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CHAPTER I 

THE INTEGERS 

Number theory is chiefly a study of the natural numbers, 

or integers 

1, 2, 3, • . . • 

These form the most fundamental and the most commonly known 

set of numbers. Their origin was a result of the need for 

counting. O~ten, one can hear a very small child at play 

counting his marbles or the buttons on his shirt. He can 

count up to two or three of them, and any more than t~at is 

denoted by "many" or some such term. Earlier he was able to 

distinguish only the difference between one marble and more 

than one marble. Later he will feel a need for counting his 

entire collection. 

This is probably very much the manner in which counting 

was developed in the first place. - The very early man had 

reason to diffel'entiate between one, two, or maybe even three 

objects, but he had no need to ·count higher than that. As 

civilization progressed, however, the need for a more elab

orate counting system became greater. The sheep herder had 

to keep track of his sheep. If he had "many" sheep, and he 

lost one, his profits could slip away unnoticed without too 

much trouble. He probably kept a sort 9f a tally, as described 

in the following: As the sheep passed· through the gate, the 

shepherd put down a white pebble for each one. Later, Just 

as one groups tally marks into sets of five in order to 

facilitate counting, he learned to replace each five white 

l 
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pebbles with a · lack pebble. Further still, each five black 

pebbles were replaced with one flat one, and so on. When all 

the sheep had gone by, and he saw that he had three flat peb

bles, four black pebbles, and two plain ones, it was much 

easier for him to compare these nine stones with those that 

he had had the day befor~ than it would have been to count 

3 X 52 + 4 X 5l + l X 50 

or ninety-six plain pebbles. 

Although the qu1nary number system (this system of re

placing each five units with a single one, or of expressing a 

number as a sum of powers of five) never did reach _a very 

high level of development in any culture, the preceding de

scription does give an idea, although obviously simplified, 

of the way in which our present number system came about. 

Numbers are usually expressed as sums of powers of ten. 

Instead of expressing ninety-six as 

3 X 52 + 4 X 51 ~ l X 50 

,one ealls it. 

9 X 101 + 6 X 10°, 

or, more simply, 

96. 

Thus, the number 916 is 

9 X· 102 + 1 X 101 + 6 X 10°. 

The number 34,792 is a simplified way of writing 

3 X 104 + 4 X 10~ ♦ 7 X 102 + g X 101 + 2 X lOO 

In general, any integer N can be · expressed as the sum of

powers of an integer d > 1, 
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N = andn +/ a dn-l + · a dn-2 + ••• + a 2d2 1- a d1 + a do n-1 n~2 1 0 
where dis called the base of the number system, and the a1•s 

are coefficients which are smaller than d. · The most common 

number system is the decimal or decadie number system, in 

whioh d equals ten. This has come into great use, not be

cause it is a partieularly good system, but for the simple 

reason that people have ten fingers, and fingers present them

selves as handy ogjects to be used in counting. Hereafter, 

the base ten will be assumed unless otherwise specified. In 

ancient Babylon and Greece a system was used in which sixty 

was the base. This system is found now in the measurement 

of angles by degrees. The Mayans used a base twenty, probably 

originating from the use of all the fingers and toes in 

counting. Traces of this system are found in the Biblical 

s·core and in the French gu.atre-vingt for eighty. 

If one is to look at these natural numbers in a modern 

light, they can be described as a set which has th~ follow

·ing basic properties, called Peano' s postulates: 

I. 1 is a natural number. 

II. Every natural number a has a definite successor 

(consequent) a+ in the set of natural numbers. 

III. One always has 

a+ 'I- . 1. 

i.e. there is no natural number with 1 as a 

suecessor. 

IV. If a+ : b+ , then a : · b • . 

i.e. for every natural number there exists no 
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natuPal number, •Or exactly one natural number, 

with the former as successor. 

v. A set of natural numbers which contains the number 

one and which contains the successor a~ of every 

number a in the set, contains all natural numbers.1 

The operations of "plus" and 0 times" are then defined for the 

set of natural numbers. All theorems on the integers and 

operations with them follow from these postulates and the 

definitions of the operations. The familiar induction proof, 

used so often in mathematics, is based on postulate v. 
An important theorem which will be used later is the 

following: 

Theorem 1.1: Every non-empty set of distinct natural 

numbers contains a least number, 1. e. a number which · 

is lees than all other numbers of the set. 2 

In the succeeding chapters those topics in number theory 

which held the interest of the mathematicians. of old are 

,stressed. ~o attempt is made to give an exhaustiv'e treat

ment of any one topic, but on each topic some of the history, 

theorems, and unsolved problems of greatest interest to the , 

writer are included. Numerical examples illustrating the 

theorems are often given. 

In Chapter II elementary prepertie~ and theorems in

volving division are given. Different number systems are 

discussed. Euclid1 s algorism is explained. Those properties 

1B. ~- Van Der Waerden, Modern Algebra, p. 4. 

2I-bid. p. 6 
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of least common .. ,fnul tiple and greatest common divisor which 

follow from Euclid's algoriem are given. 

One of the most fascinating topics to the writer, the 

prime numbers, 1s discussed in Chapter III. The prime fac

torization theorem, Fermat's and Euler's methods of obtain- · 

ing a prime factorization of any number, and the distribu

tion of the primes are the topics discussed. 

In Chapter IV the divisors of a number are studied. 

Theorems involving perfect and amicable numbers are given. 

Further study of least common multiple and greatest common 

divisor is made, using the prime factorization theorem. 

Euler's ¢-function 1s defined and some properties of this 

function are given. Enough of the theory of congruences 

is introduced at this point to serve the needs of this 

thesis. Euler's theorem is then proved using the congru

ence notation. 

In Chapter Va linear Diophantine equation is solved 

using three _methods, thus giving a contrast between old and 

new methods of solution. No general treatment of Diophantine 

equations 1s attempted. In conclusion, Fermat's famous "last 

theorem" is discussed. 
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CHAPTER II 

PROPERTIES INVOLVING DIVISION AND EUCLID 1 S ALGORISM 

As was explained in the firs~ chapter, the integers were 

developed as the counting nwnbers. It was not long after 

their beginning, however, when people began to see that there 

were intriguing relationships among the numbers themselves. 

It was an increasing interest in these properties which led 

to the study of the theory of numbers. Many discoveries 

have been made by those who believed that certain numerical 

relationships had mystical significance. As a matter of' 

fact, the Pythagorean school was based partly upon such be

liefs. 

One of the most basic and also one of the most far

reaching properties is contained in the following theorem, 

wll,ere zero is added to the set of integers: 

Theorem 2.1: For any numbers a and b, b ~ O, there_ 

exist two numbers rand q such that 

a = bq + r , O !i r < b 

Proof: Consider the set of numbers a - bq. By 

theorem 1.1, this set contains a smallest number. 

Denote this smallest number by r. Then 

a = bq + r. 

Now O i r < b, for if r ~ b, there exists au such 

that r = b + u and 

a = bq + b + u 

u : a - b(q +l) 

But u belongs to the set a - bq and is smaller than u, 
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which contradicts t ·heorem 1.1. Hence, O ~ r < b. 

At times, this relationship may be stated more conveniently as 

a : bq + s , -b/2 <. s ~ b/2 

wheres is called the least absolute remainder. As an example 

of the first form, one can express the number 27, when divided 

by 7, this way: 

27:7X3+6 

where a : 2?, b = 7, and r = 6. Using the least absolute 

remainder, 

27:7X4-l, 

in which a= 27, b = 7, ands= -1. 

Since all even numbers are those whioh can be expressed 

in the form 2q, and all odd numbers are those which can be 

written in the form 2q + 1, the following can be proved: 

Theorem 2.2: The square of an even number is of the 

form 4 k, and the square of an odd number is of the 

form 4k + 1, where k is an integer. 

Proof: If n is even, 

n2 = (2q) 2 = 4q2 = 4k. 

If -n is odd, 

. n 2 
::a ( 2 q + 1) 2 = 4 ( q2 + q) + l = 4k + 1. 

Example: 

? 2 = 49: 4 X 12 + 1, 

In the succeeding paragraphs a few more proofs of theorems 

which involve the property of division stated in theorem 2.1 

will be observed. 
.. 

