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ABSTRACT 

Available literature has demonstrated a scarcity of data collected behind simple, academic 

wings that were not NACA profiles. Additionally, comparison of the simplified vortex models is 

typically performed piecewise without a broad comparison between models. In the present 

investigation, the structure of an isolated wake vortex is studied and a more thorough comparison of 

wake vortex models is performed. Experimental data is presented that primarily focuses on the vortex 

generated by a flat-plate wing. Additional data for a NACA 0015 wing of similar aspect ratio is 

investigated to validate the experimental method.  

The experimental method presented utilizes a linear two-axis traverse to position a 

conventional seven-hole probe in the wake of the generating wing. A semi-span model is used to 

generate the vortex. Twenty-two vortex surveys are presented between four and sixteen chord lengths 

downstream of the trailing edge of the generating wing. Vortex core circulation ranges from 8 × 104 

to 66 × 104. Vortices presented exhibit a faster decay in peak tangential velocity than reported in some 

experimental data, but circulation within the core region is shown to remain constant. Comparisons 

of the current experimental data and simplified models suggests that both the flat plate and NACA 

0015 models produce a turbulent vortex. Evidence is presented that suggests that vortex circulation 

is not the only governing factor on whether a vortex exhibits a laminar or turbulent profile. 

Fourteen axisymmetric vortex models are considered and their circulation, tangential velocity, 

and vorticity distributions compared. Both laminar and turbulent models are considered. Discussion 

is presented on the relationship of vortex circulation and the transition from a laminar to turbulent 

character. Comparisons highlight a common trend of increased tangential velocity in turbulent 

vortices at larger radii for the same vortex strengths. Some models estimate unbounded circulation, 

particularly among turbulent formulations.
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CHAPTER 1 

INTRODUCTION 

Vortex flows, particularly those generated by lifting surfaces, have been widely researched 

for several decades. These intense flow structures generated by an aircraft persist for a significant 

duration after its passage. In the near- to mid-field behind the aircraft, which extends to about eight 

wingspans behind the aircraft, these wakes often contain multiple vortices corresponding to 

significant changes in lift distribution, such as flap and wing tips. At larger distances, vortices from 

each half of the aircraft interact and merge to form a single, counter-rotating pair. Following 

aircraft that encounter these wakes can experience sudden changes in flight loads, including gain 

or loss of lift, rolling or yaw of the aircraft. The nature of the effect on the aircraft depends on the 

relative locations and orientations of the aircraft and impinging vortex as well as the strength and 

distribution of the circulation within the vortex. These wakes pose significant danger to following 

aircraft that encounter them. Smaller, lighter aircraft are particularly susceptible to these hazards. 

This danger is particularly significant in terminal areas where increased traffic makes an encounter 

more likely and low altitudes reduce the time for pilots to recover in that event. Significant research 

has been focused on establishing methods to predict the lifespan and kinematics of these vortices. 

Both of these topics depend highly on atmospheric conditions, ambient wind, and the initial wake 

characteristics. Additionally, real-time models have been developed and used onboard aircraft to 

detect and warn pilots of vortex hazards. 

Beyond safety, the study of vortex flows is important for multiple aerodynamic topics. The 

large velocities and energies of a vortex can alter lifting characteristics of bodies, cause harmful 

structural vibrations, and contribute to noise pollution. Comprehensive understanding of vorticity 

and velocity distributions are essential for detailed aircraft design. However, for many analyses, 
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simplified models produce adequate engineering accuracy at a fraction of the computational cost. 

Both tools are beneficial for the engineer. 

The structure and modeling of trailing vortices has been studied extensively. Most of this 

research has been focused on small scale and laminar models. However, a wide variety of models 

used for vortex generation and comparison and evaluation of the existing simplified models are 

absent in literature. Most often, researchers make use of either an NACA 0012 or NACA 0015 

wing with a small aspect ratio. These airfoils are frequently selected due to their prevalence in 

existing literature. Model sizing is often constrained by the size of available test facilities and is a 

balance between generating a strong wake and model geometry representative of common flight 

vehicles. As a result, few experimental studies have been conducted on turbulent vortices and more 

common aircraft aspect ratios. Moreover, experimental velocity and circulation data is often either 

cursorily compared with any model, or the arbitrarily “best” one.  There is usually little by way of 

explanation as to why the experimental data took on one form rather than another. Few 

investigations have compared thoroughly the models themselves.  When they do, the comparisons 

are most often performed between two or three specific models. As such, the primary research 

goals of this dissertation are:  

1. Generate a database of vortex survey data on a flat plate wing 

2. Provide a comparison data set for a NACA 0015 wing 

3. Produce a detailed comparison of simplified vortex models 

The author presents the material of this dissertation in the following order. Chapter 2 

contains a thorough review of the literature. The first half of the literature review is focused on the 

simplified models developed for axisymmetric vortices. Experimental methods and data regarding 

trailing vortices are presented in the second half. The analytical models are considered in terms of 
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their treatment of viscosity and turbulence, in increasing order of complexity. Because most 

models are developed or validated using experimental data, the methods and facilities used for 

investigations into aircraft trailing vortices are addressed in detail before considering the 

characteristics of the structures. Since the experimental methods have an impact on the strengths 

and limitations of data, Chapter 3 describes the current model, facility, and data collection and 

reduction methodology. Chapter 4 contains the experimental results collected with an assessment 

of their quality and basic characteristics. The author presents a comparison of the analytical in 

Chapter 5. The first half of the chapter is focused strictly on the analytical models. The second half 

of the chapter provides comparisons of the models with the experimental data collected in this 

investigation. Finally, the document finishes with a summary of this investigation and available 

conclusions in Chapter 6. 
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CHAPTER 2 

LITERATURE SURVEY 

Studying the vortex structure and its modeling are two overlapping areas that often are 

handled separately in studies. However, in order to posit an approximate, simplified model of a 

complex phenomenon, it is counterproductive to treat them as unrelated, as usually happens in 

literature. This chapter will be separated into three sections, first addressing the analytical and 

empirical models, then discussing the experimental work focusing on measurement techniques and 

vortex structure, and concluding with a comparison of the vortex models. However, there is a 

necessity of cross-referencing in the document for completeness and consistency. In the first 

section, models will be separated into categories of inviscid, laminar, turbulent, and transitional 

models in that order, which is consistent with an increase in complexity. While the focus of this 

document is modeling of isolated vortices, co- and counter-rotating vortices will be discussed to 

help the reader understand the potential limitations of isolated formulations in the complex fields 

that are aircraft wakes1. Experimental methodologies will be discussed to inform on the benefits 

and limitations of available facilities and measurement techniques. Comparisons of the reviewed 

models and experimental data will be discussed in terms of accuracy and utility. 

2.1 Vortex Models 

2.1.1 Inviscid Vortex Models 

The simplest inviscid models are given by the point and line vortices discussed in 

undergraduate aerodynamics texts [1]. These models utilize potential flow to model an irrotational 

vortex with a singularity in velocity located at the center. Like other potential flow solutions, these 

 
1 The vast majority of the vortex modeling review has been previously published and presented by the author 

at the AIAA SciTech 2021 Forum as paper AIAA 2021-1328. 
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models do not allow for a solution of the entire domain due to the presence of singularities. 

However, with careful placement of the singularities, engineers may model complex flows and 

geometries to a relatively sophisticated extent. Analysis codes such as XFOIL [2], JavaFoil [3], 

and PROFIL00 [4] all utilize distributions of these elementary vortex elements to construct a 

system of equations allowing the solution of potential flow combined with analytical and empirical 

boundary layer models to evaluate performance of airfoils. These engineering codes allow for low-

order analysis of airfoil performance.  

When considering an aircraft wake, one of the earliest models concerning the formation of 

a vortex is that of Betz [5]. This inviscid model relates the circulation distribution of an isolated 

wing to the circulation contained in the fully rolled-up vortex. This mapping was derived using the 

invariants for systems of two-dimensional vortices. The invariants (conservation of circulation, 

conservation of first moment of circulation, conservation of second moment of circulation, 

conservation of angular momentum, and conservation of energy) may be found in various texts [5-

8], but were most succinctly presented by Rossow for a discrete collection of point vortices [6] 

and separately by Rossow and Donaldson for a continuously distributed flow [7, 8]. Betz’s original 

work provided an implicit expression for the distribution of Γ(r) for an elliptically loaded wing. 

The original Betz model, generalized by Donaldson [8], states that vortex roll-up starts 

from the tip of the wing, as one would expect. For each radius, r, from the center of the trailing 

vortex, there is a corresponding spanwise location on the wing, y, with equivalent bound 

circulation. For that spanwise location, y, there is a centroid of the shed vorticity, or change in 

bound circulation, located outboard of that station, �̅�. Donaldson, following Betz, combined the 

conservation of circulation and second moment of circulation to show that 𝑟 = �̅� − 𝑦 [5]. 
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Assuming one knows the circulation distribution on a wing, the circulation distribution of the 

rolled-up vortex is simple to calculate. 

Donaldson further extended Betz’s original method to wakes that did not have monotonic 

circulation distributions (e.g., wakes generated by wings with partial-span flaps) using the 

superposition of multiple vortices. By logically assuming that the center of each vortex would 

coincide with a local maximum of the rate of circulation shed by the wing, |𝑑Γ/𝑑𝑦|, and assuming 

that vorticity would divide into a separate coherent structure at a local minimum, Donaldson 

successfully modeled the trailing vortices of a DC-9 in landing configuration [8]. Rossow [6] 

considered extensions of the Betz model to improve the reliability and concluded that there was 

insufficient information contained in the invariants to provide better guidelines. Rossow [6] 

concluded that improved guidelines for the roll-up of complex wakes would need to be sought 

elsewhere, but did not posit which physical relationships may contain the requisite information.  

2.1.2 Laminar Models 

One of the earliest and simplest viscous models is the Rankine “combined” vortex [9]. This 

model is based on a combination of a viscous core, represented by a forced or rigid body vortex, 

with an outer free or potential vortex. Rankine only defined this flowfield in the tangential velocity 

direction, while the radial and axial components were zero or, rather, simply ignored. The Rankine 

vortex is therefore defined: 

 𝑣𝜃 =

{
 

 
Γ0𝑟

2𝜋𝑟𝑐2
, 𝑟 ≤ 𝑟𝑐

Γ0
2𝜋𝑟

, 𝑟 > 𝑟𝑐

 (2.1) 

This definition removes the singularity at the center of the vortex. However, unlike most 

other laminar models, the Rankine vortex velocity distribution is not smooth, and switches from 
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the linearly increasing velocity of the solid body rotation to the potential vortex decay at the core 

radius. 

The Lamb-Oseen (LO) model is an exact solution to the two-dimensional vorticity equation 

[10],  

 
𝜕𝜔

𝜕𝑡
+ (�⃗� ∙ ∇⃗⃗ )𝜔 = 𝜈∇2𝜔 (2.2) 

By ignoring the non-linear terms [11], or by careful selection of initial conditions [12], the left-

hand side of equation (2.2) can be simplified, and the resulting equation becomes 

 
𝜕𝜔

𝜕𝑡
= 𝜈∇2𝜔 (2.3) 

Lamb [10] solved this by analogy to the heat equation, with the result 

 𝜔 =
Γ0
4𝜋𝜈𝑡

𝑒− 
𝑟2

4𝜈𝑡 (2.4) 

An alternative derivation of equation (2.4) is readily available in literature using a similarity 

solution [11]. Because the flow is assumed to be circular, the tangential velocity of the vortex is 

 𝑣𝜃 =
Γ

2𝜋𝑟
=

Γ0
2𝜋𝑟

(1 − 𝑒−
𝑟2

4𝜈𝑡) (2.5) 

Noting that the tangential velocity is maximum at the core radius, some authors [11, 13] 

differentiated equation (2.5) with respect to 𝑟 and solved for (1/4𝜈𝑡) ≅ 1.25643/𝑟𝑐
2, which 

resulted in the exponential term being expressed using core radius. The Lamb-Oseen vortex is 

time-dependent, modeling decay of the vorticity. 

Burgers developed a model similar to the Lamb-Oseen vortex in a study of turbulence [14]. 

By limiting the model to a steady solution, 𝑑Γ/𝑑𝑡 = 0, the circulation distribution can be assumed 

to take the form 

 Γ = 𝐴 + 𝐵𝑒−𝑎𝑟
2/2𝜈 (2.6) 
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Solving for the case where 𝑣𝜃 = 0 at 𝑟 = 0, Burgers arrived at the solution 

 𝑣𝜃 =
Γ0
2𝜋𝑟

(1 − 𝑒−
𝑎𝑟2

2𝜈 ) (2.7) 

Simple substitution shows that the Burgers model is equivalent to the Lamb-Oseen model at 

t = (2a)-1. In assuming a steady solution, this model may be used to solve for non-zero radial and 

axial velocities of the vortex [14]: 

 {
𝑣𝑟
𝑣𝑧
} = {

−𝑎𝑟
2𝑎𝑧

}  (2.8) 

Work by Rott [15] later independently derived this model, but credited Burgers after learning of 

the earlier work. Rott noted that the maximum tangential velocity of the Burgers vortex is  

 𝑣𝜃𝑚𝑎𝑥 = 0.64
Γ∞
2𝜋
√
𝑎

2𝜈
  (2.9) 

located at  

 𝑟𝑐 = 1.12𝑟∗ = 1.12√
2𝜈

𝑎
 (2.10) 

Substituting for a, it is easily seen that the Lamb-Oseen model exhibits a dissipation of 𝑣𝜃𝑚𝑎𝑥  

proportional to 𝑡−1/2.  

Rott studied the pressure distribution [15] and the temperature distribution [16] in the 

model. He briefly addressed flow conditions for which including turbulence in vortex models 

would be appropriate as well, citing work by Squire [17] (published posthumously, but circulated 

privately prior to his death), though Rott did not pursue turbulence in any mathematical analysis 

presented [15]. 

Another model, very similar to the Burgers and Lamb-Oseen model, was developed by 

Newman through linearization of the continuity and Navier-Stokes equations [18]. The two 

primary assumptions in the derivation of this model are that the tangential and radial velocities are 
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small with respect to the freestream and that the core axial velocity deficit is insignificant when 

compared to the freestream: 

 

𝑣𝜃, 𝑣𝑟 < 𝑉∞ 

|𝑣𝑥 − 𝑉∞|  ≪ 𝑉∞ 

(2.11) 

These assumptions restrict this model to weak vortices. 

Newman’s solution contains a tangential velocity term identical to the Lamb-Oseen model, 

equation (2.5), where one replaces the time, 𝑡, with the algebraic equivalent of axial position over 

the freestream velocity, 𝑥/𝑉∞ [18]. This model additionally contains terms for the radial and axial 

velocities of the vortex: 

 𝑣𝑟 = −
𝐴𝑟

2𝑧2
𝑒−

𝑉∞𝑟
2

4𝜈𝑧  (2.12) 

 𝑣𝑥 =
𝐴

𝑥
𝑒−

𝑉∞𝑟
2

4𝜈𝑥  (2.13) 

 

Noting that the axial- and radial-flows are independent of each other (due to linearization) and 

using the assumption that 𝑣𝑥
′ ≪ 𝑉∞, Newman [18] solved for 𝐴 as a function of the profile drag of 

the generating body, 

 𝐴 =
𝐷0
4𝜋𝜌𝜈

 (2.14) 

Scully [19] presented two vortex models, a fixed wing and a rotary wing model, both 

empirically derived from multiple wind tunnel tests in his work. The goal was to analyze rotor 

loadings cost-effectively. Only the fixed wing model is presented here, as Scully noted a higher 

quality data set had been produced that cast doubt on the rotary model. The first model was 

developed using fixed-wing wind tunnel models at low-speed and chord varying in size from 6 to 

18 inches [20, 21]. To unify the data, Scully non-dimensionalized the vortex core radius using the 
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wing span of the generating model, but intuited that the core diameter was a function of the chord 

length. Based on the range of core sizes measured from the wind tunnel experiments, he chose a 

core size of 5% of the wing chord for the model vortex. He normalized the peak velocity using 

 
�̅�𝜃𝑚𝑎𝑥 =

𝑣𝜃𝑚𝑎𝑥
Γ0
4𝜋𝑟𝑐

 
(2.15) 

and found that a value of unity for �̅�𝜃𝑚𝑎𝑥  represented the experimental data well, implicitly 

defining the maximum tangential velocity for the model [19]. Using the approximated value for 

the core radius and the maximum tangential velocity he defined the tangential velocity as 

 𝑣𝜃 =
Γ0
2𝜋𝑟𝑐

(
�̅�

1 + �̅�2
) (2.16) 

The form of equation (2.16) is slightly different from that presented by Scully as the core 

radius has not been normalized by the span, so the additional span is not present in the divisor of 

the circulation. This profile exhibits a higher tangential velocity outside the core when compared 

to some of the generating data, primarily in the range 1.3 < 𝑟/𝑟𝑐  < 6. Scully noted the 

discrepancies in his work, but defended the inaccuracies due to the scatter in the data used to 

develop the model. Additionally, he justified the use of the simpler model due to the infrequent 

close blade-vortex interactions where the impact of the model would be measured. The more 

complicated rotary-wing model and the model presented here tended to produce similar load 

calculations for the rotor [19]. Due to the goals of his research, Scully did not develop correlations 

for the axial or radial velocities. This model is also known as the Burnham-Hallock (BH) model 

in fixed-wing aerodynamics [22] and has been applied in both lidar applications and digital 

simulations [23]. The tangential velocity of the Scully or BH model is maximum at the core radius, 

𝑟𝑐 (like other laminar vortex models) and the circulation at the core radius, Γ(𝑟𝑐), is half of the total 

circulation, Γ0. 
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Another 2D model, used as part of NASA’s Terminal Area Simulation System (TASS) 

model, was developed by Proctor using Lidar observations early in their lifespan [11, 24, 25]. The 

model has been presented with varying constants, but is consistently presented as a fit outside the 

core radius and has the form 

 𝑣𝜃 =
Γ0
2𝜋
[1 − 𝑒−𝑐1 (

𝑟
𝑏
)
0.75

] , 𝑟 > 𝑟𝑐 (2.17) 

The model has been presented with multiple values for 𝑐1 [11, 24, 25]. In earlier publication, 

𝑐1 =  11.8826 [24] but later was modified to 𝑐1 = 10 (Refs. [11, 25]). Inside the core radius the 

model is matched to a corresponding Lamb-Oseen model [25]. In a later comparison with other 

models, a piecewise formulation was presented to include the core region of the vortex [11]: 

 𝑣𝜃 = {
1.0939

Γ0
2𝜋𝑟

[1 − 𝑒−10 (1.4𝑟𝑐/𝑏)
0.75
] × [1 − 𝑒−1.2527 (𝑟/𝑟𝑐)

2
], 𝑟 ≤ 1.4𝑟𝑐

Γ0
2𝜋𝑟

[1 − 𝑒−10 (𝑟/𝑏)
0.75
], 𝑟 > 1.4𝑟𝑐

 (2.18) 

In this model, only a solution for the tangential velocity is available, and the radial or axial velocity 

distributions are not addressed. 

Among the most versatile empirical models identified is the n-family of vortices developed 

by Vatistas [26]. The model results in a closed-form solution for static pressure. The velocity 

distribution is described by: 

 �̅�𝜃 =
�̅�

(1 + �̅�2𝑛)1/𝑛
 (2.19) 

When this velocity distribution is applied to the momentum and continuity equations, closed-form 

expressions result for radial and axial velocity. By changing the integer value of n, it can be seen 

that the Rankine vortex (𝑛 → ∞) and Burnham-Hallock (𝑛 = 1) belong to this family of vortices. 

For 𝑛 = 2, the Lamb-Oseen vortex is closely approximated [27]. Extensions to the model have 

added a term to account for the effects of compressibility, which is somewhat unique among the 
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available models [28]. Compressibility results in a more significant drop in density and a smaller 

decrease in the temperature in the core of the vortex. 

Two additional models [29, 30] were derived by applying boundary-layer-type 

approximations to the Navier-Stokes equations. These approximations, used in several turbulent 

models, display small axial gradients in the vortex when compared to the radial gradients and that 

the radial velocity is small with respect to the axial velocity, i.e.:  

 

𝜕

𝜕𝑥
≪

𝜕

𝜕𝑟
 

𝑣𝑟 ≪ 𝑣𝑥 

(2.20) 

Batchelor’s model [29] is often interchangeably referred to as the Batchelor vortex [31] or 

the q-vortex [32] due to the inclusion of the swirl strength, q, which is the ratio of the maximum 

tangential velocity and core axial velocity. The tangential velocity, expressed in terms of the swirl 

strength and freestream velocity, is  

 𝑣𝜃 = 𝑞𝑉∞
𝑟0
𝑟𝑐
[1 − 𝑒

(−
𝑟
𝑟𝑐
)
2

] (2.21) 

where, 

 𝑟𝑐(𝑡) = √4𝜈𝑡 + 𝑟0
2 (2.22) 

is the measure of the core size, which grows in time as diffusion acts on the vortex. Due to the 

approximations made, there is no radial velocity component to the model. While outside the scope 

of this document, it is important to note that the q-vortex has been the subject of numerous stability 

studies in literature [31-33]. 

