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ABSTRACT 

 

 

 An idea behind this dissertation is the estimation of signal parameters of a radio channel 

snapshot. The focal point here to utilize the high resolution estimation capabilities of subspace 

based methods in association with non-eigenvector based parameter estimation methods to 

reduce the complexity in wireless system parameter estimation process.  

 The first part of the work is to scrutinize various subspace based parametric estimation 

methods in well explored array signal processing based wireless communication system problem. 

These high resolution spectral parameter estimation methods broadly classified in terms of 

eigenvector based and non-eigenvector based estimation methods. Although providing high 

resolution and well-known in literature, the eigenvector based spectral parameter estimation 

methods do not comply requirements of real time signal processing of today’s highly complex 

radio receivers. Therefore, this dissertation is focusing on computationally efficient non-

eigenvector methods for signal spectral parameter estimation such as Rank Revealing QR 

factorization, Propagator Method, Accelerated MUSIC, and other triangular factorization 

methods.  

  The second part of this dissertation concentrate on performance evaluation of these non-

eigenvector based methods in real world communication system problems. The performance of 

these methods is demonstrated under three different parameter estimation problems such as 

multipath time delay estimation in FH-CDMA system, channel estimation problem in MU-

MIMO system, and joint parameter estimation problem in array signal processing. The role of 

eigenvector based methods in the spectral parameter estimation is efficiently transformed into 

non-eigenvector based parameter estimation procedure. This transformation leads to 

development of computationally efficient algorithms with an enhanced estimation capability.  
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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 Historical Perspective  

 Radio communication has been mobile since the genesis of this technology. 

Telecommunication advancement was rapidly adopted by the public. Along with mobility 

features and associated numerous advantages in the last twenty years, mobile radio 

communication has emerged as a consumer product. With the continuing expansion in both 

existing and new markets as well as the introduction of exciting new services such as wireless 

internet access and multimedia applications, the wireless communications market is expected to 

continue to grow at a rapid pace [1]-[3]. During the development journey of mobile radio 

communication, it has gone through various standards such as first generation analog to third 

generation digital communication with a new set of data enabled services. In spite of all the 

evolving technologies, the final success of new mobile generations will be dictated by the new 

services and contents made available to users. As high-speed data services for multimedia 

Internet access are of interest, huge date rates per user are likely for future 3G and 4G mobile 

radio systems. The most likely method of increasing capacity for wireless transmission is using 

space time signal processing. Space time signal processing using multiple antennas is expected to 

improve the system performance through quality of service and capacity [4]-[8].   

 Because the electromagnetic wave passes through complex phenomena such as 

reflection, refraction, scattering, diffraction, in real propagation environments [9] that can never 

be completely duplicated by channel simulation. Therefore, parameter estimation is an obligatory 

assignment for reliable wireless communication. Because of the strong simplifications of the 

statistical approaches [10], all system models have to be verified and parameterized by 
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propagation measurements. Therefore, the goal here to have reliable estimation of unknown 

wireless communication parameters such as channel path gain, multipath time delay, frequency 

of carrier, frequency offset. 

 Generally, estimation techniques [11]-[13] can be divided into two parts: parametric 

estimation and non parametric estimation. The former assumes that data are following specific 

distribution, while the later do not rely on the assumptions that data are received. Although 

relying on assumptions, parametric methods are more popular, statistically powerful, and 

generate a more accurate estimate of unknown parameter of interest.  

 Some of the commonly used high resolution parameter estimation techniques are based 

on subspace decomposition, Autoregressive Moving Average (ARMA), and model fitting based 

approaches.  Subspace based system or signal parameter identification algorithms [14]-[16] make 

full use of the well developed body of concepts and algorithms from numerical linear algebra 

[17]-[20]. Numerical robustness is guaranteed because of the well-understood algorithms, such 

as the QR-decomposition, the Singular Value Decomposition (SVD), Eigenvalue Decomposition 

(EVD) and its generalizations. In addition, these algorithms are non-iterative thus eliminating 

convergence issues. Moreover, they are quite suitable for large data sets.   

 The performance of subspace based parameter estimation algorithms was evaluated on 

Direction of Arrival (DoA) estimation [21]-[25], a classical parameter estimation problem.  

Multiple Signal Classification (MUSIC) [26], [27] is the most popular high resolution method 

which is based on exploiting orthogonality between signal subspace and noise subspace. Source 

DOA estimation is based on the structure of the spectral matrix of the sensor outputs; that is, the 

Fourier domain edition of the covariance matrix of the received signals. Another popular 

subspace decomposition algorithm for estimation of parameter of interest is an Estimation of 
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Signal Parameters via Rotational Invariance Techniques (ESPRIT) [28], [29]. The ESPRIT 

algorithm is exploiting the shift invariance property of data structure and estimation following 

generalized EVD [30]. Spatial locations of antenna array introduce a spatially correlated additive 

noise which can be nullifying using the proper “cumulant matrix” of the received signals [31]-

[33]. In practice, the main limitation of the high resolution parameter estimation method is the 

involved computational complexity. In fact the EVD or SVD involved in the spectral 

decomposition of a covariance matrix is itself a time consuming process. 

 Over the last two decades, we witnessed the formulation of several algorithms without 

EVD [34]-[38]. By spectral matrix partitioning the PM (Propagator method) developed [35]. Fast 

algorithms for estimating the noise subspace projection matrix are proposed by [36]-[37]. Asa a 

result, the threshold value problem of noise eigenvalues have not been completely resolved. In 

1992,  Bischof and Shroff [38], [39], and Strobach [41] came up with two non-eigenvector based 

approaches based on QR decomposition for source localization. These algorithms assume 

number of sources impinging on antenna array was known a priori. The existing criteria [42] 

cannot be applied because the non-eigenvector algorithms do not calculate the eigenvalues of the 

spectral matrix. 

1.2    Contributions of the Dissertation 

 Unguided media, like wireless communication imposes a presence of the unknown 

parameter estimation problem at the receiver. This estimation can be done with data aided pilot 

or reference signal, semiblind estimation techniques, or blind evaluation algorithms. The non 

eigenvector based methods such as PM [35], Rank Revealing QR (RRQR) factorization [39] are 

used to estimate unknown signal parameters in various communication systems. Novel blind 

estimation algorithms have been developed to address problems such as joint time delay and 
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frequency estimation [43]-[47], multipath delay estimation in frequency hopping system [48]-

[50], while semiblind channel parameter estimation algorithm is considered in MIMO (Multiple 

input multiple output) communication [51]-[54]. Listed below are some of the consequent 

publications from the work done in this dissertation: 

• Gami H., Qasaymeh M., Tayem N., R. Pendse, M. Sawan, “Time Delay Estimation for 

Frequency Hopping System Using Propagator Method,” Journal of Signal Processing 

(ELSEVIER), (Under Revision) 

• Qasaymeh M., Gami H., Tayem N., M. Sawan, R. Pendse, “Triangular Factorization for 

Joint Time Delay and Frequency Estimation,” IEEE Signal Processing Letters, (To be 

published)  

• Tayem N., Qasaymeh M., Gami H., R. Pendse, M. Sawan, “Subspace Based Blind 

Carrier Frequency Offset Estimator for OFDM by Exploiting the Used Carriers,” Journal 

of Signal Processing, ELSEVIER,  (Under Revision)  

• Qasaymeh M., Gami H., Tayem N., M. Sawan, R. Pendse, “Propagator Method for Joint 

Time Delay and Frequency Estimation,” IEEE Conference on Signal, System & 

Computers, Pacific Grove, CA, Oct. 2008. 

• Gami H., Qasaymeh M., Tayem N., R. Pendse, M. Sawan, “Efficient Structure-Based 

Carrier Offset Estimator for OFDM System,” IEEE Vehicular Technology Conference, 

Barcelona, Spain, April 26-29, 2009.  

• Qasaymeh M., Gami H., Tayem N., R. Pendse, M. Sawan, “Time Delay Estimator for 

Frequency Hopping System without Eigen Decomposition,” IEEE Vehicular Technology 

Conference, Barcelona, Spain, April 26-29, 2009.  
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• Qasaymeh M., Gami H., Tayem N., R. Pendse, M. Sawan, “Rank Revealing QR 

Factorization for Jointly Time Delay and Frequency Estimation,” IEEE Vehicular 

Technology Conference, Barcelona, Spain, April 26-29, 2009.  

• Gami H., Qasaymeh M., Tayem N., R. Pendse, M. Sawan, “Subspace-Based Blind CFO 

Estimation for OFDM by Exploiting Used Carriers,” IEEE Sarnoff Symposium, 

Princeton, NJ, Mar 30-Apr 1, 2009. 

• Shatnawi H., Gami H., Qasaymeh M., Tayem N., M. Sawan, R. Pendse, “High 

Resolution Joint Time Delay and Frequency Estimation,” IEEE Sarnoff Symposium, 

Princeton, NJ, Mar 30-Apr 1, 2009. 

• Gami H., Qasaymeh M., Tayem N., R. Pendse, M. Sawan, “Semiblind Multiuser MIMO 

Channel Estimators using PM and RRQR methods,” IEEE Conf on Comm. Network & 

Services Research, New Brunswick, Canada, May 11-15, 2009. 

• Gami H., Qasaymeh M., Tayem N., R. Pendse, M. Sawan, “Carrier Frequency Offset 

Estimator for Multicarrier Systems using Matrix Pencil Method”, IEEE International 

conf. on Telecommunications, Marrakech, Morocco, May 25-27, 2009. 

 

1.3    Dissertation Outline 

 Chapter One describes the historical perspective and contribution made by this 

dissertation to the research and development in the area of signal parameter estimation and 

detection. Chapter Two illustrates the classical methods developed in the literature to estimate 

spectral parameters. Brief summary of non eigenvector based methods and their importance to 

reduce computational complexity is also presented. The next two chapters are focusing on blind 

estimation. Joint estimation of carrier frequency and time delay with non-eigenvector based 



6 

 

approach explained in Chapter Three. The traditional problem of multipath time delay estimation 

of Frequency Hopping (FH) system with non-eigenvector based methods is introduced in 

Chapter Four. Closed-form expression is also derived from PM method for computationally 

efficient solution. Chapter Five is focuses on reference symbol aided channel estimation problem 

for multiuser MIMO (Multiple Input Multiple Output) communication system using PM and 

RRQR subspace parameter estimation methods. Finally, some concluding remarks and future 

direction follows in Chapter Six.  
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CHAPTER 2 

 

NON-EIGENVECTOR BASED SPECTRAL PARAMETER ESTIMATION METHODS 

 

 

2.1  Introduction to Parameter Estimation 

 Signal detection and parameter estimation methods form a key element of receiver design 

for both wire line and wireless communication system. In this perspective, the digital 

information is transmitted intentionally though analog modulation schemes and received back 

from transmitted carrier. In addition to the basic modulation schemes, number of new additional 

elements has been introduced in last 20 years. To increase information bearing capacity of the 

communication systems without introducing high complexity of equalizers design, Orthogonal 

Frequency Division Modulation (OFDM) [70] introduced for wireless communication. Also to 

increase user density in given area with limited or same spectrum Code Division Multiple Access 

(CDMA) [71] was introduced. Some technique like trellis-coded modulation [72] combines 

modulation and coding; two separate area of communication system to improve performance of 

system. These new advancements in communication system increases receiver complexity by 

many folds and introduce the need to estimate various system parameters along with transmitted 

information. Therefore in this scenario, estimation of signal parameters and detection of the 

transmitted information is joint task at receiver. 

