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ABSTRACT

The field of multibody simulations has seen great strides in recent years. Most 

multibody simulations are carried out under the assumption that the joints involved are 

ideal.  However many real joints are not ideal; they possess some clearance between their 

components.  The existence of these clearances allows for the freeflight motion of some 

of the joint’s constituent components.  This motion is usually followed by an impact 

leading to load amplification and chaotic motion.  The effects of impact-induced load 

amplification could be compounded when the system also contain members or links with 

some degree of flexibility.  This study is an attempt to observe and characterize systems 

of this nature.

The issue of characterizing these systems is addressed incrementally.  Initially, a 

test rig with a clearance or real joint and rigid links is used to gather data on the 

characteristics of a real system with rigid links and a real joint for various system 

conditions.  The resulting data is analyzed and used to construct a validated analytical 

model of the same system.  This model is then used as a test bed to study the contact and 

hence the impact process occurring within the joint.  This approach allows for various 

contact models to be evaluated and for a suitable one to be selected or formulated.  Once 

this is done, flexibility is introduced into the study by modifying the test rig to include 

flexible bodies, and the new data is analyzed for any possible effects brought on by body 

flexibility.

As expected and seen in other previous studies, joint clearance does indeed cause 

load amplification. Various existing impact models for this joint were studied and none 
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were found to give satisfactory results, so a modified formulation was made and found to 

produce significantly better results.  It was noted that during the impact process, 

damping, even in very small amounts, plays an important role and may not be ignored 

safely as is sometimes done.  Flexibility in links is found to have an influence on the 

system’s responses depending on the system configuration, but by and large, it appears to 

have a deleterious effect.  The phrase “flexible body” seems to imply a one-to-one

correlation between the stiffness of a body under quasi static conditions and its dynamics 

in a working mechanism.  It would seem from this study that such an assumption is not 

always true and perhaps a better term would be “real body.”
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CHAPTER 1

INTRODUCTION

1.1 Motivation

A mechanism can be defined as a collection of elements joined together by joints.

These joints can be classified as higher or lower pairs, depending on the type of contact 

involved.  One of more ubiquitous joints encountered in mechanisms is a lower pair 

kinematic joint — the revolute joint (Figure 1).  This joint which is central to this 

research is prescribed by Nikravesh [1] as
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Figure 1.  Ideal revolute joint [1].

As is evident from the formulation, the constituent elements or links of this pair 

P

i

ir
r

jr
r

p
is
r

p
js
r

(1)

(2)



2

are restricted to rotation around the joint axis.  The joint components are not free to 

translate relative to each other.  In practice, however, real joints have some clearance or 

play between their elements (Figure 2).

Figure 2.  Real revolute joint.

This clearance exists for a variety of reasons:

• Lubrication requirements

• Assembly and fabrication requirements

• Could possibly be required to permit some degree of misalignment between the 

links

• Degradation of components

The presence of this clearance permits freeflight motion of the joint components, 

ClearanceP

p
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p
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r
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resulting in their impact with each other causing vibration, fatigue, and load 

amplification. In addition to causing increased wear, reduced service life and reduced 

accuracy of the mechanism, these also give rise to a tendency to chaotic behavior and 

deviation in the behavior of the mechanism from that intended [2].  In some cases, 

uncertainties can be further compounded by the fact that the links in which these joints 

reside, especially in the case of lightweight mechanisms, are not perfectly rigid and 

interact with the impact phenomena occurring within the joint itself.  One of the goals of 

this work is to study the behavior of real revolute joints mounted in flexible bodies. 

1.2 Literature Survey and Review of Existing Work

The dynamics of real joints mounted in flexible bodies are influenced by 

phenomena such as impact, friction, and flexible body response and their interactions 

with each other.  Various authors have studied these phenomena, either in isolation or, in 

some instances as an aggregate study of mechanisms where one or more of these effects 

are present.

1.2.1 Impact

Impact is one of the more widely studied of the effects. Some methods used to 

study this phenomenon are [13]:

1. Stress Wave Propagation

2. Discontinuous Formulations

3. Contact Mechanics

1.2.1.1 Stress Wave Propagation Method

When an impact occurs, a stress wave is set up in the bodies involved.  This 
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method attempts to study the impact process by analyzing stress waves and their 

interaction with the impacting bodies.  This method is very accurate but also very 

complex and, as such, is difficult to use and of limited applicability. According to 

Goldsmith [6], “The difficulties encountered in the rigorous solution of wave propagation 

problems due to impact are prodigious”;  hence this method is not widely used. 

1.2.1.2 Discontinuous formulations Method

Impacts that occur within real joints are normally of very short duration, which 

has led some authors to opine that it would be acceptable to ignore events that occur 

during the impact process.  Only the states of the system before and after impact are 

considered to be of interest.  These can be obtained using discontinuous formulations 

such as the coefficient of restitution. 

Work in this area goes as far back as at least 1668 [15].  An investigator from a 

more modern time was Sir C.V. Raman [12], who in 1920 studied the transverse impact

of steel spheres on glass plates and the resulting flexural waves to obtain the coefficient 

of restitution.

In 1941, Schnurmann [3]carried out similar experiments by dropping steel balls 

from an electromagnetic holder, bouncing them off a concave steel anvil, and filming the 

resulting rebound at sixteen frames per second.  This was done to calculate the total 

bouncing time and hence the coefficient of restitution using the formula 

⎟
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⎞⎜
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⎛ +⋅⋅⋅⋅⋅++++⎟⎟⎠
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Values for the coefficient of restitution as high as 0.995 were obtained. 

(3)
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Schnurmann speculated that one of the primary causes of energy loss in a rebound would 

be adiabatic compression of the metal at the impact zone.  He further suggested that as 

the adiabatic compression energy tends toward ze ro in the neighborhood of absolute zero 

temperature, the coefficient of restitution would tend toward unity under these conditions. 

The discontinuous contact force models, while simple, make certain assumptions 

such as that of the impact duration being small enough to make any geometry changes in 

the mechanism during the impact process negligible.  These assumptions may not hold 

true in many cases, and the use of these models tends to provide poor results when used 

directly to calculate impact forces.

1.2.1.3 Contact Mechanics Methods

This method is based on the development of displacement — force equations for 

the impacting bodies.  The derivations are generally based on the assumption of static or 

quasi-static conditions.  That is, it is assumed that the impact duration is much longer 

than the fundamental frequencies of the impacting bodies. 

The simplest of the continuous impact models is the linear spring model;

however it is quite deficient as a mechanism to predict impact dynamics.  Goldsmith [6] 

presents a series of contact models that are composed of various combinations of springs 

and dampers.  One of these models is the Kelvin Voigt model, which has a two-parameter

parallel linear spring damper configuration.  Both the configuration and its stress strain 

relationship are presented in Figure 3 and equation (4).

dt
dcE εεσ += 1 (4)



6

cE1

Figure 3.  Kelvin Voigt model.

The Maxwell model [6] is another two-parameter model.  Here the spring and 

damper are in a series configuration.  The stress-strain relationship for this model is 

presented in equation (5)[6], and the spring damper configuration is shown in Figure 4. 

dt
dc

dt
d

E
c εσσ =+

1

(5)
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E1

c

Figure 4.  Maxwell model.

The standard linear solid has also been modeled [6] as a three-parameter model.

The stress-strain relationship for this model is shown in equation (6), and the arrangement 

of the spring and damper elements are shown in Figure 5.

dt
dEE

E
cE

dt
d

E
c εεσσ )( 21

2
1

2

++=+ (6)
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E1E2

c

Figure 5.  Standard linear solid model. 

The Hertz law of contact [5] is commonly used for sphere-to-sphere contact.   The 

contact being studied in this research is not sphere-to-sphere, nevertheless the Hertz 

model is evaluated as it has been suggested by various authors that sphere-to-sphere

models are a good substitute for modeling cylindrical contact.  The Hertz model assumes 

that the contact duration is long, as compared to the fundamental mode of vibration of the 

colliding bodies [28]. The force deformation relationship is as in equation (7).

2
3

αkFN =

Here NF  is the normal contact force, and α is the deformation between the 

contacting bodies.  The stiffness k of this equation is given by Goldsmith [6] as in 

equations (8,9).