The Moore-Saffman (MS) model [30] is a more complex formula than the other laminar 

models. Similar to the Batchelor model, the MS model contains a term for the wing loading, as 
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well as angle of attack and aspect ratio of the generating wing, on the formation of the vortex. The 

resulting tangential velocity distribution is: 

 𝑣𝜃 =
𝛽

(𝜈𝑡)
𝑛
2

𝑉𝑛(𝜂) (2.23) 

 𝑉𝑛(𝜂) = 2
−𝑛Γ (

3

2
−
𝑛

2
) (−𝜂)

1
2𝑀(

1

2
+
𝑛

2
, 2, 𝜂) (2.24) 

Here, Γ is the gamma function, not the circulation as used elsewhere in this survey, and 𝑀 is the 

confluent hypergeometric function. The constants n and 𝛽 are both dependent on the wing 

geometry. For n = 1, Batchelor’s model can be recovered [34], while n = 0.5 corresponds to an 

elliptic wing. The effect of a decrease in n is an increase in peak tangential velocity near the core 

and in the potential region, similar to the effect seen with the turbulent models. Additionally, for 

the MS model there are jet-like vortex cores for values of n lower than about 0.44 and wake-like 

cores for larger values. 

2.1.3 Turbulent Models 

One of the earliest models that included the effects of turbulence on vortex structure was 

developed by Hoffmann and Joubert [35]. Unlike many turbulent models, the authors did not seek 

to model viscosity, but rather proposed that the behavior of a turbulent vortex could be modeled 

independent of a discrete viscosity term. Using a boundary layer analogy, they developed a 

piecewise model, with equation (2.25) applicable inside the core where the flow is well-defined 

by solid-body rotation, and equation (2.26) relevant to the outer region.  

 Γ Γ𝑐⁄ = 𝑐1(𝑟 𝑟𝑐⁄ )2 for 𝑟 ≤ 𝑟𝑐 (2.25) 

 Γ Γ𝑐⁄ = 𝑐2 log10(𝑟 𝑟𝑐⁄ ) + 1 for  𝑟 > 𝑟𝑐 (2.26) 
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The constants 𝑐1 and 𝑐2 were determined empirically to be 1.83 and 2.14, respectively, 

using wind tunnel data. The transition between the two regions, a so-called “outer-core region” 

was not unique in the data and the authors proposed additional experimental work to search for a 

possible law for this region [35]. 

Most researchers have attempted to quantify the effect of the turbulent viscosity to varying 

degrees of complexity for turbulent vortices [17, 18, 36-38]. At the most basic level, the 

modifications have increased the effect of viscosity through replacing 𝜈 with 𝜈𝑡 ∝ 𝑓(𝜈, 𝜖), where 

𝜖 represents the eddy viscosity. 

Squire [17] added eddy viscosity to the Lamb-Oseen model, equations (2.4) and (2.5). The 

viscosity term, 𝜈, was replaced with 𝜈𝑡 = (𝜈 + 𝜖). The eddy viscosity was modeled as 𝜖 = 𝑎1Γ0, 

since previous studies did not support a complicated formula for eddy viscosity or mixing length 

and Squire [17] concluded “the simplest formula is usually as good as any other”. Utilizing 

experimental data, Owen [39] developed an expression for Squire’s coefficient, 𝑎1, as a function 

of the Reynolds number of the vortex, 𝑅𝑒Γ = Γ0/𝜈: 

 𝑎1 = 2𝜋Λ
2(𝑅𝑒Γ)

1/2 (2.27) 

where Λ is a function of time, tangential and axial velocity ratios, and the scale of the turbulence. 

Iversen proposed a more complex model for turbulent viscosity in the form of a mixing 

length, similar to boundary layer modeling [36, 40]. The mixing length was determined to be 

proportional to the radius and the turbulent viscosity was expressed as 

 𝜈𝑡 = 𝛼2𝑟2 |𝑟
𝜕

𝜕𝑟
(
Γ/2𝜋

𝑟2
)| + 𝜈 (2.28) 

At large radii, the variable viscosity model of Iversen [36] and the constant viscosity model of 

Squire [17] asymptotically approach the same value for tangential velocity. The constant viscosity 

model has the effect of diffusing the core compared to the variable model. 
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Similar to the extension of the n-vortex family from incompressible to compressible flow, 

the original creator also added a parameter to model the effects of turbulence [18]. The additional 

term, 𝛽𝑡, is a qualitative “eddy” viscosity (not related to the laminar MS model). When added to 

the model, equation (2.19) is modified to be: 

 �̅�𝜃 = �̅� (
1 + βt

1 + 𝛽𝑡�̅�2𝑛
)

1+βt
2𝑛βt

 (2.29) 

Values of 𝛽𝑡 range from 1.0 (simplifying equation 2.29 to the laminar n-vortex model) to 

approximately 2.6 for a Boeing 747 [18]. 

While the majority of the models presented here have been developed and validated using 

fixed-wing aircraft, several models have been developed using rotorcraft [37, 38]. Analyzing 

turbulent vortex models and experimental data, Tung et al. [37] divided the vortex structure into 

four regions, depending on the radial distance from the center. These regions were: 

1. The viscous core, dominated by viscous diffusion, is where rotation is best categorized 

by solid-body rotation. This region extends from the center of the vortex to 𝑟 ≅ 0.9 𝑟𝑐. 

2. The region starting near the core containing the maximum tangential velocity is called 

the turbulent mixing region. The flow in this region is dominated by turbulent diffusion. 

In this region, from the edge of the viscous core to 𝑟 ≅ 3 𝑟𝑐, the circulation exhibits a 

logarithmic behavior. 

3. The transition region follows and is the most difficult to generalize [37]. In young 

vortices the distribution of circulation varies in discrete jumps as the vortex sheet wraps 

around itself. This region extends until the entirety of the vortex sheet is rolled up into 

the vortex, up to approximately 20 to 30 core diameters from the center. 

4. The outermost region is the irrotational region wherein the circulation is constant. 
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Using these criteria and allowing for some variation on the extents of each region, an 

empirical model was fit to wind tunnel data, resulting in: 

 
Γ

Γ𝑏
=

{
 
 

 
 0.37 (

𝑟

𝑟𝑐
)
2

, 0 ≤ 𝑟/𝑟𝑐  ≤ 0.73

0.32 + 0.39 ln (
𝑟

𝑟𝑐
) , 0.73 ≤ 𝑟/𝑟𝑐  ≤ 3.0

1 − 1.2𝑒−0.52(𝑟/𝑟𝑐 ), 3.0 ≤ 𝑟/𝑟𝑐

 (2.30) 

Ramasamy and Leishman [34] also utilized experimental rotorcraft data and concluded 

that, depending on the vortex Reynolds number, there existed three regions: a fully laminar region 

in the core, a transitional region near the core radius, and a fully turbulent region outside. Cotel 

[41] found that while the Richardson number was greater than 𝑅𝑒𝑣
1/4

, the stratification of the vortex 

prevented turbulence of any length from transporting viscosity between layers, keeping the vortex 

laminar. Once the Richardson number fell below that threshold, turbulent viscosity appeared to 

have an effect. The new model proposed by Ramasamy and Leishman [38] was one-dimensional 

model in which the axial and radial velocities were zero, with the following definition for turbulent 

viscosity: 

 𝜈𝑡 = 𝜈 + 𝑉𝐼𝐹𝛼𝑛𝑒𝑤
2 (𝑟2 |

𝜕

𝜕𝑟
(
Γ

𝑟2
)|) (2.31) 

In equation (2.31), the vortex intermittency function, VIF, is defined by: 

 𝑉𝐼𝐹 =
1

2
[
 
 
 
1 + erf(b

[
 
 
 
√

𝜂
𝛼𝑛𝑒𝑤2

𝜂𝑐
𝛼𝑛𝑒𝑤2

−
𝜂𝑎
𝛼𝑛𝑒𝑤2

]
 
 
 
)

]
 
 
 
 (2.32) 

The error function results in a smooth modulation with a laminar core, a transitional region 

between two and seven core diameters from the center of the vortex, and a fully turbulent region. 

The value of 𝜂𝑎/𝛼𝑛𝑒𝑤
2  represents the radial location where the VIF is 0.5 [38]. This model is 

specifically designed for the Reynolds number regimes seen by full-scale rotorcraft blades, where 
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103 < 𝑅𝑒Γ < 105. The final vortex model derived by Ramasamy and Leishman must be solved 

using a numerical scheme [38]. At low Reynolds numbers, the updated model approaches the 

Lamb-Oseen model. 

2.2 Experimental Methods 

Experimental studies include investigations into the vortex structure to better understand 

the mechanisms that govern their behavior, interaction of multiple vortices to understand their 

dynamics, stability analyses to understand the conditions under which a coherent structure breaks 

down, and mitigation studies to determine efficient methods for hastening the destruction of the 

structure. An overview of the facilities and measurement methods used in these investigations are 

presented in the following sections. The current overview is limited for brevity and focused 

primarily on facilities and techniques available for the current study, but the reader is 

recommended to refer to works by Rokhsaz and Kliment [42] and Savaş [43] for additional details, 

topics, and sources not referenced here. 

2.2.1 Facility Types 

Numerous experimental facilities can be used to generate the flowfield that is used to study 

trailing vortices. Laboratory experiments dominate those used for these studies due to their modest 

cost and improved flow control over flight testing. The three most common laboratory facilities 

used are wind tunnels, tow tanks, and water tunnels, with the first two being used more commonly 

than the last. Each of these facility types has its own strengths and weaknesses. 

2.2.1.1 Wind Tunnels 

Wind tunnels are arguably the simplest facility type to operate and are best used for near-

field surveys [43]. However, depending on scale, these facilities can provide measurements in the 

mid-field wake 10 or more wingspans aft of the vortex generator [44, 45]. Long test-sections are 

not necessarily the rule but the exception, so experimentalists must model scale and facility size 
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to find the right balance. Tests performed in wind tunnels benefit from typically lower turbulence 

levels than water tunnels, often reaching levels significantly less than 1% [45, 46], with many 

closed-return facilities approaching 0.1% or lower [13, 47]. Low-speed facilities, where vortex 

research is primarily conducted, are most often atmospheric tunnels and have freestream Reynolds 

numbers of up to 2.0 x 106 per foot. During this research, no works were found utilizing pressurized 

tunnels to achieve a higher Reynolds number, most likely due to the cost of such facilities. High-

speed vortex studies primarily focus on delta-wing-generated vortices with different behavior than 

low-speed wakes. 

Flow visualization is commonly performed in wind tunnels using smoke injected into the 

flow, usually upstream of the model. Savaş noted that due to the Schmidt number of air (the ratio 

of momentum diffusivity to mass diffusivity) being close to unity, smoke or vapor disperses 

similarly to the vorticity in the flow. As a result, smoke flow visualization marks the vorticity in 

the flow better than dye introduced in a water tunnel or tow-tank [43]. Flow visualization allows 

for very useful qualitative and quantitative understandings of behavior, including unsteadiness in 

the vortex tube along the length of the test section as well as the interaction and merger of multiple 

vortices [48]. A grid of fine wire with individual strings attached to the intersections have been 

utilized to highlight the location of wake structures [49]. These can be educational at a macro level, 

but details should not be extracted from these due to the interference of the strings and wires. 

Both intrusive and non-intrusive flow measurement methods have been utilized in wind 

tunnels. Constant temperature anemometry (CTA, referred to as hot-wire) and multi-hole pressure 

probes (usually five- or seven-hole) are often utilized in conjunction with a traversing mechanism 

[13, 44, 46, 47, 50, 51]. Hot-wire probes provide high-frequency information at each survey 

location, allowing for analysis of turbulence parameters in the vortex. Multi-hole probes are often 
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used due to their robustness and the simplicity of operations. These provide quality, time-averaged 

data, though they are the largest probes and are the most likely to interfere with the core. Laser 

Doppler Velocimetry (LDV) and Particle Image Velocimetry (PIV) have also been utilized in wind 

tunnels for vortex investigations. LDV is another point-measurement technique, requiring a 

traversing mechanism to survey an entire vortex structure [52]. PIV is an ideal technique since it 

is a global measurement technique, sampling an entire planar section simultaneously [43, 53, 54]. 

This removes the concern about vortex wandering (sometimes called meandering) that plagues 

point measurement devices [47]. PIV is rarely used in fixed-wing wind tunnel testing, with hot-

wire probes being favored. However, the testing of rotorcraft utilizes PIV more frequently due to 

the inherent unsteady nature of the flowfield. 

Another measurement technique utilized almost exclusively in wind tunnels is a following 

model within the wake of the primary. This following model measures the induced rolling moment 

due to the trailing vortex or vortices. This method works well even for complex wakes that have 

not fully merged to a single, counter-rotating vortex pair [45]. 

2.2.1.2 Water Tunnels 

Water tunnels have been utilized in fewer vortex studies than wind tunnels, though still 

fairly frequently. Compared to wind tunnels, these facilities have a smaller test section and operate 

at much lower Reynolds numbers. Maximum freestream Reynolds numbers tend to be less than 3 

x 105 per foot, but these facilities are able to produce uniform, stable flows near Reynolds numbers 

of 104 per foot [55-57]. Due to the high-density of water, freestream velocities in these tunnels are 

much slower than those in wind tunnels for equivalent Reynolds number, providing a much longer 

residency in the test section and allowing for longer observations. The turbulence levels in water 
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tunnels tend to be significantly higher than wind tunnels, with turbulence intensities in the 1-5% 

range [56, 58], though some facilities have achieved turbulence levels lower than 1% [59]. 

Flow visualization techniques in water tunnels often involve adding a dye to the core of 

the vortex to be observed downstream. Food coloring is used frequently for qualitative 

observations, although a mixture of milk and alcohol in combination with a light sheet was used 

to record the positions of vortex cores, with good success, by Rokhsaz et al. [60] and Kliment [55]. 

Additionally, hydrogen bubbles are sometimes used to investigate the influence of a probe and its 

support structure on the flow in question. 

Traverses with CTA probes or pressure probes attached can be used in water tunnels, but 

are typically not the preferred method. PIV is the most common method used for flowfield 

measurement in water tunnels [43, 56, 57], though LDV has also been used [43]. 

2.2.1.3 Tow Tanks 

Tow tanks are most often used for marine applications, but have been used widely for 

vortex investigations. These facilities are long (often over 160 ft), stationary channels of water, 

usually with a free surface, within which a model is lowered and towed at a fixed speed for the 

length of the basin. For the duration of the motion, and for some time after, the vortex is observed 

at one or more stationary points. Observation at these fixed points highlights the direct time history 

of the flow structures. Compared to wind and water tunnels, tow tanks allow for the observation 

of vortices for significantly longer downstream distances. Engineers can often observe the 

behavior more than 100 spans downstream of the model [61, 62], and some experiments have 

yielded results up to 350 spans downstream [63]. These facilities directly recreate the physics of 

an object moving through a still fluid, as opposed to water and wind tunnels where this physics is 

reversed. Due to the still water, turbulence is minimized, and the only sources are vibrations in the 
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movement apparatus, which are often negligible. Similar to wind tunnels, the vortex elements 

interact with the walls and free surface. The farther downstream from the model, the larger 

instabilities become, amplifying the motion. Typical chord-based Reynolds numbers are between 

105 and 106, which is similar to or slightly larger than those seen in wind tunnels [43]. 

Both dye and bubble flow visualization techniques are commonly used in tow-tanks [43]. 

Hydrogen bubbles have been used to mark the vorticity, though this requires a wire filament in the 

flow to generate the bubbles [62]. By pulsing the current through the wire, researchers have used 

hydrogen bubbles to capture quantitative measurements of the tangential velocity of vortices. Dye 

injection is commonly used to mark the vortex and can be used to observe the evolution of the 

generated wake, though as was mentioned previously, the dye does not diffuse at the same rate as 

the vorticity, unlike smoke in air. 

The most common measurement technique used in a tow tank is PIV, with two- and three-

dimensional systems commonly used [43, 63, 64]. This global measurement technique allows 

researchers to capture dozens of snapshots of the model wake over time to understand the 

evolution. Scanning LDV has also been used to capture axial velocity within the vortex core [61]. 

However, point-measurement techniques are not well-suited to tow tanks due to the continual 

aging of the wake, unlike wind and water tunnels, where the age of the wake is dictated by a chosen 

measurement station. 

2.2.1.4 Catapult Facilities 

A unique set of catapult test facilities that combined aspects of tow-tanks and free flight 

have been operated by ONERA. These facilities are long, enclosed chambers with lengths of 150 

to 300 ft, and widths over 30 to 60 ft [65-67]. Vortices are generated by either towing a model 

using an overhead rail system, similar to tow-tanks, or by catapulting them and allowing free-flight 
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in the facility. While towing the model, the lift coefficient can be held constant, reducing the 

variability of the data. 

Data acquisition in these facilities depends on global measurement techniques, such as PIV 

or lidar, for the same reasons as tow-tanks. The large size of the facilities allows for models with 

wingspans over 6 ft, allowing for increased Reynolds numbers compared to tow-tanks. Overall, 

typical chord Reynolds numbers are between 5.0×105 and 106, depending on model size. When 

operated as a free-flight facility, measurements are able to be collected out to nearly 10 wingspans, 

with typical models. Free-flight models provide the benefit of reduced interference from mounting 

structures, but add increased variability due to changes in aircraft orientation, velocity, and flight 

loads. 

2.2.1.5 Flight Testing 

The most common way to achieve full-scale vortex data is through flight-testing. While 

this is the easiest, and often the only way to generate these flows, the measurement is difficult, and 

the experimental method is the least controlled. Quantitative data are often made in proximity to 

airports, where measurement apparatus can be installed. Full-scale, chord-based Reynolds 

numbers for flight test experiments are on the order of 2 x 107 to 6 x 107, though scaled testing for 

smaller aircraft could result in lower values [8]. 

As mentioned by Rokhsaz and Kliment [42], flight tests are typically used to investigate 

macro-level events, rather than the detailed structure and the driving physics of the behavior. Flow 

visualization using smoke in the wake of aircraft was used by Chevalier to observe instabilities 

that develop in trailing vortices [68]. Lower-altitude flights have been used to gather detailed 

information on the roll-up of a vortex in complex flapped configurations using CTA sensors 

mounted on instrumented towers along an aircraft’s flightpath [8]. Additional testing has utilized 
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propeller anemometers on elevated poles or towers to measure aircraft wake vortices during 

normal operations [69-71]. These tests have been used to inform aircraft spacing for capacity 

increases and to better understand lateral motion of wake vortices near the ground. Chase planes 

with multi-hole pressure probes or CTA mounted on booms ahead of the aircraft have been used 

at higher altitudes to capture profile data for full-scale aircraft, well away from the influence of the 

ground [72]. 

2.2.2 Measurement Techniques 

As briefly mentioned in the previous section, numerous techniques are available for 

measuring vortex flows. Each of these methods has benefits and deficiencies which are considered 

by investigators. Flow visualization is not discussed here because sufficient detail and references 

were provided in the previous section for readers to understand the most commonly used 

techniques. 

2.2.2.1 Hot-Wire Probes 

Hot-wire or hot-film anemometry is one of the most commonly used techniques for detailed 

flow measurements. These probes consist of a thin, short wire stretched between to posts, typically 

between one and two millimeters apart and usually heated to a constant temperature. As the speed 

of the surrounding fluid increases, more of the heat is convected away from the wire, requiring a 

higher voltage to be applied to the probe to maintain the temperature. This common method is 

known more specifically as constant temperature anemometry (CTA). A similar method, constant 

current anemometry (CCA), maintains the current applied through the wire and measures the 

change in resistance to evaluate the speed of the flow. 

A single wire can be used to measure the magnitude of the wind, but not the direction. To 

capture the direction of the flowfield, two- and three-wire systems are most common, though 
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custom four-wire probes have been used to measure trailing vortex systems more accurately as 

they are not as susceptible to errors caused by the gradients found in this type of flow [47, 73]. 

Streamwise vorticity has been shown to cause errors of up to 10% in the axial velocity 

measurement when using 3-wire probes. The orientation of the wires results in differing 

sensitivities for each wire, depending on the direction of the wind.  

As noted by Bruun in his comprehensive text on hot-wire anemometry, this method has 

several advantages over other measurement methods [74]. Measurement volumes of hot-wire 

systems are on the order of one cubic millimeter for small systems, providing very good spatial 

resolution. Hot-wires also provide the most cost-effective high-frequency data with laboratory-

grade systems having a flat frequency response from 0 to 20 or 50 kHz. The combination of size 

and frequency response makes hot-wire probes ideal for measuring turbulence statistics within 

vortex structures. Utilization of multiple, spatially-separated probes in a flow allows the researcher 

the ability to correlate the evolution of the flow structures. Finally, these probes have a good signal-

to-noise ratio and can achieve measurement accuracies better than 1%. These advantages have 

resulted in researchers commonly using hot-wires to document vortex structure, especially in wind 

tunnels [47, 50, 51, 73, 75]. 