An interesting and somewhat useful bit of information 
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is found in the .. following: . 

Theorem 2.3: A necessary condition that a number be a 

perfect square is that the last digit of the number be -

o, 1, 4, 5, s, · or 9. 

Proof: Since any number a may be expressed as 

10 q + r , O ~ r < 10 , 

a 2 =-(10 q + r) 2 = 100 q2 + 20 rq + r 2 

: 10(10q2 • 2rq) ... , r 2 :s 10 p + r2 • 

If O ~ r < 10, then r 2 takes only the values 

o, 1, 4, 9, 16, 25, 36, 49, 64, 81. 

Hence, 10 p + r 2 has as a last digit 

O, 1, 4, 6, 6, or 9. 

It follows immediately from the theorem that no perfect 

square ends in 2, 3, 7, or 8. 

Similarly, one eould prove: 

Theorem 2.4: The last digit of the fourth power of. any 

natural number 1s either O, 1, 5, or 6. 

Theorem 2.5: A perfect eube may have any one ' of the ten 

digits for its last digit. 

From theorem 2.1, any number a can be expressed as 

a~ 3q + s, wheres= t1 or o. Hence any number which is 

not divisible by three .is of the form- 3q ±. 1. Thie makes 

possible a proof of the following theorem! 

Theorem 2.5: The square of a number not divisible by 

2 or 3 is of the form 12n + 1. 

Proof: Since all numbers not divisible by 3 can be 

expressed as 
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m = 3q ± 1 , 

m2 - (3q ± 1) 2 ::: 9q2 t 6q • 1 - 3(3q2 ! 2q) + 1 - -
- 3p ... 1. (1) -

Since m is not -divisible by 2, 

2 - (2k + 1) 2 = 4(k
2 

+ k) + 1 m -
: 4t + 1 

Equating the values of m2 in (1) and (2), 

3p • 1 :: 4t ... 1 

3p::: 4t 

( 2) 

(3) 

Since the right-hand aide of (3) is divisible by 4, 

the left-hand side is, also. Since 4 and 3 have no 

common factor, pis divisible by 4, so -that p = 4n. 

Then, substituting this value in (1), 

m2 = 3(4n) ... 1 

m2 = 12n + 1 

Example: 

7 2 : 49: 12 X 4 + 1 

In Chapter I mention was made of the different number 

systems. Instead of writing a number in the decadic system as 
n n-1 1 . O anlO + a

0
_ 110 + • • • + a110 + a010 , 

1 = O, 1, 2, •.• , n 

it is common practice to use the abbreviated form 

anan-1 ··.al ao • 

In order to extend this abbreviation to use in any number 

syst~m, one can denote the base of the system with a sub

script, as follows: 

(anan-1· •• alaO)b :. -anbn ·+ 8n-lbn-l + ••• 
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For example, 

4 X 74 + 3 X 73 + 6 X 72 
·+ 1 X 71 

+ 3 X 70 = (43613) 7 • 

The question arises as to how a number can be changed 

from one system to another. In other words, if N is ex

pressed in a system with the base ·d, how can one find co

efficients 

an, 8n-1, • · ·, ao 
such that N can be exp~essed as 

N - a bn ~ a bn-l + + b1 bo - n ~ n-1 · ··• al + ao 
with baa a base? This task may be accomplished with a 

series of divisions. If one divides N by the desired base 

b, he has 

N = bQ1 + a0 

where 

· bn-1 bn-2 1 
·Q,1 = an + 8n-l . + • • • a2 b ... al ' 

and a0 1s the remainder. Now, if Q1 is divided by b, with 

the quotient equal to ~, Q1 may be written 

Qi = ~~2 + al ' 

where a1 is the remainder. 

Next, ~ is divided by b, and a2 is the remainder, and so on, 

until all the remainders 

are f.ound. 

As an example, let the number 

(3746)10 

be expressed in the quinary system. 



3746 = 5(749) + 1 

749 - 5(149) ... ! -· 
149 = 5(29) +! 

29 = 5(5) + 4 

5 • 5(1) · • Q. 

1 = 5(0) •! 
(3746)10 = (104441)5 

As a check, 

11 

55 + 4 X 53 + 4 X 5
2 

+ 4 X 5 • l 

: 3125 + 4(125 • 26 + 5) + 1 

= 3125 + 4(155) + 1 

: 3746 

Of special interest is the dyadic or binary number 

system, in which the base is 2. The possibility o:f express-

1-ng a number in this system makes workable what is possibly 

the oldest systematic method of multiplication. This method 

of muit1pl1eat1on, which has been called Russian multiplica

tion because of 1 ts use among the Russian peasants, was used · 

as far back as early Egyptian times. Its great advantage 

11es 1n the lack of necessity for learning the multiplication 

tables. · It is necessary only to be able to halve and to 

double and add numbers. As an illustration of this method, 

the product 43 X 28 is . considered on the next page. The 

first column is started with the factor 28. Each succeeding 

number is half of the one above it, disregarding any remain

ders. The second column is begun with the factor 43, and 

each ,succeeding factor 1s double the one above it. 
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28 ~t, · 

14 ;,i 
7 172 

3 344 

1 ...§fil! 

1204 

In the second column each entry which is opposite an even 

number in the first column is struck out, and the remaining 

entries of the second column are added together. The sum is 

1204, which is the product of 28 and 43. The proof for the 

method is clear when one inspects the product with 28 changed 

to its binary form. 

28 X 43 = (22 
+ 23 + 24)(43) 

The dyadic number system is also serving a tremendously 

important purpose in modern electronic oomputors. The reason 

for this is that any number which is reduced to this sy·stem 

involves only the two digits 1 and o. This makes possible 

the use· of an open circuit to stand for one digit and a 

closed circuit to represent the other. 

In .the seventh book of Euclid's Elements (written about 

300 B. c.) the following procedure is found • . (Although the 

procedure is of earlier origin, it is known as Euclid's al

gorism.) The algorism is this: Divide a number a by b, ob

taining a quotient q1 and a remainder r
1

~ Then divide b by 

r 1 , obtaining a quotient q2, and a remainder r 2• Then di

vide r 1 by r 2, and so on, until rntl = O 1s reached. 
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a - qlb • rl 0 ~ rl < b - , 

b - q2r1 • r.2 0 ~ ~2 4 rl - , 

rl = q3r2 • r3 0 !; r3 < r2 , 

. • . . • · • . , • • • 

rn-3 = qn-lrn-2 • rn-J. , 0~ r 1 < r 
n-2 n-

rn-2 = qnrn-1 + r n , 0 ~ rn < rn-1 

rn-1 = qn+lrn + rn+·l , rn+l = O 

Before continuing, it will be necessary to define two 

terms. If there exists a relationship among integers N, a, 

and b such that N: ab, then a and bare said to be divi

sors or factors of N. A common divisor of two integers C 

and Dis a number which is a divisor of both C and D. The 

greatest common divisor of C and Dis the largest of their 

common divisors. The abbreviation g. o. d. will be used 

to denote greatest common divisor. 

Theorem 2.s: The nth remainder, r 0 , of Euclid's 

algorism is the greatest common divisor of a and b. 

Proof: If -it can be shown that rn contains all the 

divisors common to a and band also that rn is itself 

a common divisor of a and b, then r 0 must be the 

greatest common divisor of a and b. The first con

dition is proved by seei~g that all common divisors 

of a and bare divisors of the first two terms in the 

first equation of the algorism, so they must also b~ 

contained as factors in the third term r 1 • This 

makes· them divisors of the first two terms in the 

second equation, and, consequently, of the third 
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term, r
2

• By continuing through the first n equa

tions, it is seen that all divisors common to a and b 

are contained in rn. Now then, since rn is a factor 

of the right-hand side of the last equation, it is 

also a factor of the left-hand side, which is rn-1• 

This makes rn a factor of both the last two terms of 

the next to the last equation, apd, · therefore, a 

factor of the first term r 
2

• This same argument n-
is continued up through the second equation, where 

it is seen to be a factor of b, and then. through the 

first equation where it is seen to be a factor of a, 

also. The remainder r
0 

is the g. c. d. of a and b. 

Euclid's algorism can be used to find the greatest com

mon divisor of two polynomials as well as . that of two inte

gers. 

