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ABSTRACT 

The bleed air system in an aircraft engine is one of the most important systems for flight 

operation and is the heart of the aircraft engine pneumatic system. It consists of ducts and 

components that supply high pressure bleed air from the engine compressor to the other systems. 

The functioning of bleed air system plays a vital role in flight safety, ground operations, and 

coordination with other existing systems [1] including fuel system, lubrication system, ignition 

system, and anti-ice system. A prior Wichita State University Research and Creative Award 

(URCA) research project entitled “Aircraft Pneumatic Leak Detection Methods” was the 

motivation for this thesis work. In this research, different inspection techniques were studied to 

detect leaks in bleed air ducts. Existing conditions such as continuous high pressure and 

temperature loading within a duct can make it prone to leak because of high stress concentration 

areas, pre-existing flaws, or manufacturing defects. A general-purpose finite element package, 

ABAQUS was used for stress analysis of cracked structures such as tubular T-joints. The high 

stress concentration region at the intersection of the duct joints was assumed to have certain 

initial flaws. This initial crack flaw was analyzed using line-spring elements to compute the 

stress intensity factor (SIF). The values of SIF obtained from the present analysis were compared 

with appropriate results in the literature. Stresses from the finite element analysis were used as 

input in AFGROW, a crack growth software package consisting of extensive material properties 

and all necessary fracture mechanics parameters required for crack-growth analysis. Damage 

tolerance was applied to estimate the life of the duct. The leak-before-break concept was used to 

determine whether crack growth in the duct would lead to any kind of leak or catastrophic 

failure. Crack and leak detection techniques to evaluate the crack size are discussed.
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CHAPTER I 

INTRODUCTION 

1.1. Engine Bleed Air System Background 

The bleed air system is the heart of the aircraft engine’s pneumatic system. It consists of 

ducts and components that supply high pressure bleed air from the engine compressor to other 

systems. An example of a bleed air system is shown in Figure 1.1. The functioning of bleed air 

system plays a vital role in flight safety, ground operations, and coordination with other existing 

systems [1] such as the fuel system, lubrication system, ignition system, and anti-icing system. A 

variety of engines are available for commercial, military, and small aircraft, each associated with 

a different bleed air system design. Many types of engines are available for the Boeing 767, such 

as the Pratt & Whitney series JT8D-Standard, JT8D-200, JT9D-7R4, JT9D-7Q, PW2000, 

PW4000-94", PW4000-100", PW4000-112", CFM56-3B2, 3C1, and 7B and the General Electric 

aircraft engine series CF6, CF6, CFM56, CT7, GE90, and GP7000. This research study 

considers the bleed air system from a Boeing 767 commercial jet with a PW4000 engine. 

Figure 1.1.   Bleed air duct in a bleed air system. 

In most airplanes, bleed air is essential for the environmental control system (ECS).  This 

system plays an important role in maintaining air cabin conditioning and pressurization, engine 
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cowl, anti-icing, wing de-icing, and other pneumatic applications. The primary source of air 

supply is the engine compressor, and the secondary source is  the auxiliary power unit (APU); at 

times external air is supplied during ground operation [1]. The APU supplies power for the 

pneumatic system during non-flight ground operations such as starting the main engine, cabin 

cooling, and other electrical power generation.   

The engine’s bleed air system is a diverse layout of ducts, valves and heat exchanger. The ducts 

carry hot air from the engine compressor to the air conditioning packs and to the air-dependent units and 

other subsystems. According to Gaines from Cessna Aircraft, hot air from the compressor is at a high 

temperature and pressure in the range of 250
o
F to 1,000

o
F and 15 psi to 300 + psi, respectively. 

Ducts from the engines pass through control components and join the respective left- or right-wing 

manifolds. Figure 1.1 shows one side of the configurations of a bleed air duct. A crossover duct, which is 

forward and below the center wing section front spar, joins the left- and right-wing manifold sections to 

form the complete cross-ship pneumatic manifold. 

Standards such as SAE ARP 1796 [2] describe how the bleed air system works. The 

engine’s bleed air system is comprised of the following: left-side engine, left-side bleed system 

components, distribution manifold, and corresponding right-side engine system. How the system 

works can be understood by considering either the right or left side of the system. A typical bleed 

air system schematic is shown in Figure 1.2. The left side PW 4000 engine consists of a turbo 

fan, intermediate stage (I), and a high stage (H) engine compressor. The intermediate pressure 

(IP) check valve, pre-cooler, pressure control, pressure regulator valve, and engine starter form 

the bleed system components. In the distribution manifold, bleed air is supplied to respective 

areas like the wing anti-ice, air conditioning pack, and other pneumatic demands. Other sources 

like the APU or the ground cart are also connected to the distribution manifold.  
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Figure 1.2.   Boeing 767 bleed air system [2, 3]. 

The operation and condition of the bleed air system can be illustrated through a flight 

scenario. The airplane taxis toward the runway at an atmospheric pressure of 14.7 psi and 

temperature of 59
o
F. This atmospheric air enters the engine compressor and compresses the air to 

a pressure of 50 psi and temperature of 350
o
F. During this period, the engine is at low thrust. 

Some of the air from the compressed engine passes through the two-bleed air ports located at the 

side of the engine compressor. One of the ports is located at the fifteenth stage of the 

compressor, also called the high stage, and the other port is at the eighth stage, called the 

intermediate stage. The high-stage compressor compresses air at high pressure for intense energy 

output requirements, like the anti-icing operation. The intermediate stage ensure the normal 

operation of the system [1, 3]. The bleed air from the engine compressor passes through a check 

valve.  

When the air supply from the intermediate stage is not high enough, bleed air from the high 

stage is used. The high-pressure (HP) valve and the IP check valve automatically direct the 

switching of bleed air from the intermediate to high stage. The IP check valve controls the 

pressure of air supplied to the pre-cooler within the range of 30 to 50 psi. It also averts the 
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reverse flow of the bleed air. The high-stage air is controlled to within a range of 25 to 33 psi by 

the HP valve high-stage regulator. The air from either stage is forced through the pre-cooler 

before it reaches the distribution manifold. The pre-cooler control valve regulates manifold air 

temperature by controlling the amount of fan airflow through the pre-cooler. The pressure and 

temperature of the bleed air are maintained in the port and are delivered to the distribution 

manifold. The number of bleed ports depends on the design requirement. The isolation valve 

splits the distribution manifold into left and right parts. The mid-part of the system contains the 

APU duct. The APU valve regulates the flow of the bleed air. A ground connection is located 

adjacent to the APU valve [4]. The required air pressure and temperature are supplied by the 

system to meet the pneumatic demands of the air-conditioning packs, cabin systems, anti-icing 

systems, hydraulic pumps, etc. 

When the airplane prepares for take-off, a high thrust is required. During take-off, the 

engine compresses the air to a high temperature of approximately 1200
o
F and high pressure 

nearing 430 psi. At this stage, the energy-level requirement for pneumatic operations is 

exceeded. Energy is saved when the bleed air system automatically switches from the high to 

low stage. The engine experiences a tremendous range in conditions, i.e., altitudes as high as 

43,000 feet and continuously changing weather, as the airplane travels throughout the world. As 

the airplane ascends to approximately 40,000 feet, prevailing conditions change dramatically. At 

this altitude, the outside temperature drops to -70
o
F, and pressure is reduced to approximately 3 

psi. Here the intermediate compressor compresses this cold air to approximately 400
o
F and 30 

psi [3]. 
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1.2. Motivation 

The motivation for this thesis work was Wichita State University Research and Creative 

Award (URCA) research project entitled “Aircraft Pneumatic Leak Detection Methods,” where, 

different inspection techniques were studied to detect leaks in bleed air ducts. Continuous high 

pressure and temperature loading within the duct can make the duct prone to leak due to high 

stress concentration areas, pre-existing flaws, or manufacturing defects.  

In order to detect leaks, techniques such as helium, bubble, and infrared leak detection 

methods were examined in the URCA project. Since these leaks are typically caused by cracks in 

the pipes or tubes, a study of crack initiation and propagation would give an indication of the 

threshold leakage level that could be detected by these leak detection techniques. Crack initiation 

is most likely to occur at high stress concentration regions at a duct joint, which has material 

defects such as pores and inclusion, and manufacturing defects such as scratches, notches, and 

welded regions. Once a crack is detected in a duct, it is very important to ascertain the remaining 

life of the duct. 

The method employed to determine the life of the duct is called the “Damage Tolerance 

Method,” which predicts the remaining life of the component and measures the inspection 

intervals through the number of cycles calculated. From the number of cycles determined, it is 

possible to prevent the duct from catastrophic failure. 

1.3. Problem Statement 

Leakage in bleed air ducts has been one of the major causes of duct rupture. The duct 

experiences large cyclic loading during operations at high temperatures (around 1,000
o
F) and 

pressure differentials for long hours. In addition, vibrations are induced in the duct, making the 

duct prone to crack initiation and propagation, especially at the tubular joints. Not only does 
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vibration induce cracks, it also affects interconnected neighboring fuel, lubrication, and anti-

icing systems. The tubular T-joint region is welded, which is comparatively weak and has high 

stress concentrations. In some cases, existing defects such as pores, holes, notches, etc. make it 

easier for the crack to form under the applied load along the intersection and through the joint 

thickness [5]. The tubular joint design is complicated, and steps must be taken to ensure that 

fatigue failure does not occur during its lifetime. Any damage to the tubular duct is not only 

expensive to repair but can be catastrophic. 

1.4. Research Goal Approach 

This research work was devoted to the initial study of crack-initiated leakage phenomena in 

a bleed air duct by integrating finite element analysis (FEA) and fracture mechanics for crack 

propagation. It also involved a structural maintenance methodology called leak-before-break 

(LBB), including crack and leak detection techniques. In order to understand how the crack 

occurs, it is important to understand the crack propagation rate through the thickness of the duct.  

A finite element analysis of the duct T-joint was carried out using ABAQUS finite element 

software to evaluate the stress field for the duct’s tubular T-joint and to define the hot spot stress 

where a crack is most likely to occur. Considering Mode I loading, stress intensity factor (SIF) 

was then calculated along the various crack depths using the line spring element method. For 

Mode I loading, the direction of crack propagation was determined by the empirical fatigue crack 

growth equations. 

The results (SIF and stress field) obtained were used in combination with crack growth 

software AFGROW to predict the behavior of crack propagation. The number of cycles to failure 

was also calculated in AFGROW, which generates the value of crack length and depth at each 

number of cycles. From this, it was possible to determine the depth at which the crack leaked and 
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broke. The goal was to ensure that the duct is safe enough for operation before it is replaced, and 

this was possible by determining inspection intervals that are used in the structures maintenance 

program, considering the leak-before-break concept, and crack and leak detection methods. 
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CHAPTER II 

LITERATURE REVIEW

2.1. Introduction 

The oil, gas, and nuclear industries have carried out considerable research on welded 

tubular joints. Tubular structures have been employed in many industrial applications such as oil 

and gas production [6]; nuclear and underground piping; and military, commercial, and general 

aviation. Welded tubular T-joints are subjected to large fatigue loading as the result of 

environmental conditions. When this occurs, high stress concentrations can develop at the joint 

intersection because of shell bending, which can vary with joint geometry and loading [7]. As a 

result, many industries, such as nuclear industries, including these offshore, have implemented 

inspection programs to evaluate crack formation due to fatigue loading. Inspection is 

implemented out as part of regular maintenance, fabrication, [8] or when local damage occurs at 

the tubular joint.   

The phenomenon of crack development needs to be understood in order to ensure long 

service life. Crack behavior under complex loading in a complex joint can be understood through 

fracture mechanics concepts [7]. Professor Neil James at the University of Plymouth in United 

Kingdom defines fracture mechanics as “the field of solid mechanics that deals with the behavior 

of cracked bodies subjected to stresses and strains” [9]. These stresses arise from applied loads 

and the existence of any residual stresses. In linear elastic fracture mechanics (LEFM), the stress 

intensity factor is an important feature in understanding the crack conditions in tubular T-joints. 

The crack shape depends on the local stress and material properties near the intersection [5]. 

The defect-initiated pre-crack propagates under applied varied loading near the joints 

because of a high stress concentration. The propagating crack forms a part-through or through-
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thickness crack. The geometry of the crack is assumed to be semi-elliptical but changes 

according to the stress it absorbs and the material properties [5]. Many fracture mechanics 

models are available [10] for predicting the SIF in a tubular T-joint, but many of them are not 

accurate enough and applicable for determining the SIF. In a welded tubular T-joint, it is difficult 

to determine the SIF along the crack front since the crack has a complex geometry, and hence it 

is difficult to model.  

Finite element analysis is the widely used computational tool to evaluate the SIF of cracked 

tubular joints. In general, FEA is used for analyzing and solving complex engineering problems 

through numerical methods [11]. Finite element analysis software ABAQUS uses special 

purpose elements called “line-springs,” a series of one-dimensional finite elements placed along 

the part-through crack along shell model. This is a simple, easy, and efficient method to evaluate 

SIF at the weld end or “toe” of the cracked tubular joint for different kinds of crack shapes, crack 

front positions, and crack sizes. To validate this model, it is essential that its results be compared 

to fracture mechanics models and to experimental results [12].  

In tubular T-joints, fatigue life estimation is an important criterion for determining safety of 

the structure. The life of the T-joint is determined by the crack growth across the thickness of the 

joint due to the forces and moments transmitted across the thickness. Fatigue crack growth can 

be calculated using fracture mechanics models, mentioned later in Chapter III [13].   

2.2. Numerical Modeling Procedure of Tubular Joints 

The analysis of symmetric quarter joint models was employed by Haswell, Nwosu et al. 

Hunag et al. Murthy et al. and  Bowness et al. [5-7, 14, 15], as shown in Figure 2.1. This model 

was meshed using eight-node shell elements and line-spring elements. Finite element analysis 
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was performed using ABAQUS, a general-purpose nonlinear program for mechanical, structural, 

civil, biomedical, and other related areas [16]. 

Figure 2.1.   Finite Element meshes using shell elements and line spring elements [5, 15]. 

The crack was modeled using line-spring elements along the chord weld toe position, as 

shown in Figures 2.1 and 2.2. The crack was placed adjacent to the intersection of the joint. A 

constant aspect ratio of crack depth to length (a/c=0.2) was used in modeling various sized 

cracks [7]. An additional theory regarding the line-spring elements is described in detail in 

Section 2.3. 

Figure 2.2.   Y-joint model representing weld toe [17]. 
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The T-joint model shown in Figure 2.3 is a combination of a uniform axial force on the 

brace, and in-plane and out-of-plane bending. Haswell [7] considered axial and out-of-plane 

bending, Nwosu et al. [5] considered two cases: the axial and out-of-plane bending, the axial and 

in-plane bending, Murthy et al. [6] studied the case for axial and in-plane bending, while Huang 

et al. [14] considered only axial loading. As a result of axial loading, cracks initiate at the weld 

toe, the area of maximum stress concentration. The semi-elliptical crack geometry analyzed in 

these studies had a maximum depth-to-thickness ratio at  in the range of 0.05 to 0.9 [5, 7, 18]. 