Similar to multi-hole probes and LDV, hot-wires are a point measurement system. This 

precludes a global view of the flow structure while using any of these methods and makes them 

most suited for stable flows in well-controlled conditions. Additionally, like pressure probes, hot-

wires are an intrusion into the flow, which causes some distortion to the flow. Flow visualization 

is encouraged where possible to verify this distortion is minimized. While cost effective, hot-wire 

probes are also fragile. Hot-film probes are more robust than hot-wire probes, but both are more 

susceptible to contamination or breakage than pressure probes. 
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2.2.2.2 Multi-Hole Probes 

Multi-hole probes, inclusive of any variety of pressure probe that measures three or more 

pressures simultaneously, are a robust method of measuring the time-averaged properties of a flow. 

The most common are five- and seven-hole probes which allow for measurement in flows with 

large incidence angles to the axis of the probe. This could be up to 70° for seven-hole probes [76]. 

The design of these probes involves an axisymmetric tip with a single hole along the centerline of 

the body and the remaining holes equally spaced around the center port. The tip geometry can be 

faceted, hemispherical, conical, or another suitable shape. Calibration of these probes allows the 

user to calculate flow velocity magnitude and direction. 

Bertenyi [13, 77] and Westphal, Prather, and Toyooka [78] used a probe with a single port 

to perform similar measurements to a multi-hole probe. The tube had a faceted end that could be 

rotated around its centerline axis, with a sleeve that can move forward to cover and provide a flat-

face to the wind. Similar to the five- or seven-hole options, this probe can measure flow magnitude 

and direction in steady flows. However, the measurement volume is similar to a hot-wire probe 

[79]. While multi-hole probes are the most robust of the measurement devices discussed here, they 

are the most intrusive and have diameters that are often three to four times that of three-axis hot-

wire probes. 

A drawback for multi-hole probes when surveying vortical flows is the decrease in 

accuracy due to the sheared flows exhibiting a higher velocity over some of the holes on the tip, 

and lower velocities over others, which alters the calibration [80]. Kjelgaard [52] noted that a five-

hole probe agreed well with LDV measurements of a compact vortex formed over a delta wing up 

to a local shear of 800 ft/s/ft.  
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These point measurement devices are best suited to wind tunnels and flight testing since 

they are pressure devices. Accuracy of these probes decreases at the low speeds and the low 

pressures of water tunnels and are not well-suited to their use. Due to pressure tube lengths, these 

probes typically have a frequency response in the single-digit range in Hz, limiting them to only 

time-averaged flowfield measurements. However, miniaturization of pressure sensors has resulted 

in fast-response probes that can measure data at a frequency between one and five kHz [81]. These 

fast-response probes are typically significantly more expensive, both in acquisition and calibration, 

which detracts from one of the main benefits. 

2.2.2.3 Laser Doppler Velocimetry 

Laser Doppler Velocimetry (LDV) is an optical method that utilizes two laser beams 

crossing within the flow. Within the small measurement volume created by the intersection of 

these beams, an interference pattern is developed. The flow, seeded with small particles, passes 

through the measurement region and reflects light towards a detector. Similar to Particle Image 

Velocimetry (PIV) and flow visualization techniques, LDV depends on the measurement particles 

to move with the air. 

This method does not interfere with the flow like hot-wire or multi-hole probes. 

Additionally, it is capable of measurements across a wide range of flow speeds without significant 

degradation of accuracy, as happens with hot-wires at high speeds and pressure probes at low 

speeds. LDV is a point-measurement technique. Averaging over long durations can increase the 

precision of the method, but it is not suited for unsteady flow [42]. Additionally, the precision 

optics of the method can lead systems to be prohibitively expensive. 

Use of LDV in vortex investigations has been limited, possibly due to the restrictions 

mentioned earlier. Many of the studies that have utilized LDV have been focused on vortex 
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behavior over delta wings, where wandering is not as prevalent [52, 82]. However, data acquired 

by Ciffone et al. behind a landing configuration of a Convair 990 wing correlated well with hot-

wire measurements taken previously on the same model [83]. 

A related, but methodologically different technique, Doppler Global Velocimetry (DGV), 

is not discussed here in detail as it was found to be used with vortices generated by delta wings, 

which are not the focus of the current work. Details on DGV can be found in Komine et al. [84], 

and a few examples of its use for vortex measurement are discussed by Rokhsaz and Kliment [42]. 

2.2.2.4 Particle Image Velocimetry 

Particle Image Velocimetry (PIV) and the related method Particle Tracking Velocimetry 

(PTV) are global, non-intrusive measurement techniques. Similar to LDV, the flow is seeded with 

reflective particles. However, in PIV and PTV, a laser light sheet is pulsed to generate multiple 

frames that are photographed. For lower-cost setups, the pulses can be on the order of 30 Hz, 

though recent techniques of PTV have been demonstrated with measurements up to 400 kHz [85]. 

The processing of the subsequent frames establishes the difference between the two methods. In 

PIV, statistical methods are utilized to cross-correlate the location of the particles between frames 

and establish the velocities in the field. Alternatively, PTV is processed by tracking the individual 

particles themselves, rather than groups of particles as performed in PIV. 

Spatial resolution of the data depends heavily on the distribution of particle seeding, and 

resolution of the video image. An increase of spatial accuracy therefore depends on the field of 

view of the camera, the pixel density, and the frame rate (bandwidth) of the camera, independent 

of the seeding of the flow. In areas of high-gradients, PIV tends to suffer in accuracy when 

compared to PTV due to the tracking of groups of particles instead of single particles. Additionally, 

accuracy of PIV decreases as the speed of the flow increases. PIV and PTV systems are among the 
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most expensive measurement tools in this review. However, despite these limitations, PIV and 

PTV are the most common techniques used in vortex work due to being non-intrusive and 

providing global measurements. These global measurements are the only means to capture the 

behavior of vortices in a tow-tank without the aging of the vortex skewing results. 

Despite the differences between the methods, authors do not always accurately clarify 

within their literature the methods used. Additionally, some sources refer to Digital Particle Image 

Velocimetry (DPIV) as a form of PTV [42], while others refer to it as a form of PIV [85]. For 

application to vortex flow surveys, PIV and PTV are vastly similar in application and results. 

2.2.3 Vortex Development and Structure 

Numerous experiments have been conducted toward developing vortex models. Contrary 

to this, others have utilized models to support the quality of the measurements produced. The 

detailed measurements that have been made regarding vortex development, structure, and aging 

will be discussed in the following sections. These measurements can be used to validate the models 

presented in Section 2.1. These are a small subset of the experiments that have been conducted on 

trailing vortices. 

2.2.3.1 Near-Field Wake 

Significant work has been performed studying the near-field structure and development of 

trailing vortices. Much of this work has been focused on the roll-up process and the axial flow in 

jets. Additional work has been performed to assess the impact of tip geometries on the developing 

vortex. 

Ramaprian and Zheng [86, 87] studied the structure and development of a vortex behind a 

rectangular NACA 0015 wing with an aspect ratio of four using three-dimensional LDV. The 

authors demonstrated that the wake was highly three-dimensional with the individual shear layers 



 

29 

clearly visible in the vortex structure up to 1.67 chord lengths downstream. By 3.3 chord lengths 

downstream, the vortex demonstrated a nearly axisymmetric structure, especially within the core 

region. During the rollup, the position of the core was well represented by 
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Ramaprian and Zheng demonstrated good correlation with k = 0.75. Devenport et al. showed good 

agreement with k = 0.5 for an aspect ratio of 8.3 in the midfield [47]. 

Birch et al. [88] conducted seven-hole probe surveys behind an NACA 0015 wing and a 

high-lift Bombardier R&D wing, each with an aspect ratio of 3 over a wide range of angles of 

attack. The goals of the test were the documentation of the structure and induced drag of the trailing 

vortex. Similar to Ramaprian and Zheng [86], the vortex appeared to have a coherent core structure 

by about 1.5 chords downstream. Both airfoils generated wakes that exhibited self-similar structure 

as close as 1.15 chords downstream. This coherent structure indicates that appropriate vortex 

models may be developed for the near-to-mid wake. Comparing the two models, the NACA 0015 

airfoil exhibited a larger core diameter than the cambered airfoil, though comparisons were not 

made at equivalent lift values. Uniquely, the cambered airfoil exhibited a circulation overshoot, 

just outside the core, as predicted by turbulent models [56]. Both airfoils exhibited a switch from 

a wake deficit to a surplus as the angle of attack increased.  

Chow et al. [89] conducted seven-hole probe and triple hot-wire surveys over the suction 

side and up to 0.678 chords downstream of an NACA 0012 wing with a rounded tip and aspect 

ratio of 1.5. The relatively large chord of the model resulted in a chord-based Reynolds number of 

4.6 x 106. Testing at a 10° angle of attack, the core of the vortex exhibited a strong jet behavior 

with a maximum axial velocity of 1.69U∞. The authors attributed this excess to the rounded 

wingtip and the high Reynolds number based on other comparative studies. 
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The nearfield structure of a trailing vortex and wandering sensitivity to the Reynolds 

number and tip geometry was studied by De Souza and Faghani using a small wind tunnel equipped 

with PIV [90]. The authors used a rectangular NACA 0012 wing with an aspect ratio of three. The 

tip geometries tested were squared, rectangular, circular, and 2:1 elliptically rounded. The small 

facility size limited investigations to a maximum of Rec = 2x105. Measurements taken at two 

chords downstream showed between 40% and 50% of the root circulation was captured in the 

trailing vortex. Tip geometry effects were small, but a decrease of captured circulation towards an 

asymptotic value was observed with an increasing Reynolds number. The vortex core size showed 

no sensitivity to the Reynolds number at low angle of attack. Examining the loading factor, 

Γ/(𝑈∞𝑏), proposed by Spalart [91], the authors posit that the core axial velocity was jet-like due 

to similar measurements made in a previous study, but this was not confirmed. The wingtip 

geometry did not have a significant effect on the loading factor over the range of Reynolds numbers 

tested. Additionally, vortex core turbulence levels were shown to increase with the Reynolds 

number and angle of attack, as may be expected. 

A further study of vortex tip-geometry effects was conducted by Buffo et al. [57], who 

studied a wing with aspect ratio of 5 with a Clark-Y airfoil at a 10° angle of attack. Square- and 

round-tipped versions and two rounded/swept profile tips were used. Rounding of the tip geometry 

produced a stronger, more coherent vortex, contrary to the findings of De Souza and Faghani [90]. 

Surveys over the surface of the wing showed that rounding the tip decreased the strength of 

secondary vortices formed over the wing, allowing more vorticity to be bound into the primary 

structure. A square wing tip resulted in strengthening the secondary vortices and weakening the 

resultant trailing structure. 
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2.2.3.2 Mid- and Far-Field Wake 

A large matrix of vortex measurements on a wing with an NACA 0015 profile was 

conducted at Reynolds numbers between one and three million by McAlister and Takahashi [92]. 

Surface pressure and LDV surveys of the trailing vortex were performed at several correlating 

conditions, allowing for comparison between the lift distribution and vortex structure. Vortex core 

diameter was noted to be constant at around 11% of the wing chord for six chord lengths behind 

the wing. Moreover, the core diameter showed no dependence on the Reynolds number within 

four-chords downstream. An increase of wing aspect ratio resulted in a decrease in the vortex 

diameter while the addition of a leading-edge trip resulted in an increase in the core diameter and 

a change from an axial velocity excess to deficit. Without the trips, the axial velocity excess of the 

vortex was noted to increase with increasing chord length. Tip geometry demonstrated little impact 

in vortex strength by four chords downstream of the trailing edge. 

Del Pino et al. [56] utilized stereo PIV in a water tunnel to study the trailing vortex structure 

behind a circular-tipped NACA 0012 with an aspect ratio of approximately 10. The small chord 

size and low speed of the water tunnel resulted in chord-based Reynolds numbers of 2.0 x 106 to 

4.0 x 106. The non-dimensionalized tangential velocity did not exhibit an expected constancy or 

decay with downstream distance, but exhibited a peak at 6 chord-lengths downstream. By 16 

chords downstream, the profile had greatly flattened out, to a near linear profile, not exhibiting the 

characteristic logarithmic decay of vortices. However, despite these trends, the profiles 

demonstrated good correlation with the Moore-Saffman model at all conditions, even as close as 

0.5 chord downstream of the trailing edge. 

Devenport et al. [47] studied the detailed structure of the trailing vortex behind a square-

tipped NACA 0012 of aspect ratio 8.7 and developed a method for correcting measurements for 
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wandering seen in wind tunnels. Over the range of 5 to 30 chords downstream, the peak tangential 

velocity decreased by about 8% with no consistent trend in the growth of the vortex core. 

Additionally, at a five-degree angle of attack, the vortex showed a consistent axial deficit of about 

15%. By measuring the wandering magnitude in the tunnel, a probability density function was 

used to model the effects of the vortex motion on the resultant surveyed vortex. The authors 

demonstrated that wandering increased the apparent vortex core diameter and decreased the peak 

tangential velocity. The correction method developed allowed correction of small-to-moderate 

wandering amplitudes, but Devenport et al. also showed that for any vortex with Gaussian 

wandering, the resultant vorticity or velocity field tended to a Gaussian profile, irrespective of the 

original vortex structure. This was consistent with the work of Monaghan and Humble [93], who 

showed that Gaussian wandering of the q-vortex gives an identical result, except with the 

tangential velocity and non-dimensional radius rescaled. 

2.2.3.3 Multiple-Vortex Systems 

Wakes with two or more trailing vortices have also been studied in detail across a wide 

variety of experiments. Corsiglia et al. [20, 44] conducted surveys behind two geometrically 

similar rectangular wings at streamwise distances up to 165 chord lengths downstream in the 

NASA Ames 40- by 80-foot wind tunnel. Testing at Rec = 0.3 x 106 to 0.9 x 106 produced vortices 

that presented a turbulent profile for all conditions tested. However, these surveys were based 

solely on a single-line measurement by a rotating arm in the wake, preventing detailed assessment 

of the vortex structure. Similar surveys by Rossow [45] using a 3% scale 747 model also indicated 

closer similarity to a turbulent vortex model rather than a laminar model. However, it was noted 

that the ambient turbulence in the NASA Ames 80- by 120-foot wind tunnel used for those surveys 

was close to 0.5%, potentially contributing to the turbulent structure of the trailing structures. 
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Devenport et al. [51] conducted a detailed survey of the structure of a counter-rotating pair 

of vortices using a differential wing setup. This method allowed for the study of approximately 

equal-strength vortices with initial spacing of about c/4. Between 10 and 30 chord lengths 

downstream, the peak tangential velocity decreased by 8%, comparable to the detailed survey 

Devenport et al. [47] conducted using a single wing. The vorticity retained a near-axisymmetric 

profile, especially near the core of the vortex. 

Experiments in the far-field wake of a rectangular wing were performed by Lezius using a 

rectangular wing aspect ratio of 5.3 in a tow-tank [62]. At chord-based Reynolds numbers between 

2.5 x 105 and 7.5 x 105, the vortex showed decay of the maximum tangential velocity proportional 

to t-7/8. Flight test data from McCormick et al. [49] suggested correlation with t-1/4. Additionally, 

the core radius showed a growth rate proportional to t2/3 for an angle of attack of four degrees and 

proportional to t7/8 for an angle of attack of eight degrees. Total circulation in the vortex did not 

appear to decrease significantly out to 646 chord lengths downstream. As one might expect, the 

far reaches of the vortex structure were less affected by age and continued to exhibit similarity to 

a potential flow vortex using the same starting circulation. Flight test results by Donaldson et al. 

[8] compared favorably with this, even at full-scale, showing good agreement with the macro-

structure of full-scale, rolled-up vortices behind commercial transports. 

Studies on co-rotating vortex merger have also been conducted to better understand the 

merging process and methods to decrease the strength of the resultant vortex. Using the same split-

wing technique as they used for counter-rotating studies with an initial vortex spacing of 

approximately c/4, Devenport et al. [50] showed a near-complete merger of two vortices by 22 

chords downstream, with a slight recovery in axial velocity deficit and a significant decrease in 

axial vorticity. The merger process resulted in cores that were over three times the area of the cores 
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at 10 chords downstream. There was little change in core area between 22 chords and 30 chords 

downstream. Bertényi and Graham [13] noted a similar merging distance of about 20 chord lengths 

using a split-wing setup. Vortices of unequal strength merged within a similar distance, but with 

vorticities that were not as uniformly distributed, or axisymmetric. 

Core diameter based on peak velocity was measured in flight by Delisi et al. [94]. The 

authors noted that the core diameter tended to stay about 1% of the aircraft wingspan, which is 

half of or less than the value used in most simulations. 

Additional studies conducted on this subject were not reviewed here in detail because their 

main focus was not on the structure of the vortex, but on other factors including destruction or 

dissipation of the vortex, the merger process itself, or stability. Each of these topics, while worthy 

of investigation, fall outside the goals of this study. 

2.2.4 Comparison of Models and Experimental Data 

The models presented can be compared primarily in two ways: their accuracy and their 

utility. Comparisons of accuracy represent the degree to which a model correlates with 

experimental data, while comparisons of utility signify assessments of the results of applying a 

model to engineering analyses. Many studies assess between one and three models. As mentioned 

previously with respect to the q-vortex, stability analyses were deemed outside the scope of this 

document. 

Some authors who developed models have included corresponding data comparisons [8, 

19, 22, 35, 36, 38]. These comparisons were used to guide intuition or directly develop the models. 

It is important to evaluate these models, when possible, with respect to additional data sets. 

A common wind- and water-tunnel airfoil for evaluating trailing vortices is the 

NACA 0012. Three studies performed by Bertenyi [13], del Pino [56], and Devenport [47] utilized 
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a semi-span wing (or wings, in the case of Bertenyi) with this airfoil. The three models had aspect 

ratios of between five and 10 and ranged in vortex Reynolds numbers from 20,000 for del Pino’s 

study, to 64,000 for Bertenyi’s. Each of these authors showed good correlation with different 

models: Bertenyi’s results with the Lamb-Oseen model, Devenport’s data with the q-vortex, and 

del Pino’s findings with the MS model. The quality of the correlation in these results is somewhat 

unexpected when compared with Ramasamy and Leishman’s [38] data and model, which showed 

a clear deviation from the Lamb-Oseen model at vortex Reynolds numbers on the order of 50,000. 

Bertenyi [13] noted that the NACA 0012 is “reported to roll up very quickly into a tight coherent 

vortex,” which may indicate a characteristic of the vortex that makes it resistant to the effects of 

turbulence. 

For a flat plate moving in a sinusoidal heaving motion, Fishman et al. [95] found better 

correlation with the MS model than the Batchelor vortex. From the center of the vortex to a radial 

distance of about 1.25𝑟𝑐, both models accurately represented the tangential velocity and axial 

velocity deficit. At larger radial distances, the Batchelor model predicted a faster drop-off in the 

tangential velocity, while the MS model more accurately captured the tangential velocity as well 

as the axial velocity surplus measured farther away from the core [95]. As with many papers, the 

comparison with the models was not of primary concern, so the authors provided little discussion 

beyond the preliminary model comparison. 

In many of the models presented that include axial velocity, such as the q-vortex, Burgers, 

and Newman models, a deficit in this velocity within the core is predicted. The Moore-Saffman 

model contains a term that predicts the possibility of both an axial velocity surplus and deficit. 

While some studies show evidence of the deficit [96, 97], others show evidence of a velocity excess 

[88, 92]. As mentioned previously, Spalart [91] showed a link between the axial velocity and the 



 

36 

loading factor, Γ/(𝑈∞𝑏). Lower values of loading factor, near 0.02, were shown to correlate well 

with wake-like cores, while higher values between 0.12 and 0.2 correlated with jet-like cores. The 

data appears to show a dependence of the axial velocity on the angle of attack and Reynolds 

number, in support of Spalart’s model. While for many analyses this is not critical, the lifetime of 

vortices may be affected by the axial velocity in the core. 

Other works by Birch [98], Monaghan and Humble [93], and Devenport et al. [47] showed 

that for experimental data with significant vortex wandering, the measured profile could be re-

scaled with larger 𝑟𝑐 and smaller 𝑣𝜃𝑚𝑎𝑥 [93]. For large wandering magnitudes, Devenport et al. 

proved that all functions tend toward a Gaussian profile and, subsequently, the time-averaged data 

may not contain meaningful information about the structure of the vortex [47]. 

