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ABSTRACT

Vortex shedding and Vortex Induced Vibrations (VIV) of bluff bodies is a

fundamental problem in fluid mechanics. The ubiquity of vortex shedding and VIV in

several engineering fields has meant that a significant amount of research has centered on

this subject. Recent studies have focused on the extraction of energy from steady flow

using bodies undergoing VIV.

In this dissertation, a new model for flow around a circular cylinder called the

Hybrid Potential Flow (HPF) model is presented. The HPF model incorporates potential

flow methods, experimental data and von Karman’s representation of the vortex wake to

construct a complete solution for flow around a circular cylinder in the sub-critical

Reynolds number regime (300  Re  1.5⇥ 105). Shedding frequencies and forces due to

vortex shedding are calculated and compared to published results.

The HPF model is extended to other bluff body geometries using conformal

mapping. A composition of Karman-Trefftz transformations and Fornberg’s method is used

to construct a conformal map between the physical domain and the circle plane. The

combination of the HPF model and conformal mapping can thus be used to quickly

calculate vortex shedding behavior for various bluff bodies.

Validation of theoretical results is done through experimental methods. A flow

visualization technique to view the time-averaged wake behind bluff bodies is developed

and presented. Wind tunnel tests are done to validate predicted shedding frequencies for

various bluff body geometries.

A proof-of-concept prototype of a device that extracts energy from steady flow using

VIV is developed. Emphasis is laid on the device being of low cost and complexity. Finally,

principal conclusions of this dissertation and recommendations for future work are

presented.
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CHAPTER I

INTRODUCTION

1.1 Vortex shedding

It is a well-established and widely studied phenomenon that the flow of fluids

around bluff bodies leads to the shedding of vortices. As far back as the fifteenth century,

Leonardo da Vinci sketched a row of vortices in the wake of a bluff body in a stream [1].

The first experimental observations of vortices shed by bluff bodies were recorded by

Strouhal in 1878. However, it was the work of Bénard, and later von Karman [2], that

showed the periodicity and stable arrangement of a street of staggered vortices behind a

bluff body. Asymmetric shedding of vortices can induce a fluctuating force transverse to

the flow on the body, causing self-induced oscillations. The resulting vortex-induced

vibrations (VIV) are of significant interest in several fields — the resonance of periscope

tubes on submarines, ‘galloping’ of power lines, ‘strumming’ of undersea cables, and vortex

induced oscillations of bridge decks, chimneys and smokestacks [3].

A significant amount of research has been devoted to the fields of vortex shedding

and vortex induced vibration in the past century. For a circular cylinder, the potential flow

solution does not capture boundary layer separation and the formation of a vortex street in

the wake at certain Reynolds numbers. Theoretical solutions have thus always involved a

degree of empiricism.

Two terms of importance when describing vortex shedding and vortex induced

vibration are Strouhal number and lock-in. These terms are used throughout the

dissertation, and thus are briefly discussed here.

1.1.1 Strouhal number

For any body, Strouhal number is a non-dimensional constant relating the frequency

of vortex shedding, the freestream velocity and the characteristic length of the body.
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Specifically,

St =
fsD

v1
(1)

Here, fs is the vortex shedding frequency in Hz or rad/s, v1 is freestream velocity and D is

the characteristic length of the body. At low Mach numbers, the Strouhal number is a

function of Reynolds number and geometry. This has been widely studied for circular

cylinders. In the Reynolds number regimes where vortex shedding is strong and periodic

for a circular cylinder, Strouhal number is constant at around 0.2.

1.1.2 Lock-in or synchronization

For a body undergoing VIV, it is seen that if the body oscillation frequency (f) is

close to the Strouhal vortex shedding frequency (fs), then the vortex shedding frequency

’locks-in’ to the body oscillation frequency, no longer obeying the Strouhal relationship for

a range of Re (the lock-in band) [4]. When the shedding frequency and body oscillation

frequency f are close to the natural frequency of the structure fN , so that f
fN

⇡ 1, the two

frequencies are synchronized. Then there is an increase in the strength of shed vortices,

transverse lift force and amplitude response [5]. This increased amplitude persists over a

wide range of velocity when fs remains locked-in to fN [1].

1.2 VIV and energy generation

Given the potentially destructive nature of VIV, it is understandable that much

research has been centered on supressing it. However, there is potential to use large

amplitude oscillations of VIV in energy applications. This is an approach that has been

periodically explored in the past. Previous studies have looked at using VIV as the basis

for utility scale projects [6, 7], as well as small-scale piezoelectrics [8]. In specific, there is

much scope for small scale devices that use VIV as their basis.

Of note is the approach adopted by the Spanish company Vortex Bladeless [7],

which is similar to the approach adopted in this dissertation. Their device consists of a

solid mast over which a longer, flexible cylinder is affixed. A coil and permanent magnet is
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attached to the mast and cylinder respectively. VIV of the cylinder thus generates a

current in the coil. The device is omni-directional, and has adjustable stiffness to ensure
f
fN

⇡ 1 over a range of wind speeds.

That there is a need for innovative solutions to provide people access to electricity

cannot be disputed. The International Energy Administration (IEA) points out that there

are over one billion people worldwide who lack access to electricity, and 780 million to

clean water [9]. A large majority of the above-mentioned population is concentrated in

regions of Africa, India, South and Central America. Expanding the grid is often slow,

expensive and sometimes impossible. Off-grid options like solar photovoltaics and micro

wind turbines have proliferated over the past few years. However, affordability remains a

critical barrier to current off-grid options [9]. These options, apart from large initial

investments, also require a team of experts to set up and maintain. In the event of damage

to the device, the end-user may not be in a position to carry out necessary repairs.

This situation raises the question: can a simple, synergistic engineering approach be

adopted to harnessing energy from VIV? Such an approach would address the IEA’s

concern of providing clean, affordable energy in rural areas. Access to energy, even in small

amounts, would allow people to boil drinking water or power a light bulb, forgoing the

need for smoky wood fires and significantly improving the quality of life. A small-scale

device using readily available materials and a simple, synergistic approach that requires no

specialized knowledge to maintain can be extremely beneficial in such cases. A device that

uses VIV as its basis has the potential to be used in such a manner.

The design of such a device will require knowledge on the vortex shedding behavior

and forces due to vortex shedding for different bluff body geometries. Classical solutions

have been developed by Helmholtz and Kirchhoff to predict flow past bluff bodies and

compute drag. Similarly, von Karman’s solution [2] allows the computation of some forces

due to a periodic vortex street, provided that wake width (distance of separation between

the shear layers) and velocity along the shear layers is known. These methods generally

require at least one empirical or experimental measurement. Other theoretical approaches
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are explained in detail in Chapter 2. However, a simple theoretical model that can predict

the vortex shedding behavior and oscillating fluid force due to vortex shedding by various

bluff body geometries remains lacking.

1.3 Scope of this dissertation

A significant knowledge gap in the theoretical treatment of vortex shedding by bluff

bodies is in determining the transverse oscillatory force on various bluff body geometries

due to vortex shedding. In this dissertation, work is presented to answer two primary

research questions:

1. Can the oscillatory force due to vortex shedding by a bluff body be predicted by a

combination of conformal mapping and potential flow theory?

Two previous approaches to determine the flow around a bluff body and the force due

to vortex shedding include Kirchhoff’s free-streamline theory, and von Karman’s

representation of the vortex street. Roshko [10] modified Kirchhoff’s theory to

represent physical flow more accurately, and later combined the two theories to arrive

at an expression for drag due on the bluff body, with one parameter having to be

determined empirically [11].

While Roshko’s approach of combining the two classical solutions works well, there

remain aspects of the theory that are challenging. The first is that it is focused on

calculating the drag due to a vortex wake behind a bluff body - a solution for

calculating the oscillating transverse force due to vortex shedding is not presented.

Secondly, if the force due to vortex shedding is to be calculated for various geometries,

it requires working out a unique solution for every geometry. Further challenges are

presented in the case of a circular cylinder, for the location of the stagnation points

are not known beforehand, and constantly fluctuate.

The approach adopted here combines conformal mapping and the potential flow

theory. First a solution for the flow around a circular cylinder is developed using a
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combination of potential flow theory and experimental results. This solution (the

Hybrid Potential Flow model or HPF model) must account for the region of

separation behind the cylinder, and the periodic vortex wake that is formed. With an

efficient solution in the circle plane, a series of conformal maps between varying

geometries and the circle plane can be calculated. Flow in the circle plane can then be

mapped to the shape plane using the inverse of the conformal map, thus solving for

flow around other bluff bodies. This approach is highlighted in Figure 1.

Figure 1: Overview of a solution based on conformal mapping and potential flow theory.

2. What embodiment of a device using VIV can form the basis of a rural energy device?

It has been demonstrated in previous studies that VIV can form the basis of a passive

energy generation device [6, 8]. These studies have focused on using utility-scale

cylinders and piezoelectrics. The approach adopted here involves developing a design

for a device that uses bluff-body vortex induced vibration as an energy source. To be

of use in rural areas, it is essential to adopt a low-cost, low-complexity approach. It

must be noted that the objective here is not to design a ready-to-market device, but

rather demonstrate if VIV can be used as the basis for a low-cost energy generation

5



device that can be built and maintained by the end-user using readily available

material. Accordingly, only a proof-of-concept prototype is constructed.

The dissertation is organized as follows:

1. In Chapter 2, an overview of relevant literature on vortex shedding and vortex

induced vibrations of bluff bodies, as well as theoretical approaches to model vortex

shedding is presented.

2. In Chapter 3, the developed Hybrid Potential Flow model is discussed.

3. In Chapter 4, the conformal mapping approach that uses a combination of Fornberg

and Karman-Trefftz maps is presented. This approach is based on the work of DeLillo

and his co-authors [12, 13].

4. Chapters 5 and 6 concern the experimental methods and test procedures used to

validate the theoretical methods in this dissertation. Extensive information on the

apparatus, data acquisition and data processing techniques is presented here.

5. In Chapter 7, theoretical and experimental results are presented. The theoretical and

experimental results obtained in this dissertation are compared with published results

in the literature. Observations on shedding frequencies and three-dimensional effects

are also presented. The tools developed in this dissertation are used to arrive at an

improved geometry to be used in a small-scale energy device. The improved geometry

is wind tunnel tested.

6. In Chapter 8, preliminary design of a proof-of-concept prototype and testing results

are presented.

7. Finally, in Chapter 9, the primary conclusions of this study are presented.

Recommendations for future work and shortcomings of this work are also addressed.
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CHAPTER II

LITERATURE REVIEW

An extraordinary amount of research pertaining to flow around bluff bodies has

been carried out in the past one hundred years. Flow around a bluff body is generally

characterized by a large region of separated flow, high drag coefficient and occurrence of

vortex shedding in the wake. Much of this research has been focused on using a circular

cylinder as the bluff body. While the simplicity and ready availability of circular

cross-sections definitely plays a part, a significant reason for the popularity of the circular

cylinder can be attributed to the simplicity of the potential flow solution around a circle

[14].

Given the large body of knowledge that exists on vortex shedding and

vortex-induced vibrations, only topics relevant to this dissertation are discussed here. A

brief review on two-dimensional vortex shedding from bluff bodies in incompressible flow is

first presented, followed by a discussion on forces due to vortex shedding. Prior theoretical

approaches to modelling two-dimensional vortex shedding are then discussed. Lastly,

three-dimensional effects on vortex shedding are presented, followed by an overview of

vortex induced vibration of bluff bodies and the effect of body oscillation on the wake.

2.1 Two-dimensional flow around stationary bluff bodies

As mentioned previously, flow around a bluff body is characterized by the presence

of a large region of separated flow, high drag coefficient and vortex shedding in the wake.

Separation points may be fixed by geometry (sharp corners) or free to move (when the

body surface is rounded). The separation of the boundary layer from the surface of the

body introduces vorticity in the wake [15]. The characteristics of the wake behind a bluff

body is a function of Reynolds number (Re).

At low Reynolds number, two standing symmetrical vortices are formed in the near
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wake. The separating shear layers meet at the end of the near wake, forming a closed

recirculation region [1]. Increase in Re leads to an increase in the length of this

recirculation region, until the closed wake finally becomes unstable. This is characterised

by the regular shedding of vortices from alternate sides of the bluff body. The Re at which

this onset of periodic vortex shedding occurs varies with geometry, occurring at Re ⇡ 45 for

a circular cylinder,and Re ⇡ 120 for a flat plate.

With increase in Re, the laminar periodic wake becomes unstable downstream.

Transition gradually moves upstream with increase in Re, until finally the shed eddy

becomes turbulent during its formation. Zdravkovich terms this as transition in wake state

of flow (TrW) [1]. For a circular cylinder, this region is from (180 - 200)  Re

 (350� 400). With increase in Re beyond the TrW region, transition takes place along

the separated free shear layers, although the boundary layer remains laminar. In this

region, transition waves appear in the free shear layers, becoming turbulent and rolling up

into alternating vortices. This regime of flow is called the transition in shear layers (TrSL)

or subcritical state, and is characterized by strong periodic vortex shedding [3].

Zdravkovich classifies the sub-critical range as 350� 400  Re  150, 000 [1]. Since vortex

shedding is strong and periodic in the sub-critical range, this regime is particularly

important in this dissertation.

Beyond the subcritical state, boundary layers on the bluff body become turbulent.

This regime, with Reynolds numbers ranging from 150, 000  Re  3, 500, 000, is called the

transitional regime. In the case of a circular cylinder, this leads to a narrow wake and the

separation points moving aft. Laminar separation bubbles and three-dimensional effects

lead to a disruption of regular vortex shedding. Regular vortex shedding reappears at

higher Reynolds numbers (Re> 3.5⇥ 106). Simiu and Scanlan [16] note that vortex

shedding is observed at Reynolds numbers as high as 1⇥ 1011.

The vortex shedding frequency in the wake of a bluff body is heavily influenced by a

number of factors, including flow velocity and shape of the bluff body [1]. If the separation

points are fixed, then the amount of vorticity introduced into the wake is a function of the
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shape of both fore- and afterbody. The forebody is described as the region of the bluff

body ahead of the separation points, where flow is attached, while the afterbody denotes

the region behind the separation points and lying in the separated wake. The shape and

size of the afterbody can affect shedding frequency if it interferes with the formation of

vortices. This is seen in the case of circular cylinders with splitter plates [11] as well as

rectangular cylinders with varying lateral and longitudinal dimensions [17]. For bodies

without sharp corners, such as circular cylinders, the vortex shedding process is affected by

all factors that affect the state of the boundary layers over the surface of the body [15].

2.2 Forces due to vortex shedding

The alternate shedding of vortices leads to time dependent forces acting on the

shedding body, both in the longitudinal (drag) and transverse (lift) directions. This

fluctuating lift is due to the fluctuating pressures on the surface of the cylinder [18]. The

integral of the mean pressure distribution determines the mean value of the pressure drag,

and is discussed in several reviews. Since the focus of this dissertation centers on the

unsteady transverse forces and shedding frequency, that is discussed in detail here.

Unsteady forces are both in the transverse and longitudinal directions. The

transverse forces oscillate at the shedding frequency due to the instantaneous asymmetric

pressure distribution caused by alternate shedding of vortices. The drag oscillates at twice

the shedding frequency, since the unsteady component of drag is always directed in the

same direction, regardless of the side the vortex is shed from. This oscillating component of

drag is much smaller than the mean drag [15]. Following the notation of Bishop and

Hassan [19], the unsteady lift force is written as:

L(t) =
1

2
⇢v

2
1CLA cos!st = L cos!st (2)

Here, L is the amplitude of the unsteady periodic lift force, CL is the amplitude of the

oscillating lift coefficient, and !s is the vortex shedding frequency. The magnitude of these

oscillating forces is dependent on the shape of the shedding body. For bodies with fixed
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separation points and a longer after body, the pressure fluctuation and oscillating lift forces

can be greater than corresponding circular cylinders. However, this is only up to a critical

value, as seen in rectangular cylinders with varying aspect ratio. Beyond this critical value,

the separated shear layers tend to reattach to the sides of the body, leading to no increase

in CL.

The oscillations of the periodic lift force takes place at the shedding frequency, but

the amplitude of this lift force is not a constant value, even for two-dimensional bodies.

Due to the three-dimensional nature of the wake, variations in amplitude and intermittent

modulation can be seen in the oscillating lift force.

2.3 Theoretical modelling of vortex shedding

Theoretical treatment of the flow around a bluff body and its wake is a fundamental

fluid dynamics problem that has been studied extensively over the past century. In general,

flow around a bluff body can be represented in two parts - the near body problem and the

vortex wake further downstream. The near body problem involves representing flow

separation on the surface of the bluff body, and the separated boundary layers that

continue downstream as free shear layers. Further downstream, the separated shear layers

roll up into individual vortices in the wake, and the wake solution must represent this. For

a complete theoretical solution, these two aspects of the bluff body solution have to be

combined [11]. However, the complex and unsteady dynamics of vortex formation in the

region immediately downstream of the body has meant that theoretical treatment of the

flow around a bluff body has generally included some degree of empiricism.