Figure 2.3.   Loading in T-joints [19]. 

Bowness and Lee [15] made an effort to simulate the weld effect using shell elements, but 

the results obtained were not successful and showed no enhancement. The deepest point of the 

crack was located at the hotspot found from the analysis of the un-cracked joint, as illustrated in 

Figure 2.4. 
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Figure 2.24.   Tubular T-joint showing the hot spot region [20]. 

The hot spot is the region where fatigue crack might initiate, and hot spot stress is defined 

as the peak or local stress at the hot spot [21]. For the T-joint, the hot spot is at the saddle for 

axial loading and out-of-plane bending, and at the crown for in-plane bending, as shown in 

Figure 2.5 [15].  

Figure 2.25.   Location of saddle and crown at the tubular T-Joint [5]. 
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2.3. Line-Spring Theory 

The line-spring theory was established by Rice and Levy [5, 14]. In their application of this 

theory, line springs were used for modeling surface cracks. The general use of line-spring models 

in fracture analysis of tubular joints is still an evolving technology. The line-spring element is 

incorporated into the shell element without the shell thickness. Rice and Levy successfully 

applied the line-spring method to plates and cylinders. The line-spring model is used to 

determine the SIF for part-through surface cracks in plates and cylinders subjected to bending 

and tension. The same model was extended to the analysis of surface cracks in tubular T-joints 

by Parks [22]. The unique feature of this element as compared to other elements is that the 

surface flaw is now replaced by the line-spring element, which acts like a thread to connect the 

two sides of the nodes, as seen in Figure 2.6.  

Figure 2.36.   Line spring elements connecting shell elements [23]. 

In the case of line-spring elements, the meshing is simple, and the same mesh can be 

applied to model different crack depths and thicknesses of the shell. This same technique can 

also be applied to cracks growing in the thickness direction [24]. Line-spring elements can also 

include elastic or elastic-plastic (isotropic hardening, Von Mises) material behavior. They do not 

include strain effects, have small displacements, and do not include large rotation effects [16]. 
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2.4. Line-Spring Theoretical Computational Method 

The elastic line-spring method developed by Rice and Levy [5] is demonstrated by 

considering a plate subjected to remote loading. The plate model considered has shell thickness t 

with surface crack length (2c) with varying depth a(x), as shown in Figure 2.7a.  A part-through 

crack is defined along the wall, as shown in Figure 2.7b, with one-dimensional line-spring 

elements acting along the face of the crack. The resulting crack, which is represented by external 

loading of the plate model shown in Figure 2.7b, is comprised of a distributed membrane force 

F  applied in tension and moment M  applied to the plate. Figure 2.7b illustrates the plate loaded 

in tension and bending. These membrane forces generate local forces F(x) and moments M(x) 

which act at the each cross-section (x) along the crack in Figure 2.7a. These forces and moments 

are transmitted across the remaining part of the uncracked plate thickness t - a(x) [25]. The 

forces and moments vary along the depth of the crack. The resulting displacements (x) and 

rotation (x) occur at the crack face. 

Figure 2.47.   (a) Cross-section of the surface crack with varying depth a(x) and length 2c. 
               (b) Through-cut surface crack with distributed stiffness along the length [5].
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The relationship between the local forces F(x), moments M(x), displacements (x), and 

rotation (x) is given by [14] as 

=
)(

)(

)()(

)()(

)(

)(

2221

1211

x
x

xKxK
xKxK

xM
xF

θ
δ

          (2.1) 

where K is the stiffness matrix. 

When the line spring is used to represent the flaw in the structural model, a local 

compliance is introduced at that location. This local compliance of the spring is connected from 

one point of the surface to another, as shown in Figure 2.7b. The elastic compliance is derived 

from single-edge notch (SEN) tests of a specimen loaded under a plane strain condition, as 

depicted in Figure 2.8. The SEN specimen represents one-half of the surface cracks represented 

in Figure 2.7b. The local compliance of the SEN specimen depends on the depth of the surface 

crack, from which the stress intensity factor and J-integral fracture parameter can be evaluated 

for the varying a(x) crack length of the model. In order to attain reasonable fracture parameter 

results from the tests, the length of the crack needs to be larger than the thickness of the plate. 

Figure 2.48.   SEN specimen subjected to tension and bending [5]. 
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The procedure to model the crack using line-spring elements has been described by 

several researchers [5, 14-15, 24-28]. The membrane force F and bending moment M per unit 

length are structural parameters that must be transmitted in a shell model through spring 

elements [24, 28].  

jiji QPq =  (i, j = 1, 2)         (2.2) 

These generalized spring resultants are normal to the displacement  and rotation  of the 

crack. The membrane force F is denoted as Q1, and the bending moment M is denoted as Q2,

while the generalized displacement is defined by q1, and rotation is designated as q2 in the elastic 

region. These parameters are related through a compliance matrix Pij  as shown in equation 2.2. 

Pij is the elastic compliance matrix determined from the stress intensity calibrations of 

the SEN specimen. The elastic compliance matrix is evaluated from the stress-intensity 

calibrations of SEN specimens using the energy/compliance relationship proposed by Rice. 

Using Rice’s relationship, the stress intensity factor for Mode I loading under plane strain 

conditions is given by 

( , )I i iK a t Qτ=             (2.3) 

The function ( , )i a tτ  is obtained from the fracture mechanics handbook by Tada et al. 

[29]. In an expanded form, equation (2.3) can be rewritten by including an elastic compliance 

matrix [K], which is the inverse of the stiffness matrix [C]
-1

, i.e. [K] =[C]
-1

 as 

1/ 2

1 1 2 2

( ) 6 ( )
( ) ( / ) ( / )

F x M xK a a t a t
t t

π τ τ= +         (2.4) 
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The theory used to estimate SIF using line-spring elements for SEN could also be extended 

to the tubular joint. The tubular joint analyzed by Nwosu et al. [5] is shown in Figure 2.9. 

Researchers [14-15, 23] have reported varying degree of success in applying line-spring 

methodology to crack modeling in tubular joints. 

Figure 2.49.   Surface crack representation in a tubular joint [5]. 

According to Mohan [24], the application of line-spring methodology is not as accurate as 

that of the three-dimensional model of the crack. However, Mohan reported that the advantages 

of line-spring elements, compared to three-dimensional elements, are that they are inexpensive 

and easy to use. Another advantage of the line-spring concept is that it eliminates stress 

singularity that exists at the crack tip. Displacements near the crack tip vary as r , where r is the 

distance from the crack tip. The stresses and strains are singular and vary as 1
r . To 

accommodate singularity, meshing needs to be carried out carefully using quarter-point 

elements, as shown in Figure 2.10 [30]. The eight-node shell element becomes quarter-point 
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elements when the mid-side nodes are moved a quarter distance from the original location and 

are collapsed, as shown in Figure 2.10.  

Figure 2.410.   Example of singular elements [30]. 

 However, insertion of line-spring elements with shell elements can save modeling time 

and computational time compared to the detailed quarter-point elements method. This feature is 

advantageous especially when analyzing complex problems with varying crack geometry [24]. 

The line-spring elements method provides reasonable results for crack depths greater than 2 

percent or less than 95 percent of the shell thickness [16]; however, it will not give accurate 

results of the surface crack, which is one of its main drawbacks. These elements provide 

accuracy when crack depth is in the range of 0.35 0.8at≤ ≤ , according to Bowness and Lee 

[15], and 0.2 0.6at≤ ≤ , according to Parks [14], with an aspect ratio of 0.2ac = .

2.5. Finite Element Model of the Crack for the T-Joint 

Figure 2.11 depicts the use of line-spring elements in conjunction with shell elements. It 

represents a schematic drawing of the shell/line-spring interface. The shell element represents the 

mid-surface of a finite thickness model. 

The upper eight-node shell element joins the lower eight-node shell element through the 

six-node line-spring elements along their common intersection of nodes 1, 5, and 2. The line-

spring crack depth is specified at the nodal locations along the cut and interpolated to the 

integration points. The tubular joint crack originates from the positive side, under the action of 

brace axial load, and in-plane and out-of-plane bending loads. The presence of a sign flag at the 
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crack depth, as shown in Figure 2.11, indicates whether the crack originated from the positive or 

negative direction in the x-z plane, and also indicates the direction where additional crack growth 

will occur through the shell thickness [5]. 

Figure 2.5.   Shell elements in conjunction with line-spring elements [5]. 

2.6. Fatigue Crack Growth in T-Joints 

The fatigue crack in welded tubular joints is determined by using fracture mechanics 

concepts. Several crack-growth models have been developed to determine the fatigue crack 

growth. The conventional fatigue test uses an S-N diagram of the material to determine fatigue 

failure. The advantage of applying fracture mechanics concepts is that fatigue crack in an 

arbitrary structure can be found, and the remaining fatigue life of the cracked structure can be 

evaluated. The fatigue crack growth can then be calculated using the Paris equation (2.5), which 

provides the fatigue crack propagation rate as a function of the stress intensity factor.  The crack-

growth rate depends on the material properties and stress intensity factor range, and is 

represented by the Paris power law equation [13] as 

da nC K
dN

= Δ            (2.5) 
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where 

da
dN

 is the crack growth per cycle, N is the number of cycles, C and n are material constants, and 

KΔ  is the stress intensity factor range. 

As shown in Figure 2.2, the crack can initiate at the weld toe in a tubular joint; however, 

due to the complex geometry of the joint junction and stress existence, it is difficult to calculate 

the stress intensity factor. Therefore, a simplified geometry can be modeled to verify the crack 

growth data of actual an fatigue test on large-scale welded tubular joints as shown previously in 

Figure 2.8. In this case, the crack is assumed to grow in a semi-elliptical manner [13]. 

2.7. Crack Propagation Rate 

The fatigue crack growth rate of the semi-elliptical crack is expressed using the Paris Law 

equation (2.5). The crack growth rate is in two directions of the principle axes of the elliptical 

crack. The crack growth rate is shown in Figure 2.12. 

Figure 2.712.   Semi-elliptical surface crack showing propagation direction [13]. 

Paris equations (2.6a) and (2.6b) that govern the crack in different directions are defined as 

( / 2)( )
da mC K
dN Π= Δ          (2.6a) 
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( )
(0)

dc mF C KcdN
= Δ          (2.6b) 

where 
da
dN

 is the crack depth extension per load cycle, 
dc
dN

 is the half crack length extension per 

load cycle, 
( /2)

K πΔ is the stress intensity factor range at deepest point of crack, 2
πθ = ,

(0)
KΔ is the stress intensity factor range at deepest point of crack, 0θ = , C is the material 

constant, m = material constant, and Fc is the reduction factor for crack growth at free surface. 

From tests conducted by Maddox [13], it was found that crack growth for specimens with 

semi-elliptical cracks was slower at the surface due to the presence of a large plastic zone. The 

crack growth reduction factor Fc  is the parameter that represents the plastic zone effects in 

equation (2.6b). Based on fatigue tests, Maddox [13] found the estimated factor Fc to be 0.9. The 

material constants C and m  given in equation (2.6a) and (2.6b) account for the crack 

propagation in the specimen. Maddox concluded that the constants C and m  for the crack 

propagation rate were 131.08 10−×  and 3.07, respectively. 

2.8. SIF for a Semi-Elliptical Crack 

Scott and Thorpe [13] developed empirical equations to evaluate the SIF under Mode I 

loading. These equations can be used to estimate the SIF at the deepest point of the 

crack
( )

2
K π and crack at the free surface (0)K . The SIFs of a semi-elliptical crack subjected to 

tension and bending loads used by Scott and Thorpe can be expressed as 

1
( )

( /2) ( /2) ( /2)
K M M amm b b Ek

σ σ ππ π π= +      (2.7a) 



22

1
( )

(0) (0) (0)
K M M amm b b Ek

σ σ π= +       (2.7b) 

where a  is the crack depth, Ek is the elliptical integral of the second kind that can be 

approximated by 

1.64 0.5
[1 1.47( ) ]aE ck = +           (2.8) 

mσ and bσ is the nominal membrane and bending stress, c is the crack length, Mm and Mb is the 

correction factor for the membrane and bending stress. 

The correction factors Mm and Mb are functions of the crack shape (a/c) and relative 

crack depth (a/t). In their study, Scott and Thorpe developed a series of plots that define these 

correction factors as a function of these crack geometries.  

Rahman and Brust [31] have developed another kind of empirical equation to estimate 

SIF under mode I loading. For the deepest point of the crack the SIF is given by 

ataF
tR

MK B
m

ππθ
π

)/,/(
21 =           (2.9) 

where )/,/( πθtaFB  is a geometry function, which according to ASME Section XI IWB-3640 

[31] analysis is 

0.565
( / , / ) 1.1 0.09967 5.0057( ) 2.8329( )B

a a aF a t
t t t

θ θθ π π
π π

= + − + −      (2.10) 

where /a t is the crack depth-to-thickness ratio, and /θ π  is the crack front angle. 

Equations (2.7) and (2.10) are the empirical equations for estimating the stress intensity 

factor based on the tests carried out. 
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2.9. Leak-Before-Break Concept 

Leak-before-break (LBB) is a concept related to prevention of catastrophic failure in pipes. 

This theory can be applied to any design involving tubular structures. LBB comes into play only 

when a fluid medium exists in the tubular structure. This concept has been successfully applied 

to missile casings, heat exchangers, nuclear power plants, pressure vessels, oil and gas pipelines, 

and other underground pipelines. LBB is considered to be one of the most accurate and safe 

design methods available today. The European Safety Commission [32] defines the LBB concept 

“as a failure mode of a cracked piping leaking through-wall crack which may by timely and 

safely detected by the available monitoring systems.” Various design, operation, inspection, and 

monitoring systems are considered by the European Safety Commission Prevention including the 

break preclusion application (BP) developed by Germany and the leak-before-break application 

developed by the United States. 

The U.S., it is acceptable to exclude the dynamic effects of high-energy pipe rupture from 

the design basis of nuclear power plants when the LBB concept is applicable. Provided sufficient 

demonstration can be done, the following effects of leak-before-break postulates can be 

withdrawn [32]:

Blow down load 

Pipe whip restraints 

Break preclusion has been developed in Germany and is a general design concept for 

pressure and fluid-retaining components. The design procedure is such that the component at its 

worst case will demonstrate LBB behavior or low-break probability (LBP) but a catastrophic 

failure or break preclusion (BP) will never occur [32]. Table 2.1 provides a better understanding 

of the different steps for the realization of the low break probability concept.
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According to Structural Integrity Associates [34], LBB “implies that any crack or defect 

which develops in a component will grow to a through-wall configuration, and can be detectable 

by plant monitoring systems before reaching a size that would significantly reduce margins to 

component rupture.” 

