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ABSTRACT

There has been significant growth in the development and application of Bayesian
methods in industry. The Bayes’ theorem describes the process of learning from experience and
shows how knowledge about the state of nature is continually modified as new data become
available. This research is an effort to introduce the Bayesian approach as an effective tool for
evaluating process adjustments aimed at causing a change in a process parameter. This is usually
encountered in scenarios where the process is found to be stable but operating away from the
desired level. In these scenarios, a number of changes are proposed and tested as part of the
improvement efforts. Typically, it is desired to evaluate the effect of these changes as soon as
possible and take appropriate actions. Despite considerable research efforts to utilize the
Bayesian approach, there are few guidelines for loss computation and sample size determination.
This research proposed a fully Bayesian approach for determining the maximum economic
number of measurements required to evaluate and verify such efforts. Mathematical models were
derived and used to establish implementation boundaries from economic and technical
viewpoints. In addition, numerical examples were used to illustrate the steps involved and
highlight the economic advantages of the proposed procedures.
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CHAPTER 1
INTRODUCTION

One of the most important uses of control charts is to distinguish assignable causes from
chance causes of process variation and verify whether the process is in control or not. Chance
(Common) causes are inherent in the process all the time. A process that is operating with only
chance causes of variation is stable, i.e., the process performance is not a function of time and
follows the random law. In this case, the process is predictable and in a state of statistical control.
On the other hand, a process that is operating in the presence of assignable causes is out of
control. The assignable causes create a portion of the variability in a set of samples that need to
be investigated.
Chakraborti et al. (2009) indicated that control chart applications involve two phases. In
phase I, a set of historical data is analyzed to assess stability and identify special causes. If no
special causes are present, then the in control process parameters are estimated. In phase II, the
data is sequentially collected over time to assess whether the performance has been changed
from the estimated level. However, there are some scenarios where the process is found to be
centered away from the desired level, and changes are sought to improve its performance. In this
case, the proposed changes must be tested to verify their effect (Wadsworth et al., 2002). The
duration of this activity can be referred to as a transition period. Under these conditions, users of
the traditional control charts are limited to two options: assume complete ignorance of the old
process level and repeat phase I, or utilize the desired level as the standard value for phase II.
The former requires accumulating a new set of data, while the latter may result in an
accept/reject decision without providing an updated estimate of the process parameter.
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The main purpose of this dissertation is to explore applications of the Bayesian approach
as a third alternative to update prior knowledge about the process parameter. This includes the
development of a mathematical model for determining the maximum economic number of
measurements. The Bayes’ theorem is applied to combine prior beliefs with evidence from the
sample to make an inference about the parameter of interest. Mathematical models have been
derived and used to establish implementation boundaries from economic and technical
viewpoints. In addition, numerical examples have been used to illustrate the steps involved and
highlight the economic advantages of the procedures developed.
The following chapter presents a review of the relevant literature and highlights some of
the merits of the Bayesian techniques for sample size determination (SSD). Chapter 3 is devoted
to a discussion regarding differences and similarities between the traditional and Bayesian
methods. In Chapter 4, the research gap is identified, and objectives of this research are stated.
Chapter 5 presents the procedures followed in deriving mathematical models for determining
sample size. Models are developed to include three cases: the first two involve a shift in the
process average, while the third involves a reduction in the process variance. Concluding
remarks and recommendations for future research are presented in Chapter 6.

2

CHAPTER 2
BACKGROUND AND LITERATURE REVIEW

This chapter includes a review of the literature pertaining to estimation and test of
hypothesis, statistical process control (SPC), different control charts, and determining the sample
size using a variety of methods. This literature review is divided into five main sections. The first
section discusses the attributes and applications of traditional and Bayesian methods concerning
parameter estimation and hypothesis testing. The second section discusses the importance of
SPC and different control charts including Shewhart, Cumulative Sum (CUSUM), and
Exponentially Weighted Moving Average (EWMA). The fourth section reviews various methods
for determining sample size and compares the two popular methods: traditional and Bayesian.
The fifth section addresses sequential sampling methods and the sequential Bayesian analysis. In
the last section, different kinds of Taguchi’s loss/utility functions and their properties are
presented.
2.1

Estimation and Test of Hypothesis
The Bayesian and traditional methods deal differently with estimation and test of

hypothesis for a parameter of interest. The main reason for this is related to the role of the
posterior distribution in the Bayesian approach. The posterior distribution contains both sample
and prior information, and any reference about the parameter should embrace the characteristics
of its distribution. Here, new information is combined with previous information. When new
information is obtained, the probability (uncertainty) is revised so that it may represent all
available information (Congdon, 2007). In the Bayesian approach, parameters are random
variables of prior distributions reflecting an accumulated state of knowledge. However, in the
traditional methods, parameters are fixed values and are estimated based on the sample
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information. Hence, it is necessary to calculate a statistic that is a function of the current sample
data. The practitioner must do calculations for a specific problem. There is some evidence that
the results of these two approaches tend to be the same. Broemeling (2009) indicated that in the
presence of a non-informative prior, there are similarities between these two methods. That is
why, in this situation, the posterior distribution is identical to the likelihood distribution. Hence,
any reference from the posterior distribution depends entirely on the sample information, and as
mentioned before, all information of the sample is summarized in the likelihood distribution.
Another similarity between these two methods is that the power of the test in the traditional
method, 1 – , is equivalent to Bayes function or expected loss in the Bayesian view (Bolstad,
2010). The differences between these two methods in estimation and test of hypothesis are
discussed in the next section.
2.1.1

Point Estimation
Point estimation identifies a single number, calculated from a random sample data, as

being reasonably close to the unknown parameter. According to Congdon (2005), an estimator is
a function of the sample (i.e., any statistic), while an estimate is the realized value of an
estimator (i.e., a number). In traditional methods, probabilities are to be interpreted as relative
frequencies. In addition, the parameter is unknown but fixed and it is estimated based on the
observed values in the sample (Montgomery and Runger, 2007). Sometimes probabilities are
interpreted as individual prior beliefs about parameter values, which are translated to the
Bayesian approach. In this approach, a parameter is considered to be a quantity, whose variation
can be described by a subjective prior distribution. Prior distribution is one’s belief and
formulated before sampling. The updated prior based on the sample is called posterior
distribution. Briefly, posterior distribution is a conditional distribution based upon observing the
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sample. It is still a random quantity, not a fixed number, so considering different possible values
of a parameter is possible. This flexibility is dealt with by calculating a different posterior
distribution, given the different prior distributions. The mean of the posterior distribution is used
as a point estimate of the parameter. This is because the posterior mean has the smallest standard
error and minimizes the posterior variance or mean squared error (Reichert et al., 2002). This
standard error is less than

because the Bayesian method is using prior information as well as

sample information to estimate the parameter. As an example of a normal Bayesian estimator,
assume that

is a parameter of interest, ~

The posterior distribution of
E

,

, and the prior distribution of

is

,

.

is also normal with the mean and variance expressed by
(2.1)

|

Var

(2.2)

|

As can be seen, the posterior mean is an estimator of

with a linear combination of the prior

information and sample information. As the prior information becomes more non informative,
the Bayes estimator gives more weight to the sample knowledge. On the other hand, if the prior
information is informative so that

, then the weight of prior is increased. Berger (1985)

indicated that the calculated standard error of a point estimate in the Bayesian approach is less
than that in traditional methods, unless a non informative prior is utilized.
2.1.2

Interval Estimation
The interval estimation provides an interval of values, instead of a single estimated value,

bounded by lower and upper limits, within which the true value of the unknown parameter is
asserted to lie. In traditional methods, a sample of pre specified size n, a sampling distribution of
the statistic computed, and a confidence level (1– ) should be specified. Then the confidence
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interval is calculated as an interval between two values
parameter

and

, which has enclosed the

with a specified probability. The Bayesian analog of a traditional confidence

interval is called a credible set (Congdon, 2003). In Bayesian interval estimation methods,
independent and identically distributed (i.i.d.) observations (x1, x2 ,…, xn) are drawn; then, based
on the prior and the sample, the maximum likelihood function is calculated. Applying Bayes’
theorem, the posterior is computed and utilized to construct the credible interval. A credible
interval is the Bayesian version of a confidence interval, except that it is easier to be interpreted.
Pham-Gia and Turkkan (1992) defined credibility interval as a probability statement attached to
the interval as a measure of the strength of one’s belief, taking into account one’s prior
knowledge and the observations. The notion of Highest Posterior Density (HPD) is often used to
determine an appropriate credible interval. A specific credible interval (HPD) has the feature that
the density for every point inside the interval is greater than that for every point outside the
interval. In other words, every point included has higher probability density than every point
excluded. A (1

)100% HPD credible set includes only those points with the largest posterior

density (Carlin and Louis, 2009). For example in a traditional confidence interval, assume
,

5%; then the interval is calculated as
probability is 95% that

is in the interval

,

. It is tempting to interpret that “the

).” However, since the unknown parameter is a

fixed value, this interpretation is wrong. Indeed, the probability of

lying in the interval is 0 or

1. In other words, the above statement is valid before sampling, not after (please refer to section
2.3.1). In contrast, the calculated interval credibility by the Bayesian setup provides an actual
probability statement, based only on the sampling information and prior opinion. Hence, it is
valid to state that

lies in the interval with some probability, not 0 or 1. This is because

is a

random variable with a probability distribution, not a fixed value. From an intuitive viewpoint, it
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is notable that traditional statistics place the emphasis on only one predetermined significance
level at a time, while in Bayesian statistics various credible intervals are not limited to only one
interval. The practitioner could use composite intervals, such as 90% HPD, 95% HPD, or 99%
HPD, simultaneously. Nevertheless, nothing is free. The ease of application and interpretation of
the results is because the Bayesian paradigm requires more input than the traditional model.
2.1.3 Hypothesis Testing
The goal of a hypothesis test is to decide, based on a sample, which of two
complementary alternatives is true. Because the parameter is an unknown fixed number in the
traditional setup, the result of a hypothesis test is either true or false. That is,
|

or

|

is meaningless, and each of the alternatives is

either to be accepted or rejected. Casella and Berger (2002) indicated that in traditional statistics,
these two probabilities are unknown because the parameter is unknown, and these probabilities
do not depend on the sample x. On the other hand, from the Bayesian viewpoint, all inferences
about the parameter of interest are based on the posterior distribution, which is a probability
distribution for a random variable. Despite traditional statistics, the Bayesian approach does not
need to specify an arbitrary level of significance or predetermine the outcome of the test
according to the selection of the sample size (Press, 1989). Thus, the above two probabilities
depend on sample x, are meaningful, and could be calculated, and the decision between H0 and
H1 is made based on the posterior probabilities of

and

. Indeed,

and

are the

probabilities of the hypotheses in light of data and prior beliefs. Hence, posterior probabilities of
hypotheses are the Bayesian measures in testing. Meyer and Collier (1970) showed that for only
one prior belief as a null hypothesis, as many as 31 alternatives are possible to be tested in one
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problem. As a result, since it can directly test a composite hypothesis, Bayesian statistics in
terms of test of hypothesis is more practical compared to traditional statistics.
Carlin and Louis (2000) discussed four specific properties of the test procedure and
explained how the two traditional and Bayesian approaches deal with them. First, in traditional
hypothesis testing, the two alternatives are nested, one within the other, while in practice, many
cases involve a choice between more than two models that are not nested. On the other hand, in
the Bayesian paradigm, there is no restriction on the number of hypotheses that may be
concurrently considered, and there is no need for them to be nested within any of the others.
Second, assume in testing a point null hypothesis:

:

and

:

. One of the

differences between these two methods for test of hypotheses is that sometimes H0 is being
rejected even though the true mean is negligibly different from

. In other words, it is said that

in hypothesis testing, the loss of distance from the true hypothesis is not accurately measured by
the traditional approach. It is common that the loss from an incorrect decision increases as a
function of the “distance” of the parameter from the true value of