Ahmad et al. provide a careful comparison of the Lamb-Oseen, Burnham-Hallock, and 

Proctor models, focusing on time to link as well as the circulation [11]. Using each model to 

initialize a TASS simulation, it was found that the Lamb-Oseen model linked more quickly than 

the other two models, indicating a shorter lifespan. Similarly, the Lamb-Oseen model predicted 

following aircraft would face a smaller wake-hazard for non-direct encounters. For direct 

encounters, all three vortex models resulted in similar induced moments on an aircraft of a given 

span. 

Some limited work has been performed to examine the similarities amongst a broad set of 

vortex models. Rodriguez et al. [99] have examined 15 vortex models, some of which have been 

presented here; others were omitted due to the flow physics they represent. In their work, 

Rodriguez et al presented seven common traits that helped describe the models in a uniform 

fashion. Among the traits put forward: 
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• There exists, at most, four distinct types of vortices in terms of fields described (i.e., 

combinations of tangential, axial, and radial velocities modeled). 

• Each tangential profile can be represented by a truncated Laurent series. 

• All vortices considered collapse to either a Rankine or Lamb-Oseen vortex depending on 

the Laurent-series coefficients. 

• All the models have similar tangential profiles. 

• The final observation, that all models are similar, depends on the application and the 

allowable uncertainty in the result. 

2.2.5 Concluding Remarks 

The literature review shows that while vortices have been broadly investigated and 

modeled, little compilation of this information has been performed to assess the models in detail. 

Several models have been investigated with more rigor than others, but the selection and utilization 

of models continues to be at researcher’s discretion as to what matches most closely the current 

data. A more comprehensive assessment of these models to address a broader set on equal footing 

is the goal of this document, with additional focus on evaluating these models with respect to data 

acquired by the author.  
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CHAPTER 3 

EXPERIMENTAL METHOD 

3.1 Experimental Facility and Apparatus 

3.1.1 Wind Tunnel 

All experimental studies were performed in the three-by-four-foot low-speed wind tunnel 

at Wichita State University. This suction-type, open-return wind tunnel has an eight-foot-long 

rectangular test section with cross-sectional dimensions of 35 inches by 50 inches. A picture of the 

tunnel is presented in Figure 3.1. Bolt patterns in the ceiling and side walls allowed for installation 

of the model in eight-inch increments along the length of the test section, and the first increment 

resulted in the model’s leading edge being four inches downstream of the start of the test section. 

Similarly, available bolts along the sidewall allowed for installation of the traverse in six-inch 

increments along the length of the test section.  

 

Figure 3.1. Wichita State University’s three-by-four-foot low-speed wind tunnel. 
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Tunnel dynamic pressures of up to 25 pounds per square foot are achieved through open-

loop control of the tunnel fan pitch. The open-return design of the tunnel results in a maximum 

velocity and Reynolds number that is dependent on the ambient weather. In the summer, the 

maximum Reynolds number achievable is around 875,000 per foot; in the winter it is around 

975,000 per foot.  

The total pressure ring is located about six and a half feet downstream of the anti-turbulence 

screens within the 24-foot-long pre-section, which has a cross section of seven feet by 10 feet. The 

static pressure ring is located immediately upstream of the start of the test section. The difference 

between these two pressure rings provides the dynamic pressure readout for control of the tunnel 

and is calibrated to the center of the test section. It was found that this calibration was not current 

at the time of testing but was repeatable. The calibration of the tunnel control system was not 

adjusted because it is hard-coded into the software and not accessible by the user. Instead, a 

separate data system was used to collect the pressure and traverse data, which was not integrated 

with the tunnel control system.  

3.1.1.1 Calibration 

The tunnel dynamic pressure was measured using a pitot-static probe mounted on the 

upper-right chamfer of the wind tunnel with the static pressure measured three and a half inches 

upstream of the test section’s leading edge. The total, static, and dynamic pressure measurements 

were calibrated to the center of the test section at the start of each test installation. This calibration 

changed slightly depending on the time of year. A representative relationship between the values 

of the pitot-static probe and those calibrated to the center of the test-section is shown in Figure 3.2. 
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 (a) Dynamic Pressure (b) Static Pressure 

Figure 3.2 Representative calibration of Wichita State University’s 3’x4’ low-speed wind tunnel. 

 

3.1.1.2  Longitudinal Flow Gradients 

The variation of velocity and pressure along the tunnel axial direction was measured using 

a pitot-static probe. Measurements were collected at thirteen streamwise locations. The variation 

in velocity is presented in Figure 3.3 and the static pressure in Figure 3.4. In both figures the 

quarter-chord locations of the models subsequently investigated are denoted above the plots. The 

magnitude of the freestream velocity at the entrance of the test section was 98% of the tunnel 

calibrated value at x = 48 in. Flow continued to accelerate along the length of the tunnel. Because 

the facility used was an Eiffel-type wind tunnel, meaning the fan was located downwind of the test 

section and sucked air through, the static pressure was below atmospheric pressure along the entire 

length of the test section. The static pressure decreased along the length of the tunnel, indicating 

there was a favorable pressure gradient. The pressures presented in Figure 3.4, were normalized 

by the static pressure at x = 48 in., which presents the favorable pressure gradient as an upward 

trend. The static pressure, which would be expected to vary with the square of the velocity, 
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behaved as expected. Both the increasing freestream velocity and decreasing static pressure are 

consistent with a growth in the boundary layer thickness along the length of the test section. 

 

 

Figure 3.3 Variation of freestream velocity along the length of the test section. 

 

 

Figure 3.4 Variation of freestream static pressure along the length of the test section. 



 

42 

3.2 Probe Traverse 

A two-axis linear traverse was used to position the seven-hole probe in the tunnel flow. 

The vertical component of the traverse had a range of 18.75 inches and a leadscrew pitch of 

20 threads per inch. A NEMA 17 frame stepper motor with 115 ounce-inches of holding torque 

and 200 steps per revolution was connected to the leadscrew by a belt drive with a gear reduction 

of 0.75. A microstepping motor controller was used to interpolate position between each step for 

a smoother and more precise control. The positioning resolution for the vertical axis was 

0.0001 inches. The horizontal axis was a commercially-available linear traverse mounted to an 

aluminum channel. It had a range of 20.5 inches and a leadscrew with 12.7 threads per inch. The 

horizontal axis also used a NEMA 17 frame stepper motor with 200 steps per revolution. Unlike 

the vertical axis, the horizontal axis was a direct-drive with no reduction between the stepper motor 

and the leadscrew. This axis had a different microstep count, but had the same positioning 

resolution of 0.0001 inches. 

The traverse was mounted to the sidewall of the wind tunnel. Due to facility constraints, 

the horizontal axis was cantilevered from the vertical axis, which required the exposed structure 

of the traverse to be larger than preferred. To ensure minimal interference from the traverse on the 

measurements, the probe tip was offset vertically and longitudinally from the horizontal axis by 

10 inches in each direction, as shown in Figure 3.5. Static pressure measurements made at different 

offset heights prior to installing the wing were used to verify the probe would be outside the 

influence of the traverse. Streamlining of the traverse was not performed as the offset of the probe 

was deemed sufficient to minimize the interference. A diagram of the traverse in the wind tunnel 

is presented in Figure 3.6 and a picture of the traverse and model installed is shown in Figure 3.7. 

With the installation shown in Figure 3.6, the domain able to be traversed is depicted by the grey 

shaded region in Figure 3.8. 
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A 0.125-inch diameter, seven-hole probe manufactured by Aeroprobe Corp. was mounted 

to the traverse. The probe was five inches long with a conical tip and had a one-inch hexagonal 

section that allowed for repeatable installation. The probe was calibrated by the manufacturer out 

to a cone-angle of 70° and, when combined with Aeroprobe’s Multiprobe® software, had a flow 

velocity accuracy of ±1% (or one meter per second) and flow direction accuracy of ±1° [100, 101]. 

It should be noted that for incoming flow angles less than 50°, the accuracy of the probe was 

significantly better with velocity uncertainty less than ±0.5% or about one foot per second for the 

highest velocities measured in this investigation. This improved performance is due to the lack of 

significant flow separation around the probe. 

 

 

Figure 3.5 Detail of seven-hole probe offset from horizontal traverse. 
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Figure 3.6. Test section configuration for tip surveys (depicted with wing positioned eight chords 

upstream of probe). 

 

 

 

Figure 3.7. Photograph of the experimental setup. 

𝑥 

𝑦 
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Figure 3.8. Area of the tunnel cross section able to be traversed. 

3.2.1 Traverse Vibration 

During testing it was noted that the probe tip was vibrating in the tunnel, due to the 

cantilevered horizontal arm of the traverse. To quantify this vibration, the traverse and probe were 

installed in the tunnel with a small black dot marked on the end of the traverse. A 45-second video 

of the vibration at dynamic pressures of 10, 15, and 20 psf was recorded with a frame rate of 59.94 

frames per second. The dot on the end of the traverse was tracked using MATLAB’s Computer 

Vision Toolbox® [102], which produced position coordinates for each frame. Figure 3.9 shows the 

point clouds for the three dynamic pressures. The values are presented with respect to the average 

position of the point over all frames. The slight cant in the motion from vertical was attributed to 

a slight rotation in the camera orientation. For q = 15 psf, the secondary grouping of points slightly 

ahead and below the main distribution is thought to be the result of a slight motion in the camera 
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after the record button was pressed. As was seen during testing, the vibration amplitude increased 

with tunnel dynamic pressure. 

 

 
 (a) q = 10 psf  (b) q = 15 psf 

 
(c) q = 20 psf 

Figure 3.9. Point cloud of traverse end location with respect to average position in tunnel 

coordinates. 
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An FFT was performed on the position vectors to isolate the vibration frequency. Figure 

3.10 shows the motion of the traverse in the frequency domain. The dominant vibration frequency 

of the traverse was about 12.7 Hz for q = 10 and 15 psf cases and increased to about 13.8 Hz for 

q = 20 psf. It was unclear what caused the frequency shift, which was not visibly noticeable during 

testing.  

 

 
 (a) q = 10 psf  (b) q = 15 psf 

 
(c) q = 20 psf 

Figure 3.10. FFT of traverse end position. 
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To estimate the induced velocity, the motion of the traverse modeled as simple harmonic 

motion, with amplitudes estimated from the point clouds. The instantaneous velocity of simple 

harmonic motion is given by 

 𝑉 = 2𝜋𝐴𝑓 cos(2𝜋𝑓𝑡) (3.1) 

The estimated displacement amplitudes and velocities are presented in Table 3.1. Vibration 

induced velocity was less than 0.3 ft/s for all dynamic pressures. The amplitude was less than one 

half of the probe diameter for all speeds. While it would be ideal to decrease this vibration 

amplitude further, the vibration values were believed acceptable. 

3.2.2 Flow Angularity 

During one test entry, the traverse system was installed with the seven-hole probe located 

at four streamwise locations, 𝑥𝑡𝑢𝑛 = 7.5, 25.5, 49.5, and 73.5 inches. The probe was left installed 

on the traverse and the system installed similarly at each downstream location. At each streamwise 

location, a coarse two-inch by two-inch survey was performed to measure the inherent flow 

angularity in the tunnel. As discussed later in Section 3.6.2, reasonable efforts were taken to align 

the probe with the tunnel’s x-axis, but perfect alignment was not guaranteed. The primary goal of  

 

TABLE 3.1 

ESTIMATED TRAVERSE VIBRATION AMPLITUDES, VELOCITY, AND FREQUENCY 

 

 

q A V max f

[psf] [in] [ft/s] [Hz]

10 0.02 0.13 12.7

15 0.03 0.20 12.7

20 0.04 0.29 13.8
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these surveys was to investigate variations in the flow angularity along the length of the test 

section. The wing-angle of attack (tunnel sideslip) for each of the four surveys performed are 

presented in Figure 3.11. The results are presented in terms of wind tunnel position with the origin 

along the centerline of the tunnel at the entrance of the test section with positive 𝑧𝑡𝑢𝑛 pointed 

upward and positive 𝑦𝑡𝑢𝑛 pointed to the right looking upwind. Highlighted along the tunnel 

centerline are the approximate outlines for the projection of each model tested. The flat plate is 

represented by the thick line and the NACA 0015 wing by the slightly larger rectangle. Generally, 

the flow angularity in the region of the wings was consistent along the length of the tunnel within 

about 1°. To better understand the impact on wing, the angularity values along the tunnel centerline 

are presented in Figure 3.12. Except for an instance near the root of the wing (near the wind tunnel 

ceiling), the surveys agreed within about ±0.6°. It was concluded that the variation of flow 

angularity along the length of the tunnel did not contribute significantly to any variations in vortex 

character measured for surveys conducted at different downstream locations. The bias in the flow 

was consistent and additional corrections beyond a background tare were not deemed necessary. 

3.1 Reflection Plane Wings 

Two reflection-plane wings were used to generate the wakes of interest in this 

investigation. The primary wing was a thin flat plate, which was used for the bulk of the surveys 

in this investigation. The second model tested was a wing with a NACA 0015 airfoil that was 

secured over the flat plate and utilized the same mounting structure in the tunnel. 

3.1.1 Flat Plate Wing 

The flat-plate wing was manufactured from aluminum and had a chord length of four 

inches and a semi-span length of 12 inches. The wing had a thickness of 0.125 inches, a semi-

circular leading edge, and a square wing tip. This model was manufactured on a numerically 

controlled milling machine. The leading edge was machined using a round-over bit and smoothed 
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to remove any discontinuities. A custom mount was attached to the ceiling of the wind tunnel 

which placed the model along the tunnel butt line. The mount allowed manual positioning of model  

 

 
 (a) 𝑥𝑡𝑢𝑛 = 7.5 in  (b) 𝑥𝑡𝑢𝑛 = 25.5 in  

 

 (c) 𝑥𝑡𝑢𝑛 = 49.5 in  (d) 𝑥𝑡𝑢𝑛 = 73.5 in 

Figure 3.11. Tunnel side-flow angularity in degrees measured along the length of the test section. 
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Figure 3.12. Variation of upflow angularity along the span of reflection plane models. 

 

angle of attack within ±16° with respect to the tunnel in one-degree increments. Rotation of this 

model occurred at the quarter-chord. During this investigation, the angle of attack of this wing was 

limited to four and six degrees for vortex surveys due to large amounts of separation forming over 

the upper surface of the wing as the angle of attack was increased. The accuracy of this angle was 

estimated to be ±0.1° based on the installation of the mount within the tunnel; the angle of attack 

was accurate to within ±0.02° when referencing the wing to the mount alone. A diagram of the 

flat-plate wing and mount is shown in Figure 3.13.  

3.1.1 NACA 0015 Wing 

The NACA 0015 wing was additively manufactured and hand-finished to a smooth surface. 

It had a chord of five inches and a semi-span length of 13.38 inches and a square wingtip. This 

wing was secured to the flat-plate model using four shoulder screws. To allow for flow 

visualization using fluorescent oil, the model was covered in matte-black contact paper. The 
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NACA 0015 wing was investigated at an angle of attack of 12° to compare with published data. 

Rotation of this model occurred slightly aft of the quarter-chord. A diagram of this wing is shown 

in Figure 3.14.  

 

 

Figure 3.13. Flat-plate reflection-plane model. 
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Figure 3.14 NACA 0015 reflection-plane model. 

 

3.1.2 Model Mounting Locations 

The custom mount was designed to install at eight-inch intervals along the streamwise 

length of the tunnel, with the ability to adjust the mount one inch forward or aft to achieve the 

desired spacing between the traverse and the model. The leading edge of the flat-plate wing was 

installed starting at six inches downstream from the leading edge of the test section, and was moved 

downstream in eight-inch increments corresponding to a nominal distance between the trailing 
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edge of the wing and the seven-hole probe tip of x/c = 16, 12, 10, 8, and 4. The NACA 0015 wing 

was installed at distances of x/c = 4.25 and 9. 

3.2 Axis Systems 

Data from this investigation are presented in two coordinate systems in this document. The 

first is a cartesian system with the origin at the trailing edge of the model wingtip along the tunnel 

centerline so that it did translate with changes of angle of attack. The x-axis was aligned in the 

direction of the incoming flow, the y-axis pointed out the wingtip, and the z-axis pointed in the 

direction of positive lift following the right-hand rule. These axes are shown in Figure 3.15. The 

second system uses cylindrical coordinates with the origin at the center of the vortex core. The 

axial direction was aligned with the freestream, the radial direction pointed outward from the 

center of the vortex, and the tangential direction was positive counter-clockwise around the axial 

direction. The cylindrical axis system is presented in Figure 3.16.  

 

 

Figure 3.15 Cartesian coordinate system. 
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Figure 3.16 Cylindrical coordinate system. 

 

3.3 Data Acquisition 

Position data was established via digital output from the stepper-motor driver. Between 

most runs the absolute position of the traverse was verified visually using precision scales. The 

greatest deviation observed during a single installation of the traverse was 0.025 inches in the 

vertical direction, which occurred after several extended run times with over 3,000 datapoints each. 

Between these absolute position confirmations only step count from the driver was used for 

positioning. 

Pressure data was collected using a Scanivalve DSA 3217 differential pressure transducer 

with a range of 10 inches of water column (51.97 pounds per square foot). Seven of the 16 available 

ports were connected to the seven-hole probe in the tunnel via 12-foot pressure tubes, while two 

others were connected to the reference pitot-static tube at the entrance of the test section. Because 

the scanner was located inside the building (but outside the test section), a reference pressure line 
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was needed. This pressure was measured outside the building via a 50-foot tube with an internal 

diameter of 0.125 inches and an exit orifice of 0.063 inches. This small exit diameter and relatively 

large internal volume acted as a damper on any gusts or sudden pressure changes that were not 

representative of the atmospheric pressure. 

The DSA 3217 is a sequential pressure scanner, meaning that each pressure port is read 

sequentially (i.e., the pressures are scanned). The minimum time between port measurements is 

125 microseconds, meaning that scanning over the entire 16 channels requires 0.002 seconds. The 

12-foot length of tubing (the minimum length needed for full range of the traverse motion) resulted 

in a settling time of about 0.75 seconds for the pressure measurement. Due to the long settling time 

and the expectation that meaningful motion of the vortex was expected to occur at frequencies 

much lower than 100 Hz, the time to scan all pressures was deemed negligible. Each datapoint was 

collected over a one-second period after a one-second pause following the completion of the 

motion. Pressure data was collected at the minimum time between measurements and a five-

sample averaging within the scanner, resulting in an effective data rate of 50 samples per second.  

Each detailed survey took between two and six hours to complete, over which time the 

tunnel dynamic pressure was maintained within approximately ±0.25 pounds per square foot. The 

temperature and atmospheric pressure were gathered using hourly weather data from the National 

Oceanic and Atmospheric Administration (NOAA) [103] for local airports, and interpolated using 

a cubic spline to account for changes between the measurements. Testing was delayed when 

sudden changes in temperature (e.g., cold fronts, thunderstorms) were expected. Moreover, when 

possible, testing was performed when ambient winds were low and constant. 
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3.4 Test Procedure 

A set of three runs was conducted for wing and tunnel configuration: 

• a coarse, baseline survey of the tunnel without the model installed,  

• a coarse run to locate the position of the vortex, and 

• a detailed survey.  

The baseline survey was used to capture the inherent angularity of the flow, whether 

inherent to the tunnel itself or due to installation misalignments of the traverse system (see Section 

3.6.2). Each baseline required 14 minutes and included the entire region accessible to the traverse 

with a two-inch by two-inch grid. 

After completion of the baseline survey, the model was installed at the desired streamwise 

location and a coarse survey with 0.25-inch spacing was conducted in the region where the vortex 

was expected. This survey consisted of approximately 300 to 400 data points and was used to 

identify the approximate time-averaged location and size of the vortex core. While the 

instantaneous position of the vortex core varied due to vortex wandering, it was found that the 

time-averaged position was relatively constant for each combination of streamwise location, angle 

of attack, and tunnel dynamic pressure. The results of the coarse survey were used to establish the 

vortex location, ensuring that the time-consuming detailed survey was not performed in the wrong 

location. Each coarse survey required about 20 to 30 minutes to complete.  

The detailed wake survey was conducted after the baseline and vortex surveys. It consisted 

of between 2,750 and 5,000 data points. The large variation in the number of points for each run 

was due to the sweep being defined by the estimated core diameter of the vortex. The spacing for 

each sweep, Δxi, was determined by the estimated distance from the core of the vortex, xi, and 

estimated core diameter, rc, as shown in equation (3.2).  
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 Δ𝑥𝑖 =

{
 
 

 
 0.025 in, 𝑥𝑖 ≤ 2𝑥𝑖𝑐
0.050 in, 2𝑥𝑖𝑐 < 𝑥𝑖 ≤ 3𝑥𝑖𝑐
0.100 in, 3𝑥𝑖𝑐 < 𝑥𝑖 ≤ 6𝑥𝑖𝑐
0.200 in, 6𝑥𝑖𝑐 < 𝑥𝑖 ≤ 8𝑥𝑖𝑐

 (3.2) 

The smallest steps were within the core region and allowed for a more accurate determination of 

the core location, diameter, and maximum tangential velocity. As distance from the core increased, 

the step sizes were increased as well, since the gradients in vortex tangential velocity were smaller. 