A number bis said to be relatively prime to a if b- and a 

have no common factor other than Zl. Euclid's algorism can 

be used to prove the division lemma, which follows. 

Division Lemma: When a product ac is divisible by a 

number b that is relatively prime to a, the factor c 

must be divisible by b. 

Proof: If the greatest common divisor of a and b 

is 1, then rn of the algorism is_ 1. If one multi

plies every term in the algorism by c, he has: 

ac =- q1bc .- r 1c 

be= q2r 1c +- r 2c 
• • • • • 
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Since bis a divisor of ac and of q1bc in the first 

equation, it ie also a divisor of r 1c. Since bis a 

divisor. of r 1c and bo in the second equation, it is 

also a divisor of r 2c. This line of reasoning may 

be carried through to the last equation, where, be

cause b 1s a factor of rn_2c and rn_1c, it is also 

a factor of c. The lemma is proved. 

Following are some more theorems which can be proved 

using Euclid's algorism: 

Theorem 2.7: When a number is relatively prime to each 

of several numbers, it is relatively prime to their 

product. 3 

Theorem 2.8: The g. c. d. of ma and mb is equal to 

·m times the g. c. d. of a and b, 1. e. 

(ma, mb) = m(a, b) , 

where (a, b) denotes the g. c. d. of a and b. 4 

Example: 

(3 X_S, 3 X 8): (18, 24): 6 = 3 X 2: 3(6, 8) 

Theorem 2.9: If (a, b) = d, and a= a1 d, and b = b1d, 

then a1 and b1 are relatively prime. 

Proof: 

d: (a,b) 

d = (da1, db1 ) 

d = d(a1 , b1 ) 

1: (a1 , b1 ) 

(by theorem 2.8) 

3 J. Uspensky and M. Heaslet, Elementary Number ~heory, p. 32 
4 ' 
Ibid. p. 29. 
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Along with 1the greatest common divisor, the least common 

multiple of two -numbers a and b should be discussed. A com

mon multiple of a and bis a number which contains both a and 

b- as divisors. The smallest number which is a common multiple 

of a and bis called their least common multiple, hereafter 

referred to by [a, b]. 

Theorem 2.10: [a, b] = ab/d, where d = (a, b). 

Proof: If d = (a, b), then a and b may be written as 

a= a1d 

b :. b1d 

Let m be any common multiple of a and b. Then mis 

some multiple h of a. From the preceding equation, 

ha: ha1d. 

m:ha
1
d. 

The number mis a multiple also of b = b1d. From 

theorem 2.9, b1 is relatively prime to a 1 ; hence,- b1 

must be a divisor of h, and h = kb1 • . Then 

m ~ ha1 d = ka1b1d = k(-a1db1d)/d = k(ab/d) 

The least common multiple of a and b would be that 

for which k = 1, or 

(a, b] : ab/d 

Example: 

[18, 24]: 72 = 18 X 24/6 = 18 X_24/(18, 24) 

There are properties of least common multiples which 

are analogous to those of greatest common divisors. For 

instance, the following theorem is similar to theorem 2.8. 

Theorem 2.11: [ma, mb]: m[a, b] 
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Proof: By theorem 2.10, 

[ma, mb] = (ma)(mb)/(ma, mb) 

= m2ab/m(a, b) 

- m(ab)/ (a, b) 

· [ma, mb] - m[a, b] -
Example: 

[3 x s, 3 x a] = [1a, 24] = 72 = 3 x 24 = 3[6, a] 
In order to find the least common multiple or the 

greatest common divisor of more than two numbers, it is 

found for two of the numbers, and then this value is paired 

with a third, etc., 1. e. 

(a, b, c) : , ( (a, b), c) 

[a, b, c] = [ [a, b J , c] 

Example: 

[ 3, 4, 8] =- [ [ 3, 4] , 8] = [ 12, 8] : 24 



CHAPTER III 

PRIME NUMBERS 

An integer p ::> l is called a prime if it has no integral 

divisors other than i:p and ±1. A number which is not ·a prime 

is said to be composite. Four lemmas will be stated here 

with proof, so that they may be used in proving the prime 

factori~ation theorem. These lemmas, as well as the idea of 

prime factorization, can be found in Books VII and IX of 

Euclid's Elements. 

Lemma 3-1: A prime pis either relatively prime to a 

number Nor it divides it. 

Proof: By definition, the only positive divisors of 

pare 1 and p, so that the only possible divisors that 

it could have in common with N are land p. 

Lemma 3-2: A product is divisible by a prime p only 

when p divides one of the factors. 

Proof: When ab is divisible by p, and one of these 

factors is not divisible by p, pis relatively prime 

to that factor, and according to the division lemma 

must divide the other one. This same argument can 

be extended to a product of more than two factors. 

Lemma 3-3: A product q1 ••• qr of· prime factors qi is 

divisible by a prime p only when p ~s equal to one of 

the q1•s. 
Proof: By lemma 3-2, p must divide some prime qi, 

and since p > 1, p must equal. q1• 

Lemma 3-4: Every number N > 1 is divisible by some 

18 



prime. 

Pr.oof: If N is prime, this is evident. When N is 

composite-, it can be factored into N = ab where a > 1. 

The smallest divisor a will have to be prime. 

Following 1s the prime factorization theorem: 

Theorem 3.1: Every composite numper can be expressed 

as the product of a unique set of prime factors. 

Proof: There are two steps in the proof of this 

theorem. The first .step is to prove that every com

posite can be factored into prime factors. The 

second one is to show that these prime factors are 

the only prime factors contained in the number. 

Ac·cording to lemma 3-4, a composite number N has a 

prime factor p, sueh that N = p1N1 • If N1 is prime, 

N is factored into primes. If N1 ls composite, it 

has a prime factor p2 such tbat N1 = p2N2 • This 

process can be continued a finite number of times 

with the decreasing numbers N
1

, N
2

, N
3

, ••• until 

some Nk becomes a prime. Therefore, N can be fac

tored into primes. Now, let it be assumed that 

there are two different prime factorizations 

N : P1P2• • •Pk : ql Cl2•. • qm • 

Each pi divides the product of qJ' s, and each qj 

divides the product of pi' s, so by lemma 3-~, each 

pi is equal to some qJ, and each qj is equal to some 

Pi• This shows that both products contain the same 

primes, so . that the prime factorization of N is unique. 
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The prime factorization of a small number N 1s accom

plished most easily by testing each of the prime numbers 

which are smaller than or equal to 1'N to see if it is a 

divisor. It is necessary to test only those primes which 

are leas than or equal to 1/fi, because if N = ab, and b > W, 

a must be smaller than ff: Thus, when the factor a is found, 

b is determined merely by- dividing N by a. Any remaining 

prime factors are those contained 1n b. 

For example, in factoring 90, it is necessary to try 

only the prime numbers which are less than 10, since 

9 < 1'ifc5" < 10. 

Trying first the smallest prime number 2, it is found to be a 

factor of 90, so that 

go: 2 X 45. 

Slnoe any other prime factor is contained in 45, and 

S<'V45<7, 

the only primes left to be tried are 2, 3, and 5. The number 

2 is not a q.ivisor of 45, but 3 and 5 are. The prime factor

ization of 90 is seen to be 

90: 2 X 3 2 X 5. 

When factoring a large number, the method described in 

the preceding paragraph can become exceedingly long and 

tedious. Two methods which are sometime.a quite helpful in 

:finding the factor1~ation of a particular number will now 

be discussed. The first was developed by Pierre de Fermat 

in about 1643. 

, Fermat's method is based upon the well-known factorization 
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of the difference of two squares. If a number N can be ex

pressed as the difference of two squares, there is the factor

ization 
2 2 · 

N = x - y = (x + y) (x - y). 

