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Abstract.A multivariate linear regression model Y~N (βM', Σ) is considered where some of the rows in the coefficient matrix β 
are constrained by synchronized order restrictions. A test scheme is derived for the homogeneity of the coefficient matrix using 
the likelihood-ratio test procedure under the assumption that the coefficient matrix Σ is known. When Σ is unknown, a new ad-
hoc test statistic TH(Y) is proposed by replacing the covariance matrix with its estimator, whereH is a non-empty subset of the 
row-index space {1,2,...,p}.The properties of  TH(Y) are studied and a theorem is also stated on the distribution of  TH(Y) which  
eventually helps us to estimate p-values using the Monte-Carlo method by simulation. 
 
1. Introduction 
 
Bartholomew(1959) derived a LRT for testing the homogeneity of univariate independent normal means 
μi,i=1,2,...,k against simple order restrictions μ1,≤μ2,≤...≤μk t hat share a common variance. Sasabuchi et al.(2003) 
extended the problem to a multivariate setting where the μi, ,i=1,2,...k are the means of p-variate normal vectors with 
a common covariance matrix, and   μi,≤μj    is interpreted as “componentwise less than or equal to”. The model 
restriction is later generalized by Hu(2009) to  μi,≲μj  for (i,j) ∊ B, where ≲ is a reflexive and transitive binary 
relation of vectors in Rp.  
In this paper, a multivariate linear regression model Y=Xβ+ε is considered, where some rows of the unknown 
coefficient matrix β in Rpxq are under synchronized order restrictions. When the common covariance matrix is 
unknown, an ad-hoc test statistic TH(Y) is obtained where H is a subset of row index space {1,2,...,p} such that the row i∊H  
is under an order restriction. The properties of this statistic and its distribution are studied to some extent in the following section. 
 
2. Model, test statistic and its properties 
 
2.1  The model. 
We consider a multivariate linear regression model Y~N(βM',Σ) where βpxq = unknown parameter matrix, Mnxq=a 
known matrix of full column rank. We define m(Y)=YM(M'M)-1  , v(Y)=Y[I-M(M'M)-1 M']Y'. Then, m(Y) is the 
MLE and also an UE for β; v(Y)/n is the MLE for Σ and v(Y)/(n-q) is an UE for Σ. 

 
2.2  Order restrictions on β and the testing problem 
For the parameter matrix βpxq, let <<  be a partial order in the column index space Ω={1,2,...,q} and let r(.) be a 
mapping from the row index space {1,...,p} to {≤ , ≥ }. A vector u=(u1,...,uq)' in Rq is isotonic with respect to ≪ and 
r(k) if i≪j implies ui r(k) uj.. The collection of all vectors satisfying this restriction is a convex cone in Rq denoted by 
C(k). The restrictions, with k=1,...,p are synchronized order restrictions because they are all based on the same ≪. 
We assume that some of the rows of the parameter matrixβpxq=(β(1),...β(p))' are under synchronized order restrictions. 
The collection of all such matrices, denoted by CH, is a convex cone in Rpxq. The model,along with β∊CH,, is called a 
multivariate isotonic regression model and it covers many interesting practical problems. An example is given by 
Hu(2009), where some rows of the parameter matrix of interest are under synchronized order restrictions. 
Thus, our testing problem is H0:β∊L against H1:β∊CH,, where L is the collection of homogeneous matrices in Rpxq. 

 
 
2.3 The test statistic and its properties 
We consider a positive definite matrix Vpxp, and for matrices A and B in Rpxq, we define an inner product for A and 
B as  <A,B>=tr[A'V-1BM'M]. With respect to the norm ||.||V induced from this inner product, CH is a closed convex 
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cone. Thus for A∊Rpxq,there exists a unique matrix in CH  that minimizes the distance to A over all matrices in CH. 
This matrix is known as the projection of A onto CH  and is denoted by PV(A|CH). Since L is also a closed convex 
cone, PV(A|L) can be defined analogously.  
When Σ is known, it can be shown that ||PΣ(m(Y)|L) – PΣ(m(Y)|CH)||2 is a likelihood ratio test statistic. Now, when Σ 
is unknown, we can replace it by the UE and MLE of Σ to derive ad-hoc test statistics. But, it is seen that the 
statistics obtained by replacing Σ by its MLE and UE are proportional to the one obtained by replacing it by 
v(Y).Hence 

 
TH(Y)=||Pv(Y)(m(Y)|L) – Pv(Y)(m(Y)|CH)||2 

v(Y)    (1) 

 
is proposed as a test statistic and we reject the null hypothesis for large values of this statistic. 
The test statistic has some interesting properties, which are listed in the following lemma. 
Lemma: (a) If β∊L, TH(Y-βM')=TH(Y). 
              (b) If D-1CH = CH, then TH(DY)=TH(Y) for a (pxp) non-singular matrix D. 
              (c) For any non-empty subset H* of H, TH(Y)≤ TH*(Y).  
              (d) If i∊H, then TH(D[-N]Y)→Ti(Y) as N →∞ for an integer N. 

 
The following theorem gives the results about the distribution of TH(Y). Since the distribution of TH(Y) depends on 
β and Σ, we denote the distribution by TH(β,Σ). 
Theorem:  (a)  If β∊L,then TH(β,Σ)=TH(0,Σ).  
                 (b)  If i∊{1,....,p} and Σ>0, then Ti(0,Σ)=Ti(0,I). 
(c)  For any non-empty subset H* of H, TH(β,Σ)≤ TH*(β,Σ) stochastically. 
                 (d)  sup[P(TH(β,Σ)>t) :  β∊L, Σ>0]=P(Ti(0,I)>t) for all i in {1,....,p}. 

 
3. Conclusions 
 
The proposed test statistic TH(Y) is useful in the sense that from (d) of our Theorem, we get a simple expression for 
the p-value or significance level of the test. It can be estimated using the Monte Carlo method by simulating 
observations from Ti(0,I). 
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