(7)
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( ) BA
q

k k

++
=

213
4

δδ

Where for sphere to sphere contact qk is 0.318 and

21 2
1

2
1

RR
BA +==

Lankarani and Nikravesh [7] introduced a model that caters to the need to account 

for dissipative losses.  The model [8] is generally expanded as:

αα &DKF n
N +=

Shivaswamy [8] recommends n values in the region of 1.63 to 1.72 based on 

experimental studies.  The coefficient D which accounts for damping losses during the 

impact is given as

necK
D α

α )(

2

4
)1(3

−

−
=

&

Where )(−α& is the approach velocity.

(8)

(9)

(10)

(11)
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Further refinements for the Hertz  contact model made have been made for 

example by Liua et al. [9] who modified the model to include coatings.

The modeling of pins in cylinders such as in a revolute joint, differs from sphere-

to-sphere contact, in that the contact area is rectangular.  Various models have been put 

forward for these types of contacts, such as the Dubowsky and Fruedenstein model 

reviewed by Flores et al. in [10] as well as the ESDU – 78035 model, both of which are 

presented as equations (12) and (13).

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
= 1

)(
)(

ln
3

jijiN

jiji
N RRF

RRL
L

F
σσ

σσ
δ

Where L is the length of the pin.
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For impacts where high velocities are involved, McCoy and Lankarani[13] 

provide the following impact model:

eff

effy

eff

y
y m
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E
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V
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(14)

(15)



11

1

2

2
2

1

2
1 111

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

−
=

EEEeff

υυ

⎟⎟⎠

⎞
⎜⎜⎝

⎛
+=

21

111
RRReff

The permanent indentation in these impacts is given in McCoy and Lankarani 

[13] as 

( )5.1
max2

22

2

)1(5.2

δ
δ

k

evm reff −
=

1.2.2 Other Phenomena

The other phenomenon of interest in this study are friction and link flexibility.

Lankarani et al. [14] present a procedure for the planar frictional impact analysis of two 

free or unconstrained bodies.  Studies in link flexibility could be broadly classified using 

various categorization schemes such as large displacement versus small displacement 

studies.  Another possible classification scheme would be to divide the studies between 

those using modal and nodal coordinates.  Dombrowski [16] present s a formulation 

employing nodal coordinates to model flexible bodies.  He uses the Euler Bernoulli beam 

formulation to model bodies undergoing large deformation.  Munteanu et al. [18] present 

a formulation using Euler Rodrigues parameters.  Seo et al. [17] also present a nodal 

coordinate formulation employing two-dimensional beam elements to represent large 

deformation flexible bodies.

(16)

(17)

(18)
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Modal superposition can be used to represent or model the responses of a flexible 

body to an applied load by superimposing several of its modes, as provided by Craig 

[19].

Some authors who have used this method to model flexible body systems are 

Gonclaves and Ambrosio [20], who used this method to study road vehicle comfort, as 

well as Rokach [21], who used the method for one point bend test modeling. The 

commercial software MSC ADAMS which was used in this research, utilizes Craig 

Bampton modes [22] and derives the physical nodal displacements {u} from the matrix 

of mode shapes [ ]γ  and the modal amplitudes { }ς  using equation  19.

{ } [ ]{ }ςγ=u

1.2.3 Clearance Joint Mechanisms

Various authors have used the phenomena described above to study the dynamics 

of complete mechanisms incorporating real joints. Gu et al. [23] studied prismatic joints 

in a slider crank mechanism.  They studied a spatial slider crank mechanism, a drawing 

of which is shown in Figure 6.

(19)



13

Figure 6.  Spatial slider crank [23].

This study confirmed the existence of chaotic vibrations in both this mechanism

and an impact beam system.

Flores et al. studied revolute clearance joints in mechanisms [2,4,11,24].  One of 

the mechanisms studied, a slider crank, is shown in Figure 7.

Figure 7.  Slider crank mechanism [24].

These studies confirmed substantial variations in contact forces from those 

predicted for ideal joints.  Figure 8, from a study done by Flores et al. shows the 
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acceleration of the slider in a slider crank mechanism with real joints.  It can be seen that 

there are significant variations in the slider’s accelerations compared to those that would 

have been produced by a similar mechanism with ideal joints.

Figure 8. Fluctuations in slider acceleration [24].

Ravn [25] studied the double-pendulum mechanism with real joints shown in 

Figure 9, in an effort to quantify the degradation in performance brought on by the 

presence of the clearance joint.

Figure 9. Double pendulum mechanism [25].



15

This study showed significant deviations in the mechanism’s responses from 

those predicted by simulations assuming ideal joints, as shown in Figure 10.

Figure 10. Double pendulum with clearance — simulated vs. experimental [25].

1.3 Research Objective 

The objective of this research was to study and characterize the dynamics of 

revolute real joints. Particular emphasis was placed on real joints coupled with flexible 

bodies.  In order to study such a system, it was necessary to select a representative 

mechanism that included the components being studied.  The slider crank mechanism 

was chosen, since it is ubiquitous, easy to control, and subject to the desired range of 

speeds and accelerations.

The process and events that occur in real joints are disposed to being of a fleeting 

and possibly chaotic nature, and tend not lend themselves to easy observation.  Therefore,

more than one complementary data source was used to derive as clear a picture of the 

system as possible.  The process that was employed is outlined in Figure 11.
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Figure 11.  Research sequence.

The experimental test rig had two complementary subsystems, one to study the 

characteristics of a real joint coupled to rigid links and the other was used to study and 

collect information on real joints with various flexible links.  Experimental data from the 

rigid body mechanism was used to build an ana lytical model, which was then used as a 

test bed to study various theoretical contact models  as well as the effect of  parameters 

such as friction. Since some degree of difficulty was anticipated in formulating a suitably 

validated analytical model employing flexible bodies, it was decided to gather data for 

this section experimentally. 
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CHAPTER 2

RIGID BODY REAL JOINT TEST RIG

2.1 Introduction

This chapter describes the experimental test rig that was used to study revolute 

real joints in a mechanism with rigid links.  As mentioned earlier, the mechanism selected 

to house the real joint was a slider crank mechanism as shown in Figure 12.

Figure 12.  Schematic of slider crank mechanism. 

The real joint, which was studied, was the small end joint of the connecting rod in 

the slider crank mechanism.  However, since there was no practical means to directly 

observe or measure the processes occurring within the joint, some indirect form of 

observation was necessary.  This took the form of measuring the acceleration of the 

slider.
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The crank (black) was 5 centimeters long and connected to a 30 cm connecting 

rod (yellow).  This, in turn, drove the slider along its rail via the real joint (1).  Figure 13 

shows the four joints in the mechanism.  The assumption here is that joints 2, 3, and 4 do 

not contribute to the mechanism’s deviation from ideal, and that all such deviations arise 

from joint the real joint (1).

REVOLUTE JOINT (3)

REAL JOINT (1)REVOLUTE JOINT (4)

LINEAR BEARING (2)

Figure 13.  Test rig joints.

Joint 2 was a linear bearing, which has some preload in an attempt minimize play.

This joint was lubricated with very thick grease, since the kind of motion to which it is 

subjected is not conducive to the use of lighter lubricants.  Joint 3 was actually a series of 

ball bearings holding the drive shaft.  Joint 4 at the far end of the crank was a needle 

bearing.  The fabricated mechanism is shown in Figure 14. 
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Figure 14.  Fabricated slider crank mechanism.

Joint 1 was the real joint being studied.  It had a 1 mm clearance and was 

constructed using a pin and bushing.  The removable pin made it possible to swap with 

one having a different diameter and hence different bearing clearance.  A close-up of the 

real joint  is shown in Figure 15. 

Figure 15.  Real joint.
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The slider which weighed 1.02kg was free to translate back and forth, since it was 

mounted on a linear bearing (dark blue).

2.2 Subsystems

The rig had a number of systems whose functioning is described in the following 

sections.

2.2.1 Mechanical System

To rotate the mechanism’s crank, a drive system was required.  This system is 

shown in Figure 16.  A 0.75 hp DC motor was chosen to power the mechanism.

Figure 16.  Drive system.

Power was transmitted from the motor to the crank by a belt drive.  The motor 

itself was mounted on a vertical plate and drove a large 485 mm two-groove pulley via a 

standard B section V belt.  This transmission had two functions.

1. To act as a speed reduction system to convert the 1,800 rpm rotation 

of the DC  motor to the approximately 300 rpm required for the slider 

crank system.
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2. To act as an energy reservoir.  Because of the expected impacts 

within the system, substantial fluctuations in the required driving torque 

were anticipated.  Consequently, it became necessary that a means to deal 

with this issue without the system suffering unacceptably large 

fluctuations in speed be devised.  Solutions involving compensation using 

the motor were clearly unworkable, and hence it was decided to use a 

driven pulley with as large an inertia as practical to act as an energy 

reservoir.