A representative survey is presented in Figure 3.17.  

3.5 Flow Visualization 

Two flow visualization techniques were used to assist in diagnostics of flow separation 

over each of the models. The first technique was the application of ultraviolet (UV) fluorescent 

micro-tufts to the flat-plate wing. These microtufts were made from 0.0015-inch monofilament 

impregnated with a dye that fluoresces yellow under UV light. Rows of tufts were cut to 0.5-inch 

lengths and attached to the model using cyanoacrylate (CA) at one-inch increments along the span 

of the model. At each condition of interest, a picture was captured using a Nikon D500® camera 

positioned outside the test section, with an external UV flash oriented to minimize glare from the 

aluminum surfaces. The benefit of using microtufts was that they are small enough to minimally 

influence the boundary layer behavior and were less likely to alter the behavior of the wing 

significantly when compared to a larger tuft, such as embroidery thread or yarn. However, at low 

speeds, this small size was also a detriment, as the natural stiffness of the monofilament was not 

always overcome by the drag it produces. The quality of this flow visualization was sufficient to 

identify large sections of separation that developed with increasing angle of attack and helped to 

limit the test matrix to conditions that would result in more useable data. An example result from 

this method is shown in Figure 3.18. 
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Figure 3.17. Representative refined vortex survey points. 

 

 

Figure 3.18. Example image of UV micro-tuft flow visualization on the flat-plate wing. 

 

The second technique was application of a thin layer of UV oil to the model. The layer of 

oil was distributed evenly across the model using a paint roller. The tunnel was then run at a single 

dynamic pressure for three minutes to allow the oil to flow along the model. After the run, the 

tunnel was opened and a single image was captured using a UV light and the same camera. Where 

there were high velocities, the oil flowed along the model to where velocities were lower. Over 

separated regions, the oil was not redistributed and often the original roller-pattern was visible. 



 

60 

Where significant amounts of oil collected in regions of separation, the oil began to run before the 

picture was captured due to the effects of gravity. This method was applied to both models. For 

the flat-plate wing, it was used to provide better resolution of the flow visualization captured with 

micro-tufts. For the NACA 0015 wing, it was used in-lieu of micro-tufts to avoid damage to the 

model surface from tuft removal. Figure 3.19 shows a representative image from this method.  

3.6 Data Analysis 

The raw data recorded during this investigation included the tunnel dynamic pressure as 

reported, the pressures from the seven-hole probe, the position of the traverse in the y- and z-axes, 

and pressures measured by the tunnel’s pitot-static probe near the entrance of the test section. 

Atmospheric conditions were taken from data measured by NOAA. 

3.6.1 Seven-Hole Probe Data Reduction 

The raw pressures from the seven-hole probe measurements were reduced using Aeroprobe 

Corp.’s Multiprobe® software [101]. The basic software procedure is outlined below, but details 

on the methods used can be found in Johansen [104] and Johansen et al. [105]. 

 

 

Figure 3.19. Example image of UV dye flow visualization over the flat-plate wing. 
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The method requires a large number of calibration data points to characterize sufficiently 

the variations in measured pressure as the angle of incoming flow varies. These data include the 

temperature, pressure, and velocity of the calibration flow, the seven measured pressures from the 

probe, and two angles. The two angles are typically the cone and roll angles of the probe, which 

can be related to those of the yaw and pitch, simply. These data are used to create a lookup table 

for data reduction. During the use of the multi-hole probe, the user measures the atmospheric 

conditions (pressure and temperature), and the seven pressures for the probe.  

The reduction process begins with the identification of the port on the probe with the 

highest pressure. There are two reduction regimes: the low-angle regime in which the central port 

has the highest pressure, and the high-angle regime where one of the peripheral ports has the 

highest pressure. The general procedure is the same for both, but for the low-angle regime the 

reduction method works in yaw and pitch angles, while in the high-angle regime the reduction is 

calculated using cone and roll angles. Each data point gathered during a test is assessed as to its 

relation to calibration points using the Euclidean distance between each pair, and the algorithm 

generates triangular surfaces surrounding the test point. The calibration data is then used to develop 

a polynomial surface surrounding the test point. Using a least-squares method, from which the test 

point’s data is interpolated onto the polynomial surface, the orientation and test conditions are 

calculated. Additional consideration is required when a test point is near the boundary where more 

than one port would have the highest pressure. In these cases, the process will either use or ignore 

calibration points where a different port measured the highest pressure, depending on how close 

the test point is to the boundary. This overlap region is determined using a fixed value within the 

code. 
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The user specifies the order of the polynomial fit and the number of calibration points 

considered. For the current investigation, a quadratic surface was created using eight calibration 

points. 

3.6.2 Velocity Baseline Tare 

Wake survey data gathered in the tunnel contained bias from multiple sources, which 

needed to be removed to capture the actual measurement. The following are a list of nuisance 

sources identified for this investigation.  

Wind tunnel flow uniformity and angularity is a factor in any facility. Ideally, wind tunnel 

flow would be perfectly uniform and aligned with the longitudinal axis of the tunnel. However, in 

practice, there are variations in flow direction and magnitude across the cross-section of any wind 

tunnel. For open-return, open-loop-control wind tunnels, such as the one used for this study, there 

is a temporal element to this unsteadiness which must be understood as well. 

Despite reasonable efforts to align the traverse and probe, there was some inherent 

misalignment of the system with respect to the center axis of the tunnel. These misalignments 

could be measured to help assess the uncertainty of position, but correcting for them was perhaps 

more time-consuming than practical to adjust with multiple wind tunnel entries. 

The traverse structure, as with all supports in wind tunnels, generated an influence 

upstream. Efforts were made to minimize the impact, but it is likely that there was some impact 

on the tunnel flow. As mentioned previously, preliminary investigations appeared to show that the 

seven-hole probe was outside the influence of the traverse. However, evidence of the traverse’s 

impact was seen when the horizontal axis was positioned low in the tunnel. As a result, the tunnel 

freestream velocity decreased noticeably. Additionally, the cantilevered traverse arm resulted in 

vibration as discussed in section 3.2.1. This induced a small, but ultimately negligible velocity on 
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the probe measurements. The interference caused by the traverse and probe was not accounted for 

in this procedure. Efforts were made in the design of the traverse to minimize this, as was discussed 

in Section 3.2. 

Separation of these nuisances, and others not explicitly noted, was non-trivial, time-

consuming, and not altogether possible for every wake survey. The simplest solution was to 

measure the flow in the empty tunnel at each speed of interest using a coarse grid to create a tare 

to apply to the wake surveys of the wing. 

Initially, the plan was to conduct a coarse sweep to generate a custom tare for each detailed 

wake survey. However, upon considering the temporal variations that occurred due to the open-

loop control and the variations in atmospheric conditions over the course of several hours, each of 

these tares from a single installation of the traverse at a nominal tunnel dynamic pressure were 

aggregated and averaged to form a single tare. Each baseline (i.e., empty tunnel) survey took 14 

minutes to complete. 

The temperature in the tunnel was roughly constant over the course of this short duration, 

with a maximum change measured of two degrees Fahrenheit. Atmospheric pressure was similarly 

constant. The average tunnel velocity could be calculated for each baseline survey using the 

calibrated tunnel dynamic pressure and measured atmospheric conditions. The measured velocity 

at each point was then scaled using the ratio of the measured information to the average baseline 

value. This was performed for every data point in the entire run. This adjustment removed the 

variation in the wake measurements from the tunnel drift. The composite baseline surveys were 

constructed using a similar averaging procedure. The magnitudes of velocity, temperature, and 

atmospheric pressure were adjusted before averaging the baseline runs. Depending on the tunnel 

conditions, this averaging made use of three to seven individual surveys. 
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To apply a baseline tare to a wake survey, the former data was scaled so that the average 

velocity of the two sets matched. The tare was applied to the v and w velocity components 

measured by the multi-hole probe in the wake survey. No tare was applied to the u-component of 

velocity. The magnitude of the background tare for the lateral and vertical velocity components 

was between three and seven feet-per-second. The tares were not large with respect to the 

freestream velocity, but were more significant compared to the vortex tangential velocities. 

3.6.3 Normalization of Velocity 

Natural variation of the tunnel’s dynamic pressure due to both the open-return design and 

the open-loop control required a normalization of each run to a uniform velocity for analysis. 

Variation in atmospheric conditions over the course of the test resulted in a difference in tunnel 

velocity for the same nominal dynamic pressure. However, normalizing each run to a nominal 

dynamic pressure would result in a larger manipulation to the data than desired. Each run was 

instead normalized to the average velocity defined by the average of the density and dynamic 

pressure in the tunnel over the course of the survey, as given in equation (3.3). 

 �̅�∞ = √2
�̅�

�̅�
 (3.3) 

3.6.4 Vortex Locating and Tangential Velocity  

Coherent vortex structures generally take on a relatively axisymmetric form that allows for 

vortex models to be applied. In the current literature, several methods have been employed to 

define the location of the center of a vortex—some using velocities, and others utilizing the 

vorticity, or circulation.  

The simplest methods used a single traversing line that is assumed to be close to the center 

and plot the velocity profile. The center of the vortex was then identified by the point at which the 
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appropriate components of velocity (the w-component if it is a horizontal traverse, or the v-

component for a vertical traverse) cross zero. The primary benefit of this method is its simplicity, 

but it has significant demerits. If the single traverse did not pass directly through the center of the 

vortex, then the coordinate normal to the traverse would not be correctly identified. The result is 

that the measurement from the traverse does not give a proper estimate of the vortex core velocity. 

Additionally, any asymmetries that occur in the vortex are not taken into consideration, which can 

lead to an incomplete assessment of the strength and core diameter. 

A robust method when considering strained vortices, such as those in the mid- and far-field 

wake generated from a flapped wing, involves the assessment of the circulation contained within 

a circular contour. The center is identified by searching for the contour that maximizes the 

circulation, which coincides with the maximum vorticity for an axisymmetric vortex. The benefit 

of this method is that it can be used to successfully identify each vortex center for highly-strained 

vortices undergoing a merger process [13]. 

For the current investigation, utilization of the circulation definition was believed to be 

unnecessary. A modified velocity definition was developed, which was largely similar to the 

circulation method. The center and core diameter of the vortex in each survey was identified by a 

successive refinement search. In this investigation, the core radius was defined as the distance at 

which the tangential velocity around a circular contour was the global maximum.  

For each point in a grid, the tangential velocity was averaged about 32 points on a series of 

circles centered on that grid point with increasing radii. Each of these sample points was 

interpolated between grid points using a cubic spline. The radius and velocity for the circle with 

the greatest tangential velocity were stored for each grid point. The radius and averaged velocity 

at the maximum were stored for each grid point. A new grid was then formed, centered on the 
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point with the highest averaged velocity using a finer resolution, and the process was repeated. 

The final resolution search was performed with a 0.005-inch radial increment. Figure 3.20 provides 

a conceptual diagram of how the procedure worked. The nine dots highlight the perspective points 

estimated to be the center of the vortex in with the black circles representing the circular contours 

around which the tangential velocity was estimated. The green dot in the middle, which visually 

looks to be closest to the center of the vortex, also has circular contours which most closely align 

with the velocity vectors. The tangential components of the velocity for those circular contours 

would be greater than for the other locations highlighted. A subsequent, refined search would then 

be conducted around that point. 

There was some reliance in this method on the interpolation technique used between the 

grid points since the resolution desired for the vortex parameters was tighter than that of the survey. 

Due to limitations in both hardware accuracy and time to conduct the experiments, it was not 

feasible to increase the sampling resolution. However, the method of determining the time-

averaged core location was found to be repeatable, even when including the removal and 

reinstallation of the model, with the locations agreeing within 0.02 inches for repeat surveys. 

Tangential velocity profiles at each radial distance from the center of the vortex were 

calculated using an average of 72 points, corresponding to every five degrees around the circular 

contour. An increased number of points was used to account for the arc spacing of the points at 

larger radii. Additionally, this averaging had a smoothing effect on the data, which was beneficial, 

since the intent was to compare these data to models, which were, by definition, axisymmetric. 

3.6.5 Uncertainty 

A summary of the uncertainties in this investigation for the instrumentation and important 

calculated parameters is presented in Table 3.2. The values provided for the seven-hole probe are 
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for flow angles less than 50°, which was true for all data collected in this investigation. Using 

standard error propagation techniques, the uncertainty for the key survey parameters was 

calculated and is presented in Table 3.3. Two values are provided for circulation uncertainty due 

to the dependence of the circulation calculation on the radial distance from the vortex core. Values 

for vorticity are presented in reduced form. The velocity uncertainty of the probe correlated to 

between 2% and 4% of the peak tangential velocities of vortex. 

As mentioned in section 2.2.2.2, multi-hole probes are the most intrusive of the methods 

typically used for wake surveys. The probe used in this investigation had a low frequency response 

due to the length of tubing. Additionally, the special resolution of the measurement was the size 

of the head, or about 0.125 inches. While each individual measurement made in the flow was 

independent, there was significant overlap in the measurement volume when the survey grid 

spacing was less than the diameter of the probe. The largest velocity gradients measured in this 

investigation were around 600 ft/s/ft, which was less than the 800 ft/s/ft limit that Kjelgaard [52] 

found as a limit for good agreement between five-hole and LDV measurements 
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Figure 3.20. Depiction of the vortex search process with nine candidate points. 

 

TABLE 3.2 

SUMMARY OF INSTRUMRENTATION UNCERTAINTY 

  

 

Pressure Scanner, DSA 3217 0.2%FS 0.009 psf

Traverse Reltative Position (Δx , Δy ) 0.002

Traverse Absolute Position (x , y ) 0.020

Atmospheric Temperature (T ∞) 2°F

7-Hole Probe Velocity (V) 0.5% 1.0 ft/s

7-Hole Probe Flow Angle 1.0°



 

69 

 

TABLE 3.3 

SUMMARY OF EXPERIMENTAL UNCERTAINTY FOR VORTEX PARAMETERS 

   

Tangential Velocity (V θ) 1.0 ft/s

Vortex Core Circulation (Γc ) 0.25 ft
2
/s

Vortex Circulation (Γ0) 1.6 ft
2
/s

Normalized Vorticity (ωc /V ∞) 0.1
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CHAPTER 4 

EXPERIMENTAL RESULTS 

Most investigations into the structure of wingtip vortices imply that after the vortex 

develops over a solid surface, it is independent of the generating shape. However, the literature is 

dominated by studies of vortices generated with symmetric, NACA-profile airfoils, predominately 

the NACA 0012 and 0015. The primary model in the current investigation, the flat plate discussed 

in Section 3.1.1, was chosen for its manufacturing simplicity and relative novelty in the literature. 

The second model used in this study, the NACA 0015 wing detailed in Section 3.1.1, was utilized 

for comparison with literature to build confidence in the bulk of the experimental data. The 

experimental work is presented in this chapter along with assessment of the validity of the 

experimental results. 

4.1 NACA 0015 Wing 

4.1.1 Flow Visualization 

Fluorescent oil was applied to the upper surface of this model to understand the extent to 

which there was separation over the airfoil. Figure 4.1 shows the resultant oil flows at q = 15 psf 

for angles of attack between 4 and 12 degrees. As seen in parts (a) and (b), at lower angles of attack 

there were significant areas of laminar separation near the maximum thickness of the airfoil, 

particularly towards the wingtip. This separation was not present at the root nor at the very tip of 

the wing. Presence of the developing wingtip vortex was believed to add the additional energy at 

the tip, preventing separation in that region. Toward the root, any vortex caused by the root 

juncture would have been expected to have a similar or smaller range of influence as the tip vortex. 

However, the root consistently exhibited smaller regions of separation near the leading edge 

compared to the rest of the airfoil at all angles of attack. Recalling Figure 3.12, it is likely that the 
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apparent increased flow angularity near the root contributed to an earlier transition near the root 

that prevented separation. Moreover, as the flow angularity measurements were performed without 

the mount installed, it is possible there was some additional impact from the mount base, despite 

attempts to minimize its thickness. 

At higher angles of attack, the leading-edge separation moved forward, ahead of the peak 

suction, and decreased in magnitude. Of particular interest were 𝛼 = 8° and 12° as comparison data 

were available for geometrically similar models at these angles of attack, though at higher 

Reynolds numbers [92, 106]. While both angles exhibited acceptably small amounts of separation, 

without any indication of a significant wing stall, the abrupt change in boundary layer behavior 

near mid span 𝛼 = 8° was unable to be explained. Therefore, the primary focus on this wing was 

limited to 𝛼 = 12°. 

4.1.2 Test Matrix 

Detailed surveys were conducted behind the NACA 0015 wing at downstream distances of 

x/c = 4.25 and 9. Both surveys were performed at a dynamic pressure of 15 psf. Table 4.1 contains 

the test conditions investigated along with the vortex core location, core size, and circulation 

strength. The position of the vortex core is provided relative to the trailing edge of the wing with 

the origin along the centerline of the tunnel as described in Section 3.2. 

The chord-based Reynolds number was very similar between the two cases. Between the 

two downstream locations, the vortex exhibited a decrease in maximum tangential velocity of 

22.5%, while the Reynolds number based on the core circulation decreased 14.5%. This decrease 

implies that the core diameter increased more slowly than would be required to maintain a constant 

circulation for a given decrease in tangential velocity.   
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 (a) 𝛼 = 4° (b) 𝛼 = 6° (c) 𝛼 = 8° (d) 𝛼 = 10° (e) 𝛼 = 12° 

Figure 4.1. UV oil flow visualization on NACA 0015 at q = 15 psf. 
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TABLE 4.1 

NACA 0015 VORTEX CONDITIONS INVESTIGATED 

 

4.1.3 Tangential Velocity 

Tangential velocity profiles were calculated for both surveys. Figure 4.2 shows the profiles 

(a) in engineering units and (b) normalized by the core radius and maximum tangential velocity, 

𝑉𝜃𝑚𝑎𝑥 . The standard deviation of the circumferentially averaged velocities is plotted at the bottom 

of each of the figures in red, which provides a measure of both the confidence in the data in the 

corresponding region and a measure of the axisymmetry of the vortex. As can be seen in part (a), 

the peak tangential velocity decreased between x/c = 4.25 and x/c = 9. However, beyond one inch 

from the center of the vortex, the tangential velocities showed little to no difference. The smooth 

profile measured closer to the wing exhibited the expected behavior near the core. At x/c = 9, the 

definition of the vortex core was less clear, with a region between r = 0.3 in and 0.6 in where the 

velocity demonstrated two local maxima. Additionally, there was a higher level of variation in the 

tangential velocity as seen in the standard deviation of the velocities within and just outside the 

core for that downstream location. This strengthened the suspicion that the peak tangential velocity  

Survey q V ∞c /ν α x /c x /b

[psf] [deg]

4.1 15 274,000 12 4.25 1.59

4.2 15 272,000 12 9 3.36

Survey 2y c /b z c /c r c /c V θ/V ∞ Γc /ν

4.1 -0.050 -0.056 0.071 0.544 66,600

4.2 -0.066 -0.086 0.079 0.422 56,900

Conditions

Vortex Core Parameters
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 (a) Engineering units (b)  Non-dimensional terms 

Figure 4.2. Vortex tangential velocity (black) and standard deviation of averaged tangential 

velocity (red) for α = 12° and q = 15 psf for the NACA 0015 wing. 

 

was not captured for the survey farther downstream. When examining the non-dimensional 

velocity in part (b), it was seen that there was a shift between the two cases. Agreement in the 

shape of the vortex curve could be achieved with a downward or leftward shift of the data collected 

at x/c = 9. 

Considering the vortex formed by a geometrically-similar NACA 0015 wing at larger 

downstream distances, Corsiglia et al. [44] noted that the variation of peak tangential velocity was 

explained well with a constancy of core circulation, or 

 (
𝑉𝜃𝑚𝑎𝑥
𝑉𝜃𝐶𝐿

) (
𝑟𝑐
𝑏
) = const. (4.1) 

This relationship was explored to determine the possible variation in the tangential velocity or core 

radius required to agree with this proposed trend. If an error existed solely in the velocity 

measurement, survey 4.1 would have exhibited 𝑉𝜃/𝑉∞ = 0.485 instead of 0.422. Alternatively, if 

the error existed solely in the size of the core, 𝑟𝑐/𝑐 would have been 0.091 rather than 0.079. Both 
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of these represent a 15% correction to their respective terms. The author was unable to determine 

which term was in error using the data from the repeated test cases for the flat plate. 