TABLE 2.1 

STEPS FOR THE REALIZATION OF LOW-BREAK PROBABILITY CONCEPT 

Aim Measures 

Basic safety: 

No detectable defects may exist or 
occur 

-Component design/manufacture without 

detectable defects 
- Component operation without relevant 

material degradation 

Fracture mechanics (FM): 

Non-detected but possible defects must 
be assessed by FM 

- During one plant-life, defect will not 

penetrate the wall 
- After many plant-lives, penetrating crack will 

show LBB behavior 

Component control: 

Possible existing/occurring defects 
must be detected 

- Continuous monitoring and surveillance of 

components 
- In-service inspection and preventive 

maintenance 

Leak detection: 

All leakage due to possible defects 
must be detected 

- Different leak detection systems with 

response on fluid 
- Additional leak detection systems with 

response on noise 

Catastrophic failure: 

Assumed, e.g. due to non-detected 
leakage, must be governed 

- Break assumptions (core cooling, reactor 

shut-down,) 
- Limitation of effects due to physical 

protection and separation 

LBB analysis based on the fracture mechanics method includes the following features: 

Critical flaw size evaluation 

Leakage calculation 
Crack propagation analysis 

Ultrasonic flaw detection/sizing 
Leak detection 

Service experience 
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Figure 2.13.   Outcome of an LBB assessment [34]. 

LBB is applied to materials that are ductile in nature. Ductile materials have high toughness 

and are fracture-resistant. The ductile behavior of materials provides the possibility for a 

through-wall defect of a certain length to be stable under the specified loading condition. Under 

the LBB condition, knowing the stress state under the operating conditions is important. 

As discussed previously the initial crack grows as a result of factors such as fatigue, service 

loading, and environmental conditions. When the final ligament fails in the through-wall 

thickness, crack growth ceases. Catastrophic failure occurs when the unstable crack growth 

exceeds the critical length of the crack, typically during high loading. But during stable growth, 

i.e. when the crack length is less than the critical crack length, the penetrating crack will form a 

detectable leak until it reaches the critical crack size. Once the crack length reaches the critical 

crack length, unstable crack growth begins. The LBB concept is not appropriate for every kind of 

defect occurring in a structure. According to the European Safety Commission, certain situations 

occur where it is not possible to predict a detectable leak using LBB, such as structures 
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maintained under poor service conditions and when the crack grows largely in the 

circumferential direction rather than the longitudinal direction. 
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CHAPTER III 

ANALYTICAL FRAMEWORK

3.1. Introduction 

Fracture mechanics is a reliable approach for predicting crack propagation during a 

structure assessment, laying the groundwork for estimation of crack growth behavior within a T-

joint duct and using the stress intensity factor as the basic parameter for the analysis. This 

chapter discusses the analytical approach for finite element analysis and crack growth analysis of 

a crack within a welded T-joint duct. A finite element model is generated using ABAQUS 

(Appendix B), and the procedure for estimating stress intensity factors is described. To 

understand crack growth behavior and predict the life of a tubular T-joint duct, it is essential to 

evaluate the SIF for a semi-elliptical surface crack, considering line-spring elements in 

conjunction with shell elements for different crack geometries, and under different pressure 

loadings during the flight time of an aircraft. These validation results exhibiting the reliability of 

the model developed are presented in the Chapter IV. 

Engineering fracture mechanics was developed as the result of numerous structural failures 

and fractures in high-strength materials when subjected to cyclic stress. While fatigue failures 

have been occurring for decades, understanding the fracture process and fatigue crack growth 

was not understood until the twentieth century. Griffith [33] was the first to recognize that 

fracture took place when critical conditions in the structure—at the crack tip—were met. With no 

theoretical derivation, Griffith experimentally showed that fracture occurs when the following 

condition reaches a critical value, i.e., when G=GC, where GC is the material resistance to 

fracture. 
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2KIG
E

=      (Plane Stress)       (3.1a) 

2
2(1 )

KIG
E

ν= −  (Plane Strain)       (3.1b) 

where KI is Mode I stress intensity factor, E is the modulus of elasticity, G is the Mode I strain 

energy release rate, andν  is the Poisson‘s ratio. Usually a crack begins from a very small size 

defect and grows until failure, but sub-critical crack growth to failure was not explained by the 

Griffith criteria.  

Linear elastic fracture mechanics is the basic theory of fracture that deals with sharp cracks 

in elastic bodies. LEFM describes the magnitude and direction of stresses around the crack tip. It 

is applicable to any material as long as the material is elastic, except for brittle or quasi-brittle 

fracture and unstable crack growth. It is also applicable for analyzing and predicting all aspects 

of crack growth behavior such as fatigue, environmental-assisted fatigue, stress corrosion, and 

arrest of a fast running crack [34]. 

The three different classic modes of loading are Mode I (opening or tensile mode), Mode II 

(sliding or in-plane shear) and Mode III (tearing or out-of-plane shear), as shown in Figure 3.1. 

In this analysis, Mode I loading is considered for the evaluating the SIF.

Figure 3.1.   Different modes of loading [35]. 
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3.2. Fatigue Crack Propagation 

Paris [33] recognized the relationship between K and sub-critical crack extension, 

developed the following functional relationship: 

( )nda C K
dN

= Δ           (3.2) 

where 
da
dN

 is the crack growth per cycle, N is number of applied fatigue cycles, K is stress 

intensity factor range, and C and n are empirically derived material constants. The stress 

intensity factor is represented as  

K aI σ π=           (3.3) 

where σ  is applied remote stress, and a  is crack length . In practice, KI  is calculated using 

equation (3.3) for a structural component subject to known loads. The crack extension created 

during load cycles is then calculated using equation (3.2). Failure is determined when KI or GI

exceeds the respective critical value for that particular material.  Crack growth relations that 

describe crack growth include the Paris equation, Foreman equation, and NASGRO equation 

[36-38]. Certain crack growth equations describe the crack behavior for particular materials. The 

Foreman equation correlates well with aluminum and accounts for non-linear effects with 

fracture, while the NASGRO equation accounts for threshold and fracture effects including stress 

ratio and crack closure effects [37, 44]. The Air Force Growth (AFGROW) crack-growth life 

prediction software, employed in this thesis study, has the built-in NASGRO equation. The 

NASGRO equation describes crack growth in terms of number of cycles N, stress ratio R, stress 
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intensity factor range K, and the empirically derived material constants C, n, p, and q. The 

NASGRO equation is given by 

max

1
1

1
1

p
th

n

q

Ie

K
da f KC K
dN R K

K

Δ−
− Δ= Δ
−

−

        (3.4) 

The crack opening function f is called the Newman closure function. Appendix A contains a 

more detailed description of the NASGRO equation. 

The NASGRO equation is used to evaluate the number of stress cycles to a failure for a 

given spectrum, in other words, the time required for the existing initial crack to reach the critical 

crack length. The threshold stress intensity factor KthΔ  depends on crack length, material, and 

stress ratio, while fracture toughness KC  depends on yield strength and specimen thickness [39]. 

A typical crack growth curve showing a log-log plot of crack growth rate da
dN versus stress 

intensity range is illustrated in Figure 3.2. This curve is subdivided into three regions—I, II and 

III. The region I curve is called the threshold region. Here the curve is vertical, signifying that 

crack growth is sensitive to geometry and the stress field around the crack. Below the threshold 

region, the crack will not grow. Region II curve is the stable crack growth region, where the 

curve is almost linear. The stable crack growth crack propagates into Region III making it 

unstable. Fracture occurs when KΔ  reaches KC .
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Figure 3.2.   Regions of the crack growth rate curve [33]. 

3.3. Approach 

  Figure 3.3 shows a roadmap of how the analysis is performed, a step-by-step approach of 

finite element analysis carried out in ABAQUS and crack-growth analysis in AFGROW. 

Subsequent sections explain the procedure carried out in ABAQUS and AFGROW programs. 

The approach towards leak-before-break and different detection methods are discussed. 

3.3.1. Finite Analysis Tool—ABAQUS 

ABAQUS is a general-purpose finite element tool with a group of engineering simulation 

programs capable of modeling solids and structures under external applied loading. ABAQUS 

can solve problems of relatively simple structural form to the most complicated nonlinear 

analyses. ABAQUS consists of a widespread library of elements, wherein any type of geometry 

can be modeled. Apart from solving structural problems, ABAQUS can also solve problems in 

other different areas like heat transfer, mass diffusion, coupled thermal-electrical analyses, 
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acoustics, soil mechanics, piezoelectric analysis, fracture mechanics, and simulations involving 

manufacturing processes [16]. 

Perform FEA using 

ABAQUS

Run the Input File in 

ABAQUS/CAE;

apply boundary 

conditions and loads

Again generate the 

Input File ;

define initial crack  in 

the Input File

Perform stress 

analysis

OBTAIN:

SIF values

Maximum principal 

stress

Von mises stress and

nominal stress

Perform crack 

growth using 

AFGROW

DEFINE: 

Crack growth 

parameters ,

material data ,

crack growth model, 

initial crack values ,

spectrum

Simulate crack 

growth

CHECK:

Part-through 

Fracture,

Toughness for 

leak-before-

break

If leaks,

Inspect Leak using 

“LEAK Detection 

Techniques”

(Inspection Program )

Use crack detection 

techniques to detect cracks 

based on the number of 

cycles obtained

DEFINE:

Model T-Joint Duct

Material Properties

Mesh the Model

Generate Input File
FEA Analysis

Crack Growth 

Analysis

Figure 3.3.   Road map for the FEA and crack growth analysis [40]. 

In this analytical framework, ABAQUS was used for evaluating the stress distributions and 

stress intensity factors. The strength of ABAQUS lies in its ability to calculate stress intensity 

factors for cracks through the thickness using line-spring elements. SIF values are calculated 
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based on stress distributions at the element mid-plane where the stresses due to bending are zero. 

ABAQUS can be executed on several computing platforms including UNIX and Windows-based 

operating systems. Sophisticated preprocessor and graphical user interfaces (GUI) complement 

the ABAQUS tool. 

The required inputs for the ABAQUS finite element analysis consisted of model geometry, 

material properties, loading conditions, and an initial crack configuration. The general ABAQUS 

modules are as shown in the Figure 3.4.  

Figure 3.4.   ABAQUS/CAE modules [16]. 

A description of the steps taken to perform an elastic FEA and SIF calculation using 

ABAQUS were as follows:

a. Create a three-dimensional shell model of the T-joint duct in the ABAQUS/CAE Part 

module. 

b. Define material properties for the T-joint duct in the Property module, including 

thickness, modulus of elasticity, and Poisson’s ratio. 

c. Create an assembly of the part in the Assembly module 
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d. Create steps for the analysis in the Step module; specify output requests, i.e., only 

selected outputs. 

e. Create the mesh of the T-Joint using eight-noded, iso-parametric, quadrilateral shell 

elements in the Mesh module. 

f. Apply boundary conditions and loadings in the generated input file, which consists of 

set of a keywords defining the geometry, material properties, and meshing of the entity. 

g. Define line-spring elements in the input file. Place these elements at the location of 

crack initiation. Linear material properties include Young’s modulus, thickness, and 

depth of crack.

h. When all the keywords are defined, submit the input file to the job module to solve the 

analysis. 

i. In post-processing, interpret the output in the Visualization module, including standard 

stress, strain, and displacement distributions. In addition, record SIF values at the crack 

location. 

3.3.1.1. Finite Element Analysis Approach 

The dimensions (diameter, thickness, and length) of the Boeing 767 duct for the analysis 

were obtained from Mr. Warnky Mark of Perkin Elmer [41]. Ducts coming out of the bleed ports 

have an outside diameter of 5 inches and wall thickness of 0.049 inches. The length of the duct 

was assumed to be 12 inches. The T-joint duct was modeled in ABAQUS using the shell feature 

of the Part module. The duct was characterized by creating a symmetric quarter model along 

horizontal and vertical planes.  

Two different materials considered for the analysis were Inconel 718 (IN718) and Titanium 

6Al-4V, as shown in Table 3.1. Because of its high strength, excellent weld properties and high 
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working temperatures (1200
o
F), IN718 is the preferred material in majority of the aircraft engine 

components [4]. 

The quarter T-Joint duct model was meshed with quadrilateral shell elements signified as 

S8R5. The “S” signifies shell element, “8” refers to numbers of nodes, “R” implies reduced 

integration and “5” refers to five degrees of freedom at each node. The reduced integration 

option of ABAQUS decreased the run time while provided better accuracy for a fine mesh [16].

TABLE 3.1 

MATERIAL PROPERTIES FOR INCONEL 718 AND TI6AL-4V

Material Properties Inconel 718 Ti6Al-4V 

Modulus of Elasticity (E) 28500 ksi 16000 ksi 

Poisson's Ratio (ν ) 0.33 0.31 

Ultimate Tensile Strength 200 ksi 140 ksi 

Yield Tensile Strength 170 ksi 125 ksi 

Fracture Toughness ( KC ) 109 ksi- in 68.3 ksi- in 

Paris Crack-Growth Constants C= 10
2.25 10

−×
n=3.25 

C= 10
1.47 10

−×
n=3.834 

Plane Strain Fracture Toughness 

( KIC ) 90 ksi- in 60 ksi- in 

Plane Stress Fracture Toughness 
135 ksi- in 90 ksi- in 

Effective Fracture Toughness for 

Part-Through Crack ( KIe ) 125 ksi- in 75 ksi- in 

Threshold Stress Intensity Factor 

Range ( KthΔ ) 8 ksi- in 5 ksi- in 



36

As shown in the Figure 3.5, the mesh was very fine at the intersection region since the 

crack was modeled at this region. All the remaining regions of the chord and brace were coarse-

meshed. This kind of meshing from fine to coarse is called transition of mesh and was done to 

reduce computational time.  

Figure 3.5.   Transition of mesh from fine to coarse. 

The part-through cracks in shell elements were modeled by using second-order line-spring 

elements signified as LS3S. LS signifies a line-spring element with three nodes. Nwosu’s [5] 

relative crack depths-to-thickness ratio a/t ranging from 0.05 to 0.75 was assumed. Short cracks 

with a depth of less than 20 percent of the wall thickness and deeper cracks where 0.2at ≥ were 

calculated from following relations [14]: 

( )1.357 0.3; 0.2a a ac t t= + ≤        (3.5a) 

( )0.167 0.05; 0.2a a ac t t= + ≥        (3.5b) 
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The meshed model was then next submitted to the Job module to create an input file, 

opened in ABAQUS/CAE and then boundary conditions and loads applied. The chord end of the 

duct was fixed in all degrees of freedom except in translation X direction.   

The duct was pressurized with typical aircraft operational pressures of 14.7 psi (ground), 50 

psi (taxi), 430 psi (take-off), and 30 psi (cruise). During descent, the engine bleed 

air conditions are not constant, varying with altitude. These are the pressure-regulated values 

supplied to the aircraft system during the course of the flight. The brace end was axially loaded 

with axial stress representing Mode I loading, as shown in Table 3.2.  