. However, in the Bayesian

methods, anyone can seek to utilize the information by simply processing the likelihood function
with their own prior. It is possible to determine the posterior and calculate the exact amount of
loss corresponding to the personal belief as a prior. Third, in the traditional approach, it is
common to say “fail to reject the null hypothesis” instead of “accept the null hypothesis.” The
reason for this is that the result can only offer evidence against the null. A small P-value
indicates that the alternative has more power. However a large P-value does not result in the
equivalency of two alternatives; it only indicates the lack of evidence that they are not
equivalent. Fourth, the P-value is only computable for data arising from the original design in the
traditional method. However, it is customary for unforeseen situations to arise during the
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experiment, resulting in data that are not exactly what was intended in the experiment design.
The Bayesian techniques avoid this limitation. Next section discusses the role of SPC in process
improvement and application of different control charts for process monitoring.
2.2

Statistical Process Control
Statistical process control has been used to control quality for several decades and has

proven to be extensively effective in helping factories meet competitive challenges. SPC, as a
passive statistical method, is a powerful collection of problem-solving techniques, which is
useful in achieving process stability and increasing capability through the reduction in variability
(Woodall and Montgomery, 1999). According to Stoumbos et al. (2000), SPC is applied on four
categories: process monitoring, planning, evaluating customer satisfaction, and forecasting.
Among these, process monitoring is used to control production processes over time to detect
changes in process performance as soon as possible. Responding to needs of the customer, the
research community continuously attempts to provide more effective tools.
The control charts, as the most useful process monitoring tools in SPC, detect changes in
a process that may affect the quality of the output (MacCarthy and Wasusri, 2002). Shewhart
(1931) stated that “The control chart may serve, first, to define the goal or standard for a process
that management strives to attain; second, it may be used as an instrument for achieving that
goal, and third, it may serve as a means of judging whether the goal has been reached.” Duncan
(1956) defined a control chart as “a statistical device principally used for the study and control of
repetitive processes.”
Montgomery (2009) discussed five advantages of using the control chart. First, the
control chart helps judge the past process performance, facilitates process supervision, and the
product inspection. It also enables workers to detect and remove special causes. Second, the
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control chart helps keep the process in state of control which is in agreement with this statement,
“do it right the first time”, and to have an effective process control. Third, it helps avoid two
mistakes; over-adjust (unnecessary adjustment) and under-adjust (do nothing), both lead to
deterioration performance. Forth, the pattern of points on the control chart provides diagnostic
information regarding some changes in the process that may improve the process performance.
The effects of changes also can be measured quickly and reliably. Fifth, the control chart
provides information about the process capability which is tremendously useful to the process
designers.
Woodall (2006) noted that the eventual goal of SPC is the reduction or elimination of
variability in the process by identifying the assignable causes. Control charts are more effective
when integrated with a comprehensive SPC program. Figure 2.1 shows elements of a control
chart in which

and

denote, respectively, the sample statistic and type I error probability.

Figure 2.1 Elements of a control chart (Montgomery, 2009)
As mentioned previously, one of the main purposes of control charting is to distinguish
between common and assignable causes of variation in order to prevent overreaction and under
reaction to variability in process performance over time. When uncommon sources of variability
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exist, sample statistics have been plot outside the control limits. This is a signal that some
investigation of the process should be made and corrective actions taken to remove these unusual
sources of variability. Researchers have pointed out a substantial difference between the control
charts. The manner in which past information is weighted is the point to be emphasized in this
difference. Tagaras (1998) pointed out that Shewhart charts do not assign any weight to earlier
sample statistics, whereas CUSUM charts assign equal weights, and EWMA chart assigns more
weight to recent information.
2.2.1

Shewhart Control Charts
The first control chart was introduced by Shewhart (1931) in the 1920s to monitor the

mean of independently distributed data from a univariate normal process. Since then, control
schemes have been extensively applied in improving the quality of the process. The statistical
model considered by Shewhart assumes constant process parameters and independent identically
distributed (i.i.d.) process measurements. This is expressed as
(2.3)
where

is a sample data,

mean zero and variance

is the process average, and

is the i.i.d. normal random error with

. Shewhart control charts are more effective when the in control

process data is stationary and uncorrelated. According to equation (2.3), data tend to fluctuate
around a constant average in a predictable manner. Since their establishment, the control
schemes have found extensive applications in improving the quality of the processes to date.
However, control charts can only be effective when the underlying assumptions (independency
and normality) are not violated. These charts lack robustness when these conditions are not
followed (Woodall and Mahmoud, 2005).
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A Shewhart control chart is modeled as follows: observations are made over time on a
process, and control charts are used to detect departures from statistical control. The center line
is

, and the general model for calculating upper and lower control limits is
(2.4)

where L is the distance of the control limit from the center line (control limit coefficient),
the mean of the sample statistic w, and

is

is standard deviation of the statistic. Deming (1986)

indicated that the three-sigma Shewhart chart works for a variety of broad situations, and no one
has been able to create an enhancement to it. He pointed out that under the assumption of known
and constant variance

, if the distribution of the quality characteristic is reasonably well

approximated by the normal distribution, then the use of three-sigma limits (L = 3) is applicable.
As can be seen from this model, the control statistic computed is a function of the last
sample only and the cumulative or weight of the prior observations is ignored. This feature
makes Shewhart control charts less efficient for detecting small and moderate-sized changes. The
increasing emphasis today on high-quality products increases the importance of detecting small
changes in the process average.
2.2.2

CUSUM Control Charts
Montgomery (2009) stated that “The Shewhart control chart uses only the information

about the process contained in the last sample observation and it ignores any information given
by the entire sequence of points. This feature makes the Shewhart control chart relatively
insensitive to small process shifts, say, on the order of about 1.5

or less”. In the Cumulative

Sum (CUSUM), proposed by Page (1954), information is accumulated over time. Because of the
combination of information obtained from several samples, the CUSUM is known to detect small
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shifts in process parameters well. This control chart can be applied to individual observations.
CUSUM statistics are computed as
0,
0,

where the initial values are
selected halfway between target

(2.5)

= 0,

(2.6)

1

0

is the target value, K is the reference value (often

and the out of control value of the mean

), and

and

are one-sided upper and lower CUSUMs, respectively. The process turns out to be out of control
if

or

exceed the decision interval H. The recommended values for H and K are 5 and

0.5, respectively. CUSUM has been studied by many authors. Hawkins and Olwell (1998) and
Zantek (2006) have widely discussed its properties and compared this chart with other charts in
particular. They concluded that the CUSUM could be an effective alternative to the Shewhart
control chart in phase II process monitoring to detect small shifts.
2.2.3

EWMA Control Charts
The Exponentially Weighted Moving Average (EWMA), introduced by Roberts (1959),

is a weighted average of all past and current observations, and reveals shifts in a previously
stable process. The statistic of this control chart is expressed by
1
where

0

is the sequence of observations,

1

(2.7)

is the smoothing constant factor, and

is a

predicted value of process average at time i. The starting value for i = 1 is the process target and
defined as the center line, so that

. The control limits for the control scheme are
(2.8)
2
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Lucas and Saccucci (1990) pointed out that EWMA and CUSUM are excellent
alternatives to the Shewhart control chart for phase II process monitoring situations. EWMA
differs from CUSUM by applying the additional weighting factor, which causes the sensitivity of
shift identification. They indicated that EWMA control schemes have average run length
properties similar to those for CUSUM control schemes.
The probabilities of type I and type II errors are frequently used to express the statistical
properties of control charts. In other words, the statistical effectiveness of a control scheme is
determined by the speed with which it detects the occurrence of assignable causes and by the
frequency of false alarms. The average run length (ARL) has been employed as a performance
indicator to evaluate the effectiveness of various control schemes. Borror et al. (1999) indicated
that EWMA charts are more robust (insensitive) to the normality assumption than other control
charts. Under the normality assumption with L = 3, the in control average run length (ARL0)
should be located at 370.4 samples on the average. The value of the chart parameters L, width of
the control limit, and

can be chosen such that the desired ARL0 is maintained at 370.4. EWMA

differs from CUSUM by applying the additional weighted factor, which increases the sensitivity
of the shift detection. They indicated that EWMA control schemes have average run length
properties similar to those for CUSUM control schemes. They proved that the EWMA can be
viewed as a weighted average insensitive to the normality assumption. Therefore, it is an ideal
control chart to use with individual observations. It is not appropriate to look for non random
patterns in the EWMA chart because the EWMA statistic is auto correlated. Crowder (1989) and
Hawkins et al. (2007) widely discussed the properties of the EWMA chart. They approved the
EWMA can be viewed as a weighted average insensitive to the normality assumption. Therefore,
it is an ideal control chart to use with individual observations
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In the latter two methods, knowledge is accumulated over time. From the above citations,
it can be seen that the EWMA scheme is a valuable tool and can compete with CUSUM control
charts in detecting small shifts in the process mean.
Woodall (2000) indicated that EWMA and CUSUM charts are very efficient for certain
cases and they have not replaced the Shewhart charts, which can be easily used in extensive
applications for detecting special causes.
Colosimo and Castillo (2007) pointed out that all properties of the Shewhart and CUSUM
control charts are well known in ideal circumstances where all process observations follow a
common normal distribution with known in-control independent parameters. Moving away from
the independence assumption justifies the use of an EWMA chart, the calibration of which still
involves known process parameters and so is implicitly best suitable to processes with long
histories. However, there are some scenarios in which process parameters are hardly ever known
to a sufficient precision for these theoretical calculations to be credible. When the parameters are
unknown, Bayesian methods in statistical process control are applied where only partial
information of the process is available. This approach provides a good bridge between the
extremes of total knowledge and total ignorance of process parameters (Bayes, 1783).
2.2.4

Economic Design of Control Charts
The economic design of control chart was first developed by Duncan (1956). The main

concern of Duncan’s model is to minimize total cost in the presence of only a single special
cause. In this model, the practitioner estimates a number of process parameters and cost
parameters, which leads to an optimal economic design. Duncan’s model deals with applying
control chart to maintain a stable level of the process. Duncan’s work was the stimulus for a
great amount of research. Lorenzen and Vance (1986) generalized Duncan’s model and
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presented a unified approach for determining an optimal parameter for univariate control charts.
Most researchers developed economical models in this area to maintain the current level of the
process performance. Limited efforts were made to improve the process average or variance. In
practice, there are scenarios that require decreasing variability or moving the average closer to
the target design. Weheba and Nickerson (2004) developed an economical model for improving
the current process level. This model includes two cost functions. First, a reactive function
provides the related costs incurred while the process is stabilized at a given level. Second, a
proactive function considers costs while the process attains an improved level. By utilizing
incremental economics, these two functions are assembled as a combined function in order to
evaluate the process improvement. Furthermore, this model is sensitive to a number of process
parameters that were left out in other models. The model is applicable to the Deming cycle for
continuous improvement. Their model can be applied to reduce variability and change the
process mean in phase II of the Shewhart control chart.
2.3

Sample Size Determination
Sample size determination plays a significant role in the design and analysis of any data

sampling project. It is a key component of the planning of studies in many applied sciences.
Directly or indirectly, sample size affects all steps of the study from design to analysis and
results. There are a number of sampling techniques that can be utilized to quantify the impact of
engineering efforts and verify their effect on performance of a process. These include both
traditional as well as Bayesian techniques, and only some of them consider the economic aspect
of sampling. According to Adcock (1997), SSD methods can be divided into two major groups:
traditional and Bayesian.
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2.3.1 Traditional and Bayesian Methods for SSD
In the traditional method, before sampling, two values are pre selected: the interval half
width H and confidence level of the interval (1– )100%. If a random sample of n observations,
x1, x2,…, xn, are to be drawn from a normal distribution with finite mean  and variance