Several approaches to theoretical models exist such as free streamline models,

vortex models and vortex sheet models [1]. For free streamline models, Kirchhoff’s theory

remains the foundation from which most begin. Here, the free shear layers separating from

the bluff body are considered as surfaces of velocity discontinuity, enclosing a wake of

constant pressure. The free shear layers thus form the boundary between the wake and the

outer potential flow. The challenge is to find the shape of these shear layers, so the
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pressure distribution and thus the drag can be calculated. The pressure in the wake is

assumed the same as freestream pressure, and the velocity along the free streamlines is

considered constant and equal to freestream velocity. The magnitude of velocity at

separation and all along the free shear layers are then the same as the freestream value.

Transforming to the hodograph plane, the free streamline is a circle and allows easily

determining its shape in the physical plane. However, the drag calculated using Kirchhoff’s

method is far lower than experimentally observed values.

A key reason for this result is the assumption that pressure in the wake is the same

as freestream pressure. Experimentally, it is seen that this pressure, the base pressure, is

much lower than the freestream value. Using a parameter k to relate base and freestream

pressure and picking realistic values, Roshko’s theory [10] provides a semi-empirical

solution for the near body problem for a circular cylinder. Similar to Roshko, Woods [20]

also employs hodograph methods and specifies magnitudes of velocity along the free

streamlines, allowing conformal transformation of the complex velocity and complex

potential planes.

Parkinson and Jandali [21] adopted a different approach to the hodograph methods

described. For a circular cylinder, they noted that the free shear layers induced a reversed

velocity along the bluff body surface beyond the separation point. The separation point

appears as a confluence point where the retarded boundary layer and reversed flow meet.

To simulate this, they placed two sources on the contour of the circular cylinder in some

transform plane. The presence of sources leads to stagnation points on the body. Then, a

conformal transformation is selected so that when mapping to a slit in the physical plane,

the two stagnation points become separation points and the flow there is tangential as it

leaves the body. In using two sources, the authors do not try to model mean flow in the

wake. The main objective was to set separation velocities and model the effect of the wake

on potential flow. A similar approach is used to model a normal flat plate. Bearman and

Fackrell [22] built on the ideas of Parkinson and Jandali, developing a vortex lattice

method for potential flow about bluff bodies of arbitrary shape, while still modelling the
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wake using surface sources.

Potential flow models do not generally account for the oscillatory forces due to

periodic vortex shedding [23]. If the dimensions of and velocities in the wake are known, a

far-field control volume analysis such as the ones used by Chen [24] and later Sallet [25]

can be used to calculate the lift force due to the vortex wake. In each of these methods,

von Karman’s representation of an ideal vortex street [2] is used to depict the vortex wake.

If h and l represent the lateral and longitudinal spacing between the vortices in the vortex

street, von Karman showed that for a vortex street to be stable,

h

l
= 0.281

A staggered vortex street with dimensions h, l marked, reproduced from von Karman [2], is

shown in Figure 2.

Figure 2: Stable arrangement of vortices in a vortex street. (from [2])

Using this result, and denoting the circulation of individual vortices in the wake as

�, a second stability parameter can be established:

v =
�

2
p
2l

Here, v is the velocity with which vortices in the wake move downstream, relative to the

freestream velocity. To calculate forces due to a vortex street behind a bluff body,
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theoretical models such as those of Chen [24] usually relied on wake velocity and one wake

dimension that was measured experimentally.

Free streamline and vortex models require developing a solution for each bluff body

geometry. Sallet’s method, while applicable to various bluff body geometries, is still

dependent on knowledge of the wake behavior and dimensions of the wake. This is usually

obtained experimentally. None of these theoretical methods allow quick estimation of

vortex shedding behavior and forces due to vortex shedding by a variety of bluff body

geometries.

2.4 Three dimensional effects on vortex shedding

Even for nominally two-dimensional bodies, there are three dimensional effects that

can influence the rate of vortex shedding, and the forces and frequencies associated with it.

End conditions can induce oblique (slanted) shedding, even for large aspect ratio cylinders

considered nominally 2D. Oblique shedding affects the oscillatory forces on the bluff body,

since they are no longer in phase throughout the span of the body, and leads to lower

spanwise integrated values [26].

The presence of a free end leads to cross-flow, limiting the pressure differential

between the freestream and near wake region [27]. For cylinders with aspect ratio of 10 or

greater, there is clear vortex shedding along a majority of the span, with Strouhal numbers

observed similar to two-dimensional flow. At the ends, there is a reduction in shedding

frequency. Intense local flow developed at the free ends is deflected towards the cylinder

body, due to the presence of low pressure in the wake. This leads to interference with

regular vortex shedding around the free end. In several studies, it has been attempted to

reduce free end effects with carefully designed end plates [27, 28].

For aspect ratio less than 5, shedding frequency is lower than 2D cases for the entire

cylinder [29]. In the vicinity of the free end (⇡ 1 diameter), regardless of aspect ratio, there

is no clear peak in pressure and velocity fluctuations, indicating that regular vortex

shedding is disrupted. Instead, there is a broadening of the spectra, and lower frequencies
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dominate, usually at 1/2 or 1/3 of the expected Strouhal number [15]. For short cylinders

with two free ends, Zdravkovich et al. [30] found that there was significant scatter in

Strouhal number due to the switching between different frequencies, with regular vortex

shedding completely interrupted for large periods of time.

Three-dimensionality in flow is also brought about by a varying velocity field and by

local variations in bluff body geometry. A characteristic of such sheared flows approaching

a two-dimensional body is the presence of vorticity perpendicular to the axis of the body

and the plane of the flow. This vorticity, as it reaches the body, tends to roll up,

interacting with the spanwise vortices shed from the body. As a result, vortex shedding

from bluff bodies in sheared flows is now broken down into spanwise cells, with a constant

shedding frequency in each cell. Similarly, variations in local diameter can lead to various

constant frequency cells across the span.

2.5 Vortex induced vibration

When the bluff body being considered is elastically mounted, it undergoes vortex

induced vibrations (VIV) due to vortex shedding. The motion of the body affects the

vortex patterns in the wake, which in turn affects the body motion. The problem of VIV is

thus one of feedback between body motion and vortex motion in the wake [5]. Prior work

on VIV is extensive, and can be broadly classified into free vibrations and forced vibrations

of cylinders. Since free vibrations of elastically mounted cylinders is relevant to this

dissertation, that is discussed here.

Vortex shedding induces motion transverse to the flow and, to a much smaller

degree, along the flow. Transverse oscillations are of primary interest in this dissertation.

Accordingly, only work involving elastic bodies retrained to move transverse to the flow is

reviewed here. Transverse motion tends to increase the strength of the vortices in the wake,

and increase the spanwise correlation of the wake [3]. When vortex shedding is at or near

the natural frequency of the body and synchronization is achieved, VIV tends to

order/organize the wake and large amplitude oscillations result.
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VIV of elastically mounted cylinders are dependent not only on the structure of the

vortex wake and force due to vortex shedding, but also on the mass, stiffness and damping

of the cylinder. For a periodic vortex wake, the body oscillation frequency is synchronized

with the vortex wake. The force due to vortex shedding and response can be approximated

as:

F (t) = F0 sin!t+ � (3)

y(t) = y0 sin!t (4)

where ! = 2⇡f is the body oscillation frequency in rad/s and f is the body oscillation

frequency in Hz. F0 and y0 are the amplitudes of force and displacement respectively. The

amplitude and frequency response of an elastic cylinder due to vortex shedding can then be

derived in a manner similar to spring-mass-damper systems, and is usually described using

a series of non-dimensional variables. Defining m as structural mass, k as spring constant

and c as structural damping, these non-dimensional variables can be described as shown in

Table 1. The definitions of Williamson and Govardhan [31] and Blevins [3] are adopted.

Here, the added mass mA is defined as the mass of fluid entrained by the cylinder as it

undergoes VIV [3].

TABLE 1:

NON-DIMENSIONAL QUANTITIES USED IN
DESCRIBING VIV

Quantity Symbol Definition
Mass ratio m⇤ m

⇡⇢D2L/4

Reduced velocity U⇤ U
fND

Amplitude ratio A⇤ y0

D

Frequency Ratio f⇤ f
fN

Damping ratio ⇣ c

2
p

k(m+mA)

Here, ⇡⇢D2L/4 is the displaced mass of fluid for a

cylinder of length L, mA is the added mass, fN is the nat-

ural frequency of the cylinder and f is the body oscillation

frequency.
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The effect of mass ratio m
⇤ on VIV and amplitude response of a cylinder is seen in

amplitude plots over a range of reduced velocity, U⇤. For high mass ratio (m⇤
>> 1) such

as seen with cylinders in air, two branches of amplitude response are usually seen with

varying reduced velocity - a lower branch with A
⇤
max around 0.6, and an initial branch with

lower A⇤
max. For lower mass ratios (m⇤

<< 1), such as a cylinder in water, a third

amplitude branch with much higher amplitude ratios is observed. Williamson and

Govardhan [5] note that these amplitude branches correspond to different wake modes.

Mass ratio also affects lock-in. For high mass-ratio, lock-in still occurs when the

shedding and oscillation frequency remain close to the natural frequency of the body

(f ⇤ = f/fN ⇡ 1) as per the classical definition. However, for low m
⇤, the body oscillates at

higher frequencies and f
⇤ ⇡ 1.4 for lock-in. For low m

⇤, the range of reduced velocity U
⇤

over which large amplitude vibrations are observed are much larger.

The amplitude response of an elastic body in flow is also dependent on the

damping. This effect is usually described using the mass damping parameter (m⇤
⇣), simply

the product of the mass and damping ratios. Large values of damping will reduce

amplitude of vibration [32]. From the standpoint of energy transferred from the flow to

body, the value of m⇤
⇣ governs the maximum attainable value [8].

Motion of an elastically mounted cylinder induces vortex structures other than the

classical von Karman vortex street in the wake. The vortex wake patterns are dependent

on the amplitude of oscillation and reduced velocity. Williamson and Roshko [33] described

the patterns seen in the wake, using aluminum particles in the wake of a cylinder in the

range 300  Re  1000. They use the notation S for a single vortex and P for vortex pairs

in the wake, noting that acceleration of the elastic body in large amplitude oscillations led

to the formation of four regions of vorticity per cycle, rather than the usual two. This leads

to the vortex patterns other than the classical 2S pattern. These regions coalesce into

various wake patterns, depending on the oscillation frequency and amplitude.
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2.6 Summary

As is seen in this review of literature, vortex shedding by bluff bodies and induced

forces due to vortex shedding are highly dependent on bluff body geometry and Re. When

the bluff body is elastically mounted, it can undergo VIV. Body motion has a significant

effect on the wake, forces due to shedding, and the shedding frequency.

For a rigidly mounted body, theoretical methods that result in a solution for the

vortex shedding behavior do exist. These are limited to common geometries such as a

cylinder or a flat plate. A single theoretical solution that can be applied to a range of

geometries is lacking. It is this knowledge gap that is addressed in this dissertation,

through the developed Hybrid Potential Flow (HPF) model and conformal mapping. These

techniques are presented in the next two chapters.
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CHAPTER III

HYBRID POTENTIAL FLOW MODEL

As mentioned previously, a significant feature of flow over bluff bodies is the

separation of flow from the body, and the formation of a wake behind it. Further

downstream of the bluff body (⇡1.3 - 1.5 diameters downstream in the sub-critical region

[1]), the separated shear layers roll up into alternating vortices (the von Karman vortex

street). The Hybrid Potential Flow (HPF) model developed here is focused on the problem

of flow around a circular cylinder.

The problem is divided into two: the near wake and the vortex wake further

downstream. A complete solution must join both [11]. The vortex wake downstream can

be defined using von Karman’s well-known representation of an ideal vortex street.

However, to do so requires knowledge of the wake dimensions and velocities in the wake

before the separated shear layers begin to roll up into alternating vortices. This is a

function of the near-wake.

The near-body wake model developed in this dissertation provides an estimate of

the size and velocity in the near wake of a circular cylinder. A novel method employing a

combination of elementary flow solutions and experimental data is used. The effect of the

separated wake is approximated by placing a source of strength Q immediately downstream

of a doublet in uniform flow. This addition alters the shape of the stagnation streamline.

The challenge now is to pick a combination of source strength and doublet radius so that

the stagnation streamline corresponds to the surface of the circular cylinder upstream of

separation, while aft of the separation points, it represents the separated boundary layers

that continue as free shear layers downstream of the cylinder. This combination of source

strength and doublet radius picked for a specific Reynolds number must result in the

separation point, wake shape and base pressure similar to what is observed experimentally

for that Reynolds number.
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Once the appropriate source strength and doublet radius are determined, all wake

dimensions and velocities are known. A complete solution is then obtained by joining the

developed near-body model with von Karman’s representation of the ideal vortex wake.

This is done by equating the drag calculation from the two parts.

In the subsequent sections, the stream function and boundary conditions for the

HPF model are described. For generality, the hybrid potential flow method presented here

is used to model 2D flow over a circular cylinder of unit radius. However, the same method

is applicable for a two-dimensional circular cylinder of any radius.

3.1 Stream function of flow

Potential flow around a unit circular cylinder can be represented by a doublet of

strength µ, centered at the origin, and a uniform flow v1 directed along the positive x-axis.

The stream function  for such a flow is:

 = v1r1 sin ✓1(1�
a
2

r21

) (5)

where a =
q

µ
2⇡v1

as is usually the case. Adding a source of strength Q at zs = (1, 0),  

becomes:

 = v1r1 sin ✓1(1�
a
2

r21

) +
Q

2⇡
✓2 (6)

To simulate flow around a circular cylinder of unit radius, the forward stagnation

point must lie on the x-axis at (-1,0). Then, ✓1 = ✓2 = ⇡, and r1 = 1. Using these values in

(6), the stream function of the stagnation streamline reduces to:

 stag =
Q

2
(7)

A combination of Q and a must now be picked so that for a given Reynolds number:

1. The stagnation streamline follows the contour of the cylinder upstream of separation.

2. The separation point and pressure at separation compare favorably to experimentally
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observed values.

3. The wake width, given by the stagnation streamline downstream of separation,

compares favorably to experimentally observed values.

This approach is illustrated in Figure 3. The contour of the circular cylinder is only

provided for reference - the only two flow elements used are a doublet at origin and a

source at (1,0). The two position vectors r1, r2 are also marked in the figure. The angles

✓1 , ✓2 are measured counter-clockwise from the x-axis.
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Figure 3: Combination of source and doublet in uniform flow.

It is convenient to use a complex potential approach when applying boundary

conditions. For the case of a doublet centered at origin and source at zs = 1+ 0i in uniform
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flow, the complex potential is:

w(z) = v1(z +
a
2

z
) +

Q

2⇡
ln(z � zs) (8)

Then, the complex conjugate velocity is

dw

dz
= u� iv = v1(1� a

2

z2
) +

Q

2⇡(z � zs)
(9)

Two boundary conditions are imposed to solve for a unique combination of Q and a.

1. Velocity at separation (vs): Experimentally, it is seen that the velocity at separation is

greater than freestream velocity, defined as vs = kv1, where k is the base pressure

parameter. This is further explained in section 3.2.

2. Zero flow at forward stagnation point: For a unit circular cylinder centered at origin,

z = �1 + 0i is a stagnation point.

As mentioned previously, application of the boundary conditions requires knowledge of the

base pressure as well as the separation point. Both these values vary with Reynolds

number.

3.2 Base pressure

The time-averaged pressure over the base of the cylinder (portion of the cylinder

exposed to the wake) is nearly constant[11, 10, 21]. Denoting base pressure as pb, the base

pressure coefficient can then be defined as:

Cpb =
pb � p1
1
2⇢v

2
1

= 1� (
vs

v1
)2 (10)

Here, vs is the velocity at the separation point, and freestream velocity and pressure are

v1, p1. Defining base pressure parameter k as:

k = (
vs

v1
) (11)
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Base pressure coefficient Cpb then becomes

Cpb = 1� (
vs

v1
)2 = 1� k

2 (12)

Prior theoretical methods have taken different approaches to determining k. In

Kirchhoff’s free streamline theory, it is assumed that the pressure in the separated wake

(and thus the base of the cylinder, pb) is the same as freestream pressure. Thus, this

corresponds to a value of k = 1. Subsequent free streamline models [10, 21] used more

realistic values of k. However, this is a value that was usually determined experimentally.

For a circular cylinder, using Brodetsky’s method and assuming the curvature of the

streamline is the same as that of the cylinder, Roshko[10] showed that every value of

time-averaged separation angle �s corresponds to a unique value of k. However, there is a

marked difference between the values of k observed experimentally for a given �s and those

predicted by Roshko’s relation. Roshko attributes this to the assumption about the

streamlines’ curvature.

In the HPF model, a different approach is adopted to determining k. A compilation

of experimental measurements showing the variation of base pressure coefficient Cpb with

Reynolds number in the sub-critical regime is shown in Figure 4. This experimental data

has been collected from several sources [34, 35, 36, 37, 38, 39], ensuring that turbulence

intensities in each of the studies used were not more than 0.4%. No corrections have been

made for turbulence intensity. Accordingly, the variation of k (calculated using equation

12) with Reynolds number can also be plotted, shown in Fig. 5. This is used to arrive at

an equation for k as a function of Reynolds number. It is seen that for a large swath of

Reynolds number, the value of k tends towards a constant value of 1.5. This is expected, as

the variation of Cpb is minimal between 20k  Re  200k (the upper subcritical regime)[1].

