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Abstract: Terzaghi’s one-dimensional (1-D) soil consolidation equation is solved using a finite difference 
(FD) method and Microsoft’s Excel spreadsheet.  Spreadsheets are inexpensive computational tools that 
are readily available to students and practicing engineers.  They are relatively easy to use and, in many 
instances, have replaced calculators.  Spreadsheets can perform the complex calculations associated with 
design problems in any engineering discipline.  They are an ideal computational tool for engineering design 
work, an inherently iterative process, where strings of interrelated mathematical expressions are reevaluated 
every time a problem parameter, such as a length, is changed.  For spreadsheet calculations, all the 
fundamental mathematical operations are available and most also include a suite of intrinsic functions 
accommodating operations involving logic, statistics, calendars, finances, etc.  Of all the spreadsheet 
features available, the ability to create and run user developed programs may be the most overlooked but 
powerful resource.  Using Microsoft’s Visual Basic Applications (VBA) development tool in Excel, a user 
can write/run analysis routines of their own making within a spreadsheet.  This powerful feature is 
demonstrated using the FD method and a 1-D soil consolidation problem. 
 

1. INTRODUCTION 

Karl Terzaghi’s theory for 1-D consolidation of a saturated, compressible soil was introduced in 1943 
(Terzaghi, 1943).  Today, soil consolidation solutions are well developed and often introduced in 
undergraduate civil engineering courses.  The fundamentals required to understand FD methods are 
introduced in undergraduate calculus courses and were known to Euler as early as 1768 (O'Connor & 
Robertson, 1998).  The first formal FD method of analysis is often attributed to a paper by Courant (Courant, 
Fredrichs, & Lewy, 1928) (Lax, 1967).  As an analytical technique, finite differencing developed steadily 
throughout the twentieth century and was well positioned for computer adaptation as the digital age of 
computing was ushered in mid-20th century (Thomee, 2001).  Today, FD solutions are the basis of many 
analysis programs in structures, fluids and heat transfer; often running in the background. 

Spreadsheet programs, like Excel, are also an outcome of the digital computing age.  These programs 
make quick work of repetitive computations and, in a business environment, allow calculations to be well 
documented in work notes, job folders, memos and reports.  They are widely used in engineering practice 
and thus an important tool for engineering students to learn to use.  

The spreadsheet platform, a two-dimensional grid of cells wherein numbers are entered and 
mathematical operations performed, is intuitive, open and easy to revise; it is ideal for creative problem 
solving (Wikipedia, 2020).  The ease of use, experienced while in school, carries over into professional 
practice where spreadsheets are used for all manner of engineering analysis and design work because they 
are intuitive, open and easy to adjust (Gottfried, 2019).  Any sequence of calculations doable on a handheld 
calculator, can be done just as fast in a spreadsheet; however, recalculating the sequence for a revision of 
one number involves only changing that number in a single spreadsheet cell (regardless of how many times 
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or other places it is referenced) and the entire calculation is instantly updated.  Calculations that occur 
frequently in a workflow can be named, saved as macros and inserted using a user defined shortcut, such 
as CTRL+SHIFT+A.  More extensive calculations can be programmed using VBA as functions or 
subroutines that are compiled and run outside of the spreadsheet cells.  These programs can use values 
within spreadsheet cells as input parameters and arguments (Microsoft, 2019) (Carney, 2020) (Walkenbach, 
2013).  These programs are also nameable, can be used multiple times in a sheet or transported to new 
spreadsheets; they can be executed with a simple user defined shortcut.   

2. BACKGROUND 

Terzaghi’s equation for 1-D soil consolidation is !"
!#
= 𝑐&

!'"
!('