The torque from this driven pulley was transmitted via a 17 mm shaft to the 

mechanism’s crank.  Better performance could have been obtained if the shaft had been 

shorter, but the necessity of accommodating the torque sensor precluded this.  To 

minimize any flexing in the shaft, it was supported at multiple points using ball bearing 

units (red), as shown in Figure 17.

Figure 17.  Drive shaft — bearing arrangement.

The shaft passes through a hole in the slider crank mechanism mounting plate and 

is keyed into the crank.  The mechanism was mounted in a heavy steel frame in order to 
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minimize vibrations and other disturbances.  Provision was also made to increase the 

mass of the device, in the event that excessive problems with vibrations were 

encountered.  This, however, was found not to be necessary.  The assembled system is 

depicted in Figure 18. 

Figure 18.  Assembled test rig.

2.2.2 Electrical System

The prime mover was a 90-Volt, 0.75 hp, DC permanent magnet motor. Speed 

was controlled by varying the input voltage using a variac and a diode 

rectifier — capacitor circuit.  The circuit for this system is shown in Figure 19. 
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AC

M
M

computer

Figure 19.  Electrical circuit.

The AC mains voltage was stepped down to the desired voltage using the variac.

This stepped down AC voltage was then rectified using a full-wave bridge rectifier and

smoothed out using three parallel capacitors.  The variac itself was controlled by a 

closed- loop system run by the interface computer.

2.2.3 Data Acquisition and Control

This system was used to maintain closed-loop speed control of the mechanism as 

well as to keep track of various system parameters.  A block diagram of this system is 

presented in Figure 20.
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Acce le rome te r

Digital  Encoder

L i n e a r  S e n s o r

T o r q u e  S e n s o r

1 6  B i t  D A QPower  Supp l y

Posit ion Digital to
Ana log  Conve r te r

Rpm Digital to
Ana log  Conve r to r

1 2  B i t  D A Q

Posi t ion Sensor

A c t u a t o r

I n t e r f a c e

Figure 20.  Data acquisition system.

The system is controlled by a computer using the interface shown in Figure 21.

Figure 21. Rigid test rig interface.
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The various parameters of the mechanism recorded by this system are:

• Acceleration of the Slider

• Position of the Slider

• Angular Position and Velocity of the Shaft 

• Shaft Torque 

• Variac Position

Acceleration of the Slider

Slider acceleration was used as an indirect means to measure joint forces.

Considering the character of the system, it was felt that the inclusion of some form of 

force sensor within the joint would not be prudent since the device by its very presence 

could change the nature of the joint thus leading to misleading readings. Therefore, joint 

forces were measured indirectly by measuring the acceleration of the slider.  The 

downside of this approach was the possible difficulty in distinguishing between 

accelerations at the accelerometer attachment point due to rigid body translation of the 

slider and those due to vibrations generated by impact and from noise in the linear 

bearings.  Two accelerometers were used. One was a high frequency accelerometer 

(Figure 22) with a 3-db range of 35 kHz, maximum measurable acceleration of 50g, and a 

sensitivity of 103 mV/g.  The other was less sensitive but capable of measuring higher 

accelerations.
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Figure 22.  Instrumented slider.

Data from the accelerometers was captured at 200 kHz by a dedicated data 

acquisition card with a 16-bit resolution (NI PCI 6221).  A fourier transform of the initial 

tests showed strong peaks at 60 Hz and its harmonics.  This was believed to be 

contamination from AC mains.  Shielding and isolation of the components produced a 

significant improvement in results. 

Position of the Slider 

 The slider’s position was measured by a ribbon sensor that picked up a rare earth 

magnet mounted on a carbon fiber arm attached to the slider.  The 0 to 10 volt analog 

signal from this sensor was picked up by a 12-bit data acquisition card. 

Angular Position and Velocity of the Crank Shaft 

The angular position and velocity of the crankshaft was obtained using a rotary 

encoder capable of 10,000 pulses per revolution (Figure 23). The output of this device 
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was routed to two digital-to-analog converters, one of which produced an analog voltage 

proportional to the position of the shaft, while the other produced an analog voltage

proportional to the rpm of the shaft. These signals were recorded by the interface 

computer using the 12-bit data acquisition system.

Figure 23.  Digital encoder.

Shaft Torque 

Shaft torque was measured using a non-contact torque sensor.  The device (Figure 

24) was capable of measuring up to 50 N-m and produced a 0.5 to 4.5 volt analog output. 

Figure 24.  Torque sensor — installed.
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The device (red) was mounted inline with the crank shaft (Figure 25). 

Figure 25.  Drive shaft. 

2.2.4 Results

The test rig was run at 177 and 101 rpm with a joint clearance of 1 mm.  The 

acceleration plot from the test at 101 rpm is shown in Figure 26. 

Figure 26.  Slider acceleration at 101 rpm.
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The green trace shows the actual slider acceleration in mm/ms2, and the red trace 

shows the acceleration predicted by a model of the same mechanism  employing ideal 

revolute joints.  As can be seen, the actual peak acceleration and hence forces are almost 

40 times those predicted for ideal joints,  a clear indication of the level of force 

amplification caused by joint clearance. 

Figure 27 shows the accelerations at 177 rpm for the theoretical ideal joint and the 

real joint.  Once again, the green trace shows the actual accelerations in mm/ms2, and  the 

red trace shows the acceleration predicted by a perfect revolute joint model.

Figure 27.  Slider acceleration at 177 rpm.

As in the previous case, there are substantial variations in the slider acceleration 

from that predicted for an ideal joint.
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2.3 Discussion

Data from the test rig was compared to data produced by an ideal revolute joint 

model and was found to vary significantly, as expected, with a high degree of force 

amplification and vibration encountered.



31

CHAPTER 3

SIMULATION OF RIGID BODY REAL JOINT MECHANISM

3.1 Introduction

The test rig being a real world machine has had to accept various compromises.

In order to prevent contamination of data collected from the real joint, it was necessary 

that all joints, other than the one under scrutiny — the connecting rod- slider joint, be 

ideal joints.  This was not achievable in practice and various limitations had to be 

accepted.  Some of these were as follows:

• Play and friction occurred in joints that ideally should have had none.

• The bearings, the linear bearing in particular, were found to be sources of 

noise and vibration other than those caused by clearances.

• Bearings induced some degree of damping.  This was possibly a 

consequence of the somewhat thick lubricant that had to be used.

• The slider would “ring” when impacts occurred within the connecting rod -

slider joint.  This was another source of data contamination, since no 

realistic method could be found to separate out acceleration caused by 

ringing from those caused by rigid body translation of the slider.

• The joints other than the one under scrutiny should have been infinitely 

stiff, which again was not the case. 

• There was surface-to-surface contact between moving parts other than the 

joints.  This naturally gave rise to unwanted contaminating frictional 

forces.
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• The accelerometer had some degree of non-linearity, which in practice was 

difficult to compensate for.

• The device naturally was susceptible to manufacturing tolerance - induced 

errors as well as those brought on by general wear.

The multibody model of the test rig was developed as a means to deal with the 

above issues, the intent being to build a multibody model including as many of the above 

deficiencies as possible.  Once this was done, and the model was validated using the 

experimental data, the supernumerary properties were removed.  This model could then 

be used for further exploration of the real joints’ dynamics,  to serve as a test bed for 

trying out the various impact models, and for studying the sensitivity of the systems 

responses to changes in various parameters. 

3.2 Development of Multibody Model

The multibody model was developed in MSC ADAMS. An image of this model 

and the corresponding components from the experimental rig are provided in Figure 28.

All bodies in this model were rigid and set to have the same inertia and mass properties 

as the corresponding components on the test rig.  The crank was connected to the ground 

at one end using a revolute joint and a motion driver used to simulate the prime mover.

Similarly, the connecting rod—crank joint was also a revolute joint.
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Figure 28.  Slider crank mechanism — experimental and analytical.

The revolute real joint at the other end of the connecting rod – the small end joint 

was the real  joint being studied.  This joint was defined using contact between a bush in 

the connecting rod (green) and the slider pin (red). 