 Before detection process taken place, important parameters such as carrier, frequency, 

phase, channel gain, angle of arrival, carrier offset and/or any other spectral component of 

interest.  To estimate these parameters number of different methods proposed in literature, which 

differ from each other by their design or evaluation criteria. For example, if parameters of 

interest are random with specified probability distribution then Bayesian estimation methods can 

be used [73].  
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Bayesian methods are based on loss function specifications. For quadric loss function we have 

Minimum Mean Square Error (MMSE) estimators. To treat equally all the errors one can use 

Maximum a posteriori (MAP) rule while the Maximum Likelihood (ML) estimation is based on 

nonrandom observation probability estimation. For deterministic Gaussian signal or partially 

known signal observed under the Additive White Gaussian Noise (AWGN) with large dimension 

is treated by considering its small dimension using Karhunen-Loeve expansion process [74]. 

This expansion process is following covariance and its Eigen functions. For Gaussian signal with 

unknown parameters the ML estimation is hardly ever available. In such case ML estimation 

evaluated iteratively. This can be done using iterative methods such as Gauss-Newton iterative 

method to get roots of nonlinear polynomials. Another class of algorithm proposed to treat such 

problems statistically is Expectation Maximization (EM) [75]. This algorithm is divided in to 

two parts: In first part it estimates the missing data based on available information, and in second 

part it maximizes the likelihood function to obtain new parameter of estimation. It finally 

converges to local maximum of the likelihood function.  

 The parameter estimation problem can be treated as spectral estimation problem when 

Fourier relationship is exists. These approaches for the spectral estimation can be classified in 

non-parametric methods and parametric methods. The former methods do not rely on data 

distribution or assumption.  

2.1.1  Non-parametric Spectral Estimation Methods 

 Non-parametric estimation is done by estimating autocorrelation function of data 

sequence. This autocorrelation function is used to get power spectral estimation by Fourier 

transform. Some of the low resolution spectral estimation techniques based on non-parametric 

estimation methods are periodogram, modified periodogram, Barlett’s method, Welch’s method, 
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power estimate by dividing the measured power by the bandwidth of the filter. Instead of using 

power optimized filter to be more efficient in assumption, in Borgiotti Langunas method Power 

Spectral Density (PSD) is used. Non-parametric methods used to spectral estimation uses 

windowing techniques to limit data samples for correlation/autocorrelation. This leads to 

significant reduction in resolution of estimation. To overcome such reduction of limited sized 

data or narrowband signal spectrum estimation with autocorrelation function, extrapolation may 

be used. The best extrapolation is to maximize entropy of the process [76]. Therefore for 

narrowband noise Maximum Entropy Method (MEM) spectrum generally provide good 

estimation than the corresponding Capon’s method. 

 

2.1.2  Parametric Spectral Estimation Methods 

 One of the problems with non-parametric estimation methods to estimate signal spectrum 

is they are not considering data fact of data distribution in estimation procedure. This is 

important in certain process where data is generated with specific distribution. Parametric 

methods are following this fact. The stochastic or deterministic ML and Least Square (LS) 

methods are most popular and suitable estimation methods for parametric case. Appropriate 

model such as Autoregressive (AR), Autoregressive Moving Average (ARMA) or Moving 

Average (MA) is selected based on data distribution. Succeeding steps to estimate model 

parameters and power spectrum. Parametric methods based on subspace identification are on 

concepts from system theory, linear algebra and statistics. Algorithms such as QR 

decomposition, LU decomposition, Singular Value Decomposition (SVD), Eigenvalue 

Decomposition (EVD) are based on numerical linear algebra and showing good numerical 

robustness. These algorithms are greatly suitable for large data and big systems. In addition, they 
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are non-iterative, hence no convergence problems with straightforward to implement in software 

and/or in hardware.  Some of these methods are well-described in further sections.  

 

2.2 Eigenvector Based Parametric Spectral Estimation  

 Matrix algebra operation that is unique and plays a very important role in many of the 

multivariate methods called eigen analysis. This operation involves the calculation of 

eigenvalues (also known as latent roots) and eigenvectors. Eigen analysis is a technique which 

provides a summary of the data structure represented by a symmetrical matrix such as would be 

obtained from correlations, covariances or distances. Source localization problem become 

witnessed of the development of several estimation methods. Among them, V. Pisarenko 

proposed harmonic decomposition problem [77] in 1973. Also in same year, Leggit applied 

similar eigenstructure based approach to the same problem. In 1979, Schmidt came up with 

improvement in Pisarenko’s method called Multiple Signal Classification (MUSIC) [26], [27].  It 

initiated the application of linear algebra based subspace decomposition methods in source 

localization problems. Some of these methods are briefly discussed in section 2.2.1, and 2.2.2. 

 

2.2.1  The MUSIC Method  

 Consider a linear array of � and receiving � narrowband signals �����, �	���, … … ����� 
that arriving at the array from direction ��, �	, … … ��. Assuming that non-coherent sources the 

received signal on i-th array is given by  

���� � � ������
��� ����������� � �����                                   �2.1� 
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Figure 2.2 Array system model 

Here, $� is i-th array sensor position with respect to some reference point and ��(t) is 

corresponding complex white gaussian noise with variance %	. Rewriting (2.1) in vectorized 

notation  

&��� � '(��� � )���      (2.2) 

where vandermonde matrix ' � *+�,��, +�,	�, … … +�,��- is defined as  

' � . 1           1  ��/0          ��/1 … 1…  ��/2 3      3���4���/0 ���4���/1 5 3… ���4���/2
6, 

(��� � *�����, �	���, … … �����-7, and   )��� � *�����, �	���, … … �����-7. The covariance 

matrix of size � 8 � given by 

9: � ;<&���&=���> 
� ';<(���(=���>'= � %	?             (2.3) 
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Here, ;<(���(=���> is a sample covariance matrix with full rank if non-coherent sources are 

considered. Let, @�, @	, … … @4 are � eigenvalues corresponding to covariance matrix 9: than it 

is easy to say 

@� � A@� � %	             B � 1,2, . . , �       %	                      B � � � 1, … , � C   (2.4) 

equation (2.4) separates eigenvalues of the covariance matrix 9: into signal subspace and noise 

subspace. The noise subspace eigenvectors are orthogonal to the column space of the steering 

vector matrix '. Therefore, signal subspace and noise subspace eigenvectors give by 

' � *+�,��, +�,	�, … … +�,��- and D � *E�F�, E�F	, … … , E4-. Thus the peak of the function 

given by 

�GHIJK�,� � 1∑ |E=+�,�|	4���F�                                            �2.5� 
There are following constraints with the MUSIC scheme: 

• The data length constraint here is that � O � � 1. This restrict the minimum number of 

sensor required and (2.5) does not estimate power of arrival signal.  

• Also, it is quite computationally expensive to evaluate eigen decomposition. 

• Computational cost increases rapidly against resolution as one has to search exhaustively 

throughout noise subspace.  

There are several alternatives proposed in literature to deal with coherent sources. To deal with 

computational complexity root-MUSIC algorithm proposed [78]. Here, the MUSIC spectral 

estimate is considered as a polynomial in z-domain. Therefore, instead of searching throughout 

subspace for parameter of interest, polynomial root gives the required parameter. 

+7�1 P⁄ �DD=+�P� � 0    (2.6) 
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where +�P� � *1, P��, … … , P�4F�-7. Thus, 2� S 2 ordered MUSIC spectral polynomial must 

be evaluated for rooting. Just,  � S 1 roots with |P| T 1are used as others are reciprocal ones. 

Root-MUSIC gives better performance at lower SNR as it does not depend on radial errors. 

 

2.2.2  The ESPRIT Method 

 Estimation of Signal Parameters via Rotational Invariance Techniques (ESPRIT) [28] is 

developed by Paulraj in 1985. This method uses an underlying rotational invariance structure of 

the signal subspace by subsets of an array sensor. Consider the two subsets of received array 

sample vector in equation (2.2) 

&���� � '(��� � )���� 
&	��� � 'U(��� � )	���                     (2.7) 

where, (��� � *�����, �	���, … … �����-7 and U � $VWXY ���/0 ,   ���/1 , … …  , ���/2Z is the 

required  � 8 � diagonal matrix with ,� � [\]��� for V � 1,2, … … �. The auto-correlation and 

cross-correlation of these matrices give by 

9&0&0 � ;<&����&�=���> � '9:'= � %	?    (2.8) 

9&0&1 � ;<&����&	=���> � '9:U='= � %	^   (2.9) 

Assuming uncorrelated noise 9&0&1 � '9:U='= as matrix ^ contains along first lower diagonal 

off the major diagonal and zeros everywhere else. For uncorrelated signals case, we have 

_&0&0 � 9&0&0 S %	? � '9:'= and _&0&1 � 9&0&1 S %	^ � '9:U='=.  
_&0&0 S _&0&1 � '9:�?� S `U=�'=    (2.10) 

Here, ' and 9: are known with rank �. The singular values given by rooting equation (2.11) 

|?� S `U=| � a      (2.11) 
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Clearly, desired singular values are `� � �� �  ���/� ,   V � 1,2, … … , �. So, the ESPRIT come up 

with reducing the computational complexity as it is search free approach. The performance of the 

ESPRIT is little worst than Root-MUSIC approach. Improvised techniques such as TLS-ESPRIT 

and Generalized Eigenvalues utilizing Signal Subspace Eigenvectors (GEESE) are designed to 

deal with computational complexity and performance.  

 

2.3  Non-eigenvector Based Parametric Spectral Estimation  

The subspace approach for linear realization and identification problems is a promising 

alternative of existing traditional methods. It has advantages with respect to structure 

determination and parameterization of linear models, is computationally simple and numerically 

strong. The non-eigenvector based methods [40] for the parameter estimation problem are saving 

lots of computational complexity. Spectral matrix petitioning based Propagator Method (PM) 

[35] is an efficient method especially at high SNR.  The performance of the PM method can be 

improved at low SNR case if LU or QR decomposition of spectral matrix is employed. As we 

know, the Rank-Revealing QR factorization (RRQR) [38]-[39] is a valuable tool in numerical 

linear algebra because it provides accurate information about rank and numerical null-space. 

Exploring the information provided by RRQR we wish it to apply in wireless communication 

environment to correctly estimate various parameters of the noisy received signal for wireless 

communication system. Another non-eigenvector method is based on direct estimate of noise 

subspace using an adjustable power parameter of the spectral matrix and choosing a threshold 

value [79]. This Ermolaev and Gershman (EG) algorithm requires the knowledge of a threshold 

value between largest and smallest eigenvalues, which are not available as the Eigen 

decomposition is not performed. The non-eigenvector based fixed point algorithm for MUSIC 
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spectrum estimation with lower computational load is proposed [40]. The white  noise 

assumption does not valid as it is often the case in sonar or radar applications, the harmonic 

decomposition methods based on second-order statistics will not give consistent spectrum 

estimates.  Array processing problems in the presence of spatially correlated noise have been 

studied in literature. To withstand in spatially correlated AWGN, the higher order statistic (HOS) 

is used to decompose spectral components [80]-[81]. For near-field estimation problem, HOS 

such as cumulant is used [31]-[33]. 

  The aim here is to demonstrate the usefulness of non eigenvector and triangular 

factorization of the spectral data matrix of the received signal in different communication 

systems and the proposal of a new way to reduce the computational load and increase the error 

performance of high resolution algorithms. Numerical experiments is shown in coming chapters 

that the PM and RRQR based methods on factorized spectral matrix lead to better estimation 

results, compared to the existing methods. Additional advantage of not to calculate the 

eigenvalues of spectral matrix is taken care in non-eigenvector based methods.  