 where u is excess pore pressure; t is time, 
measured from the time that u was generated, and z is length, in the vertical direction (the thickness of a 
soil layer); cv is the coefficient of consolidation, a soil parameter with units of area per time (ft2/day) 
(Terzaghi, 1943).  When loads are applied on the ground surface, stress throughout the underlying soil 
formation is increased to support the additional load.  In layers of saturated, compressible soil the increase 
in stress is initially taken by the fluid (typically water) in the pore space as an excess pressure, or pressure 
that is in excess of the background (steady state) pore pressure.  Over time the excess pore pressure 
dissipates (fluid in the pore space flows toward areas of lower energy) and the change in stress is slowly 
transferred to the solid phase of the soil.  The development of Terzaghi’s equation is outlined in introductory 
geotechnical engineering textbooks (Holtz & Kovacks, 2011).  Solving the equation using FD is relatively 
straight forward as differencing equations are developed and substituted for each of the differential terms.  
Numerous references are available for the general FD procedure and applications specific to 1-D soil 
consolidation such as work published by Olson and Crank (Olson & Ladd, One-Dimensional Consolidation 
Problems, 1979) (Crank & Nicolson, 1947). 

In the notes provided for an Advanced Soil Mechanics course taught by Dr. Lai at Chaoyang University 
of Technology, Dr. Olson offers a brief but well developed explanation of applying the FD method to solve 
1-D consolidation problems (Olson, Application of Finite Difference Methods to the Solution of 
Consolidation Problems, 1989).  The notes include an example that will be repeated here to demonstrate 
working a problem using a spreadsheet that many engineers would consider not suitable to work in a 
spreadsheet; maybe even impossible to work in a spreadsheet. 

 FD methods fall into three general categories that use forward differences, backward differences and 
central differences, respectively.  The differencing equations (where differences in the values of a field 
variable, u for the consolidation problem, are evaluated at discrete locations) are used to approximate 
derivatives, such as )"

)#
.  If, at a discrete location, 𝒖𝒊 is the excess pore pressure at a particular time t and 

𝒖𝒊,𝟏 is the excess pore pressure at a later time, t+Δt, then the first order forward difference approximation 
for )"

)#
 is 𝑢′0 =

"1234"1
∆#

, similarly the first order backward difference for )"
)#

 is 𝑢′0 =
"14"163

∆#
 where 𝑢047 is 

the excess pore pressure at t-Δt.  The first order central difference for )"
)#

 is 𝑢′0 =
"1234"163

8∆#
 .  Differencing 

equations can be written for changes in time (Δt) or space (Δz), and for any order of differential operation 
( )"
)(
	,			!

'"
!('
	, etc.).  Higher order differencing equations are obtained for higher order differentials by repeated 

differencing operations.  As an example, for	!
'"
!('

 , the second order forward difference is obtained by 
differencing each term in the first order difference equation: 

 

𝑢"0 =
<=12'6=123∆> ?4<=1236=1∆> ?

∆(
  

 
Values of the field variable at successive nodes, spaced at intervals of h, can be obtained using a Taylor 

series where 𝑢0,7 = 𝑢0 + ∑
BC

D!
𝑢0
DF

G
DH7  (Hass, Heil, & Weir, 2018).  When the series converges, accuracy 
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improves with the number of terms used.  In the FD method, the series expression for each 𝒖𝒊 is substituted 
into the differencing equations.  Typically, using only the first term of the series provides sufficient 
accuracy.  This results in a system of equations that is solved for the discrete 𝒖𝒊 values. 

The 1-D soil consolidation problem involves determining pore pressure in one spatial dimension, at 
discrete depths throughout the thickness of a soil layer, and in time.  The problem seems well suited for a 
spreadsheet where rows would represent depths and columns a snapshot in time.  Indeed, for certain 
situations, a spreadsheet solution structured in this manner is quite satisfactory.  To start the analysis, the 
distribution of excess pore pressure (𝒖𝒆𝟎) at uniform increments of depth, through the thickness of a soil 
layer, and at an initial time (t0, usually when t=0) is entered in the first column.  These 𝒖𝒆𝟎 values are the 
initial conditions for the problem.  Boundary conditions are then required.  These conditions define the 
drainage behavior at the top and bottom of the soil layer; there are two possibilities: the drained condition, 
where the excess pore pressure is typically set to 0 for all time steps; and the undrained condition, where 
no flow occurs across the boundary.  The undrained condition is modeled using a mirrored u value on the 
other side of the boundary.  When the resulting system of equations can be solved explicitly, this is a very 
satisfactory set up.  The differencing equations for u’s at the next time are written in the column next to the 
column of initial conditions and the solution is automatic (explicit); it is solved as the equations are entered.  
The entire column can be copied into neighboring columns for a solution that marches along in uniform 
increments of time. 