Three empirical relationships for the k-Re curve are proposed based on the distribution of

data. The first uses an S-shaped curve based on an equation of the form k = A(1� e
bRen),

where A, b and n are constants to be determined. The second uses an exponential model

and the last uses a quadratic plateau model.
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S-shaped model (Model 1):

k = 1.55(1� e
�0.48Re0.1851) (13)

Exponential model (Model 2):

k = 1.51� 0.211e(�0.000121Re) (14)

Quadratic plateau model (Model 3):

k =

8
>><

>>:

1.319 + (1.623⇥ 10�5)Re(1� Re
2⇤Reth

), if Re < Reth

1.319 + (1.623⇥ 10�5)Reth
2 , if Re > Reth

(15)

In the quadratic plateau model, Reth is the threshold Reynolds number beyond which the

value of k is constant, set at Reth = 2.29⇥ 104. All three k-Re models are shown in Fig. 6.

Since Model 2 offers the minimal residual standard error, it has been used for the rest of

this dissertation. The value of k can thus be predicted as a function of Re.
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Figure 4: Variation of base pressure coefficient (Cpb) with Reynolds number. Data from
[34, 35, 36, 37, 38, 39].
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Figure 5: Variation of k with Reynolds number.
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Figure 6: Variation of k with Reynolds number. Results for models 1,2, and 3 are shown with experimental
values.

3.3 Separation point

For bluff bodies such as a flat plate (normal to the flow) or a wedge, sharp corners

can reliably be assumed as separation points. This is not possible for a circular cylinder.

The separation points on either side are not fixed, and oscillate with eddy shedding. The

range of variation of separation points is less than a degree at very low Reynolds numbers

(Re =50), but can quickly rise to over 5°at Re = 160 [40]. With increase in Reynolds

number, this range increases. Meakawa and Mizuno [41] observed the separation point

oscillating between 78° and 90° for 3.7⇥ 104  Re  6.5⇥ 104, although cylinder span [42]

and has the state of the boundary layer (laminar or turbulent) over the cylinder has an

effect on this range. For the ideal case of 2D steady flow past a smooth circular cylinder,

flow is only dependent on one parameter, the Reynolds number. For various flow regimes,
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the relationship between time averaged separation point (�s) and Reynolds number can be

identified, and has been the subject of several studies as discussed in Chapter 2. As

proposed by Jiang [42], the time-averaged separation point in the sub-critical regime can be

written as a function of Reynold’s number:

�s = 78.8 +
505p
Re

(270  Re  105) (16)

This relationship has been plotted for the sub-critical regime and is shown in Fig. 7. Since

flow is symmetric about the center-line of the wake, �s is identical on both sides of the

circular cylinder. Jiang’s results correspond well to experimental observations, and are used

to predict the time-averaged separation angle with varying Reynolds number in this study.
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Figure 7: Variation of separation angle (�s) with Reynolds number.
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3.4 Source and doublet strength

For the sub-critical range, the time averaged separation point �s and base pressure

parameter k can now be written as a function of Reynolds number (Eqs. (14) and (16)

respectively). Now, finding the combination of source strength and doublet radius is a

matter of applying appropriate boundary conditions so that upstream of the separation

point, the stagnation streamline represents flow around a circular cylinder, while

downstream, it represents the separated boundary layers as shear layers.

3.4.1 Stagnation point

For a circular cylinder of unit radius with uniform flow directed from left to right

along the real axis, it can be expected that the forward stagnation point lies at on the real

axis, at (-1,0). Here,
dw

dz
= 0 (17)

Using this in Eq. (9),

0 = v1(1� a
2

12
) +

Q

2⇡(�1� 1)
(18)

An equation relating source and doublet strengths can be obtained.

a
2 = 1� Q

4⇡v1
(19)

3.4.2 Velocity at separation

Velocity at any point in the flow field is given by Eq. (9). Knowing that the

magnitude of velocity at separation is vs = kv1, the second boundary condition can be

stated as:

|dw
dz

| = kv1 (20)

This second boundary condition must be applied at the point of separation on the surface

of the cylinder, z = 1ei�s , with �s given by Eq. (16). The source is located at zs = 1+ 0i as

previously mentioned. Using this, substituting for dw
dz using Eq. (9), and substituting for a2
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using Eq. (19) reduces Eq. (20) to a quadratic equation in Q. The unknown source

strength can now be determined, followed by the doublet radius.

Thus, for given values of Re, �s, and k, the required combination of source strength

and doublet radius to approximate flow around a circular cylinder of unit radius can be

determined.

3.5 Wake structure and forces

In the near-body model described so far, a combination of a source and doublet in

uniform flow is used to represent the flow over a circular cylinder at Reynolds numbers in

the sub-critical range. Immediately downstream of the cylinder, the stagnation streamline

represents the separated free shear layers. Further downstream, it is seen experimentally

that the shear layers roll up into alternating vortices. This is represented theoretically by

von Karman’s ideal vortex street wake [2]. Any complete solution must join the near body

solution with the vortex street wake. As noted by Roshko [11], one way to do this is to

equate the drag: the drag from the near-body model presented in the previous sections

must be the same as that from application of the momentum theory to von Karman’s

representation of the vortex street [2, 43]. To represent this vortex wake, one must have an

idea of the velocities in the wake and its dimensions.

Results from the developed near-body model provide these values. The width of the

wake, h, is provided by the spacing between the free shear layers in the near body solution.

The velocity in the free shear layers right after separation is set as the separation velocity,

vs = kv1. The velocities of vortices in the vortex street and their circulation can be

determined using theoretical relations for von Karman’s ideal vortex street.

With source and doublet strength calculated, the velocity and pressure along the

front of the cylinder (i.e, the stagnation streamline) can be determined using Eq. (9). The

base pressure is set using the value of k given by Eq. (12). The resulting pressure

distribution can be used to calculate pressure drag on the circular cylinder, and

subsequently coefficient of drag, Cd.

29



3.5.1 Velocity and circulation in the wake

Not all of the vorticity shed from a cylinder ends up in the individual rolled up

vortices of the wake. The vorticity shed from each side of the bluff body can be considered

as a vortex band (the free shear layer). If v1 and v2 are the time-averaged velocities on the

edges of the band (or shear layer) such that v1 is the outer band and v2 is the inner band,

then the rate at which circulation moves downstream is [44]:

d�

dt
=

v
2
1 � v

2
2

2
(21)

To accurately evaluate the amount of vorticity shed from a separation point during

a shedding cycle, Eq. (21) should be integrated over the shedding period [15]. However,

several prior studies [11, 45] neglect the contribution of v2, setting the velocity at the inner

shear layer to zero. This leads to the conclusion that only 40-60% of the vorticity shed from

the separation point ends up in the vortex street, with the reasoning being that vorticity

from one side moves into the rolling up vortices of the other side and cancels out. The

opposite sign of rotation leads to lower net circulation [11, 46, 45]. Then, Eq. (21) becomes

d�

dt
=

v
2
1 � v

2
2

2
=

v
2
s

2
(22)

where vs = kv1 is the separation velocity. Now, this rate at which vorticity is shed must be

equal to rate of transport of circulation downstream in the vortex street, n�. Here, n is the

shedding frequency (in Hz or rad/s) and � is the strength of each individual vortex.

Rewriting the left side of Eq.(21) as n�, and if ✏ is set as the portion of shed vorticity that

ends up in the vortex street, then

n� = ✏
v
2
s

2
(23)

The shedding frequency n can be expressed in terms of velocities in the wake and

dimensions of the wake. If v is the velocity of vortices in the vortex street relative to the

freestream and l is the lateral spacing of vortices in the vortex street, the above equation
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can be rewritten as:
v1 � v

l
� = ✏

v
2
s

2
(24)

Using vs = kv1
v1 � v

l
� = ✏

k
2
v
2
1

2
(25)

Following Roshko’s approach, � can be removed from the equation by using one of von

Karman’s stability parameters for a vortex street, �
vl = 2

p
2. Then,

v =
v1

2
(1±

r
1� ✏k2

2
) (26)

Eq. (26) relates the velocity in the wake with the freestream velocity.

3.5.2 Drag and lift due to vortex wake

Using a momentum approach, the drag due to a von Karman vortex street [2] can

be written as:

Cd = 2(
l

d
)[0.8(

v

v1
� 0.327(

v

v1
)2] (27)

where d is the diameter of the cylinder. Using another of von Karman’s stability relations

for the ratio of longitudinal to lateral spacing of vortices in a vortex street, h
l = 0.281, Eq.

(27) becomes:

Cd =
h

d
[5.65(

v

v1
)� 2.25(

v

v1
)2] (28)

Substituting for the wake velocity using Eq. (26), an expression identical to Roshko [11]

can be arrived at:

Cd =
h

d
[1.70(1±

s

1� ✏k2

p
2
) + 0.563

✏k
2

p
2
] (29)

Here, the values of h and d are known. Since pressure drag due to the near body solution

must be the same as that due to the vortex street, the value of Cd in the above equation is

set as that found using the near body solution. This allows finding ✏ and, working

backwards, the value of �.
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The oscillating lift force due to vortex shedding can also be calculated using a

momentum approach, as per Chen[24]:

L
0 = ⇢v� (30)

The expression is different from the steady lift due to circulation for a body in parallel

flow, L = ⇢v1�, being instead dependent on v, the velocity of vortices in the vortex street

relative to the freestream.

3.6 Summary

The HPF model and its contributions can be summarized as below:

1. The flow field around a unit circular cylinder in the sub-critical Reynolds number

regime is constructed by a combination of source and doublet in uniform flow.

2. Relative strengths of the source and doublet are determined using boundary

conditions: velocity at separation point (and hence base pressure) and location of the

forward stagnation point.

3. A relationship of variation of base pressure as a function of Reynolds number is

developed based on existing experimental data. Similarly, a published model for

variation of time-averaged separation point as a function of Reynolds number is used.

4. With source and doublet strength in flow determined, the velocities in the wake,

circulation of individual vortices and forces due to vortex shedding are determined by

joining the near-body solution with von Karman’s wake solution.

As will be seen from the results, the model is a reliable representation of flow around a unit

circular cylinder. With an effective solution in the circle plane, flow around other

geometries can be solved for using a series of conformal maps. Techniques for conformal

mapping and experimental validation are presented in the subsequent chapters, followed by

results.
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CHAPTER IV

CONFORMAL MAPPING

The HPF model described in Chapter 3 constructs a near body solution for the case

of flow around a unit circular cylinder in the sub-critical range, and this is joined with the

vortex wake downstream. To extend the solution to various bluff body geometries, a

conformal mapping approach is used rather than devising a new near body solution for

each geometry. Conformal maps between a unit disk and an airfoil have long been used to

compute potential flow exterior to an airfoil.

The conformal mapping approach presented here uses the methods of DeLillo and

his co-authors [12, 13, 47]. Flow is computed in the domain of the unit circle (z ) before

being transformed to the physical (Z) domain.

Mapping is carried out through a combination of Karman-Trefftz transformations

and Fornberg’s method. This approach is illustrated in Figure 8 using the example of a

simple wedge. It can be reasonably expected that flow will separate close to or at corners A

and B. A series of Karman-Trefftz transformations k are first used to smooth the corners,

resulting in a smooth closed curve that is nearly circular in the ⇣ plane. This is related to

the cylinder plane through Fornberg’s method, which results in a conformal map h between

the domains exterior to a unit disk (z ) and the smooth closed curve (⇣). Then, a composite

map f from the circle plane (z ) to the physical plane (Z) can be written as

f = k
�1
1 � k�1

2 � k�1
3 ...k

�1
m � h (31)

where k
�1
1 , k

�1
2 ...k

�1
m are the inverse of successive Karman Trefftz maps applied to m

corners.

Thus, to solve for flow around a new geometry in the physical Z-plane, a conformal

map to the circle z -plane can be constructed as outlined above. In the circle plane, the
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HPF model is used to calculate the flow. This can then be related to the physical plane as:

Z = k
�1(h(z)) (32)
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Figure 8: Conformal mapping approach using Karman-Trefftz and Fornberg maps. A point in the circle
plane z can be calculated in the physical plane Z as Z = k�1(h(z)).

4.1 Karman-Trefftz transformations

Since Fornberg’s method maps the domain exterior to a unit disk to the domain

exterior to a smooth closed curve, it is necessary to transform the geometry in question

first to a smooth closed curve. This is done through a series of Karman-Trefftz

transformations. For a geometry in the Z-plane, let the corner to be smoothed be denoted

by Z1 and an inner point to the geometry be Z2. Then, the classical Karman-Trefftz
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transformation from the Z-plane to the ⇣-plane is as shown below:

⇣ � ⇣1

⇣ � ⇣2
=

✓
Z � Z1

Z � Z2

◆1/�

(33)

Here, Z1 maps to ⇣1 and Z2 maps to ⇣2. � is calculated as

� =
2⇡ � �

⇡

where � is the interior angle of the corner to be smoothed. Then,

k(Z) = ⇣ =

 
⇣1 � ⇣2

✓
Z � Z1

Z � Z2

◆1/�
!
/

 
1�

✓
Z � Z1

Z � Z2

◆1/�
!

(34)

For a geometry with multiple corners to be smoothed, successive Karman-Trefftz maps

must be used. The Karman-Trefftz map can then be written as a composition:

k(Z) = ⇣ = km � km�1 � ...k1(Z)

Karman Trefftz maps can be explicitly inverted. Thus, for a single transformation,

the inverse can be written as:

k
�1(⇣) = Z =

 
Z1 � Z2

✓
⇣ � ⇣1

⇣ � ⇣2

◆�
!
/

 
1�

✓
⇣ � ⇣1

⇣ � ⇣2

◆�
!

(35)

For multiple Karman-Trefftz transformations, the inverse is again written as a composition:

k
�1(⇣) = Z = k

�1
1 � k�1

2 � ...k�1
m (⇣)

Figure 9 shows the process of applying multiple Karman Trefftz maps to a geometry

in the Z-plane to result in a smooth closed curve in the ⇣-plane. Although the smooth

domain is not always symmetric in the ⇣-plane, since it is an intermediate step, it is not a

cause for concern.
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Figure 9: Karman-Trefftz transformation for a wedge. Here, m = 3.

4.2 Fornberg’s method

Fornberg’s method conformally maps the domain exterior to a unit disk to the

domain exterior to a smooth, closed curve. To apply Fornberg’s method, it is necessary

that the smooth closed curve resulting from the Karman-Trefftz transformations first be

parameterized as a smooth function with continuously turning tangent (no corners), as

noted by DeLillo and Sahraei [12]. This is done by fitting the x, y coordinates of the

smooth closed curve with two periodic cubic splines parametrized by S. Then, the form of

the Fornberg map that maps the exterior of a unit disk @⌦ to the exterior of a smooth

closed curve �(S) is:

h(z) = a1z + a0 +
1X

k=1

a�kz
�k (36)
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A Newton-like method is used to find the boundary correspondence S = S(✓), so that

h(ei✓) = �(S(✓)) (37)

Implementation of the periodic cubic splines and Fornberg map due to DeLillo and

Sahraei [12] is carried out in MATLAB and presented in Appendix B.

4.3 Conformal map from the circle plane (z ) to the physical plane (Z)

The conformal map from the circle plane z to the physical plane Z can now be

written as a composition of the Fornberg and inverse Karman-Trefftz maps discussed in the

previous sections. Since h is the Fornberg map from the circle plane z to the plane of the

smooth circular shape ⇣, and k1, k2...km are the successive Karman Trefftz maps from the

physical plane Z to the ⇣-plane, the conformal map f from the z -plane to the Z-plane is

written as:

Z = f(z) = k
�1 � h = k

�1
1 � k�1

2 � ...k�1
m � h(z) (38)

that is

Z = f(z) = k
�1 � h(z) (39)

This is illustrated in Figure 8.

4.3.1 Velocity calculations

If w(z) is the complex potential in the z -plane and keeping in mind that the

conformal map is written as Z = f(z), complex potential in the Z-plane can be written as

W (Z) = W (f(z)) = w(z) = w(f�1(Z)) (40)

Then, complex velocity V in the Z-plane is:

V =
dW

dZ =
d

dZw(f�1(Z)) = w
0(z)

dz

dZ =
w

0(z)

f 0(z)
(41)
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Eq. (41) can be modified to calculate the freestream velocity VZ in the Z-plane.

Writing v1 as the freestream velocity in the z -plane and using z = 1, the freestream

velocity in the Z-plane is:

V Z =
w

0(1)

f 0(1)
=

v1

f 0(1)
(42)

Velocity at every point in the Z-plane can thus be calculated with Eqs. (41), (42). To do

so, it is necessary to compute the derivatives of the conformal map f
0(z) and f

0(1). The

calculation of these derivatives, shown first in DeLillo [48], are also presented in Appendix

A.