 

2.3.1 The Propagator Method 

 The propagator is a linear operator which only depends on steering vectors and which can 

be easily extracted from the direct data set. It is well-known that the computational load of the 

PM based method is significantly reduced; as such it does not involve EVD or SVD of cross-

spectral matrix (CSM) [35] of the received signal.  Consider here the same DOA estimation 

problem. The propagator method relies on the partition of the steering vector matrix '. 

 Providing that ' is a full rank of P, and the first rows are linearly independent, there 

exists a � 8 �� S �� matrix bc called propagator operator such that [82] 
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'd � bce'f       (2.12) 

where, the sub-matrices  'f and 'd are partitioned in � 8 � and �� S �� 8 � blocks from 

steering vector information matrix '. Clearly here, ' � *'fg   'dg-g. Let us define � 8 �� S
�� matrix D 

D � *bcg  ?4��-g     (2.13) 

where, ?4�� is identity matrix of size �� S �� 8 �� S ��. We can write using equation (2.12) 

and equation (2.13)                          De' � bce'f S 'd � a      (2.14) 

This means that �� S �� columns of the matrix D are orthogonal to the columns of '. In other 

words, the subspace spanned by the columns of D is the same as the subspace spanned by the 

noise subspace. That is given by the eigenvectors associated with the smallest �� S
�� eigenvalues of matrix '. We can obtain then direction of arrival information of the sources by 

the peak positions in the so-called spatial spectrum 

h��� � max � l *m,	�-   n+=���DDe+���n��                                �2.15� 
Clearly, equation (2.15) indicates that the propagator algorithm is based on the noise subspace 

spanned by the columns of the matrix D. Computation of the matrix D requires the prior 

knowledge of the DOA. In real environment, DOA is unknown and must be estimated from 

received data. To improve performance of PM method at lower SNR, we can use triangular 

factorization methods such as LU factorization or QR factorization.  

 

2.3.2 The Ermolaev and Gershman Method 

 The EG algorithm [79] depends on the eigenvectors of the spectral data matrix. First, the 

eigenvalues correspond to signal and noise subspaces are analyzed. This is common in high-

resolution estimation techniques to estimate noise subspace according to smallest eigenvalues. In 
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this method, a threshold value is defined in order to make an approximation of noise subspace 

projection matrix. 

The spectral decomposition of covariance matrix from equation (2.3)  

9: � ;<&���&=���> � � @�b� ��
��� � @�b�

4
���F� � o�p�o�= � oqpqoq=                    �2.16� 

where @�, V � 1,2, … … �, is the i-th eigenvalue of the covariance matrix 9:.  Here, b� and o� is 
the i-th eigen-projection and i-th eigenvector respectively. It is important to notice here is that the 

smallest eigenvalues of 9: are equal to %	with multiplicity �� S ��. Then we have, 

@� O  … … O @� s @�F� �  … … � @4 � %	    (2.17) 

The eigenvectors associated with the smallest eigenvalues are correspond to noise eigenvalues 

and are orthonormal to the columns space of matrix '. Therefore,  

oq � <oqF�, oqF	, … … o4> t <+����, +��	�, … … +����>          (2.18) 

here, the columns of the � 8 �� S �� matrix oq are �� S �� smallest eigenvectors of the 

covariance matrix 9:. It is equivalent to say that columns of the matrix oq are spanning noise 

subspace. Using this orthogonality property, for any integer value of m, the calculation of the 

estimate of the noise subspace projection matrix can be found in [79]. 

 ouqouq= � limxyz {{ �|}  9:~x � ?~��
   (2.19) 

where the threshold value @� is bounded by @� and @�F�, i.e @� s @� s @�F�. From equation 

(2.19), noise subspace projection matrix depends on intermediate signal subspace eigenvalue @�.  
 

2.3.3 The RRQR Factorization 

 The Rank Revealing QR factorization [38]-[39] is an important tool in linear algebra to 

accurately explore numerical rank and the null space of the data matrix. Explicitly it is used in 
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rank deficient least square problems [More 1978]. Also it is widely used in different problems 

like, spectral estimation [Hsieh, 1991], beam forming [Bischof 1990; shroff 1992] etc. We know 

that the singular values in  9: are arraigned like in equation (2.17). Applying QR factorization to 

spectral matrix 9: in equation (2.3), we can write  

 9: � � �9ffa   9fd9dd�     (2.20) 

The sub-matrix 9ff is upper triangular full rank matrix while 9fd is holding remaining 

important information with dimensions  � 8 �� S ��. Because of rank-revealing QR-

factorization, it is interesting to note here that the sub-matrix 9dd is approximately equal to null 

matrix, i.e it contains smallest eigenvalues of the spectral matrix. Let � be any vector in null 

space of   9:, i.e.  9:� � a. To find the structure of the vector �, we can partitioned it into two 

parts 

*9ff  9fd- ��f�d� � a           (3.10) 

Where �f and �d are with � and �� S ��  components. So, 9ff�f � 9fd�d � a. Then �f can 

be written in terms of �d as �f � S9ff�f9fd�d. Therefore the basis of null space e of the 

spectral matrix  9: is given by 

e � �S9ff�f9fd?4�� �      (3.11) 

Therefore, the DoA information can be easily extracted by exploring null space in equation 

(3.11) as 

 h��� � max  � l *m,	�-   n+=���eee+���n��   (3.12) 

Although the basis in column vectors of matrix e are not orthonormal as was provided in SVD 

based method. However, in general, this is not necessary since roots of h��� are identical for all 

basis e of the noise subspace. 
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2.3.4  Fixed Point Accelerated MUSIC Algorithm 

In 2008, S. Bourennane, C. Fossati, and J. Marot present the fixed-point algorithm for computing 

most important eigenvectors [40]. They also described how to utilize those eigenvectors in 

MUSIC to compute the noise subspace. The algorithm contains following steps: 

• Select the number of eigenvectors � to be estimated from covariance matrix  9:. 
• Eigenvector �� of  � 8 1 is initialized to any initial value. 

• Update �� from 9:. ��. 
• Apply Gram-Schmidt orthogonalization process, �� � �� S ∑ Y��7��Z��G���  

• Normalized the resultant vector: �� � ��n��n. 
• Go to third step until �� converges. 

• Go to second step until done with all � eigenvectors. 

In this process, all eigenvectors measured in ascending orders upon their dominance level.  The 

i-th basis vector compared to the i+1-th basis vector such that ��,���7 ��,qu� � f. To further 

restrict on number of iterations, some threshold � reached such that ���,���7 ��,qu� S f� � �.  

The formulated matrix using signal subspace vectors oq � *��, �	, … … ��- with associated 

biggest eigenvalues.  

 

2.4  Complexities Issues 

The main focus to include the methods such as PM, EG and RRQR in this thesis is their lower 

computational complexity. Moreover, they do not involve EVD or SVD of spectral data matrix. 

The complexity issues for some these methods were studied and analyzed in [40]. Following is 

the brief summary of calculation involved in non-eigenvector based algorithms. 

• The complexity level for the LU triangular factorization method is �� 3⁄ .  
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• The number of multiplication operations required by Householder QR factorization 

algorithm is  2 �� 3⁄ .  The number of multiplications involved in calculating an upper 

triangular matrix inversion is �	. 

•  The EG method requires approximately �� operations as it involves � 8 � matrix 

inversion.  

• Estimation of the propagator from the covariance matrix of the received signals requires 

 �	� �  �	� �  �� complex multiplication.  

• Modified method for estimating Propagator from LU or QR decomposition requires 

 �	�� S � � 1�. This is a significant saving in computational complexity; as well-known 

Jacobi’s method to Eigen decomposition itself requires approximately �� complex 

multiplications.  

• Conventionally, MUSIC approach estimates subspace eigenvectors by SVD. As noted 

earlier, it requires �� calculation for decomposition of spectral matrix. The computation 

involved in accelerated MUSIC algorithm is just  �	� �  �	� multiplications. 

 

 

 

 

 

 

 

 

 



22 

 

CHAPTER 3 

 

JOINT TIME DEALY AND FREQUENCY ESTIMATION USING 

NON-EIGENVECTOR BASED METHODS 

 

3.1  Historical Background 

An accurate time delay estimation (TDE) between two or more noisy versions of the 

same signal received at spatially separated sensors [55], [56] is an important topic that finds 

applications in positioning and tracking, speed sensing, direction finding, biomedicine, 

exploration geophysics, etc. Similarly, frequency estimation [11], [16] has been universally 

addressed in signal processing literature. Later, these two separated problems were combined as 

a joint time delay and frequency estimation problem [43]-[47], which appeared in many 

applications like synchronization in code division multiple access (CDMA) systems, speech 

enhancement, and pitch estimation using a microphone array.  

A Discrete-Time Fourier Transform (DTFT) based method has been derived [57] for 

estimating the time difference of arrival between sinusoidal signals received at two separated 

sensors. A subspace algorithm based on state-space realization has been proposed [58] for joint 

time delay and frequency estimation of sinusoidal signals received at two separated sensors. The 

frequency estimates are obtained directly from the eigenvalues of the state transition matrix; 

while the delay is determined using the observation matrix and the estimated frequencies. 

 

3.2  Problem Formulation for Joint Time Delay and Frequency Estimation  

 Figure 3.1 indicates a system model for joint time delay and frequency estimation 

problem. Model is consisting of two separated sensors with � impinging sources from various 

directions. 
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Figure 3.1 System model for joint time delay and frequency estimation 

Consider the discrete-time sinusoidal signals ��� and ���� are the two sensors 

measurements satisfying 

��� � ���� � ���� 
���� � ��� S �� � P���,  � � 0,1, … , � S 1                                     (3.1) 

where              

���� � � ����/�q�
���                                                                   �3.2� 

The source signal ���� is modeled by a sum of P complex sinusoids where the 

amplitudes (��) are unknown, complex-valued constants, and the normalized radian frequencies 

(,�) are different. Without a loss of generality, we considered ,� � ,	 … � ,�. To simplify the 

problem we have assumed the number of sources P either known or pre estimated.  The two 

terms ���� and P��� represent the two zero mean, additive white Gaussian noise processes 

independent of each other. Also parameters N represent the number of samples collected at each 
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channel. The variable D is the delay between the received copies of the signal ���� at the two 

separated sensors, which is unknown and is to be estimated. 

 

3.3  Parameter Estimation using PM method  

 We addressed the same problem [43] of estimating time delay and frequencies of 

received signal using the Propagator Method [35]. The Propagator Method (PM) is subspace-

based method which does not require the eigenvalue decomposition (EVD) of cross-spectral 

matrix (CSM) of received signals. The propagator is a linear operator which only depends on 

steering vectors and which can be easily extracted from the data. It is well known that the 

computational load of PM based method is significant as it does not involve eigenvalue 

decomposition (EVD) or singular value decomposition (SVD). The development of the proposed 

method is divided into two parts. In the section 3.3.1, the frequencies are estimated using the 

received data at the first sensor and by applying the PM method with the MUSIC/root-MUSIC 

[26], [27] algorithm. In the section 3.3.2, we used the received data at the two sensors and the 

estimated frequencies in the first part to extract the time delay information by P eigenvalues of 

the estimated new propagator. Following sections are describing the development of proposed 

method in terms of frequency and time delay estimation. Finally, simulation results and 

conclusion are included to evaluate the estimator performance through MSE in dB comparison 

with [43].  