TABLE 3.2 

AXIAL STRESSES IN THE T-JOINT DUCT

Flight Pressures 

(psi) 

Axial Stress (psi) 
P

2

Rm
tσ =

14.7 371.325 

50 1263.01 

430 10861.89 

30 757.8 

The maximum principal stress max pσ was evaluated for an initial crack depth along the 

intersection at the crown point, as shown in Figure 3.6. Other stresses evaluated included the 

Von Mises and the nominal stress variation along the brace at the crown point. The SIF extracted 

was at the deepest point of the semi-elliptical crack. 
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Figure 3.6.   T-joint duct showing the crown region. 

3.3.2. Crack Growth Life Tool—AFGROW

AFGROW is Air Force Growth, crack-life prediction software [42].  An earlier version, the 

ASDGRO program, was developed in BASIC language for IBM-PCs by Mr. Ed Davidson at 

ASD/ENSF in the early 1980s. It was used as the basis for crack-growth analysis for the 

Sikorsky H-53 helicopter conducted under contract to Warner-Robins ALC. It was later modified 

to employ large-load spectra and approximate stress intensity solutions for cracks in arbitrary 

stress fields. AFGROW is primarily employed in aerospace applications and can be used on any 

structures experiencing fatigue crack growth. This menu-driven graphical interactive program is 

used for simulating crack growth in structures experiencing loading in terms of an applied 

spectrum. An extensive material database library is available with most of the mechanical 

properties required for crack growth rate [39]. This program, based on the principles of linear 

elastic fracture mechanics, is described in Appendix A. More information regarding AFGROW 

is available in Appendix B. 



39

This flexible crack-growth life-prediction program predicts the life of a number of 

structural components with single or symmetric cracks using closed-form stress intensity (K) 

solutions [42]. The user has the option to choose any of the built-in models for available crack 

cases and provide the necessary crack dimensions. The crack growth in the aircraft structure is 

evaluated systematically, and the computational time to calculate crack growth is in seconds. 

This tool estimates crack propagation for an assumed crack geometry, and also has the capability 

to estimate life of the duct joint using the appropriate stress intensity factor (or stress level), 

which characterizes the physical and/or geometrical conditions of the crack. AFGROW was used 

in the present study to predict the behavior of cracks at a 0.05 crack depth-to-thickness ratio. 

The procedure for analyzing crack growth in AFGROW is outlined below: 

a. Select the required crack geometry, and input it as the application defined as part-

through crack. Include material thickness, initial crack depth, and length and width of 

specimen. 

b. Define the required material properties. The crack growth model used in this analysis 

was the predefined NASGRO equation. AFGROW allows great flexibility in changing 

these equations or parameters to acquire the desired material properties.

c. Create a spectrum for the variable amplitude loading with the appropriate stress level. 

Retardation models were not considered in this analysis. 

d. Terminate crack growth when the failure criterion reaches “Kmax.” 

e. View the results from the plots in MS Excel. 

3.3.2.1. Crack Growth Analysis Approach 

Finite element simulation of crack growth for this study was not carried out since the 

methods available were not as efficient as AFGROW. Analysis has been carried out using the 
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significant features available from both ABAQUS and AFGROW. For example, the strength of 

ABAQUS lies in calculation of stresses and SIF for different crack depth and lengths. It is 

possible to perform crack growth analysis in ABAQUS, but it has no built-in crack model or 

algorithms, and needs to be created. Creating such models is quite cumbersome and tedious if 

hands-on-experience is insufficient. On the other hand, AFGROW has all the ingredients 

required for crack-growth analysis, containing all crack-growth algorithms, a built-in library of 

materials along, and necessary fracture mechanic models required for crack propagation. For the 

analysis, three different configurations of fracture mechanics models were employed: 

Center Semi-Elliptical Surface Flaw 

Center Full-Embedded Surface Flaw 

Single Edge Corner Crack 

Material properties were defined using the built-in NASGRO crack-growth equation. The 

maximum and minimum principal stresses obtained from ABAQUS were used as the input for 

AFGROW. In actual service, the duct is expected to experience variable amplitude loading rather 

than constant amplitude loading [36, 37]. A spectrum was created for variable amplitude loading 

for each depth-to-thickness ratio. 

When respective models are selected for crack propagation, it is necessary to input the 

initial crack depth and length. The three models used in this analysis were run keeping the ratio 

of crack depth to length, i.e., the aspect ratio (a/c), constant. For the crack to grow naturally in 

both directions, it is recommended that the a/c be kept constant [39]. The crack-growth 

increment is specified from equation 3.6 [44]. The output crack size vs. number of cycles can be 

viewed from the AFGROW software output, or by generating the values in—Excel. The 
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AFGROW analysis stops when either the SIF of the surface or depth reaches the fracture 

toughness of the material [43]: 

(1 ) (1 )

(1 )

K pn n thC f K Ka qK
KIe

Δ
− Δ − ΔΔ = Δ−

        (3.6) 

 The constants C, n, p, and q are available from the material library. The variable KΔ is 

calculated from the modified equation (3.3), which is written as  

KΔ =
1/2

( )max maxK aβσ π=         (3.7) 

The correction factorβ  for the crack geometry is calculated using the equation obtained from 

Bahram [44], where a is crack depth, and maxσ  is the maximum stress obtained from finite 

element analysis, as 

2 4( / , / , ) 0.97*[ ( / ) ( / ) ]* * * *
1 2 3

a c a t M M a t M a t g f f fc iβ θ φ= + +

where 

1 1.13 0.09*( / )M a c= −

2

0.89
0.54

(0.2 / )
M

a c
= − +

+

24

3

1
0.5 [ ] 14*(1 / )

(0.65 / )
M a c

a c
= − + −

+

2 2 2 1/4[( / ) cos sin ]f a c θ θφ = +  where 90oθ = considering the deepest point of crack 

2 21 [0.1 0.35*( / ) ]*(1 sin )g a t θ= + + −

2 2 1/ 2[(1 ) /(1 ) 1 0.5( / ) ][ /( / 2 )]

1 2 /

cf k k a t t D t

k t D

= + − + − −

= −
 where 1.1fi =  for external crack 
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3.4. Leak-Before-Break (LBB) Application 

As mentioned in Chapter II, a leak before break can signal a warning before catastrophic 

failure occurs. LBB ensures that the crack growth through the thickness will lead to a detectable 

leakage. In LBB, it is necessary for the crack to remain stable under maximum loading 

conditions. In the present analysis, the leak-before-break concept is used to predict leakage at the 

loaded intersection of a bleed air duct joint [43]. 

In LBB, the crack is allowed to grow through the wall thickness before rapid crack growth 

occurs. The presence of the crack is detected by leakage of the pressurized gas in the duct when 

the crack depth penetrates completely through the thickness of wall, i.e., when ac equals the 

thickness t of the duct. During inspection of duct, this crack may go undetected because of its 

size and may lead to catastrophic failure.  

The maximum operating pressure (430 psi) attained is during flight take-off and the proof 

and burst pressures are evaluated as follows: 

Proof Pressure = 1.5* Operating Pressure = 645 psi 

Burst Pressure = 2.5* Operating Pressure = 1075 psi 

The axial stress calculated at burst pressure of the duct is as follows: 

( )( )
( ) ( )

1075 2.4755
27154.7

2 2 0.049

psi inp r psi
t psi

σ = = =

For the materials Inconel 718 and Ti6Al-4V, the fracture toughness KIC  is 109 and 68.3 

ksi in, respectively. Therefore, the critical crack length for Inconel 718 and Ti6Al-4V is given 

by 
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2 2
1 1 109000

5.12
27154.7

K psi inICa inchc psiπ σ π
= = =

2 2
1 1 68300

2.01
27154.7

K psi inICa inchc psiπ σ π
= = =

This length far exceeds the wall thickness of 0.049 inch for both the materials; hence, the 

leak-before-break condition is met [43]. The results obtained from the current study are shown in 

Chapter IV using AFGROW models and LBB. 

3.5. Leak and Crack Detection Methods 

The application of the LBB concept requires setting up reliable leak detection methods. 

The aircraft leak detection is often a complicated task requiring many hours of dismantling the 

aircraft and tracking for these leaks.  Leak-detection methods identified from the URCA project 

include electronic leak, calorimetric, thermal infrared imaging (IR), photo-acoustic, helium leak 

detection and ultraviolet-based methods. Bubble testing, mass/flow rate and pressure decay, 

tracer fluids by dye penetration, and visual inspection are the several inspection methods 

available during aircraft maintenance. 

The available crack-detection techniques are the ultrasonic detection method, eddy-current 

method, and high-resolution radiographic (X-ray) technique. 

In fatigue life predictions, the assumption of an initial crack size is very important. 

Inspections and dependable crack detection are a compulsory part of the damage-tolerance 

approach. The duct cannot be damage-tolerant without these techniques. Any of the inspection 

methods can be chosen, but it is vital to select such a technique that must determine the crack 

depth. For instance, in eddy-current inspection technique, the smallest length that can be detected 

is 0.004 inch. Any length calculated smaller than 0.004 inch assumes that the crack does not 
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exist. Hence, it is important that the crack size be large enough to be detected by the inspection 

techniques [36]. 
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CHAPTER IV 

FINITE ELEMENT AND CRACK GROWTH RESULTS

4.1. ABAQUS Results 

Figure 4.1 shows a symmetric quarter model of the T-joint duct with a thickness of 0.049 

inch. The duct was modeled with two different kinds of materials— Inconel 718 and Ti6Al-4V 

with modulus of elasticity of 28,500 ksi and 16,000 ksi, respectively. 

Figure 4.1.   Symmetric quarter model of the T-Joint duct. 

The duct was modeled with line-spring elements at the intersection as shown in the insert in 

Figure 4.2. The SIF is obtained by the combination of line-spring elements (LS3) and shell 

elements (S8R5). For each crack length, one symmetrical half of crack was extended over seven 
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elements. The mesh consists of 54,191 shell elements, 7 line spring elements (LS3S), and 

162,938 nodes. The line-spring elements have different lengths for different crack depth-to-

thickness ratios. 

Figure 4.2.   T-Joint duct meshed with shell elements and line-spring elements. 

The SIF at the deepest point on the crack front was obtained from the cracked T-joint. The 

SIF for each crack depth ( 0.05,0.2,0.25,0.3,0.4,0.5,0.75at = ) normalized with brace stress at 

the crack location was plotted against the crack depth-to-thickness ratio. Since the T-joints are 

subjected to internal pressure and axial loading, SIF is largest in the opening mode, i.e., Mode I. 

Reduced integration was considered for tubular T-joints, utilizing the Gauss rule of integration, 

which primarily results in a more flexible model.  
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The maximum principal stress and the normal stress shown in Figure 4.3 are for Tubular T-

joint duct with an initial crack for the material Inconel 718. Stresses are along the intersection of 

duct joint at the crown point for the Mode I loading. The plot of maximum principal stresses was 

obtained by conducting static analysis for the joint with crack configuration (a/c=0.117, a/t =0.4). 

An internal pressure of 50 psi was acting inside the T-joint duct. The same analysis was also 

carried out for Ti6Al-4V material. It can be observed that the stresses are maximum at the crack 

tip and the plastic zone size is almost circular in shape. 

           

Figure 4.3.   Maximum principal and normal stress for the T-Joint duct. 

Table 4.1 shows the SIF values obtained from the finite elements analysis during different 

operational stages of aircraft flight. These results are compared with the general case semi-

elliptical surface flaw equation for Mode I loading. It can be seen that the line-spring elements 

give better results for Inconel 718 for / 0.25 & 0.3a t = , when compared with semi-elliptical 

results. For Ti6Al-4V, results hold good when a/t is in the range of 0.5 to 0.75. In these results, 

the weld at the intersection has material property identical to the parent material.  
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TABLE 4.1 

COMPARISON OF FEA AND THEORETICAL SIF VALUES DURING  
DIFFERENT STAGES OF FLIGHT

Inconel718 Ti6Al-4V 
Theoretical 

Calculation 

a
t

KI
psi in−

KI
psi in−

( )aK fI s Q
πλ σ φ=

psi in−
0.05 7.8 4.93 34.63 

0.2 58.07 36.7 81.11 

0.25 79.74 50.3 90.38 

0.3 102.995 64.88 98.67 

0.4 153.32 95.78 113.1 

0.5 204.23 125.48 125.5 

Ground Engine 

Idle

0.75 319.1 173.62 150.54 

     

0.05 26.517 16.75 139.24 

0.2 197.5 124.82 275.9 

0.25 271.231 171.2 307.43 

0.3 350.33 220.7 335.6 

0.4 521.5 325.8 384.72 

0.5 694.65 426.8 426.84 

Taxiing

0.75 1085.36 590.56 512.03 

     

0.05 228.096 144.12 1197.48 

0.2 1699.05 1073.71 2372.74 

0.25 2333.1 1472.72 2643.91 

0.3 3013.48 1898.36 2886.21 

0.4 4485.92 2802.45 3308.57 

0.5 5975 3671.38 3670.82 

Take off

0.75 9336.21 5080.11 4403.52 

     

0.05 15.8 9.943 83.54 

0.2 117.7 74.075 165.54 

0.25 162.75 101.6 184.46 

0.3 210.213 130.95 201.36 

0.4 310.6 193.23 230.83 

0.5 416.8 252.9 256.10 

Cruise

0.75 644.9 347.96 307.22 
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Figure 4.4 shows the validity of line-spring elements in evaluating the SIF along the crack 

front of a semi-elliptical surface crack in tubular joints. Here are shown the plots for normalized 

SIF values at different pressures during the course of flight at different crack depth-to-thickness 

ratios. Since the nature of the graphs for different crack depth-to-thickness ratios are the same, 

only the cases where a/t =0.05 and a/t =0.25 for Inconel 718 are shown in.  

a) 

Comparison of SIF at different angular positions 
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Figure 4.4.   Comparison of SIF values at different angular positions for Inconel 718: 

a) for a/t =0.05, b) validated with Seng [10], and c) for a/t =0.25 
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Note that the SIF values near the surface of the crack are negative, indicating that the crack 

surfaces were penetrated when the load was applied [10]. This is also due to cracks occurring at 

the intersection. It can be observed that as the crack depth increases, the SIF values improve and 

remain constant as crack reaches the deepest crack point. 

Figure 4.5 shows SIF results at the deepest point of the semi-elliptical crack for Inconel 

718 and Ti6Al-4V material. These results are validated with theoretical results and results 

reported by researchers Delft et al. and Seng et al. [10, 13]. It can also be seen that line-spring 

elements give better results for deep cracks than for shallow cracks.  

Comparision of SIFs at the deepest point
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Figure 4.5.   Comparison of SIFs at the deepest point. 

Figure 4.6 shows validation of normalized SIF. These analysis results validate both 

theoretical results and results reported from various researchers [5, 7, 17]. The analysis results 

are closer to theoretical results when the crack depth is shallow. 
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Normalized SIF at deepest crack depth
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Figure 4.6.   Normalized SIF at the deepest points. 

4.2. AFGROW Results

Crack-growth simulations were conducted using AFGROW considering three different 

types of crack models. Simulations used the built-in NASGRO equation as well as AFGROW 

defined Inconel 718 and Ti6Al-4V material properties. Variable amplitude loading was applied 

using a stress spectrum defined for each crack depth-to-thickness ratio including different 

altitudes in a flight. 