4.4 Applicable bluff bodies

From some bluff body, a conformal map from the z -plane to the Z-plane will always

exist. However, realistic solutions are limited to a class of bodies for which the separation

points map to where flow is reasonably expected to separate on the geometry (such as

sharp corners).

The conformal mapping approach outlined here is thus limited to certain bluff body

shapes in the Z-plane:

1. The bluff body must be closed and symmetric.

2. The rear stagnation point on the cylinder must map to a vertex. Thus, shapes such as

a wedge or a semi-circular cylinder require the introduction of a very small artificial

slope to allow a trailing edge vertex. An example of this is seen in Figure 8.

3. Interior angles for corners must be between 0°-180°.

4. Elongated bodies (such as a flat plate with some thickness at 0° angle of attack) will

lead to separation points being mapped aft of actual separation points. Thus, fineness

ratio of geometry can only be increased up to a point.

Thus, the bluff bodies for which this approach is tested is limited to symmetric bluff

bodies of relatively small fineness ratios.
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4.5 Implementation

The techniques described in this chapter allow calculating a conformal map between

the domain exterior to a unit disk and the domain exterior to a different geometry. To

determine the vortex shedding behavior and forces due to vortex shedding for bluff bodies

of various geometries requires the systematic use of the HPF model and conformal

mapping. A step-wise implementation of the procedure is outlined below:

1. The geometry in the physical (Z) plane is first converted to a smooth closed shape in

the -plane using multiple Karman-Trefftz transformations, written as a composition:

⇣ = km � km�1 � ...k1(Z) = k(Z)

KT maps can be explicitly inverted.

2. The Fornberg map between a unit disk centered in the z-plane and the smooth closed

shape in the -plane is constructed:

⇣ = h(z)

3. In the z-plane, the streamlines (and particularly, the stagnation streamline) can be

calculated for a combination of doublet, source and uniform flow – the Hybrid

Potential Flow model.

4. The stagnation streamline, which represents the surface of the cylinder prior to

separation and the free shear layers in the wake after separation, can now be mapped

to the physical Z plane.

Z = k
�1 � h(z)

5. With flow in the physical Z plane now known, velocities and pressures can be

computed over the geometry in question. The near-body model for the geometry is

complete.
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6. The vortex wake in the physical plane is represented by von Karman’s solution, and is

joined to the near-body solution by equating the drag. Forces due to vortex shedding

by the geometry at can then be calculated.

This approach is summed up in Figure 1, reproduced below as Figure 10.

Figure 10: Overview of a solution based on conformal mapping and potential flow theory.

The theoretical methods discussed in this chapter and the previous one allow

calculation of flow around and vortex shedding behavior of bluff bodies of various

geometries. Prior to being used as a design tool for a small-scale energy device, these

methods must be validated using experimental techniques and comparison with published

literature. In the subsequent chapters, the experimental methods and models used in

testing on a free-surface water table, wind tunnel and water tunnel are described. This is

followed by the results.
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CHAPTER V

WATER TABLE TESTS

In the HPF model described in chapter 3, the wake behind a bluff body is divided

into a near-body solution and a vortex wake further downstream. In the near-body model,

the stagnation streamline upstream of separation represents the contour of the cylinder,

while downstream of the separation points it represents the time-averaged position of the

free shear layers before they roll up into individual vortices. In the sub-critical range, this

formation length is usually 1.3-1.5 diameters [1]. To validate that the time-averaged

position of the wake predicted by the HPF model is similar to what is seen experimentally,

a flow visualization technique based on classical tracer methods and image stacking is

developed and used here.

The complexity of wake dynamics and the unsteady nature of the wake of bluff

bodies has meant that flow visualization has always played a key role in its study [49]. In

general, flow visualization techniques are based on the principle of introducing foreign

material (tracers) into the fluid itself, or by observing the optical patterns created due to

changes in fluid properties. Direct injection of a tracer is the most commonly used

technique in subsonic flow [50]. In this manner, phenomena observed by global

measurements (such as force) and local measurements (such as velocity) can be interpreted

and related to the flow patterns observed.

As mentioned previously, the location of the separation point is a function of body

geometry and Reynolds number. Flow visualization techniques can show the oscillation of

separation points as well as the wake behind a bluff body. From instantaneous views,

researchers usually estimate the time-averaged mean separation point. Hiemenz used dye

flow visualization to estimate the mean separation point as 82° at Re = 1.2⇥ 104 [1].

Similarly, Mei and Currie estimated mean separation point as 82° at Re = 1.6⇥ 104 [51].

Ballangee and Chen used a dual element hot film probe to measure separation point for
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104  Re  4.5⇥ 104. They found that estimates of mean separation point varied between

91° at Re ⇡ 9.5⇥ 103 and 83° at Re = 3.9⇥ 104 [52].

Interpreting the results of flow visualization must be done carefully, for they are

dependent on how the flow field behind the object is photographed. Long exposure

photographs, for example, will result in the extent of the wake being visible, with

oscillations in separation point and turbulence in the wake smeared out. Very short

exposure times will result in instantaneous views. The observed flow patterns are

dependent on the moment of observation [53]. Thus, while instantaneous views of the

unsteady wake are readily obtainable using experimental methods, a single image capturing

the variation in separation points and degree of oscillation of the wake is not readily

available.

The flow visualization technique developed here addresses this. The technique relies

on a simple method of image synthesis using image stacking to allow visualization of the

unsteady wake of a cylinder. Continuous release of dye from the rear wall of the cylinder

allows visualization of streakline patterns and the instantaneous position of the vortex

sheet in the wake of the cylinder. The resulting images are compacted, processed and

composed into a single image. The processed image allows comparison with the time

averaged streamlines predicted by the HPF model. Quantitative information on the

variation in separation point, the degree of oscillation and time averaged position of the

wake can be obtained from a single image.

5.1 Apparatus

Flow visualization is carried out using a free-surface water table of dimensions 96 x

40 inches. A 0.75 HP motor drives water from the inlet tank through the test section to

the return tank. The inlet tank is equipped with a depth survey system to measure

stagnation depth in relation to the table surface. Streaming depths in the test section are

measured with a fine tipped probe (0.03 inch in diameter) attached to a carriage above the

water surface and capable of vertical travel. Vertical travel of the probe is measured by a
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Figure 11: Isometric view of experimental setup.

micrometer accurate to one-thousandth of an inch.

A cylinder of diameter 3.675 inches, sanded smooth and painted white, is used as

the test model. The cylinder is positioned at the center of the free surface water table. A

thin-walled tygon tube of inner diameter 1/32 inch is attached to the rear (180°) of the

cylinder, and is used to deliver tracer. The outlet of the tracer tube is positioned 1/8 inch

above the surface of the water table to keep it out of the boundary layer. The tracer used

in this study is a small amount of red food coloring, diluted with the working fluid (water)

in an effort to keep it neutrally buoyant.
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Figure 12: Sequence of images showing a shedding cycle before normalization (clockwise from top left).

Photographs of the flow are captured using a modest Canon EOS20D camera

mounted on a tripod above the water table. The camera captures photos at approximately

5 frames per second. An adjustable lamp is used as a source of illumination, and positioned

to be slightly upstream of the cylinder. A white background with a grid imposed upon it is

fitted below the glass on the bottom of the test section to serve as a high-contrast

background. In Figure 11, an isometric view of the experimental setup is shown. A

sequence of images corresponding to one shedding cycle captured using this experimental

setup is shown in Figure 12.

44



5.2 Technique

In the method of image synthesis developed in this dissertation, the underlying

principle is creating a single composite image of the wake of a cylinder through image

stacking. A process of binarization is first used, that is, converting a color image to black

and white based on a threshold value. Binarization allows easy detection of wake and

separation points in subsequent steps of image processing. An image of the cylinder on the

water table, but with no dye being released, is used as the baseline image. Using

MATLAB’s image processing toolbox, the baseline image is converted to three matrices,

each corresponding to the Red, Green and Blue (RGB) value of each pixel. The RGB

values for each pixel serve as the local threshold for that pixel. Using a local threshold is

preferable to a global one as it removes biasing due to nonuniform illumination.

With the camera set to burst mode, a sequence of photos corresponding to several

shedding cycles is captured while dye is being released. Similar to the baseline image, each

image is converted to three matrices of RGB values using the Image Processing Toolbox.

These are then normalized against the baseline image.

Each normalized wake image is now processed. Since the bright red dye used

obscures the white background, the normalized G,B values of the wake pixels drop below 1.

In this manner, all the wake pixels are identified and converted to white, while the

remainder is converted to black. Picking a reasonable threshold value is important to

prevent unbiased results. An example is shown in Figure 13 with a single instantaneous

wake image that has been normalized. The normalized RGB values shown are for a band of

pixels that is centered horizontally and spans the height of the image. The areas where

G,B values drop indicate the presence of dye. As red dye is used with a white background,

the R value is constantly high and is not used in determining the threshold. Please note

that the RGB values all tending towards 1 beyond pixel 2500 indicate the white body of

the cylinder. The threshold value picked in this study is 0.8, that is, pixels with both G and

B values below 0.8 indicate the presence of dye. Another useful way to pick an acceptable
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threshold value is based on the histogram of normalized R,G,B values in the image. All

images in the shedding cycle are now a series of black and white images, with the wake

pixels in white and the remaining area in black. Figures 12 and 14 show one shedding cycle

before and after normalization and processing.
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Figure 13: Normalized RGB values of each pixel along a band that is centered horizontally and spans the
height of the image.

With the shedding cycle now a series of binary images, further processing can be

done to highlight the variation in separation point and the oscillation of the wake. To

determine the instantaneous separation point in each image, a band 12 pixels outward from

the left edge of the cylinder is scanned for the presence of dye (a white pixel). Scanning is

begun 65° from the forward stagnation point of the cylinder, and increased in steps of 1°

until dye is detected. The process is then repeated for the right side of the cylinder. In this

manner, instantaneous separation points on the right and left side of the cylinder are

detected. Steps of 1° corresponds to an arc length of 5 pixels. This is the uncertainty of the

method in detecting separation points. Clearly, higher resolution images can reduce this
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margin of error.

The series of binary images are now averaged (summed up and then divided by the

number of images). Pixels with an RGB value of less than 0.5 indicate that they are not

common to both halves of the shedding cycle. Converting these pixels to a lighter grey

allows visualizing the oscillating portion of the wake. Similarly, for the separation point,

pixels with an RGB value of less than 0.5 indicate the variation of the separation point

beyond the mean position. Pixels with an RGB value of greater than 0.5 indicate they are

always part of the wake, that is, common to both halves of the shedding cycle. These are

converted to white. The resulting image, Figure 15(b), depicts the wake in two shades,

with the range of fluctuation in separation points clearly seen.
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Figure 14: Sequence of binary images showing a shedding cycle after normalization (clockwise from top
left).
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Figure 15: Wake after image processing: (a) Algebraic extent of wake (b) Processed wake.

The use of dye as employed in this technique allows visualization of streaklines.

Since streaklines, streamlines and pathlines are not identical in unsteady flows, care must

be taken when interpreting flow visualization results. Smits and Lim note that the

definition for streamlines, a curve in the flow field such that it is tangent to velocity

vectors, holds for unsteady flows at an instant, giving instantaneous streamlines [54]. A

streakline is the instantaneous locus of a series of particles sequentially released from a

selected position in the flow.

As streaklines can never be broken, they represent a flexible barrier that fluid cannot

cross [55]. Then, by introducing dye at the rear stagnation point, the resulting streakline

image represents the position and extent of the vortex sheet, and the dye interface

separates the undisturbed flow from the wake. Thus, every frame in Figure 14 denotes the

instantaneous position of the vortex sheet. These are stacked into single composite images

in Figure 15. The composite image in Figure 15(a) shows the algebraic extent of the vortex
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sheet in the wake. It is thus possible to compare the time-averaged wake generated by the

HPF model with the processed wake generated through image stacking.
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CHAPTER VI

WIND AND WATER TUNNEL TESTS

A combination of the HPF model and conformal mapping allow prediction of vortex

shedding behavior and Strouhal number for a range of bluff body geometries. To validate

these theoretical predictions, a series of wind and water tunnel tests are carried out. The

testing apparatus, methodology, and data processing techniques used are described in this

chapter. A primary motivation in presenting this is to build confidence in the data

collected as well as to make clear the conditions under which they were collected. Four

bluff body geometries are tested. In the next chapter, experimental results are compared to

results obtained from the Hybrid Potential Flow model and conformal mapping.

6.1 Wind tunnel testing methodology

6.1.1 Test facility

All wind tunnel testing was carried out in the Low Speed Wind Tunnel (LSWT) at

Wichita State University. The LSWT has a test section that is 34.5 inches tall and 50

inches wide. The test section has a length of 96 inches. The tunnel is open-return, powered

by a 200 HP motor and variable pitch propeller, with a maximum dynamic pressure of 25

psf in the test section. Several mounting points for models are available across the floor

and ceiling of the test section. Figure 16 shows the dimensions of the test section of the

LSWT. Also shown is the test model installed in the center of the test section.

6.1.2 Test models

A smooth, circular PVC pipe mounted on a wooded base is used as the baseline test

model. The pipe has an outer diameter of 1.89 inches and length of 34 inches, giving it an

aspect ratio of ⇡ 18. The pipe has a natural frequency of 11 Hz, determined through a tap

test. Mounting to the wooden base is done through 4 L-brackets. The test model is thus a

cantilevered cylinder, fixed at one end and free at the other. The model is installed using
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available mounting points so that the cylinder is exactly in the center of the test section.

An end cap made of plywood and of thickness 1/16 inch and is attached at the free end,

ensuring the central cavity of the cylinder is not open.
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Figure 16: (a)Front and (b) side view of the model installed in the LSWT at Wichita State University. All
dimensions are in inches.

As the cylinder is fixed at one end and free at the other, it can be expected that the

free end will undergo small amplitude VIV when there is periodic vortex shedding. To

measure the frequency of vortex shedding, an Adafruit ESP8266 Feather HUZZAH

micro-controller [56] with an attached Adafruit Flora 3-axis accelerometer [57] is mounted

to the inside of the end cap on the free end. The ESP8266 measures 2 inches x 0.9 inches x

0.28 inches, and is powered through 150 mAh LiPo battery. The Flora measures 0.15 inch

x 0.15 inch x 0.03 inch, and is soldered on and powered through the ESP8266. The

ESP8266 is configured to transmit accelerometer readings from the Flora through WiFi to
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an ESP32 receiving unit. Mounting the ESP8266 and Flora to the inside of the end cap on

the free end ensures that it is not exposed to the flow and does not affect flow conditions

around the cylinder. The end cap is securely attached to the cylinder, and the mounting

board holding the ESP8266 and Flora are supported on all sides by the inside of the

cylinder wall. There is thus no potential for the electronics to move independent of cylinder

motion. The ESP8266 and Flora together weigh ⇡ 15 g, so the change in mass of the

baseline model is minimal. Schematics of the ESP8266 Feather HUZZAH and the Flora,

reproduced from Adafruit’s public documentation [56, 57] are shown in Figure 23.

With the model installed in the test section, the cylinder spans almost the entire

height of the test section, but for a gap of 1/16 inch between the free end and the test

section ceiling. Thus, the model can be considered nominally two-dimensional. The 1/16

inch gap between the top of the cylinder and the ceiling ensures there is no fouling when

the cylinder undergoes VIV. Figures 17 and 18 show the baseline model installed in the

test section of the wind tunnel.

Figure 17: Front view of baseline wind tunnel model installed in the test section. Electronics are attached
to the end cap, which is mounted securely at the free end of the cylinder.
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Figure 18: Iso-view of baseline wind tunnel model installed in the test section. Electronics are attached to
the end cap, which is mounted securely at the free end of the cylinder. Flow is from right to left of picture.

The baseline test model is used to validate theoretical results for a circular cylinder

predicted by the Hybrid Potential Flow model. It is also used to validate the experimental

setup used here by comparison with already published data on vortex shedding by

cylinders with circular cross-sections. To test other geometries, wooden frames of the

geometry are constructed. These frames are securely attached to the baseline cylinder

model. Panels of 1/32 inch balsa serve as skin, and are attached to the frame. This is

followed by applying a plastic shrink wrap (MonoKote©) coating over the skin. In this

manner, the test model is converted from a cylinder with a circular cross-section to various

other cross-sections. The geometries tested are described in Figure 19. Figures 20, 21 and

22 show each model installed in the test section. These geometries are selected due to the

easy availability of prior experimental results for validation.
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Figure 19: Three bluff body geometries used in wind tunnel testing. (a) Shape 1 (b) Shape 2 (c) Shape 3.
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Figure 20: Shape 1 wind tunnel model installed in the test section. Flow is from right to left of picture.

Figure 21: Shape 2 wind tunnel model installed in the test section. Flow is from right to left of picture.
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Figure 22: Shape 3 wind tunnel model installed in the test section. Flow is from right to left of picture.

6.1.3 Data acquisition and processing

Once installed in the test section, each model is tested at 4 different dynamic

pressures (q), from 1 to 4 psf. This range was picked to ensure that the Reynolds numbers

being considered for each model remained in the sub-critical range. The ESP8266 and

Flora attached to the test model transmit acceleration data in all three axes through WiFi.