, and

sample mean x that estimates the population mean, the requirement that the unknown population
mean

lies within + H of the sample mean with probability (1– ), that is
̅

/

̅

√

/

(2.9)
√

Leading to
/

The statistic

/

(2.10)
√

is the upper ( /2)100% point of a standard normal distribution and obtained

from the table (Mendenhall and Sincich, 2007). If

is known for a pre specified H, then the

sample size is expressed by
(2.11)

/

In this inequality, the standard deviation

is assumed to be known, and any uncertainty implicit

in

is ignored. Adcock (1988) criticized this method in three ways. First, since it is assumed

that

is known, the hidden uncertainty in

is ignored. Second, a random sample is assumed to

be collected from a normal distribution, while the normality assumption is not appropriate
everywhere. Third, it is assumed that the sample means are normally distributed, but in the case
of sample mean, an appeal to the Central Limit Theorem (CLT) suggests that equation (2.9)
should provide a satisfactory sample size.
For
alternative

hypothesis
:

testing,
. If

assume

a

null

hypothesis

is

:

is defined as a probability of type II error, 1
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versus

an

is a power of

the test, and |

|

while H is specified, then Desu and Raghavarao (1990) showed that

n* can be calculated by

∗

Both

and

are specified for , and

/

(2.12)

/

∗

is calculated by controlling the

words, the sample size and a rejection region for the

∗

and 1

. In other

are selected so that the following two

inequalities are concurrently satisfied:
|

(2.13)

|

1

(2.14)

Joseph et al. (1997) argued that calculating the sample size without considering the prior
information and uncertainty may lead to a larger sample size than is necessary. In addition, the
normality assumption may not be applicable in many practical scenarios. On the other hand, the
Bayesian sample size determination (BSSD) approach accommodates with uncertainty of prior
knowledge of the process, which is discussed in the next sections.
Further research for traditional methods can be found in two monographs: Kraemer and
Thiemann (1987) and Desu and Raghavarap (1990). These two studies explicitly overview and
present the traditional methods for solving a variety of sample size determination problems.
The SSD is essentially Bayesian in nature, according to Berger and Sellke (1987), since it
absolutely requires prior information. As Adcock (1995) explained, the Bayesian approach is
accompanied by uncertainty of prior knowledge and is an efficient tool for SSD, which is
applicable to any univariate distribution. A Bayesian treatment of the SSD involves the
introduction of either a credibility interval or a loss/utility function. Lindley (1997) divided the
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BSSD approaches into two techniques. The first group of techniques involves applying the
Highest Posterior Density (HPD) credible interval and its length, and statistical criteria, while the
second group involves utilizing a loss/utility function, sample cost constraints, and economical
criteria. He compared these two methods on practical aspects and concluded that the main
advantage of the first group is its simplicity, comprehension, and applications. In addition,
identification of desired coverage probability and an expected length (the average probability of
the parameter being contained in a given length) by the user is easy for HPD criteria. In contrast,
although the concept of loss/utility is applied in the second group, it is difficult to balance the
three quantities, i.e., coverage, length, and sampling cost, within a single loss/utility function
(Pham-Gia, 1997). In the next sections some literature about these methods is reviewed.
2.3.2

HPD Criteria
Adcock (1988) introduced a number of criteria based on HPD interval and its length.

HPD regions result in the shortest intervals for any given coverage and provide a convenient
summary of the posterior knowledge about the parameter of interest. That is, since the posterior
contains the most critical information, these criteria are linked to either the posterior variance or
posterior coverage probabilities for intervals with a given length. According to Joseph et al.
(1995b), HPD has two equivalent properties. First, the density for every point inside this interval
is greater than that for every point excluded. Second, the interval, for a given probability content,
is as short as possible. Pham-Gia and Turkkan (2003) noted that the posterior variance of
distribution of the parameter of interest is better than any other criterion for SSD to consider
since it has the most valuable information. Hence, many of the criteria suggested by researchers
are related to either the variance of the posterior distribution or the posterior coverage
probabilities for intervals of a given length.
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Let
with size n,

be the parameter of interest,

the prior distribution, x = (x1,…,xn) the sample

the marginal pre-posterior or predictive marginal distribution, and

posterior distribution for

|

the

given x. These distributions are denoted by
|
|

|

(2.15)
/

(2.16)

As can be seen, equation (2.11) depends on H, , and , but these three values are not sufficient
for the calculation of equations (2.15) and (2.16); other values are needed. Specifically, the
sample size and the values regarding the data to be collected are needed. Since the sample is not
yet drawn, these values are unknown. For solving this issue using the predictive distribution in
equation (2.15), three HPD criteria were developed. The main idea behind the HPD criteria is to
, where

find an optimal sample size satisfying

is the pre posterior

marginal distribution of x, T(x) is a statistic based on an individual sample x, and

is a fixed

probability or a fixed length of the interval. This idea is the stimulus for developing the
following three HPD criteria by Joseph et al. (1995a): average coverage criterion (ACC), average
length criterion (ALC), and worst outcome criterion (WOC).
Assume that an individual observation x, a fixed HPD interval of length l, a parameter of
interest , and a calculation of minimum sample size n are defined. ACC guarantees that the
expected coverage probability would be greater than or equal to 1– . In other words, ACC is
based on the idea that the average probability of

is contained in a fixed posterior interval, with

length l, with a fixed probability that holds, on average, over all possible samples, i.e.,
| ,

1
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(2.17)

Adcock (1988) first applied this concept to estimate normal means, with a symmetric interval of
,

as a tolerance region for the mean. A more general case, for non symmetric posterior

distribution, is discussed by Joseph et al. (1995a). They considered , such that

,

to be

the HPD interval. Hence, an interval of minimum length is obtained.
In the ALC the roles of coverage probability and length of interval are reversed. The
coverage probability of the HPD interval, or average posterior credible interval, is fixed at 1
whereas in ACC the length was fixed. Let x be a sample of size n and a length of

,

,

. The

sample size is selected such that the expectation of these lengths is less than or equal to l. This is
mathematically expressed by

′

where

,

is the length of (1

ensures that the average length of (1

(2.18)

,

posterior credible interval for data x. The ALC
posterior credible intervals weighted by

is

less than or equal to l.
In WOC, the most conservative criterion, it is assumed that the worst possible
measurements are taken with the largest variability. This criterion ensures that the minimum
coverage probability of a fixed length HPD interval is at least equal to a confidence level of
(1

In other wordsboth the length and coverage probability of the HPD interval hold

concurrently.
Joseph and Belisle (1997) applied the above criterion to determine sample size for normal
means and differences between normal means with known variances. They concluded that
because the posterior variance depends on n and does not change with the different
measurements, ACC, ALC, and WOC resulted in the same sample size n.
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BSSD has received considerable attention in the literature (Goldstein, 1981; Gould, 1993;
Adcock, 1995; Joseph et al., 1997; and Lee and Zelen, 2000). Recalling that the HPD criterion
do not include any loss/utility aspects, the next section deals with the Bayesian methods of
sample size determination utilizing loss/utility functions to minimize the cost of sampling.
2.3.3

Fully Bayesian Methods for SSD
The whole idea of fully BSSD is to minimize overall cost, including decision loss and the

cost of conducting the sampling. Pham-Gia and Turkkan (2005) indicated that fully BSSD pays
attention to the cost corresponding to an optimal decision or to the average cost when the prior
information is taken into account in determining the posterior risk. It is often the case that the
lower the decision loss, the larger the sample size, and consequently the larger the cost of
sampling. Thus, these two quantities are in opposition to each other. Hence, there should be a
trade-off between sample size and loss cost.
The early work about BSSD was introduced by Raiffa and Schlaifer (1961), which dealt
with the sequence (n, x, d, ) denoting, respectively, sample size, collected data, terminal
decision, and value of the unknown parameter. They identified a utility function of U (n, x, d, )
to quantify the sample size n. They also assumed that  has a density p () known before
sampling. Their solution procedure is followed in reverse order (, d, x, n), taking the expected
value of utility over  and x, and maximizing over and n. Let x1, x2, …, xn represent n
measurements of a random variable with density of

|

and ~

. After observing x, it is

desired to make a decision d about  . The optimal sample size n* is calculated by maximizing
the expected utility function (MEU) as
∗

max

max

| , ,

, , ,
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|

(2.19)

where

|

is the pre posterior distribution of x before sampling, while no information is

available about , and

| ,

is the posterior distribution after sampling.

Following Raiffa and Schlaifer’s work, Lindley (1997) considered the utility function and
included a sampling cost of

for each observation as
, , ,

,

(2.20)

As can be seen, the right side of equation (2.20) does not depend on x. Lindley did not consider
the setup cost in his utility function. Berger (1985) expressed the loss function as
, , ,

,

(2.21)

to determine an upper bound for a sequential sampling approach. He defined two fully BSSD
methods; namely, optimal fixed sample size and sequential sampling. The Berger’s methods for
BSSD are discussed in the next section.
2.4

Sequential Analysis Methods
In order to define the sequential sampling clearly, it is necessary to define the random

sampling first. The n elements are said to be a random sample if they are chosen from a
population in such a way that every set of n elements in the population has an equal probability
of being selected. Unlike in sequential sampling, the elements are selected one by one. After
each sample, a decision is made to accept or reject the null hypothesis and stop sampling.
Otherwise sampling will be continued. In this sampling technique, the decision may occur as
early as the first sample or any subsequence sample. It is also possible that the decision would
require a large sample. Thus, it is notable that in the sequential sampling, the sample size n is a
random variable (Mendenhall and Sincich, 2007).
The objective of sequential sampling as developed by Wald (1947) is “avoidance of
oversampling.” Sequential analysis is concerned with methods of analyzing the samples in which
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the final number of the sample size is not predetermined and depends on the observations as they
are obtained. According to Wetherill (1961), this method includes two elements: first, a stopping
rule, which determines whether the sampling should be stopped or continued, and second, a
decision rule, which states what action to be taken after sampling has stopped. The goal of
sequential analysis is to determine the optimum of the above two elements that meet specific
criteria in a given problem. The two most common methods of fully BSSD are optimal fixed
sample size and sequential analysis. If a stopping rule implies that the sample size would not
exceed a specified number, then the corresponding procedure is called optimal fixed sample size.
Otherwise, the procedure is sequential.
For more declaration of the definition of the two methods, assume that the observations xi
,i=1,2,… represent independent sequential observations from the density p (x ) with the
unknown parameter , with which some decision is to be made. The sampling cost depends on
the number of observations taken and the method by which the observations are taken (fixed or
sequential). Berger (1985) pointed out that in the optimal fixed sample size technique, one
selects a sample size n in advance, makes the observations, and ultimately, based on amount of
loss, makes a decision. The distinguishing characteristic of the sequential analysis method is that
the observations are taken one at a time, and a decision is made after each observation either to
stop sampling and choose an action or to take another observation. In other words, after each
sample, a new sequential problem is created. The advantage of sequential analysis is that one can
collect the exact amount of observations for making a decision with desired accuracy. However,
this method involves a considerable amount of notation and theory to obtain a reasonable
answer. The current Bayes risk should be compared to the expected Bayes risk that is calculated
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if more observations are taken. This comparison implies that the decision maker knows what
needs to be done (Lai, 2001).
The bulk of the literature is concerned with sequential sampling. In a comprehensive
review, Ghosh (1991) traces the applications of the sequential analysis concept to the control
charts, sequential sampling inspection, and two-stage designs. Introduced by Shewhart in 1924,
the control chart, a powerful tool for statistical process control, plots the averages of observations
of a quality characteristic in a sequential order. Toward the end of the 1920s, Dodge and Romig
(1929) developed acceptance sampling plans as an alternative for 100% inspection, which is
concerned with incoming or receiving inspection. A sample is drawn from the lot, some quality
characteristic of the units in the sample is inspected, and a decision is made to accept or reject
the lot. It happens in sequential sampling that the measurements would be taken not all at one
time, but in two or more stages, which was introduced by Thompson (1933). The design and
application of a number of extensions of acceptance sampling plans, including single, double,
multiple, and sequential sampling plans, are discussed in the literature. As mentioned previously,
choosing a loss/utility function plays a crucial role in fully BSSD methods.
2.5