The default contact detection library for the MSC.ADAMS version used was 

RAPID version 2.01 [26].  This is a polygon interference detection algorithm 

implementation [27].  This library seems to provide improved performance, albeit at 

some cost in terms of accuracy. In this case, the trade off was found to cause some 

difficulties.  The analytical model was found to be somewhat unstable and tended to 
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produce very unsatisfactory results, bearing little correlation to the experimental test data.

Even the use of high faceting tolerances proved unable to resolve these issues.  Therefore, 

an alternative library, the PARASOLIDS library was used.  Figure 29 shows a close up of 

this joint.

Figure 29.  Analytical model of the real joint.

The connecting rod-bush combine was supported on the slider using a friction 

plate (blue), as shown in Figure 30.

Figure 30.  Slider analytical model.

This plate served to simulate the friction between the connecting rod and the top 
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of the slider.  The slider itself was mounted on a translational joint with friction, it was 

noticed that the predominant source of resistive force in the test rig linear bearing was not 

friction but viscosity due to the thick lubricant used.  This viscosity was simulated by 

adding a translational spring damper with the stiffness set to zero.

3.3 Evaluation of Contact Models

After the multibody model was completed, it was possible to use it as a test bed to 

evaluate the various impact models available as well as to study the effect of various 

other factors such as joint friction and clearance. 

The contact in the joint being studied was rectangular and sphere-to-sphere

models are may not appropriate for this study [15].  Nevertheless, a study of the literature 

has shown that some authors consider the sphere-to-sphere model to be applicable to the 

rectangular case as well.  In view of this, it was decided to evaluate two of the more

popular sphere-to-sphere contact models — the Hertz model and the Lankarani 

Nikravesh model.

3.3.1 Hertz Contact Law

The form of the Hertz equation given in  [10] is used here and  is given as 

5.1δKFN =
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E
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Where E is the modulus of elasticity for each of the impacting bodies.  The slider 

acceleration plot for this model as well as the corresponding experimental data for 177

rpm are presented in Figure 31.

Figure 31.  Slider acceleration — experimental vs. analytical model 

(Hertzian contact).

As can be seen, acceleration obtained using the Hertz contact model bears little 

relation to the experimental results.  The waveforms were quite different and the 

acceleration appears to be imparted as a series of frequent, sharp, short-duration impacts.

The maximum acceleration predicted by the Hertz law was more than six times that 

obtained from the experimental results.  It would appear prudent not to consider this 

model viable for the current application.

(24)
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3.3.2 Lankarani Nikravesh Model

This is one of the more complete models available since it includes a dissipation 

term.  The governing equation from [10] is expressed in equation as (25) 

δδ &DKF n
n +=

Where δ&D  is the dissipative term, the hysteresis coefficient D  is given by:

nD χδ=

Where
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δ& , )(−δ&  and ec  are the relative impact velocity, the approach velocity and the 

coefficient of restitution respectively. The slider acceleration from this model was 

compared to the experimental data.  The resulting plots from an approximation of this 

model are shown in Figure 32.  As no appropriate coefficient of friction or restitution 

could be found for the particular material condition in the mechanism — hardened with a 

close to mirror finish; friction was set to 60 percent of that given for the closest material

that could be found —  steel railway wheels, from [29]. This gave a value of 0.18 for  the 

friction coefficient. The restitution coefficient was taken from [3]. 

(25)

(26)

(27)
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}

Figure 32.  Slider acceleration — experimental vs. analytical model 

(Lankarani-Nikravesh).

It would appear that this model provides some improvement over the simple Hertz

model.  This might be taken as an indicator that damping does indeed play a significant 

role in these kinds of contacts. 

The general waveforms for both the analytical model and the experimental run 

appear to bear a significant degree of similarity.  The predicted peak values however, are 

much higher for the Lankarani-Nikravesh model.  This could possibly imply that while 

the model is in itself quite reasonable for its intended use of predicting sphere-to-sphere

impact, the assumption that sphere-to-sphere contact models can be used as a substitute 

for rectangular contact is not correct. 
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3.3.3 Linear Spring Model

For completeness, a run was made using the linear spring model.  The assumed 

stiffness value was derived as an approximation from the Hertz model.  The resulting 

slider acceleration is shown in Figure 33.

Figure 33.  Slider acceleration experimental vs. analytical model 

(Linear Spring).

As expected, this simplistic model was the least satisfactory of all the models.

The acceleration waveforms were very different from those obtained experimentally, the 

maximum accelerations being almost fifteen times greater.  It can be safely said that this 

model was quite unsuitable for this application.
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3.3.4 ESDU-78035

This run was made using the ESDU-78035 model for rectangular contact from 

Fernandes [4].  The governing equation is given by equation (28).  In the area of interest 

the force deflection relation is almost linear with an R2 value greater than 0.9 and hence 

has been used as such.
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Figure 34.  Slider acceleration - experimental vs. analytical model 

(ESDU-78035).

The general waveform(Figure 34) did not seem to match, although the 

accelerations are very roughly similar.  However, judging from a comparison of the 

(28)
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significant improvement in the Hertz contact model brought on by the addition of a 

damping term in the Lankarani-Nikravesh model, it might be theorized that a similar 

improvement could be made to the rectangular case by adding some form of damping. 

3.3.5 Modified Model

The contact in this case, is a hybrid of the Lankarani-Nikravesh model and the 

ESDU-78035 model. The framework of the Lankarani-Nikravesh model was used with 

the stiffness derived using a linear approximation of the ESDU – 78035 model (section 

3.3.4) and damping applied in the ratio of the stiffnesses of the ESDU – 78035 and the 

Lankarani-Nikravesh models, equation (29). 

l

ES
l k

k
CC =mod

Figure 35.  Slider acceleration experimental vs. analytical model 

(modified) — 177 rpm.

As can be seen (Figure 35), both the waveforms and peak values were very 

(29)
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similar.  For this application, this approximation appears to give results that were close 

enough for use in a further study of revolute joints with flexible links.  Figure 36 show 

the results for a speed of 101 rpm. Again, this model gives reasonable results. The initial 

discrepancy in the simulation is a start up glitch.

Figure 36.  Slider acceleration experimental vs. analytical model 

(Modified) — 101 rpm.

3.4 Effect of Friction and Clearance

Once an analytical model with an acceptable contact model was formulated, the 

effects of friction and clearance were studied in detail by carrying out a set of simulations 

with varying friction and clearance. The slider acceleration from a set of runs for the 

analytical model with a joint clearance of 0.5 mm and coefficient of friction values of 0.2, 

0.4, and 0.6 are shown in Figure 37.
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Figure 37.  Slider acceleration — analytical model with 0.5 mm clearance.

As can be seen, load amplification increased with the friction coefficient encountered in 

the clearance joint.  Figure 38 shows the slider acceleration for the analytical model with 

a joint clearance of 1 mm and three coefficient of friction values of 0.2, 0.4, and 0.6.

Figure 38.  Slider acceleration — analytical model with 1.0 mm clearance.
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 Once again the load amplification level rose with joint friction. It may also be 

noted by comparing the two sets of acceleration plots in Figures 37 and 38 that the load 

amplification levels increased with the joint clearance.  A plot of the maximum 

acceleration values for all six simulations is shown in Figure 39.

Figure 39.  Slider acceleration — varying clearances and joint friction. 

3.5 Conclusion

The modified contact model appeared to give results sufficiently close to the 

experimental results to consider its use in the further exploration of the dynamics of 

revolute real joints.  In addition, some pertinent conclusions that might be made from 

these results are as follows:

• The existence of clearance in joints leads to load amplification whose magnitude 

rises in proportion to the amount of clearance present.

• Even in the case of contact between bodies with their coefficients of restitution 

close to one, the event should not be assumed perfectly elastic, i.e. damping even 
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in very small amounts is important in the modeling of contacts and should not be 

ignored.

• The modified contact model seems to work better than the direct application of 

sphere-to-sphere contact models. A hybrid of the ESDU-78035 model and the 

Lankarani-Nikravesh sphere model produced good results.

• A value of 1.5 for the contact model exponent seems to work best.

• Load amplification increases with joint friction.
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CHAPTER 4

FLEXIBLE BODY REAL JOINT TEST RIG 

4.1 Introduction

After the characteristics of real joints were studied and a suitable contact model 

formulated, it was necessary to incorporate the effects of flexible bodies into the study.

For various reasons, the existing rigid body rig proved not to be conducive to this 

purpose.  Therefore, it was necessary to modify the rig.  Modifications were made in the 

mechanical, electrical, and data acquisition systems. 

