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Abstract: The Lorenz system is well-known for producing chaotic solutions for a particular range of 
technical systems and process characteristics. To examine the instability, fluctuation parameters in the form 
of exponential functions are introduced to the base solutions of the ODEs, and numerical and computational 
methodologies are used to determine the range of values that cause instability under different conditions. 
This paper will focus on the Lorenz system's instability of Ordinary Differential Equations (ODE) that 
regulates the thermal-hydrodynamic behavior of a two-dimensional fluid layer which is equally warmed 
(distributed) from bottom to top. 

The boundary layer of instability is also examined and compared with numerical and computational 
methods, and the accuracy of the solutions is thoroughly investigated. The study will give considerable 
insight into the requirements for stability of numerous technical systems such as DNA analysis, chemical 
reactors, thermosyphons, Malkus waterwheel, electric circuits, DC motors, pipelines, and power generation 
using micro as well as nanoscale techniques. 

1. GENERAL BACKGROUND 

The Lorenz system is a collection of ordinary differential equations (ODE) initially investigated by 
American mathematician and meteorologist Edward Lorenz and further developed by Ellen Fetter in 
advanced fluid mechanics. The system was first constructed using an estimation centered on the 
Oberbeck-Boussinesq approach, which is concerned with the connection between the Navier-Stokes 
equation and thermal convection1,2. The solution to the Lorenz set of equations is known to be chaotic3. 
The butterfly effect is said to originate from the actual implications of the Lorenz system. This implies 
that without knowing the exact initial conditions (even the smallest air disturbance caused by a butterfly's 
wings flap), the chances of predicting the future course of the system are minimal4, as illustrated in Fig. 
1. This suggests that physical systems could be utterly deterministic while being essentially unpredictable, 
even though quantum effects are not present. 

 
Figure 1. Illustrations of the Lorenz system of ODEs' implications for the butterfly effect4. 
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The Lorenz System employs a novel method of calculating DNA called DNA Strand Displacement 
(DSD). This strategy has gained widespread acceptance and is being refined6. It's employed in medical 
detection, computing, artificial intelligence, and biosensors. This method is quite favorable since it is 
isothermal enzyme-free, autonomous, the molecules assemble themselves, and operates on the Watson-
Crick base pairing principle5,6. Since it has a shorter prediction time6, the hyper-chaotic system may be 
useful in secure communication, lasers, and encryption. The fluorophore's luminous intensity, rather than 
the DSD, is used to determine DNA concentration. According to Zou6, digital circuits employ 1 and 0; 
DSD's output is 1 when the luminous intensity exceeds the threshold value and 0 when the power is less 
than the threshold value. The DNA strand's continuous concentration6 represents the values in the analog 
circuit. The DNA strand's concentration is used to express DSD analog signals, which can be positive or 
negative6. The response rate of DSD may be changed generally by base number and sequence, as well 
as by remote toehold, although slightly. As a result of leakages and random reactions6, the response cannot 
be controlled. 

 Cancer cell growth is regulated by MicroRNA (miRNA) molecules. Therefore, the detection of 
miRNA molecules at an early stage plays a significant in the diagnosis, treatment, and prevention of 
recurrence of certain illnesses. Northern blot analysis and microarray technology are detection methods 
used; however, they take a lot of time, need large samples, and are costly, generally limiting their 
application. Electrochemical biosensors, which are very affordable, aid in the detection of miRNA in 
blood and serum. They have a fast response time and are very sensitive, making them more effective than 
other approaches for the early detection of malignant cells7. Even when the target molecules are in small 
concentrations, the SDR amplifies the signals and has remarkable target selectivity. 

The biosensors contain multilayer two-dimensional (2D) materials, including transitional metal 
carbide and graphene oxide. These materials have improved the sensing field with their intrinsic benefits7. 
Molybdenum carbide, a transition metal carbide nanomaterial, is utilized as a catalyst and a 
semiconductor7 due to its affordability, high resistance to mechanical forces, and excellent electrical 
conductivity. However, the high-temperature sintering process significantly impacts the large-scale 
manufacturing process, resulting in the absence of functional groups in the finished product. As a result, 
their use has been severely constrained. N-Carboxymethyl chitosan (NCS), which has outstanding 
features such as a high amine group and biocompatibility, is utilized as supporting material in conjunction 
with molybdenum carbide to increase the biosensor's responsiveness and stability. The pair has a large 
number of functional groups that might mobilize DNA molecules as well as other biomolecules to 
improve stability and dispersion in an aqueous form. This was initially utilized in the miRNA detection by 
biosensors, and it exhibited remarkable selectivity, excellent recovery rates, and a low detection limit 7. 

2. GOVERNING EQUATIONS AND BASE SOLUTIONS 

As illustrated in Eq. (1) below, the Lorenz system comprises three ordinary differential equations, 
generally known as the Lorenz equations5. 