Loss and Utility Functions
Loss and utility functions are key elements of Bayesian decision analysis in every quality

engineering method. As Roshan (2004) defined, loss functions are mathematical functions that
describe the relationship between the estimation error and the economic loss associated with that
error. The components of loss include not only waste and expense, but also costs during
production such as inspection, repair, scrap, and rework. Loss and utility functions play a key
role in evaluating a decision for Bayesian methods. Loss functions depict the economic impact of
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choosing a specific action. If action “a” is performed and  results to be the true state of nature,
then a loss L (, a) is incurred.
Berger (1985) discussed three loss functions, the first being the squared-error loss
expressed as (- a)2. The popularity of this loss function is due to the simplicity of its
application. Second, the absolute error loss, denoted by |- a |, is applied when the loss function
is linear. Third, “0-1” loss is used in two-action decision problems; for instance, this loss
function can be used to evaluate a test of hypothesis. The loss is zero for a correct decision and is
1 for a wrong decision.
Taguchi (1986) quantified the quality concept using Gauss’s quadratic loss function.
According to him “quality is the loss imparted to society from the time a product is shipped.” He
argued that the loss due to a product’s variation in performance is proportional to the squared
deviation of a performance characteristic from its target. He concluded how the variability is the
key concept that relates quality to money. This idea led him to express the variability through
developing a loss function. Taguchi expressed the loss functions based on three possible
situations: target is the best, smaller is better, and larger is better.
2.5.1

Target is the Best
This situation considers quality characteristics for which a target value is more

appropriate. In this case, Taguchi’s loss function is expressed by
(2.22)
where k is a positive constant and is influenced by the financial importance of the quality
characteristic, x is the value of the quality characteristic, and m is the target value or nominal. If
the quality characteristic x is at the target value m, then the loss

is zero. As x deviates from

m, the loss increases dramatically in a quadratic manner. Some examples for x in this category
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include the dimension of a part as thickness, diameter, length; viscosity of a specific type of oil;
and so on. Figure 2.2 displays the Taguchi’s view of loss function.

Figure 2.2 Taguchi’s loss function (Target the Best)
Taguchi’s loss function can take into account both the loss due to deviation from the
target and loss to society as repair cost, scrapping, or replacement of the product. The society
includes all elements that are directly or indirectly in contact with the product as customer,
environment, and manufacturer. To determine the value of k, suppose the specification limits of
the engineering design for the product are (m + ). This tolerance range,  corresponds to the
maximum allowable variation beyond which the average performance is not adequate. That is, if
the quality characteristic x is at  units from the target design (m), then the manufacturer should
spend an amount equal to A, by average, to repair a product before shipping it to the customer.
Otherwise, the manufacturer has to tolerate the loss due to the product not meeting customer
requirements. Indeed, this tolerance is the maximum limit for shipping the product.
If A stands for the cost of repair or replacement per unit, then by utilizing equation (2.22),
k is calculated as k  A/ (Mitra, 1998). The loss function can be rewritten as
/∆

(2.23)

Equation (2.23) is normalized and can be applied for a variety of quality control problems on the
same scale. By taking the expected value of the loss function, the uncertainty that is hidden in the
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distribution could be recovered. The expected loss is the average over many instances of the
measurements. (Maghsoodloo, 1992) showed that the expectation of loss with respect to
distribution of x is given by
(2.24)
where

and

represent the mean and variance of x, respectively. From an intuitive viewpoint,

it is important to note that equation (2.24) can be utilized to represent the uncertainties associated
with the estimation of both

and

These variables are treated as random variables in

application of the Bayesian theorem.
2.5.2 Smaller is Better
Some quality characteristics are always non negative, and the desired value of them is
zero. For instance, fuel consumption of an aircraft, the wear of a bearing, or shrinkage of a
gasket could be classified in this category. Figure 2.3 (a) illustrates such a case. The loss function
is expressed by
/∆

(2.25)

The expected, or average, loss over many instances of the product is given by
(2.26)
2.5.3 Larger is Better
In some scenarios, the target of a non-negative quality characteristic is infinite or as large
as possible. One example of this case can be strength in bridge beams. Here, no specific target is
identified in advance. Figure 2.3 (b) illustrates this case. The loss function of this case is
expressed by
∆

1
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(2.27)

The expected loss is also expressed by
1

∆

(2.28)

where
1

1

∑

(2.29)

(a) Smaller is Better
(b) Larger is Better
Figure 2.3 Taguchi’s loss function
Spiring (1993) modeled loss with a finite maximum by introducing an inverted normal
density function. A review of further work is available from Sun et al. (1996), Spiring and Yeung
(1998), Wu and Shu, (2007), and Cudney and Drain (2007).
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CHAPTER 3
DISCUSSION

The main goal of this chapter is to distinguish between traditional and Bayesian
frameworks in applications and limitations. To achieve this goal, the first section discusses the
attributes and applications of two methods. Moreover, this section introduces the different kinds
of conjugate priors that have a particular rule in calculation of posterior parameters. The next
section compares and contrasts these two frameworks. At the end of the chapter, limitations of
each method are presented. The question of why Bayesian is more appropriate for parameter
estimation in a transition period is also answered.
3.1

Traditional and Bayesian Methods
The typical questions regarding traditional and Bayesian methods involve the

applications, strengths, and weaknesses of each approach. The strength of traditional statistical
methods is inherent in simplifying the computation, which stems from having been established
before the advent of modern technology. Jaynes (2003) discussed three important conditions in
which the traditional approach works well. First, the variables of a study follow a simple
distribution that is determined by a small number of parameters. Second, prior knowledge about
the variables of the study is not available. Third, a large number of observations are available. In
some contexts where traditional statistical methods are not very effective, Bayesian statistics are
more applicable. For example, when there is a small data set, traditional estimators can be
inappropriate since the likelihood may not be well-approximated by a normal distribution. The
Bayesian inference rather than traditional methods can be performed much better in this
situation. In the last decade, a “Short Run SPC” problem has received considerable attention in
the literature. This problem occurs more often in small production runs. Colosimo and Castillo
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(2007) pointed out the difficulties that may be encountered for parameter estimation using the
small data set. One of the appropriate approaches for this problem is applying a Bayesian
perspective. This obviously makes sense when a small data set is available and prior beliefs can
be incorporated to help obtain posterior distribution from which inferences could be made.
On the other hand, when the sample size is large enough (n > 30) the results of
traditional inferences are always considerable (Peck et al., 2005). Another instance is the
incorporation of prior knowledge and the use of a data set from multiple studies. Industries
usually have sufficient prior information available, which is useful for accurate estimation of
parameters. Applying the Bayesian approach is a way to incorporate this information in
estimation (Marin and Robert, 2007). Regardless, industries are to provide information about the
uncertain quantities. The language of uncertainty is probability, and only through the Bayesian
approach could the uncertainty be addressed (Berger, 2000).
To carry out the Bayesian approach, three steps are necessary. First, before sampling, the
prior distribution f  ) should be specified that expresses the prior beliefs and current state of
knowledge regarding the parameter. This method allows for a subjective prior distribution. If the
prior is carefully selected, then the results of Bayesian methods are very effective. Second, a
method of experimental measurement should be applied to describe the distribution of the data
given the parameter of interest, i.e., f (x| ). The likelihood function l( ) can be thought of as any
function proportional to f (x| ), that is,

∝

|

. It not only ensures that the data are

collected randomly but that the data can only affect the posterior through this function. It can be
treated as representing the information about

coming from data. The third step is based on the

combination of information from prior and likelihood to update the knowledge about
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by

calculating the posterior distribution

|

after sampling. This is found through the Bayes’

theorem which is expressed by
∗

(3.1)
∗

Thus, Bayes’ theorem describes the process of learning from experience and shows how
knowledge about the parameter represented by prior information is continually modified as new
data becomes available.
The effectiveness of the Bayesian and traditional methods depends upon the types of
problems considered. It can be concluded from an extensive literature review (for instance, see
Lee, 2004; Bolstad, 2004; and Gill, 2008), that the Bayesian approach is more applicable than
the traditional approach in the following situations: first, when it is desirable to accumulate
numerical data of the parameter of interest; second, when decision-making is desired in terms of
loss associated with every scenario; and third, when informative prior knowledge is available.
However, Bayesian analysis is not recommended when there is not a good understanding of the
procedure, since the objectivity of the prior information is crucial in determining the sample size
and decision making.
Lindley (1983) summarized the kind of problems that fit better within the Bayesian
framework.

He described the strength of the Bayesian methods as follows: Assume the

estimation of an unknown parameter of interest is desired. Some data about the value of this
quantity and some background information relevant to the underlying problem are available. The
merit of the Bayesian approach is that it provides an explicit framework to combine these three
elements and to obtain a revised value of the unknown parameter. According to Albert (2009),
by offering an uncertainty and explicitly allowing the incorporation of external or prior
information, the Bayesian approach leads to more effective procedures in many instances. In
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other words, as more data is obtained, the posterior inferences are updated, so the Bayesian
method is more flexible compared to other methods.
3.1.1

Choice of Prior Distribution
Colosimo and Castillo (2007) introduced three common choices of prior distribution. In

the class of conjugate priors, the prior and posterior distributions have the same form of
distribution with different parameters. A conjugate prior ensures that the posterior has a closed
form in the sense that it simplifies calculations, especially in sequential applications of Bayes’
theorem. Robert (2001) tabulated the posterior distribution of each kind of conjugate prior
distribution. For instance, the conjugate prior for the mean of a normal distribution is the normal
distribution, and the corresponding conjugate prior for the variance of a normal distribution is the
scaled inverse-

distribution. The class of non-conjugate priors results in a posterior with a

different form than the prior distribution. The non-informative priors, so called objective priors,
include a lack of information about the parameter.
3.2

Other Differences Between Traditional and Bayesian Methods
There are three more differences between traditional and Bayesian methods (Jeffreys,

1961). First, in traditional methods, a number of techniques are used for developing statistics:
Maximum likelihood, Unbiasedness, Minimum variance, and least squares principles. In
Bayesian methods, the three most important techniques are the Bayes risk, Minimax Principle,
and Invariance Principle. Second, traditional methods do not take into account prior and loss
information. The loss function used in Bayesian analysis would effectively help the researcher in
the decision making process. The greatest need for applying Bayesian analysis is in decision
problems for which prior and loss information are a crucial part of the problem. Third, the
Bayesian methods use a P-value instead of the probability of type I and type II error for

33

:

evaluation of a test procedure. For example, if
|

Φ

/
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:
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Φ

/

), then
, where

the P-value is the smallest level of significance that would lead to rejection of null hypothesis,
i.e., the chance of rejecting the null when it is true, and H0 is rejected when the P-value is less
than the probability of type I error (Tan et al., 2010).
Berry (1997) indicated some important differences between Bayesian and traditional
methods. The Bayesian approach is subjective; the basis for all Bayesian inferences is the current
distribution of the various unknowns. This is usually called a prior distribution when it applies at
the start of a sample, and a posterior distribution when it is conditional on the experimental
results. Each individual has the personal probability distribution of unknowns. Whether this
distribution is prior or posterior, it is subjective. Two persons’ posterior distributions are usually
closer than their prior distributions (Berry, 2006). But there is no guarantee that people’s
opinions are in agreement, even in the face of what some consider compelling evidence. In this
regard, more generally the Bayesian approach mirrors science. The subjectivity requires
assessing prior probability. This requirement forces users to relate current information to other
available information. In addition, there is no agreement on definition of a single, all purpose
prior distribution to be adapted to the type of data in a sample, which is drawn from the
population of study. Adcock (1988) argued that due to existence of so many users of the
observations of the sample, it is very difficult to present a generally applicable loss/utility
function, i.e., a kind of general purpose of a loss/utility function by which a problem could be
justified for all situations. He mentioned that this property distinguishes Bayesian from
traditional methods because Bayesians evaluate information that is available separate from the
sample of interest. This information is rarely identical in two different settings. The Bayesian
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methods consider all available evidence for making an inference, while the traditional methods
use only the information of the last sample. According to Tsiamyrtizis and Hawkins (2005), one
of the essential properties of the Bayesian approach is to allow for better use of partial
information, making a good bridge between the extremes of total knowledge and total ignorance
of process parameters. The important conclusions that they derived from this property is that the
Bayesian framework converges rapidly to the true process average, regardless of the original
different beliefs.
3.3

Limitations of Bayesian Methods
This section is concerned with the limitations of the Bayesian approach for applications.