The acceleration measurement range of the Flora is set at ±2G, while the sample rate of

the Flora is 254 Hz. Data is received through an ESP32 receiving unit connected to a

computer. The Flora transmits acceleration data for all three axes.

To collect data at each dynamic pressure, the following process was adopted:

1. Propeller pitch is increased until the desired tunnel q is reached.

2. Once the desired q is reached, the ESP32 unit is plugged in and begins receiving data.

The sample rate is set at 254 Hz.

3. Approximately 30 seconds of data is collected at each q, ensuring that a large number
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(a)

(b)

Figure 23: Schematic of the microcontroller and accelerometer used, from [56, 57]. (a) ESP 8266 Feather
HUZZAH and (b) Flora 9 DOF sensor. All dimensions are in inches.
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of shedding cycles are captured.

4. Once 30 seconds of acceleration data have been collected, the ESP32 unit is unplugged

and the tunnel q is increased to the next test condition. In this manner, only data at

distinct q ’s are captured, and the transition from one q to the next is not.

As flow vibrations transverse to the flow are of interest here, they are analysed

further. Data processing is done using frequency spectrum analysis implemented in

MATLAB. Prior to converting from time to frequency domain, a low-pass filter with a

cut-off of 125 Hz is applied to the acceleration data received by the ESP32 unit. This

ensures that there is no high frequency noise being aliased into the spectrum. A run with

the tunnel propeller running but with q = 0 psf was also done to see if vibrations due to

tunnel operation show up in the frequency spectrum. Any spikes noted due to tunnel

vibrations are later disregarded when analyzing wind-on data. Results from wind tunnel

testing and comparisons to theoretical estimates are presented in the Results chapter.

6.2 Water tunnel testing methodology

In addition to wind tunnel tests, a series of tests were carried out using the water

tunnel at Wichita State University. These tests were purely qualitative. Care was taken to

ensure that the model and test conditions used resembled the baseline model used when

wind tunnel testing. Thus, the model used here is also a smooth PVC cylinder of circular

cross-section that spanned the height of the test section, but for a 1/16 inch gap between

the top of the model and the tunnel wall. The primary motivations for the water tunnel

tests were to use flow visualization techniques to:

1. Qualitatively determine the correlation of the flow along the span of the cylinder.

2. Understand the effect a 1/16 inch gap has on two-dimensionality of flow and if it leads

to cellular vortex shedding.
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6.2.1 Test facility

Testing was carried out at the water tunnel at Wichita State University. The water

tunnel is a closed loop tunnel that holds approximately 3500 gallons of water. The test

section is 3 ft high and 2 ft wide, and has a length of 6 ft. Water speeds can be varied from

0.1 ft/s to 1 ft/s. Flow speeds are read using a flow meter that is downstream of the model

and located at the end of the test section. A schematic of the water tunnel from Kliment

[58] is shown in Figure 24.

Figure 24: Schematic of the water tunnel at Wichita State University.

The tracer used in flow visualization here is food coloring, diluted with water in an

effort to make it neutrally buoyant.

6.2.2 Test model

Similar to the baseline model used when wind tunnel testing, a smooth PVC

cylinder is used as the test model. The cylinder has a diameter of 4 inches and span of 36

inches, leading to an aspect ratio of 9. Dye ports are installed along the span of the model.

The model is mounted on an adjustable base, so the dye ports can be positioned anywhere
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from the forward stagnation point (0°) to the base (180°) of the cylinder. Each dye port is

carefully sanded to ensure that it is flush with the cylinder surface. Once installed in the

test section, the model spans the height of the test section, but for a gap of 1/16 inch

between the free end and the tunnel wall. This gap was maintained to replicate test

conditions used in the wind tunnel tests. The aspect ratio of the model used is

approximately half that of the wind tunnel baseline model. The larger diameter cylinder

used here is necessary to allow easy installation of the dye ports on the inside of the model.

However, as the aspect ratio is still well above 5 as suggested by Sakamoto and Arie [29],

and the small gap at the free end is maintained, it is reasoned that flow visualization in the

water tunnel will still provide an insight on correlation and if free end effects will affect

data collected using the wind tunnel model. In Figure 25, the cylinder installed in the

water tunnel is shown.
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Figure 25: Cylinder model used in water tunnel testing and installed in the test section. Flow is from right
to left of picture.
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6.2.3 Test procedure

All test runs are performed at a tunnel speed of 0.1 ft/s. This speed is picked to

allow clear visualization of dye in the wake of the model while ensuring the Re lies in the

sub-critical range. The calculated Re for this model is ⇡ 3000. Each of the dye ports along

the span of the model is connected to the dye reservoirs as seen in Figure 24. With the

tunnel running, dye is steadily released from various dye ports along the span of the model,

allowing visualization of the wake at various sections behind the model.

Images are captured using a Canon EOS20D camera mounted on a tripod and

placed on the viewing deck. Adjustable lamps positioned on the deck illuminate the test

section indirectly. An illuminated white background placed on the outside of one side of

the test section provides a high-contrast background.

The clearest flow visualization is obtained when the dye ports are positioned at 45°

from the forward stagnation point. Then, tracer is released directly into the shear layer

and follows the contour of the cylinder until separation. Releasing tracer from all ports

simultaneously allows comparison of phase in the wake at different sections throughout the

span of the cylinder.
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CHAPTER VII

RESULTS

The HPF model estimates the time-averaged wake behind a unit circular cylinder,

as well as the induced force due to vortex shedding. The wake and forces due to other

geometries can then be obtained from the cylinder solution through a series of conformal

maps, as described in the previous chapter.

The results obtained through theoretical and experimental methods are presented

here. This chapter is organized as follows: First, results obtained for the near-body

solution of the unit cylinder obtained using the Hybrid Potential Flow model are presented.

This is validated by comparison of wake shape and separation point with experimental

results from the water table, using the technique of image stacking described in Chapter 5.

The predicted force due to vortex shedding is compared with published results. Following

this, the flow around different bluff body geometries, calculated in the circle plane and

conformally mapped to the physical plane, is presented. Predicted vortex shedding

behavior for both the circular cylinder as well as other geometries are then compared with

experimental results from wind and water tunnel tests. Finally, an improved geometry for

use in small-scale energy devices is discussed.

7.1 Cylinder wake

The near body solution for flow around a unit circular cylinder at two different

Reynolds numbers as predicted by the Hybrid Potential Flow model is shown in Figure 26a

and 26b. For each Reynolds number, the mean separation point (�s) and base pressure

parameter (k) are first calculated, followed by the unique combination of source strength

and doublet radius corresponding to these two cases, calculated using Eqs. (17) and (20).

This is listed in Table 2. As is seen in Figures 26a and 26b, the stagnation streamline

mirrors the surface of the cylinder. After separation, the stagnation streamline continues
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downstream and represents the time-averaged position of the separated shear layers. It is

the boundary between the outer potential flow and the wake region. The spacing between

the shear layers represents the wake width, h. As mentioned in Chapter 3, the only flow

elements used are a source and doublet. The outline of the unit cylinder is provided for

reference.

TABLE 2:

PARAMETERS IN HPF MODEL FOR FLOW
AROUND UNIT CIRCULAR CYLINDER

Re Q(ft2/s) a (ft) �s (°) k
1.7 ⇥104 4.47 0.849 82.67 1.48
6 ⇥104 14.83 0.859 80.86 1.51

Here, �s is shown measured clockwise from the forward

stagnation point.

Calculating flow parameters for a given Reynolds number also allows calculation of

the pressure distribution along the stagnation streamline (that represents the surface of the

cylinder). This is shown in 27.

The time-averaged separation points and wake shape predicted by the HPF model is

validated by comparison with experimental observations. The wake behind a cylinder at Re

= 1.7 ⇥104, measured on a water table, is represented as a single composite image in Fig.

15 using the image stacking technique described in Chapter 5. The shape of the near-wake

predicted by the HPF model is compared by superimposing the predicted wake over the

image of the time-averaged composite wake. This is shown in Figure 28.

As described in Chapter 5, developing a composite image for the wake behind a

bluff body using image stacking results in a wake depicted in two shades: the fluctuating

portion of the wake shown in grey, while the portion that is common to both halves of the

shedding cycle is shown in white. The entire extent of the wake is thus captured. It can

then be expected that free streamlines from theoretical models (which represent the

time-averaged position of free shear layers in the wake) lie in the middle of the grey

(fluctuating) region of the wake. As is seen in Figure 28, the time-averaged streamlines
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Figure 26: Flow around a unit circular cylinder (a) At Re = 1.7 ⇥104. (b) At Re = 6 ⇥104.
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Figure 27: Pressure distribution along the stagnation streamline (which represents the surface of the
cylinder). Here, Re = 1.45⇥ 104.

predicted by the HPF model compare well to experimental observations on the water table.

For a body such as a cylinder, periodic vortex shedding is also accompanied by

fluctuating separation points. In the water table flow visualization described in Chapter 5,

since dye is introduced at the rear stagnation point and shows the extent of the vortex

sheet, the instantaneous separation point can be shown by the dye trace along the cylinder

wall [59]. The range of fluctuation of the separation point forward of its mean position on

either side of the cylinder is easily seen from the extent of the grey band in Figure 15. The

instantaneous separation points, determined from the instantaneous wake images, vary

between 83° and 90° on the left side, and 82° and 90° on the right side for Re⇡ 1.7 ⇥104.

All measurements are from the forward stagnation point. The time averaged separation

point is calculated to be 86° on either side of the cylinder. These results compare well with

prior experimental as well as numerical results. Boundary layer probe results from Mei and

Curry at Re ⇡ 1.67⇥ 104 estimate the time averaged separation point at 82° [51]. Son and

Hanratty estimate the separation point at 85° at Re = 2⇥ 104 using velocity gradient

measurements [60]. Direct Numerical Simulation results from Jiang at Re ⇡ 1.7⇥ 104
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results in a time-averaged separation point of 82°[42], while Cheng et al. observed time

averaged separation point at Re ⇡ 2⇥ 104 to be approximately 85° [61].

The results described above thus justify the use of the image-stacking technique and

the resulting composite image developed to validate the HPF model. The good agreement

between time-averaged separation point calculated here and that calculated by Jiang [42]

further justify using Eq. 16 to predict �s in the HPF model.

7.2 Forces on cylinder

Since the velocity along the surface of the cylinder prior to and at separation, as

well as the pressure in the base region is known through the HPF model, the pressure

distribution around the cylinder and thus the drag can be calculated. The variation in drag

coefficient with Re in the sub-critical range predicted by the HPF model is shown in Figure

29. Also shown are experimental results from Hoerner [62] and Chen [24]. As is seen, the

mean drag predicted by the HPF model compares well with experimental observations.
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Figure 28: Comparison of free streamlines from HPF model to composite image from experimental
observations.Here, Re = 1.7⇥ 104.
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Figure 29: Variation of drag coefficient with Reynolds number. Results from the HPF model are compared
to experimental results from [24, 62].

Further downstream, the free shear layers roll up into alternating vortices. With the

wake width h known, the spacing between the vortices in each row is calculated using von

Karman’s stability criteria (hl = 0.281). By equating drag from von Karman’s solution and

that calculated by the HPF model, circulation of vortices in the wake and their velocities

relative to the free stream can be determined. Presented in Table 3 are wake dimensions,

fraction of vorticity ✏ from the shear layers that ends up as individual vortices in the wake,

strength of individual vortices in the wake and the rms lift coefficient per span for two

Reynolds numbers. The variation of Clrms with Re predicted by the HPF model is plotted

in Figure 30, and compared to experimental measurements from West and Apelt [63] and

Norberg [18]. The maximum fluctuating lift coefficient predicted by the HPF model is

compared to theoretical estimates by Chen [24] as well as experimental measurements by
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TABLE 3:

WAKE CHARACTERISTICS AND RMS LIFT COEFFICIENT
FOR UNIT CIRCULAR CYLINDER

Re h(ft) l(ft) �(ft2/s) ✏ C 0
lrms

1.7⇥ 104 3.15 11.22 5.09 0.32 0.35
6⇥ 104 2.98 10.60 18.86 0.33 0.41

Gerrard [64] and Norberg [34] in Figure 31.

As is seen in Figures 29, 30 and 31, the HPF model predictions compare reasonably

well with previously published experimental observed values of Cd, Cl and Cl,rms

throughout the Reynolds number range considered, although predicted lift values are

consistently lower. As noted by Zdravkovich [1] and Norberg [18], there is a large amount

of scatter in experimental observations of fluctuating lift coefficient due to the dependence

of the unsteady process of vortex shedding on free stream turbulence intensity, surface

finish, model aspect ratio and end effects. The fluctuating lift is also highly dependent on

the degree of three-dimensionality in the wake of the cylinder. Further discrepancies in lift

and drag values arise due to assuming that the wake dimensions predicted using von

Karman’s ideal spacing are constant throughout the wake. While the ratio of lateral and

longitudinal spacing between vortices in the wake remain constant, it is well understood

that the wake behind a bluff body will begin to expand as it moves downstream. Despite

these approximations, the results presented above indicate that the HPF model is a

valuable tool in predicting wake forces and dimensions behind a circular cylinder, and thus

apt to use in a conformal mapping approach.

With the velocities and circulations in the wake known, shedding frequency and

Strouhal number can also be calculated from the HPF model using Eq. 23. These

predicted results for the cylinder are compared to wind tunnel testing results, explained in

Section 7.4.
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Figure 30: Variation of rms lift coefficient with Reynolds number for a circular cylinder. Results from the
HPF model are compared to prior published experimental results from [18, 63].
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7.3 Conformal mapping results: Flow around different bluff body geometries

A reliable solution for the flow around a circular cylinder allows the use of

conformal mapping to calculate the flow around different bluff body geometries and the

forces due to vortex shedding on them. The composition of inverse Karman Trefftz and

Fornberg maps, Z = f(z) = k
�1 � h(z), is computed as described in Chapter 4. Flow

around two-dimensional bluff bodies of 3 different cross-sections is computed: two wedges

with different apex angles, and a semi-circular cylinder. The selected geometries were

described in Figure 19, and are described again in Figure 32. These geometries are selected

due to the easy availability of prior experimental results for validation.

L = 2

D = 1

(a)

D = 1

L = 0.5

(b)

L = 1

D = 1

(c)

Figure 32: Three bluff body geometries around which flow is calculated using conformal mapping. (a)
Shape 1 (b) Shape 2 (c) Shape 3. D is used as the reference length in all Re and St calculations.

Flow in the circle (z ) plane is computed at two Reynolds numbers, Rez = 1.7⇥ 104

and Rez = 6⇥ 104 using the HPF model. Depending on the bluff body geometry, this

74



corresponds to a different Reynolds number in the physical (Z) plane, ReZ . In Figure 33,

streamlines around Shape 1 described in Figure 32a and calculated using conformal map f

is shown for Rez1.7⇥ 104. Streamlines are first computed in the z -plane, then calculated in

the ⇣-plane, before finally being computed in the Z-plane. For this shape,

ReZ = 1.75⇥ 104.

With wake width and velocities in the Z-plane known, forces due to vortex shedding

and Strouhal number can be computed. Flow characteristics for all three shapes calculated

using conformal mapping for Rez = 1.7⇥ 104 is shown in Table 4.

-

Figure 33: Calculation of flow around Shape 1 (shallow wedge). Here, Rez = 1.7⇥ 104 and
ReZ = 1.75⇥ 104.

The process is also carried out for a higher Reynolds number in the circle plane,

Rez = 6⇥ 104. In Figure 34, the conformal mapping process for the same shallow wedge is
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TABLE 4:

FLOW CHARACTERISTICS IN THE Z-PLANE FOR
Rez = 1.7⇥ 104

Geometry ReZ Cd Clrms St

-1 -0.8 -0.6 -0.4 -0.2 0 0.2

x (ft)

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

y
 (

ft
) 1.75⇥ 104 0.67 0.11 0.16

-1.5 -1 -0.5 0 0.5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

2.15⇥ 104 1.33 0.65 0.17

-1.5 -1 -0.5 0 0.5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

2.45⇥ 104 1.17 0.56 0.19

Here, ReZ is Reynolds number, Cd the drag coefficient, Clrms the rms lift

coefficient, and St the Strouhal number, all in the Z-plane. Rez is Reynolds

number in the z-plane.

shown. For this shape, the calculated Reynolds number in the Z-plane is ReZ = 6.2⇥ 104.

The process is repeated for the other shapes. Flow characteristics for all three shapes in

the Z-plane for Rez = 6⇥ 104 is shown in Table 5.
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Figure 34: Calculation of flow around Shape 1 (shallow wedge). Here, Rez = 6⇥ 104 and ReZ = 6.2⇥ 104.