4.2 Electrical System

The increased power requirements of the new system meant it was no longer cost 

effective to use a simple diode rectifier system. The new system had solid state SCR 

speed control (Figure 40). The closed loop-speed control was also removed. The prime 

mover was a ¾ hp permanent magnet DC motor as was the case in the previous rig. 

Figure 40.  SCR DC motor control.
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4.3 Mechanical System

Some of the requirements for the mechanical modifications to the test rig were as 

follows:

• Ability to incorporate flexible connecting rods.

• Increased rigidity and reduced play in joints other than the real joint being 

studied.

• Reduced susceptibility to error induced by manufacturing deficiencies or wear. 

• Ability to compensate for any residual manufacturing inaccuracies.

• Ability to operate at higher speeds. 

• Increased ability to handle shock loads.

These modifications were implemented in the form of a plug- in that was bolted onto the 

existing test rig (Figure 41). 

Figure 41. Flexible body plug- in.
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The plug- in had four joints and five principal parts (Figure 42), some of which are 

depicted in Figure 42: 

Figure 42. Flexible body plug in — components.

4.3.1 Flexible Bodies

A series of flat brass, steel and aluminum bars 6.25 mm thick, with an effective 

length of 280 mm and of various heights were used as flexible connecting rods, some of 

which are depicted in Figure 43.

Crank

Big End Shaft

Slider

Real Joint

Flexible Body

Small End 

Clamp

Crank Joint
Big End Joint

Translational Joint
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.

Figure 43. Flexible connecting rods.

4.3.2 Crank

The crank (Figure 44) was a cylindrical disc with a throw of 3 cm, which in 

addition to serving as a mount for the connecting, rod also worked as a supplemental 

flywheel.  This component was fabricated from high-grade steel and machined as a single 

piece.  While machining the unit as a single piece had the welcome effect of increasing 

the integrity of the component, the primary motivations were to help ensure that all the 

bearings mounted on the component had their axis as close to parallel to each other as 

possible and that the crankshaft and the crank were concentric.  The crank was mounted 

in a bearing block using a pair of opposed combination needle/thrust bearings.
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Figure 44. Flexible mechanism crank.

The cutaway in Figure 45 shows the means employed to mount the crank.  The 

bearing block was itself a fairly substantial piece of steel milled and bored to an accuracy 

of about two thousands of an inch.

Figure 45. Crank bearing.
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This arrangement made for a crank assembly that was quite rigid, insensitive to 

shocks, had very little play and could be manufactured to a very high degree of accuracy 

with relative ease.  The crank’s shaft was of a stepped construction to match the inside 

diameters of the bearing inner races, the driven pulley, and the encoder. 

4.3.3 Big End Shaft

The crank had a hole bored in its face to mount a shaft functioning as the big end 

of the connecting rod (Figure 46).

Figure 46. Big end shaft.

This big end shaft was mounted in a fashion akin to the crank, itself using two 

opposed combination needle/thrust bearings, The lower end of the big end shaft was 

threaded to take a quarter-inch nut and washer, which when tightened, locked the shaft

assembly into place in the crank. The top end of the big end shaft has a slot milled into it 

Big End 

Shaft
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to accommodate one end of the flexible connecting rod.   A series of bolts were used to 

act on a steel pressure pad, which then constrained one end of the connecting rod by 

grasping the rod between itself and one face of the slot (Figure 47).

Figure 47. Crank clamping mechanism. 

4.3.4 Small End 

This component (Figure 48) has a three-quarter- inch hole drilled and bored at one 

end.  This hole formed part of the real joint. The other end was slotted and formed part of 

a slot and pressure pad arrangement very similar to that found in the big end shaft.  This 

arrangement served to constrain the small end side of the flexible connecting rod. 
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Figure 48. Connecting rod small end. 

4.3.5 Slider

This assembly (Figure 49) which weighed 2.71 kg, carried the journal component 

of the real joint in the form of a three inch long shaft.  The forces generated in the joint 

were indirectly measured by means of an accelerometer affixed to one of the slider 

body’s faces.  The journal was mounted in the steel slider body, which in turn was 

mounted on a pair of linear bearings. Different slider assemblies are used for different 

joint clearances.

Figure  49. Slider flexible mechanism.
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The rail on which the linear bearings were mounted was fastened to the ground 

and polished face of a steel structural member, which was attached to the test rig’s base 

plate by means of adjustable bolts (Figure 50).  These bolts permitted fine adjustments in 

both the position and orientation of the slider to compensate for any errors in 

manufacturing.

Figure 50.  Slider adjustment screws.

The system drew power via a belt drive with a speed ratio of about 1:3.  This 

ratio, taken in conjunction with the limited space available, required the use of a

multi-ribbed belt as these belts can fit smaller sheaves (Figure 51).

Figure 51. Crank belt drive.
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4.4 Data Acquisition System

The acquisition system was pared down to a minimum by disabling the less 

critical sensors as a means of conserving the available resources for the vital 

accelerometer channel.  A block diagram of the system is provided in Figure 52.

Figure 52.  Data acquisition block diagram. 

The system had two data sources — one analog signal from the slider 

accelerometer and two digital signals from the crank encoder. Both these sources feed 

into a 16-bit data acquisition card from where they serve as feeds for two separate user 

interfaces — the tachometer and the accelerometer data processing interface both of 

whose functioning is outlined below. The shielded case is depicted in Figure 53.  As can 

be seen, the case was divided into separate compartments for the digital and analog 

components to prevent contamination of the analog signal by the digital lines.
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Figure 53. Shielded case.

4.4.1 Tachometer Interface 

The crank encoder provided three digital data channels. Channels A and B 

provided 1024 cycles every revolution and could be used to locate the angular position of

the crank, while the third channel, the index channel pulses once for every rotation of the 

crank. The tachometer functionally had originally been a part of the accelerometer data 

processing interface.  However, it was discovered that this process could consume 

sufficient computer resources to interfere with the subsequent accelerometer data capture. 

Consequently, this function was spun off to a separate interface that could be shut down 

before accelerometer data capture began. 

The tachometer interface was a simple application that counted the number of 

rising edges on the A channel in a fixed time interval. The number of edges per rotation 

being a known number, the information from the counter could then be used to deduce 

crank rpm.  The interface is shown in Figure 54. 
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Figure 54. Tachometer interface. 

4.4.2 Accelerometer Data Processing Interface

Figure 55 shows the test rig’s main interface. This interface, in addition to 

capturing data, also performed much of the initial data processing using both native 

LabVIEW virtual instruments and embedded MATLAB scripts.

Figure 55. Accelerometer data processing interface.
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Some of the data processing tasks performed by this interface are as follows:

• Calculation of the moment of inertia and effective length of the flexible specimen.

• Poincare Map generation.

• Poincare “jitter function” calculation.

• FFT.

• Acceleration data positive inflection point detection and floor cut off.

• Acceleration data negative inflection point detection and floor cut off.

• FFT data inflection point detect and floor cut off.

A pair of sample acceleration waveforms from this interface are shown in Figure 56. 

Figure 56. Sample Acceleration Waveforms.
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Even a cursory inspection of these waveforms make evident the fact that they 

were not insensitive to the data capture starting point, i.e. care had to be taken to ensure 

that data capture was started at the same crank location for every test. This 

synchronization was achieved by using the encoder index signal as the trigger to start the 

accelerometer data acquisition. A flow chart showing a simplified data flow path for the 

interface is shown in Figure 57.

Figure 57. Interface data flow.

Basic Calculations
Effective flex

length, M.I. etc

Encoder Index data

Accelerometer dataIf I =0

Wait

I

yes

no

Derive Poincare map

User Entered Data
Flex body material,
dimensions, rpm ,

clearance etc.

FFT

Calculate Poincare
map jitter

Derive FFT Inflection

Derive Inflection+ve

Derive Inflection -ve

Accelerometer
data

Poincare Map

Jitter

FFT

FFT Inflection

Accelerometer
Inflection

Accelerometer
Inflection

File

File

File

File

File

File

File



60

In addition to the previously mentioned accelerometer and encoder data, the 

interface also accepted the following user input:

• Rpm.

• Flexible body projection length.

• Flexible body width.

• Flexible body height.

• Real joint clearance.

• Flexible body material.

• Data capture sample rate.

This manually entered data was primarily used to generate (Figure 58) a reference 

tag for data subsequently captured or calculated. It was also used for some rudimentary 

calculations such as the moment of inertia of the specific connecting rod and its effective 

length.