The maximum tangential velocity measured in the vortex generated by the NACA 0015 

wing is shown in Figure 4.3, along with data from two studies with similar test conditions. Both 

studies utilized a square-tipped NACA 0015 wing. Survey data from Chigier and Corsiglia [106] 

were measured using a three-wire CTA probe with a single traverse through the vortex center. The 

wing had an aspect ratio of 5.33 and the Reynolds number based on the chord was approximately 

0.9×106. Data presented from McAlister and Takahashi [92] were measured using LDV in a single 

traverse through the vortex center. The wing had an aspect ratio of 6.6 and testing was conducted 

at a Reynolds number based on the wing chord of 1.5×106. The magnitude of the tangential velocity 

measurements in the current investigation matched well with those collected by McAlister and 

Takahashi at x/c = 4. Differences seen between the two tests were believed to be due to the 

Reynolds number differences between the tests. The velocity data collected by Chigier and 

Corsiglia was generated by a single traverse through the wake vortex. If that pass through the 

vortex did not cleanly intersect the vortex core, the reported velocities would be less than the actual 

vortex velocities. However, the peak tangential velocities were reasonably consistent across the 

data reported by Chigier and Corsiglia, so it is unclear if the data collection method was the cause 

of the lower tangential velocities.  

When considering the decrease in peak tangential velocity with downstream distance, the 

current investigation was within the range of the data in literature. Between x/c = 4 and x/c = 6, 

the data from McAlister and Takahashi exhibited a decrease of about 5%. That same study resulted 

in a decrease of 3% between x/c = 2 and x/c = 4. If extrapolated out at the same rate, a decrease of 

13.5% would have been expected at x/c = 9. Chigier and Corsiglia showed a decrease of 19% 
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between x/c = 2 and x/c = 4 and a 38% decrease between x/c = 4 and x/c = 9. The current 

investigation exhibited a decrease of 22.5% between x/c = 4.25 and x/c = 9. This decrease in peak 

tangential velocity is nearly halfway between the two other data sets. It should be noted that if the 

correction to tangential velocity discussed previously to achieve constant core circulation was 

applied, the current investigation would have shown a decrease of about 11%. It was concluded 

based on the agreement of the data with other experiments that the current trends in tangential 

velocity were not due to a systematic error in the testing as long as core circulation was 

comparable. 

 

 

Figure 4.3. Variation of vortex peak tangential velocity with downstream distance for an 

NACA 0015 wing at α = 12°. 
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4.1.4 Circulation 

The vortex circulation was calculated from the tangential velocities. The circulation 

profiles for the NACA 0015 wing are presented in Figure 4.4(a). As with the velocity, the 

circulation of the vortex for circular domains with r > 1 in were comparable for both downstream 

distances, but showed some deviation near the center. The effect of this difference near the vortex 

core is clear in the dimensionless circulation shown in Figure 4.4(b). The dimensionless circulation 

appeared to indicate a change in the character of the vortex. The total circulation of the vortex 

appeared to be nearly fully contained within a circular region with a radius of three inches at both 

downstream locations as evidenced by the nearly flat circulation profiles in Figure 4.4 (a) and (b). 

 

 
 (a) Engineering units (b)  Non-dimensional terms 

Figure 4.4. NACA 0015 wing vortex circulation for α = 12° and q = 15 psf. 
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4.2 Flat Plate 

4.2.1 Test Matrix 

Twenty detailed surveys were completed using the flat-plate model, including replicates 

performed at three different test conditions between two distinct test entries. Three dynamic 

pressures, two angles of attack, and five streamwise positions were investigated. These conditions 

are shown in Table 4.2, with the rows in bold-faced letters indicating conditions in which data was 

replicated. 

 

TABLE 4.2 

FLAT PLATE VORTEX CONDITIONS INVESTIGATED 

 

α [deg] q  [psf] x /c x /b

4 10 4 1.33

4 10 8 2.67

4 10 10 3.33

4 15 4 1.33

4 15 8 2.67

4 15 10 3.33

4 15 12 4.00

4 15 16 5.33

4 20 4 1.33

4 20 10 3.33

4 20 16 5.33

6 10 4 1.33

6 10 8 2.67

6 10 10 3.33

6 15 4 1.33

6 15 10 3.33

6 15 16 5.33

Bolded lines indicate conditions with replicates
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The test conditions are repeated in Table 4.3 along with the vortex core location, core size, and 

strength. The replicate test conditions are denoted by matching superscripts in the run column. The 

vortex core locations presented in Table 4.3 are with respect to the wing trailing edge. These 

locations are normalized by the span and chord for the lateral and vertical positions, respectively. 

The two intra-test replicates (runs 2.1 and 2.2, and runs 3.3 and 3.4) demonstrated very good 

agreement in vortex lateral and vertical positions. The comparison between runs 2.4 and 3.1 

exhibited the highest variation in vortex position and core radius. The difference in position is 

likely attributable to installation repeatability of the traverse, absolute position calibration of the 

same, and installation of the model. No other obvious experimental differences were found to 

explain the variation between these two runs. Based on the multiple installations of the model and 

traverse which occurred between these tests, the vortex positions provided confidence in the 

repeatability. Moreover, the largest difference in core radius was 0.016 inches, which is only three 

times the resolution of the method used to determine it. Similarly, the maximum tangential velocity 

difference was only 0.5% of the freestream velocity, comparable to the accuracy of the probe for 

low flow angles. 

4.2.1 Flow Visualization 

Flow visualization was conducted over the flat-plate wing to better understand the effect 

the flow conditions over the wing had on the trailing vortex. However, calculations of vortex 

strength did not demonstrate a linear trend with angle of attack, as shown in Table 4.3. Such a 

trend would have indicated attached flow over the wing. This was not attributed to trailing-edge 

stall since the circulation was not smaller than that predicted by a linear variation in angle of attack. 

Instead, the vortex strength increased greater than the anticipated linear trend. This suggested an 

artificial increase in the camber of the airfoil due to a laminar separation bubble, which caused a 
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TABLE 4.3  

FLOW CONDITIONS AND VORTEX CORE PARAMETERS FOR ALL CASES 

Run q V ∞c /ν α x /c 2y c /b z c /c r c /c V θ/V ∞ Γc /ν

[psf] [deg]

2.1
*

10 181,000 6 4 -0.043 0.046 0.040 0.366 16,600

2.2
*

10 185,000 6 4 -0.038 0.039 0.040 0.363 16,900

2.3 15 226,000 6 4 -0.036 0.050 0.038 0.362 19,300

2.4
†

15 221,000 4 4 -0.026 0.055 0.043 0.210 12,400

2.5 10 180,000 4 4 -0.030 0.056 0.038 0.208 8,800

2.6 10 181,000 4 8 -0.023 0.116 0.069 0.166 13,000

2.7 10 187,000 6 8 -0.038 0.071 0.049 0.303 17,400

3.1
†

15 221,000 4 4 -0.024 0.074 0.039 0.214 11,500

3.2 15 213,000 4 8 -0.031 0.120 0.048 0.175 11,100

3.3
‡

15 212,000 4 10 -0.033 0.131 0.055 0.167 12,200

3.4
‡

15 216,000 4 10 -0.035 0.125 0.053 0.166 11,900

3.5 15 209,000 4 12 -0.038 0.121 0.054 0.152 10,700

3.6 15 213,000 4 16 -0.036 0.108 0.071 0.143 13,600

3.7 20 248,000 4 4 -0.021 0.070 0.045 0.205 14,400

3.8 10 171,000 4 10 -0.035 0.099 0.068 0.151 11,000

3.9 20 261,000 4 10 -0.030 0.113 0.063 0.148 15,200

3.1 20 257,000 4 16 -0.035 0.078 0.075 0.120 14,600

3.11 15 222,000 6 10 -0.045 0.071 0.050 0.294 20,500

3.12 10 179,000 6 10 -0.048 0.073 0.053 0.284 16,800

3.13 15 220,000 6 16 -0.051 0.055 0.059 0.252 20,500

Conditions Vortex Core Parameters
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higher lift generation by the wing. To confirm this, flow visualization of the wing at angles of 

attack of four and six degrees were performed throughout the entire dynamic pressure range of the 

tunnel.  

Figure 4.5 shows the flow visualization for the wing at four degrees and six degrees angle 

of attack at a dynamic pressure of 17.5 psf. Each chordwise line of microtufts was spaced 0.5 

inches apart. As can be seen in Figure 4.5 (a), there was potentially a small separation at the leading 

edge of the wing, likely due to the thin model and the circular leading edge instead of an ogive or 

ellipsoidal shape. This separation grew significantly at α = 6° as seen in Figure 4.5(b).  

The leading-edge separation at the higher angle extended near mid-chord in the center of the wing, 

decreasing towards the root and tip. At both the root and tip, the flow remained attached longer, 

likely due to the root-junction and tip vortices energizing the flow at each location. Similar results 

were seen at all dynamic pressures, though the confidence in the flow visualization decreased as 

the speed in the tunnel decreased due to the lack of energy in the flow to move the microtufts. 

To better understand this trend, UV oil flow visualization was also conducted on this 

model. The surface flow for the flat plate is shown in Figure 4.6. Immediately visible is the leading-

edge separation, which grew with increasing angle of attack as shown with the microtufts. 

However, there appeared to be a difference in the size of the separated region, with the estimation 

based on the tufts being nearly double that of the oil. Additionally visible was the development of 

a secondary vortex starting from the sharp corner at the leading edge, which moved significantly 

inboard compared with the flow surveys conducted.  

The significant, upper-surface separation and development of a secondary vortex structure 

highlighted that α = 6° was the highest useful angle of attack at which this model could be oriented 

for this investigation. 
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 (a) α = 4° (b) α = 6° 

Figure 4.5 Flow visualization of upper-surface separation on the flat-plate wing at q ≈ 17.5 psf. 

 

4.2.2 Vortex Core Location 

As a reminder, Ramaprian and Zheng [86] showed that y/c is proportional to (x/c)0.75
 in the 

near-field for a wing with an aspect ratio of 4. Similarly, Devenport et al. [47] showed y/c is 

proportional to (x/c)0.5 for a wing with an aspect ratio of 8.3. Figure 4.7 shows the location of the 

vortex core, with respect to the wingtip, for all flat-plate cases in the current investigation. An 

exponential curve using the form of equation (2.33) was fit to the data for α = 4° and q = 15 psf. 

Individual curve fits for each of the five runs presented in this figure demonstrated that the 

exponent was dependent on dynamic pressure. The form of the curve fit presented in Figure 4.7 (a)   
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 (a) 𝛼 = 4° (b) 𝛼 = 6° (c) 𝛼 = 8° (d) 𝛼 = 10° (e) 𝛼 = 12° 

Figure 4.6. UV oil flow visualization on the flat plate wing at q = 15 psf. 
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 a) Spanwise with exponential curve fit  b) Vertical with proposed exponential  

 for α = 4° q = 15 psf  correlation from Ramaprian [86] 

Figure 4.7. Vortex core position. 

was in reasonable agreement to that found by Devenport [47] and Ramaprian and Zheng [86]. 

However, the difference in exponent and coefficient from both previous studies implies that while 

the form is likely correct, there is a possible sensitivity to vortex strength, aspect ratio, or airfoil. 

Ramaprian and Zheng also demonstrated good correlation for the nearfield vertical position 

of the isolated vortex using the same form as equation (2.33) with k = 0.5 [86]. It is well understood 

that in the mid- and far-field, a trailing vortex sinks due to the counter-rotating vortex from the 

other wingtip. Figure 4.7 (b) shows the vertical location of the vortex with respect to the wingtip. 

The vertical motion of the core appeared consistent with the nearfield motion up to x/c = 10, after 

which the vortex exhibited the expected sinking of the vortex due to the influence of its image.  

4.2.3 Vorticity 

Vorticity provides a compact form to represent a vortex. Figure 4.8 shows the normalized 

vorticity, ωc/V∞, for five downstream locations for the case with the wing at an angle of attack of 

four degrees and a tunnel dynamic pressure of 15 pounds per square foot. The contours of the 
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normalized vorticity are at increments of -1. The trailing vortex was predominately axisymmetric 

at the closest downstream survey location, x/c = 4, and retained that symmetry through x/c = 10. 

However, at x/c = 12 and further downstream, the vortex appeared to develop localized regions of 

higher or lower vorticity where an axisymmetric profile was expected. As shown in Figure 4.9, 

this breakdown in vorticity appeared to happen closer to the model for a tunnel dynamic pressure 

of 10 pounds per square foot. However, an increase in dynamic pressure to 20 pounds per square 

foot did not appear to delay the breakdown in vorticity. When the wing was at an angle of attack 

of six degrees and a dynamic pressure of 15 pounds per square foot, shown in Figure 4.10, the 

vortex structure was coherent up to x/c = 10. This was similar to the results of those when the wing 

was at an angle of attack of four degrees at the same dynamic pressure. However, no surveys were 

made between x/c = 10 and x/c = 16, so it is possible the breakdown in axisymmetry may have 

occurred by x/c = 12, like the lower angle of attack. When the wing was at an angle of attack of 

six degrees, the vorticity breakdown location did not seem to change when dynamic pressure was 

lowered.  

Studies into the structure of counter-rotating vortices have shown axisymmetric vorticity 

contours out to 30 chord lengths downstream [51]. However, the vortex in the current investigation 

had peak vorticity of only 30-40% of the previous study. It is possible that the strength of the 

vortex provided for a more coherent structure further downstream.  

The breakdown in symmetry of the vorticity was visually similar to and occurred at 

approximately the same downstream distance as that seen by Bertenyi [13]. While the behavior is 

comparable, Bertenyi’s data was from an investigation of the merger of co-rotating vortices. This 

current investigation utilized an isolated vortex and there was no evidence of a second structure of 

significant size, proximity, or strength.  
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 (a) x/c = 4 (b) x/c = 8 

 
 (c) x/c = 10 (d) x/c = 12 

 
 (e) x/c = 16 

Figure 4.8. Normalized axial vorticity (ωc/V∞) for α = 4° at q = 15 psf. 
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 (a) x/c = 4 (b) x/c = 8 

 
 (c) x/c = 10 

Figure 4.9. Normalized axial vorticity (ωc/V∞) for α = 4° at q = 10 psf. 
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 (a) x/c = 4 (b) x/c = 10 

 
 (c) x/c = 16 

Figure 4.10. Normalized axial vorticity (ωc/V∞) for α = 6° at q = 15 psf. 

 

4.2.4 Tangential Velocity 

Figures 4.11 through 4.13 show the profiles in engineering units and normalized by the 

core radius and maximum tangential velocity, 𝑉𝜃𝑚𝑎𝑥 . Replicate runs 2.1 and 2.2, and runs 3.3 and 

3.4 are presented in Figures 4.11 and 4.12, respectively. These figures highlight the repeatability 

of the data at varying angles of attack, dynamic pressure, and downstream location. Similar 

agreement was present in all replicate cases. The standard deviation of the circumferentially 

averaged velocities is plotted at the bottom of each of the figures in red. As expected, the highest 
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levels of uncertainty occurred near the center of the core. In that region the velocity measurements 

were dependent on very few data points and the cubic interpolation had a strong impact on the 

circumferential average. Generally, the confidence in the data was best near and just outside the 

core, where the velocity was the highest. 

There was a general diffusion of the core as the vortex moved downstream, which was 

apparent from a decrease of peak velocity and an increase of the core radius. Figure 4.13(a) shows 

the tangential velocity from the survey case which included the most downstream locations. In this 

case, the wing was at an angle of attack of four degrees and tunnel dynamic pressure was 15 psf. 

The vortex showed a 33% decrease in peak tangential velocity and an 84% increase in the core 

radius. However, Figure 4.13(b) shows that the vortex retained a consistent normalized-velocity 

distribution with no clear trend visible as the downstream survey location varied. 

Maximum tangential velocity is presented in Figure 4.14 for each downstream location. 

The tangential velocity decreased consistently with increasing streamwise distance for the same 

combination of angle of attack and tunnel speed. However, no consistent trend was seen with 

tunnel dynamic pressure or speed. As with the NACA 0015 wing, the expected maximum 

tangential velocity as a function of vortex core size was considered. The lines in Figure 4.14 are 

the expected velocities to maintain a constant core circulation. In all cases except for x/c = 12 for 

𝛼 = 4°, the velocities were at or slightly higher than required to maintain core circulation. The 

exception at x/c = 12 was suspected to be due to the limited data at that streamwise location. 

Expected tangential velocities for q = 10 and 20 psf were slightly lower than those expected for 

q = 15 psf, which biased the overall trend for the other streamwise locations. 
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 (a) Engineering units (b)  Non-dimensional terms 

Figure 4.11. Repeatability of vortex tangential velocity (black) and standard deviation of 

averaged tangential velocity (red) for α = 6°, q = 10 psf, and x/c = 4. 

 

 
 (a) Engineering units (b)  Non-dimensional terms 

Figure 4.12. Repeatability of vortex tangential velocity (black) and standard deviation of 

averaged tangential velocity (red) for α = 4°, q = 15 psf, and x/c = 10. 
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 (a) Engineering units (b)  Non-dimensional terms 

 

Figure 4.13. Vortex tangential velocity (black) and standard deviation of averaged tangential 

velocity (red) for α = 4° and q = 15 psf. 

 

 

Figure 4.14. Vortex maximum tangential velocity. 
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While the trends of the tangential velocity were consistent with the apparent growth in the 

vortex core size, it was unclear whether the rate of growth was artificially accelerated. The 

decrease in maximum tangential velocity and increase in core radius as a fraction of the initial 

values at x/c = 4 are shown in Tables 4.4 and 4.5, respectively. Significant increases in the 

apparent, time-averaged core diameter were seen at the farthest downstream location as well as the 

at x/c = 10 for the weakest vortex case. The diffusion may have been a function of the vortex 

strength but the data was influenced by the vortex wandering in the tunnel.  

TABLE 4.4  

DECREASE IN MAXIMUM TANGENTIAL VELOCITY RELATIVE TO x/c = 4 

 
 

TABLE 4.5 

INCREASE IN VORTEX CORE RADIUS RELATIVE TO x/c = 4 

 

α q

[deg] [psf] 4 8 10 12 16

10 - 30.1%

15 - 17.9% 21.6% 27.6% 32.6%

20 - 28.8% 41.3%

10 - 17.5% 25.0%

15 - 23.2% 34.1%

x /c

4

6

α q

[deg] [psf] 4 8 10 12 16

10 - 80.0%

15 - 22.6% 35.5% 38.7% 83.9%

20 - 38.9% 66.7%

10 - 21.8% 31.3%

15 - 33.3% 56.7%

4

6

x /c
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However, because a conventional seven-hole probe was used in this investigation, there 

was no was no way to differentiate between the influence of vortex meandering and the actual 

growth of the vortex core. Depending on the magnitude of the motion, significant errors have been 

seen by other researchers. As was shown by Devenport et al. [47], the motion of the vortex in the 

wind tunnel can  “smear” the tangential velocity profiles, decreasing the estimated maximum 

tangential velocity and increasing the perceived core radius. It should be noted that the wandering 

correction provided by Devenport did not significantly affect the shape of the non-dimensional 

velocity profile (normalized by the freestream velocity) beyond two core radii. The increased peak 

velocity measured would change the shape of the normalized profile predominately as a scaling 

factor of both rc and 𝑉𝜃𝑚𝑎𝑥 . 

4.2.5 Circulation 

The circulation of the vortex was calculated from the velocity profiles. Because of the 

reliance on velocity, the circulations for replicate runs are not presented as they would only be a 

re-scaling of previous plots. Figure 4.15 shows the circulation for an angle of attack of four degrees 

and a tunnel dynamic pressure of 15 psf. The downstream location of x/c = 4 demonstrated 

somewhat higher circulation than did the other locations for the same circular domain. The 

remaining downstream distances indicated good agreement in circulation magnitudes. This 

decrease in circulation between two downstream locations was seen consistently throughout the 

investigation between x/c = 4 and x/c = 8. When comparing the dimensionless circulation in Figure 

4.15(b), the distribution is more consistent for all downstream locations. However, it is apparent 

from Figure 4.15(b) that there were differences in the circulation contained within the circular 

domains with larger radii. These dissimilarities stem from the differences in the tangential velocity 

at higher radial distances that were present in Figure 4.8. 
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Based on the surveys using the NACA 0015 wing, it is evident that the lack of plateau in 

the circulation profiles for the flat plate was due to the insufficient size of the survey domain.  

(a) Engineering units (b) Non-dimensional terms 

Figure 4.15 Vortex circulation for α = 4° and q = 15 psf. 
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CHAPTER 5 

COMPARISON OF ANALYTICAL MODELS 

The analytical models and experimental data discussed in previous literature have been 

often treated based on convenience. Researchers often approach a set of analytical data and look 

for the model that best describes it without presenting the quality of comparison with other existing 

models. Similarly, comparisons are often pairwise or perhaps with two other models. Both these 

leave gaps in readers’ abilities to assess the applicability of the numerous models available to 

researchers. In this chapter, a comparison among the analytical models is presented to help to 

characterize the similarities and differences in tangential velocity, circulation, and vorticity of the 

models. Using the comparisons as a guide, the results from appropriate models will be presented 

with the experimental data of Chapter 4. 