Before considering Fermat's method, the following 

theorem on which it is based will be proved: 

Theorem 3.2: Any odd composite number N may be expressed 

in the form 

N = x2 - y2 • 

Proof: If N = ab 1s an odd composite nwnber, then 

a and b must both be odd, for if either a orb were 

even, N would be even. If a and bare odd, a• b 

and a - bare even. Let 

X : (a + b)/2 , 

y : (a - b)/2 • 

Then, adding and subtracting these two equations, · 

a .~x+y, 

b:x-y, 

and 

N: ab= (x + y)(x - y) = x2 - y 2 • 

Fermat's method proceeds .as in the following: Start

ing •with any number M remove all powers of 2. This gives 

M = 2~ where N is odd. From theorem 3.1, there exist an 

x and a y such that 

N = x2 - y2 = (x + y)(x - y). · 

Rearranging the terms, this equation may be written · 

.x2: N + y2 • 
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It is now seen that x2 ZN, · or .x. J,. 'Vif. The equation may 

also be written aa follows: 

y2 = x2 -N 

If the difference x2 - N 1s denoted by F(x), the procedure 

consists in substituting successive valu_es of x 1>W and ex

amining the corresponding F(x) to see if it is a pe.rfect 

square y 2 • 

A- simple example of Fermat's method of factorization 

might be applied to the number N = 8,927. Since 

94 < ·1'8927 <. 95 
' 

the first number tried for x in 

F(x) = x 2 - 8927 

1a Q5. 

F(95): 95
2 

- 8927 ~ 98 

Since 98 is not a perfect square, ·x : 96 will be tried. 

F(96): 962 - 8927 =· 289: 17? 

Therefore, 

N: (96 _- 17)(96 + 17);. 79· X 113, 

both of which factors are prime. 

Fermat's method may be simplified by noting that 

( x + 1) 2 - N : ~2 - N ... ( 2x + 1) • 

Thus, each F(x) can be obtained by adding one plus twice 

the preceding value of x. In the problem of the preceding 

paragraph, the computed value of F(95) was 

F(95) ~ 98 

2(95) + 1 : 191 

Adding, F(96): 289: 172 
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The other factorization method which will be mentioned 

here is Euler's method. Leonhard Euler was not its dis

coverer, but he seems to have been the first to put it to 

extensive use. Euler's factorization method may be appiied 

to any number N which can be expressed as the sum of the 

squares of each of two different pairs of numbers, 1. e. 

N : a2 ♦ b 2 = c2 + d2 

The following theorem gives a necessary condition for a 

number to be factored by Euler's method: 

Theorem 3.3: Any odd number N which can be expresse-d 

as N : a.2 • b2 must be of the form N = 4M + 1. 

Proof: Since N is odd, either a orb must be odd 

and the other even. The same situation is true for 

c and d. Therefore, a and c will be assumed to be 

odd, and band d even. By theorem 2.2, a 2 is of the 

form 4k + 1, and b2 is of the form 4p, so that in 

orqer for N to be the sum of two squares, it must be 

of the form 

N : 4p + l • 4q : 4M + l 

The condition in theorem. 3.3 is not sufficient, as may be 

seen by inspecting 21: 4 X 5 + 1. 

then 

A·ssuming N to be of the form 

N : a2 + b2 • c2 + d2 

a2 - c2: a2 - b2 

(a - c)(a + c)::. (d - b)(d + b) 

Let~· the g. c. d. · of (a -c) and (d - b) be denoted by k. 

(1) 



·a-c=kp d- b . : km . , (p, m) = 1 ( 2) 

Since a and c are both even, and b and d are both ·o.dd, 

(a ± c) and (d ± b) are both even, s_o that k is even also. 

Substituting (2) into (1) and canceling k gives the 

result: 

p(a + c) = m(d + b) 

Since (p, m) = 1, a+ c must be divisible by m. 

a+c:mn 

Substituting this value into (3) and canceling the m·, 

d + b = pn 

The two expressions (4) and (6) show that the g. c. d. of 

a~ c and d ~ b 1s n; therefore, n is even. 

(3) 

(4) 

(5) 

Following is the derivation of a formula which gives 

factors of N expressed in terms of the numbers k, · p, m, and n: 

4N : 2N + 2N 

= 2a2 + 2b2 + 2c2 + 2d2 

= (d - b) 2 · +(a - c) 2 +(a+ c) 2 + 

: (~) 2 ~ (kp)
2 

+ {mn)~ + (pn) 2 

= m2(k2 + n2) + p2(k2 + n2) 

4N : (k
2 ~ n2

) (m
2 

+ p 2
) 

N = '[(k/2) 2 + (n/2) 2J(m2 + p 2) 

2 (d :ta b) 

As an e_xample, Euler• s factorization method will be 

applied to the number N ~ 19,109. The first task is to 

find two representations of N as the sum of two squares 

N : x2 + y2 • 

If this equation is rewritten as 

P(x) = N ~ x 2 = y2 , 

3-6 
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various values of x may be ·tried in an attempt to find a 

value of P(x) that is a perfect square y 2 • . A table of 

squares aids immensely in this work. The work involved may 

be shortened by remembering that 

P(x -1): N - (x - 1) 2 = (N - x2 ) + (2x - 1). 

By trial and error, P(l30) is found to .be a perfect square. 

P(l30): 19,109 · - (130)
2

: 2,209: (4?) 2 · 

Therefore, 

N2 : a2 + b 2 : 1302 + 4?~ 

To find c and d, further values of P(x) are investigated. 

P(l30): 2209 

2(130) ~ l: ~ 

P(l29): 2468 

2(129) - 1: _g§1_ 

P(l28): 2725 

2(128) - 1: ~ 

P(l-2?): 2980 

2(12?) ~ 1 = ~ 
P(l26): 3233 

2(126) - 1 : 251 

P(l25): 3484 

2(125) - 1 : 249 

P(l24): 3733 

2(124) - l : _?£ 

P(l23): 3980 

2(123) - l: ~ 

P(l22): 4225: 652 
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The second pair of numbers -is 

C : 122, d: 65 

Using the values found for a, b, c, and d, the following 

values are now computed: 

a - 130 a - C - 8 k = (a - c, d - b) - 2 - - -
b - 47 a+ C - 262 n = (a ... c, d + b) = 28 - -
C - 122 d - b - 18 p - (a - c)/k - 4 - - - -
d: 65 d ... b - 112 m = (d - b)/k - g - -

Substituting these values of k, p, m, and n into equation 

(3-6), one has 

N : [ ( 2/2) 2 + ( 28/2) 2] ( 9 2 + 42 ) . 

N : 197 X 97 

Because of its connection with the study of perfect 

numbers, which will be discussed 1n chapter IV, much interest 

has been centered around prime numbers of the form 

Mn = 2n - 1 

Numbers of .this type are called Mersenne numbers, and primes 

which can be expressed in this form are Meraenne Primes. 

This name has been applied because of the work .which the 

French mathematician, Marin Mersenne, did with them. 

Theorem 3.4: A Mersenne number in which n is composite 

can not be a prime. 

Proof: If n ere composite, then Mn could be ex

pressed as 

Mn = 2rs - 1 

where rand s ·were factors of -n. · This has the alge

braic factorization, though, of 
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... r . 
-ta 2 ,.. 1) 

The first few Mersenne primes are 

M - 3 M5 = 31 1413 - 8191 2 - -
M3 - 7 M7 ::. 12~ 1417 = 131071 -

The French mathematician, E. Lucas, discovered a simpler 

method for testing primality of Mersenne numbers. He used 

this method in 1876 for proving the primality of M127 • The 
2203 . 2281 ·Mersenne primes, 2 . - land 2 - 1, were discovered 

in 1952 by use of modern electronie computors. The time 

required for each calculation was approx~mat~ly one hour. 1 

Related to the ·Mersenne numbers are those of the type 

Nn : · 2n ,.. 1 3-7 

Fermat initiated the study of their factors and their primal

ity~ He formulated the following theorem concerning these 

numbers: 

Theorem 3.5: In order for a number· of the form (3-7) 

to be prime, n must be a power of two. In other words, 

n can not have an odd factor. 

Proof: If n did have an odd factor b, where n was: of -

the form n : ab, then Nn could be factored into 

Nn: ~ ♦ l::. (28 )b + 1 

. : . (2a ♦ l) (2a(b-l) _ ~(b-2) .._ ••• _ 2a + l) 

Numbers or' the form 
t 

Ft: 22 + 1 3-8 

1Lehmer, D. H., "Two Mersenne Primes," Mathematical Tables 
~ Other ~ ~ Computation, VII (January, 1953), 72. 
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are called Fermat numbers. · 

Fermat discovered that for the first five values oft 

the corresponding Ft's were prime. 