Figure 58. Partial block diagram of interface (data tag generation section).
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This data was then displayed on the interface screen and written to file. A few 

sample plots from the interface are provided in Figure 59.

Raw accelerometer data FFT Inflection points

FFT Poincare

Raw accelerometer Inflection

Figure 59. Sample plots from test rig interface. 
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During its operation, the device generated several thousand output files and a few 

gigabytes of data. Since this was more data than could be comfortably and accurately 

examined manually, a tool was written to read through the output files and aggregate data 

using user-defined parameters.  This tool is shown in Figure 60

Figure 60. Data aggregation tool.



63

CHAPTER 5

 FLEXIBLE BODY EXPERIMENTAL RESULTS

5.1 Introduction

Once the flexible body-real joint test rig and its associated data capture and 

processing software were completed, it was necessary to devise a systematic process to 

collect and compare results.

5.2 Data Collection and Testing

The collection process was governed by the bounds and parameters within which 

the test rig was constrained to operate.  Some of these are discussed in the next section.

5.2.1 Data Capture  Rate and Sample Number 

Data capture rate and sample number are a function of the following, among 

others:

• Desired capture period — in this case about 60 seconds worth would have 

been desirable.

• Accelerometer limit — the accelerometer used had a limit of about 28.6 

kHz.

• Data acquisition limit — the device used had a limit of 250kHz.

• Memory available —the available memory was a little over 1 Gb.

Ultimately, the 1-Gb memory limit proved to be the limiting factor.  This led to a 

minimum 100 kHz sampling rate, which was the rate adopted. This, in conjunction within 

the limits of the available memory, resulted in a capture time of three seconds. 
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5.2.2 Flexible Bodies Available

Seven flexible bodies in the form of metal bars 3.175 mm thick and 280 mm long 

were available (Table 1). 

TABLE 1

AVAILABLE FLEXIBLE BODIES

12.7 NA Brass Steel

19.05 Aluminum Brass Steel
H

ei
gh

t 
(m

m
)

25.4 Aluminum NA Steel

5.2.3 Real Joint Clearances Available

Two slider body assemblies with shaft dimensions such that a joint clearance of 

0.5 mm and 1 mm would result were available (Figure 61).

Figure 61. Slider body assemblies.
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5.2.4 Test RPM

The maximum test rpm was determined by the need to both maintain the integrity 

of the test rig and stay within the limiting acceleration of the slider accelerometer.  It was 

discovered during testing that the accelerometer’s limits would be reached at around 200 

rpm for the 1 mm joint clearance and 250 rpm for the 0.5 mm clearance.  To utilize the 

test rig to its full potential, it was decided to run the rig at closely spaced intervals within 

these limits. 

5.2.5 Ratio of Longitudinal to Transverse Loading

The slider crank mechanism had the connecting rod offset on both ends.  This 

caused the mechanism to be unsymmetrical, and the ratio of the longitudinal to transverse 

loading changed to a large extent depending on the phase of the cycle. The eccentric path 

traced by the base of the connecting rod is shown in Figure 62.

Figure 62. Big end trajectory.

The transverse load in the positive direction was greater than the load in the 

negative direction, with positive being defined as movement of the slider away from the 

Contact -ve

Contact +ve

Direction of positive 

acceleration
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crank.  In view of this, by comparing the system’s behavior in the positive and negative 

directions, it was thought that one might be able to obtain some information on the effect 

of transverse load.  The final test parameters are as shown Table 2. 

TABLE 2

FLEXIBLE BODY TEST PARAMETERS

The actual points at which the tests were carried out are provided in Figure 63.

Figure 63. Test points.

Data Capture Duration 3 seconds
Sample Rate 100,000 Hz
Total  Data Points 300,000
Real Joint Clearances 0.5 mm, 1.0 mm

Speed
100 - 250 rpm in steps of 10 rpm for the 0.5 mm joint 

clearance, (100-200rpm for the 1.0 mm joint)
Flexible Bodies 7

12.7 mm

19.05 mm

25.4 mm

0.5 mm
1.0 mm200 rpm

250 rpm
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CLEARANCE

CRANK
RPM
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CRANK
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12.7 mm

19.05 mm

25.4 mm
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200 rpm

250 rpm
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ALUMINUM

STEEL
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5.3 Evaluation of Test Data

To objectively compare acceleration data from various tests, it was necessary to 

determine a standardized measure with which to measure and evaluate individual test 

results.  A plot of a typical acceleration profile is depicted in Figure 64.

Figure 64.  Sample slider acceleration profile.

As can be seen, the plot is somewhat complex in nature and does not readily lend 

itself to being reduced to a form where it can be compared on a one-to-one basis against 

other similar plots. Some potential comparative measures that were evaluated are 

described below, and their relative merits and deficiencies are discussed.

5.3.1 Raw Acceleration Data

Though its is conceivable that the acceleration plots from various test could be 

plotted against each other and compared, the sheer number of features and data points 
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that would be present for any useful number of tests would very quickly overwhelm the 

observer. As such this method was not considered to be very feasible. 

5.3.2 Peak Values

While it is true that the peak values in an acceleration profile are an important 

feature, a scrutiny of the typical acceleration plot in Figure 64 makes obvious certain 

inherent limitations in the use of these values as a means of comparative measurement 

measure. Some of these are as follows:

• The peak values can vary considerably for different cycles of the same test 

i.e., the scatter is too great.  One could conceivably have two very 

different tests produce the same average peak values or have the same test 

captured at different times produce differing results.

• In addition to the main peaks, there are a host of secondary and tertiary 

peaks,  which can potentially vary in amplitude and number across tests, 

while the main peaks remain, unchanged; hence, these features can be 

considered to be an indispensable identifying characteristic of any 

acceleration plot. Employing peak values as the comparative measure 

could very likely lead to the loss of these secondary and tertiary peaks and 

therefore of unacceptable amounts of information about the character of 

the acceleration profile.

In light of this, it was decided to avoid the use of acceleration peak values as a 

comparative measure. 
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5.3.3 RMS

This measure too would not be appropriate as it would tend to be unduly 

influenced by the large numbers of low valued data points present, which would swamp 

the influence of the primary and possibly the secondary peaks.

5.3.4 Poincare Maps 

These maps are widely used as a means to study chaotic systems such as the 

flexible body mechanism in the test rig.  A Poincare map from one of the tests is shown 

in Figure 65. 

Figure 65. Poincare map — slider.

This method, however, was not employed in this study, since it was felt that it suffered 

from many of the same deficiencies as the raw acceleration data.

5.3.5 Poincare Map “Jitter” 

This method was somewhat more involved and attempted to reduce a Poincare 

map to a quantifiable value (Figure 66). It involved sequentially selecting groups of three 

adjacent data points from a Poincare map (n, n+1, n+2).  A second order curve was then 

fitted to these points and extrapolated to point n+3. The difference between the actual and 
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predicted values is the “jitter”.

This process was repeated for n values from one to N-3, where N was the total 

number of points in the sample and the amplitudes of the jitter values added together.

Figure 66. Poincare map jitter.

This value tended to be low for smooth systems.  This method worked well for 

small values of N but was too computationally intense for any N value of a useful size.  It 

may have been possible to use this measure with more computational power.

5.3.6 Inflection Point Detection

This method is semi graphical and involves the detection of negative and positive 

inflection points in the acceleration plot and storing them as xy values after setting a 

cut-off floor to eliminate noise (in this case 20m/s2).  Using the tool described in section 

4.4.2, the resulting two-dimensional inflection  plots from various tests were 
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agglomerated together into three dimensional scatter plots based on various criteria.  The 

agglomerations could then be compared.  The process is outlined in Figure 67. 

Figure 67. Data agglomeration.

This approach proved to be a very useful means of reducing the number of data 

points in the acceleration plots by more than a hundred fold in some cases, whilst still 

maintaining almost all of the information initially present.  As result, this process was 

adopted as the means to evaluate the data generated by the experimental runs.

5.4 Evaluation

Evaluation involved agglomerating the inflection point data as in section 5.3.6 

and studying the resulting comparison plots.  Since various system parameters and 
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material properties had the potential to contribute to the dynamics of the system, a 

suitable matrix was devised to carry out this agglomeration in order to isolate the effect 

of these individual parameters and properties to the extent possible. Since many flexible 

body formulations have the Young’s modulus or the cross-sectional  inertia as primary 

contributors, it was decided to study the results based on groupings carried out using 

these two parameters as well as a  third group based on joint clearance. This is shown in 

Tables 3 to 5.