5.1 Examination of Individual Models 

A thorough comparison of the models discussed in Section 2.1 is presented in this section. 

However, separate analysis was deemed valuable for most models before comparisons were 

possible. Some models, such as the n-family are parameterized, which would cloud the analysis of 

the other models. These are discussed briefly in isolation so that the wider comparisons can be 

performed without the need to present the entire family of curves. Other models were not included 

in the wider comparison. The primary reason for this was equivalence. These models, when 

manipulated algebraically, are identical in the two-dimensional distributions discussed below. The 

other reason a model was omitted was due to contradictions or ambiguity in the definition of the 

model. 
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5.1.1 Lamb-Oseen Type Models 

Several models presented in the literature review were based on similar methods to derive 

the tangential velocity profiles of an isolated vortex. Namely, these models are the Lamb-Oseen, 

Burgers, Newman, and Squire models. While each of these researchers provided a unique 

perspective of the factors that contribute to the character of a vortex, the resultant tangential 

velocities predicted by each of these models are identical given appropriate selection of inputs. As 

such, the comparisons that follow denote the Lamb-Oseen profile. The reader should be aware that 

the same statements apply to the Burgers, Newman, and Squire models. 

5.1.1.1 Squire Model 

The Squire model is unique in that, while it was developed as a turbulent model, the non-

dimensional velocity profile at a station is not altered. Instead, the inclusion of turbulence results 

in an acceleration of the aging of the vortex. This is easily seen when examining the exponential 

term in equation (2.5). As the denominator in the exponential term, 4νt, increases the vortex core 

expands and the maximum tangential velocity decreases. Because Squire modeled the effect of 

turbulence by replacing ν with νt, a constant, there is no variation in the distribution of the 

tangential velocity when normalized by the velocity at the core radius. 

5.1.2 Moore-Saffman Model 

The Moore-Saffman model is discussed here due to limitations in governing parameters. 

The expression for tangential velocity predicted by this model includes a parameter n, which is 

dependent on the geometry of the wing, though the solution of n is non-trivial [30]. However, 

when comparing the velocity and circulation distributions predicted by the model, as shown in 

Figure 5.1, there are several limitations to the model. The first is that for values of n greater than 

one, the circulation distribution is non-physical in that the circulation decreases away from the 
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vortex core. While some measurements may suggest that a decrease in circulation may occur at 

large radial distances, this is not to be expected near the vortex core. Additionally, it should be 

noted that for values of n less than one, this model predicts an unbounded circulation. This implies 

that the circulation tends toward infinity, which is clearly incorrect. While the unbounded 

circulation was somewhat puzzling, results for values of n less than one were included in the 

comparisons as this seemed to be a trend with most turbulent vortex models.  

Finally, it should be noted that when n = 1, the resultant profile is very similar to that of 

the Lamb-Oseen model and therefore requires no comparisons as the differences between the two 

models, as shown in Figure 5.1, are negligible compared to the variety of models discussed in this 

document. 

 

 
 (a) Non-dimensional tangential velocity (b) Non-dimensional circulation 

Figure 5.1. Effect of n on the velocity and circulation distributions of the Moore-Saffman model. 
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5.1.3 n-vortex Models 

The family of n-vortices, identified by Vatistas [26], includes two of the other models 

discussed. The first is n = 1, which is the Scully or Burnham-Hallock model. The other is n→∞, 

which is the Rankine combined vortex. The Rankine vortex is nearly identically reproduced by 

this model for n = 50. Since these models were developed by other researchers previous to Vatistas’ 

work, they are referenced below by their more common names. Additionally, for n = 2, the model 

is a very close approximation of the Lamb-Oseen model. These three cases demonstrate the trends 

seen in the n-family of vortices without the need for additional inclusion as the Scully and Rankine 

bookend the family.  

For the turbulent n-family vortices, comparisons are presented for n = 1 and n = 2. Vatistas 

et al. [27] presented a comparison between the base-10 logarithm of effective vortex Reynolds 

number, Γ0/𝜈𝑡, and a turbulence factor, βt. Estimates for βt ranged between 1 and 1.5 for laboratory 

experiments and from 1.36 to 2.6 for full-scale, transport-category aircraft. At Γ0/𝜈𝑡 ≈ 104 there 

was a very steep rise, in βt. Figure 5.2 shows the effect of βt on the n-vortex model. As the 

turbulence parameter was increased, the tail of the tangential velocity at large radial distances 

increased and the peak velocity around the core radius broadened. The more gradual decrease in 

tangential velocity resulted in an un-bounded circulation. The slope of the circulation in the 

logarithmic plot varied with βt and the magnitude of the circulation outside the core was scaled 

with n. 

5.1.4 Hoffmann-Joubert Model 

These researchers made one of the first attempts to model the effect of turbulence on radial 

distribution of tangential velocity and circulation. This model is included in the larger comparison 

because of its prevalence in literature. However, within the core region, manual smoothing of the 
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velocity is required between the inner- and outer-profiles. Due to the simplicity of the model, it is 

a useful tool for qualitative comparisons. For engineering analyses or simulations requiring 

information near the core-region of the vortex, engineers would be better-served by one of the 

other closed-form solutions presented in this document. 

Similar to the n-vortex and Moore-Saffman models, the circulation predicted by Hoffmann 

and Joubert is not bounded and increases with radial distance. As a result, it is impossible to 

normalize the circulation of this model with respect to the total vortex circulation as is done by 

many when presenting comparisons. 

5.1.5 Tung Model 

The Tung model, developed using rotorcraft, was included in the literature review due to 

references in other research. However, further examination of the model highlighted that the 

coefficients presented by the original author were inconsistent. It is generally accepted that the 

vortex core diameter is defined by the maximum tangential velocity. When examining the Tung 

 

 
 (a) Non-dimensional tangential velocity (b) Non-dimensional circulation 

Figure 5.2. Effect of βt on the velocity and circulation distributions of the n-vortex model. 
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model, this was found to not be the case.  Substituting in for the circulation in the second of the 

piecewise expressions from equation (2.30), the tangential velocity estimated by the Tung model 

is 

 𝑣𝜃 =
Γ0
2𝜋𝑟

[0.32 + 0.39 ln (
𝑟

𝑟𝑐
)] , 0.73 ≤ 𝑟/𝑟𝑐  ≤ 3.0 (5.1) 

Dividing equation (5.1) by the velocity at the core radius results in 

 
𝑣𝜃
𝑣𝜃𝑐

=
𝑟𝑐
𝑟
[1 + 1.21875 ln (

𝑟

𝑟𝑐
)] , 0.73 ≤ 𝑟/𝑟𝑐  ≤ 3.0 (5.2) 

However, this equation does not reach a maximum until r/rc ≈ 1.2. For this model to be consistent, 

the two values within the bracket in equation (5.1) would need to be equal. Due to the primary 

development of this model being for rotorcraft, the disadvantages of the piecewise model, and the 

relative obscurity of the model compared to many of the models discussed in this document, it was 

decided to not re-derive the coefficients. 

5.1.6 Iversen and Ramasamy & Leishman Models 

Neither the Iversen nor Ramasamy and Leishman models have closed-form solutions for 

their tangential velocity distributions. Rather, these models are second order ordinary differential 

equations (ODEs) that are solved using numerical schemes. Both of these models predict a similar 

impact with increasing vortex Reynolds number, namely an increase in tangential velocity farther 

from the vortex center. The difference between them is the velocity predicted in the core region. 

Ramasamy and Leishman’s model has been shown to predict that near the core the turbulence is 

suppressed [38]. This results in a core region that exhibits the same characteristics as a laminar 

vortex, without a broadening the region of peak tangential velocity, as was shown in Figure 5.2 (a) 

for the turbulent n-vortex model. For low vortex Reynolds numbers, both models predict behaviors 
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equivalent to the Lamb-Oseen vortex. Unique to these two models among the turbulent models 

surveyed is that the predicted circulation for large radii is finite.  

While of interest, these models were not included in the comparisons in this document for 

two reasons. First, the Ramasamy and Leishman model requires three empirical constants. The 

researchers who developed this model only discussed one of these empirical constants. There were 

no guidelines presented as to the criteria used to determine the other two empirical constants. For 

this study, the model was found to be very sensitive to the unknown constants and, with no way to 

determine them, this model could not be used. The second reason was that when comparing to 

results in literature, it appeared that the published results for the Iversen model were calculated 

with a vortex Reynolds number an order of magnitude different than stated.  Without firm 

confirmation of this, the model was not included in the comparisons presented in this document.   

5.2 Comparison of Analytical Models 

A summary of the models compared in this section is presented in Tables 5.1 through 5.3. 

Presented in Table 5.1 is the tangential velocity distribution, in Table 5.2 the circulation, and in 

Table 5.3 the vorticity of each of the models, all of which have a closed-form solution. Any 

coefficients presented in the table represent those found in literature. 

As these are axisymmetric models, the reader is reminded that the circulation is 

 Γ(𝑟) = 2𝜋𝑟𝑣𝜃 (5.3) 

Additionally, in cylindrical coordinates, axial vorticity is calculated from the velocities using 

 ω𝑥 =
1

𝑟

𝜕(𝑟𝑣𝜃)

𝜕𝑟
−
1

𝑟

𝜕𝑣𝑟
𝜕𝜃

 (5.4) 
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Since these models are axisymmetric, the radial velocity does not vary with θ and the vorticity is 

simply 

 ω𝑥 =
1

𝑟

𝜕(𝑟𝑣𝜃)

𝜕𝑟
 (5.5) 

Due to the number of models discussed herein, a comparison done with a single plot 

becomes unintelligible. Therefore, the models were separated into two groups: laminar and 

turbulent. Since Squire’s model was shown to exhibit the same velocity profile to the Lamb-Oseen, 

those results are presented within both groups. 

5.2.1 Laminar Models 

The non-dimensional tangential velocity and circulation for models that did not discuss 

turbulence are presented in Figures 5.3 and 5.4. The tangential velocity predicted by each model 

follows a very similar trend within the core, with the exception of the combined vortex of Rankine. 

The behavior within the vortex core uniformly exhibits the expected solid-body rotation. Outside 

the vortex core, all models exhibit the expected velocity decay, though at slightly different rates. 

Examining the circulation presented in Figure 5.4, the rate at which tangential velocity decreases 

can be compared with the increase of radial distance. For example, the total circulation of the 

Rankine vortex is contained within the circular region bounded by the core. Outside of that region 

the circulation is constant, indicating that the product of the tangential velocity and the radius is 

constant. Simply, the decrease in tangential velocity is equal to the increase of radial distance. This 

is true for the Rankine, Lamb-Oseen, Scully, and Proctor models starting at different radial 

distances. The Moore-Saffman model is unique among this set in that its tangential velocity 

decreases more slowly at large distances. This leads to a circulation that is unbounded, as was 

previously discussed.  
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TABLE 5.1 

CLOSED FORM SOLUTIONS FOR TANGENTIAL VELOCITY 

Model 𝑽𝜽(𝒓) 

Rankine 

(n →∞) 

{
 

 
Γ0𝑟

2𝜋𝑟𝑐2
, �̅� ≤ 1

Γ0
2𝜋𝑟

, �̅� > 1

 

Lamb-Oseen 

Γ0
2𝜋𝑟

[1 − exp (−
𝑟2

4𝜈𝑡
)] 

or 
Γ0
2𝜋𝑟

[1 − exp(−𝑐𝐿𝑂 �̅�
2)] 

 

𝑐𝐿𝑂 = 1.25643 

Scully  

(Burnham-Hallock) 

(n = 1) 

Γ0
2𝜋𝑟𝑐

(
�̅�

1 + �̅�2
 ) 

Proctor 

{
 
 

 
 𝑐0Γ0
2𝜋𝑟

[1 − exp(−𝑐1 (
1.4𝑟𝑐
𝑏
)
0.75

)] [1 − exp (−𝑐2 (
𝑟

𝑟𝑐
)
2

)] , �̅� ≤ 1.4

Γ0
2𝜋𝑟

[1 − exp (−𝑐1 (
𝑟

𝑏
)
0.75

)] , �̅� > 1.4

 

 
𝑐0 = 1.0939, 𝑐1 = 10, 𝑐2 =1.2527 

Moore-Saffman 

𝛽

2𝑛(𝜈𝑡)
𝑛
2

Γ (
3

2
−
𝑛

2
) (

𝑟

4𝜈𝑡
)

1
2
𝑀(

1

2
+
𝑛

2
, 2, −

𝑟

4𝜈𝑡
) 

Note: Γ is the Gamma function. 

Hoffmann-Joubert 

𝑐1𝑣𝜃𝑚𝑎𝑥 �̅� �̅� < 0.4

𝑣𝜃𝑚𝑎𝑥 (
𝑐2
�̅�
log10 �̅� +

𝑐3
�̅�
) 0.5 ≤ �̅�

 

 
𝑐1 = 1.83, 𝑐2 = 2.14, 𝑐3 = 1 

Vatistas  

n-vortex 
Γ𝑐�̅�

2𝜋𝑟𝑐
(
1 + 𝛽𝑡

1 + 𝛽𝑡�̅�2𝑛
)

1+𝛽𝑡
2𝑛𝛽𝑡
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TABLE 5.2 

CLOSED FORM SOLUTIONS FOR CIRCULATION 

Model 𝚪(𝒓) 

Rankine 

(n →∞) 
{
Γ0�̅�

2, �̅� ≤ 1
Γ0, �̅� > 1

 

Lamb-Oseen 

Γ0 [1 − exp(−
𝑟2

4𝜈𝑡
)] 

or 

Γ0[1 − exp(−𝑐𝐿𝑂�̅�
2)] 

 

𝑐𝐿𝑂 = 1.25643  

Scully  

(Burnham-Hallock) 

(n = 1) 

Γ0 (
�̅�2

1 + �̅�2
 ) 

Proctor 

{
 
 

 
 𝑐0Γ0 [1 − exp(−𝑐1 (

1.4𝑟𝑐
𝑏
)
0.75

)] [1 − exp (−𝑐2 (
𝑟

𝑟𝑐
)
2

)] , �̅� ≤ 1.4

𝑐0Γ0 [1 − exp (−𝑐1 (
𝑟

𝑏
)
0.75

)] , �̅� > 1.4

 

 
𝑐0 = 1.0939, 𝑐1 = 10, 𝑐2 =1.2527 

Moore-Saffman 

𝛽𝜋𝑟

2𝑛−1(𝜈𝑡)
𝑛
2

Γ (
3

2
−
𝑛

2
) (

𝑟

4𝜈𝑡
)

1
2
𝑀(

1

2
+
𝑛

2
, 2, −

𝑟

4𝜈𝑡
) 

Note: Γ is the Gamma function. 

Hoffmann-Joubert 

𝑐1Γ𝑐�̅�
2 �̅� < 0.4

𝑐2Γ𝑐 log10 �̅� + 𝑐3 0.5 ≤ �̅�
 

 
𝑐1 = 1.83, 𝑐2 = 2.14, 𝑐3 = 1 

Vatistas 

n-vortex Γ𝑐�̅�
2 (

1 + 𝛽𝑡
1 + 𝛽𝑡�̅�2𝑛

)

1+𝛽𝑡
2𝑛𝛽𝑡

 

 

  



 

105 

TABLE 5.3 

CLOSED FORM SOLUTIONS FOR AXIAL VORTICITY 

Model 𝝎𝒙(𝒓) 

Rankine 

(n →∞) 
{

Γ0
𝜋𝑟𝑐2

, �̅� ≤ 1

0, �̅� > 1

 

Lamb-Oseen 

Γ0
4𝜋𝜈𝑡

exp(−
𝑟2

4𝜈𝑡
) 

or 
𝑐𝐿𝑂Γ0
𝜋𝑟𝑐2

exp(−𝑐𝐿𝑂 �̅�
2) 

 

𝑐𝐿𝑂 = 1.25643 

Scully  

(Burnham-Hallock) 

(n = 1) 

−
Γ0
𝜋𝑟𝑐2

(
1

(1 + �̅�2)2
) 

Proctor 

{
 
 

 
 
𝑐2𝑐0Γ0
𝜋𝑟𝑐

[1 − exp(−𝑐1 (
1.4𝑟𝑐
𝑏
)
0.75

)] [exp(−𝑐2�̅�
2)] , �̅� ≤ 1.4

3𝑐1𝑏
(
1
4
)Γ0

8𝜋𝑟(
5
4
)
exp (−𝑐1 (

𝑟

𝑏
)
0.75

) , �̅� > 1.4

 

 
𝑐0 = 1.0939, 𝑐1 = 10, 𝑐2 =1.2527 

Moore-Saffman 

 

 

 

Hoffmann-Joubert 

𝑐1Γ𝑐
𝜋𝑟𝑐2

�̅� < 0.4

𝑐2Γ𝑐
2𝜋 ln(10) 𝑟2

0.5 ≤ �̅�

 

 
𝑐1 = 1.83, 𝑐2 = 2.14, 𝑐3 = 1 

Vatistas 

n-vortex 
Γ𝑐

2𝜋𝑟𝑟𝑐
(
1 + 𝛽𝑡

1 + 𝛽𝑡�̅�2𝑛
)

1+𝛽𝑡
2𝑛𝛽𝑡

[1 −
(1 + 𝛽𝑡)�̅�

2𝑛

1 + 𝛽𝑡�̅�2𝑛
] 
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For each of these models, we can say that the circulation contained within the core is a 

fraction of the total strength of the vortex. While the Moore-Saffman vortex is unbounded, we can 

define a large enough distance at which the tangential velocity is negligible for practical analysis. 

By doing this, we are able to compare the peak tangential velocities for each of these models. 

Table 5.4 shows the ratio of core circulation to the total circulation of the vortex along with the 

maximum tangential velocity relative to the Rankine vortex model. The values for the 

Moore-Saffman model are presented for r/rc = 100. While arbitrary, this value was deemed 

sufficiently large, since vortex cores are on the order of 1% to 7% of an aircraft’s wingspan [11]. 

As is evidenced, the higher the tangential velocity at larger distances from the vortex center, the 

lower peak tangential velocity for the same strength vortex. 

 

 

Figure 5.3. Comparison of non-dimensional tangential velocities for laminar vortex models. 
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Figure 5.4. Comparison of non-dimensional circulation for laminar vortex models. 

 

TABLE 5.4 

CIRCULATION AND TANGENTIAL VELOCITY RATIOS AT VORTEX CORE RADIUS 

FOR LAMINAR VORTEX MODELS 

 

 

The axial vorticity of a vortex is zero, except for near the core, and is shown for the laminar 

models in Figure 5.5. The Rankine vortex is again unique in that the vorticity is completely 

contained within the vortex core and outside that region the vorticity is zero. The remainder of the 

models compare favorably, although the vorticity of the Lamb-Oseen model approaches zero 

Model Γ0/Γc V θmax /V θmax (Rankine)

Rankine 1.000 1.000

Lamb-Oseen 1.379 0.725

Scully (n -vortex n  = 1) 1.972 0.507

Proctor 3.001 0.333

Moore-Saffman (n  = 0.75) 4.072 0.246
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slightly more quickly than that of the others. However, by r/rc = 8, the vorticity is two or more 

orders of magnitude smaller than that at the edge of the core for all the models.   

5.2.2 Turbulent Models 

The tangential velocity and the circulation of the turbulent vortex models are presented in 

Figures 5.6 and 5.7. The Moore-Saffman model was included again because it exhibited 

characteristics more closely aligned with many of the turbulent models, such as the non-bounded 

circulation. It should be noted that this is not a defining feature of all turbulent models, as the 

Squire, Iversen, and Ramasamy and Leishman models all reach an asymptotic limit on circulation 

[38]. 

As mentioned previously, the basic behavior of the tangential velocity is similar for the 

laminar and turbulent models, with the expected rise to a peak at the core diameter before decaying 

as radii increases. In general, the turbulent models exhibit a slower decay in tangential velocity 

than the equivalent model without turbulence (e.g., compare the Scully vortex in Figure 5.3 and 

the n-vortex with n = 1 in Figure 5.6). The Hoffmann-Joubert model exhibits the highest relative 

tangential velocity at large radii, while the Squire model, as explained previously, is unchanged 
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Figure 5.5. Comparison of non-dimensional vorticity for laminar vortex models. 

 

 

Figure 5.6. Comparison of non-dimensional tangential velocities for turbulent vortex models. 
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Figure 5.7. Comparison of non-dimensional circulation for turbulent vortex models. 

 

from the laminar Lamb-Oseen model. This behavior is similar to that within a boundary layer, 

wherein the momentum is transported between layers, energizing the flow. The tangential velocity 

of both laminar and turbulent models decays with increasing radii, only reaching zero velocity at 

an infinite distance. However, the turbulent models have a slower rate of decay. 

