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Abstract

This study identifies a stormwater runoff path that has the least energy value, which is proposed 
to be defined from the principle of the potential energy function. The runoff path is one of the most 
important issues for underdeveloped and new cities. Due to the dangerous impact associated with 
global warming increasing the number of rain flood incidents around the globe, this study proposes a 
model to predict the stormwater runoff path based on the least energy principle. Previously, 
researchers have used many techniques and models in designing the stormwater runoff path, yet 
many of those existing techniques and models are not sufficient with the enormous environmental 
warming changes. This study investigates the optimal stormwater runoff path by using the principle 
of potential energy function for a grid mapping in a city. The grid has three coordinates (longitude, 
latitude, and elevation) that simulate the city’s natural terrain. The proposed model uses the three 
coordinates in the potential energy function to calculate the energy value of the stormwater runoff 
path. It is based on the gravitational potential energy of each elevation of a city terrain grid. 
Moreover, the study used an optimization method (Dijkstra's algorithm) to find the path that has the 
least energy value among the infinite number of paths between two points of different altitudes and 
longitude. The least energy path, the path between the two distinct starting and ending points, was 
gained as a result of this study. The path can be generated for predicting or designing the 
stormwater runoff path for any city. The results and performance of the proposed design have been 
tested and reported.

1. Introduction

Various simulation models are proposed and used to design the stormwater runoff path (Roy, 
2009; Carter, 2007). A number of multiple stormwater management strategies have been proposed 
in recent years, such as Low Impact Development (LID) and best management practices (BMP) in the 
United States (USEPA, 2000; Liu et al., 2017; Liu, Yaoze, et al., 2018), water-sensitive urban design 
(WSUD) in Australia (Heathcote et al. 2007), and sustainable drainage systems (SuDS) in the UK 
(Scholz and Grabowiecki, 2007). LID is widely used in developing stormwater management for urban 
regions yet not for city or regional levels (Dietz, 2007; Ahiablame et al., 2012). However, the United 
States Environmental Protection Agency (USEPA, 2000) developed a stormwater management model 
(SWMM) in 1971, involving rainfall-runoff simulation of hydrology, hydraulics, and water quality at a 
small scale (Dietrich, 2015; Rosa et al., 2015; Li, Chunhui, et al., 2019). One review article was 
focusing on the Stormwater Management Model and studied many peer-reviewed articles for 
calibrating and validating the performance of the model (Niazi, Mehran, et al., 2017). As a 
conclusion, the article found that SWMM can be widely used as a flexible simulation tool to solve 
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many problems related to stormwater. Later, researchers utilized GIS-based grids to apply SWMM at 
larger scales (Barco et al., 2008). For better planning, a new methodology which uses the corporation 
between the calculation of hydraulic and hydrological was applied to design stormwater path in the 
urban areas (Allende-Prieto, Cristina, et al., 2018). 

This research investigates the optimal stormwater runoff path for underdeveloped and newly 
designed cities based on the least energy path principle. It is rather challenging to find and model the 
optimum path for the rainfall runoff path for large-scale cities. However, the goal is to attain the city 
grid coordinates with the elevation of each point on a city terrain map. The assumption of the least 
energy path was basically derived from three coordinates (longitude "x", latitude "y", and elevation 
"z"). The longitude and latitude coordinates represent the grid of the city terrain map, where the 
elevation coordinate represents the height of the grid which is essential in calculating the 
gravitational potential energy. The method of the least energy path depends on the principle of 
stationary potential energy (Zwawi et al., 2017). It is used to identify the optimum path that has the 
minimal energy among all other different paths from a starting point to an ending point (Zwawi, 
2015). This method is derived from the method of global minimum potential energy and local 
minima potential energy which leads to the lowest energy among the paths (Lewars, 2010; Quapp, 
1984; Scharfenberg, 1980). Also, the potential energy surface with the path is used to find the 
reaction of molecules (Schlegel, 1995; Nichols et al., 1990; Basilevsky et al.,1981).