TABLE 3

 COMPARISON — GROUP I — BASED ON CROSSECTIONAL INERTIA

Comparison Material Height
(mm)

Clearance
(mm)

Acceleration
Direction

Aluminum 19.07 0.5 Negative
1

Aluminum 25.4 0.5 Negative
Brass 12.7 0.5 Negative

2
Brass 19.07 0.5 Negative
Steel 12.7 0.5 Negative
Steel 19.07 0.5 Negative3
Steel 25.4 0.5 Negative
Aluminum 19.07 0.5 Positive

4
Aluminum 25.4 0.5 Positive
Brass 12.7 0.5 Positive

5
Brass 19.07 0.5 Positive
Steel 12.7 0.5 Positive
Steel 19.07 0.5 Positive6
Steel 25.4 0.5 Positive
Aluminum 19.07 1 Negative

7
Aluminum 25.4 1 Negative
Brass 12.7 1 Negative

8
Brass 19.07 1 Negative
Steel 12.7 1 Negative
Steel 19.07 1 Negative9
Steel 25.4 1 Negative
Aluminum 19.07 1 Positive

10
Aluminum 25.4 1 Positive
Brass 12.7 1 Positive

11
Brass 19.07 1 Positive
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TABLE 3 (continued)

Comparison Material Height
(mm)

Clearance
(mm)

Acceleration
Direction

Steel 12.7 1 Positive
Steel 19.07 1 Positive12
Steel 25.4 1 Positive

TABLE 4

COMPARISON — GROUP II — BASED ON MODULUS OF ELASTICITY

Comparison Material Height
(mm)

Clearance
(mm)

Acceleration
Direction

Brass 12.07 0.5 Negative
13

Steel 12.07 0.5 Negative
Aluminum 19.05 0.5 Negative
Brass 19.05 0.5 Negative14
Steel 19.05 0.5 Negative
Aluminum 25.4. 0.5 Negative

15
Steel 25.4 0.5 Negative
Brass 12.07 1 Negative

16
Steel 12.07 1 Negative
Aluminum 19.05 1 Negative
Brass 19.05 1 Negative17
Steel 19.05 1 Negative
Aluminum 25.4. 1 Negative

18
Steel 25.4 1 Negative
Brass 12.07 0.5 Positive

19
Steel 12.07 0.5 Positive
Aluminum 19.05 0.5 Positive
Brass 19.05 0.5 Positive20
Steel 19.05 0.5 Positive
Aluminum 25.4. 0.5 Positive

21
Steel 25.4 0.5 Positive
Brass 12.07 1 Positive

22
Steel 12.07 1 Positive
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TABLE 4 (continued)

Comparison Material Height
(mm)

Clearance
(mm)

Acceleration
Direction

23 Aluminum 19.05 1 Positive
Brass 19.05 1 Positive
Steel 19.05 1 Positive
Aluminum 25.4. 1 Positive

24 Steel 25.4 1 Positive

TABLE 5

COMPARISON — GROUP III — BASED ON JOINT CLEARANCE

Comparison Material Height
(mm)

Clearance
(mm)

Acceleration
Direction

All All 0.5 Negative
25

All All 1 Negative

Group 1 studied the effects of flexible bodies fashioned from identical materials 

with the same modulus of elasticity but of different heights and hence differing 

cross-sectional inertias. This led to bodies with varying stiffness, with those bodies 

possessing the largest height having the greatest stiffness or lowest flexibility.  The 

results of this group of comparisons should provide an indication of the effect of stiffness 

or flexibility on the on the dynamics of the overall system.

Group 2 compared flexible bodies that were grouped on the basis of their similar 

dimensions, i.e.,  intragroup dimensions were kept constant and stiffness variations were 

engendered by changing the flexible body’s constituent material.

If the effects of the incorporation of flexible bodies into multibody systems were a 

direct function of the body’s stiffness or flexibility under quasistatic conditions, both 

groupings I and II should produce similar trends. 
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Group 3 was an agglomeration of 81 tests based on joint clearance and was 

intended to provide some insight into the effect of variations in joint clearance in the 

presence of flexible bodies on the system’s dynamics.

5.5 Comparison Plots

The various comparison plots are presented in this section. 

5.5.1 Group 1, Comparison Plot 1

This group compared negative acceleration data from two aluminum flexible 

bodies of 19.05 mm and 25.4 mm height with a 0.5 mm joint clearance.  The plots are 

shown in Figure 68.

19mm

25mm
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Figure 68. Group 1, comparison plot 1.

The more flexible 19.05 mm connecting rod appears to give higher data points, indicating 

that the load amplification increased with flexibility.

5.5.2 Group 1, Comparison Plot 2

The connecting rods used in this case were two brass rods 12.7 mm and 19.05 mm 

in height.  The joint had a 0.5 mm clearance. The plots are shown in Figure 69.
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Figure 69. Group 1, comparison plot 2.

It would appear that the 19.05 mm rod dominated the 12.7 mm rod.  However, 

this was not the case.  The small end clamp was a reasonably substantial piece of steel 

whose center of gravity did not coincide with the axis of the connecting rod.  This 

resulted in the rod being subjected to a twisting moment which tended to close the 0.5 

mm clearance present in the real bearing.  This then reduced the clearance sufficiently to 

affect the readings for this test setup.  Data from the 12.7 mm rods, especially brass, were 

probably not of sufficient reliability for the current purposes and the data or the 

comparisons containing data from these bodies were disregarded, along with comparison 

17 where the accelerometer reached its limits and it was not possible to reach a reliable 

conclusion with the data that was generated.

12mm
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5.5.3 Group 1, Comparison Plot 3

This plot compares three steel bodies of 12.7 mm, 19.05 mm and 25.4 mm 

heights, negative acceleration and a 0.5 mm clearance.  The isometric view is shown in 

Figure 70.

Figure 70. Group 1, comparison plot 3, isometric view.

The top view of the same plot is shown in Figure 71.

Figure 71. Group 1, comparison plot 3, plan view.
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Ignoring the 12.7 mm rod for the reasons cited earlier, flexibility in this case too causes 

increased load amplification.

5.5.4 Group 1, Comparison Plot 4

This plot was similar to plot 1 with the exception that acceleration was positive.

The isometric view of the plot is presented in Figure 72.

Figure 72 Group 1, comparison plot 4, isometric view.

Figure 73 shows the top view of the same plot.

Figure 73. Group 1, comparison plot 4, plan view.

19mm

25mm

19mm

25mm



80

Plot 4 as with the previous plots supported the thesis of greater flexibility producing 

greater load amplification.

5.5.5 Group 1, Comparison Plot 6

This plot has the same flexible bodies as plot 3, but with the acceleration being

positive in this case.  The isometric plot is presented in Figure 74.

Figure 74. Group 1, comparison plot 6, isometric view.

Figure 75. Group 1, comparison plot 6, plan view.
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The plan view of plot is as shown in Figure 75. Ignoring the 12.7 mm rod, the data would 

show that load amplification increases with flexibility.

5.5.6 Group 1, Comparison Plot 7

This plot compared the effect of two aluminum connecting rods 19.05 mm and 

25.4 mm high, with a one mm joint clearance and plotted for negative acceleration.  The 

isometric view of the plot is shown in Figure 76.

Figure 76. Group 1, comparison plot 7, isometric view.

The plan view of the same plot is shown in Figure 77.

19mm

25mm
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Figure 77. Group 1, comparison plot 7 plan view.

The purple points  dominated the orange points — this plot like the pervious plots 

supported the view that load amplification increases with increasing flexibility. 

5.5.7 Group 1, Comparison Plot 9

The connecting rods used in this case were three steel rods 12.7 mm, 19.05 mm 

and 25.4 mm high.  The acceleration points used were negative and the joint clearance 

was 1.0 mm. The plot is depicted in Figure 78.

Figure 78. Group 1, comparison plot 9, isometric view.
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The plan view is as in Figure 79.

Figure 79. Group 1, comparison plot 9, plan view.

Once again the hypothesis that greater flexibility gives rise to greater load 

amplification is supported. The 12.7 mm rod gave the highest loads and the 25.4 mm the 

lowest.

5.5.8 Group 1, Comparison Plot 10

The test articles in this case were two aluminum connecting rods 19.05 mm and 

25.4 mm high. The joint clearance was 1.0 mm and the points were positive.  The plots 

are as in Figure 80. 
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Figure 80 Group 1, comparison plot 10. 