In Figure 5.6, the n-vortex models with β = 1.25 and n = 2 exhibited slightly faster velocity 

decay than the Moore-Saffman model, although they were comparable. For β = 1.25 and n = 1, the 

n-vortex model exhibits a profile similar to Hoffmann-Joubert although with a slightly faster rate 

of velocity decay. For β = 1.4, the n = 1 model exhibits a similar profile to the former, while the 

n = 2 model exhibits similar trends to the latter, as shown in Figure 5.8. These estimates of β are 

approximately what Vatistas found to match experimental data for a Boeing 757  [27]. 

Unlike the majority of the laminar models, most of the turbulent models exhibited a 

continuous increase in circulation with radial distance. As before, a comparison of core circulation 
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to the overall vortex strength was made and is presented in Table 5.5. Presented in this same table 

is the maximum tangential velocity relative to that of the Rankine vortex. The turbulence in the 

vortex effectively transports momentum from the core region outward. This results in a decrease 

in the peak tangential velocity. 

The vorticity, shown in Figure 5.9, exhibits much the same trend as it did for the laminar 

models. Beyond eight to ten core radii, the vorticity is relatively close to zero. As with the velocity 

and circulation, including turbulence in the model results in higher vorticities at radii distances 

beyond the core. Within the vortex core, the results compared well with those of the laminar 

models. In general, this is because the velocity increased from zero to its maximum over the radius 

of the vortex core. Therefore, when examining these values in a non-dimensional form, the effects 

of turbulences are less significant than the general velocity profile within the core. 

 

 

Figure 5.8. Comparison of non-dimensional tangential velocity profiles for turbulent n-vortex 

with βt = 1.4, Hoffmann-Joubert, and Moore-Saffman models. 
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TABLE 5.5 

CIRCULATION AND TANGENTIAL VELOCITY RATIOS AT VORTEX CORE RADIUS 

FOR TURBULENT VORTEX MODELS 

 

 

 

Figure 5.9. Comparison of non-dimensional vorticity for turbulent vortex models. 

 

Model Γ0/Γc V θmax /V θmax (Rankine)

Rankine 1.000 1.000

Squire (Lamb-Oseen) 1.379 0.725

n -vortex, n  = 2, β t  = 1.25 3.237 0.309

Moore-Saffman (n  = 0.75) 4.072 0.246

n -vortex, n  = 1, β t  = 1.25 4.216 0.237

Hoffman-Joubert 5.225 0.191



 

113 

5.3 Comparison with Surveys 

Assessment of the applicability of available models can be performed using vorticity, 

velocity, or circulation, though the latter two are the most common. It was found that when using 

tangential velocity, it was more difficult to intuit whether the vortex exhibited laminar or turbulent 

characteristics as all axisymmetric trailing vortices (whether experimental data or analytical and 

empirical models) exhibit a peak velocity at the core radius which decays as the radial distance 

increases. The difference between laminar and turbulent models is most apparent in the degree to 

which the velocity decays. Instead, it is easier to investigate the circulation, as laminar vortices 

reach a constant circulation for lower radial distances.  

5.3.1 Flat Plate 

Figure 5.10 shows the circulation normalized by the core circulation for the lowest and 

highest core Reynolds number cases and two angles of attack measured behind the flat-plate wing. 

Both surveys were conducted four chords downstream from the trailing edge. The circulations 

associated with the Lamb-Oseen model and the outer-section of the Hoffmann-Joubert model are 

also plotted for comparison. Neither survey exhibited the constant-circulation near the core as 

predicted by the Lamb-Oseen model. The circulation distributions closely match that of the 

Hoffmann-Joubert model, indicating that the trailing vortices were turbulent. All the results 

collected behind the flat plate wing are shown in Figure 5.11. It can be seen that all exhibit a similar 

circulation distribution, though variations are evident. Comparing the circulations in Figure 5.10 

to the models presented previously, the distributions clearly correlated most closely with those of 

the Hoffmann-Joubert model. However, as discussed previously, the turbulent n-vortex estimated 

a circulation distribution very similar to the Hoffmann-Joubert model for n = 1 and β ≈ 1.4 and 

Hoffmann-Joubert models result in comparable circulation distributions. Both of these models 



 

114 

were examined more closely to understand the quality of their agreement to the flat plate data 

gathered in this investigation. 

5.3.1.1 Hoffmann-Joubert Comparison 

In their original paper, Hoffmann and Joubert [35] used data from 𝑟/𝑟𝑐 ≤ 1.5 to establish 

the empirical constants discussed in Chapter 2 and used in Figure 5.10. Following a similar 

procedure to Birch et al. [88], the Hoffmann-Joubert model was modified to contain three constants 

and regressed using data from the surveys over the following: 

  Γ Γ𝑐⁄ = 𝑐1(𝑟 𝑟𝑐⁄ )2  for 𝑟 𝑟𝑐⁄ < 0.4 (5.6) 

  Γ Γ𝑐⁄ = 𝑐2 log10(𝑟 𝑟𝑐⁄ ) + c3 for  0.5 ≤ 𝑟 𝑟𝑐⁄ ≤ 1.4 (5.7) 

 

 

Figure 5.10. Comparison of lowest and highest ReΓ surveys with Lamb-Oseen (– –)  

and Hoffmann-Joubert (—) models. 
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Figure 5.11. Non-dimensional circulation of wake vortex for all measured conditions. 

 

The coefficients determined by this regression are shown in Table 5.6. When considering 

the limited range utilized in previous works, there was good agreement between the coefficients 

estimated here and those found in the near-field. The average values for 𝑐1, 𝑐2, and 𝑐3 are provided 

at the bottom of Table 5.6 and are almost identical to Hoffmann and Joubert’s values of 𝑐1 = 1.83, 

𝑐2 = 2.14, and 𝑐3 = 1 [35]. The 95% confidence intervals for the coefficients estimated for the 

current data encompass the previously determined coefficients. 

To understand the potential limitations of applying this model at larger radii, the range of 

fit used for equation (5.7) was expanded to include all data (approximately r/rc = 10). Table 5.7 

shows the newly regressed equations. Note that 𝑐1 is not shown in Table 5.7 as it was unchanged. 

There was more variation in 𝑐2 for this larger range. Neither set of coefficients demonstrated any 

consistent trend with angle of attack, dynamic pressure, or downstream location. The average of 
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each set of coefficients (presented at the bottom of each table) was used for further assessing the 

applicability of the model. 

 

TABLE 5.6 

HOFFMANN-JOUBERT MODEL EMPIRICAL COEFFICIENTS,  

DETERMINED USING r ≤ 1.4rc 

 

  

Run q α x /c c 1 c 2 c 3

[psf] [deg]

2.1 10 6 4 2.020 2.049 1.006

2.2 10 6 4 1.869 2.104 1.004

2.3 15 6 4 1.891 2.134 1.010

2.4 15 4 4 1.756 2.155 1.009

2.5 10 4 4 1.655 2.216 1.007

2.6 10 4 8 2.048 2.055 1.006

2.7 10 6 8 1.706 2.174 1.001

3.1 15 4 4 1.985 2.110 1.011

3.2 15 4 8 1.899 2.173 1.011

3.3 15 4 10 1.829 2.212 0.999

3.4 15 4 10 1.897 2.091 0.997

3.5 15 4 12 1.330 2.264 1.011

3.6 15 4 16 1.868 2.145 1.006

3.7 20 4 4 1.992 2.090 0.999

3.8 10 4 10 1.950 2.022 0.999

3.9 20 4 10 1.778 2.242 1.006

3.1 20 4 16 1.842 2.253 0.999

3.11 15 6 10 1.863 2.103 1.003

3.12 10 6 10 1.562 2.159 1.001

3.13 15 6 16 1.928 2.222 0.996

1.833 2.149 1.004Average

Conditions Regressed Coefficients
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TABLE 5.7 

HOFFMANN-JOUBERT MODEL EMPIRICAL COEFFICIENTS FOR EQUATION (5.7), 

DETERMINED USING ALL AVAILABLE DATA FROM SURVEYS 

 

 

  

Run q α x /c c 2 c 3

[psf] [deg]

2.1 10 6 4 2.167 1.000

2.2 10 6 4 2.168 0.990

2.3 15 6 4 2.315 1.002

2.4 15 4 4 2.421 1.033

2.5 10 4 4 2.848 1.025

2.6 10 4 8 2.002 1.019

2.7 10 6 8 2.183 1.014

3.1 15 4 4 2.710 1.006

3.2 15 4 8 2.774 0.981

3.3 15 4 10 2.556 0.987

3.4 15 4 10 2.696 0.967

3.5 15 4 12 2.989 0.975

3.6 15 4 16 2.625 0.937

3.7 20 4 4 2.509 0.980

3.8 10 4 10 2.256 0.989

3.9 20 4 10 2.753 0.973

3.1 20 4 16 3.115 0.932

3.11 15 6 10 2.227 0.975

3.12 10 6 10 2.189 1.006

3.13 15 6 16 2.347 0.980

2.493 0.989

Note: c 1 = 1.833 and was unchanged from the previous regression.

Conditions Regressed Coefficients

Average
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Figure 5.12 shows a representative survey at q = 10 psf, α = 4°, and x/c = 10 with the 

Hoffmann-Joubert model using both the narrow- and wide-range coefficients. Figure 5.3(a) shows 

the full range of the survey, highlighting the closer agreement of the model at larger radii when 

regressing using the full data set. However, the tradeoff in the near-core region is highlighted in 

Figure 5.3(b). While the original coefficients provided a good estimation down to nearly r/rc = 0.5, 

the newly regressed coefficients started to deviate closer to r/rc = 0.7. Application of the choice of 

coefficients would depend on whether the user needed more accuracy in the inner-region or outer-

region. Neither method removed the need for a blending function to be employed between the 

inner- and outer-regions of the vortex. 

 

 
(a) Full survey (b) Core region 

Figure 5.12. Normalized circulation for Run 321 compared to Hoffmann-Joubert model with 

coefficients from regressing the full survey (—) and core region (– –). 
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As was shown in Table 5.1, the tangential velocity estimated by the Hoffman-Joubert 

model is 

 𝑣𝜃 = 𝑐1𝑣𝜃𝑚𝑎𝑥 �̅� (5.8) 

 𝑣θ = 𝑣𝜃𝑚𝑎𝑥 (
𝑐2
�̅�
log10 �̅� +

𝑐3
�̅�
) (5.9) 

Figure 5.13 shows the normalized velocity profiles for surveys performed at four-degrees angle of 

attack and dynamic pressure of 15 pounds per square foot. The normalized velocity distribution of 

the Hoffmann-Joubert model using the coefficients found using the full survey, plotted in red for 

better visibility, agreed reasonably well with the experimental results. The experimental data still 

exhibited higher velocities at larger radii, but agreement was significantly better than with laminar 

models. 

 

 

Figure 5.13 Normalized velocity distribution for α = 4° and q = 15 psf compared with the 

Hoffmann-Joubert model inner (– –) and outer (—). 
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When examining the tangential velocity at the core radius (r/rc = 1), it is evident that the 

empirical model is shifted slightly, with the peak velocity occurring at r/rc = 1.09 with a maximum 

value of 0.99. Inspection of equation (5.9) shows that 𝑐3 dictates the velocity at the core radius for 

the model. The value of 𝑐2 influences the distribution away from the core radius and prescribes 

the location of the maximum tangential velocity. Here, 𝑐2  = 2.493, which was obtained by finding 

the average value from fitting the model to the entire circulation. Using Hoffmann and Joubert’s 

original coefficients, the maximum velocity would occur at r/rc = 0.93 with a maximum value of 

1.003. To have the peak value occur at the core radius, 𝑐2 should be 2.301.  

5.3.1.2 n-Vortex Comparison 

Based on the comparison of the turbulent models, it was evident that application of the 

n-vortex model with n = 1 and β ≈ 1.4 would provide similar correlation to the Hoffmann-Joubert 

model using the coefficients calculated with the flat-plate data. Using the circulation equation for 

the n-vortex model from Table 5.2, a regression was performed for each of the flat-plate surveys. 

Table 5.8 contains the regressed βt and Γc. The R2 for every case was at least 0.99. At the bottom 

of Table 5.8, the average βt and Γc are presented. Figure 5.14 shows the normalized circulation for 

all flat-plate surveys, with the average n-vortex profile plotted in red. While the experimental data 

varied around the average profile, the overall shape of the circulation was well captured. 

Figure 5.15 shows the results of the same two surveys previously presented along with the 

circulation found using the n-vortex model for each case. In Figure 5.15(a), the results of the survey 

of the vortex with the higher core Reynolds number demonstrated good agreement with the non-

dimensional circulation. However, the lower Reynolds number results did not compare as well 

with those of the model. The reason for the disagreement is evident in Figure 5.15 (b), where it 

was seen that the dimensional circulation is estimated to be slightly higher in the core of the model 
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than was measured in the wind tunnel. Despite this deviation, the overall agreement between the 

results of the survey and the n-vortex model appeared to be good. 

 

TABLE 5.8 

N-VORTEX MODEL TURBULENCE PARAMETER, DETERMINED FOR FLAT-PLATE 

SURVEYS 

 

Run q α x /c Γc β t

[psf] [deg]

2.1 10 6 4 2.879 1.477

2.2 10 6 4 2.825 1.482

2.3 15 6 4 3.393 1.466

2.4 15 4 4 2.332 1.482

2.5 10 4 4 1.783 1.546

2.6 10 4 8 2.248 1.396

2.7 10 6 8 2.925 1.485

3.1 15 4 4 2.080 1.613

3.2 15 4 8 2.046 1.700

3.3 15 4 10 2.199 1.666

3.4 15 4 10 2.116 1.693

3.5 15 4 12 2.071 1.800

3.6 15 4 16 2.311 1.822

3.7 20 4 4 2.669 1.604

3.8 10 4 10 1.916 1.562

3.9 20 4 10 2.676 1.725

3.1 20 4 16 2.669 1.933

3.11 15 6 10 3.274 1.531

3.12 10 6 10 2.858 1.484

3.13 15 6 16 3.370 1.561

2.532 1.601

Conditions Regressed Coefficients

Average
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Figure 5.14. Non-dimensional circulation of wake vortex for all measured conditions with 

n-vortex correlation using average regressed coefficients. 

 

 
 (a) Non-dimensional terms (b) Engineering Units 

Figure 5.15. Circulation for the lowest and highest ReΓ surveys with regressed n-vortex model 

for each case. 
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The overall values of βt estimated for the flat plate model were somewhat larger than 

anticipated and did not appear to follow an expected trend. Recall, the tunnel surveys were 

conducted in two separate entries; runs 2.1-2.7 were performed in one installation, while 3.1-3.13 

were performed in another. The vortex appeared to exhibit a character change between the two 

tunnel entries. In the second installation, βt correlated to an effective vortex Reynolds number 

(Γ0/νt) roughly twice as large as in the first [27], despite similar test conditions. Reliable freestream 

turbulence measurements were not available for each installation, so there is a possibility that there 

was an increase in turbulence during the second installation. However, the author believes such a 

drastic change was unlikely given the efforts employed to run under as stable of conditions as 

possible. 

5.3.1.3 Consideration of Other Models 

While it appeared clear that the n-vortex with n = 1 was a clear fit, other models were 

considered. Because the fits were not representative the other models were not included here. 

5.3.2 NACA 0015 Wing 

A brief search was conducted for a model that would compare well with the vortex 

generated by the NACA 0015 wing. This search was limited, however, due to the number of 

surveys available and remaining questions on the accuracy of the peak tangential velocity at the 

farther downstream location. As such, a model was searched for using only the x/c = 4.25 survey. 

While the survey at x/c = 9 was compared with the same models, it was not used to select the 

model.  

Because of the similarity of the flat-plate and NACA 0015 in aspect ratio and overall size, 

the initial model considered was the n-vortex with n = 1. This proved to be a poor representation 

of the vortex generated by the NACA 0015 wing as the tangential velocity decayed more quickly 
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immediately outside the core region than it did for the flat-plate wing. Comparisons were made 

between the tangential velocity of the NACA 0015 vortex and the ones shown in Figures 5.2 and 

5.6 The tangential velocity of the Lamb-Oseen model was shown to be the most similar, though 

the rate of decay was higher than that of the NACA 0015 wing at large radial distances. As such, 

the n-vortex model with n = 2 was assessed as it retained the slenderness of the tangential velocity 

profile in the core region. 

Figure 5.16 shows the comparisons of the results for the two downstream surveys behind 

this wing along with the n-vortex model. The circulation from the selected model agreed very well 

with that of the survey data, especially for the x/c = 4.25 case. Moreover, the agreement in Figure 

5.16 (b) of the model with the survey at x/c = 9, supported the theory discussed in Section 4.1 

regarding a potential error in the tangential velocity measurements at the vortex core radius. 

 

 
(a) Non-dimensional terms (b) Engineering Units 

Figure 5.16. Circulation for the NACA 0015 surveys with regressed n-vortex model for each 

case. 
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The estimated values of the turbulence parameter, βt, for the NACA 0015 were smaller 

than any of the values estimated for the flat-plate wing. This contradicted the theory that the effect 

of turbulence would increase in a vortex as Reynolds number increased. Unfortunately, due to the 

limitations in the frequency response of the available equipment, no direct turbulence 

measurements were performed in either wake. 

5.3.3 Vortex Model Selection Guidelines 

Left unspoken in most of literature is that model selection is primarily performed through 

inspection. That is, an investigator can reasonably determine the best model visually, as long as 

they consider multiple parameters, as was highlighted in the n-vortex model discussed above. 

However, with the vortex characteristics differing between the flat-plate and the NACA 0015 

wing, the existing assumption that the effect of turbulence is related strictly to the vortex Reynolds 

number is in question. Additional geometrically similar wing planforms with different airfoils and 

wingtip treatments may be helpful to shed light on this. 

During this investigation a more rigorous method of vortex model selection was not able 

to be identified. Further work is still warranted in this area, as many of the models discussed have 

shown good correlation to at least one or two high-quality data sets. Aggregation of published 

studies may provide better guidance.  
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CHAPTER 6 

CONCLUDING REMARKS 

Literature relating to wake vortex structure and analytical models was reviewed. Scarcity 

of data collected behind simple, academic wings that were not NACA profiles was revealed in the 

available literature. Additionally, little comparison of the numerous analytical models was found 

to be aggregated within the literature, causing difficulty in understanding the differences between 

models. 

The experimental method used to collect wingtip vortex surveys in a low-speed wind tunnel 

was described. This setup consisted of a two-axis linear traverse mounted inside an open-return 

wind tunnel. A conventional seven-hole probe was mounted above and upstream of the traverse to 

minimize influence from the structure on the measurements. The traverse was mounted at a fixed 

location within the tunnel to minimize variation in probe alignment throughout the testing. To 

account for inherent flow angularity and traverse misalignment, a set of coarse, baseline surveys 

was collected and used to correct for the upflow and sideflow inherent in the facility and test setup 

and not induced by the model. 

Two reflection-plane wings were used to generate isolated vortices within the tunnel. An 

NACA 0015 wing with an aspect ratio of 5.3 was used to demonstrate consistent tangential 

velocities in the wake with similar models in existing literature. Peak tangential velocity compared 

reasonably well with available data. The primary model was a flat-plate wing with an aspect ratio 

of six. Twenty detailed surveys including three duplicate cases were collected with this model. 

Duplicate data between two separate wind tunnel tests demonstrated consistent surveys with time-

averaged positions of the vortex repeating within 2% of the wing chord. The vortices exhibited a 

faster decay in peak tangential velocity than has been reported in some experimental data. 
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However, despite this decrease, the circulation contained within the core region remained constant 

as expected. 

Comparisons of the analytical models reviewed were presented. The similarity of many of 

the models to the Lamb-Oseen profile was highlighted. The effect of turbulent vortices was seen 

to be a broadening of the velocity peak near the edge of the core and a slower decrease of the 

tangential velocity at larger radial distances. For the same strength vortex, turbulent vortices have 

a lower peak tangential velocity as more of the energy in the vortex has been shifted outward. 

The n-vortex model showed good agreement with the surveys collected in the wind tunnel. 

For the flat-plate wing, n = 1 modeled the data best, with turbulence parameters ranging from 1.4 

to 1.9. These values were larger than predicted by literature. The vortex generated by the 

NACA 0015 wing had a higher Reynolds number and was modeled best by n = 2 and a turbulence 

parameter of 1.3. These values were closer to the values estimated in literature. The comparison 

of these data highlighted a further possible gap in current understanding of turbulence in vortices. 

6.1 Recommendations 

Additional testing using similar wings with varying airfoil selection and wingtip treatment 

would help determine to what extent the turbulent behavior is governed by the vortex Reynolds 

number. Establishing other, geometrically based parameters that enhance or decrease the effects 

of turbulence on a vortex would be advantageous to passive vortex control. Further studies on the 

analytical models, especially the Iversen and Ramasamy and Leishman models is of interest. 

Because aircraft operate at significantly higher Reynolds numbers than can typically be produced 

in a lab, a better understanding of the predictive capabilities of these models would be beneficial. 
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