 

 3.3.1  Frequency Estimation using PM method 

   Using the received data at the first sensor ��� with N available samples: 

�0�, �1�, … … … �� S 1� given by (1), we form the � 8 �� S � � 1� Hankel Matrix  
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� � � �0�       �1��1�       �2� … �� S ��   …      �� S � � 1�3 3�� S 1� ��� 5 3… �� S 1�  �                                    (3.3) 

and  � can be rewritten as  � � *��0� ��1� … … … ��� S ��-. Where the V�� column of � is 

given by 

��V� � '��,��U�,���+ � ��,  V � 0,1, … … � S � 
'��,� � . 1           1  ��/0          ��/1 … 1…  ��/2 3      3�������/0 �������/1 5 3… �������/2

6 
U�,� � $VWXY ��/0    ��/1 … …   ��/2Z,  
+ � *W�, W	, … … W�-7, and  

  �� � *��V� ��V � 1� … … ��V � � S 1�-7                                     (3.4) 

where '��,� is the array response matrix, U�,� is a diagonal matrix which contains the 

information about the frequencies of noisy sinusoidal signals received, + is an unknown complex 

amplitude vector, and ��is the complex noise matrix. Using equation (3.4) we can formulate the 

received data matrix as 

� � �'��,�+   '��,�U�,�+ … … '����YU�,�Z4��+� � *�m  �� … … �4��- 
   In order to employ the Propagator Method we partition '��,� into two sub-matrices '���,� 
and '�	�,� with dimensions � 8 � and �� S �� 8 � respectively. We defined a propagator 

matrix P satisfying the following condition 

                      b='���,�='�	�,�                               (3.5) 

   The dimensions of the matrix b= are �� S �� 8 �. Similarly, we partition the received data 

matrix � into two sub-matrices �� and �	 with dimensions � 8 �� S � � 1� and �� S �� 8
�� S � � 1� respectively. The Propagator matrix b�  can be estimated by  
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b� � arg  min£�	 S b�e��£ 	 � �����=������	=                                                          (3.6) 

where n. n 	 denotes the Euclidean norm. Matrix E can be defined as 

D � � bS?�                                     (3.7) 

where I is the  identity �� S �� 8 �� S �� matrix. Clearly,  

D='��,� � b='���,� S '�	�,� � a                    (3.8) 

  In a noisy channel, the basis of matrix E is not orthonormal. By introducing an orthogonal 

projection matrix � which represents the noise subspace we have 

�'��,� � a 
where                                                      � � D��D�=D����D�=   
Here, D� is formulated from the estimated propagator in equation (3.6). Apply MUSIC like search 

algorithm [26], [27] to estimate the frequencies using the following function    

�¤GHY��/Z � 1∑ n¥=¦�n	�����m                                                       �3.9� 
where ¦� is the i-th column of the noise subspace matrix � while the vector is defined as 

¥ � *1, ��/ , … … ���/-7.   Instead of searching for the peaks in equation (3.9) an alternative is to 

use a root-MUSIC. The frequency estimates may be taken to be the angles of the p roots of the 

polynomial ��P� that are closest to the unit circle 

��P� � � ¨��P�¨�©�1 P©⁄ ����
��m                                                  �3.10� 

where ¨��P� is the z-transform [11] of the i-th column of the projection matrix  �. 
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3.3.2  Time Delay Estimation using PM method 

 The estimated frequencies obtained in equation (3.9) or equation (3.10) will be used to 

estimate the time delay in this section. From the given data record at the second sensor, we can 

construct a {4	 8 4	~ Hankel Matrix ª«  

ª« � � ��0�       ��1���1�       ��2� … ��� 2⁄ S 1�   …      ��� 2⁄ �3 3��� 2⁄ S 1� ��� 2⁄ � 5 3… ��� S 1�  � 
Let 

 ª« � ¬m   � … … 4 	⁄ ��®                                                 (3.11) 

where 

m � ¯�,�°�,, ��+ � ±m 
� � ¯�,�°�,, ��U�,�+ � ±� 

similarly 

�4 	⁄ ��� � ¯�,�°�,, ��U�,��4 	⁄ ���+ � ±�4 	⁄ ��� 
where 

¯�,� � . 1           1  ��/0          ��/1 … 1…  ��/2 3      3���4 	⁄ ���/0 ���4 	⁄ ���/1 5 3… ���4 	⁄ ���/2
6 

°�,, �� � $VWXY ���²/0    ���²/1 … …   ���²/2Z, 
±� � *P�V� P�V � 1� … … P�V � 4	 S 1�-7,    V � 0,1, … �4	 S 1�. 

Finally, we can write ª« as 
ª« � �¯°+ ¯°U+ … ¯°U�³1 ���+� � *±m  ±� … ±�³1 ���-                             (3.12) 
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 Now we repeat the same steps equation (3.11) and equation (3.12) with the given data 

record from the first sensor to obtain the {4	 8 4	~ Hankel matrix �«. We can write the grouped 

data matrices as  

´ � ��«ª«�                                                                      (3.13) 

Let us define matrix O as follows 

µ � ¶ ¯     ¯U    … …  ¯U�4 	⁄ ���¯°  ¯°U … …  ¯°U�4 	⁄ ���·              (3.14) 

 We partition µ into two sub-matrices µ� and µ	 with dimensions � 8 �4	  and �� S �� 8
�4	  respectively. Similarly, we partition ¯ into ¯� and ¯	 with dimensions � 8 � and {4	 S �~ 8
� respectively. Rewriting  µ as 

µ � �µ�µ	� � ¹̧¹¹
º ¯�     ¯�U    … … ¯�U�4 	⁄ ���¯	     ¯	U    … … ¯	U�4 	⁄ ���¯�°  ¯�°U … … ¯�°U�4 	⁄ ���¯	°  ¯	°U … … ¯	°U�4 	⁄ ���»¼¼

¼½
       (3.15) 

under the hypothesis that ¯� is a � 8 � non singular matrix, the propagator matrix b is a unique 

linear operator which can be written as b=µ� � µ	. Similar to section 3.3.1, the estimated 

propagator of dimension �� S �� 8 � can be derived as  

b� � �µ�µ�=���µ�µ	=                          (3.16) 

The estimated propagation matrix will be partitioned into three sub-matrices as b�7 �
*b� b	 b�-, where b	 is a square matrix of size � 8 � and both of b�and b�  are of size  

{4	 S �~ 8 �. Using equation (3.16) we can write  

b	¬¯�     ¯�U    … … ¯�U�4 	⁄ ���®  � ¬¯�°  ¯�°U … … ¯�°U�4 	⁄ ���®         (3.17) 
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 From equation (3.17) the P eigenvalues of the propagator  �	 is corresponding to the P 

diagonal elements of °. This implies that the diagonal matrix ° can be estimated by finding the 

P eigenvalues of the estimated propagator b	.  Therefore, the time delay estimation can be found 

as 

� � �¾W\��$VWX�¿b	��∑ ,À�����                                                         �3.18� 

 

3.3.3  Simulation Results of PM method 

 In this section, the performance of the proposed method is compared with state-space 

realization method in [43]. In the First experiment shown in Figure 3.2, we considered two-

sinusoidal signals with amplitudes a1= a2=1/√2, ,� � 0.3[ rad/s and ,	 � 0.6[ rad/s. We 

simulated the performance under AWGN environment with different SNRs and 200 independent 

Monte-Carlo realizations. The number of signal samples was 200 and while the matrix structural 

parameter L was 25. The MSE is defined as 

�Ã;�Ä � 10Å]X�m Æ 1���  � �Y,� S ,À�Z	�
���

4Ç
���  È                                   �3.19� 

 

where ,À� is the estimate of  ,�, and �� is the number of Monte Carlo (MC) trials. The MSE of 

the frequencies estimate is compared with the state-space realization method in [43]. Significant 

improvement in performance was achieved, especially at SNR O -5 dB. Almost 15 dB 

achievement in SNR is observed compared with reference methods in positive SNR range.  In 

order to avoid extensive computation we assumed reasonable step size (0.001) for searching 

frequencies in the MUSIC pseudo-spectrum equation (3.9) that causes such dominant behavior 
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of arithmetic errors at very high SNRs. Moreover, to reduce the computational load significantly, 

we simulated the root-MUSIC algorithm in association with the PM method to evaluate equation 

(3.9) into a closed form polynomial in the z-domain equation (3.10) along the unit circle. 

 

 

Figure 3.2 MSE of frequency estimation versus SNR using PM method. 

 The performance as a function of number of snapshots is illustrated in Figure 3.3 with 

SNR of 10 dB. The number of snapshots is varied from 40 to 400. It is obvious that our 

frequencies estimator is better than [43]. For example, in the frequency estimation we need a 

data record of 40 samples while [43] required 160 samples to achieve the same performance of -

40 dB. Again here MUSIC base PM estimator affected by step size in search. This reveals 

dominance of arithmetic error at high SNR.  
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Figure 3.3 MSE of frequency estimation versus number of snapshots using PM method. 

 In Figure 3.4, we illustrated the estimator behavior with the frequency spacing. The first 

frequency is varying from 0.2[ to 0.9[ while the second frequency is assumed to be 0.1[ at 

constant 10 dB SNR. It is clear from the Figure 3.4 that in worst scenario our estimator is 

showing almost 10 dB improvement in performance with the reference estimator. It is worth to 

mention that the propagator method is not that sensitive to small frequency spacing [35]. In 

Figure 3.5, we tested two algorithms with respect to the number of frequencies. To guarantee fair 

comparison we assumed constant frequency spacing between the sources. We kept fixed 10 dB 

SNR, data record of length 200 samples and the number of unknown sources is varying from two 

to six. The combination of frequencies used to evaluate Figure 3.5 is listed in Table 3.1. Since 

root MUSIC and MUSIC both have almost same performance we compared only root-MUSIC 

based algorithm with the [43]. 
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Figure 3.4 MSE of frequency estimation versus frequency spacing using PM method. 

 

Figure 3.5 MSE of frequency estimation versus number of sources using PM method. 
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TABLE 3.1 

FREQUENCY COMBINATIONS USED IN FIGURE 3.5. 

Un-known 

sources 
�f �d �É �Ê �Ë �Ì 

2 [ 10⁄  2[ 10⁄  -- -- -- -- 

3 [ 10⁄  2[ 10⁄  3[ 10⁄  -- -- -- 

4 [ 10⁄  2[ 10⁄  3[ 10⁄  4[ 10⁄  -- -- 

5 [ 10⁄  2[ 10⁄  3[ 10⁄  4[ 10⁄  5[ 10⁄  -- 

6 [ 10⁄  2[ 10⁄  3[ 10⁄  4[ 10⁄  5[ 10⁄  6[ 10⁄  

 

From the Figure 3.5, it is apparent that our algorithm is not much sensitive with respect to 

number of sources in the system. To focus on the performance of the delay estimator equation 

(3.18) we used the exact and the estimated frequencies by both equation (3.9) and equation 

(3.10) then we compared with [43].  

 

Figure 3.6 MSE of delay estimation versus SNR using PM method. 
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The time delay was selected to be 0.7 sec for sampling interval of 1.0 sec while all the other 

parameters were similar as of experiment one in the section 3.3.3. The delay estimation error as a 

function of SNR is illustrated in Figure 3.6.The reference method is showing better performance 

than the proposed method by 7 dB. On the other hand, the processing time for the reference 

method is much more than the proposed one as SVD or EVD and covariance matrices are not 

used in our estimator.  

 

 

Figure 3.7 Delay processing time versus number of snapshots using PM method. 