The plots again indicate the predominance of the more flexible rod, though not as clearly 

as in the previous cases, this was perhaps on account of the larger transverse forces 

present in the case of positive inflection points. These forces could potentially act like 

preload in a bearing.

5.5.9 Group 1, Comparison Plot 12

This set is similar to group 9 with the exception that the acceleration in this case is 

positive.  The plots are as depicted in Figure 81.

19mm

25mm
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Figure 81. Group 1, comparison plot, 12 isometric view.

The 12.7 mm rod has dropped to below the 19.05 mm rod. Perhaps indicating that 

it has bottomed out on account of the constant side forces.

5.5.10 Group 2, Comparison Plot 14

This plot compared three connecting rods of the same size, all three being 19.05 

mm high. The materials however are different being aluminum, brass and steel. The 

clearance was 0.5 mm.  The isometric view of this comparison is shown in Figure 82.
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Figure 82 Group 2, comparison plot 14, isometric view.

From the results obtained from group one, we would have expected the responses 

to be in the order of the Young’s moduli of the connecting rods, aluminum giving the 

highest response and steel the lowest. However, this was not so, while aluminum gives 

the highest response, the next highest was steel not brass.  This could form a basis for 

concluding that the Young’s modulus was not the only factor affecting  the effects of  a 

flexible body as changes in other material properties such as density or the Poisson’s ratio 

appear to have made contributions to the systems’ dynamics. 
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5.5.11 Group 2, Comparison Plot 15

This comparison was between two rods of 25.4 mm height.  The two constituent 

materials were aluminum and steel.  The corresponding plot is shown in Figure 83.

Figure 83. Group 2, comparison plot 15, isometric view.

The aluminum rod dominates, but barely. This supported the previous view that 

stiffness was not the only factor of importance.  The top view of the same plot is 

as in Figure 84.

Al

Steel
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Figure 84. Group 2, comparison plot 15, top view.

5.5.12 Group 2, Comparison Plot 18

This plot compared two 25.4 mm steel and aluminum specimen with positive 

acceleration and a 1.0 mm joint clearance.  An isometric view of the plot is shown in 

Figure 85.

Figure 85. Group 2, comparison plot 18 isometric view.
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The aluminum body produces larger responses, but barely with the responses of the much 

stiffer steel body being very close behind. 

5.5.13 Group 2, comparison plot 20

This comparison was made between the output from three sets of tests with 19.05mm 

high connecting rods fabricated from brass, aluminum and steel. The clearance was 

0.5mm and the acceleration positive. An isometric view of the agglomerated data points 

for this plot is depicted in Figure 86.

Figure 86. Group 2, comparison plot 20, isometric view.

This plot too supports the view that factors other than the modulus of elasticity and cross-

sectional inertia affect the dynamics of bodies with finite rigidities. 
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5.5.14 Group 2, Comparison Plot 21

This plot was a comparison between the dynamics of two flexible bodies 25.4mm high 

and fabricated from steel and aluminum with a 0.5mm joint clearance and positive 

acceleration. The isometric view of the plot is depicted in Figure 87.

Figure 87. Group 2, comparison plot 21, isometric view.

Here the aluminum body gives greater load amplification but not significantly so. 

5.5.15 Group 2, Comparison Plot 23

This plot included data from three 19.05 mm high aluminum, brass and steel rods with a 

1 mm joint clearance and positive acceleration. The isometric view of the comparison is 

given in Figure 88. 
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Figure 88. Group 2, comparison plot 23, isometric view.

All three bodies give similar responses, possibly because of the high side thrust present. 

5.5.16 Group 2, Comparison Plot 24

This plot was similar to plot 23 with the exception that the rods used were 25.4mm high 

and are fabricated from aluminum and steel. The isometric view is as in Figure 89. Here 

too, the aluminum is ahead of the steel but by a small margin. 

Figure 89. Group 2, comparison plot 24, isometric view.
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5.5.17 Group 3, Comparison Plot 25

This set of comparisons was made to ascertain the effect of joint clearance on the systems 

dynamics.  The clearances used were 0.5 mm (blue) and 1.0 mm(red); the flexible rods 

for each case were similar - brass, aluminum and steel of 19.05 mm height.  The results 

for the two groups are shown in Figure 90.

Figure 90. Group 3, comparison plot 25, isometric view.

As can be seen, the 1 mm clearance clearly produced greater forces.  These effects are, in 

reality even greater than Figure 90 would suggest.  This is because the test rig was 
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capable of reaching higher speeds with the 0.5 mm clearance joint, and the data for this 

clearance included tests of up to 250 rpm, as opposed to only 200rpm for the 1 mm 

clearance. Most of the visible blue data points were from this 200 -250 rpm region.  This 

can be seen more clearly in the top and side views of the same plot in Figure 91.

.

Figure 86

Figure 91. Group 3, comparison plot 25, side and top views.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Conclusions

Experimental data from the rigid body test rig was used to build a multibody 

analytical model of the test rig’s slider crank mechanism. This model was then used as a 

test bed to evaluate various contact models.  Though the contact occurring in the 

mechanism was cylindrical, sphere-to-sphere models were also tried.  Ultimately none of 

the models was found to produce satisfactory results.  However it was discovered that a 

hybrid of the Lankarani-Nikravesh model and the ESDU-78035 cylindrical contact model 

produced an acceleration waveform very close to the results obtained experimentally.

Some conclusions that could be drawn from this exercise are as follows:

• The existence of clearance in joints leads to load amplification where the 

magnitude rises in proportion to the amount of clearance present.

• Even in the case of contact between bodies with their coefficients of 

restitution close to one, the event should not be assumed to be perfectly 

elastic, i.e. damping even in very small amounts is important in the 

modeling of contacts and should not be ignored.

• The use of sphere-to-sphere contact models for modeling revolute joints 

should be replaced with cylindrical contact with damping.

• A hybrid of the ESDU-78035 model and the Lankarani-Nikravesh sphere 

model seems to produce good results.
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• A value of 1.5 for the contact model exponent seems to work best for this 

case.

• Load amplification increases with joint friction.

Once the investigation of the contact phenomenon in systems with real joints was 

concluded, the research was expanded to include the effects of flexible bodies.  To this 

end, the test rig was modified to include the ability to accept different flexible bodies.

Seven flexible bodies and two joint clearances were tried.  Since it was impractical to use 

any one numerical measure as a means of comparing the results from these tests, a 

graphical comparison was made of the test output. The results from this study could lead 

to the following conclusions:

• The existence of flexible bodies in systems with real joints can have an impact.

The nature of this impact very likely depends on the configuration of the system 

being studied.  For the system studied in this report, the more flexible 

configurations tended to produce greater “load amplification”, though the 

existence of constant transverse load seems to tend to reduce this effect 

somewhat, as noticed in the comparisons with positive acceleration points.

• From the different trends exhibited by Groups I and II, it might be concluded that 

the correlation between a flexible body’s “flexibility” or load-deflection

properties under quasi static conditions may not translate very well to its behavior 

under the dynamic conditions present in a mechanism, i.e. one could have two 

flexible bodies with similar quasi-static properties exhibit very different behavior 

under dynamic conditions.  It is possible that mass changes because of density 

differences between the flexible bodies could have played a role in producing
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these results. This however is unlikely since the mass differences between the 

flexible bodies was negligible as compared to the masses and inertias of other 

mechanism components. This behavior is more likely the result of the “flexible” 

body’s dynamics being influenced by material properties other than the modulus 

of elasticity.

• In view of the above, the use of the word “flexibility” might not be appropriate, 

and “real body” might be a better term.

• The existence of flexibility does not negate the effect of the joint clearance.

6.2 Recommendations

Since the use of an accelerometer to measure joint impact forces is an indirect and 

somewhat limited technique, it would be advantageous if the process going on within the 

flexible rod itself could be studied. This might be achieved by attaching a series of strain 

gauges to the flexible rods.  Since the strain gauges might affect the dynamics of the rod, 

the entire mechanism should be scaled up to minimize the overall contribution of the 

strain gauges. 

Another area that could bear further investigation would be to study the effect of 

the connecting rod’s inclination with the linear bearing axis and hence transverse force. 

This could be done by building a crank with a variable throw. However the presence of 

such an adjustment mechanism might negatively impact the rigidity of the crank. This 

being the case, it might be optimal to construct a crank with multiple big end bearings at 

different distances from the crank center.
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