Press (2003) extensively discussed subjective and objective Bayesian statistics and criticized the
complexity of Bayesian calculations and the hidden arbitrariness of the prior distribution. One of
the main reasons of criticism is that a subjective concept of prior probability exists in the
Bayesian approach rather than objectivity (which means a fact has been discussed for many
years). The question of how to select a prior distribution is one of the most common criticisms in
the Bayesian approach because in practice any prior distribution should be justified. He argued
that even though a subjective prior distribution has the worth of additional replications of the
data, it is not always easy to translate the prior information to a meaningful distribution, and the
parameter of prior distribution must be assessed. In addition, the subjective prior may not be
applicable in a general situation because it belongs to a particular practitioner. Marcellus (2008a)
summarized a number of limitations of Bayesian framework. A practical difficulty is that more
information is necessary about the process than that of the traditional methods, even though
acquiring this knowledge can yield real benefits. Another difficulty is that the probabilities used
in Bayes’ theorem must sometimes be assessed. This is an activity that requires special training
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and cleverness. Furthermore, according to Marcellus (2008b), Bayesian monitoring is not robust
to the structure of the process. The calculations are changed by changing the process distribution.
Yet another difficulty is that valuable visual information might be lost if traditional methods
were not used in conjunction with Bayes’ theorem. Typically, the Bayesian approach is not
recommended when there is no good understanding of the procedure, since the objectivity of
prior information is crucial in SSD and decision making. (Gelman et al., 2004).
3.4

Limitations of Traditional Methods
This section is concerned with summarizing the limitations of traditional methods, which

was discussed in previous chapters. As mentioned in Chapter 1, there are some scenarios in the
end of phase I of traditional control charts where the process is found to be stable, but the
performance is not at the desired level. In these scenarios, a number of changes must be made to
improve the performance of the process. Typically, the effect of these changes should be
evaluated in order to take appropriate actions. The duration of these activities, as shown in
Figure 3.1, has been referred to as a transition period. At this point, an effective model is desired
to calculate the loss accompanied with each action taken. In addition, this model should address
an appropriate sampling plan for data collection to get to the result as soon as possible.

Figure 3.1 Phases of chart application and transition period
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The traditional approach is not applicable in these scenarios for two reasons. First,
traditional methods do not determine monetary loss or gain corresponding to each action.
Second, it is usually discovered in sampling that data are not stationary or independent which
violates the underlying assumptions of traditional control charts. On the other hand, the Bayesian
approach is more effective in these situations. In Bayesian methods, all accumulated numerical
data from phase I are used as informative prior knowledge to evaluate the effect of changes.
Table 3.1 shows a tabulated comparison between traditional and Bayesian methods. One of the
main purposes of this research is to use the advantages of traditional control charts to overcome
the limitations of Bayesian methods and vice versa. In meeting this purpose, the modeling
approach used in this research establishes values for prior parameters based on the information
obtained during phase I to overcome the subjectivity of the prior. On the other hand, the
modeling approach utilizes the Bayes’ theorem to calculate and update the posterior parameters
during the transition period to overcome the limitation of traditional method for calculating the
posterior information.
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TABLE 3.1
A COMPARISON BETWEEN TRADITIONAL AND BAYESIAN METHODS

Traditional Methods

Bayesian Methods

Use only information of the last sample
and ignore any information given by the
entire sequence of points.

Use all available evidence for making an
inference.

Are applicable only when the in control
process data is stationary and uncorrelated.

Are also applicable when data are non stationary
or auto correlated in other situations.

Are not applicable when the assumptions
(independency, normality, and constant
parameter) are violated.
Do not provide an updated estimate for the
process parameter during the transition
period.

Are able to update process parameters during the
transition period utilizing prior information
obtained from control chart.

Are not applicable to calculate loss in SSD.

Calculate loss in SSD.

Are not applicable for using partial
information.

Are applied for optimal use of partial information
on the process.

Are easy to calculate.

Are complicated to calculate.

Need less information of the process.

Need more information of the process.

Use graphical tools to show results.

Do not show results graphically.

Are robust to the structure of the process.

Are not robust to the structure of the process.

Do not use the prior information.

Are subjective and require assessing prior.

Are free of these assumptions.

38

CHAPTER 4
RESEARCH PROCEDURE

The cost of maintaining the process at the level at which it is stabilized may result in poor
quality. Responding to the needs of customers, the research community continuously attempts to
provide more effective tools. Bayesian methods have recently received significant attention due
to their ability to increase quality and reduce the total cost in scenarios where traditional methods
are not applicable. This chapter includes the problem statement and declaration of literature gaps
regarding the problem. In addition, the research objective is presented.
4.1

Research Gap
Establishing stability during phase I of the control chart application is one of the most

important aspects of statistical process control. However, the argument has been made that
changes must be introduced to the process in order to improve its performance. These changes
may target a shift in the process average, a reduction of the total variation, or both. Figure 4.1
depicts the three possible scenarios commonly encountered upon the conclusion of phase I.
In the first case, the process is found to be off center with low variability, and the process
average should be changed to the designed level. The second case involves the scenario in which
the process is centered but with high variability. In this case, some changes are to be made to
reduce the process variance. In the third case, the process is off center with high variability.
Both average and variance are to be moved to the designed level. As such, efforts should be
made to move the process average closer to the target and reduce the process variance to the
designed level.
In all cases, changes must be made and tested to verify that the desired level of
performance has been attained. The duration of these activities has been referred to as a
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transition period. Typically, Shewhart’s model has not held true in representing the
measurements collected. These are more likely to be non-stationary and auto-correlated. The
Bayesian approach is more suited to these scenarios.
LSL

USL

LSL

|
m

USL

m
µ

µ

(b) Centered with High Variability

(a) Off Center
LSL

USL

|
m µ
(c) Off Center with High Variability
Figure 4.1 Possible scenarios for process performance in conclusion of phase I
The gain associated with efforts to shift the process mean closer to the target or reduce its
variability requires the determination of an optimal sampling plan. Traditional SPC literature
provides strong evidence supporting the ability of control charts to detect a shift in the process
level during phase II. However, none of the available techniques allow for an effective utilization
of the prior knowledge gained during phase I. The case where the process is found to be in
control at the desired level would be the only exception. In all other cases, this practice may
result in increasing the cost of improvement. That is, some changes need to be made on the
process to move the average or reduce the variability or both. However, the effect of these

40

changes should be tested using a sampling procedure. Practitioners need an effective sampling
plan that can be used to evaluate process changes and quantify their effect. These concerns are
the focus of this dissertation.
While the cited Bayesian methods draw considerable attention to optimization models for
sample size determination, limited attempts have been made to incorporate a utility or loss
function in determining the sample size. Moreover, there are no guidelines for addressing the
consequent loss of making a wrong decision during the transition period.
All research efforts cited for the economic design of control chart were aimed at phase II
applications. The same was concluded for the statistical as well as the economic-statistical design
models. Indeed, prior knowledge is utilized under the assumption that the process parameters
have been reliably estimated at the conclusion of phase I.
In this research, efforts are be made to develop a theoretical model for determining the
sample size required to guide engineering efforts aimed at changing the process level.
4.2

Problem Statement
In the conclusion of phase I in Shewhart control charts, one of the three scenarios

represented in Figure 4.1 may be discovered. Hence, it is necessary to provide updated estimates
of the process level after attempting some changes to the process. These issues have a critical
effect on the assessment of process performance during the transition period. Calculation of the
maximum sample size based on the economic worth of improvement accompanied with the
changes is the main concern of this research.
4.3

Research Objectives
The objective of this research is twofold. The first is to develop a mathematical model for

determining the sample size required to verify changes in the process level. The second objective
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is to demonstrate operation of the sampling procedure. Applications include a shift in the process
average and reduction of process variability. After developing a mathematical model for each
case, a sampling procedure with guidelines is developed to secure effective implementation of
the model. Simulated data are used in the numerical examples for each case to verify the effect of
changes on the process. The research procedure in order to accomplish the research objectives is
as follows:
1. Determine the loss.
2. Identify the economic criterion.
3. Develop mathematical models for determining the max economic sample size and the
sampling procedure to follow in verifying process improvement.
4. Provide numerical examples to demonstrate performance of the sampling procedures.
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CHAPTER 5
MATHEMATICAL MODELING

This chapter presents the theoretical model for determining the maximum economic
sample size required to estimate the actual process parameter. The model development includes
two steps. In the first step, a loss matrix is constructed for a process parameter that is away from
the target level in the end of phase I of the Shewhart control chart. This loss matrix corresponds
to one of two actions. The Bayes function and the Bayes risk are formulated for each possible
action, either making some changes in the process or leaving the process as it is. Regarding the
loss function identified for each situation, the first condition as an economical criterion by which
the practitioner could make a decision is introduced. If the practitioner makes a decision to
attempt some change in order to improve the process, the formulation of the procedure is
continued.
For verification that these changes resulted in moving the process parameter to the target
level, the maximum economic sample size is determined by two methods, namely approximation
and exact. In the exact method, an equation for calculating the maximum sample size n* is
derived. The second criterion concerning the technical feasibility of the process improvement is
also introduced. In the second step, the sampling procedure is demonstrated and performance
assessment is conducted to implement the model. Furthermore, the theoretical model is applied
in three cases, and the simulated data is used to verify the model. The research procedure is
shown in Figure 5.1.
The organization of this chapter is as follows. Notations are detailed first. Then the
mathematical models accompanying sample size determination formulation and sampling
procedure are developed for three cases: sudden process average, gradual shift for process
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average, and reduction of process variance. Each case is applied with a numerical example to
illustrate the steps involved and highlight the economic advantages of the research procedure.