F 
3 

:: 257, F
4

: 65,537 

This fact led him to make the conjecture that all numbers of 

the form (3-8) were prime. It was not until 100 years later 

that Euler proved Fermat wrong, simply by showing that F 5 had 

a factor. Since then, many of the larger Fermat numbers 

have been factored • . In fact, since no new Fermat primes have 

been found, the hypothesis of mathematicians now is that the 

only ones existing are the first five whi.ch Fermat stud-

ied. 

A few things should be _said concerning the distribution 

of the primes. One can see by inspecting a table of primes 

that the higher the numbers, the scarcer become the primes. 

However, · it is proved in Euclid's Elements that the number . 
of primes is infinite. This will be stated and proved as a 

theorem. 

Theorem 3.6: There is an infinitude of primes. 

Proof: Let 

P = abc •. • k, 

where 

a, b, c, ••• , k 

is any family of primes. The number P + 1 either is 

a prime or it is not a prime. If it is, then another 

prime is added to those given. If P + 1 is not a prime, 

then it is divisible by some prime p. The prime p 
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can not be identical with any of the given prime 

numbers 

a, b, c, ••. , k, 

because· if' i .t were, it would divide both P and P + 1. 

Hence, it would aleo be a divisor of their difference 

(P + 1) - P : 1. 

This, however, is impossible, so a new prime can 

always be found to add to any given finite set of 

primes. 

There is an ancient method of determining prime numbers 

which is known as the sieve of Eratosthenes. This method 

consists in writing all the numbers up to and including some 

limit, say 41: 

1 2 3 ! 5 7 

12. 13 li 15 16 - 17 ~ 19 . -~ fil 

,23 29 -~ 31 -
.§§ - 37 .iQ - 41 

One begins by marking every second number, counting from 2: 

4, s, a, •.. 
Counting from the next unmarked prime number, 3, every third 

number is marked: 

s-· g, 12, ••• 

Thus, some numbers will be marked twice. · The next unmarked 

number is five. Since five 1s divisible by_neither two or 

three, it is also prime. Marking every fifth number, counting 
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from 5, the numbers 

10, 15, 20, •.• 

are marked. Since. 5 is the largest prime less than 1io, it 

1s unnecessary to go any further. Any multiple of a •prime 

number higher than '\/40 has already been marked. The numbers 

( excluding_ ·the number one) which remain unmarked cons.titute 

all the prime numbers up to and including forty-one. They are 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41. 

It is obvious that this method for determining primes 1s 

particularly well adapted to mechanical procedures. 

If one wanted to know how many primes there were which 

did not exceed some particular number x, he could use 

Eratosthenes' sieve method and just count the unmarked 

numbers. If the result were denoted by n(x), the ~xample of 

the preceding paragraph would yield the value 1T(41): 13. If 

the primes ,,hich are less than fl are 

P1, P2., P3, •. •' Pr, 

it can be pr9ved by induction that 

1((N) : 1T(1ff) - l + N - [ N/pJ - [ N/p2] - •.. - [ N/pn] 

+ [N/P1P2] + [N/P1P3) + • • • + [N/pr-1Pr] 

- [N/p1p#3] - • • • + •. • 

where [N/p] . represents the largest integer which does not 

exceed the quotient N/p. 2 This formula, .with the a_id of 

some short cuts, was used by the Danish mathematician 

Bertelson in finding the value 

?T(l,000,000,000):. 50,847,478. 
.. 

2oyste1n Ore, Number Theory, p._ 69. 



This 1s the highest known exact value for ,,..(x). 

It has been found that the function 

Li(x): S~ dt/log t 

gives values which are very good ·approximations f'or 7r(x). 

How close the approximations are ean be observed in the fol

lowing table which compares act·ual values of' 7'( x) w1 th the 

calculated L1(x). 3 

X 7T(x) Li(x) . % Error 

1,000 168 178 5.95 

10,000 1,229 1,246 1.38 

100,000 9,592 9,630 .396 

.l,000,000 78,498 78,628 .166 

10,000,000 664,579 664,918 .0510 
.. 

100,000,000 5,761,455 5,762,209 . .0131 

1, 000, 000, 000 . . 50,847,478 50,849,235 .00346 

' .. .. -

A new epoch .. was inaugurated in the . theory of prime 

numbers in 1948, when Atle Selberg produced a new proof f'or 

the prime number theorem. The theorem states the following 

relationship concerning 77(x). 

Theorem 3.7: 11m 77(x)(log x)/x = 1 
X--+eio 

(See footnote 4.) 

The importance of Selberg•s proof lies in the fact that it 

3oystein ,ore, Number Theory and I.!& History, p. 77. 

·4Trygve Nagell, Number Theory, p. 55. 
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uses only elementary mathematics, and can be modified so as 

to avoid completely any advanced _concepts of analysis. 

Before leaving the subject of primes, Wilson• ·s theorem 

should be mentioned~ The theorem is this: 

Theorem 3.8: For any prime p the quotient 

(1)(2)(3), •. (p - l) + l 
p r 

1s an integer. 5 

An English mathematician of the eighteenth century, Edward 

Waring, published this fact in 1770, in his book Meditationes 

algebraicae. It had been observed by a student of his, John 

Wilson. The first proof of Wilson's theorem was given by 

Joseph Lagrange in 1771. 

5 J. Uspeneky and M. Heaslet, Number Theory, p. ·153_ , 



CHAPTER IV 

DIVISORS 

It was stated in Chapter II that if N = ab, the inte

gers a and bare defined to be divisors (factors) of N. 

This chapter is devoted to an exploration of some interest

ing properties of these divisors. 

Expressing a .number N as a product of its prime factors, 

one has 

N = . . . 4-1 

where pi represents a prime factor, and ti is the exponent of 

the power to which the corresponding Pi is raised. A divisor 

d can be found by taking as factors each pi raised to some 

power, where .the exponent of this power may assume any of the 

ti • 1 values 

0, 1, 2, ... , ti. 

For example, if 

N = 720 - 24 x 32 X 51 - ' . 

one divisor is 

d1 = 22 X 31 X 50: 12. 

Another is 

d2 = 21 .x 3 2 .X 5l: 90. 

The question presents itself: How many divisors does a 

particular number have? In answering th~s question one can 

recall the fundamental principle of choice, which is basic in 

the study of probability. "I'f one thing can be done in a1 
ways; and, if after it has been done in some· one of these a1 

ways, a second thing can be done in a 2 wa~s; and, if after 

this has been done, a third thing can be done in a3 ways; 

33 
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and so on for n events; then then things can be done together, 

in that order, in 

a1a2a3• • •8n . 

ways. •1 Therefore, since, _ in finding a divisor of N, one 

can take as a factor p1 with any of t 1 + l exponents; and, 

after choosing this fact~r p1 with one of the t 1 + 1 exponents, 

he can take as a factor p2 with any of t 2 + l exponents; and, 

after choosing this factor Pz with one of the t 2 + 1 exponents, 

he can take as a factor p3 with any of t 3 + 1 exponents; and 

so on for the r prime factors of N; then if one denotes the 

number of divisors of N by v(N), he has: 

Theorem 4.1: The number of divisors of a number Nin 

the form (4-1) is 

~(N):. (t1 + l)(t2 + l) ••• (tr + 1). 

Example: 

90: 21 X 32 X 51 

'v ( 90) : ( i + 1) ( 2 + l) ( 1 + 1) :. 12 

The tw~lve divisors are 

1, 2, 3, 5, 6, 9, 10, 15, 18, 30, 45, 90. 4-2 

It can be shown without much trouble that the following 

theorem is true, where1Td represents the product of the di

visors of a nwnber N: 

Theorem 4.2: The product of all the divisors of a 
. 1.. ))(N) 

number N is 1Td = N2 
• (See footnote 2.) 

1Lewis M. Reagan, Ellis R. Ott, Daniel T! Sigley, 
College Algebra, p. ·276. 

2oystein Ore, Number Theory, p. 87. 
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Example: 

For N = 90~ 

Trd: 906 = 531,441,000,000 

This can be verified by multiplying the twelve divisors (4-2). 

Denoting the awn of the divisors of a .number N by a-(N), 

the following can be proved: 

Theorem 4.3: The sum of the divisors of a number N 

with the prime factorization (4-1) is 

· tr+l · . 
[ (pr - - 1) / ( Pr - l)] 

(See footnote 3.) 