In a spreadsheet, the explicit solution is easy to program; however, there is a limitation, the solution is 
only stable for relatively short increments of time.  For a typical problem, consolidation (the dissipation of 
excess pore pressure) can involve tens, if not hundreds of years.  When the maximum stable time step is 
measured in days or even hours, arriving at meaningful data (20, 50 or 80 percent dissipation) may involve 
thousands of columns and reams of paper (if carelessly sent to a printer).  An explicit method of analysis 
using the first forward difference equation for the first derivative of u in time (t) and the second central 
difference equation for the second derivative of u in depth (z) will be demonstrated.  Of course, there are 
other solutions, but they are not as straight forward to program in a spreadsheet.   

An attractive implicit FD method, the Crank-Nicolson method, will also be demonstrated.  In this 
method the Δt can be variable between time steps and rather large without sacrificing accuracy, but the 
differencing equations used are not explicit, they must be solved simultaneously.  An iterative method 
known as Gauss-Seidel, Seidel’s method, the Liebmann method, or the method of successive displacement 
is used in the example problem (Wikipedia, 2020).  The solver is programmed using VBA and is run from 
a cell in the Excel spreadsheet.  It does all the calculations in a compiled program and solves the system of 
equations without doing any operations in cells within the spreadsheet. 

The focus of a soil consolidation analysis is the compressible soil that exists at some depth below the 
surface.  It is this soil, and the water in its pore space, that results in consolidation.  When a load is applied 
on the ground surface, that load is supported by a change in the vertical stress at points located throughout 
the subsurface soil profile.  In a 1-D analysis, a uniform load (q) is applied over an area that is large 
compared to the average depth and thickness of the underlying compressible layer.  The change in stress 
(∆𝝈𝒗), at all depths, is then equal to q.  Initially, the ∆𝝈𝒗	in the compressible soil layer is carried by the 
pore fluid as 𝒖𝒆𝟎, the initial excess pore pressure.   The excess pore pressure immediately begins to dissipate 
as pore fluid drains toward a drainage boundary.  The percentage of 𝒖𝒆𝟎 dissipated at any t is reported as U 
for that t.  Either the top, the bottom, or both soil layer boundaries may allow drainage.  The single drained 
case is when only one of the soil layer boundaries allows drainage; in this case, the length of the longest 
drain path (H) is the thickness of the layer.  In the double drained case, where both surfaces allow drainage, 
H is half the layer thickness.  The double drained case can be modeled as a single drained layer that is half 
as thick as the actual soil layer thickness.  The coefficient of consolidation, cv, is a property of the soil that 
describes the rate at which the dissipation of 𝒖𝒆𝟎 takes place. 
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3. EXPLICIT SOLUTION EXAMPLE 

In the explicit solution, the differential equation to solve is !"
!#
= 𝑐&

!'"
!('

 .  The first forward difference 

equation is substituted for !"
!#

 and the second central difference equation for !
'"
!('

 to get "1,M234"1,M
∆#

=

𝑐&
"123,M48"1,M,"163,M

∆('
 where i is the index for z and j is for t.  The equation only has one j+1 term; therefore, 

it can be isolated on the left side and calculated; thus, the explicit nature of this method.  At a drainage 
boundary 𝒖𝒊,𝒋,𝟏 is known and specified.  At an impermeable boundary, the 𝒖𝒊,𝟏,𝒋 term is a mirror of, and 
therefore equal to, the 𝒖𝒊4𝟏,𝒋 term.  The equation to solve (code into the spreadsheet) is  

𝑢0,#,7 = 𝑢0,O +
𝑐&∆𝑡
∆𝑧8

R𝑢047,O − 2𝑢0,O + 𝑢0,7,OU 
which in terms of z and t is  

𝑢(,#,∆# = 𝑢(,# +
VW∆#
∆('

R𝑢(4∆(,# − 2𝑢(,# + 𝑢(,∆(,#U. 
As shown here, Δz is constant, meaning the discrete points where 𝒖𝒆 is evaluated are uniformly spaced 

throughout the depth of the soil layer; Δt is also usually constant for each time step, but that is not a 
necessary condition.  The VW∆#

∆('
 term is often replaced by a coefficient α, notice that it involves properties of 

the soil, the z spacing and the time increment.  For the solution to be stable and meaningful, 0 < 𝜶 ≤ 0.5.  
The Δz and Δt parameters are adjusted to insure this condition. 