Figure 5.1 Research procedure
5.1

Notations
The mathematical model and sampling procedure are developed using the following
notations:
x

Single quality characteristic for univariate manufacturing process

L

Loss function

m

Design target value for process parameter

n

Sample size

n*

Maximum economic sample size
Cost of repairing or replacing one unit of product ($)



One half of tolerance spread

k

Proportionality constant in Taguchi’s loss function, which is equal to
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/

Posterior variance after collecting sample of n measurements
Standard deviation of measurement error (gauge capability)
r

Bayes risk

C

Cost of each measurement ($ / unit))

CLT

Central limit theorem

W

Setup cost ($)

a

Bayes action

a1

Taking no action to improve process

a2

Action of improving process

R(a1)

Loss function, associated with a1 action

R(a2)

Loss function, associated with a2 action

r(a2)

Bayes risk associated with a2 action

p

Probability that unknown parameter will change

1-p

Probability that unknown parameter will not change

N

Number of future units produced
Average of n measurements

S2

Variance of n measurements
,

Process parameters after phase I

,

Desired target values for process parameters
,

5.2

Parameters of posterior distribution after n measurements

Loss in Accordance with Possible Actions
The process considered is one of discrete manufacturing of a single quality characteristic

x. The specification limits for x are expressed as m+ . It is also assumed that a state of
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statistical control has been established and the quality characteristic was shown to follow a
normal distribution with mean

and variance

in which one or both parameters are off the

desired performance level. Production is expected to continue over future periods to supply a
total of N units.
Two options are considered for process management. The first option (a1) involves taking
no action and continuing operation at an estimated per unit loss of

, which according to

equation (2.24) is given by
(5.1)
where

/, and

represents the repair or replacement cost for one unit of product. The

second option (a2) involves making changes to the process to reduce the expected loss to $L2. As
such, L2 can be expressed as
(5.2)
The second option will also require an initial investment of $W for tooling and setup. The
probability that the changes will successfully result in improving the process level is estimated a
priori as p. This information can be summarized in a loss matrix, as shown in Table 5.1.
TABLE 5.1
LOSS MATRIX
Maintain
Current Level (a1)

Improve to
New Level (a2)

Probability of
Success (p)
Probability of
Failure (1-p
The expected value of the loss, namely the loss function, for the two options can be calculated as
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1
1

(5.3)

The criterion for economic improvement requires that the average expected value of the loss
under the second option be less than that under the first. That is,

i.e.,

(5.4)

When this criterion is satisfied, a2 would represent the optimal Bayes rule in which the expected
loss is minimized.
Assuming that the economic criterion holds true, some changes have to be made to
improve the process. The changes may be aimed at causing a shift in the process average closer
to the design target or a reduction of the process variability. The mathematical derivation
depends on the anticipated results and the way the process will react to the changes made. In
Case I, the process average is assumed to experience a sudden shift in response to the changes. In
Case II, the average is assumed to trend during the transition period to the new level. Case III
involves changes that cause a sudden reduction in the process variance.
5.3

Case I: Sudden Shift in the Process Average
This case is concerned with verifying the effect of changes made to shift the process

average. In this case, the process has been shown to be in a state of statistical control with mean
(off target, i.e.,

) and variance

. Hence, some changes should be made to re-center

the process closer to the design target while maintaining the same process variance

. In other

words, the process variance will be monitored during the transition period using the same
traditional control chart from phase I. As a first step, the economic criterion of equation (5.4)
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should be satisfied. Under this condition, a2 represents the optimal Bayes rule in which the
expected loss is minimized.
In addition, to verify the effect of the proposed changes a sample of size n measurements
is required at the rate of $C per unit. As such, the average Bayes risk associated with a2 can be
calculated as

5.5)
Now suppose that an unbiased gauge with variance g2 (g2 <

) is available to collect a total

of n measurements and that the process average will experience a sudden shift in response to the
changes made. The resulting sequence of measurements x1, x2,…, xn can be used to update the
prior belief regarding the process average. Utilizing the Bayesian theorem, the likelihood
function of x given

is expressed by
|

1

exp

2

(5.6)

1
2

As was shown by Box and Tiao (1973), the posterior density after n measurements is also a
normal function in the form
| ,
where the posterior mean

1

,…,

exp

2

1
2

and posterior variance n are given by
(5.8)

,
where

(5.7)

is the sample average, which is a sufficient statistic for calculating the posterior

distribution and, based on the Central Limit Theorem (CLT), follows the normal distribution
(Carlin and Louis, 2009). This is especially true under the assumption of sudden shift.
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Substituting values of

and

into equation (5.5), the expected risk

can be

expressed as

(5.9)

=
Since

, then
(5.10)

Substituting the value of

from equation (5.8), the expected risk r (a2) is given by
(5.11)

Equation (5.11) represents the average risk as a function of sample size n. To explore its
characteristics, sample size n is treated as a continuous variable as an approximation. With this
assumption, the first and second derivatives of r (a2) with respect to n can be obtained as
(5.12)

2

(5.13)

An examination of equation (5.13) reveals that r (a2) is convex in n, since all parameters are
essentially positive. Consequently, setting equation (5.12) equal to zero and solving for n results
in the maximum economic sample size n*, expressed as
∗

/

(5.14)

It is worth noting here that equation (5.14) is in agreement with that given by Berger
(1985), except for the term under the square root. This scaling factor includes important
parameters that reflect the economic value of the quality characteristic x, and the level of
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certainty in prior beliefs. Due to the nature of n* and the ratio of the gauge variance to the
process variance, the last term in equation (5.14) can be ignored in most practical scenarios.
Now, substituting the ratio

/ for the proportionality constant k, results in a more simplified

expression in the form
(5.15)
∗

∆
As can be seen, equation (5.15) represents all relevant parameters required to calculate an
approximate value of n*. It incorporates the ratio of the product replacement cost ( ) to the
measurement cost (

. Large values of this ratio would allow larger samples to be taken

economically. The same can be said regarding the effect of the probability of success p. Larger
values of p allow for larger values of n* from an economic viewpoint, whereas the term
represented by

/ tends to have an inverse effect on the sample size. This ratio represents a

measure of the gauge capability and should be known before collecting measurements. Some
industrial standards, e.g., those by the Automotive Industry Action Group (2002) require that the
ratio of (6g / 2 beor less for the gauge to be capable. The number of remaining units N
is of special importance. The larger the values of N, the larger the corresponding values of n*,
and vice versa. This would translate into a second criterion regarding the technical feasibility of
improvement. That is, the value of N should be large enough to allow for n* to be produced.
Situations where this criterion is not satisfied require re-examination of the changes proposed,
and/or the cost of measurement. Otherwise, improvement efforts should proceed by
implementing the changes and collecting a set of n* measurements. The average of these
measurements

would be used to obtain the posterior parameters

(5.8).
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and

using equation

To verify the shift in the process average, an HPD credible interval in the form

/

can be constructed at a given level of . If such an interval encloses the posterior average

,

then it can be concluded that the changes have resulted in the desired shift. Otherwise,
improvement efforts have to continue following the same procedure while testing different
changes. Figure 5.2 outlines the sampling procedure to be performed in Case I.
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Figure 5.2 Sampling procedure for Case I
5.3.1

Numerical Example for Case I
Control charts for the mean and variance indicate that the current process for producing a

component with critical dimension x is in a state of statistical control. The design specifications
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for this dimension are given as 8.10 ± 0.05. The control charts show that the process average 1
= 8.06 and the variance

= (0.01)2. Production is to be continued to produce a lot of N = 2,000

items. Pertaining cost parameters are estimated as follows: cost of scrapping or reworking one
unit of product

= $100, setup cost W = $1,000, and cost of measuring one unit is C = $10.

Two options for the process were considered. The first is to continue production without
any change. Utilizing equation (5.1), the estimated loss per unit associated with choosing the first
option is expected to be L1 = $68. In the second option, a number of changes are to be made to
cause a shift in the process average closer to the target while maintaining the same process
variance

. It is expected that these changes would cause an abrupt shift from 8.06 to 8.10.

Some measurements are to be taken to investigate the effect of the changes. Let an unbiased
gauge with variance of g= (0.002)2 be available to take measurements. The probability of
success has been estimated to be p = 0.7. Figure 5.3 shows the various values for these
parameters with the Bayes risk plot.
Utilizing equations (5.2), the estimated per unit loss by making changes L2 would be $4.
Substituting the values of L1 and L2 into equation (5.4) gives the expected value of the loss for
the two options as -88,600 < 136,000, which satisfies the economic criterion. Therefore, the
second option of making changes to the process is selected as a Bayes rule.
Now using equation (5.11), the Bayes risk plot is constructed at various values of sample
size n. Figure 5.3 indicates a Bayes risk plot with n* = 5. That is, the average risk r (a2)
associated with re-centering the process is minimized at maximum economic sample size 5
which results in the value of -8,505.56 as a Bayes risk. This represents a gain as indicated by a
negative result.
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Alternately, equation (5.15) would result in 4.73, which should be rounded up to 5. As can be
seen, this value of n* as a maximum economic sample size is much smaller than the given value
of N. This satisfies the technical feasibility of sampling. It is important to note that the calculated
value of n* is a maximum value of the number of measurements needed to verify a shift of the
given magnitude.

N

Bayes risk plot

Loss($)

Parameter Value

‐88300

2,000
100

‐88350



0.05
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40,000

m

8.1

1 

8.06

1

0.01

g

0.002

C

10

‐88400

‐88450

Bayes risk,r (a2)
‐88500

Sample size

W

1,000

p

0.7

‐88550
1

3

5

7

9 11 13 15 17 19

Figure 5.3 Process and cost parameters with Bayes risk plot
The five observations are simulated by the Excel Random Number Generator from a normal
distribution of N (2,

. The simulate numbers are 8.10253, 8.10123, 8.09907, 8.09987, and

8.10077. A plot based on

and

is constructed to show how the prior process average is

moved to the designed target. Figure 5.4 shows the credible interval with limits 8.0983 and
8.1017. This figure shows that the HPD credible interval encloses the posterior mean in the sense
that the changes for re-centering the process average were successful. This confirmed that the
values of

and

could be considered as process parameters in phase II of control chart.
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Parameter

Value

n*

5
8.100,694

2 = m

8.1

n

0.000,000,79

X(0.025)

8.098,26

n 

8.100,371

X(0.975)

8.101,74

Z/2

1.96



0.05
Figure 5.4 HPD credible interval of numerical example for Case I

5.4

Case II: Gradual Shift in the Process Average
In this case, the process is assumed to experience a gradual shift during the transition

period. Under this assumption,

may not be a sufficient statistic. Figure 5.5 depicts the

difference between Case I and Case II relative to the sudden and gradual change of process
average.
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Figure 5.5 Sudden and gradual change of the process average
Since the likelihood function and the resulting posterior density in equations (5.6) and (5.7)
would not change, equation (5.15) would still be utilized in calculating the maximum economical
sample size n*. However, it would be beneficial to update the prior average sequentially. That is,
values of the posterior mean would be updated after each measurement (xi) using
(5.16)

whereas the posterior variance would be obtained as
(5.17)

In equation (5.16), the prior average is denoted as 1, which is updated to the posterior mean
after collecting the first measurement x1. This process should repeat following each measurement
until enough statistical evidence of the shift could be obtained or a total of n* measurements
have been collected. Once again, an HPD credible interval in the form
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/

can be

constructed based on a specified value of and used to verify the shift. When such an interval
encloses the posterior mean n, sampling should stop, since no additional measurements need to
be collected. It is important to note here that in this case, a decision may be reached before
collecting the maximum economical number of measurements n*. This sequential updating may
be aided by a graph such as the one shown in Figure 5.7. It is important to note that this
sequential procedure would apply in both Case I and Case II. However, the credible interval
obtained in this case is based on a larger value of the posterior variance. In other words, the
procedure represented in Case I provides higher accuracy in estimating the process average. The
following section represents the same numerical example used in Case I with the assumption that
the process experiences a gradual shift. This would help illustrate the difference between the two
cases.
Figure 5.6 illustrates a flowchart of the sampling procedure for this case. The sampling
plan for case I is different from that of case II. In the first case, a set sample of n* measurements
is collected once and the credible interval is calculated for that sample. In the second case, based
on posterior variance

and designed target for process average

, an HPD credible interval is

constructed. Then one measurement is collected at a time. One of three decision s is made
following each measurement. If the credible interval encloses the updated posterior mean the
sampling is stopped. Otherwise, the sampling should be continued until the number of units
meets the value of n*. After collecting n* measurements, if the credible interval still does not
enclose the posterior mean, the process changes were not successful.
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Figure 5.6 Sampling procedure for Case II
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5.4.1

Numerical Example for Case II
The same example in Case I is considered with the simulated data modified to indicate a

gradual shift in the process average. Figure 5.3 is still valid for the cost parameters and Bayes
risk plot in this case. The sampling procedure assessment for Case II is illustrated in Figure 5.6.
As can be seen, this procedure is different from that of Case I. In Case I, the posterior parameters
are calculated only one time, after sample of n* observations are collected. On the other hand, in
Case II, after each observation, the posterior parameters are sequentially updated, and the effect
of the changes is examined. Therefore, it is obviously possible that the procedure is stopped
before a total of n*. This procedure shows how the Bayesian method has the ability to utilize
information obtained from each step of sampling.
Table 5.2 shows the simulated observations when the process average follows a gradual
shift after making changes. In this case, the HPD credible interval for all the simulated data has
the same value.