The normalized processing time of the delay estimator is shown Figure 3.7. Frequencies are 

assumed to be known; we considered two unknown sources with 200 data records at fixed 10 dB 

SNR. The processing time is growing exponentially with number of data records for the 

reference method while it is increasing linearly in our method. For two sources only with data 
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record of 200, our algorithm is faster 15 times than the reference method. Also, as unknown 

sources increases in the system, superiority of our algorithm is observed in terms of 

computational complexity. 

 

3.4.  Parameter Estimation using RRQR Factorization 

 We addressed the problem of estimating time delay and frequencies of received signal 

using the Rank-Revealing QR Factorizations (RRQR) [39] in conjunction with well-known 

MUSIC/root-MUSIC algorithm [26], [27]. The RRQR is a special QR factorization that is 

guaranteed to reveal the numerical rank of the matrix under consideration. This makes the RRQR 

factorization a useful tool in the numerical treatment of many rank-deficient problems in 

numerical linear algebra. It is well known that the computational load of the RRQR method is 

significant, as it does not involve eigenvalue decomposition (EVD) or singular value 

decomposition (SVD) of the cross-spectral matrix (CSM) of received signals. The MUSIC/root-

MUSIC algorithm is used to estimate the frequencies from the null space generated by RRQR 

algorithm.  

In this section, we propose the Hankel orthogonal projection rank revealing QR 

factorization (HOP-RRQR) to estimate the frequencies from different sources. Using the Hankel 

data matrix the necessary information about the noise subspace or the signal subspace can be 

extracted using the rank revealing QR factorization [39]. One of the reasons that QR 

factorization is widely used in adaptive applications is that in RRQR the signal information can 

be effectively updated making the algorithm suitable for tracking moving sources. 

   The development of the proposed method is divided into two sub-sections. In the section 3.4.1, 

the frequencies are estimated using the received data at the first sensor and by applying the 



36 

 

RRQR method with the MUSIC/root-MUSIC [26], [27] algorithm. In the section 3.4.2, we used 

the received data at the two sensors and the estimated frequencies in the first part to extract the 

time delay information. 

  

3.4.1  Frequency Estimation using RRQR Factorization 

Using the received data at the first sensor ��� with N available samples: 

�0�, �1�, … … … �� S 1� given by (3.1), we form the �� 8 � S � � 1� Hankel Matrix  

� � � �0�       �1��1�       �2� … �� S ��   …      �� S � � 1�3 3�� S 1� ��� 5 3… �� S 1�  �                                 (3.20) 

and  � can be rewritten as  � � *��0� ��1� … … ��� S ��-.  Where the i-th column of � is given 

by                                    ��V� � '�,��U�,���( � ��,  V � 0,1, … … � S � 
'�,� � . 1           1  ��/0          ��/1 … 1…  ��/2 3      3�������/0 �������/1 5 3… �������/2

6 
U�,� � $VWXY ��/0    ��/1 … …   ��/2Z                                    (3.21) 

We can formulate the received data matrix as 

� � �'�,�(   '�,�U�,�( … … '�,�YU�,�Z���(� � o                     �3.22� 
The signal space of Hankel data matrix in equation (3.22) has full rank which implies that all the 

incident sources can be detected. Define matrix   

Î � �(   U�,�( … … YU�,�Z���(� 
� ���   �	 0

0 5   ��
� . �1   ��/01   ��/1   ��	/0 …   �������/0  ��	/1 …   �������/13 31   ��/� 3 3 3  ��	/� …   �������/�

� 
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 � Ï'7�,�                               (3.23) 

 It is obvious that the signal part of equation (3.22) is equal to rank of Î in equation 

(3.23). The matrix '7�,� has the structure of the vandermonde matrix with rank � T �� S 1� . 
This rank represents number of sources in the received signal. 

   Applying QR factorization to the Hankel data matrix �, it can be expressed as product of an 

unitary matrix and rank-revealing upper triangular matrix as   

� � �9 � � �9�� 9�	a 9		�                                (3.24) 

Here 9�� is �� 8 �� upper triangular matrix. Since 9		 has small norm we can easily extract the 

basis of the noise space form matrix 9 � *9�� 9�	-. Here the matrix 9 is defined as the null 

space of �. Clearly, any vector belongs to null space should satisfy 

9� � *9�� 9�	- ����	� � a                                 (3.25) 

so that 9���� � S9�	�	. Since 9�� is an invertible matrix,  �� can be written in terms of �	 as 
�� � S9����9�	�	. Then � can be written as  

� � ����	� � �S9����9�	?����� � �	 � e�	                                       (3.26) 

So, 9e � a. It can be observed here is that the columns of the basis of the null space e are not 

orthonormal. To satisfy orthonormality we use orthogonal projection onto this subspace in order 

to improve the performance by making the basis of null space of e orthonormal. 

e� � e�e=e���e=                                           (3.27) 

Apply MUSIC like search algorithm [26], [27] to estimate the frequencies using the following 

function    

�¤GHY��/Z � 1∑ n¥=Ð�n	�����m                                                           �3.28� 
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where Ð� is the ith column of the noise subspace matrix e� while the vector is defined as 

¥ � *1, ��/ , … … ���/-7.     Instead of searching for the peaks in equation (3.28) an alternative is 

to use a root-MUSIC. The frequency estimates may be taken to be the angles of the p roots of the 

polynomial ��P� that are closest to the unit circle 

��P� � � ¨��P�¨�©�1 P©⁄ ����
��m                                                      �3.29� 

where ¨��P� is the z-transform [11] of the i
th
 column of the projection matrix e�. 

 

3.4.2  Time Delay Estimation using RRQR Factorization 

The estimated frequencies obtained in equation (3.28) or equation (3.29) will be used to 

estimate the time delay in this section. From the given data record at the second sensor, we can 

construct a Hankel Matrix Y of size �� 8 � S � � 1� 
ª � � ��0�       ��1���1�       ��2� … ��� S ��   …      ��� S � � 1�3 3��� S 1� ���� 5 3… ��� S 1�  � 

Let 

 ª � *m   � … … 4��-                                                   (3.30) 

where                                               m � ¯�,�°�,, ��( � ±m 
� � ¯�,�°�,, ��U�,�( � ±� 

Similarly,                           �4��� � ¯�,�°�,, ��U�,��4���( � ±�4��� 

¯�,� � . 1           1  ��/0          ��/1 … 1…  ��/2 3      3���4���/0 ���4���/1 5 3… ���4���/2
6 

and                                 °�,, �� � $VWX� ���²/0    ���²/1 … …   ���²/2�. 
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Finally, we can write ª as 
ª � ¬¯°( ¯°U( … ¯°U�4���(® � *±m  ±� … ±�4���-        (3.31) 

      Now we repeat the same steps equation (3.30) and equation (3.31) with the given data record 

from the first sensor to obtain the � 8 �� S � � 1� Hankel matrix �. The 2� 8 �� S � � 1� 
grouped data matrix ´ is given by  

´ � ��ª� � *��7 �	7 ª�7 ª	7-                   (3.32) 

where the matrices �� and ª� are first � rows of the Hankel matrices � and ª respectively. 

Applying QR-algorithm to equation (3.32)  

´ � �´�´	� � 97�7 � ¹̧¹¹
º9��7  9�	7 9		7 a9��7 9	�79�Ñ7 9	Ñ7 9��7  9�Ñ7 9ÑÑ7 »¼¼

¼½ �7    (3.33) 

Here,  ´� is the first � rows of � and ´	is the remaining part of the square matrix ´. The 

matrices, 9��7 and 9��7  are �� 8 �� square matrices. Let us matrix b as  

b � �9��7 ���9��7         (3.34) 

    From equation (3.34) the � eigenvalues of the matrix b are corresponding to the � diagonal 

elements of °. This implies that the diagonal matrix ° can be estimated by finding the � 

eigenvalues of the estimated b matrix.  Therefore the time delay estimation can be found as 

� � �¾W\��$VWX�¿b	��∑ ,À�����                                                             �3.35� 
 

3.4.3  Simulation Analysis of RRQR Factorization 

  In the following simulations, we considered two-sinusoidal signals with A1= A2=1/√2, ,� �
0.3[ rad/s and ,	 � 0.6[ rad/s, and the time delay was selected to be 0.7 sec.  We simulated the 



40 

 

performance with different SNRs and 500 independent MC realizations. The number of signal 

samples was 200.  The matrix structure parameter � and � for the proposed and the method in 

[43] were considered 100 and 20 respectively. Again, the MSE is defined as same as in equation 

(3.19). 

 

 
Figure 3.8 MSE of frequency estimation versus SNR using RRQR method. 

 

 Figure 3.8 plots the MSE of frequency estimation for the proposed algorithm and 

compared with previous work [43], [47]. The proposed algorithm achieved approximately 15dB 

enhancement compared to [43] (SNR > 0 dB) and slight improvement with respect to our 

previous work [47]. Figure 3.9 plots the MSE of delay estimation. It shows we have good match 

with the PM method [47]. Here, we can observe that the method proposed in [43] is showing 

roughly 7 dB improvement in MSE of delay estimation compared to proposed methods. But it is 

important to notice that proposed methods do not use EVD or SVD of CSM. 
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Figure 3.9 MSE of delay estimation versus SNR using RRQR method. 

The choice of the parameter L is very critical for both the processing time as well as the 

estimator performance. Figure 3.10 plots the MSE of estimated frequencies versus Hankel 

structure parameter L. In this plot we considered anti-symmetric structure for both algorithms. 

Figure 3.11 plots the normalized processing Time (PT) of frequencies estimated via QR-root 

MUSIC algorithm with different Hankel matrix structure and compared with PM-root MUSIC 

method. Also, we noticed that the PT is decaying exponentially with L for the proposed method 

while it is increases exponentially in PM-root MUSIC method. 



42 

 

 

Figure 3.10 MSE of Frequency Estimation versus parameter L using RRQR method. 

 

Figure 3.11 Normalized PT of Frequency Estimation versus L using RRQR method. 
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 It can be concluded that both algorithm have similar PT for square Hankel data matrix 

structure. In the third experiment, the performance of the proposed method as a function of 

number of snapshots is illustrated in Figure 3.12. 

 

 

Figure 3.12 MSE of frequency estimation versus N using RRQR method. 

  

The number of snapshots is varied from 40 to 400. In order to avoid extensive computation we 

assumed reasonable step size for searching frequencies in the MUSIC pseudo-spectrum equation 

(3.28) that causes such dominant behavior of arithmetic errors at high SNRs. 
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CHAPTER 4 

 

MULTIPATH TIME DELAY ESTIMATION USING  

NON-EIGENVECTOR BASED METHODS 

 

 

4.1 Historical Approach to Multipath TDE for FH system 

 Numerous techniques have been used to fight against impairments in rapidly varying 

radio channels. Some of those are channel coding and interleaving, adaptive modulation, 

transmitter/receiver antenna diversity, spectrum spreading, and Dynamic Channel Allocation 

(DCA). Spread Spectrum Communications is one of the widely used data communication 

schemes nowadays. Spread spectrum generally makes use of a sequential noise-like signal 

structure to spread the normally narrowband information bearing signal over a relatively 

wideband band of frequencies. The receiver correlates the received signals to extract the original 

information bearing signal. The technique of spreading spectrum decreases the potential 

interference to other receivers while achieving privacy. 