TABLE 5:

FLOW CHARACTERISTICS IN THE Z-PLANE FOR
Rez = 6⇥ 104

Geometry ReZ Cd Clrms St

-1 -0.8 -0.6 -0.4 -0.2 0 0.2

x (ft)

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

y
 (

ft
) 6.2⇥ 104 0.6 0.15 0.17

-1.5 -1 -0.5 0 0.5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

7.5⇥ 104 1.4 0.77 0.18

-1.5 -1 -0.5 0 0.5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

8.6⇥ 104 1.22 0.65 0.20

Here, ReZ is Reynolds number, Cd the drag coefficient, Clrms the rms lift

coefficient, and St the Strouhal number, all in the Z-plane. Rez is Reynolds

number in the z-plane.
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Results predicted through conformal mapping for the three bluff body geometries

are validated through wind tunnel testing and comparison with published experimental

results.

7.4 Wind tunnel testing results

As described in Chapter 6, wind tunnel testing is carried out in two phases. In the

first phase, the baseline model is tested, while the second involves testing three different

bluff body geometries. These geometries are described in Section 7.3 and Figure 32. The

method of construction of these models are described in Section 6.1.2.

7.4.1 Baseline model

The primary objective in starting with the baseline model is to:

1. Validate test model, test procedure and data processing techniques by comparison

with experimental results from the well-known St-Re curve for a circular cylinder.

2. Validate St predicted for the circular cylinder by the Hybrid Potential Flow model.

Wind tunnel data is studied through frequency domain analysis. For each test, several

peaks can be expected in the frequency spectrum. One of these will correspond to the

fundamental natural frequency (fn) of the model. This is determined as 11 Hz through tap

tests. Vortex shedding will impose a force on the body that fluctuates at the shedding

frequency (fs). A second spike will thus correspond to this Strouhal shedding frequency.

To confirm that this spike corresponds to the Strouhal shedding frequency, tunnel q is

increased to vary Re. The spike should move in accordance with the Strouhal relationship.

In Figure 35, the power spectrum for the baseline model at Re = 4.2⇥ 104 is shown.

This Re corresponds to a dynamic pressure of 2 psf in the test section. Several peaks can

be seen. As mentioned, the peak at 11 Hz corresponds to the fundamental natural

frequency (fn) of the baseline model. The peak at 51 Hz corresponds to the Strouhal

shedding frequency. Also seen are other peaks at 44 Hz, 99 Hz and 110 Hz. At first, it was

reasoned that three dimensional effects may be causing cellular vortex shedding. However,
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this theory was dropped after water tunnel tests indicated no evidence of cellular shedding,

as described in the next section. Each of these peaks occur at integer multiples of fn. As

noted by Atta and Gahrib [65] as well as Willamson and Govardhan [31], for a cylinder not

constrained to vibrate transverse and not in a state of lock-in, spikes are seen at integer

multiples of fn as well as sum and difference combinations of fs and fn. The other peaks

can thus be attributed to higher modes of vibration.
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Figure 35: Power spectrum for the baseline model at Re = 4.2⇥ 104. The peak at 11 Hz corresponds to the
fundamental natural frequency. The Strouhal shedding frequency is seen at 51 Hz.

The baseline model is tested at three other Reynolds numbers, corresponding to

dynamic pressures of q = 3,4 and 5 psf. In Table 6, the predicted Strouhal number from

the HPF model for the cylinder is compared to observed Strouhal number from the wind

tunnel, as well as a compilation of published results from Blevins [3]. The reference length

used in all St calculations is the cylinder diameter.

The experimentally measured values compare well to those previously published in

Blevins [3]. The values predicted by the HPF model are lower than the experimentally
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observed values. They do, however, remain relatively constant between 103  Re  105, as

is the case with experimental measurements. It can be reasoned that the lower Strouhal

number predicted is due to the approximations made with estimating the vorticity shed

from the bluff body and the amount that ends up in the vortex street (Eq. 21). Lower

estimates of ✏ will lead to lower shedding frequencies and thus Strouhal number.

TABLE 6:

COMPARISON OF PREDICTED AND OBSERVED
STROUHAL NUMBERS FOR BASELINE MODEL

Re St (HPF) St (experimental) St (from Blevins [3])
4.2 ⇥104 0.16 0.19 0.2
5.2 ⇥104 0.16 0.19 0.19
6 ⇥104 0.16 0.19 0.19

6.7 ⇥104 0.16 0.2 0.19

The comparisons between the experimental measurements of St from this study and

published results indicate the validity of the testing method and apparatus. Furthermore,

the HPF results indicate the ability of the HPF model to estimate vortex shedding

behavior for a circular cylinder. Results for other bluff body geometries are presented in

the subsequent sections.

7.4.2 Different bluff body geometries

Three other bluff body geometries were built as described in Chapter 6, and are

tested over a range of Re. In figures 36, 37 and 38, the power spectrum for the shallow

wedge (Shape 1) at Re = 6.3⇥ 104, the semi-circular cylinder (Shape 2) at Re = 7.6⇥ 104

and the steep wedge (Shape 3) at Re = 7.9⇥ 104 can be seen respectively. These three

Reynolds numbers correspond to a dynamic pressure q of 2 psf in the test section. All

three geometries have been previously described in Figure 19.
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Figure 36: Power spectrum for Shape 1 at Re = 7.6⇥ 104. Strouhal shedding frequency is seen at 28 Hz.
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Figure 37: Power spectrum for Shape 2 at Re = 7.8⇥ 104. Strouhal shedding frequency is seen at 25 Hz.
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Figure 38: Power spectrum for Shape 3 at Re = 1⇥ 105.

As is seen with the baseline model, the power spectrum for all three shapes shows

spikes corresponding to the natural frequency of the body fn = 11 Hz, as well as integer

multiples of fn indicating higher modes of vibration. The remaining spike seen is the

Strouhal shedding frequency fs. For Shape 3, the predicted St is 0.19 at Re = 1.1⇥ 105.

However, no distinct spike is seen at the frequency corresponding to St = 0.19. Since

shedding frequency and natural frequency of the structure are very close, the shedding

frequency locks in to the natural frequency for Shape 3. Thus, only one broad bandwidth

spike is seen around 11 Hz.

In Tables 7, 8 and 9, predicted Strouhal number using a combination of the Hybrid

Potential Flow model and conformal mapping is compared to observed Strouhal number

from the wind tunnel. For Shapes 2 and 3, predicted and experimental results from this

study are also compared to published results from Blevins [3]. The Re range tested

corresponds to dynamic pressure q of 1, 2,3 and 4 psf in the test section for shapes 1, 2.

For Shape 3, Re tested at corresponds to 0.5, 1, 2 and 3 psf. Shape 3 is not tested at 4 psf
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as Re falls outside the sub-critical range.

TABLE 7:

COMPARISON OF PREDICTED AND OBSERVED
STROUHAL NUMBERS FOR SHAPE 1

Re St (predicted) St (experimental)
6.3 ⇥104 0.17 0.14
7.6 ⇥104 0.17 0.19
9 ⇥104 0.17 0.19

1.1 ⇥105 0.17 0.19

TABLE 8:

COMPARISON OF PREDICTED AND OBSERVED
STROUHAL NUMBERS FOR SHAPE 2

Re St (predicted) St (experimental) St (from Blevins [3])
5.5 ⇥104 0.18 0.18 0.21
7.8 ⇥104 0.18 0.17 0.21
9.6 ⇥104 0.18 0.19 0.2
1.1 ⇥105 0.18 0.19 0.2

TABLE 9:

COMPARISON OF PREDICTED AND OBSERVED
STROUHAL NUMBERS FOR SHAPE 3

Re St (predicted) St (experimental) St (from Blevins [3])
5.4 ⇥104 0.19 0.2 0.18
7.6 ⇥104 0.19 0.15 0.17
1 ⇥105 0.19 0.13 0.17

1.3 ⇥105 0.2 0.19 0.17

7.5 Water tunnel testing results

The water tunnel tests carried out were purely qualitative in nature and are

presented here. The objective with this round of testing was to qualitatively establish the

effect of the free end and determine if there was cellular shedding present due to model

design, finish or aspect ratio. Testing was carried out at Re = 3⇥ 103. In Figure 39, the

cylinder can be seen installed in the water tunnel with tracer being released from ports

across its span. As tracer is released upstream of the separation point, it is introduced into
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the shear layer and follows the contour of the cylinder until separation. As is seen, each

trace following separation is identical and does not display any differences in phase. This

indicates that surface finish and aspect ratio used did not lead to cellular shedding across

the span.

Figure 39: Flow visualization in the water tunnel at Re = 3⇥ 103. Flow is from right to left of the picture.

Also in Figure 39, tracer released from the port closest to the free end is seen. The

port is located within a half diameter from the free end. It is seen that vortex shedding is
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not suppressed, and that there is no discernible phase difference between tracer released

from as port at mid-span and close to the free end.

The objective with this round of testing was to qualitatively establish the effect of

the free end and determine if there was cellular shedding present due to model design,

finish or aspect ratio. As seen from Figure 39, it can be concluded that the effect of the

0.125 inch gap between the top of the cylinder and tunnel wall does not have a significant

effect on vortex shedding, and that cellular shedding is not present for this model.

The port closest to the free surface is not used, as the presence of a free surface

tends to suppress vortex shedding and eliminate periodicity of the wake in the vicinity of

the free surface [66]. As the presence of a free surface is not a concern in the wind tunnel

test cases, no attempts are made to study it here.

7.6 An improved geometry for small-scale energy device

The HPF model and conformal mapping approach is now used to predict the vortex

shedding behavior of an improved geometry for use in small-scale energy devices. In Figure

40, the variation in St with Re for several geometries is shown. This data is collected from

a compilation of several sources [1, 3, 62]. General trends on how St and vortex shedding

behavior is affected by geometry can be determined from this plot. Based on these trends,

an improved geometry can be suggested, and the HPF model and conformal mapping can

be used to quickly determine St and forces. Figure 40 includes experimental data for

Shapes 2 and 3.

The objective of this exercise is to demonstrate the ability to use the HPF model as

a design aid, not to arrive at an optimized geometry. Accordingly, the improved geometry

suggested is in comparison to Shapes 1, 2 and 3. Each of these shapes have been previously

described in Figure 32.
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Figure 40: Variation of St with Re for different geometries. Data is from [1, 3, 62].

As is seen from the plot, bodies with a rounded leading edge lead to higher St.

Bodies with a flat frontal surface (such as a flat plate or a wedge with apex pointed

downstream) tend to have lower St than bodies with curved or angled frontal surface.

Here, frontal surface is defined as upstream of separation points. The presence of a long

afterbody (low fineness ratio) generally leads to the reattachment of separated shear layers

and thus lower St, although this is not always the case. Sharp corners that serve as fixed

separation points coupled with a flat face aft of separation consistently lead to the highest

St. Accordingly, the improved shape chosen is similar to a semi-circular cylinder, but with

a gentler slope forward of separation. Beyond the separation points, the rear face in the

wake region is almost flat. As discussed previously, a small slope is introduced to allow a

trailing edge vertex. This improved geometry is seen in Figure 41. Similar to other bluff
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body geometries, the vortex shedding behavior of the improved geometry is first predicted

with the HPF model and conformal mapping, followed by wind tunnel testing.
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Figure 41: Improved geometry for use in small-scale energy devices.

Results predicted by the HPF model and conformal mapping for two Re is shown in

Table 10. Experimental results for four different Re is shown in Table 11. Wind tunnel

testing is carried out by building a frame that is affixed to the baseline model, similar to

the procedure used for Shapes 1, 2 and 3. Frequency data is recorded using the same

methods as used with Shapes 1, 2 and 3. In Figure 42, the power spectrum for the

improved model at Re = 1.1⇥ 105 can be seen.
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Figure 42: Power spectrum for the improved geometry at Re = 1.1⇥ 105.

As seen in Tables 10 and 11, the improved geometry leads to slightly higher

Strouhal numbers than Shapes 1, 2 and 3, while maintaining or improving the rms lift

coefficient over those three shapes. A more extensive optimization effort may lead to

generation of shapes that can further improve upon this and may be better suited to use in

small-scale energy devices.

TABLE 10:

FLOW CHARACTERISTICS IN THE Z-PLANE FOR THE
IMPROVED GEOMETRY

Rez ReZ Cd Clrms St
1.7⇥ 104 2.35⇥ 104 1.23 0.6 0.19
6⇥ 104 8.28⇥ 104 1.2 0.6 0.2

Here, ReZ is Reynolds number, Cd the drag coefficient, Clrms the rms lift

coefficient, and St the Strouhal number, all in the Z-plane. Rez is Reynolds

number in the z-plane.
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TABLE 11:

COMPARISON OF PREDICTED AND OBSERVED
STROUHAL NUMBERS FOR THE IMPROVED SHAPE

Re St (predicted) St (experimental)
6.3 ⇥104 0.2 0.22
9 ⇥104 0.2 0.2

1.1 ⇥105 0.2 0.2
1.27 ⇥105 0.2 0.2

7.7 Summary

The combination of the Hybrid Potential Flow (HPF) model and conformal

mapping using Karman Trefftz maps and Fornberg’s method allows easy prediction of the

vortex shedding behavior for a range of bluff body geometries by mapping the cylinder

solution to the physical plane. Theoretical solutions for the circle plane as well as other

bluff body geometries have been presented. These compare well to both already published

experimental results as well as experimental results from this study. The data presented

here thus validates the use of a combination of the Hybrid Potential Flow model and

conformal mapping to determine an improved geometry for use in small scale energy

devices that use VIV as its basis. The design approach for small-scale energy devices are

discussed in the next chapter.

As with any experimental study, there are experimental uncertainties associated

with the methods used. In the image stacking technique developed, the uncertainty in

detecting instantaneous separation point is 5 pixels (± 1°). Higher resolution images can

reduce this uncertainty. In the wind tunnel tests, the accelerometer used has a

measurement range of ±2g. An increased sensitivity may improve the signal-to-noise ratio

of the measured signals, and lead to sharper peaks in the frequency domain.
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CHAPTER VIII

SMALL-SCALE ENERGY DEVICE

The results presented in Chapter 7 show that a combination of the HPF model and

conformal mapping can be used to predict vortex shedding behavior and forces due to

vortex shedding by different bluff body geometries. An improved geometry using this has

been designed for use in a small-scale energy device.

For such a device to be useful in regions where electricity access is lacking or

intermittent, it is necessary that the device be of low-cost and complexity, and that the

end-user be capable of building and maintaining it themselves. A proof-of-concept device is

presented here. The objective is not to design a ready-to-market device, but rather

demonstrate that VIV can be used as the basis for a small-scale energy device.

The proof-of-concept prototype model consists of a circular cylinder as the bluff

body. The bluff body is 18 inches tall with a diameter of 7 inches. Two flexible aluminum

straps of length 18 inches each hold the bluff body and can attach to mounting points. In

the presence of wind, the model undergoes VIV and oscillates transverse to the wind. The

model can thus be considered as a spring-mass system. To adjust the stiffness (and thus

natural frequency fn) of the model, the straps can be lengthened or shortened. Thus, fn

can be modified so it is close to the shedding frequency fs, resulting in maximum vibration

amplitude.

This model was tested at Re = 5⇥ 104, which approximately corresponds to the

average yearly wind speeds seen in Kansas (18 ft/s) [67]. At this Reynolds number,

maximum vibration amplitude of 3.5 inches is observed. Using lift coefficient as 0.6 [3], the

calculated power output per cycle is 1.15 W. This is the mechanical power in the model.

The available fluid power (calculated as Pavail =
1
2⇢v

3
1DL, where D and L are diameter

and length of the model) is 8.61 W, leading to an efficiency of 13%. In Figure 43, a

schematic of the prototype model can be seen, while in Figure 44, the prototype model
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mounted in the test section of the wind tunnel is shown.

Figure 43: Schematic of prototype of small-scale energy device.
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Figure 44: Proof-of-concept prototype of small-scale energy device mounted in the wind tunnel.

8.1 Energy conversion

To convert mechanical VIV into electric energy, a simple loudspeaker is used. Unlike

the speaker’s regular mode of operation, where electrical energy is converted to motion of

the speaker cone and subsequently into pressure waves, the role of the speaker here is

reversed. It is used as a generator, converting the motion of VIV into electrical energy.

The speaker is attached to one of the aluminum straps holding the bluff body. It is

bonded to the strap at the end holding the bluff body. When the model undergoes VIV,

the diaphragm of the speaker is set into motion. Since the coil attached to the diaphragm

is in a magnetic field, a current is induced in the coil.

To demonstrate this approach, a bench setup is used. An 0.5 W speaker is bonded

to an aluminum strap of similar length, thickness and width as that on the

proof-of-concept prototype. A Textronics TBS2000 series oscilloscope is used to read
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voltage output from the speaker. To improve power generated, ballast (in the form of

coins) is added to the cone of the speaker. The bench setup parameters are picked to

mimic the amplitude response of the proof-of-concept prototype. The bench setup can be

seen in Figure 45, while in Figure 46, a close-up of the speaker used is shown. In Figure 47,

the voltage response for an amplitude of vibration approximately 0.5D is seen. The

peak-to-peak response measured is approximately 3.2 mV.

Figure 45: Bench setup when simulating VIV with speaker.
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Figure 46: Close-up of speaker used in bench setup.

Figure 47: Voltage response seen from bench tests.