For this example, 𝒖𝒆𝟎is set at 100 and α is 0.25.  A single drained layer of soil is modeled.  The drainage 
boundary is at the top (the Drained node 𝒖𝒆 is always zero) and the impermeable boundary is at the bottom 
(node 6 is mirrored for the would-be node 8 at the Imperm. node); 𝒖𝒆 is calculated at five equally spaced 
intervals through the depth of the layer and at each boundary.  The cell equations used and the calculated 
values for the first-time step are shown in Figure 1.  The cell equations are then copied into the next eight 
columns to perform the calculations shown in Figure 2.  The calculation process is simple.  

 

 
Figure 1. Initial conditions and spreadsheet equations used to calculate 𝒖𝒆 for the first-time step. 

 
Figure 2. Calculation of 𝒖𝒆 for the first nine-time steps. 
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4. IMPLICIT CRANK-NICOLSON SOLUTION EXAMPLE 

Solving Terzaghi’s 1-D consolidation equation, !"
!#
= 𝑐&

!'"
!('

, using the Crank-Nicolson method is 

accomplished using a first order forward differencing equation for !"
!#

  and an average of the second order 

central difference equation for times tj and tj+1 for the !
'"
!('

  term as shown below. 
𝑢0,O,7 − 𝑢0,O

∆𝑡
=

𝑐&
2∆𝑧8

^𝑢047,O − 2𝑢0,O + 𝑢0,7,O + 𝑢047,O,7 − 2𝑢0,O + 𝑢0,7,O,7_ 

When the equation is rearranged and α is substituted for  VW∆#
∆('

 , the following expression is obtained. 

−𝑢047,O,7 +
2(1 + 𝛼)

𝛼
𝑢0,O,7 − 𝑢0,7,O,7 = 𝑢047,O +

2(1 − 𝛼)
𝛼

𝑢0,O + 𝑢0,7,O 
All of the terms on the right hand side are at the j time, thus they are known.  The right hand side is a 

constant, Ci,Δt .  Now, define 𝐷0,∆# =
8
e
+ 2 then  𝑢0,O,7 =

f1,∆g,"163,M23,"123,M
h1,∆g

.  This results in a system of N 

equations for the ui that are to be determined at any given time step. 
Begin the spreadsheet analysis by building a template for the soil properties and problem configuration 

values.  The template for the example problem is shown as Figure 3.  The FD equations and a Gauss-Seidel 
equation solver are then programed; see the VBA code shown in Figure 5.  After entering a Δt, the ui for 
that time step are calculated by running the VBA code from within that cell. The VBA routine looks for the 
soil properties and other analysis parameters in the template locations shown for every Δt specified and 
writes the calculated α, U and ui below the Δt.  Figure 4 shows the results for nine time steps.  The first 
three are the same as those used in the previous explicit analysis; the fourth Δt is calculated to match the t 
of the ninth time step in the explicit analysis.  The results shown in Figure 4 compare well with those in 
Figure 2.  Notice, α can be much larger than ½.  The differencing equations could be entered in individual 
cells and solved within Excel; however, it would require several columns for each Δt.  The VBA program 
does all the calculations and no cells are used. 

 

 
Figure 3.  The example problem soil properties and parameters set up and ready to run GS_1. 
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Figure 4.  Excess pore pressure values computed at nine instances in time and over 98% of consolidation

 
Sub GS_1() 
' 
' GS_1 Macro   Gauss-Seidel ver 1 
' 
'This macro uses delta t as the active cell! 
 