 Frequency Hopping (FH) is a spectrum spreading technique that can introduce frequency 

diversity and interference diversity. In FH the carrier frequency subjected to some random 

changes which effectively provide resistance to fading; a common phenomenon in wireless 

communication. It is very robust and ideal for applications where data reliability is critical [59], 

[60]. We can achieve CDMA via FH if we partition the bandwidth into a number of frequency 

sub-bands. Fast Frequency Hopping systems (FFH) change frequency at a significantly higher 

rate than the information rate. Due to complex receiver structure it is not popular in commercial 

applications. Slow Frequency Hopping systems (SFH) change frequency at a rate comparable 

with (or slower than) the information rate that makes it suitable for cheaper receiver design.  
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 Without channel estimation it is almost impossible to extract the transmitted information 

back in current high speed wireless communication. Thus estimation of channel is a vital task in 

wireless receiver design. Therefore transforming physical channel scenario in computer 

simulation environment is a normal practice. The modeling of channel is widely adopted in 

wireless communication as a result we have very well developed channel models. Multipath 

propagation of electromagnetic waves generates different delayed version copies of transmitted 

signal at receiver.  This makes channel estimation difficult. Therefore, multipath delay 

estimation is necessary for channel estimation of high speed wireless communication. 

 Typically, the FH system model is considered as a narrow band system. It was shown in 

[61], [62] that the flat fading model is not valid for a FH system whose bandwidth is comparable 

with the coherence bandwidth of the multipath channel. Therefore, the time delay estimation 

becomes significant when the received signal in a SFH system at a high data rate is frequency 

selective. The multipath time delay estimation problem for a SFH system using ESPRIT [28] and 

SPECC [48] algorithms were studied in [49].  

 In this thesis, we addressed the problem of estimating the multipath time delay 

parameters through the PM [35] and RRQR [39]; one time in conjunction with the well-known 

MUSIC algorithm [27], and another time with EVD of the projection matrix. It is well known 

that the computational load of the PM and RRQR based methods are significantly less, as it does 

not involve EVD or SVD of the cross-spectral matrix of received signal. The propagator is a 

linear operator which only depends on steering vectors and can easily be extracted from the data 

set. The RRQR is a good alternative of conventional subspace decomposition techniques such as 

SVD, EVD [16]-[20]. Moreover, it is quite supportive in rank deficient least square problems. 

An estimated propagator from the data set and sub-matrices after QR decomposition of data 
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matrix are used to construct an orthogonal projection matrix which represents the noise subspace. 

The MUSIC algorithm [27] is used to estimate the multipath time delays from the projection 

matrix.  

 

4.2 Problem Formulation to Multipath TDE for FH system 

The received baseband SFH signal through multipath channel can be modeled by 

��q���� � � Ò����	�ÓÔÕ���� S Ö�� � ×�q�����
���                               �4.1� 

In equation (4.1), ��q���� is the �-th hop received signal. ���� and ×��� are transmitted baseband 

signal and associated AWGN noise, respectively. There are � multipath considered and 

parameter Ö is corresponding time delay for each multipath. Simplest receiver design in literature 

is based on bank of filters [66]. To have a timing synchronization and hence reliable detection 

receiver has to focus on strongest signal among multipath copies. Therefore multipath time delay 

and associated amplitude is the main concern here.   

 

Figure 4.1 Multipath Time Delay Estimation System Model 
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 To simplify further, sample version of equation (4.1) FH received signal in a multipath 

environment  

��q��ØÙ� � � Ò����	�ÓÔÕ���ØÙ S Ö�; Ûq� � ×�q��ØÙ��
���                          �4.2� 

where ��q��ØÙ� is the received signal in the n-th hop, T is the sampling period, Üq is the 

frequency in the n-th hop, and  Ûq is the sequence of the transmitted bits in the �-th hop. Ò� and 

Ö� are respectively the channel gain and the associated time delay of the i-th multipath,  which 

are assumed to be independent of the hop index. ��ØÙ; Ûq� is the transmitted baseband signal 

and ×�q��ØÙ� is the AWGN parameter. Parameter P denotes the total number of multipath 

considered in the model.  

 Channel gain, time delay, and the transmitted bit sequence are unknown. The hop 

frequencies are known. The problem addressed in this thesis is the estimation of the time delays 

only based on the received signal; once the time delays are estimated, two separate Maximum 

Likelihood (ML) problems can be considered to estimate Ò� and Ûq.  

 Three assumptions are made in this multipath time delay estimation problem [49]. The 

first block of symbols is fixed for all hops. This is common as first few bits are designated as 

header bits. These bits may be served as guard bits or trailing synchronization bits. Second 

assumption is that time delays remain constant or very slowly. In general, delay variation is 

associated with frequency change and it becomes more prominent in highly frequency selective 

channels. As we are focusing mainly on small frequency band of interest, we can ignore such 

delay variation. Third assumption follows that the frequency does not change within a packet 

which is true in SFH case. Here frequencies generally changes from one packet to another not 

within packet. 
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  Therefore, the discrete time version of (4.2) is given by 

��q��Ø� � � Ò����	�ÓÔÕ����Ø� � ×�q��Ø��
��� , Ø � 1,2, … Ý                          �4.3� 

where ���Ø� is the delayed version of the transmitted signal though the i-th multipath and 

contains first repeated Ý symbols though-out different hops. Clearly, this part of data is constant 

among all hops and independent of n. 

 

4.3  Development of Estimators using PM and RRQR factorization 

 In this section development of the two highly efficient methods based on the PM and the 

RRQR are presented. Both of these methods are directly applied on the received data from the 

sensor. Let the K samples in equation (4.3) given by 

Þq � *�q�0�   �q�1� … … �q�Ý S 1�-           (4.4) 

Þq � +qß � àq 
where               +q � *���	�Ó�0Õ0 , ���	�Ó�0Õ1 , … … ���	�Ó�0Õ2-  

àq �  *×q�0�   ×q�1� … … ×q�Ý S 1�- 
ß � áÒ�    5    Ò�â .���1� … ���Ý�3 5 3���1� … ���Ý�6 

 

4.3.1  Multipath TDE using PM method 

 We collect two subsets of received hop frequencies ãÜ��ä and ãÜå�ä each at least of size N 

with frequencies from each set related by Ü�� � Üå� � ∆Ó , V � 1,2, … … �. Consider two sets with 

arraigned frequencies are ª� � *Þ��7  Þ�	7 … … Þ�47 -7 and ªå � *Þå�7  Þå	7 … … Þå47 -7. It is easy to 

show that   
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ª� � 'ß � æ� 

ªå � 'çß � æå                                  (4.5) 

where  

' � á ���	�Ó�0Õ0 … ���	�Ó�0Õ�3 3 3���	�Ó�³Õ0 … ���	�Ó�³Õ�â 
and æ� and æå are corresponding noise matrices, data matrix ß as defined in equation (4.4) and 

matrix è � $VWX����	�∆éÕ0 … … ���	�∆éÕ��. The parameters Ò� are the amplitudes of the 

respective multipath. We collect the sub-matrices calculated by equation (4.5) in matrix � as 
� �  ¬ª�   ªå® � æê      (4.6) 

where æê is the corresponding additive white gaussian noise matrix. We partition ' into two 

sub-matrices '� and '	 of size � 8 � and �� S �� 8 � respectively. We defined a propagator 

matrix PX satisfying bê='� � '	, the dimension of the matrix bê= is �� S �� 8 �. Similarly, we 

partition the received data matrix � into two sub-matrices �� and �	 with dimensions � 8 2Ý 

and �� S �� 8 2Ýrespectively. The Propagator matrix b�ê can be estimated by  

b�ê � arg  min£�	 S b�=��£ 	 
� �����=������	=                                                                 �4.7�             

The matrix Dê can be defined as Dê �  *b�ê7 S?-7. Here  ? is the identity �� S �� 8 �� S �� 
matrix. Clearly, here  

Dê=' � bê='� S '	 � a              (4.8) 

  In a noisy channel the basis of matrix Dê is not orthonormal. Introducing an 

orthogonal projection matrix �ê which represents the noise sub-space, so that �ê' � a; 

where   �ê � Dê�Dê=Dê���Dê= . Since the received hop frequencies are collected in sets, 

therefore they are known at receiver.  
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 Apply MUSIC like search algorithm [27] to estimate the multipath time delay using the 

following function 

ìí�G�GHIJK � 1∑ n+=¦�n	4����m                                                       �4.9� 
where ¦� is the i-th column of the noise subspace matrix �ê while the multipath delay search 

vector + is defined as + � *1, ���	�Ó�0Õ, … ���	�Ó�³Õ-7.    
 

4.3.2 Multipath TDE using RRQR method 

 Collecting data from a number of hopes and partitioning the data packets into � subsets 

{î�, î	, … … îG} of received frequencies each of at least of size N as  î� � <Ü��, Ü�	 … … Ü�4 > 
Ü��F� � Ü�� � ∆Ó , ï � 1,2, … … �, V � 1,2, … … � S 1      (4.10) 

It is obvious that two successive frequency sets are differed by a constant ∆Ó. Let ª� �
*Þ��7  Þ�	7 … … Þ�47 -7.It is an easy to show that  � subsets can be represented as   

ª� � 'ß � æ�            ª	 � 'çß � æ	        3 ªG � 'çð��ß � æG
                        (4.11) 

here matrices ', ß, è  already defined in section 4.3.1 and æ�, æ	, … æG are corresponding 

complex AWGN matrices. By collecting the sub-matrices in the matrix � as 
� �  *ª� ª	 … … ªG- � æ               (4.12) 

where æ is the corresponding combined noise matrix. We applied RRQR factorization to above 

matrix � as 
�7 � �9 � *�� �	- �9��a   9�	9		�              (4.13) 
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where, the two matrices � and 9 are of dimensions  �Ý 8 �Ý and �Ý 8 �� S � � 1� 
respectively. The sub-matrix 9�� is upper triangular full rank matrix while 9�	 is holding 

remaining important information with dimensions � 8 �� S � S � � 1�. Because of rank-

revealing QR-factorization, it is interesting to note here is that the sub-matrix 9		 is just about 

null matrix. Therefore it hardly contributes in construction of either signal space or null space of 

a matrix.  

�7 ñ ��9�  � ��*9��  9�	-    (4.14) 

Clearly, any vector belongs to null space should satisfy 

9�� � *9�� 9�	- ����	� � a     (4.15) 

so that 9���� � S9�	�	. Since 9�� is an invertible matrix,  �� can be written in terms of �	 as 
�� � S9����9�	�	. Then � can be written as  

� � ����	� � � S9����9�	?�4�G��F��� �	 � e�	    (4.16) 

Clearly, here 9e � a. It can be observed here that the columns of the basis of the null space e 

are not orthonormal. To satisfy orthonormality we use orthogonal projection onto this subspace 

in order to improve the performance by making the basis of null space of e orthonormal. 

e� � e�e=e���e=     (4.17)  

As we noticed in section 4.3.1 about available information regarding hop frequencies at receiver, 

multipath time delay estimation problem becomes easier. Therefore, we can apply the MUSIC  

like search algorithm [27] to explore null space for unknown multipath time delay parameters 

using the following function 

ìíòòóò�GHIJK � 1∑ £+=Ð�� £	4����m                                                 �4.18� 



52 

 

where, Ð��  is the i-th column of the noise subspace matrix e� while the search vector + is the 

same as in section 4.31. Instead of searching for the peaks in equation (4.18) an alternative is to 

use a root-MUSIC [27]. The frequency estimates may be taken to be the angles of the p roots of 

the polynomial ��P� that are closest to the unit circle 

��P� � � ¨ô�P�¨ô©�1 P©⁄ �4 	⁄ ��
��m                                               �4.19� 

where ¨��P� is the z-transform of the i-th column of a projection matrix  [16]-[20]. 