             (1) 

Where P, r, and b are parametric constants associated with the Prandtl number, Rayleigh number, and 
layer properties, respectively. Additionally, X, Y, and Z are directly proportional to the rate of 
convection, horizontal temperature change, and vertical temperature fluctuation, respectively. Thus, 
the Lorenz system's solution may be obtained in the stable condition by equating the left-hand side of Eq. 

dX PX PY
dt
dY Y rX XZ
dt
dZ bZ XY
dt

= - +

= - + -

= - +
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(1) to zero. These are referred to as "base solutions," and they are described in Eq. (2) below, with the 
assumption r > 1. 

         (2) 

3. METHODOLOGY FOR INSTABILITY ANALYSIS 

3.1. Perturbation Terms 

For the Lorenz equation's instability analysis, perturbation terms are included in the base solutions, 
i.e., Eq (2), and the resulting equations are then substituted into Eq. (1). This will offer the essential 
equations guiding the instability caused by the perturbations. With the assumption of linear 
stability, higher-order elements are eliminated from the final equations. Eq. (3) illustrates the answers by 
including the perturbation terms. 

                       (3) 

Substitution of Eq. (3) into Eq. (1) yields Eq (4). 

             (4) 

To find the solution of Eq. (4), we equate the determinant of Eq (4). This is illustrated in Eq (5) below; 

                 (5) 
When the determinant is solved, it yields a 3rd order algebraic equation. 

            (6) 

3.2. Analytical vs. Computational Approaches 

Since the coefficients of Eq. (6) are positive, assuming r > 1 and P > 0, there are two possible solutions; 

i. The system is stable because the equation has three real negative roots,  
ii. The system exhibit instability since there are one real negative and two complex 

roots in the equation. If the real components of the complex solution are positive, 
the perturbations will rise exponentially with time, resulting in instability. 

Through analytical technique, the real components of the complicated solution would be positive if 
the following condition is met: 
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                   (7) 

Noting that Eq. (7) is an inequality, its instability would never exist if P=2. Generally, the instability 
would emerge for the non-stationary base solutions, i.e., Eq. (2) (b)-(c), if the requirements indicated in 
Eq. (8) are met. 

                (8) 

The study used contour analysis of Eq. (7) with r and P as independent variables to study the instability 
of the Lorenz system analytically. Some trials and errors may be used to determine the suitable ranges of 
r and P, as well as the mesh generation method. In the following stage, the average of the two complex 
roots of Eq. (6) (Z1)'s contours are plotted using the same mesh formed in the analytical technique, the 
values of r and P would be fed into Eq. (6) as input, and the SOLVE built-in function in MATLAB. Z1 
may be a real number with no imaginary element because the complex roots are conjugate. Finally, the 
contours of Z1 were drawn as a function of r and P. 

4. RESULTS AND DISCUSSION 

The findings of the computation and analytical approaches to instability analysis are shown in Fig. 2. 
It depicts the contours of A = r(P-2) - P(P+4), that is, the analytical solution, as a function of r and P. The 
contours of Z1, i.e., the average of the complex roots of Eq. (6), as a function of r and P, are shown in Fig. 
3. The contour plot's limit of instability, i.e., LEVEL = 0, is the most notable conclusion of these figures. 
We have also identified four specific points on LEVEL = 0 contours. The X-axis value represents r, and 
the Y-axis value represents P at these places. The accuracy of the solution was further validated since the 
values of representative points in both analytical and computational methods were similar. It should also 
be noted that the right-hand side section of the LEVEL = 0 contours in both pictures represents conditions 
that contribute to instability, while the left-hand side region is related to stable situations. It should be 
observed that the contours related to LEVEL 0 do not appear for r and P that are identical. The explanation 
for this is because A and Z are fundamentally different. The most important factor is the exact and identical 
forecast of the limit of instability. A detailed examination of the contours or some simple mathematical 
computations reveals that the Lorenz system is always stable for P<2 and r<15. This method may be used 
for DNA analysis as well as other biological and nanoscale material research. 
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Figure 2. A = r(P-2) - P(P+4) (Eq. 7) 's analytical contours as a function of r and P. The instability border, i.e., Level 

= 0, has also been shown, along with several points representing the corresponding r and P at the instability 
boundary. 

 

Figure 3. the Z1's computational contours, which is the average of the real components of the imaginary roots as a 
function of r and P. The instability border, i.e., Level = 0, has also been shown, along with several points 

representing the corresponding r and P at the instability border. 

5. CONCLUSION 

This study explored the circumstances that contribute to the Lorenz system of ODEs' instability. 
Perturbation terms were added to the base solutions of the Lorenz set of ODEs for this purpose and solved 
the ODEs to discover the 3rd order algebraic equation. The equation was then solved analytically and 
computationally to determine the instability boundary. It was found that instability happens when the 
perturbation terms rise exponentially with time. The comparison of the contours of both computational 
and analytical solutions and a few representative points values disclosed the circumstances that lead to 
instability, hence validating the system's solution. The findings further revealed that the Lorenz system is 
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always stable for P<2 and r<15. By identifying the circumstances prone to instability, this study gives 
insight into the design and optimization of the micro and nanoscale engineering systems. 
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