Dim N As Integer, CV As Single, dz As Single, _ 
 t As Single, dt As Single, D As Single, alpha As _  
Single, alpha2 As Single, C() As Single, DIFF As _  
Single, CK As Single, ut() As Single, udt() As _  
Single, U0 As Single, U As Single, r As Integer 
 
'Set Initial Conditions 
N = Range("B4").Value 
CV = Range("B2").Value 
dz = Range("B3").Value 
dt = ActiveCell.Value 
alpha = CV * dt / dz ^ 2 
alpha2 = (1 / (alpha / 2)) 
ActiveCell.Offset(1, 0).Value = alpha 
t = ActiveCell.Offset(2, -1).Value + _  
ActiveCell.Value 
ActiveCell.Offset(2, 0).Value = t 
     
ReDim ut(N) 
ReDim udt(N) 
ReDim C(N) 
     
CK = 0.002 
U0 = 0 
U = 0 
C(1) = 1 
     
ut(1) = ActiveCell.Offset(5, -1).Value 
For r = 2 To N 
     ut(r) = ActiveCell.Offset(4 + r, -1).Value 
     U0 = U0 + dz * (Range("B" & Rows(10 + _ 
     r - 1).Row) + Range("B" & Rows(10 + r). _ Row)) /2 

Next r 
For r = 2 To N - 1 
     C(r) = ut(r - 1) + (alpha2 - 2) * ut(r) + ut(r + 1) 
Next r 
C(N) = 2 * ut(N - 1) + (alpha2 - 2) * ut(N) 
D = alpha2 + 2 
udt(1) = ut(1) 
GoTo 2 
     
1   For r = 1 To N 
        ut(r) = udt(r) 
    Next r 
    C(1) = C(1) + 1 
    
2   DIFF = 0 
    For r = 2 To N - 1 
        udt(r) = (C(r) + udt(r - 1) + ut(r + 1)) / D 
        DIFF = DIFF + ut(r) - udt(r) 
    Next r 
    udt(N) = (C(N) + 2 * ut(N - 1)) / D 
    DIFF = DIFF + ut(N) - udt(N) 
 
    If C(1) > 100 Then GoTo 4 
    If DIFF > CK Then GoTo 1 
     
3   For r = 2 To N 
        U = U + dz * (udt(r - 1) + udt(r)) / 2 
    Next r 
    U = 1 - U / U0 
    GoTo 5 
     
4   U = 999 
 
5   For r = 1 To N 
        ActiveCell.Offset(4 + r, 0).Value = udt(r) 
    Next r 
    ActiveCell.Offset(3, 0).Value = U 
 
End Sub 

Figure 5. VBA code for the GS_1 subroutine used in the Crank-Nicolson example. 
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5. CONCLUSION 

The explicit method is easy to program in a spreadsheet; however, the maximum Δt that can be used is 
limited by stability; α must be less than ½.  Often this results in a relatively small Δt, when compared to the 
time required for a high percentage of consolidation, U (the dissipation of excess pore pressure).  This 
results in having to compute ui values at numerous time steps (and numerous columns of data).  The implicit 
routine can be used with large Δt’s and still achieve good accuracy.  Thus, the effort required to determine 
a high percentage of consolidation requires far fewer time steps (columns).  In the explicit analysis example, 
the nine-time steps shown resulted in approximately 29% consolidation at t = 5.625 days.  For the same t, 
the implicit method of analysis results in U’s of 24.456%, 22.692%, 22.640% and 22.601% and 22.561% 
for analyses using one, two, three, four, and nine-time steps, respectively; a uniform, but different, Δt was 
used in each analysis.  The iterative computations required to solve the implicit method for numerous time 
steps in a spreadsheet would be difficult and time consuming to program in individual spreadsheet cells.  
However, by employing a VBA program, where do loops are available, the computations are easily 
accomplished through a single cell.  A second-year engineering student should be able to create a similar 
code.  Solving the consolidation problem presented here is interesting, but not the only goal of the paper.  
Encouraging students, practicing engineers and scientists to be creative, more productive and versatile by 
exploiting VBA development tools, that are probably already on their computer, is also a goal.  Using VBA, 
anything that can be programed can be worked in a spreadsheet.  Calculations requiring a do loop are 
particularly troublesome in spreadsheet cells, but no trouble at all when that part of the calculation is carried 
out using a VBA subroutine!   
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