The starting point was defined as the location on the map where the stormwater started, and the 
ending point is the targeted location on the map where the stormwater is accumulated. The 
assumption of the least energy path has recently been successfully applied to many applications. 
Zwawi (2017) utilized the least energy path principle with a computational biomechanical model to 
investigate all hip dislocation potential paths in order to find the path with the minimum resistance 
(or energy). They used an optimization routine to determine the optimum path. This path is defined 
and selected by using Dijkstra’s algorithm (Dijkstra, 1959; Mitchell et al., 1987; Aleksandrov et al., 
2013). Their results are in accordance with clinical observations from previous models of a pathway 
with the least energy requirement.

This research helps city designers to predict a city stormwater runoff path by utilizing a validated 
computational mechanical model for the path of least energy that is required from the starting point 
to the ending point of the stormwater. Moreover, the results of this study can be used to validate 
the existing stormwater path and modify it to match the least energy path which is identified by this 
study, and apply a modification based on the results.  

2. Methodology

2.1. Model

In this research, an assumed city with a sloped terrain map was used with three concerned 
variables (latitude "x", longitude "y", and elevation "z"). These variables were embedded into a 
numerical code to calculate the Gravitational Potential Energy (GPE) values at each point on the grid 
map. The points on the grid were defined on the map by using (x, y) and named with numbers. Then, 
the GPE values were calculated by using the geological elevation "z" for each point. An energy 
surface map for the proposed city was generated by using the latitude, longitude, and GPE values for 
the points on the city map grid, as demonstrated in Figure 1.

Finally, Dijkstra's algorithm was used to find the optimum path that has the least energy amount 
based on the stationary potential energy method. Moreover, in case the different paths have the 
same energy values, the algorithm will find the path that has the shortest distance which is selected 
for the optimal runoff path. This path was defined as the optimal stormwater runoff path with the 
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least energy compared to all other paths. 

2.2. Model Constraints

For this model, the constraints can be defined by the model which are the starting and the ending 
points of the path. The design of the model requires two points to find a path. The first point was 
assumed to be the stormwater starting point on the map and the second point is where the journey 
of the stormwater ends. A simple example of a county with sloped terrain can be seen in Los Angeles 
County, USA where the highest point of Mount San Antonio (3,068 m elevation) is to the East and 
the Pacific Ocean (sea level elevation) is to the west. Therefore, this sloped terrain has a stormwater 
starting point at the Mount San Antonio and the end point is at the city coast.

2.3. City Grid Terrain Map 

First, a list of x and y point coordinates of 100 x 100 were assumed to be the latitude and 
longitude of a city. Then, postulated elevations (of meter unit altitude) were added for each (x,y) grid 
to set a sloped terrain map, as in Figure 1. After that, these data points were embedded to the code 
to calculate the GPE for each point. Finally, the values of the GPE were transferred to Dijkstra's 
algorithm to find the least energy path.

0
100

Figure 1. City grid terrain map showing slopped terrain and altitude in meters

2.4. Energy Method

The idea of predicting the runoff path by using the least energy concept was considered in this 
study based on previous studies on stormwater runoff and analyses of least energy paths. The least 
energy concept was based on the study of the city terrain grid map. The city map has two 
coordinates (latitude and longitude), yet the elevation is required as the third altitude coordinate for 
the model to calculate the gravitational potential energy. 

As discussed previously, the optimum stormwater runoff path was suggested to be predicted by 
using the method of GPE. The gravitational potential energy "Ω" was numerically calculated by using 
the elevation "z" in meters of each point on the grid of the city terrain. The reference for the grid 
height is the sea level. Another variable considered in computing the GPE is the mass, which is 
calculated by using a density of 1,000 Kg/m3 and a volume of 1 m3. Therefore, a computer code was 
modified to calculate the GPE, changing the grid location of the map and the corresponding 
elevation for the city grid. 

Ω = 𝑚.𝑔.𝑧
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𝑚 = 1 𝐾𝑔

𝑔 = 9.81𝑚
𝑠2

Where the GPE "Ω" is a function of stormwater mass "m", gravitational acceleration "g", and the 
elevation of the city map grid "z".

2.5. Dijkstra’s Algorithm and Least Energy Path

There are an infinite number of paths between any two points in a map grid (Zwawi, 2016), as 
shown in Figure 2. However, only one path has the least energy to displace from one point to 
another among all other paths. This point is verified by the principle of stationary potential energy
 ∂Ω
∂𝑧𝑖

= 0
. 