 

4.3.3 Multipath TDE using PM based Closed-form Expression 

   We collect the sub matrices calculated by (4.5) in matrix Y as 

ª �  ¬ª�7   ªå7®7 � æõ                              (4.20) 

and partition it as ª �  *ª�7   ª	7-7, where ª� and ª	contain the first � and last 2� S � rows of ª 
respectively. The least square solution for the propagator based with Direct Matrix (DM) is 

b�õ � �ª�ª�=���ª�ª	=                (4.21) 

The matrix Dõ of size 2� 8 �2� S �� can be formulated as Dõ �  *?7 b�õ7-7. Again, ? is 
�2� S �� 8 �2� S �� identity matrix. Partitioning  Dõ as Dõ �  *D�7   D	7-7, where D� and D	 
contain the first N and last N rows of Dõ respectively.  It is easy to show that  

�õ' � 'è                                         (4.22) 

where the orthogonal projection matrix �õ is given by �õ � D	�D�=D����D�=.  It is obvious that 

the P eigenvalues of �õ correspond to the P diagonal elements of è. The multipath delay 

parameters are given by 

Ö̂� � SW�XÅ��@���2π∆Ó�                                                              �4.23� 
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4.4 Simulation Analysis of TDE Methods 

 We used Personal Communication System (PCS) for estimating multipath time delay to 

validate our method. PCS is the name for the 1900 MHz radio band used for digital mobile 

phone services in Canada, Mexico and the United States. It is designed for high data rate 

communication in small area. Although it is cellular like Global System for Mobile 

communications (GSM), it primarily focusing on high dense regions.  Time Division 

Multiplexing Access (TDMA) is used in intra cellular environment while inter cell 

communication taken place by SFH technique. Whole band frequencies available in single cell 

with uplink ranges from 1899 to 1929 Mhz and downlink from 1949 to 1979 Mhz.  

   In the first experiment we considered a three multipath model (P = 3). The transmission 

was confined to the range 1899 to 1929 MHz, the uplink frequency range for the PCS system. 

The TDMA frame in PCS system is divided in to 10 equal size slots with 0.2 ms of each. In each 

time slot there are 34 QPSK modulated data symbols, 10 sync, and 6 guard symbols forming net 

data rate of 50 kbps. Considering TDMA frame rate equals hopping rate so that only one 

hopping frequency per packet. Therefore, our focus is on header information which is the same 

for all the packets. This fact is used to design efficient detection algorithm.  A total of 75 

frequencies were considered with a 400 KHz frequency separation among carriers. The header 

part in each packet was assumed to consist of four QPSK symbols. The symbol period for our 

system was considered to be 4µs. The multipath delays were set to be 0.1, 0.4, and 0.9 µs 

respectively. The channel gain parameter is assumed to be a complex random with respect to the 

time delays. Twenty packets were assumed to be available at the receiver with nineteen possible 

maximum frequencies in each set for various concerned algorithms. 
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Figure 4.2 Normalized MSE versus SNR at random multipath. 

 

 
Figure 4.3 Normalized MSE versus SNR at exponentially decaying multipath. 
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We considered one thousand independent realizations with normalized MSE defined as 

�Ã; � ; ÷C� � øÖ� S Ö̂�Ö� ù	�
���

4Ç
��� úC                                              �4.23�  

 Our proposed methods are showing excellent performance with respect to reference 

methods [43]. The RRQR with MUSIC search showing best performance while RRQR with root 

MUSIC showing equivalent to PM with MUSIC case with reduced computational complexity. 

The PM based closed-form solution is showing reasonably good performance with respect to 

reference methods in terms of computational load. At lower SNR, our RRQR with MUSIC based 

estimator is showing almost two decade better performance than those in [43] at same SNR. Also 

our RRQR with root-MUSIC based estimator is achieving 15 dB better performance compare to 

Least Square (LS) and Total Least Square (TLS) based approaches given in [48] at low SNR (0 -

5dB). 

 Figure 4.3 indicating the second experiment in which we maintained the same parameter 

assumptions like in the first experiment, except that the multipath gain parameters were 

exponentially decaying in nature.  Under this environment we observed that the PM method in 

conjunction with the MUSIC is still robust against random multipath. The scenario is observed 

under one thousand independent realizations. 

 In Figure 4.4, we observed algorithm behavior with respect to data acquisition at 15 dB 

SNR. As we noticed that our RRQR based root MUSIC algorithm is the optimum with respect to 

execution time here we compared only this method with the reference methods. It is an evident 

here that with ten packets or more the proposed algorithm is showing almost one decade 

improvement in normalized MSE against the reference methods. 
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Figure 4.4 Normalized MSE versus different packet acquisition at receiver. 

 

 

 

 

 

 

 

 

 

 

 

 



57 

 

CHAPTER 5 

 

SEMIBLIND MULTIUSER MIMO CHANNEL ESTIMATION USING  

NON-EIGENVECTOR BASED METHODS 

 

 

5.1  Introduction to MIMO Environment 

 In the last few years wireless services have become more and more important as demand 

for higher network capacity and performance has been increased. Multiple-Input-Multiple-

Output System (MIMO) utilizes special multiplexing by using antenna arrays to enhance the 

efficiency in the used bandwidth. Bell Laboratories® published several papers on beam forming 

related applications in 1984 and 1986 which served as a basis of this revolutionary technology. 

Concept of Spatial Multiplexing (SM) using MIMO by A. Paulraj and T. Kailath came in 1993.  

In 1996, G. Raleigh and G. J. Foschini redefine new approaches and development to MIMO 

technology, which considers various configurations where multiple transmit antennas are co-

located at one transmitter to improve the link throughput effectively. Laboratory prototype of SM 

as a principal component for MIMO was first expressed by Bell Lab in 1998. This initial 

progress for the MIMO communication leads to development of high-end wireless standards 

such as IEEE 802.11n, 802.16, 802.16e, 3GPP and 3GPP-LTE. 

 Single-Input-Single-Output (SISO) is relatively simple and cheap to implement and it has 

been used age long since the birth of radio technology.  MIMO systems provide a number of 

advantages over SISO communication. Sensitivity to fading is reduced by the spatial diversity 

with provided multiple spatial paths. Here, spectral efficiency is defined as the total number of 

information bits per second per Hertz transmitted from one array to the other. For deterministic 

channel matrix without channel knowledge at transmitter we can compare channel capacity by 

following equations. These equations justifying that SIMO capacity increases more rapidly 
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ûIJIü � log	�1 � þ�	� �B�/�P 

ûGJIü � log	 �1 � þ� � ��	
G

��� �  �B�/�P 

ûIJGü � log	 �1 � þ � ��	
4

��� �  �B�/�P 

ûGJGü � log	 {1 � þ� @�~  �B�/�P 

with number of receive antennas � compared with MISO capacity by transmitted antennas  �. It 

is clear that MIMO communication system come up with linear relationship with number of 

transmit and receive antenna.  Figure 5.1 is showing importance of special diversity with respect 

to Shannon limit. 

 

Figure 5.1 Performance of a MIMO system. 
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5.2  Space Time Block Code for Wireless Communication  

 To improve the performance of a wireless transmission system in which the channel 

quality varies drastically, researchers proposed that the receiver be provided with multiple 

received signals generated by the same underlying data. Space Time Block Coding (STBC) is a 

technique used in wireless communications to transmit multiple copies of a data stream across a 

number of antennas and to exploit the various received versions of the data to improve the 

reliability of data-transfer for single transmitter and single receiver system [8], [4]. Space Time 

Codes first proposed by [67] to improve BER in single antenna case. Later full STBC 

development is described in [8]. Block of data stream is encoded and transmitted through 

multiple antennas at different instants to have both spatial and temporal diversity.  

 To understand STBC let us consider a space-time coded communication system with �� 
transmit antennas and �� receive antennas. The transmitted data are encoded by a space-time 

encoder. At each time slot, a block of � 8 �� binary information bits  

	� �   *\��, \�	, … … \�xqÇ-7               (5.1) 

is transmitted through space time encoder. Encoder generates �� modulation symbols from the � 

transmitted information bits by � signal constellation points. The �� symbols after parallel 

conversion given by 

(� �   *���, ��	, … … ��qÇ-7             (5.2) 

where �� is restricted to number of transmitting antennas  �. Equation (5.2) is referred as ST 

symbol. It can be arraigned in matrix form as  

ß � *��, �	, … … �4- � . ��� … �4�3 5 3��qÇ … �4qÇ6                  (5.3) 
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Here ß is codeword matrix of size �� 8 �. Also rows of the matrix corresponding to data 

transmitted sequence by particular antenna and columns refer to timing slot for space time block 

code. Considering MIMO communication with �� transmit and �� receiving antenna, received 

signal vector defined as 

ª � eß � 
               (5.4) 

Here channel matrix expressed as 

e � ¹̧¹
º ��,� ��,	 … ��,qÇ�	,�3 ��,� 5 �	,qÇ3�q�,� �q�,	 … �q�,qÇ»¼

¼½           (5.5) 

where ��,� is the fading gain parameter for the path from transmit antenna V to receive antenna ï. 
Assuming perfect channel knowledge at the receiver and the transmitter has no information 

about channel. At the receiver, the decision metric is computed based on the squared Euclidian 

distance between for all possible receive sequences and the actual received sequence given by 

$=	 � � ����� S � ��,����
qÇ

��� �	q�
���                                                  �5.6��  

Given the matrix ª the Maximum Likelihood (ML) estimator decides about transmit matrix ß 
with the smallest distance given by equation (5.6).  

 A simple but most efficient STBC proposed in 1998 [68].This code can transmit two 

symbols per two antenna at different time slots; a unique full rate orthogonal block code. Figure 

5.2 indicates the BER of BPSK modulation performance of Alamouti STBC and compared it 

with un-coded communication is given under slow Rayleigh fading channel. At receiver, 

detection is done by Maximum Ratio Combining (MRC) [68].   
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Figure 5.2 BER performance of STBC in comparison with un-coded modulation 

 

5.3  Multi-User MIMO Environment 

 This problem was extended to multi-user multi-antenna environment communicates with 

single receiver [63], [64]. In radio, Multi-User MIMO (MU-MIMO) is an advanced MIMO 

technology; that exploit the availability of multiple independent radio terminals in order to 

enhance the communication capabilities of each individual terminal.  General scheme of MU-

MIMO is Space Division Multiple Access (SDMA), which allows a terminal to have 

communication to multiple users in the same band simultaneously. Perfect Channel State 

Information (CSI) assumption was made in [8]. However, perfect channel knowledge is never 

known a priori. In practice, the channel estimation procedure involves blind, semiblind methods 

or by transmitting pilot symbols that are known at the receiver. To increase spectral efficiency, it 

is desirable to limit the number of transmitted pilot symbols. In such bandwidth constraint 

environment usually a blind or semiblind channel estimation technique is preferred [51]-[54]. 
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  In this thesis we addressed the two new methods to estimate channel parameters in multi-

access multi-antenna system. Our methods are based on the well-known subspace estimation 

techniques Rank Revealing QR factorization (RRQR) [38], [39] and Propagator method (PM) 

[35]. The RRQR is a special QR factorization that is guaranteed to reveal the numerical rank of 

the matrix. This makes the RRQR factorization a useful tool many rank-deficient problems in 

numerical linear algebra. The PM method uses propagator; which is a linear operator and which 

can be easily extracted from the data set.   