4.2.1. Center Semi-Elliptical Surface Crack (a/c=constant) 

Figure 4.7 shows center semi-elliptical flaw models for different initial crack sizes 

( 0.36785,0.0834,0.09175,0.1,0.1335)ac = and corresponding different depth-to-thickness crack 

sizes ( 0.05,0.2,0.25,0.3,0.5)at = . This model assumes the shape of the initial crack to be semi-

elliptical and is an exaggeration of the cross-section at the intersection. 
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Figure 4.7.   Crack growth pattern for different crack sizes. 

Crack propagation stopped when K reached the maxK failure criteria. AFGROW allows 

the user to set the part through to through-the-thickness crack transition criteria. This has been 

used in NASGRO based on observations that transition may occur if the maximum stress 

intensity value in the a-direction exceeds value KIe , which is the equivalent fracture toughness 

for a part-through crack. Values of KIe  were included in the NASGRO material database. Table 

4.2 shows crack propagation for respective crack depth to thickness ratio for Inconel 718.  

For the first case, at 0.05at = , the initial crack depth is 0.00245 inch and the thickness is 

0.049 inch. From Figure 4.7, it can be seen that this case crack grows in a circular trend for 

several cycles until the critical value is reached. At 16,049 cycles, the value of KΔ  is 8.79 ksi-

in, which is less than the effective fracture toughness for the part through crack KIe of 125 ksi. 

Since K KIeΔ < , the value of SIF in the crack-depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. 
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TABLE 4.2 

CRACK PROPAGATION FOR CENTER SEMI-ELLIPTICAL  
FLAW MODEL FOR INCONEL 718

From an inspection with crack-detection techniques, if the initial crack size is assumed to 

be 0.00245 inch, it can be observed that it takes 16,049 cycles for the initial crack to grow to 

0.022167 inch. The crack after reaching this value suddenly forms the through thickness crack. If 

there is through thickness crack, there is possibility of pressure loss in duct. Several inspection 

intervals must be carried out to ensure that the inspection process has multiple chances to detect 

growing fatigue cracks before failure. By dividing the number of cycles by a safety factor of 3, 

the duct can be inspected twice before it reaches the critical size. The inspection interval can be 

set at 5,350 cycles, and the inspection can be carried out using available crack-detection 

techniques, such as ultrasonic method or eddy-current method. From Figure 4.8, it can be seen 

that most of the crack growth curve for the both materials is in Region II, signifying stable crack 

growth, and leads to unstable crack growth occurs once failure criterion is reached. For the 

material Ti6Al-4V, at 2884 cycles, the value of KΔ  was 60.45 ksi- in, which is less-than-

effective fracture toughness for a part through-crack KIe of 75 ksi. Since K KIeΔ < , the value of 

SIF in the crack depth direction is smaller than the fracture toughness of the material; hence, the 

a/t 
a

(inch) 

c

(inch) 

N

(cycles)
KΔ

(ksi- in)

0.05 0.022167 0.0602 16049 8.791 

0.2 0.015373 0.18433 46769 8.77 

0.25 0.015676 0.16742 14441 8.72 

0.3 0.015583 0.15567 2686 8.587 
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duct would leak. As compared to Inconel 718 material, the number of cycles to failure is much 

less for Ti6Al-4V.  

Crack Growth Rate for crack size a/t=0.05
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Figure 4.8.   Crack growth rate for case 0.05at = .

For the second case, at 0.2at =  initial crack depth is 0.0098 inch. The crack growth stops 

when the failure criterion reaches maxK . At 46,769 cycles, the value of KΔ  is 8.77 ksi- in. 

Since K KIeΔ < , the value of SIF in the crack-depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. From the inspection, with crack-detection 

techniques, if the initial crack size is assumed to be 0.0098 inch, it can be observed that it takes 

46,769 cycles for the initial crack to grow to 0.015373 inch. Therefore, it can be predicted that 

for the crack to grow until critical size, the number of cycles will be higher. Several inspection 

intervals must be carried out to ensure that the inspection process has multiple chances of 

detecting growing fatigue cracks before failure. Dividing this value by a safety factor of 3, the 

duct can be inspected once or twice before it reaches the critical size. The inspection interval can 

be set at 15,590 cycles, and the inspection can be carried out using available crack detection 

techniques such as the ultrasonic method or eddy-current method. From Figure 4.9, it can be seen 

that the crack growth curve is in Regions I and II, signifying that initially there is no growth or 
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the growth is very slow to measure. Once Region I is crossed stable crack growth occurs for a 

long period before the failure criterion is reached. Here, slow crack growth occurs, which means 

that the flaw is not allowed to reach critical crack size for unstable crack propagation. The safety 

of the duct can be assured through inspection as described. 

Crack growth rate for Inconel 718
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Figure 4.9.   Crack growth rate for case 0.2at = .

For the third case, at 0.25at =  initial crack depth is 0.01225 inch. The crack growth stops 

when the failure criterion reaches maxK . At 14,441 cycles the value of KΔ  is 8.72 ksi- in. 

Since K KIeΔ < , the value of SIF in the crack depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. From the inspection, with crack-detection 

techniques, if the initial crack size is assumed to be 0.01225, it can be observed that it takes 

14,441 cycles for the initial crack to grow to grow to 0.015373 inch. Several inspection intervals 

must be carried out to ensure that the inspection process has multiple chances of detecting 

growing fatigue cracks before failure. Dividing this value by a safety factor of 3, the duct can be 

inspected once or twice before it reaches the critical size. The inspection interval can be set at 
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4,813 cycles, and the inspection can be carried out using available crack detection techniques 

such as the ultrasonic method or eddy-current method. The nature of crack growth for deeper 

cracks is almost the same. From Figure 4.10, it can be seen that the crack growth curve is in 

Region II, signifying that stable crack growth occurs for a long period before the failure criterion 

is reached.  

Crack Growth Rate for Inconel 718
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Figure 4.10.   Crack growth rate case 0.25at = .

Crack depths exceeding 0.3at = will be in Region III, i.e., area of unstable crack 

propagation, since the initial crack depth is close to the critical crack depth of 0.0245 inch. The 

moment the crack depth exceeds 0.3at = , unstable crack growth occurs leading to failure. 

Therefore, if the crack depth-to-thickness ratio exceeds 0.3at =  this T-joint duct will experience 

a through crack and leak occurs leading to catastrophic failure. Therefore, the crack must be 

inspected before it exceeds crack depth to thickness ratio of 0.3at = . Figure 4.11 shows the plot 

of crack growth versus the number of cycles. It can be observed that apart from crack depth a/t = 

0.05 for Inconel 718 and Ti6Al-4V, the rest all crack depths for Inconel 718 follow the same 

pattern. As the crack depth increases, the number of cycles decreases, signifying that the crack is 

reaching a critical size. 
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It can be observed that the material Ti6al-4V has comparatively lower fatigue life than 

Inconel 718. For tubular bleed air ducts, it is always better to use Inconel 718 since it has high 

fracture toughness compared to Ti6Al-4V. 

Crack Growth Cruve for Center Semi-Elliptical Flaw
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Figure 4.11.   Crack growth history for center semi-elliptical crack. 

4.2.1. Center Full Semi-Elliptical Embedded Flaw (a/c=constant) 

Figure 4.12 shows center semi-elliptical embedded flaw model for different initial crack 

sizes and corresponding ( 0.05,0.2,0.25,0.3)at = .

Figure 4.12.   Crack growth pattern for different crack sizes. 
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Table 4.3 shows crack propagation for respective crack depth to thickness ratio for Inconel 

718.  

TABLE 4.3 

CRACK PROPAGATION FOR CENTER FULL ELLIPTIC EMBEDDED  
FLAW MODEL FOR INCONEL 718

For the first case, at 0.05at = , the initial crack depth is 0.00245 inch. At 32,094 cycles the 

value of KΔ  is 9.168 ksi- in. Since K KIeΔ < , the value of SIF in the crack-depth direction is 

smaller than the fracture toughness of the material; hence, the duct would leak. From the 

inspection, with crack detection techniques, if the initial crack size is assumed to be 0.00245 

inch, it can be observed that it takes 32,094 cycles for the initial crack to grow to 0.020185 inch. 

The crack after reaching this value suddenly forms the through thickness crack. If there is 

through thickness crack, there is possibility of pressure loss in duct. Several inspection intervals 

must be carried out to ensure that the inspection process has multiple chances of detecting 

growing fatigue cracks before failure. Dividing this value by a safety factor of 3, the duct can be 

inspected twice before it reaches the critical size. The inspection interval can be set at 10,698 

cycles, and the inspection can be carried out using available crack-detection techniques, such as 

the ultrasonic method or eddy-current method. From Figure 4.13, it can be seen that most of the 

a/t 
a

(inch) 

c

(inch) 

N

(cycles)
KΔ

(ksi- in)

0.05 0.020185 0.05874 32094 9.168 

0.2 0.015965 0.19143 127139 8.984 

0.25 0.016026 0.17465 48671 8.72 

0.3 0.016208 0.16192 12149 8.961 
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curve crack growth for the both materials is in Region II, signifying stable crack growth, and 

leads to unstable crack growth occurs once failure criterion is reached. For the material Ti6Al-

4V, at the 6,960 cycles, the value of KΔ  is 2.085 ksi- in, which is less-than effective fracture 

toughness for a part through-crack KIe  of 75 ksi. Since K KIeΔ < , the value of SIF in the crack 

depth direction is smaller than the fracture toughness of the material; hence, the duct would leak. 

Crack Growth Rate for a/t=0.05
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Figure 4.13.   Crack growth curve for 0.05at = .

For the second case, at 0.2at =  initial crack depth is 0.0098 inch. The crack growth stops 

when the failure criterion reaches maxK . At 127,139 cycles the value of KΔ  is 8.984 ksi- in. 

Since K KIeΔ < , the value of SIF in the crack-depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. From the inspection, with crack detection 

techniques, if the initial crack size is assumed to be 0.0098, it can be observed that it takes 

127,139 cycles for the initial crack to grow to 0.015965 inch. Several inspection intervals must 

be carried out to ensure that the inspection process has multiple chances of detecting growing 

fatigue cracks before failure. Dividing this value by a safety factor of 3, the duct can be inspected 

twice before it reaches the critical size. The inspection interval can be set at 42,380 cycles and 

the inspection can be carried out using available crack detection techniques such as the ultrasonic 
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method or eddy-current method. From Figure 4.14, it can be seen that the crack growth curve is 

in Regions I and II, signifying that initially there is no growth or the growth is very slow to 

measure. Once Region I is crossed stable crack growth occurs for a long period before the failure 

criterion is reached.  

Crack Growth Rate for Inconel 718
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Figure 4.14.   Crack growth curve for 0.2at = .

For the third case, at 0.25at =  initial crack depth is 0.01225 inch. The crack growth stops 

when the failure criterion reaches maxK . At 48,671 cycles the value of KΔ  is 8.72 ksi- in. 

Since K KIeΔ < , the value of SIF in the crack depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. From the inspection, with crack detection 

techniques, if the initial crack size is assumed to be 0.00245 inch, it can be observed that it takes 

48,671 cycles for the initial crack to grow 0.016206 inch. Several inspection intervals must be 

carried out to ensure that the inspection process has multiple chances of detecting growing 

fatigue cracks before failure. Dividing this value by a safety factor of 3, the duct can be inspected 

twice before it reaches the critical size.  
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The inspection interval can be set at 16,223 cycles and the inspection can be carried out 

using available crack detection techniques such as ultrasonic method or eddy-current method. 

From Figure 4.15, it can be seen that most of the curve crack growth for the both materials is in 

Region II, signifying stable crack growth and leading to unstable crack growth occurs once 

failure criterion is reached.  

Crack Growth Rate for Inconel 718
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Figure 4.15.   Crack growth curve for 0.25at = .

The crack depths exceeding 0.3at = will be in Region III since the initial crack depth is 

close to the critical crack depth. The moment the crack depth exceeds 0.3at = , unstable crack 

growth leading to failure. Therefore, if the crack depth-to-thickness ratio exceeds 0.3at =  this 

T-joint duct will experience a through crack and leak occurs leading to catastrophic failure. 

Therefore, the crack must be inspected before it exceeds crack depth-to-thickness ratio of 

0.3at = . Figure 4.16 shows the plot of crack growth versus the number of cycles. It can be 

observed that apart from crack depth a/t = 0.05 for Inconel 718 and Ti6Al-4V, the rest all crack 

depths for Inconel 718 follow the same pattern.  
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Crack Growth Curve for Full-Elliptical Embedded Flaw
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Figure 4.16.   Crack growth history for embedded elliptical crack. 

4.2.2. Single Edge Corner Crack (a/c=constant) 

Figure 4.17 shows center semi-elliptical embedded flaw model for different initial crack 

sizes and corresponding ( 0.05,0.2,0.25,0.3)at = .

Figure 4.17.   Crack growth pattern for different crack sizes. 



63

Table 4.4 shows the crack propagation for respective crack depth to thickness ratio for 

Inconel 718. 

TABLE 4.4 

CRACK PROPAGATION FOR SINGLE EDGE CORNER CRACK  
MODEL FOR INCONEL 718

For the first case, at 0.05at = , initial crack depth is 0.00245 inch and the thickness is 

0.049 inch. At 18,923 cycles the value of KΔ  is 8.81 ksi- in. Since K KIeΔ < , the value of SIF 

in the crack depth direction is smaller than the fracture toughness of the material; hence, the duct 

would leak. From the inspection, with crack-detection techniques if the initial crack size is 

assumed to be 0.00245 inch, it can be observed that it takes 18,923 cycles for the initial crack to 

grow to 0.020323 inch. Several inspection intervals must be carried out to ensure that the 

inspection process has multiple chances of detecting growing fatigue cracks before failure. 

Dividing this value by a safety factor of 3, the duct can be inspected twice before it reaches the 

critical size. The inspection interval can be set at 6,307 cycles, the inspection can be carried out 

using available crack detection techniques such as the ultrasonic method or eddy-current method. 

From Figure 4.18, it can be seen that most of the crack growth curve for the both materials is in 

a/t 
a

(inch) 

c

(inch) 

N

(cycles)
KΔ

(ksi- in)

0.05 0.020323 0.055248 18923 8.81 

0.2 0.014901 0.17866 30893 8.77 

0.25 0.014895 0.16233 10427 8.732 

0.3 0.015323 0.15308 1511 8.72 
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Region II, signifying stable crack growth and leading to unstable crack growth occurs once 

failure criterion is reached. For the material Ti6Al-4V, at the 3,550 cycles the value of KΔ  is 

60.82 ksi- in which is less-than effective fracture toughness for a part through-crack KIe  of 75 

ksi. Since K KIeΔ < , the value of SIF in the crack depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. 