Figure 2. Energy path between two locations is infinite

In the beginning, two points on the city map were selected (xi ,yi) and (xj ,yj). The "i" notation 
represents the starting point of the stormwater. However, the "j" notation is the ending point of the 
stormwater. These two points were defined in Dijkstra's algorithm as the starting and ending points 
of the code. An Excel spreadsheet with all grids with the calculated GPE was also uploaded to the 
algorithm. The algorithm starts predicting the path by the starting point and finding the adjacent 
point on the terrain grids to the second point, then calculates the GPE difference between the 
starting point and all adjacent points. This process was repeated for all points. After finding the 
difference between all points (starting from the initial points and ending at the endpoint), the 
routine compares all paths from the desired starting and ending points and prints out the path that 
has the least energy amount.

Another variable was added to Dijkstra's algorithm to attain the shortest path. This variable was 
assumed to be the length between the grids by using the latitude and longitude values (Aleksandrov 
et al., 2013; Kimmel & Kiryati, 1996). This variable is added to predict the shortest path in case there 
were two paths with the same least energy values with different paths. Finally, the program will 
select the path that has the shortest length and the least energy value.

3. Results and Discussion 

After using Dijkstra's algorithm to find the least energy path and the shortest distance, the 
findings can simulate the stormwater runoff path with the least energy. The suggested approach 
combines the path with the least energy and with the shortest distance. This path can be used for 
designing the city stormwater runoff path. 
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In the coding program, the starting point is selected to be node# 5 at the top of the city map and 
the targeted node is # 98 at the city coast. Dijkstra's algorithm calculated the energy as described 
earlier between the different nodes and found the path that has the least energy values. The result 
of the program is shown in Figure 3. It demonstrates that between nodes 5 and 98, the required 
energy to displace is 124.5 J, corresponding to the minimum energy among all other paths.

Figure 3. Path#1: Least energy path between nodes 5 and 98

In order to validate this approach, the path was forced to select another node along the path, and 
the energy value was calculated to be 126.8 J, which is greater than the value found by the coding 
program, as in Figure 4.

Figure 4. Path#2: Path between nodes 5 and 98 with changing one node

Another attempt was conducted for this study — the starting point is node# 5 and the ending 
point is node# 94, and the energy required for this path is higher than the first path shown in Figure 
3. The required energy for this path is 145.3 J, as illustrated in Figure 5.
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Figure 5. Path#3: Shortest path between nod es 5 and 94

The last attempt path study starts at node#5 and ends at node #99. This path requires energy of 
162.4 J, which is higher than the first path, as in Figure 6.

Figure 6. Path#3: Path between nodes 5 and 99

From the previous results, it can be shown that for predicting the optimum stormwater runoff 
path, Dijkstra's algorithm can be used to design and predict the city runoff path. The path is defined 
by selecting the starting point and the targeted point on the city terrain grid map. Infinite paths 
between any two nodes can be found, yet one path is selected with the lowest energy value when 
compared to other paths. Figure 1 shows how the program selects the desired path with all 
perspectives and variables as specified previously. 

4. Conclusion 

The optimized method used in this research identifies the least energy path for the stormwater 
runoff path successfully by applying Dijkstra's algorithm. The coded program is set based on the 
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principle of gravitational potential energy. Several models are used in the literature review to 
identify the stormwater runoff path. The results of this research show reasonable and simple 
predicted paths. The method is built by using a city grid map with three variables — latitude "x", 
longitude "y", and elevation "z". On the other hand, some other variables can affect the selection 
and design of the path such as roads and buildings. In this research, the above variables were 
ellimanated because we focused on cities that is not yet built. But for established cities, the terrain 
map can be designed by disregarding the areas that have buildings or occupied by civil construction 
in order to run the algorithm in the remaining areas. Then, the gravitational potential energy is 
calculated by assuming the mass of 1 kg of water and the elevation z of each point. The values of x, y, 
and z are impeded in Dijkstra's algorithm. The algorithm calculates the energy differences between 
all path nodes and builds a tree of an infinite number of paths. Finally, the algorithm selects the path 
that has the least energy value and the shortest distance. 

This optimized method is considered to be used as an offline design tool that gives a promising 
decision in designing the stormwater runoff path of a new city. Moreover, the proposed method can 
be used in designing any path that requires the least energy path.  
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