4-3 

In using this formula to determine ~(N), the work involved 

can quite often be simplified if the two following special 

cases are observed. 

If one of the t 1•s 1s one, then the corresponding fac

tor of <T(N) is 

(p2 
- 1)/(p - 1): p + 1 

When one of the prime factors p: 2, 

(pt+l - · ·1)/(p - 1) : (2t+l ~ 1)/(2 - 1) : 2t+l - 1. 

Example: For the sum of the divisors of 

90: 21 X 32 X 5l 

one has 

a-( 90) : ( 2 + l) [ ( 33 - 1) / ( 3 - l)] ( 5 + l) : 234 

In the eighteenth century a recurrence formula for the 

sum of the divisors of a number was discovered by Euler. The 

3oyste1n Ore, Number Theory, p. 89.· 
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arguments in this formula, which follows, assume the values 
2 

n - . e3k - k)/2 ,· 

where k takes the successive values 

o, 1, -1, 2, -2, 3, -3, _ ••• 

Euler's recurrence formula: 

aen) - a(n - 1) - aen - 2) + ~en - 5) + ~en - 7) 

- a(n - 12) - a(n - 15) + ••• = 0 

The terms are continued as long as the arguments do not 

become negative, and whencr(O) appears, it is replaced by n. 4 

This formula is convenient for forming a table of the sums 

of divisors. Its use does not require factorization of the 

numbers into primes. 

Example: If <T(2) and cr(3) are known to be 3 and 4, 

respectively, then using Euler's recurrence formula, 

· a(4) - ~e3) - ~(2) = o 

CT ( 4) : 4 + 3 : 7 

Include~ in the study of divisors is the concept of 

perfect and amicable numbers, whi•ch are important in the 

mysticism of numerology. A proper divisor of a number N 

is defined as any divisor of N which is less than N. A 

perfect number 1s defined to be a number which is equal to 

the sum of all its proper divisors. Let the sum of the. 

proper divisors of a number N be denoted by cr0(N). Then a 

perfect number N might be defined as a number- such that 

<r0 (N) = N 

or 

4J. Uspensky and M~ Heaslet, Number Theory, p. 80. 
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cr(N) :. a-O(N) + N : . 2N . 

These conditions can be used to see if a number is perfect. 

Example: 

a(28) = a(22 x 71 ) = (23 - 1)(7 + 1): 56 = 2 X 28 

Therefore, 28 is a perfect number. 

There is only one general · type of perfect numbers 

known. This type is explained in the following theorem, 

which represents the final proposition in the ninth book of 

Euclid's Elements: 

Theorem 4.4: A number of the form 

p :. 2P-l( 2P - 1) 

is perfect when 2P - 11s a Mersenne prime. 

Proof: Let 

q:2P-l 

From theorem 4.3, 

rr(P): (2P - l)(q + 1): (2P - 1)(2P) 

= 2(2P - 1) (2p-l) : 2P 

Euler is responsible for the following related theorem, 

which 1s the most general result known for perfect numbers. 

Theorem 4.5: Every even perfect number is of the type 

described in theorem 4.4. 5 

The first five perfect numbers, which correspona to 

the first five Mersenne primes, are 

p2: 2(22 - 1) = 6 P7 - 26 (27 - 1) - 8,128 - -
P3: 22 (23 - 1) = 28 P13 = 212( 213 1) - 33,550,336 -
P5: 24 (25 - 1) - 496 -

5J. Uspensky _and M. Heaslet, Number Theory, pp. 80-81. 
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Only even perfect numbers have been discussed. According to 

Ore's book which was published in 1948, no one knows whether 

or not there exist any odd perfect numbers. 6 

Associated with the idea of perfect numbers are multi

ply perfect numbers, abundant numbers, and deficient numbers. 

These terms will just be defined in passing. A multiply per

fect number N is one such that 

cr0 (N): kN. 

An abundant number N 1s one such that 

cr
0

(N) > N. 

A d~ficient number N is one for which 

a-
0

(N) < N. 

To numerologists perfect numbers represented a happy medium 

between abundance and deficiency. 

Amicable numbers are pairs of numbers such that each 

number is the sum of the proper divisors of the other, 1. e. 

' cr-o(M) = N, and O-o(N) = M 

or 

. ~(M): U(N): M + N 

These numbers symbolized to the mystic, perfect friendship, 

mutual harmony, and love. 

It seems that the only pair of amicable numbers known 

to the ancients was the pair 220 and 284. There is no evi

dence that any others were found until the work of Fermat, 

although the rule used by Fermat to find his .new pair was 

known to Thabit ben Korrah, an Arab mathematician of the 

6 Oystein Ore·, Numb.er Theory, p. 94 • . 
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ninth century. 7 Descartes, .using the same rule, found anoth

er pair. Euler, employing several different methods, found 

sixty more pairs. An interesting sidelight is the fact that 

in. 1866, a sixteen year old boy discovered, probably by trial 

and error, a small pair, 1184 and 1210, which had eluded all 

previous investigations. E. B. Escott published, in 1946, a 

complete survey of _the existing knowledge concerning amicable 

numbers. 8 

Earlier, the method of finding the greatest common divi

sor and the least common multiple of two numbers with Euclid's 

algorism was discussed. If the prime factorization of each 

number is known, however, there is a simpler method. Ex

pres_aing the prime factorizations of a and b as 
t1 t2 tr 8 1 s2 8r 

a : P1 P2 • • • Pr , b : pl p 2 • • • Pr 

or1 using the common symbol 1T to denote product, 

ti 
a: 1T pi , . r 

one has powers of the same prime -numbers in each. This ie 

permissible since ti m~ assume the value zero. Now, for each 

p1 , the smaller of the two corresponding exponents, ti and si 

will be called the minimal of ti and s1 , or in its abbreviated 

form, min(ti, si). The larger of the two will be called the 

maximal of t 1 and si, or max(t1 , - si). The g. c. d. of a and 

bis· made up of all the prime factors which are in both a and 

7 Oyatein Ore, Number Theory, pp. 98-99. 

8 E. B. E~cott, "Amicable Numbers," Scripta Mathematica, 
Vol. 12, pp. 61-72, 1946. 
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b, so that the g. e. d. of a and b might be expressed as 

Similarly, since the lowest common multiple of a and b aon

tains all the prime factors which are in either a orb, or in 

both, it might be expressed as 

Another important part of number theory contributed by 

Euler is the function whieh bears his name: Euler•~ ¢-function, 

sometimes called indicator function or totient function. 

Euler's ¢-function, ¢(M), is the number of numbers which are 

less than and relatively prime to M. If one defines ¢(1) 

be 1, then the ¢-functions for the first few numbers are 

¢(1) - 1 ¢(4) - 2 ¢(7) = 6 ¢(10) - 4 - - -
¢(2) = 1 ¢(5) - 4 ¢(8) =- 4 ¢(11) - 10 - -
.¢(3) : ,2 rzj(S) - 2 ¢(9) = 6 ¢(12) . = 4 -

The following theorem 1s obvious· from the definition of a 

¢-function. 

to 

Theorem 4.6: Euler's ¢-function for a prime is one less 

than the prime itself, 1. e. if pis a prime, 

¢(p) = p - 1 

Examples: 

¢(5) = 4, ¢(?) = 6, ¢(11) : 10 
t1 t2 tr 

Theorem 4.7: If M = Pi ·p2 •••Pr 

¢(M) : M(l - l/p1) (1 - l/p2) · ••• c1 ·:. 1/pr). 9 

9L. E. Dickson, Introduction !g,_ the Theory .Ql. Numbers, p. ?. 
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Example: 

¢(12): ¢(22 X 3): 12(1 - 1/2)(1 - 1/3): 4, 

which, from ( 4-4) , is seen to be c·orrect. 

Theorem 4.8: If M = ab, and a is relatively prime to b, 

then 

¢(M): ¢(a)¢(b}.10 

Example: 

¢(90): ¢(9)¢(10): 6 X 4 = 24 

Another interesting theorem, which is stated without 

proof, follows: 

Theorem 4.9: When d runs through all· the divisors of M, 

L ¢ ( d) : M • ll 

For example, observe the -number M: 12, the divisors of 

which are 1, 2, 3, 4, and 6. 