Crack Growth Rate for a/t = 0.05

1.00E-09

1.00E-08

1.00E-07

1.00E-06

1.00E-05

1.00E-04

1.00E-03

1.00E-02

1.00E-01

1.00E+00

1.00E+00 1.00E+01 1.00E+02 1.00E+03
Log Delta K

L
o

g
 d

a
/d

N

Inconel 718 Ti6Al-4V

Figure 4.18.   Crack growth curve for 0.05at = .

For the second case, at 0.2at =  initial crack depth is 0.0098 inch. The crack growth stops 

when the failure criterion reaches maxK . At 30,893 cycles the value of KΔ  is 8.77 ksi- in. 

Since K KIeΔ < , the value of SIF in the crack depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak.  From the inspection, with crack-detection 

techniques if the initial crack size is assumed 0.0098 inch, it can be observed that it takes 30,893 

cycles for the initial crack to grow to 0.014901 inch.  Several inspection intervals must be carried 

out to ensure that the inspection process has multiple chances of detecting growing fatigue cracks 

before failure. Dividing this value by factor of safety of 3, the duct can be inspected twice before 

it reaches the critical size. The inspection interval can be set at 10,297 cycles and the inspection 
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can be carried out using available crack detection techniques such as the ultrasonic method or 

eddy-current method. From Figure 4.19, it can be seen that the crack growth curve is in Region I 

is beginning to enter the Region II, signifying that initially there is no growth or the growth is 

very slow to measure. Once Region I is crossed stable crack growth occurs for a long period 

before the failure criterion is reached. 

Crack Growth Rate for Inconel 718
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Figure 4.19.   Crack growth curve for 0.2at = .

For the third case, at 0.25at =  initial crack depth is 0.01225 inch. The crack growth stops 

when the failure criterion reaches maxK . At 10,427 cycles the value of KΔ  is 8.72 ksi- in. 

Since K KIeΔ < , the value of SIF in the crack depth direction is smaller than the fracture 

toughness of the material; hence, the duct would leak. From the inspection, with crack-detection 

techniques if the initial crack size is assumed 0.01225 inch, it can be observed that it takes 

10,427 cycles for the initial crack to grow to 0.014985 inch. Several inspection intervals must be 

carried out to ensure that the inspection process has multiple chances of detecting growing 

fatigue cracks before failure. Dividing this value by factor of safety of 3, the duct can be 

inspected twice before it reaches the critical size. The inspection interval can be set at 3,475 

cycles. The inspection can be carried out using available crack detection techniques such as the 

ultrasonic method or eddy-current method. From Figure 4.20, it can be seen that the crack 
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growth curve is in Region II, signifying stable crack growth occurs for a long period before the 

failure criterion is reached. 

Crack Growth Rate for Inconel 718
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Figure 4.20.   Crack growth rate for 0.25at = .

The crack depths exceeding 0.3at = will be in the Region III since the initial crack depth is 

close to the critical crack depth. The moment the crack depth exceeds 0.3at = , unstable crack 

growth occurs leading to failure. Therefore, if the crack depth-to-thickness ratio exceeds 

0.3at =  this T-joint duct will experience a through crack and leak occurs leading to catastrophic 

failure. Therefore, the crack must be inspected before it exceeds crack depth-to-thickness ratio of 

0.3at = . Figure 4.21 shows the plot of crack growth versus the number of cycles. It can be 

observed that apart from crack depth a/t = 0.05 for Inconel 718 and Ti6Al-4V, the rest all crack 

depths for Inconel 718 follow the same pattern. It can be observed that even for this case also the 

Inconel 718 gives better results compared to Ti6Al-4V. 
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Crack Growth Curve for Single Edge Part Through Crack
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Figure 4.21.   Crack growth curve for different crack depths.

Of all the three models discussed, it can be concluded that the semi-elliptical crack and 

single edge corner crack relate more closely to the tubular T-joint duct cross-section. Leak 

detection methods can be used to ascertain any kind of discoloration or any kind pressure loss. 
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CHAPTER V 

CONCLUSIONS AND FUTURE WORK

5.1. Conclusions 

The bleed air ducts that are welded at the intersection are prone to crack formation due to 

loadings that vary with flight. The T-joint duct was assumed to have certain initial flaws due to 

its semi-elliptical shape. Two materials Inconel 718 and Ti6Al-4V were analyzed. This thesis 

study shows how line-spring elements could be applied in conjunction with shell elements for the 

complex T-joint structure. The crack with T-joint duct, in which the crown region was simulated 

using line-spring elements, was validated against work carried out by different researchers [5, 7, 

10, 17]. The accuracy of line-spring elements was found to be good for cracks having deepest 

crack depths compared to shallow cracks. For shallow cracks, the SIF results were negative, 

signifying penetration of crack surfaces [5]. 

A satisfactory relation for Mode I SIF values at the deepest point of the crack was 

achieved, when compared with the work of various researchers [5, 10]. It can be observed that 

the SIF values do not give reasonable results at the surface of the crack. It can also be observed 

that in a T-joint duct subjected to internal pressure and axial loading, the SIF at the deepest 

points increases as the crack depth-to-thickness ratio increases.  

For the crack propagation, an NASGRO equation, which is built-in AFGROW crack 

growth prediction software, was applied. Three crack-growth models were analyzed under 

variable amplitude loading for both the materials. It was observed that Inconel 718, which has 

better fracture toughness than Ti6Al-4V, provided a stable crack growth. For different cases, the 

crack depth-to-thickness ratio showed that most of the crack growth was in Region II. During 

this analysis, the crack never reached the critical size but in all cases, the leak-before-break 
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condition was met. It can be concluded that if the crack in the duct is in the range of 0.05-0.3 

crack depth-to-thickness ratio, it is safe for operation. As a precautionary measure, inspection 

methods should be carried out frequently, based on the number of cycles attained. This ensures 

that the duct is safe enough for operation and can be used for a longer period. If there is through 

crack in T-joint duct, inspection techniques such leak detection methods can be used to detect the 

leak. If leak occurs, there is pressure loss in the duct that might also lead to power loss in the 

engine, which will also affect the neighboring systems. So in order avoid the occurrence of leak 

it is necessary to find crack growth through the thickness and provide inspection program based 

on the number of cycles obtained. 

5.2. Future Work 

This thesis describes the application of line-springs elements in conjunction with shell 

elements in welded tubular T-joints. The LBB principle is that a detectable leakage of fluid can 

occur from a through-wall crack before catastrophic failure occurs. This leak-before-break 

concept can be taken to a step further by examining the leak rate in a tubular T-Joint duct. Future 

work could include the following: 

Modeling of the bleed air duct using three-dimensional solid elements considering weld 

at the intersection. The SIF for the three-dimensional model could be evaluated using the 

J-integral evaluation that is available in ABAQUS 6.4. 

Determining the leak flow rate from the two-phase critical flow model by Henry, and the 

pressure loss through-crack can be explained by Mayfield et al. and Collier et al. method. 

Detecting duct capability by carrying out FEA analyses; determining the flow rate by 

evaluating the crack opening displacement depending on the size and shape of the crack.  
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Estimating the crack-opening area from the crack opening displacement by using the 

available relations, and then evaluating the leak rate as well as crack opening area from 

SIF values obtained from FEA analysis. 

Above all, using mathematical models to evaluate leak rate that are accurate, simple, and 

easy to use, such as those in software codes like FLORA, PSQUIRT, and SQUIRT or 

simulated by the Monte Carlo method. 

Once the leak rate is determined, carrying out bleed air flow simulations using FLUENT. 
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APPENDIX A 

FRACTURE MECHANICS THEORY 

A.1. Introduction to Fracture Mechanics 

The fracture mechanics approach to engineering design deals with stresses, cracks, and 

fracture toughness. According to Anderson [33], the fracture mechanics approach is a 

combination of three vital variables “fracture toughness”, “flaw size”, and “applied stresses.” 

Figure 3.1 depicts the fracture mechanics approach to engineering design. When the applied 

stress exceeds the fracture toughness of the material, the existing flaw in the material grows to 

form a fracture. 

Figure A.1.  Fracture mechanics triangle [33]. 

In fracture mechanics, the energy criterion and stress intensity are two major parameters 

that characterize the crack. Griffiths pioneering work in 1920 led to the development of fracture 

mechanics. He was the first person to come up with energy criterion for fracture [33]. In 1950, 

Irwin extended Griffiths work and came up with linear elastic fracture mechanics (LEFM). 

Initially, the progress of LEFM was in terms of elastic energy. He defined the energy release rate 

G  as the “rate of change of potential energy with the crack area in a linear elastic material” [33]. 

The energy release rateG is the driving force for fracture, while GC  is the material resistance to 

fracture. When fracture takes place, the critical energy release is a measure of fracture toughness, 
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i.e. G GC= . The crack grows when the strain energy reaches a critical value. The energy release 

rate G  for an infinite plate in plane stress subjected to a remote tensile stress  of crack length of 

2a is given by equation (A.1a). The equation illustrates combination of stress and crack for 

failure 

2aG
E

πσ=         (A.1a) 

where E is the modulus of elasticity.  

At fracture, the critical energy release rate GC  is given by equation (3.1b) 

2 acfGC E

πσ
=         (A.1b) 

where fσ is failure stress, ac is critical crack length. The fundamental assumption in equation 

(A.1b) is that fracture toughness ( GC ) is independent of the size and geometry of the cracked 

body while it is dependent on the material property. 

A.1.1. Linear Elastic Fracture Mechanics (LEFM)

Linear elastic fracture mechanics is the basic theory of fracture that deals with sharp 

cracks in elastic bodies. It describes the magnitude and direction of stresses around the crack tip. 

It is applicable to any materials as long as the material is elastic, except for brittle or quasi-brittle 

fracture, and unstable crack growth. It is also applicable to analyze and predict all aspects of 

crack growth behavior such as fatigue, environmental-assisted fatigue, stress corrosion, and 

arrest of a fast running crack [34]. Figure A.2 shows the coordinate axis ahead of the crack tip of 

an elastic material in plane stress condition.  
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Figure A.2.  Stresses near the crack tip of an elastic material [35]. 

The stress field in any linear cracked body is 

( ) ( )( )2

0

m
k mf A r gmij ij ijr m

σ θ θ
∞

= +
=

      (A.2) 

where ijσ is the stress tensor, and r and  are defined as seen in the Figure A.2, k  is constant 

and fij  is a dimensionless function of . From equation (A.2), as r  0, the stresses approach 

infinity, and other terms in the equation approach zero or some finite value. The stress near the 

crack tip varies with r1 , and displacements near the crack tip vary with r .  Equation (A.2) 

illustrates stress singularity, since stress is asymptotic (a line whose distance to a given curve 

tends to zero) as r approaches zero. 

A.1.2. Modes of Loading

The three different modes of loading are Mode I (opening or tensile mode), Mode II 

(sliding or in-plane shear), and Mode III (tearing or out-of-plane shear). 
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Figure A.3. Different modes of loading [35]. 

The crack tip produces a 1
r

singularity with each mode of loading. The stress field near a 

crack tip of an isotropic linear elastic material is expressed as a product of 1
r

 and a function 

of  with a scaling factor K, and fij is a dimensionless function of . The superscripts and 

subscripts I, II, and III denote the three different modes representing different loadings applied to 

a crack. The stress field of a crack tip in an isotropic elastic material is 

( )( ) ( )
lim

0 2

KI II fij ijr r
σ θ

π
=

→
     (A.3a) 

( )( ) ( )
lim

0 2

KII IIII fij ijr r
σ θ

π
=

→
    (A.3b) 

( )( ) ( )
lim

0 2

KIII IIIIII fij ijr r
σ θ

π
=

→
    (A.3c) 

The factor K called the stress intensity factor is a function of applied stresses, crack size, 

and shape. For the Mode I singular field on the crack plane, when  = 0, the stresses in x and y 

direction are equal, or     

2

KIxx yy r
σ σ

π
= =         (A.4) 
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3
( )

1

3 4 ( )

PlaneStress

PlaneStrain

ν
κ ν

ν

−
= +

−

where ν  is the Poisson's ratio and shear stress xyτ = 0, stating that the crack plane is in pure 

Mode I loading. Equation (A.4) is suitable when r1 singularity dominates near the stress field.  

A.1.3. The Stress Intensity Factor

The stress intensity factor distinguishes the crack tip conditions in a linear elastic material. 

When the material fails at some point of stress, fracture occurs at the critical stress 

intensity KIC , which is called the fracture toughness of the material. The stress intensity 

factor KI  for an infinite plate is shown in Figure A.4. The plate is subjected to a remote tensile 

stress σ of crack length of 2a  is given by  

K aI σ π=          (A.5) 

The units of KI  are in MPa- m  or psi- in

Figure A.4. Infinite plate subjected to remote tensile stress [33]. 
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The stress intensity KI  is the driving force, and KIC  is the material resistance to fracture. 

Fracture occurs when K KI IC= . The relationship between strain energy release rate and stress 

intensity factor for plane stress and plane strain respectively is given by  

2KIG
E

=         (A.6a) 

2
2(1 )

KIG
E

ν= −        (A.6b) 

The equations (A.6a) and (A.6b) are also valid for critical cases i.e., for GC and KIC .

A general case of surface flaw is described in Figure A.5. The semi-elliptical flaw has 

lengths in two dimensions. The sizes 2c  and a  are the crack length and depth, respectively that 

form the major and minor axes of the ellipse.  

Figure A.5. Mode I stress intensity for semi-elliptical surface flaw. 
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When a c< , KI  varies along the crack front, the stress intensity factor KI  is highest 

when 90φ = . The flaw shape parameter Q is obtained from the elliptical integral [33]. The 

equations governing the semi-elliptical flaw are as follows 

( )aK fsI Q
πλ σ φ=        (A.7a) 

1.65

1 1.464
aQ
c

= +        (A.7b) 

2
1.13 0.09 1 0.1(1 sin )

a
s c
λ φ= − + −     (A.7c) 

( )
1
42 2

sin cos
af
c

φ φ φ= +      (A.7d) 

A.1.4. Crack Tip Plasticity

Materials are unable to resist infinite stresses. A material with a sharp crack fails when an 

infinitesimal load is applied. In the case of metals, plastic deformation causes a sharp crack to 

blunt at the tip. The size of the smallest finite crack tip radius is of the order of one-half of an 

inter-atomic distance within the atomic structure of the material. In metals, when stresses exceed 

yield stress, i.e., when plastic deformation occurs, a plastic zone is formed near the crack tip, and 

plastic strains are formed. This results in relaxation of stresses in the plastic zone. Based on 

LEFM stresses at the crack tip are infinite, but in reality, the crack tip always has a plastic zone 

that limits the stresses to finite values. The plastic zone is surrounded by elastic material that is 

dependent on stress conditions of the body. It is very difficult to model and calculate the actual 

stresses in the plastic zone and to compare them to the maximum allowable stresses of the 

material to determine whether a crack is going to grow or not. The magnitude of the elastic 
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stresses compared to the stresses in the plastic zone reduces as the crack tip grows. The crack tip 

yielding can be estimated by two methods in LEFM: the Irwin approach and the Strip yield 

model [33]. 