8.2 Summary

The proof-of-concept prototype shows that VIV can form the basis for a small-scale

energy device that is low-cost and complexity. The mechanical power generated by the
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strap model is 1.15 W per cycle, with an efficiency of 13%. A portion of this is converted to

electrical energy using a speaker as a generator. As mentioned previously, the objective

here is not to construct a ready-to-market prototype, but rather demonstrate feasibility.

Accordingly, the prototype is not optimized. Feasibility is demonstrated through the

results presented here.

The approach here is focused on using readily available materials so the device can

both be built and maintained by the end user. These devices can be placed outdoors, with

strap length adjusted to maximize amplitude of oscillation. Such a device will be able to

produce small amounts of power over sustained periods of time, allowing trickle charging of

the battery. An optimized device will be able to further improve power generated while

maintaining the approach of low-cost and complexity.
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CHAPTER IX

CONCLUSIONS AND RECOMMENDATIONS

The work done in this dissertation adds to the understanding and analysis of vortex

shedding and vortex induced vibrations of bluff bodies. Using the Hybrid Potential Flow

(HPF) model, a reliable solution for flow around a circular solution can be obtained. This

is extended to other bluff body geometries through conformal mapping. A combination of

the HPF model and conformal mapping allows quickly predicting vortex shedding behavior

for various geometries, which can then be used in small-scale energy devices. The principal

contributions of this dissertation are presented in the next section. This is followed by

recommendations for future studies that aim to expand this work and address any

limitations seen here.

9.1 Principal contributions of dissertation

The principal contributions of this dissertation are:

1. The HPF model allows the prediction of flow around a stationary circular cylinder in

the sub-critical regime. Wake dimensions, strength of vortices and forces due to vortex

shedding can be predicted. The results predicted compare well with existing published

literature. Unlike most prior theoretical models that only calculate mean drag on the

cylinder, this method estimates the oscillating lift force due to vortex shedding. By

compiling experimental data from several sources, a reliable model to predict base

pressure parameter k as a function of Reynolds number Re has been constructed.

The HPF model thus constructs a new and complete solution using a combination of a

source and doublet in uniform flow, experimental data and an existing theoretical

solution. This is an approach that has not been previously used in literature.

2. Using Fornberg and Karman-Trefftz maps in combination with the HPF model allows

prediction of wake behavior and forces due to vortex shedding for other geometries.
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Results for three bluff body geometries are presented, and these compare well to

existing literature. An improved geometry for use in small-scale energy devices is

suggested.

3. A new flow visualization technique based on Image Stacking: To validate results from

the HPF model, a novel technique that captures the time-averaged wake behind a

bluff body is developed. Information on the range of fluctuation of the wake and

separation points can now be obtained from a single composite image. The technique

is demonstrated with the wake behind a circular cylinder, but is equally applicable to

other bluff bodies.

4. A proof-of-concept prototype of a small-scale energy device is developed and

presented. The approach shows that VIV can form the basis for small-scale energy

devices that are low-cost and complexity. The approach adopted ensures that such a

device can be built and maintained by the end-user.

These contributions, in total, address the research questions previously introduced

in Chapter 1. Improvements and avenues for further research are discussed in the next

section.

9.2 Recommendations for future work

As with any research work, there are avenues for further research and improvement

on the work presented here.

1. Improved k-Re model: The k-Re model developed in this dissertation uses

experimental data from a variety of sources. These sources were selected for the

experimental conditions used - low turbulence intensity and surface roughness. An

improved k-Re model that accounts for different turbulence intensity of oncoming air

as well as surface roughness of model will lead to greater applicability of the HPF

model.
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2. Applicable bluff bodies in conformal maps: The conformal mapping approach

described here is limited to bluff bodies where the separation points map to where

flow is reasonably expected to separate (such as sharp corners). To expand the class of

bluff bodies for which conformal mapping is applicable, including a uniqueness

condition (such as the Kutta condition in Joukowski transforms) will be useful.

3. Effect of VIV on predicted forces and shedding frequencies: The HPF model and

conformal mapping predict the vortex shedding behavior for rigid stationary bluff

bodies of various geometries. For a body that is elastic or not stationary, large

amplitude VIV can affect vortex patterns in the wake, which in turn affects body

motion. Although not significant, a complete model could look to include bluff body

material properties (mass, stiffness and damping) as well as amplitudes of vibration

when predicting vortex shedding behavior.

4. Optimized small-scale energy device: A proof-of-concept prototype for a small scale

energy device is presented here. Further research can look to optimize the device.

This can be done through selecting an optimal bluff body geometry, sizing electrical

components to maximize power generation, integrating the device with a battery to

store generated electricity, and developing a form factor that allows easy adjustment

of straps to ensure maximum amplitude vibrations.
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APPENDIX A

Derivatives of Conformal Map

The conformal map f from the circle plane (z ) to the physical plane (Z) is:

f = k
�1 � h(z)

Here, h is the Fornberg map from the circle plane (z ) to the plane of the smooth circular

shape (⇣), and k
�1 is the composition of inverse Karman Trefftz transformations from the ⌘

plane to the Z plane. Calculation of velocities in the physical (Z) plane necessitates

calculation of the derivatives of the conformal map, f ’. Since f(z) = k
�1(h(z)), the

derivative is:

f
0(z) = (k�1)0(h(z))h0(z) (A1)

The derivatives of the invese Karman Trefftz transformation and Fornberg map must be

calculated. The derivation presented here is due to DeLillo [48].

A single Karman-Trefftz map and its inverse, k and k
�1 are written as:

k(Z) = ⇣ =

 
⇣1 � ⇣2

✓
Z � Z1

Z � Z2

◆1/�
!
/

 
1�

✓
Z � Z1

Z � Z2

◆1/�
!

(A2)

k
�1(⇣) = Z =

 
Z1 � Z2

✓
⇣ � ⇣1

⇣ � ⇣2

◆�
!
/

 
1�

✓
⇣ � ⇣1

⇣ � ⇣2

◆�
!

(A3)

Following DeLillo [48], we can write, for convenience,

W (z) =

✓
z � z1

z � z2

◆1/�

Then, Eq. A2 becomes

⇣ = k(z) =
⇣1 � ⇣2W (z)

1�W (z)
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Now,

dW

dz
=

1

�

✓
z � z1

z � z2

◆1/��1
z1 � z2

(z � z2)2
=

1

�

✓
z � z1

z � z2

◆1/�
z1 � z2

(z � z1)(z � z2)

=
1

�
W (z)

z1 � z2

(z � z1)(z � z2)

Then,

k
0(z) =

d⇣

dz
=

⇣1 � ⇣2

(1�W )2
dW

dz

=
1

�

(⇣1 � ⇣2)(z1 � z2)W (z)

(1�W (z))2(z � z1)(z � z2)

Recalling that for mod x < 1,

(1� x)↵ = 1� ↵x+O(x2)

Then for z ! 1,

W (z) =

✓
z � z1

z � z2

◆1/�

=

✓
1� z1/z

1� z2/z

◆1/�

=
1� z1/�z +O(1/z2)

1� z2/�z +O(1/z2)

= 1� z1 � z2

�z
+O

✓
1

z2

◆

Thus,

k(z) =
⇣1 � ⇣2W (z)

1�W (z)

=
⇣1 � ⇣2(1� (z1 � z2)/�z +O(1/z2))

(z1 � z2)/�z +O(1/z2)

⇡ �
⇣1 � ⇣2

z1 � z2
z

(A4)

For z ! 1,

k
0(1) = �

⇣2 � ⇣1

z2 � z1
(A5)
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Similar expressions can be arrived at for k
�1(⇣). Writing

w(⇣) =

✓
⇣ � ⇣1

⇣ � ⇣2

◆�

Eq. A3 becomes

z = k
�1(⇣) =

z1 � z2w(⇣)

1� w(⇣)

Differentiating,

dz

d⇣
= (k�1)0(⇣) =

z1 � z2

(1� w)2
dw

d⇣

Thus, the derivative of the inverse Karman Trefftz map is:

(k�1)0(⇣) =
�w(⇣)(z1 � z2)(⇣1 � ⇣2)

(1� w(⇣))2(⇣ � ⇣1)(⇣ � ⇣2)
(A6)

For ⇣ ! 1,

(k�1)0(1) =
1

�

z2 � z1

⇣2 � ⇣1
=

1

k0(1)
(A7)

The Fornberg Map is of the form:

h(z) = a1z + a0 +
1X

k=1

a�kz
�k = a1z + a0 +O(1/z)

Differentiation at every point z is carried out numerically using MATLAB to calculate

h
0(z). At 1, h0(1) = a1.

With the derivative f
0(z) calculated as above, complex velocity at every point in the

Z plane can be easily determined. The relationship between the freestream velocity UZ in

the physical Z plane and U in the circle plane can be written as:

UZ = U/f
0(1) = U

⇣2 � ⇣1

z2 � z1

�

a1
(A8)

108



APPENDIX B

MATLAB Code

The attached code shows implementation of a composition of Karman-Trefftz and

Fornberg maps to calculate flow around bluff bodies in the Z-plane. The main script is

Main_VM2.m. Several functions are called by the main script, and these are presented

after Main_VM2.m. Calculation of parameters for the HPF model and final calculation of

forces due to vortex shedding are done separately, and not as a part of Main_VM2.m.

These parameters will change depending on Rez.

Main_VM2.m

%{
Code to generate shape, smooth corners with KT and find Fourier series map
using Fornberg. Based on Dr. DeLillo’s and Sam Sahraei’s work. Code uses
functions Drag.m, Shapegen.m, KT_vm.m, fornextsp_td_v1.m, velocities.m, invKT_vm.m

fornextsp_td_v1.m, interp_1.m, spline.m provided by TD.

Vijay Matheswaran
July 2021
%}

clc
clear all
close all

% Generate shape
A = Shapegen();

%% 1. Successive KT maps -shape to smooth domain
%Here, Z plane is physical plane, zeta is plane of smooth domain, z is circle plane

geom_points = A.shape_points;
k1 = size(A.corner,2); % No. of corners to be smoothed
z1 = A.corner; % Corners in Z plane
z2 = A.innerpoint; % Inner points in Z plane
zeta1 = A.target_corner; % Target corners in z plane
zeta2 = A.target_innerpoint; % Target inner points in z plane
delta = A.delta;
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figure(1)
plot(geom_points)
axis equal
hold on

figure(2)
% Successive KT maps to smooth corners
for i = 1:k1

geom_points(:) = KT_vm(geom_points,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));

for j = i+1:k1
z1(j) = KT_vm(z1(j),z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
z2(j) = KT_vm(z2(j),z1(i),z2(i),zeta1(i),zeta2(i),delta(i));

end
subplot(1,k1,i);
plot(geom_points)
hold on
axis equal
grid on

end
% geom_points is now shape in smooth domain

%%2. Fornberg map from disk to smooth domain

% First establish boundary correspondance of smooth domain
g = geom_points(1:end-1);
[f,erri] = fornextsp_td_v1(g);
N=length(f);
c = fft(f)./N; % %get Laurent coeff of fornberg map
p(1:N - 2) = c(3:N);
p(N - 1) =c(1);
p(N) = c(2);

%% 3. Plot circle

zcirc = 1*exp(2*pi*1i*(0:N-1)’/N);
figure(3)
subplot(1,3,3)
plot(zcirc)
hold on
grid on
axis equal

%% 4. Streamlines - Circle, smooth then shape domains

% Generate grid in circle plane
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xg = linspace(-2,5,50);
yg = linspace(-2,2,20);

[X, Y] = meshgrid(xg,yg); % complex grid in circle plane
z_grid = X + 1j.*Y;
clear xg yg

% Complex velocity in circle plane - v_circ, freestream in physical - UZ
% v_phy is complex velocity in shape plane - on surface of shape
[UZ,v_circ,stag_streamline] = velocities(z_grid,k1,f,c,p,z1,z2,zeta1,zeta2,delta);

xg = real(z_grid(:,1)); % start values for streamlines
yg = imag(z_grid(:,1));

St = stream2(real(z_grid),imag(z_grid),real(v_circ),imag(v_circ),xg,yg);
F = streamline(St);
set(F,’Color’,’red’,’LineStyle’,’--’);

% Streamlines in smooth domain, then KT inverse to shape domain

l = length(St);

for i = 1:l
subplot(1,3,2)
yout = St{i}; %coordinates of streamlines
zout = yout(:,1) + 1j.*yout(:,2); % Convert to complex variable
fv = zout.*polyval(p, zout.^(-1));
F = plot(fv);
set(F,’Color’,’black’,’LineStyle’,’--’);
hold on
grid on
axis equal

subplot(1,3,1)
for j = k1:-1:1

fvkt = invKT_vm(fv,z1(j),z2(j),zeta1(j),zeta2(j),delta(j));
fv = fvkt;

end
F = plot(fvkt);
set(F,’Color’,’m’,’LineStyle’,’--’);
hold on
axis equal
grid on

end
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%% 5. Plotting shapes

c_points = zcirc;
kt_points = c_points.*polyval(p, c_points.^(-1));
subplot(1,3,2)
hold on
plot(geom_points); % double check by plotting kt_points - should overlap

subplot(1,3,1)
for i = k1:-1:1

z_points = invKT_vm(kt_points,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
kt_points = z_points;

end
z_points
plot(z_points); % double check by plotting A.shape_points - should overlap
hold on

%% 6. Stag streamline
% Plot stag streamline on all three domains

figure(4)
subplot(1,3,3)
plot(zcirc);
hold on
axis equal
axis([-2 5 -2 2]);
grid on
x2 = stag_streamline(:,2).*cos(stag_streamline(:,1));
y2 = stag_streamline(:,2).*sin(stag_streamline(:,1));
z_stag = x2 + 1j.*y2;
plot(x2,y2,’b’);
y2 = -y2;
z_stag2 = x2 + 1j.*y2;
plot(x2,y2,’b’); % Lower half of stag streamline
axis equal

kt_stag = z_stag.*polyval(p, z_stag.^(-1));
subplot(1,3,2)
plot(kt_stag);
hold on
grid on
axis equal
plot(geom_points); % smooth shape
axis([-2 5 -2 2]);

subplot(1,3,1)
for i = k1:-1:1
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z_stag = invKT_vm(kt_stag,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
kt_stag = z_stag;

end
z_stag;
plot(z_stag);
hold on
plot(A.shape_points);
axis equal
grid on
axis([-2 5 -2 2]);

% Calculating velocities on stag streamline
% From forward stag point as per Jiang
beta_s = deg2rad(80.8617); %Enter correct sep point as calculated for Re here
beta_s = pi - beta_s; % from rear stagnation point - since that is what we need

[l,~] = size(stag_streamline);
e = 1;
i = l;
while e>0.0175

e = (abs(beta_s - stag_streamline(i,1)));
i = i - 1;

end

sep = i+1; % finding position of sep point to within 1 degree
z_sp = stag_streamline(sep,2)*cos(stag_streamline(sep,1)) +
1j*stag_streamline(sep,2)*sin(stag_streamline(sep,1));
figure(4)
subplot(1,3,3)
hold on
plot(z_sp,’kx’); % Plotting sep point on circle plane

kt_sp = z_sp.*polyval(p, z_sp.^(-1)); % sep point on smooth domain

subplot(1,3,1)
hold on
for i = k1:-1:1

z_sp = invKT_vm(kt_sp,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
kt_sp = z_sp;

end
plot(z_sp,’kx’); % Plotting sep point on physical plane

% Velocity along stag streamline in shape plane
% stag_streamline(:,3) is velocity in SHAPE plane
% velocity has already been conjugated
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v_sep = stag_streamline(sep,3);

% Sep point on shape
z_sc = cos(beta_s) + 1j.*sin(beta_s); % on cylinder surface
subplot(1,3,3)
hold on
plot(z_sc,’rx’);

kt_s = z_sc.*polyval(p, z_sc.^(-1)); % smooth domain surface
subplot(1,3,2)
hold on
plot(kt_s,’rx’);

for i = k1:-1:1
Z_s = invKT_vm(kt_s,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
kt_s = Z_s;

end
subplot(1,3,1)
hold on
plot(Z_s, ’rx’); % shape surface

%% Cp and Drag calculation - stagnation streamline
% sep is counter for sep point on stag_streamline

Cp_phy = zeros(length(stag_streamline),1);
% k using value of speed at sep point on stag streamline
k_sep = abs(v_sep)/abs(UZ);
Cpb = 1 - k_sep^2; % base pressure
Cp_phy(1:sep,1) = Cpb; % setting entire separated region as base pressure

% On streamline
Cp_phy(sep+1:end,1) = 1 - (abs(stag_streamline(sep+1:end,3))./abs(UZ)).^2;

Cd_phy = Drag(Cp_phy, stag_streamline, z_points, N,z1,z2,zeta1,zeta2,delta,p,k1);
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Shapegen.m

classdef Shapegen

properties
shape_points
corner
target_corner
innerpoint
target_innerpoint
delta

end

methods

%%Shape 1 - simple wedge
function obj = Shapegen

% Constructor
c1 = 1+1i;
c2 = -1 + 0i;
c3 = 1-1i;

s1 = (imag(c2) - imag(c1))/(real(c2) - real(c1));
s2 = (imag(c3) - imag(c2))/(real(c3) - real(c2));
s3 = (imag(c1) - imag(c3))/(real(c1) - real(c3));
x1 = linspace(1,-1,100);
y1 = s1.*x1 + 0.5;
x2 = linspace(-1,1,100);
y2 = s2.*x2 -0.5;
x3 = 1;
y3 = linspace(-1,1,100);
p1 = (x1 + 1i.*y1);
p2 = (x2 + 1i.*y2);
p3 = (x3 + 1i.*y3);

obj.shape_points = [p3(1,1:end-1) p1(1,1:end-1) p2(1,1:end)];
% p3 goes until end to close curve
obj.innerpoint = [-0.9 -0.91 -0.93];
obj.target_innerpoint = [-0.9 -0.91 -0.93];
obj.corner = [-1+0i 1-1i 1+1i];
obj.target_corner = [-1+0i -0.2588-0.9659i -0.2588+0.9659i];
% in KT plane - based on sep points
obj.delta = [pi/(2*pi - 0.9273) pi/(2*pi - 1.1071) pi/(2*pi - 1.1071)];
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velocities.m

%% Circle plane
U = 4.525; % Freestream velocity in circle plane - Adjust for Re
Q = 14.828; % Source strength - Adjust for Re
a = 0.86; % Doublet radius - Adjust for Re

alpha = deg2rad(0);
zs = 1*exp(1i*alpha); % Position of source

% Complex conjugate velocity
dw = U.*(exp(-1i*alpha) - ((a^2)*exp(1i*alpha))./(z.^2)) + Q./(2*pi*(z - zs));
u = real(dw);
v = -imag(dw);
U_circ = u + 1j.*v; % Complex velocity field in circle plane - ENTIRE GRID

%% Physical plane
\vspace{1em}
%{
To find velocities in physical plane, need the derivative of conformal
map.

dW/dZ = (dw/dz)*(1/f’(z))

where DW/DZ = vel in physical (Z) plane, dw/dz in circle (z) plane and f(z)
is the conformal map from circle to shape plane.