~¢(d): ¢(1) + ¢(2) + ¢(3) • ¢(4) + ¢(6) + ¢(12) 

: i + l + 2 + 2 + 2 + 4 

- 12 

A more 1:Inportant theorem concerning the ¢-function was 

proved by Euler. A proof of this theorem, however, will be 

postponed until a few of the basic concepts of Carl Friedrich 

Gauss• theory of congruences have been introduced. 

Two integers a and bare said to be "congruent for the 

modulus m" when their difference a - bis divisible by the 

integer m. This relationship is written thus: 

-a= b (mod m) 

10oy stein Ore ·, Nwnb er Theory, p . 113. 
11Ibid. pp • . 114~115. 
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It is read, "a is congruent -to b, modulus m. 11 Symbolically, 

it means that 

where k is an integer. For example, 

33 - 18: 3 X 5 

so 

33 : 18 (mod 5) 

This last relationship is read, · "33 is congruent to 18, 

modulus 5." 
Following are a few of the fundamental theorems on 

congruences: 

Theorem 4.10: Any ·number is congruent to itself for any 

modulus. 

a i a (mod m) 

This states only that (a - a)= OX m for any number m. 

Theorem 4.11: 

If a - b (mod m) = 

and C : __ --- d (mod m) 

then ac = bd (mod m) 

Proof: The first two congruences state that (a - b) 

and (c - d) are both multiples of m. · If this is 

true, then there exists a k such that 

(a - b)c ♦ b(c - d) = km 

This expression is the same as 

ac - bd = km 

or 

ac = bd (mod m) 
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Theorem 4.12: A congruence may be multiplied by any 

integer. 

If a 5 b (mod m) 

then ka .i kb .(mod m) 

Proof: By theorem 4.10, 

k = -k (mod m) 

By theorem _4.ll, this congruence may be multiplied 

together with the congruence 

a; b (mod m) 

so that 

ka : kb (mod m) 

Theorem 4.13: Congruences for the same modulus can be 

added and subtracted. 

If - b (mod m) a= 

and C :! d (mod m) 

then a• 0 = b + d (mod m) 

and a - C : b- d (mod m) 

Proof: 

If ... b ' (mod m) a= 

and C E d (mod m) 

then a - b : km 

and C - d = tm 

Adding and subtracting these two equations, one has 

(a• c) - (b • d) - (k • t)m -
and (a - c) - (b - d) - (k ~ t)ni -
or - b + d (mod m) a+ C --- b - d (mod m) · · and a - C --
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'l'heorem 4.14: Any multiple of the modulus may be sub

tracted from or added to either side of the congruence. 

If 

or 

a = b (mod m) 

a - km - b (mod m) -
a = b .- km (mod m) 

Proof: If 

or 

a: b (mod m) 

a - b: tm 

(a - b) - km ;; (t - k)m 

a - (b +km)= (t - k)m 

a = b + km (mod m) 

.similarly, 

(a - b) •km= (t • k)m 

a - (b + km) = (t i + k)m 

a : b • km (mod m) 

The proof is similar for the second relationship: 

a~ km= b (mod m) 

Theorem 4.15: In a congruence, 

ak = bk (mod m) 

the eommon factor k can be canceled, provided the modulus 

is divided by d, the g. c. d. of k and m~ 

a : b (mod m/d) 

Proof: 

ak = bk (mod m) 

ak - bk : run 

(a - b)~ = nm 

Dividing both sides by d, 
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(a - b)k/d: nm/d . 

Since k/d and m/d are relatively _prime, and m/d 

divides the right-hand side qf the last equation, 

m/d 1s a factor of a - b, so 

a: b (mod m/d) 

A corollary of this theorem is important enough to be stated 

as a theorem in itself: 

Theorem 4.16: In a congruence 

ak = bk (mod m) 

The factor k may be canceled 

a: b (mod m) 

if k is relatively prime tom. 

These properties of congruences will now be used in 

proving Euler's theorem: 

Theorem 4.17: For any number a that is relatively 

prime tom one has the congruence 

J(m) =-l (mod m) 

Proof: Let the positive numbers which are less than 

m and rela.'tively prime to it be denoted by 

Multiplying each r
1 

by the given a and dividing the 

product by m gives 

ar1 = qim + ri' 4-6 

. where r 1 ' is the least positive remainder. If r 1
1 

and m have a common factor .d, then d must divide ari. 

This is imposs·ible, though, be~ause a and r 1 are both 

relatively ·prime to m, and r 1 • is one of tne numbers 

( 4-5). 



46 

Equa1'ion (4-6) may be written as the congruence 

ar i = ri' (mo·d m) 4-7 

Two different numbers r 1 and rJ can not give rise to 

the same remainder r 1 • in (4-7) because the con

gruence 

r1a = rja (mod m) 

implies, by theorem 4.16, that 

ri = rJ (mod m) 

o.r 

r 1 = rj 

This means that r 1 and r 1 • both run through the 

whole set (4-5). When all the congruences 

ar1 9 r 1 • (mod m) 

are multiplied together, using theorem 4.11, one 

obtains 

¢(m)r r r = r •r I r ' a 1 2•·· ~(m) - 1 2 ·•• ¢(m) (mod m) 

Since both sets o~ numbers r 1 and r 1• form the 

set (4-5), their products 

r 1r 2 •.. r¢(m) and r 1 •r2• ••• r¢(m)~ 

4-8 

are equal, so by theorem 4.16, these products may be 

canceled from (4-8), leaving 

a,¢.(m) = 1 (mod m) 

The special case _of Euler's theorem, . in which m 1s a 

prime p, is referred to as Fermat's theorem. Since ¢(p), 

where pis prime, is equal top - 1, Fermat1 s theorem is this: 

Theorem 4.18: If pis prime, 

aP-1 : 1 . (mod p) 
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for any pos1~ive 1nteger _a. 

The theory of congruences 1s far-reaching in its 

scope. One of its uses will be seen in the next chapter on 

indeterminate problems. 

. . 



CHAPTER V 

INDETERMINATE PROBLEMS 

Throughout the ages, puzzles and games involving number 

problems have been a source of interest to the mathematician 

and to the layman. High on the list of popularity among 

puzzles of this type is the u1ndeterminate problem." The 

term indeterminate is applied to that kind of problem in 

which there are more unknowns than there are equations. 

In the subject of number theory, this kind of problem is 

usually restricted to integral solutions. Those problems 

which are restricted to integral· solutions are also known 

by the name "Diophantine problems" because of a Greek math

ematician of the third -century, Diophantus, who studied them. 

Any system of n linear Diophantine equations in (n- + 1) 

unknowns can be reduced, through elimination of variables, 

_to one equation in two unknowns, 

ax · + by. = c • 1 5-1 

Therefore, m9st of this chapter will be concerned with the 

exposition of three different methods of solution for an 

equation of this form. For illustration the following prob

lem from Euler's Algebra will be considered: _ 

A man buys horses and cows for a total amount of $1,770. 

One horse costs $31 and one cow $21. How.many horses and 

cows did he buy? 

Denoting the number of horses by y and the number of 

cows by x, one has the equation 

l . . 
Oystein Ore, Number Theory, pp. 131 ff. 
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2lx + 3ly = 1770 

which is of the form (5-1). 

4g 

5-2 

For the solution of this problem Euler used the follow-

1ng method of repeated reductions: Choosing the variable 

with the smaller coefficient, equation (5-2) can be written 

x: (1770 - 3ly)/21 5-3 

By expressing this improper fraction as a mixed fraction the 

equation becomes 

x: 84 - y + (6 - l0y)/21 

Since xis an integer, 

p: (6 - l0y)/21 

must be an integer. Solving for y, 

y ~ (6 - 2lp)/10 = -2p • (6 - p)/10 

If y is to be integral, then 

q : (6 - p)/10 

must also be an integer. Solving for p, 

p :: 6 - . l0q 

If this value of pis substituted into (5-5), 

y: -12 + 2lq 

Substituting this value for y into (5-4), 

X : 102 - 3lq 

5-4 

5-5 

Thus any integer q will give integral solutions for x and y 

when substituted into the two equations 

x ; 102 - 3lq , y = -12 + 2lq 

It might be noted that these are parametric representations 

of x and y. There is an infinite number of integral solutions 

to equation (5-3). The conditions of the problem, however, 
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restrict the solutions to positive integers, so that 

X ::: 102 - 3lq > 0 

q < 102/31 

q < _4 

y =·· -12 + 2lq > 0 

q > 12/21 

q > 0 

therefo~e, q can take on only the values 1, 2, 3. The cor

responding values for x and y are, in the same order, 

X : 71, 40, 9 

y: 9, 30, 51 

Before continuing, the following theorem is stated 

without proof': 

Theorem 5.1: The necessary and sufficient condition for 

the equation 

ax+by:c 

to have a solution in integers is that the greatest com

mon divisor of a and b divide c. 2 

The proof of the existence of a solution in theorem 5.1 gives 

a method of .constructing the solution. 