A.1.5. The Irwin Approach

In the Irwin approach, to evaluate the size of the plastic zone, the normal stress yyσ  in a 

linear elastic material is given by equation (A.4) when  = 0. For the plane stress condition, the 

normal stress yyσ  is equal to yield strength YSσ ( )yy YSσ σ= . Substituting yield strength YSσ ,

for yyσ  in equation (A.8), an estimate can be obtained for the plastic zone diameter ry  for the 

plastically deformed material that is ahead of the crack tip, as shown in Figure A.6.  

2
1

2

KIry
YSπ σ

=          (A.8) 

Figure A.6. The Irwin plastic zone correction [35]. 

According to Irwin, the elastic stress distribution in the plastic zone cannot exceed the yield 

stress limit. Irwin came up with several constraints for the plastic zone: 
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Plastic zone shape is assumed to be circular in shape. 

Only  = 0 along x-axis is analyzed. 

The material behavior is considered elastic—perfectly plastic, i.e., it is assumed there is 

no strain hardening. 

A plane stress condition is considered

Equation (A.8) is a first order estimate that is valid in the elastic region. The hatched region 

in Figure A.6 corresponds to the stress distribution that is present in the elastic material. 

Therefore, Irwin’s first order estimate is purely based on the elastic crack tip analysis.  

The plastic zone increases in size when the forces increase. In order to satisfy the force 

equilibrium stresses must redistribute during yielding. With a simple force balance, a second 

order estimate of the new plastic zone size rp is 

0 0

0

1
2

12 2 2

ry
r ry y K K rI Ir dr drp yyYS r r

σ σ
π π

= = =       (A.9) 

 Substituting ry  from equation (3.8) into equation (3.9), gives 

2
1 KIrp

YSπ σ
=        (A.10) 

Note that rp is twice as large as ry , the first order estimate of the plastic zone size. 

A.1.6. The Strip Yield Model (Dugdale Approach) 

Figure A.7 depicts a strip model suggested by Dugdale and Barenblatt. According to 

Dugdale, the plastic zone occurs in a strip that is ahead of the crack tip in a non-hardening 

material of plane stress condition, a so-called strip yield model. The plastic zone is modeled by 
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assuming a crack of length 2a + 2 , where  is the length of the plastic zone, with a closure stress 

YSσ  applied at the crack tip. The strip yield model is an application of the principal of 

superposition. The model assumes elastic-plastic behavior by superimposing a through-crack 

under remote tensile stress, and a through-crack with closure stresses, the tip of both which are 

considered to be elastic solutions.  

Figure A.7. The strip yield model [35].

As a result, the stresses at the strip yield zone are finite, and hence the singularity at the 

crack tip does not exist. The term in equation (A.2) that varies with singularity 1
r

 is zero. 

The length of the plastic zone is chosen in such a way that the SIF from the remote tension and 

closure stress cancel each other as seen in Figure A.7. 

A.1.7. Plastic Zone Shape

The models developed by Irwin and Dugdale describe the plastic zone size with an 

assumed shape and are established from the first-order elastic approximation. The first-order 

approximation is most frequently used in determining the plastic zone size when  = 0. It is also 

possible to estimate the size for all angles that are in the range π θ π− ≤ ≤ +  using the Von Mises 

or Tresca yield criterion. The stress equations are substituted into the Von Mises yield criterion 

in order to calculate the plastic zone size. Either of the yield criterions can be used since both of 

them give the same results. Figure A.8 shows plastic zone shapes for the plane strain and stress 

under Mode I loading.  
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Figure A.8. Plastic zone shapes for the Von Mises yield criterion (Mode I). 

For the Mode I plastic zone radius as a function of , plane strain and stress equations 

respectively are 

2
1 3 2( ) 1 cos sin

4 2

KIry
YS

θ θ θ
π σ

= + +               (A.11a) 

2

2
1 3 2( ) (1 2 ) (1 cos ) sin

4 2

KIry
YS

θ ν θ θ
π σ

= − + +              (A.11b) 

A.1.8. Fracture Toughness

Bahram [44] defines fracture toughness as “the resistance of the material to unstable crack 

growth in a non-corrosive environment.” Fracture toughness is a material constant that is 

independent of the size and geometry of the cracked body. It is also the called critical stress 
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intensity factor denoted by ( KC ). Specimens with different thickness sizes produce different 

values of stress intensity factor KI . This is due to the stress state near the crack that varies with 

the specimen thickness (B) until the thickness exceeds some critical dimension as seen in Figure 

A.9.  

Figure A.9. Effect of specimen thickness on mode I fracture toughness [45]. 

Once the thickness exceeds the critical dimension, the value of KI becomes a constant KIC

and is a material property that is called the plane-strain fracture toughness [45]. The fracture 

toughness can be considered the limiting value of stress intensity just as the yield stress might be 

considered the limiting value of applied stress. Small thickness corresponds to plane stress 

fracture. The plane strain fracture toughness KIC is dependent on specimen geometry and 

metallurgical factors, and independent of crack length and thickness. The subscript I indicates 

the result of Mode I loading. Fracture toughness depends on both temperature and the specimen 

thickness [44]. 
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A.1.9. Fatigue Crack Propagation

Ensuring long life of all structural components in an aircraft is vital as it experiences 

fluctuating loading for continuous periods during flights. Air transport around the world is 

increasing from day to day as are the cost of new airplanes. Many airlines prefer to renovate and 

maintain their existing airplanes rather than to acquire new ones since this is more economical. 

Several methods have been devised to ensure the safety and structural integrity of the aircraft. In 

order to ensure the safety of structures, the damage tolerance method has been adopted in many 

industries (nuclear, fixed aircraft wing, aircraft engines, and fuselage) [36]. Grandt [39] defines 

damage tolerance “as the ability of the structure to resist a specified amount of damage for a 

given period of service.” In the damage tolerance approach using the crack growth rate, 

inspection intervals are carried out using crack-detection methods to ensure that crack growth is 

monitored and catastrophic failure is prevented.  

The basic factors associated in fatigue life are the material behavior, geometry, and stress 

history of the life of the component. The two types of methods available for the fatigue life 

determination are described in the following sections. 

A.1.10. Fatigue Life Approach

This maintenance approach is more of empirical method, which uses statistical techniques 

to evaluate fatigue life from the S-N diagram. Here, the initial condition of the component is 

assumed flawless, and the fatigue is complete only when the specimen fails. The two most 

important factors in knowing the fatigue life of the component are the number of cycles to failure 

(N) and loading of the component. 
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Tests including material and axial tests etc are conducted to determine these factors. The 

data from the tests conducted on the material are presented in the form of stress (S) and the 

number of loading cycles (N) curve, as shown in Figure A.10.  

Figure A.10. S-N curve for Inconel 718 cold-rolled sheet annealed [46]. 

The structural component is determined based on the S-N plots that result in failure. The 

scatter plot indicates how fast fatigue failure occurs as the number of cycles and applied loads 

are increased. Fatigue failure depends on the loading application. Once this curve is obtained, 

maximum and minimum stresses versus number of cycles to failure can be obtained. The time 

for the flaw to initiate and propagate to failure is known from the fatigue life that is obtained 

from the S-N curve. 

A.1.10.1. Constant Amplitude Loading

Constant-amplitude loading defines the maximum and minimum stresses applied during the 

loading cycle. Figure A.11 shows the constant amplitude loading cycle. 
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Figure A.11. Constant amplitude cycle [37]. 

 The mean stress mσ  and alternating stress aσ are defined as 

max min

2
m

σ σ
σ

+
=                (A.12a) 

max min

2
a

σ σ
σ

−
=                (A.12b) 

In cyclic loading, the stress ratios are a function of maximum and minimum stresses 

   min

max
R

σ
σ

=                   (A.13) 

The fatigue or the endurance limit is defined as the alternating stress level occurring at 7
10

cycles. This fatigue limit helps in designing the component for long life. This can be achieved by 

keeping the stress levels below the endurance limit. From a practical point of view, mean stress 

is not zero. In such cases, the endurance limit can be referred from the S-N curve for different 

levels of mean stress. 

A.1.10.2. Variable Amplitude Loading

Most aircraft components are subjected to variable amplitude loading. The Pamgren-Miner 

cumulative damage rule is used to determine the fatigue life of a component. With this method, 

the variation in stresses is related to fatigue data, which is obtained from constant-amplitude 

loading. The mathematical form of the Miner rule is  
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1

nm i
Ni i=

        (A.14) 

where ni  is the number of stress cycles actually sustained by the component for a given stress 

cycle, and Ni   is the total life of a component at a number of levels of mean and alternating 

stress, and m  is the number of unique stress cycles in the spectrum. This method actually 

reduces the variable stress spectrum into “blocks” of constant amplitude loading to attain the 

fatigue life. In order to achieve this two assumptions are made: 

The relationship between ni  and Ni  is linear. 

Fatigue life is independent of the order in which stresses are applied. 

 To reduce the risk of catastrophic failure, the fatigue life of a component is divided by a 

factor of safety. The inverse value of this fraction estimates the measure of the number of 

loading spectra that a component can sustain before failure [36, 37].

A.1.11. Fracture Mechanics Approach

 This approach relates to the initiation and propagation of cracks, and the initial crack is 

assumed to exist in the form of void, irregularity, inclusion, etc. The fundamental assumption is 

that all structures contain minute flaws while in service or due to manufacturing defects. These 

structures can cause fracture under normal loading conditions. As it initiates, the crack tends to 

grow under repeated loading and existing environment until failure occurs. The crack growth rate 

increases as the crack propagates. When the amount of stress concentration at the crack and 

crack tip exceed the residual strength of the structure, failure occurs. 
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A.1.12. Crack Growth Relationship

The crack growth relations that describe crack growth are as follows: 

Paris equation

Foreman equation

NASGRO equation

The Paris power law equation states that “The change in crack length per cycle is a 

function of the difference between the maximum and minimum SIF” [38]. The equation is 

defined as 

( )
da nC K
dN

= Δ        (A.15) 

where 
dN
da

is crack growth rate, and C and n are material constants. 

This equation is used to evaluate the number of stress cycles to a failure for a given 

spectrum. In other words, the time required for the existing initial crack to reach the critical crack 

length. As mentioned previously said before that SIF is a function of applied stress and crack 

length: 

K relates stress spectrum directly to crack growth rate. 

The value below K is KthΔ is threshold SIF. 

In the case of ductile materials, the energy released during the stable crack growth is 

absorbed around the crack tip, forming a plastic zone. The crack will not grow unless there is 

adequate energy to form the plastic zone. A number of relationships are available to determine 

the stable crack growth in terms of the stress intensity factor. Most crack growth equations are 

specific for certain materials and for a specific range of stress intensity factors. For example, the 

Foreman equation relates well with metals and is given by 
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( )

(1 )

nda C K
dN R K KC

Δ=
− −Δ

      (A.16) 

where 
dN
da

is crack growth rate, C and m are material constants, R is the stress ratio. and K is 

the stress intensity range.  

The Foreman equation is used by the AFGROW software package [37]. Another relation 

that is often used to describe the crack growth is the NASGRO equation. Like the Foreman 

equation, the NASGRO equation is also used by AFGROW, NASGRO 3, and NASGRO 4 

software packages. The NASGRO equation describes crack growth in terms of the number of 

cycles N, stress ratio R, stress intensity factor range K, effective fracture toughness for part-

through thickness cracks KIe , and the material constants C, n, p, and q. The NASGRO equation 

is given by 

1
1

1
max1

pKth
n Kda fC K qdN R K

KIe

Δ
−

Δ−= Δ
−

−

    (A.17) 

The crack opening function f is called the Newman closure function and is given by 

2 3
max( , ) 00 1 2 3

2 0max 0 1
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+ + + ≥
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− ≤ ≥+
             (A.18a) 
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The threshold stress intensity factor KthΔ , which depends on crack length, material, and 

stress ratio, while fracture toughness KC  depends on yield strength and specimen thickness [39] 

as 

1
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(1 )(1
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Kth C Rrhf
A R

Δ
+

Δ = +
−

− −

              (A.18c) 

where 0KΔ  is the threshold intensity factor at R=0, Cth  is the empirical constant, a  is the crack 

length, and 
0

a  is the intrinsic crack length. 

A typical crack growth curve, showing a log-log plot of crack growth rate 
dN
da

versus stress 

intensity range is illustrated in Figure A.12. This curve is subdivided into three Regions—I, II 

and III. The Region I curve is called the threshold region. The curve in the threshold region is 

vertical, signifying that crack growth is sensitive to geometry and the stress field around the 

crack. Below the threshold region, the crack will not grow. The Region II curve is the stable 

crack-growth region. Here the curve is almost linear. The stable crack-growth crack propagates 

into Region III, making it unstable. Fracture occurs when it reaches KC .
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Figure A.12. Regions of the crack growth rate curve [33]. 

A.1.13. Fatigue Life Design Assessment

 One limitation of the inspection methods is that a crack might go undetected and grow by 

fatigue. In order to avoid such potentially dangerous incidents that might lead to mishaps, several 

design assessment methods are available, including the safe-life approach, damage-tolerance 

approach, and fail-safe design approach.  

A.1.13.1. Safe-Life Approach

 The safe-life approach was developed in 1950 following the structural failure of several 

military aircrafts in spite of being designed for specific design requirements. As the name of the 

approach specifies, the cracked component is replaced after a specified number of landings or 

flight hours to ensure “safe” operational use. Failure occurs when the cracks are initiated. The 

structural component is designed to have longer fatigue life than its predicted usage. The 

component can also be replaced before failure occurs. Critical components have shorter 

replacement times and usually are specified in terms of flight hours. The safe-life of the 
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component no longer exists once the component reaches the replacement time. Several 

drawbacks of this approach include the following [36, 37]: 

Components designed according to safe-life must be replaced before fatigue occurs, 

i.e., premature replacements. 

The aircraft is not safe enough if manufacturing defects or in-service defects exist. 

Catastrophic failure is still a possibility, and from an economic point of view, this 

method is quite expensive. 

A.1.13.2. Damage-Tolerance Approach

 This method overcomes the potential shortcomings of the safe-life approach and is used 

more in aircraft structures for analyzing fatigue cracks. In this approach, the component is 

prevented from catastrophic failure. The aim is to protect the aircraft from any kind of failure 

during flights. It employs fracture mechanics concepts to prevent any catastrophic failures. Using 

fracture mechanics concepts, the number of cycles/hour is evaluated for the initial crack to grow 

to its critical size. In this approach, every component is considered to have some defect. These 

flaws are supposed to be in regions of high stress concentrations. Using the necessary crack 

growth equations, the initial flaw is propagated. This crack growth takes place considering the 

stress history, material properties, geometry of the component, and crack growth properties.  