 

5.4 Problem Formulation of Semiblind MIMO Channel Estimation  

 Consider multi-access multi-antenna environment with � transmitters and a single 

receiver. Assuming all the transmitters have  � antennas and receiver has � antennas. To 

simplify further we assumed all the transmitters following same Orthogonal Space Time Block 

Code (OSTBC) code. The flat block fading channel is assumed.  

 
 

Figure 5.3 The MU-MIMO System. 
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The received signal is given by  

ª � � �Y(�Ze� � ´�
���                                                             �5.7� 

where ª is the �Ù 8 �� received signal matrix, �Y(�Z is the �Ù 8 �� matrix of transmitted 

signals, (� is the �Ý 8 1� length information data vector. The channel matrix for the B-th 

transmitter and receiver is e� of size �� 8 ��. The matrix ´ is corresponding noise matrix. 

Here, Ù is the block length of OSTBC code. The elements of the Channel matrices are assumed 

to be independent complex Gaussian random variables.  The matrix �Y(�Z is OSTBC matrix as 

such elements of this matrix are function of  ��, �	 … … �  information symbols and its complex 

conjugates. By splitting real and imaginary parts matrix �Y(�Z can be written as 

�Y(�Z � ��_���<��> � p���<��>�
���                                     �5.8� 

Here, matrices _� � ��¥�� and p� � ��V¥��. Also here ¥� is the �Ý 8 1� identity matrix 

vector corresponding to Øth column and V is an imaginary unit √S1. Using equation (5.8) we can 

write as [65]. 

ª« � � 'YÐ�Z(���� � «́�
���                                                          �5.9� 

where  

«̄ � ���\<���¯�>��\<���¯�>�                                                        (5.10) 

where vec{.} is the vectorization operator stacking all column of a matrix on top of each other. 

Also,  Ð� � e����� . The vectorized form of the matrix 'YÐ�Z given by 
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'YÐ�Z �� ¬�����������, … ,����������, ����,��������… ,�����������® 
� *+�YÐ�Z  +	YÐ�Z … … +	�Ð��-                                          (5.11) 

The matrix in equation (5.11) is orthogonal matrix with column norm of £Ð�£	
. As 'YÐ�Z is 

linear in Ð� there exists 2Ý real matrices ç� , Ø � 1,2, … ,2Ý with dimensions �2�Ù 8
2���such that  

+�YÐ�Z  � ç�Ð� Ü]¾ Ø � 1,2, … ,2Ý                                        (5.12) 

here, ç� Ü]¾ Ø � 1,2, … ,2Ý is OSTBC specific and known matrix. Based on equation (5.12) we 

can rewrite equation (5.11) as 

'YÐ�Z �� *ç�Ð�  ç	Ð� … … ç	�Ð�-                                      (5.13) 

and  

��\ã'YÐ�Zä � çÐ�                                 (5.14) 

where           ç � *ç��   ç	�  … … ç	�� -�.  
 

5.5 Development of PM and RRQR based Channel Estimation 

 Consider the signal subspace of a multiuser channel estimation problem is spanned by 

ã'YÐ�Zä, B � 1,2, … � which is orthogonal to D ; the noise subspace [15]-[20]. That implies 

'gYÐ�ZD � a      B � 1,2, … … �                              (5.15) 

where D of size 2�Ù 8 �2�Ù S 2Ý��. The generalized MUSIC spectrum is defined as  

�GHIJK � 1{£'gYÐ�ZD£	  ~                                                      �5.16� 
The noise subspace D was extracted by singular value decomposition (SVD) of the covariance 

matrix in [53]. The 2�Ù 8 2�Ù covariance matrix formulated from the received data as   
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9���:�  D<ª«ª«7>                           (5.17) 

Following similar steps as suggested in [53], we can simplify MUSIC search using equation 

(5.14) and equation (5.16)  

�GHIJK � 1�¾ã'7YÐ�ZDD7'YÐ�Zä 
� 1��\ã�YÐ�Zä���	��DD7���\<�YÐ�Z> 

� 1 !�ç���	��DD7�çÐ� 

Above equation tell us that channel vectors are belongs to the subspace spanned by the �� minor 

eigenvectors of the matrix ° � ç���	��DD7�ç. Now, we can estimate the channel vector Ð��as  

Ð�� � � Ò��"À���
���                                                             �5.18� 

where "À�, Ø � 1,2, … �� are the eigenvectors of matrix °. Here L is the OSTBC specific 

parameter (mostly 1 for diverse OSTBCs). Using LS based procedure developed in [53] one can 

easily extract parameter Ò with least square (LS) method as  

Ò� � *Ò�,�  Ò�,� … … Ò��,� - 
here  E � *E�7  E	7 … … E�7-7, we can estimate E as 

E� � �#$#���#$%                                        (5.19) 

where 

# � *&��1� &��2� …&��Jt�-�, 
 &�)� � *&��n� …&*+�n�-,  

and                           &��n� � *��"À��,��n��������  ��"À��,	�n��������  …  ��"À��,+�n��������-. 
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5.5.1   MU-MIMO Channel Estimation Using RRQR Factorization Method 

 Applying QR factorization to the covariance matrix in equation (5.17), it can be 

expressed as product of a unitary matrix and rank-revealing upper triangular matrix as   

9��� � �9 � � �9�� 9�	a 9		�     (5.20) 

Here 9�� is �2Ý� 8 2Ý�� upper triangular full rank matrix. Since 9		 has small norm we can 

easily extract the basis of the noise space form matrix 9� � *9�� 9�	-. Here the matrix 9�  is 

defined as the null space of 9���. Clearly, any vector belongs to null space should satisfy 

9�� � *9�� 9�	- ����	� � a      (5.21) 

so that 9���� � S9�	�	. Since 9�� is an invertible matrix,  �� can be written in terms of �	 as 
�� � S9����9�	�	. Then � can be written as  

� � ����	� � �S9����9�	?����� � �	 � D�	     (5.22) 

So, 9�D � a. It can be observed here is that the columns of the basis of the null space D are not 

orthonormal. To satisfy orthonormality we use orthogonal projection onto this subspace in order 

to improve the performance by making the basis of null space of D orthonormal. 

D� � D�D=D���D=     (5.23) 

Using equation (5.23) in equation (5.16) and following procedure in [53] we can easily extract 

the channel state information. 

  

5.5.2  MU-MIMO Channel Estimation Using PM method 

 Partitioning 9��� into two sub-matrices 9����  and 9���	  with dimensions 2Ý� 8 2�Ù and 

�2�Ù S 2Ý�� 8 2�Ù respectively. We defined a propagator matrix P satisfying the following 

condition 
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                      b=9����  = 9���	                                  (5.24) 

and the dimensions of the matrix b= are �2�Ù S 2Ý�� 8 2Ý�. The Propagator matrix b�  can be 

estimated by  

b� � arg  min n9���	 S b=9���� n 	 
� �9���� 9����= ���9���� 9���	=                             (5.25) 

Matrix D can be defined as 

D � �b=S?�                            (5.26) 

where I is the  identity  matrix of size �2�Ù S 2Ý��. Clearly,  

D=9��� � b=9���� S 9���	 � a                        (5.27) 

 In a noisy channel, the basis matrix D is not orthonormal. By introducing an orthogonal 

projection matrix D� which represents the noise subspace we have  D�9��� � a, where D� is the 

same as equation (5.23). Using equation (5.27) in equation (5.16) and following procedure in 

[53] we can easily extract the channel state information. 

 

5.6  Simulational Analysis of Proposed Methods 

 Extensive computer simulations were done to validate our proposed method.  We 

considered OSTBC of ¾ rate (K=3, T=4). Although there are several OSTBC code exists, we 

used OSTBC code correspond to solve uneven power distribution through multiple antennas 

[69].  The ¾ rate OSTBC code matrix given by 

_Ñ,   �/Ñ � � �� �	S�	  © ��© �� 00  ��S��© 00 S��© ��© S�	�	© ��
� 
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 A multi-access scenario considered with Two users (P = 2) with N = 4 transmit antennas 

communicate with single receiver with M = 4 receive antennas. Also in our simulations we 

consider one of the transmitters is stronger than the other one. This can be easily accomplished 

by considering noise power associated in channel matrix e�. In simulation this can be done by 

considering signal to noise ratio of B-th user as %�	 %	⁄  where %�	 is the variance of channel 

matrix e� while %	 is the noise power. The SNR of one the user is assumed to be stronger than 

the other by 2.5dB. Assuming J = 300 block of data available at receiver to construct data 

covariance matrix and only Jt = 5 information blocks are known at receiver to estimate CSI. We 

simulated each scenario for the MC=1000 independent channel realizations. The root mean 

square error (RMSE) for B-th user defined as  

��Ã;� � 1��� �-./� �Ð��V� S Ð���V��		G4
��� 01

GK
q��                                       �5.28� 

 Figure 5.4 is indicating the performance of the proposed estimators with respect to LS 

method for the stronger transmitter. Our PM based channel estimator is showing approximately 

10 dB better performance with respect to LS [53]. Also RRQR based algorithm is showing 

intermediate performance between LS and PM with approximately 5.5 dB better than LS. 

Similar behavior of our algorithms can be seen with respect to reference method in Figure 5.5 for 

the weak transmitter case. Here the efficiency of the proposed methods is apparently larger. We 

considered the power gain difference between the two transmitters is 2.5 dB. The gap between 

proposed RRQR and PM method to reference LS based method [53] expanded to approximately 

10 dB and 15 dB respectively.  



 

Figure 5.4 Normali

 

Figure 5.5 Normal
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CHAPTER 6 

 

CONCLUSION 

 

 In this dissertation, the importance of non-eigenvector based method such as PM method 

and RRQR method in the field of parameter estimation is illustrated. The performance of these 

methods is evaluated by means of efficiently utilizing it in various existing communication 

system models. These methods are directly applied on spectral data matrix or covariance matrix. 

The parameter estimation using PM based approach leading to lower computational complexity. 

The performance of the PM method is degraded at lower SNR; as such it shows lower AWGN 

immunity as a linear operator. This shortcoming of PM method can be easily overcome by using 

triangular factorization techniques such as LU and RRQR factorization. Moreover, non-

eigenvector based methods are showing less computational complexity compared with peer 

eigenvector based methods. For example, PM method is coming with second order 

computational load of the spectral data matrix dimension; while most eigenvector based methods 

are in third order.   

 Proposed techniques are utilized for the multipath delay estimation of frequency hopping 

system. We compared its relative performance with respect to various existing methods. The PM 

method and RRQR factorization with the MUSIC search is showing outstanding performance, 

especially at lower SNRs, while the closed-form structure is demonstrating a reasonable good 

performance with existing reference algorithms based on LS-ESPRIT or TLS-ESPRIT. These 

methods are used to estimate channel parameters in multi-access multi-antenna system. The 

RRQR and PM based subspace estimation methods are used to construct the null-space of signal 

covariance matrix while the structural behavior of OSTBC is used to explore the null-space for 

CSI.   The CSI estimation with the proposed methods is demonstrating an improvement of 
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approximately 7dB SNR compared with LS based method.  The behavior of these methods is 

also evaluated in joint parameter estimation problem. The joint time delay and frequencies 

estimation of sinusoidal signals received at two separated sensors is studied applying the PM and 

RRQR based non-eigenvector method. The frequencies are estimated using the received data 

matrix under AWGN environment. The frequency estimator shows outstanding performance 

(about 15 dB improvement in SNR) compared with the state-space realization [43]. The time 

delay estimator is showing exceptionally well performance in computational complexity with a 

tradeoff of 6 dB degradation in MSE with the reference method [43]. 
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