Because equation (5-2) is not well suited for explaining 

the method, another equation is used for this purpose. Then 

the method will be used to solve {5-2). 

The equation 

134x + 74y = 14 5-6 

satisfies the condition of theorem 5.1 fo~ solvability. If 

the equation is divided by the g. c. d., 2, of 132 and 74, 

67x + 37y = 7 5-7 

2 Oystein Ore, Number Theory, p. 148. 
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Applying Euclid's algorism to the relatively prime coeffi

cients of x and y, the last remainder is 1, the g. c. d. 

of 67 and 3?. 

Employing Euclid's algorism, and underlining 67 and 3? 

and each remainder, 

67 = 37 X 11- 30 

:lZ_:ill?_Xl1- 7 

30: Z.X4+ 2 

1 = g X 3 1- 1 

Now one may retrace his steps in a slightly different manner, 

starting with the last equation and working toward the first, 

and thus express 1 as a linear combination of 6? and 3?. Re

writing the last equation in another form, he has 

1 : Z. - 2 X 3, 

but substituting the value of 2 found in the third equation, 

1: 7 - (30 - 7 X 4)(3) 

or 

1 : .;.30 X 3 + ~ X 13 

From the second equation, Z. = 37 - 30 X 1, so, substituting, 

! : -30 X 3 + (.QZ - 30 X 1)(13) 

or 

! : 37 X 13 - 30 X 16 

Substituting the value of 30 from the fi~st equation, 

1: fil X 13 - (6? - 3? X 1)(16) 

or 

! : 37 X 29 - 67 X 16 

Multiplying both sides of this equation by 7, and rearranging 
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67(-112) + 37(203): 7 

or, multiplying by 2, 
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134(-112) + 74(203): 14, 

so one set of values satisfying the equation (5-6) 1s 

X: -112, y: 203. 

If x• · and y' denote the particular values found 

by the preceding method for x and yin the equation 

ax+by:c, 

(where a and bare relatively prime), then 

ax' + by 1 :: c , 

where a is the larger of the two coefficients a and b. 

Subtraeting ( 5-9) from ( 5-8), 

5-8 

5--9 

a(x - · x•) = -b(y - y') • 5-10 

Since b div.ides the right-hand side of (5-10), it divides 

the left-hand side, also. The numbers a and b a.re relatively 

prime, sob .divides (x - x'), a~d 

x - x' = bt, 

where tis an integer. Substituting this value into (5-10), 

abt: -b(y - y') 

or 

-at· : Y - Y' 

Rewriting these equations reveals the gen.eral solutions to 

( 5-8): 

x = x' + bt , y ::. y' - at 

The general solutions to (5-6) are 

X : -112 + 74t , y : 203 - 134t 
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Now this method will be· applied to Euler's problem. In 

the equation 

2lx ~ 3ly: l??O 

the coefficients of x and y are prime, so, applying Euclid's 

algorism, 

31 : 21 X 1 1• 10 

21 : 1Q X 2 1- . 1 

_Proceeding as before, 

1: g!, - 10 X 2 

1: 21 - (31 - 21 X 1)(2) - - - -
1 = 21 X 3 - _g_ X 2 

Multiplying both si~es of this equation by l??O, 

1770: 21(5310)_ + 31(-3540) 

This shows a particular pair of values of x and y to be 

x' = 5310, y' = -3540 

The general solutions are, therefore, . 

Since 

Since 

x: 53ll0 ~ 3lt, y: -3540 - 2lt 

x: 5310 + 3lt > 0, 

t > -5310/31 > -1?2. 

y - -3540 - 2lt > 0, 

t <: -3540/21 <. -168 • 

5-11 

Combini~g these two results, t can assume any of the three 

values -169, -1?0, -1?1. When each of these values oft is 

substituted into {5-11), the solutions. to Eu1er 1 s problem 

are 



X : 71, 40, ./ 9 

y = 9, 30, 51 
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The third and most modern method for solving an equa

tion oft.he form (5-1) is the one which uses the theory of 

congruences. The equation 

2lx + 3ly = 1770 . 

or 

3ly - 1770 ~ 21(-x) 

may be expressed in the form of the congruence 

3ly = 1770 (mod 21) 

By theorem 4.14, 

3ly - 2ly: 1770 - 21 X 84 (mod 21) 

lOy: 6 (mod 21) 

By theorem 4.12, 

2(10y) - 2(6) (mod 21) -
20y - 12 (mod 21) --

By theorem 4:.14, 

20y - 2ly - 12 - 21 (mod ~1) 

-y = -9 (mod 21) 

By theorem 4.12 

-1(-y) - -1(-9) (mod 21) 

y - g (mod 21) 

or 

y - g - 2lt -
y = g + 2lt 

Substituting this value of y into ( 5-12), 

X : 71 - 3lt 

5-12 
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The general solutions for (5-12), then are 

X : 71 - 3lt 

y: 9 + 2lt 

·Imposing the .condition that x and y are positive, 

X: 71 - 3lt > 0 

t <- 71/31 < 3 

y : 9 + 2lt > 0 

t > -9/21 > -1 

Since -1 < t < 3, t may assume the three values 0, 1, 2, 

which give the solutions: 

X : 71, 40, 9 

y: 9, 30, 51 

Three methods have been shown for solving linear inde

terminate equations. One type of indeterm1nate equation 

which is not linear will be considered--the one of the form 

5-13 

A systematic method for -finding integral solutions of 

(5-13) when n = 2 was known by the Babylonians at least a 

thousand ye~rs before Pythagoras. Fermat made .the follow

ing statement pe~taining to this equation: "However, it is 

impossible to write a cube as the sum of two cubes, ·a fourth 

power as the sum of two fourth powers, and 1n general, ·any 

power beyond the second as the sum of two similar powers. 

For this I have discovered a truly wonderful proof, but the 

margin 1s too small to contain it."3 This is known as 

"Fermat's last theorem," and it is perhaps the most famous 

theorem in number theory. However, since he did not write 

the proof down, it .is not known to this day whether or not 

3 . 
Oystein Ore, Number Theory 1 p. 204 
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he had a valid proof for hie· statement. 

Fermat did show a proof of the theorem for the special 

case where n is any multiple of four. Euler succeeded in 

discovering a proof for the _cubic case. A· German mathema

tician by the name of Lejeune-Dirichlet and the French math

ematician Legendre both proved, in about 1825, the case 

where n: 5. In 1839, the case n: 7 was proved by Lame. 

The most ingenious mathematicians of the last three hundred 

years have tried their skill on the problem. 

The important result of Fermat's theorem is that the 

many attempts toward its proof have led into investigations 

which have uncovered concepts of consequence in various 

branches of mathematics. Perhaps the most significant of 

these is the theory of ideals, which was developed in the 

middle of the nineteenth century by E. Kummer. Practically 

all important progress which has been made concerning Fermat's 

theorem during the last century has been made along the lines 

suggested by Kummer's theory. Although, with the development 

of this theory, Fermat's theorem has been proved for all 

cases up ton= 600, the proof for any n still remains one 

of the unsolved mysteries of mathematics. 

The theory of numbers has drawn c·ontributions from more 

of the great mathematicians of history than any other branch 

of mathematics. Gauss once remarked, "Mathematics 1s .the 

queen of the sciences, and the theory of numbers is the 

queen of mathematics."4 

4Trygve Nagell, Number Theory, p. 6 •. 
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