 When the required life of the component is evaluated, that value is divided by a safety 

factor of 2 or 3. This insures that the component is inspected at least once or twice before the 

critical size is reached. Inspection techniques are necessary when considering the damage 

tolerance approach. It is not possible for a component to be damage-tolerant without being 

inspected. The techniques chosen need to detect the flaw size and be compatible with the 

geometry of the component. Some inspection techniques can detect cracks of limited size, i.e., 
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any crack size below this value will not be detected. Therefore, the crack size should be large 

enough to be detected by the inspection technique. In addition, it should not be large enough to 

reach the critical size. 

 The damage-tolerance approach holds an edge over the safe-life approach. In the safe-life 

approach, irrespective of whether the component has failed, it is replaced once it reaches the 

replacement time. However, in the case of the damage-tolerance approach, the component is 

repaired or replaced only when the crack is found during inspection. Moreover, the inspection 

methods are based on fracture mechanics algorithms that describe the behavior of the crack. 

Considering all these points, the damage-tolerance approach is more viable than the safe-life 

approach. Moreover, from an economic point of view, it is less expensive to apply in practice 

than the safe-life approach, considering the environmental damage the component sustains 

during its lifetime.  

 The damage-tolerance approach does not hold good for components that are highly 

stressed for long periods and that have low fracture toughness. Such components, when cracked, 

have a very short critical-crack size. Repeated inspection techniques are expensive to carry out. 

In such cases, the safe-life approach is more suitable. 

A.1.13.3. Fail-Safe Design

A fail-safe design is another approach whereby residual strength is restrained when 

principal structural element (PSE) fails. “A principal structural element (PSE) is an element that 

contributes significantly to carrying flight, ground, or cabin pressurization loads, and whose 

integrity is essential in maintaining the overall structural integrity of the airplane”[47]. The Fail-

safe design holds good for multiple load-path structures. When the element of a structure fails, 

the other remaining elements will have enough strength to sustain loading until damage is 
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detected through inspection. Crack stoppers or arresters are commonly used in fail-safe designs. 

These usually have high fracture toughness and reduce the energy that is needed for crack 

growth. Depending on the material, the stopper either slows down or stops the crack-growth 

advancement. In fail-safe designs, it is essential to have intervals of inspections, since the 

damage is detected only after inspection. 
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APPENDIX B 

INTRODUCTION TO ABAQUS AND AFGROW 

B.1. ABAQUS Products 

There are two types of analysis in ABAQUS products—ABAQUS/Standard and 

ABAQUS/Explicit. In ABAQUS/Standard, a large number of linear and nonlinear problems 

such as static, dynamic, thermal, and electrical can be solved. “ABAQUS/Standard solves a 

system of equations implicitly at each solution increment” [16]. ABAQUS/Explicit is a special-

purpose analysis product that applies to dynamic element formulation. This is more applicable to 

transient dynamic problems like impact and blast problems, and very proficient for nonlinear 

problems involving contact conditions such as forming simulations. The ABAQUS domain 

contains ABAQUS/CAE (Complete ABAQUS Environment) that has the ability to create 

models quickly and easily import the entity to be analyzed. It also has the option of modeling the 

geometry in the part module. Essential properties can be assigned to the entity together with 

loading and boundary conditions. It also has a powerful meshing resource to mesh the entity. 

When the model is complete, it can be submitted for analysis. ABAQUS/CAE can interactively 

monitor jobs and estimate the necessary results. The ABAQUS/CAE also includes the post-

processing function called the ABAQUS/Viewer. 

B.1.1. ABAQUS Basics

A complete ABAQUS analysis has three distinct stages: preprocessing, simulation, and 

post processing. These three stages are shown in Figure B.1. 
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Figure B.1. ABAQUS processing flow-chart [16]. 

In the preprocessing stage, the model defined in ABAQUS/AE includes the geometry, 

material properties, and meshing of the entity. When this is accomplished, the job is submitted 

and an input file is created. The input file consists of set of keywords defining the geometry, 

material properties, and meshing of the entity. The next step is the simulation stage that runs at 

the background. Using either ABAQUS/Standard or ABAQUS/Explicit depends on the problem, 

or the numerical solved. The output of the analysis is stored in a binary file. The computational 

time depends on the complexity of the problem and the speed of the machine, and might take 

anywhere from few a minutes to days for the analysis to be completed. When the analysis is run, 

the results are evaluated in the post-processing menu. Post processing, called the Visualization 

module, is used to read the output database file. In this module, outputs such as deformed plots, 

animations, contour plots, and X-Y plots can be viewed. 

B.1.2. ABAQUS/CAE Modules

ABAQUS/CAE consists of different modules. Figure B.2 shows a set of different modules. 

Each module has tools that are required for a definite section of the modeling. These modules are 
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quite significantly flexible when modeling. Any of these modules can be used at any point of 

time. Only the visualization module is available with an output file.  

Figure B.2. ABAQUS/CAE modules [16]. 

These modules are given a specific task, which becomes easy for the user to built and 

analyze the model. The Part module allows creating entities by sketching the geometry or by 

importing the entities from other CAD modeling software’s. In the Property module, material 

properties are assigned to the entity. Various sections can be defined and assigned to the entity. 

The next module is the Assembly module, which assembles different parts created to make a one 

unit in the global coordinate system. It is also possible to create number of instances of the same 

part. The assembly is created by placing the instances using the translational and rotational 

constraints. It is required to create an assembly even if there a single part. The next module is the 

Step module, which creates steps for the analysis; specify output requests, i.e. only certain 

outputs can be selected, for example, in fracture mechanics it is possible to select on the stress 

intensity factor and stresses at the crack tip. The advantage is that computational time is small 

and input file size reduces. Other tasks such as adaptive meshing and solutions controls can also 

be performed. The Interaction module describes the interactions between mechanical and thermal 
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regions of the entity, contact constraints, radiation to and from surrounding environment, tie 

constraints, rigid body constraints, coupling constraints, shell-to-solid coupling constraints, and 

equation constraints. The Load and Mesh modules are the most important modules for analysis. 

Load module specifies loads, boundary conditions and fields while the Mesh module creates a 

finite element mesh on an assembly created within ABAQUS/CAE. Various levels of automation 

and control are available so that you can create a mesh that meets the needs of your analysis. The 

Job module creates analysis for the job, connects analysis job created with the model, then 

submits analysis job for processing, i.e. solves the problem numerically. The job module 

performs monitoring of the job for any error or warning messages. Any error found in the job can 

be killed before the processing is complete. The analysis results such as deformed plots finite 

element model, animations, contour plots, and X-Y plots can be viewed and analyzed in the 

Visualization module.  

B.1.3. ABAQUS Shell Elements

Shell elements are used for the analysis when the thickness dimension is considerably small 

than the other dimensions. In ABAQUS, the shell element names begin with letter “S”. The two 

types of elements available in ABAQUS are the conventional shell elements and the continuum 

shell elements as shown in Figure B.3. In conventional shell elements, the geometry of the body 

is defined at a reference surface. The thickness in conventional shell element is specified through 

the section property definition. Conventional shell elements have displacement and rotational 

degrees of freedom.  

ABAQUS/Standard presents shell elements as thin, thick and general-purpose elements. 

These elements have certain theories behind them from which solutions are obtained. In case of 

thin shell elements, using the classical Kirchoff shell theory the solutions are obtained. The thick 
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elements yield solutions when shear flexible (Mindlin) shell theory and general-purpose 

elements provide solutions to both thick and thin elements. The thin shell elements have large 

rotations and small strains and general-purpose elements allow shell thickness to change with 

element deformation. ABAQUS/Explicit provides only general-purpose shell elements. With 

these available elements modeling of curved, intersecting elements that undergo large 

translational and rotational deformations is possible. Using shell elements composite modeling is 

also feasible. A brief summary of shell elements available in ABAQUS/Standard is depicted in 

the following Table B.1. 

Figure B.3. Conventional and continuum shell model [16]. 

TABLE B.1 

 AVAILABILITY OF SHELL ELEMENTS IN ABAQUS/STANDARD 

Thin Shell Elements Thick Shell Elements 
General Purpose 

Elements 

S4, S4R, S3/S3R, SAX1, SAX2, 
SAX2T 

STRI3, STRI65, S4R5, S8R5, 
S9R5, SAXA 

S8R, S8RT 
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Thin shell elements are found only in ABAQUS/Standard. The elements available are small 

strain triangular elements STRI3 and STRI65 and quadrilateral shell elements S4R5, S8R5, and 

S9R5. SAXA is an axisymmetric thin shell element having finite strain. The elements provide 

good result when the structure modeled is thin and the rotation DOF is not required when the 

shell surface and displacement are smooth. The transverse shear deformation in case of thin shell 

elements is negligible. In some cases when rotational degree of freedom as an output is not 

required, it is possible to use five degrees of freedom instead of six.  

The general-purpose small strain elements available in ABAQUS/Explicit are 

axisymmetric elements (SAX1, SAX2, and SAX2T) and three-dimensional elements (S3, S4, 

S3R, S4R, S4RS, S3RS, and S4RSW, where S4RS, S3RS, and S4RSW). These elements give 

accurate solutions in any loading conditions for both thick and thin elements. The elements do 

not call for any hourglass control or any transverse shear locking. Besides, they have transverse 

shear deformation. According to Kirchoff theory transverse shear deformation becomes small as 

thickness decreases. The axisymmetric elements are best suited for impact analysis, structures 

experiencing large buckling behavior. Apart from a thin axisymmetric shell element is available 

which has finite strain when subjected to arbitrary loading. 

B.1.4. Element Geometry

The shell element geometry describes the shell thickness, section points, shell conventions, 

shell surfaces and curvatures. Shell thickness along with stiffness need to be specified in case of 

shell elements. The thickness and stiffness are specified in the Property module. Thickness 

describes the shell cross-section while the stiffness of the cross-section can be made before or 

during the analysis. If the stiffness is specified during the analysis, the ABAQUS through 
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numerical integration calculates stresses and strains independently at each integration point of 

the thickness. 

Any number of integration points shown can be specified, ABAQUS by default specifies 

five integration points through the shell thickness as shown in Figure B.4. For complicated 

problems, it is better to employ five integration points and in linear problems three integration 

points is sufficient. 

Figure B.4. Integration points in shell thickness [16]. 

In ABAQUS/Standard, the behavior of shell thickness depends on the Poisson’s ratio 

specified. The shell thickness change is negligible when the Poisson’s ratio is zero and is more 

suited for small strain and large rotational type of applications. In case of large strain 

applications like sheet metal, forming it is better to have Poisson’s ratio of 0.5. In 

ABAQUS/Explicit, section integration is during the analysis and shell thickness change is 

implemented by the plane stress condition using either material definition or by specifying the 

sections Poisson’s ratio. 
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The shell convention is defined by the positive normal is shown in the Figure B.5. SPOS 

signifies the top surface in positive normal direction and SNEG, bottom surface in negative 

direction normal direction and are vital when contacts are defined. 

Figure B.5. Shell convention [16]. 

B.1.5. Element Nomenclature

The element nomenclatures in case of shell elements depend on the element dimensionality 

and in ABAQUS are named as follows:  

Figure B.6. ABAQUS element nomenclature [16]. 

The shell elements employed are S8R5 elements that are eight-node doubly curved thin 

shell, reduced integration, using five degrees of freedom per node [16]. 
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B.1.6. Introduction to AFGROW

AFGROW is Air Force Growth, crack life prediction software.  This crack growth life 

prediction program predicts the life of a number of structural geometries with single or 

symmetric cracks using closed-form stress intensity (K) solutions [42]. AFGROW provides the 

necessary flexibility. Of the available crack cases, the user has the option to choose any of the 

models and provide the necessary crack dimensions.  The crack growth in the aircraft structure is 

evaluated systematically. The computational time for the crack growth is in seconds. This fastest 

crack growth software is mostly employed in aerospace applications. This can be used on any 

structures experiencing fatigue crack growth. 

B.1.7. AFGROW Selection

AFGROW selection provides documentation tool known as the “Title” and material dialog 

for indicating the material properties required for crack growth. In “Title” description of the 

problem, being analyzed can be illustrated. The material properties can be stated using five 

distinct crack-growth equations as shown in the Figure B.7. 

Figure B.7. Material input menu. 

B.1.8. Model Geometry and Dimensions

The crack growth life prediction program predicts the life of a number of structural 

geometries with single or symmetric cracks using closed-form stress intensity (K) solutions. 

There are 21 geometry inputs of crack cases available in AFGROW. The most common of them 

are user defined through crack and part through crack configuration. It is also possible to predict 
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life of complex cases like the single and double un-symmetric cracks. The single crack (or 

symmetric) is categorized as “classic model” and complex cracks as “advanced model” [42]. The 

classical model geometry dialog box is depicted in Figure B.8. 

Figure B.8. Classical model geometry dialog box. 

Two types of stress intensity factor solutions are available in AFGROW. They are standard 

stress intensity solutions and weight function stress intensity solutions as shown in Figure B.8. 

Except for part through crack and through crack rest all solutions are application-defined 

solutions. If the beta geometry correction factor is known, the user can input beta values using 

the user-defined geometry circled as seen in Figure B.8. 

The dimensions dialog shown in Figure B.9 is used to specify the dimensions of the model 

and the initial crack size. A preview of the model selected can be viewed in the dimensions 

dialog that reveals the dimensional features of the model. In case of part through cracks for the 

crack to grow naturally in both directions, it is recommended that A/C be constant [39]. 
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Figure B.9. Dimension dialog box. 

B.1.9. Spectrum

Spectrum is one of the very important feature in AFGROW, on the basis of which crack 

growth rate and life of component is evaluated. For constant amplitude loading, the stress input 

in AFGROW is through Stress Multiplication Factor. The spectrum is created when every stress 

peak is multiplied by the SMF. Using SMF value, it is rather easy to increase and decrease the 

spectrum input. The input for SMF can be seen in Figure B.10. 

The stress ratio is necessary for the constant amplitude loading. As stated before stress ratio 

is ratio of minimum to maximum stress. The number of cycles in one pass of the constant 

amplitude spectrum is found out by block size seen in Figure B.10 [39] 
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Figure B.10. Spectrum dialog and constant amplitude details. 

In order to create the spectrum either of cycles “Blocked” or “Cycle-by-Cycle” has to be 

selected. Blocked cycles specify that each maximum and minimum stresses consist of multiple 

cycles while Cycle-by-Cycle can have only one cycle. The description is shown in the spectrum 

type dialog box as seen in the Figure B.11. 

Figure B.11. Type of spectrum. 

For the variable amplitude loading a new spectrum file has to be created. This option is 

shown in Figure B.10. The number values that can be entered in each sub-spectrum are 25.  
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B.1.10. Simulation

Once the model is ready with the specified geometry, dimensions and spectrum certain 

alterations like those that crack growth, crack growth increment, output options, propagation 

limits, etc can be made in the preference menu as shown in Figure B.12. 

Figure B.12. Predict function preference menu. 

These changes have to be made before the analysis is run. When the analysis is run, 

results are displayed based on the configuration provided by the user. The number of cycles for 

each crack increment per pass is displayed at the bottom of the AFGROW layout. The results can 

also be viewed form the Excel file which displays crack length and depth plots along with 

AFGROW output. 