TABLE 5.2
HPD CREDIBLE INTERVAL FOR POSTERIOR PROCESS AVERAGE
Simulate
Observations
n
with
Gradual Change

i+1



NORMINV

NORMINV

(0.025, 2 , SQRT (
X

(0.975, 2 , SQRT (
X

8.06
1

8.07012

8.06947 0.0000038

8.096180

8.103821

2

8.07666

8.07638 0.0000038

8.096180

8.103821

3

8.08294

8.08269 0.0000038

8.096180

8.103821

4

8.09110

8.09078 0.0000038

8.096180

8.103821

5

8.10086

8.10047 0.0000038

8.096180

8.103821
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Figure 5.7 shows graphically the HPD credible interval. This figure shows that the posterior
mean is increasing upon a gradual trend. A unique credible interval is plotted for all
observations. In this numerical example, the credible interval included the posterior mean after
collecting the fifth observation. In other cases, this may occur before the maximum economical
sample size, n*.

Figure 5.7 HPD credible interval of numerical example for Case II
5.5

Case III: Sudden Reduction in the Process Variance
xcessive variation in a quality characteristic may lead to undesirable effects such as

rework, scrap costs, customer dissatisfaction, and so on. As such, reducing the variance plays a
significant role in process quality improvement. In this case, a Bayesian method is applied to
help the practitioner verify process improvement for reducing the process variance after the
transition period.
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Case III involves estimating the process variance in a normal distribution with a known
mean but unknown variance. It is assumed that the process was in a state of statistical control,
and the quality characteristic was shown to follow a normal distribution with parameters N
( ,

. The process was found to be centered but with high variability (Figure 4.1b). Some

efforts are to be made to reduce the process variance. This section presents a fully Bayesian
approach for determining the sample size to verify such reduction.
According to Taguchi (1986), equation (2.24), and the loss matrix shown in Table 5.1,
the corresponding expected loss associated with taking no action L1 would be given by equation
(5.1), and the loss accompanied by the improved level L2 is calculated by equation (5.2).
In this case, as shown in Figure 5.8, the process average will not change during the
transition period (
the action

. Assuming that equation (5.4) holds true for the economic criterion,

is selected as a Bayes rule so that some changes should be made to reduce process

variance from

to

. To verify the effect of changes, the corresponding Bayes risk for

is

calculated by
5.18)
In equation (5.18), the conjugate prior of the posterior variance should be introduced.
Accordingly, the posterior parameters will be calculated by combining the likelihood of the data
and the prior distribution. The posterior parameters include all information about the process.
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Figure 5.8 Case III: Reduction of variability after making changes in process variance
Using the prior and likelihood functions, the posterior parameters can be calculated.
Robert (2001) pointed out that the corresponding conjugate prior for the variance of a normal
distribution is the inverse-gamma distribution.
A special case of the inverse-gamma distribution is the scaled inverse chi-squared, which
is a distribution of

/

in which

is the number of degrees of freedom and

is the

prior process variance (Colosimo and Castilo, 2007). The prior distribution provides the
information about

observations with average squared deviation

, both of which can be

quantified at the conclusion of phase I of Shewhart control chart. The likelihood of n i.i.d.
observations follows a normal distribution
,
where

,…,

/

|

exp

(5.19)
2

, the variance of n measurements, is a sufficient statistic, which contains all of the

required information about the variance and is expressed as
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∑

(5.20)

According to Bayes’ theorem, combining the likelihood function and prior distribution, the
posterior distribution is calculated as

| ,

| ,

,…,

,…,

∝

which is a scaled inverse-

∗

,

exp

,…,

|

(5.21)

1
2

(5.22)

. The number of degrees of freedom,

, in this distribution is the

summation of the number of measurements and prior number of degrees of freedom. The mean
and variance of this distribution are given by
2,

2
2
2
where

(5.23)

0

4,

4

0

(5.24)

is the posterior variance for a sample of n measurements. The posterior variance

depends on the data in the sense that when measurements become available,

could be

calculated. That is, the posterior is a function of the measurements only through sufficient
statistics

.

Given the expected value of scaled inverseSubstituting the value of

, the Bayes risk can be calculated.

from equation (5.23) into equation (5.18) results in
(5.25)
2

Assuming

to be a constant, the first derivative with respect to n is
2

which should be negative for values of

1

(5.26)
2

2. And the second derivative is

63

4

(5.27)
2

2. If these conditions hold true, then setting the

which should be positive for all values of

first derivative equal to zero results in the maximum economic sample size n*. That is,

∗

(5.28)

2

2
=

For calculating n*, it can be assumed that

the target variance of the process.

Consequently, equation (5.28) will result in the maximum economic sample size, given the target
has been achieved.
The sampling procedure would require the selection of n* units from which the sample size
calculated using equation (5.20). This value is used to obtain the posterior variance
equation (5.23). The value of

is

, given by

should be enclosed in an HPD credible interval given by

(5.29)
∗

/ , ∗

∗

/ , ∗

Otherwise, the changes made were not successful. Figure 5.9 illustrates the sampling procedure
for Case III.
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Figure 5.9 Sampling procedure for Case III

5.5.1

Numerical Example for Case III
Assume that the numerical example for Case III is the same example as in the first two

cases. The control chart indicates that the dimension of a component follows a normal
distribution with
variance (
(2

⁄6

=m= 8.1 and variance of

= (0.03) 2. A target value for the process

) is established at (0.01) 2. At this level of performance, the process capability
would improve from 0.56 to 1.67. The economic criterion is satisfied because

inequality (5.4) results in - 43,800 < 72,000. Some changes is made in the process and the
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probability that the changes will be successful in reduction of process variance has been
estimated a priori as p=0.7. Utilizing equation (5.28), the maximum economic sample size is
35.5 or 36. This result can be obtained by plotting equation (5.18) for various values of n as
shown in Figure 5.10. An examination of the plot reveals that n*=36. In addition, the n* is much
less than the value of N which make the feasibility technical criterion hold true. The
corresponding loss accompanied by this value of sample size is calculated as $ - 43,110.59 which
represents the obtained gain associated with the process improvement.

Parameter

Value

N

2,000

Loss($)

Bayes risk plot

‐43050

100

‐43060



0.05

‐43070

k = 

40,000

‐43080

m = 2 = 1

8.1

1

0.03



0.01

C

10

W

1,000

p

0.7

‐43090
‐43100

Bayes risk,r (a2)
‐43110

Sample size
‐43120
26 28 30 32 34 36 38 40 42 44 46 48

Figure 5.10 Process and cost parameters with Bayes risk plot for Case III
Utilizing equation (5.29) an HPD credible interval is constructed with a specified  Figure 5.11
shows that

lies within the credible interval.
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Parameter

Value
0.000,100
36

n*

16.012,764

/ , ∗



0.05
/ , ∗

LCI

1.689,869
0.000,058
0.000,142

UCI

0.000,150
Figure 5.11 HPD credible interval of numerical example for Case III

Another way for showing the credible interval for the process variance is shown in Figure 5.12.

Figure 5.12 HPD credible interval for

in scaled inverse-

for Case III

Both Figures (5.11) and (5.12) illustrate that the changes for reduction of variance were
successful. This confirms that the new process parameters are

and

could be considered as process parameters in phase II of control chart.
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. The two parameters

CHAPTER 6
CONCLUSIONS AND FUTURE RESEARCH

One of the main purposes of this research was to show the application of Bayesian
methods where the traditional methods are not applicable in calculating the sample size and
determining monetary loss. It also attempted to clarify advantages and limitations of each
approach.
There are some scenarios where the process level is found to be away from the desired
target in the conclusion of phase I, and corrective changes must be made to improve the
performance. A number of sampling techniques can be utilized to quantify the impact of
engineering efforts and verify their effect of changes on the process performance. The duration
of this activity is called a transition period. In the transition period, some assumptions of
Shewhart control charts are violated because observations for verification of process
improvement may not be non-stationary or auto-correlated. In addition, traditional methods are
not applicable for determining the associated loss with each corrective option. On the other hand,
the fully Bayesian methods can be applied in this period.
The modeling approach used in this research was built on the ability of the Bayesian
methods to update process parameters during the transition period free of any assumption. The
applied approach also utilized the knowledge gained during phase I to overcome the limitations
of the Bayesian methods.
The first objective of this research was to develop a mathematical model for sample size
determination for verification of process improvement accompanied by loss computation during
the transition period after completion of phase I of Shewhart control chart. In achieving the first
objective, a loss function was defined and used to calculate the expected Bayes risk associated
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with each improvement alternative. Two criteria, economical and technical, were defined, and
equations for calculating the maximum economic sample size were derived to verify the process
improvement. The equations for sample size determination were developed in two ways, namely
approximated and accurate. Due considerations were given to the gauge capability, the cost of
sampling, and the cost of process setup. Methods by which the resulting risk function can be
optimized with respect to sample size were considered. Three applications of the mathematical
model were explored to verify a sudden or gradual shift in the process average or a reduction in
the process variance. The assumptions and characteristics of three applications were
distinguished. In addition, applying the developed model in each case by illustrative examples
verified the model. In case of changes to the process average, the sample size n cannot be
determined without knowledge of the type action taken and the process reaction. Therefore, this
case was discussed in two separated Case I and Case II with two different process reactions. The
third case involved a sudden reduction in the process variance.
The second objective of this research was to represent a sampling procedure with
guidelines to secure effective implementation of the model. In achieving the second objective,
efforts were made to introduce a sampling plan for each case separately. The sampling
procedures depend only on knowledge of the process reaction to the changes made. Utilizing a
flowchart, all necessary steps for an appropriate sampling were demonstrated. Each case was
followed by a numerical example to show the implementation of the corresponding model. The
values of prior distribution were established, and parameters of the posterior distribution were
calculated utilizing the simulated data. The properties of the Bayes’ theorem were applied to
update the posterior parameters by combining the information of prior and likelihood function of
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data. An HPD credible interval was constructed for each numerical example to show graphically
how the process parameters were changed.
6.1

Contributions
This dissertation served the following purposes:


Developing a Bayesian method to determine the maximum economic sample size
required to test the effects of changes to a process. Results of this method verified that the
process mean or variance has really changed closer to the target level.



Deriving the mathematical models to establish implementation boundaries from
economic and technical viewpoints.



Applying Taguchi's quadratic loss function to quantify the loss incurred when an action
for changing the process is taken.



Calculating the maximum economic sample size based on the economic worth of the
improvement process reaction to the changes.



Distinguishing between the possible scenarios related to parameters. Three cases were
identified. The first two cases involved a normal distribution with unknown mean but
known variance in which the process average had a sudden shift or a gradual shift to the
desired target. The third case involved a normal distribution with known mean and
unknown variance in which the process variance should be reduced during the transition
period.



Demonstrating the examples to clarify the step-by-step implementation of the model and
highlighting the economic advantages of the developed procedures.



Developing a sampling procedure for each case to secure implementation of the model
properly.
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Overcoming the criticism of no visibility of the Bayesian approach by illustrating the
results with an HPD credible interval and other graphs.



Overcoming the criticism of subjectivity for prior in the Bayesian approach by obtaining
the prior information from the control chart in conclusion of phase I.

6.2

Concluding Remarks
The strength of the developed fully Bayesian approach as compared to the traditional

approach can be viewed as follows:


The Bayesian approach is more applicable than traditional methods in the following
situations: First, it is desirable to accumulate the numerical data of the parameter of
interest; second, the decision making is desirable in terms of loss associated with every
scenario; third, informative prior knowledge is available.



Considering the uncertainty of prior information in the Bayesian approach leads to more
effective procedures. In other words, as more data is obtained, the posterior inferences are
updated so that the Bayesian method is more flexible when compared to other methods.



Traditional methods do not take into account prior or loss information. The only approach
to deal with the calculation of loss that utilizes the prior information is the Bayesian
approach. The greatest need to apply Bayesian analysis is in decision-making problems
for which prior and loss information is a crucial part of the problem.



Bayesian methods consider all available evidence for making an inference, while
traditional methods use only information of the last sample.