Form of f(z) = ki1 . ki2 . ki3 ... h(z)
%}

h_d_inf = c(2); % derivative of fornberg map at infinity.
c is the Laurent coeff of Fornberg map.
invKT_d_inf = 1;
% Using delta, since delta = 1./beta
for i = k1:-1:1

invKT_d_inf = invKT_d_inf.*((z2(i) - z1(i))./(zeta2(i) - zeta1(i))).*delta(i);
end
fprime_inf = h_d_inf*invKT_d_inf; %Derivative of full map Z = f(z) at infinity
% then freestream velocity in the physical plane
UZ = U./(fprime_inf); % This is still complex conjugate velocity.

% Derivatives at all other points

% Derivative of Fornberg map
N = length(f); % Number of Fourier points
zcirc = 0 + 1*exp(2*pi*1i*(0:N-1)’/N);
ratio = 1./zcirc;
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fder = c(2).*ones(size(zcirc)); %updated on 19 sep.
coeff=[(N/2-1:-1:1),0,0]’.*[c(N/2+2:N,1);0;0];
fder = fder - polyval(coeff,ratio);

% Derivate of successive KT maps
curve = f;
invKTder = ones(size(curve));
for i=k1:-1:1

invKTder = invKTder.*inv_der2(curve,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
curve = invKT_vm(curve,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));

end

%% Velocity on circle and shape
dwC = U.*(exp(-1i*alpha) - ((a^2)*exp(1i*alpha))./(zcirc.^2)) + Q./(2*pi*(zcirc - zs));
% Speed on shape
dwZ = abs(dwC)./(abs(invKTder).*abs(fder));

%% Stagnation streamline
theta_stag_m = (1*pi*(0:N-1)’/N); %only top of stag streamline - N points
l = length(theta_stag_m);
stag_streamline(1,1:2) = 0; % Since fzero can’t solve for theta = 0;

for i = 2:l
theta_stag = theta_stag_m(i);
% Equation for stream function
eqn = @(r) U*r*sin(theta_stag)*(1 - a^2/r.^2) +
(Q/(2*pi)).*atan2(r.*sin(theta_stag),r.*cos(theta_stag) - zs) - Q/2;
R = fzero(eqn, 50);
stag_streamline(i,1) = theta_stag;
stag_streamline(i,2) = R;

end

stag_streamline(1,1) = 0;
stag_streamline(1,2) = NaN;
stag_streamline(end,2) = 1; % Since fzero may solve for any value on
stag streamline at 180 deg.
x2 = stag_streamline(:,2).*cos(stag_streamline(:,1));
y2 = stag_streamline(:,2).*sin(stag_streamline(:,1));
z_stag = x2 + 1j.*y2;
% Velocities along stag streamline - circle plane
dwCstag = U.*(exp(-1i*alpha) - ((a^2)*exp(1i*alpha))./(z_stag.^2)) + Q./(2*pi*(z_stag
- zs));

% Velocity in shape plane
% Must find derivatives along stag streamline
% First, derivative of Fornberg map
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Nstag = length(z_stag); % Number of Fourier points
ratio = 1./z_stag;
fder = c(2).*ones(size(z_stag));
coeff=[(Nstag/2-1:-1:1),0,0]’.*[c(Nstag/2+2:Nstag,1);0;0];
fder = fder - polyval(coeff,ratio);

% Stag streamline in smooth domain
kt_stag = z_stag.*polyval(p, z_stag.^(-1));
curve = kt_stag;
% Now, derivative of KT maps
invKTder = ones(size(curve));
for i=k1:-1:1

invKTder = invKTder.*inv_der2(curve,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
curve = invKT_vm(curve,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));

end

% Velocity in physical plane
dwZstag = dwCstag./invKTder./fder;
stag_streamline(:,3) = real(dwZstag) + 1j.*-imag(dwZstag); %since this is u-iv,
must be conjugated
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KT_vm.m

function zeta = KT_vm(z,z1,z2,zeta1,zeta2,delta)
% Karman-Trefftz from z to zeta plane
% Using Dr. DeLillo’s notes
w = ((z-z1)./(z-z2)).^delta;
zeta = (zeta1 - zeta2.*w)./(1-w);

end

invKT_vm.m

function z = invKT_vm(zeta,z1,z2,zeta1,zeta2,delta)
% Karman-Trefftz from zeta to z plane
% Using Dr. DeLillo’s notes
w = ((zeta-zeta1)./(zeta-zeta2)).^(1/delta);
z = (z1 - z2.*w)./(1-w);

end

inv_der2.m

function der = inv_der2(curve,z1i,z2i,zeta1i,zeta2i,delta)
w = ((curve-zeta1i)./(curve - zeta2i)).^(1/delta);
dinvKTdw = (z1i-z2i)./((1-w).^2);
dwdzeta = (1/delta).*(w.*(zeta1i-zeta2i))./((curve-zeta1i).*(curve-zeta2i));

der = dinvKTdw.*dwdzeta;

end

interp_1.m

function [fval,fder] = interp_1(x,x1,x2,x3,y,y1,y2,y3,h,tl,s)

% This function interpolates a parametric periodic spline through
% (x(i), y(i)) (i=1,...,n1) at arclengths s(i) (i = 1, ..., n), and

% returns complex coordinates fval(i) and complex tangents fder(i)
% at s(i) (i=1,...,n). x(1) = x(n1) and y(1) = y(n1).
%
% See also SPLINE_, INTERP_2, MATLAB function SPLINE.

% Thomas K. DeLillo, Lianju Wang 07-05-99.

x = x(:);
y = y(:);
s = s(:);
n1 = length(x);
nn = n1 - 1;
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n = length(s);
s = s - floor(s/tl)*tl;

cumsumh = [0; cumsum(h(1:nn))];
ppx = mkpp(cumsumh, [x3(1:nn)/6; x2(1:nn)/2; x1(1:nn); x(1:nn)]);
ppy = mkpp(cumsumh, [y3(1:nn)/6; y2(1:nn)/2; y1(1:nn); y(1:nn)]);
fval = ppval(ppx,s) + 1i*ppval(ppy,s);
ppdx = mkpp(cumsumh, [x3(1:nn)/2; x2(1:nn); x1(1:nn)]);
ppdy = mkpp(cumsumh, [y3(1:nn)/2; y2(1:nn); y1(1:nn)]);
fder = ppval(ppdx,s) + 1i*ppval(ppdy,s);
end

fornextsp_td1_v1.m

function [f,erri] = fornextsp_td_v1(g)

% Fornberg-like method for exterior sc regions with spline boundaries
% from T. K. DeLillo and
% J. A. Pfaltzgraff, Numerical conformal mapping methods for simply
% and doubly connected regions, SIAM J. Sci. Comput., 19(1998) 155-171.
%
% n = number of Fourier points.
% itmax = number of iterations.
% tl = length of curve parmeter interval.
% curve = a cell array containing the information about a boundary
% curve. The first element is the name of a boundary curve. The rest
% are parameters which determine the boundary curve. If the curve is
% a spline, the last element of the cell is a case for the spline.
% guess = a cell array determining the initial guess for boundary correspondence.
% f(n) = f(s(n)) n complex points along curve at s.
% s(n) = n values of parameter 0 <= s(n) <= tl.
% erri = successive iteration error.
% errfx = discretization error for conformal mapping.
% errsx = discretization error for boundary correspondence.
%
% 6/1/16 DeLillo and Sahraei.

fin = g.’;

ns = length(g); % ns = no. pts on bdry

% input(’For n = 2^m Fourier points, m = ’);
m = 8;
n = 2^m;

% xmin = input(’ xmin = ’);
% xmax = input(’ xmax = ’);
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% ymin = input(’ ymin = ’);
% ymax = input(’ ymax = ’);

bdData(1:ns) = fin(:);
bdData(ns+1) = bdData(1);

px(:) = real(bdData(:));
py(:) = imag(bdData(:));
[x1(:),x2(:),x3(:),y1(:),y2(:),y3(:),h(:),tl]=
spline_(real(bdData(:)),imag(bdData(:)));

itmax = 20; % input(’\nEnter the number of Newton iterations = ’);

%innerit = 30; % input(’Enter the number of conjugate gradient iterations = ’);

n2 = n/2;
th = (0:n-1)’*2*pi/n;
tt = exp(1i*th);
%errfx = []; errsx = [];

% Initial guess for boundary correspondence.

s = [0:n-1]’*tl/n;

% Start of Fornberg iteration loop.
for it = 1:itmax

[f,e] = interp_1(px(:),x1(:),x2(:),x3(:),py(:),y1(:),y2(:),y3(:),h(:),tl,s(:));

ne = abs(e);
e = e./(ne.*tt);

%%%%%% Compute the right-hand side of formula (17) %%%%%%
c = fft(f./tt);

% Apply I(+,N) = diag(0,1,...,1,0,...,0).
c(1) = 0;
c(n2+2:n) = 0;
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c = ifft(c);
b = -real(c.*conj(e));
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%% CONJUGATE GRADIENT METHOD %%%%%%
% initialization.
v = zeros(n,1);
r = b;
p = r;
rr =dot(r,r);

% The start of conjugate gradient iteration.
for cgi = 1:2*n

if (norm(p) < 1.0e-14)
break

end

% q = Ap.
c = e.*p;
c = fft(c);

% Apply I(+,N) = diag(0,1,...,0,...,0).
c(1) = 0;
c(n2+2:n) = 0;

c = ifft(c);
q = real(c.*conj(e));
q(1) = q(1) + p(1)*n/4; % add Q*p, Q rank 1 to fix f(1).

alpha = rr/dot(p,q);
v = v + alpha*p;
r = r - alpha*q;
rr1 = dot(r,r);
if (sqrt(rr1) < 1.0e-14)

break
end
beta = rr1/rr;
p = r + beta*p;
rr = rr1;

end
%%%%%% end of conjugate gradient iteration %%%%%%

sl = s;
s = s + v./ne;
erri(it) = norm(s-sl,inf);
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end
% end of outer iteration.

erri = erri(:)
end

Spline.m

function [x1,x2,x3,y1,y2,y3,h,tl] = spline_(x,y)

% This algorithm is from " PERIODIC CUBIC SPLINE INTERPOLATION USING
% PARAMETRIC SPLINES" by W.D. Hoskins and P.R. King, Algorithm 73, The
% Computer Journal, 15, 3(1972) P282-283. Fits a parametric periodic
% cubic spline through n1 points (x(i), y(i)) (i = 1, ... ,n1) with
% x(1) = x(n1) and y(1) = y(n1). This function returns the first three
% derivatives of x and y, the chordal distances h(i) of (x(i),y(i)) and
% (x(i + 1), y(i + 1)) (i = 1, ..., n1 - 1) with h(n1) = h(1) and the
% total distance.
%
% See also INTERP_1, INTERP_2, MATLAB function SPLINE.

% Thomas K. DeLillo, Lianju Wang 07-05-99.

x = x(:);
y = y(:);
if abs(x(1) - x(end)) > 100*eps | abs(y(1) - y(end)) > 100*eps

x(end+1) = x(1);
y(end+1) = y(1);

end
n1 = length(x);
n = n1 - 1;
dx = diff(x);
dy = diff(y);
h = sqrt(dx.^2 + dy.^2);
tl = sum(h);
h(n1) = h(1);
p = h(1:n);
q = h(2:n1);
a = q./(p + q);
b = 1 - a;
c = spdiags([[b(n);ones(n-1,1)] [a(2:n);0] [2*ones(n,1)]
[0;b(1:n-1)] [ones(n-1,1);a(1)]] ...

, [-n+1 -1 0 1 n-1], n, n);
d1 = 3*(a.*dx./p + b.*[dx(2:n); x(2) - x(n1)]./q);
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mmdflag = spparms(’autommd’);
spparms(’autommd’, 0);
x1 = c\d1;
spparms(’autommd’, mmdflag);
x1(2:n1) = x1;
x1(1) = x1(n1);
d = 3*(a.*dy./p + b.*[dy(2:n); y(2) - y(n1)]./q);
mmdflag = spparms(’autommd’);
spparms(’autommd’, 0);
y1 = c\d;
spparms(’autommd’, mmdflag);
y1(2:n1) = y1;
y1(1) = y1(n1);
x2(2:n1) = 2*(x1(1:n) + 2*x1(2:n1) - 3*dx./p)./p;
y2(2:n1) = 2*(y1(1:n) + 2*y1(2:n1) - 3*dy./p)./p;
x2(1) = x2(n1);
y2(1) = y2(n1);
x2 = x2’;
y2 = y2’;
x3 = diff(x2)./p;
x3(n1) = x3(1);
y3 = diff(y2)./p;
y3(n1) = y3(1);

end

124



Drag.m

function Cd_phy = Drag(Cp, stag_streamline, z_points, N,z1,z2,zeta1,zeta2,delta,p,k1)
% Drag and Pressure Calculations
% In shape plane

ref_l = 2.3092; %Change according to shape
% Chord length
ch = sqrt((real(z_points(1,1)) - real(z_points(N/2 +1,1)))^2
+ (imag(z_points(1,1)) - imag(z_points(N/2 +1,1)))^2); %chord length

%% Recalculate z_points since we need 256 instead of 128 on top surface.
Np = N*2;
zcirc = 1*exp(2*pi*1i*(0:Np-1)’/Np);
c_points = zcirc;
kt_points = c_points.*polyval(p, c_points.^(-1));
for i = k1:-1:1

z_points = invKT_vm(kt_points,z1(i),z2(i),zeta1(i),zeta2(i),delta(i));
kt_points = z_points;

end

%% Pressure on surface
% Normals - shape
nY = 1; % unit normal for the x-axis
nX = 1; % unit normal for the y-axis
dx1 = real(z_points(2,1)) - real(z_points(1,1));
dy1 = imag(z_points(2,1)) - imag(z_points(1,1));
l1 = sqrt(dx1^2 + dy1^2);
nx1 = dy1/l1; %
ny1 = -dx1/l1;
dydx(1,1) = dy1/dx1;
% Angle between y axis and normals at each point
theta(1,1) = acos(ny1*nY); % i term is zero, magnitudes are all 1
% angle between x axis and normals at each point (for top half)
th = acos(nx1*nX);
if th>pi/2

theta(1,1) = -1*theta(1,1);
end

for i = 2:N
dx1 = real(z_points(i+1,1)) - real(z_points(i,1));
dy1 = imag(z_points(i+1,1)) - imag(z_points(i,1));
l1 = sqrt(dx1^2 + dy1^2);
nx1 = dy1/l1;
ny1 = -dx1/l1;
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dydx(i,1) = dy1/dx1;
theta(i,1) = acos(ny1*nY);
th = acos(nx1*nX);
if th>pi/2
theta(i,1) = -1*theta(i,1);
end

end

%% Cp calc

% Upper
% Both Cp and dydx are oriented TE to LE (or 0 to 180 CCW)
Cpu = Cp.*dydx(1:N);
dx = real(z_points(1:N));

% Reorient so we can integrate from LE to TE (0 to c)
for i = 1:N

dx_n(i,1) = dx(N+1 - i,1);
Cp_u(i,1) = Cpu(N+1 - i,1);

end

Cd_u = (trapz(dx_n, Cp_u))/(ref_l);
Cd_phy = 2*Cd_u;
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