝑑𝑖 ℎ𝑠,𝑖 + 𝜎𝑠2 +
𝑖=1
𝑖=1

𝜎𝑣2𝑑
(20)

where 𝑓𝑑𝑖 is the 𝑖-th element of a linear transformation row
vector f ∈ C1×𝑁 in (6). And the local power constraint of the
𝑖-th relay node can be written as
(
)
(21)
𝑝𝑖 = ∣𝑓𝑑𝑖 ∣2 𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 + 𝜎𝑣2𝑠 .
Similarly, the Lagrangian optimization can be written as
𝐿(F2 , 𝜆𝑖 ) = 𝐽(F2 ) +

𝑁
∑

( [
]
)
𝜆𝑖 𝐸 ∣ℎ𝑑,𝑖 𝑥𝑖 ∣2 − 𝑝𝑖 .

(22)

𝑖=1

Differentiating 𝐿(F2 , 𝜆𝑖 ) with respect to 𝑓𝑑𝑖 and 𝜆𝑖 , respectively, and using the noncooperative scheme design, the 𝑖-th
element of the linear transformation row vector f can be written
as

In order to evaluate the BER performance of the nonregenerative AF relay scheme in a noncooperative distributed wireless
network under global and local power constraints using the
proposed diagonal optimum amplifying relay matrices, the
Monte-Carlo simulation is performed. All simulation results
are for a one-source-one-destination pair network with a
different number of noncooperative distributed relay nodes,
𝑁 = 2, 4, 6. It is assumed that all relay nodes with only one
antenna are located at equidistance between the source and
destination node. The general case with an arbitrary relay node
geometry can be analyzed by using a simple cosine law. The
ideally received signal at the destination node is assumed to
be a 4-ary quadrature amplitude modulation (4QAM) symbol
under global and local power constraints with unity power.
The channel column vector h𝑠 and the channel row vector
h𝑦 are generated from independent complex Gaussian random
variables with zero mean and unity variance. It is also assumed
that all relay nodes have the same noise power as the noise
power at the destination, i.e., 𝜎𝑣2𝑠 = 𝜎𝑣2𝑦 . For fair BER
comparisons with other diagonal amplifying relay matrices
in [6]–[8], the same simulation parameters and conditions are
used.

𝜎𝑠2 ℎ∗𝑠,𝑖 (1 − 𝛽)
(
)
(23)
𝜆𝑖 𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 + 𝜎𝑣2𝑠 + 𝜎𝑣2𝑠
∑𝑁
where 𝛽 ∈ R1×1 = 𝑘=1 𝑓𝑑∗𝑘 ℎ∗𝑠,𝑘 . Substituting (23) into (21),
the Lagrangian multiplier 𝜆𝑖 is obtained as
𝑓𝑑𝑖 =

1
×
𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 + 𝜎𝑣2𝑠
]
[ √
(
(
))
± 𝑝𝑖 −1 𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 (1−𝛽)2 𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 +𝜎𝑣2𝑠 −𝜎𝑣2𝑠 .

𝜆𝑖 =

(24)
Therefore, a diagonal optimum amplifying relay matrix F†2
under each relay node power constraint can be written as
(
)
(25)
F†2 = diag 𝑓1 , . . . , 𝑓𝑁
where

√
ℎ∗𝑠,𝑖 𝑝𝑖
√
𝑓𝑖 =
(
) , 𝑖 = 1, . . . , 𝑁.
ℎ𝑑,𝑖 ∣ℎ𝑠,𝑖 ∣2 𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 +𝜎𝑣2𝑠

(26)

Similarly, the positive sign of 𝑓𝑖 is used in Section V because
the identical BER performance is generated regardless of the
sign of 𝑓𝑖 . Using (26), the deﬁnition of 𝛽 becomes
√
𝑁
𝑁
∑
∑
±∣ℎ𝑠,𝑖 ∣ 𝑝𝑖
∗ ∗
√
𝑓𝑑𝑖 ℎ𝑠,𝑖 =
.
(27)
𝛽=
𝜎𝑠2 ∣ℎ𝑠,𝑖 ∣2 + 𝜎𝑣2𝑠
𝑖=1
𝑖=1
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Fig. 2. BER performance comparisons of the proposed 𝑁 = 2 noncooperative distributed relay networks and the existing ones in [6], [7], and [8]
under a global power constraint.

Fig. 2 shows BER performance comparisons of 𝑁 = 2
noncooperative distributed relay nodes using the proposed
amplifying relay coefﬁcient in (20) under the global power
constraint, and the existing different diagonal amplifying relay
matrices in (20) of [8], (21) of [7], and (84) of [6]. It is
observed that, in spite of the noise inclusion at the destination
node when the diagonal amplifying relay matrix is derived,
the proposed one shows outstanding BER performance under
the global power constraint. For example, using the proposed
diagonal optimum amplifying relay matrix in (20) can show
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at least 3.5 dB improvement in SNR over others in [6]–[8] at
BER=10−3 . The SNR is deﬁned to be 𝜎𝑠2 /𝜎𝑣2𝑠 .

and 7 dB improvement over the 𝑁 = 4 and 𝑁 = 2 case
at BER=10−3 , respectively.
VI. C ONCLUSION

Fig. 3. BER performance of the proposed 𝑁 = 2 noncooperative distributed
relay networks under either a global or a local power constraint.

Fig. 3 also shows BER performance of 𝑁 = 2 noncooperative distributed relay nodes under either the proposed global
or local power constraints. It is found that the diagonal amplifying relay matrix of the global power constraint achieves
a signiﬁcantly better BER performance than that of the local
power constraint. At BER=10−3 , the global power constraint
case can be 3 dB better than the local one.

Fig. 4. BER performance of the proposed noncooperative distributed relay
network under a global power constraint using 𝑁 = 2, 4, and 6 number of
relay nodes.

Fig. 4 shows BER performance of the proposed scheme
under the global power constraint with different 𝑁 = 2, 4,
and 6. It is observed that the BER performance gets improved
signiﬁcantly as the number of relay nodes increases. For
example, the 𝑁 = 6 case can show approximately 2 dB

978-1-4577-0681-3/11/$26.00 ©2011 IEEE

The diagonal optimum amplifying relay matrices using the
MMSE were derived and proposed for the noncooperative
distributed wireless relay networks under either a global or a
local power constraint. A nonregenerative AF strategy for an
𝑁 relay node and one-source-one-destination pair network was
considered. And the MSE between the received signal at the
destination node and the transmitted signal at the source node
was minimized under the power constraints at the destination
node.
It was observed that BER performance of the proposed
diagonal amplifying relay matrix improves signiﬁcantly than
the other existing ones in [6]–[8]. In addition, it was found that
the diagonal amplifying relay matrix under a global power
constraint accomplishes a signiﬁcantly better BER performance than the one under a local power constraint. Finally,
BER performance was found to be enhanced as the number
of relay node increases.
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