In many cases involving industrial projects, process parameters are unknown. Bayesian
methods allow for optimal use of partial information on the process. This approach
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provides a good bridge between the extremes of total knowledge and total ignorance of
process parameters.
 The Bayesian paradigm has the ability to make inferences where sufficient statistics are
not available. In other words, Bayesian statistics along with prior information are
applicable through limited samples that may violate the assumptions of random sampling.
 By utilizing Bayesian posterior distribution, estimates are often calculated with smaller
variance than that of traditional estimates.
6.3

Future Research
This research could be extended for processes having other conditions. The following

sections outline suggested areas for future research.
6.3.1 Both Parameters Unknown
In this dissertation, three scenarios were discussed. It may be important to consider a
scenario in which both the mean and variance are targets for improvement. Then another
conjugate prior should be introduced, and this situation affects the mathematical model and
procedure sampling. In addition, in the developed model, it was assumed that the quality
characteristic follows a normal distribution. This assumption for Case I, based on the CLT, is
unavoidable. However, if this assumption is removed from Case II and Case III, the model and
the results are affected.
6.3.2

Multivariate Quality Characteristic
In this research, the quality characteristic was considered as a univariate. An extension to

the multivariate study is needed in some scenarios in which more than one variable is involved.
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6.3.3

Shifting Pattern for Process Average
In this dissertation, the gradual shift for the process average in Case II follows only one

particular pattern. Some scenarios involve a slower or a faster trend for gradual shift. The rate of
trend may affect the sampling procedure or calculation of the maximum economic sample size.
Special attention is needed to investigate the effect of such scenarios on the results.
6.3.4

Measurement Error
In this study, an unbiased gauge was assumed. The existence of two sources of gauge

variability, namely, bias and imprecision, affects the model development. The significance of
studying this situation would be to evaluate the effect of measurement error on the optimal
sample size and the monetary loss.
6.3.5

Prior Probabilities
In order to construct the loss matrix, in this dissertation, only two prior probabilities were

assumed, i.e., p and (1 – p). In some scenarios, more than two options with different probabilities
may be involved. More investigations need to be attempted for development of the mathematical
models in these scenarios.
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APPENDIX A
DEFINITIONS OF TERM S

Some of the major terms used in this dissertation are defined as follows:
Alpha Risk (-risk): The probability that the hypothesis test will end with a rejection of the null
hypothesis incorrectly. For instance,  means that the null hypothesis will be
wrongly rejected only 5 times out of 100 times.
Beta Risk (-risk): The probability that the hypothesis test will end with an acceptance of the
null hypothesis incorrectly.
Bayes Rule: A decision rule that minimizes incurred loss.
Bayes Risk: The amount of risk corresponding to the Bayes rule.
Bayesian and Traditional Inference: Respectively, a parameter regarded as a random variable
that is calculated based on an accumulation of all earlier information, and a parameter
regarded as a fixed variable that is calculated based on only the last sample.
Central Limit Theorem: If a random sample of n observation (n is sufficiently large), x = (x1,
x2,…, xn), is drawn from a population with finite mean

and variance

, then the

sampling distribution of the sample mean ̅ is approximated by a normal distribution with
̅

,
̅

√

.

Degree of Freedom: A value that can freely vary in the calculation of a statistic. In other words,
if the number of parameters is deducted from the number of values, a degree of freedom
would result. The degree of freedom for an estimate is defined as the number of
independent observations by which the estimate is calculated.
HPD: A specific credible interval with the characteristic that every point included has higher
probability density than every point excluded.
83
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Inverse-Gamma,

Chi-Square

(

,

Inverse

Chi-Square,

Scaled

Inverse

Chi-Square:

Respectively, the conjugate prior distribution for the normal variance; a special case of
/2 and

the gamma distribution, with
/2 and

distribution, with

1/2; a special case of the inverse-gamma

1/2; a conjugate prior for variance parameter in

normal distributions.
Likelihood Function: A function of

for observed data, x, and denoted by

contains all necessary experimental information about

| . This function

after drawing an observation and

helps making any inference about the parameter of interest. In addition, two different
likelihood functions, which are proportional to each other, provide the same knowledge
about the desired parameter.
Mean: The point of balance or average of a data set.
Objective Prior Information: Those observations or records are available before data collection
in the sense that they could be evaluated quantitatively. An objective prior distribution
shows that there is very little available information about the process.
Parameter: Numerical descriptive measures of a population, usually unknown.
Posterior Distribution (

|

: Calculated by combining the prior distribution,

sample information, x, and the likelihood function,

|

, the

, after data collection. All

inferences could be made by this distribution. The posterior distribution contains all
current information about the parameter of interest. One of the most important
advantages of the Bayesian approach is the flexibility with which posterior inferences can
be summarized. Each summary (for example, mean, variance, and mode) has its own
interpretation, which would be helpful about parameter inferences.
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Prior Distribution: How the information about the underlying process is quantified prior to
sampling. Prior information is an important component for carrying the Bayes’ theorem.
The prior probability distribution is the analyst’s belief regarding the parameter prior the
observation of data. If the sample size is large, then the prior information will not have an
effect on inference, and the data will be left to speak for themselves. However, prior
information strongly affects parameter estimation when the sample size is small. With a
small group of data, the prior information can weigh heavily on the result of the posterior
computation.
P-Value: The smallest level of significance that would lead to rejection of null hypothesis. That
is, H0 is rejected when the P-value is less than the probability of type I error (.
Random Variable: A numerical valued function, x, defined over a sample space. Each simple
event in the sample space is assigned a value of x.
Random Sample: Random variables x1, x2,…, xn, if they are mutually independent, and
independent and identically distributed (i.i.d.). On the other hand, in a sequential
sampling, the size is not identified in advance, and the elements are selected one by one.
Statistic: Numerical descriptive measure computed from a sample data set.
Subjective Prior Information: An attempt to bring additional information to bear on a problem.
The effect of this prior information on the posterior is as if there were additional
replications of the data, and then the subjective prior may be the only way to offer an
acceptable solution for the problem. Unlike objective prior information, subjective prior
information may provide insufficient information to solve the problem.
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Sufficient Statistics: A function of sample data that includes all available sample knowledge
concerning the parameter of interest. For example, and

are sufficient statistics for 

and 2, respectively.
Unbiased Gauge Variability: The capability of a gauge to measure the true value correctly by
average, while the precision refers to the inherent variability in the measurement system.
Transition Period: A period of activity at the conclusion of phase I of the Shewhart control chart
where the process level is found to be away from the target design, and changes are
required to improve performance. At this point, some corrective changes should be
proposed and tested to verify the process improvement.
Variance: The variation of a data set in terms of the amounts by which the observations deviate
from the mean.
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STRENGTH OF BAYESIAN METHODS

The following example shows, with the Bayesian method, how soon two different priors
of the same process will converge to the same number, unlike the Shewhart chart which cannot
get close two different beliefs. The example of Box and Tiao (1973) was the stimulus for this
section.
Example
A process improvement team is considering two levels of performance. The current level,
L0, is where the prior is approximated by N (800, 502). The second level, L1, represents an
improved level, which is anticipated to be N (950, 802). Process changes will be made during the
transition period, and individual observations will be collected sequentially. The measuring
instrument is known to produce data with uncertainty of

10. Assume the true average is

950. After making some changes in the process, it is desired to verify the shift in the average.
Utilizing two priors and the likelihood from simulated data, the posterior mean and variance are
calculated.
The two priors are influential in deciding the posterior distribution. When the two
different priors are combined with the same likelihood, different posterior distributions are
produced.
Figure B.1 shows posterior distributions at both levels L0 (the first row) and L1 (the
second row) for simulated observations. As can be seen after the first observation, two beliefs,
which are represented by the posterior distribution, are much closer to each other than before.
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Figure B.1 Values of prior and posterior parameters for two levels L0 and L1
Figure B.2 shows that the two posteriors are much closer to each other than their priors.
Moreover, after only eight iterations, the variations of the first prior dropped from 80 to 3.53, and
those of the second prior dropped from 50 to 3.53. At this iteration, the values of the two
posterior means will converge to the same number of 950.

Figure B.2 Convergence of two posteriors indicating shift in process average
[simulated xi ~ N(950, 102)]

The important conclusions that can be derived from this example are first, the Bayesian
framework converges rapidly to the true process average regardless of the original beliefs.
Second, no specific assumptions were made regarding the process behavior during transitions.
Third, the framework requires simple calculations of the posterior estimates.
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PROGRAMMING CODE

For drawing an HPD credible interval, the following program code was developed using
Visual Basic for Application (VBA) in Excell. This program was run to plot the corresponding
graphs for three cases, as discussed in Chapter 5.

Dim i, j, t1, t2 As Single
n = Val(NoData.Text)
Range("B2:B" & (n + 1)).Select
ActiveSheet.Shapes.AddChart(xlXYScatter, 350, 50, 500, 300).Select
ActiveChart.ChartType = xlXYScatter
ActiveChart.Legend.Delete
ActiveChart.Axes(xlCategory).MaximumScale = n
ActiveChart.Axes(xlCategory).MajorUnit = 1
L = ActiveChart.PlotArea.InsideLeft
T = ActiveChart.PlotArea.InsideTop
W = ActiveChart.PlotArea.Width
H = ActiveChart.PlotArea.Height
Mx = Cells(2, 2)
Mn = Mx
For i = 2 To n + 1
For j = 2 To 6
If Cells(i, j) > Mx Then
Mx = Cells(i, j)
ElseIf Cells(i, j) < Mn Then
Mn = Cells(i, j)
End If
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Next j
Next i
ActiveChart.Axes(xlValue).MinimumScale = Mn
ActiveChart.Axes(xlValue).MaximumScale = Mx
ActiveChart.SetElement (msoElementPrimaryValueGridLinesNone)
Dim S1 As String
If Val(DecPlaces.Text) > 0 Then
S1 = "0."
For i = 1 To Val(DecPlaces.Text)
S1 = S1 + "0"
Next i
Else
S1 = "0"
End If
ActiveChart.Axes(xlValue).TickLabels.NumberFormat = S1
Dim X1, X2, Y1, Y2, Lt As Single
Dim W2 As Single
W2 = ActiveChart.Axes(xlValue).Width
For i = 1 To n
X1 = (W - W2) / n * i + W2 + 2 + (i - 1) * 0.45
If n >= 10 Then X1 = X1 - (i - 1) * 0.45
X2 = X1
t1 = Cells(i + 1, 3)
t2 = Cells(i + 1, 6)
Y1 = (1 - (t1 - Mn) / (Mx - Mn) / 1.025) * (H - 15)
Y2 = (1 - (t2 - Mn) / (Mx - Mn) / 1.025) * (H - 15)
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ActiveChart.Shapes.AddLine(X1, Y1, X2, Y2).Line.Weight = 1.2
Lt = 4
ActiveChart.Shapes.AddLine(X1 - Lt, Y1, X1 + Lt, Y1).Line.Weight = 1.2
ActiveChart.Shapes.AddLine(X1 - Lt, Y2, X1 + Lt, Y2).Line.Weight = 1.2
t1 = Cells(i + 1, 4)
t2 = Cells(i + 1, 5)
Y1 = (1 - (t1 - Mn) / (Mx - Mn) / 1.025) * (H - 15)
Y2 = (1 - (t2 - Mn) / (Mx - Mn) / 1.025) * (H - 15)
ActiveChart.Shapes.AddLine(X1 - Lt, Y1, X1 + Lt, Y1).Line.Weight = 1.5
ActiveChart.Shapes.AddLine(X1 - Lt, Y2, X1 + Lt, Y2).Line.Weight = 1.5
ActiveChart.Shapes.AddLine(X1 - Lt, Y1, X1 - Lt, Y2).Line.Weight = 1.5
ActiveChart.Shapes.AddLine(X1 + Lt, Y1, X1 + Lt, Y2).Line.Weight = 1.5
Next i
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