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Abstract

In many manufacturing processes, multiple identical parts are made in parallel during a single 
run. Different inspectors may inspect similar parts, and several assembly lines may produce similar 
products. These scenarios involve multiple stream processes, where a different set of control charts 
is traditionally required to monitor the performance of each stream over time. As the number of 
streams increases, applications become unrealistic. Group control charts offer a more viable 
alternative. This paper presents a review of group charting techniques and highlights recent 
developments. The paper presents a case study to demonstrate the steps to be followed in 
selecting among alternative charting techniques. It is hoped that this work guides future 
applications and encourages quality professionals to select charts better suited to their needs.  

1. Introduction

A multiple stream process (MSP) is a process that produces several streams of the output in 
parallel. Examples of these processes include machines with multiple spindles, injection molds with 
multiple cavities, turret presses with multiple dies, and filling machines with multiple heads. In 
some scenarios, multiple identical machines are used on the same production line to help meet 
flow demand. Similarly, more than one operator or inspector may be needed to speed up assembly 
or inspection operations. Indeed, the economic gains associated with the increased throughput and 
productivity of such scenarios is a decisive factor. However, from a statistical point of view, 
differences between streams and within each stream are inevitable. These differences contribute 
to the total variability in the output units and determine product quality. Automatic process 
control, if found economically and technically feasible, represents an excellent approach for 
keeping the overall variability within acceptable limits. Otherwise, managers are left with two 
options: to apply no control and hope for the best, or to try to inspect quality into products using 
100% inspection.

Considering these same options, Shewhart (1931) proposed the use of control charts for the 
economic control of quality during production. In his pioneering work, laying the groundwork for 
statistical process control (SPC) techniques, he was focused on scenarios involving mass production 
of discreet parts. His simple charting techniques demonstrated an outstanding ability to monitor 
process performance based on periodic samples of the output. With sample values plotted against 
statistical limits, operators were able to manage variability during production.

With changes in the market and business models, specialized mass production systems are no 
longer the dominant environment. Batch production and job shop systems are gaining popularity 
due to their ability to respond to changes in markets and customer demands. Such a trend is more 
likely to continue with the ever-increasing need for customized products. Nevertheless, parallel 
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processing of identical units in small batches presents a challenge for traditional SPC.  Group 
control charts (GCCs) appear to offer a viable alternative for controlling process variability. The 
following section presents a review of the literature on GCCs. The review is aimed at comparing the 
various charting techniques and identifying guidelines for their applications. This is followed by a 
case study detailing the steps for application in a local manufacturing company. Concluding 
remarks with directions for future research are presented in the last section. 

2. Literature Review

Group control charts present statistical monitoring techniques for MSPs as described by Boyd 
(1950), Burr (1976), Nelson (1986), and Mortell & Runger (1995). Sealy (1943) pointed out that the 
chief motivation for using GCCs was to avoid the high number of charts that would be required when 
each stream was controlled with a separate pair of charts. He proposed constructing control limits 
based on the product specification limits. The basic idea was to build only one pair of charts with 
information from all the streams.

Boyd (1950) considered the case of a vertical boring machine that used multiple spindles to 
manufacture engine blocks. He noted that the performance of the spindles was "largely independent 
of each other with respect to their effect on cylinder bore diameter.” Therefore, the diameters 
represented the outcomes of a number of independent sub-processes (i.e., spindles). He suggested 
that the control limits used for the ordinary X-bar and R charts were appropriate control limits for his 
group X-bar and R charts. He presented a sample application of the group X-bar and R charts for 
monitoring the process. 

Several researchers expressed concern over the statistical performance of GCCs. Some 
recommended an adjustment to the control limits so that the false-alarm probability does not 
exceed the acceptable level. Nelson (1986) proposed run test for GCCs to increase their ability to 
detect a shift in a single stream. He recommended that the test be utilized in addition to rule 1 of 
one point beyond the + 3 sigma limits. He suggested that the process should be investigated 
whenever a sequence of p points on the chart are associated with one stream. He provided values of 
p for the different number of streams and false alarm rates.

Mortell and Runger (1995) pointed out that Nelson’s run tests are likely to increase the overall 
false alarm rate. They argued that the tradeoff between the probability of false alarms and chart 
sensitivity does not correspond to the number of streams. Therefore, either the false-alarm rate will 
be too high or the sensitivity to detect a shift will be too low. Mortell and Runger (1995) proposed 
monitoring the MSP using two charts: one for monitoring the average across all streams, and 
another to monitor the range of the steam's means. They compared the performance of these charts 
with Nelson’s runs test using simulated data and reported that the proposed charts are better than 
the GCC, especially when the variation in the process mean is greater than that between streams. 
Whereas, Wise and Fair (1998) proposed using the GCC with Nelson's run tests without control 
limits.

Colbeck (1999) questioned the appropriateness of using 3-sigma limits on a GCC. He proposed 
two methods for calculating these limits. The first method is based on the distribution of the 
maximum and minimum values in a sample selected from the process. The second method uses 
correction factors to widen the control limits. Grimshaw et al. (1999) proposed an adjustment 
procedure and provided a table of constants to help calculate the control limits. He pointed out that 
when monitoring a multiple stream process, it is helpful to make a distinction between assignable 
causes that trigger changes across all the streams and changes that affect one stream only.

Epprecht, Barbosa, and Simoes (2011) proposed modified GCCs for residuals as an alternative 
scheme for monitoring MSP. This scheme makes a distinction between assignable causes affecting all 
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the streams and those affecting a single stream. If differences between the averages are significant, 
residuals are obtained based on the average of each stream. Otherwise, a grand average is 
calculated and used to obtain the residuals from all streams. Operation of the residual chart is similar 
to that of Boyd’s (1950). The difference is in the way the control limits are calculated. The control 
limit coefficient depends on the number of streams in the process. According to Epprecht et al., 
(2011), residual GCCs are faster and more efficient at detecting shifts in the mean of one stream. The 
gain in its performance, compared with other methods, increases with a surge in the number of 
streams in the process. Epprecht (2015) provided a comprehensive survey of the research motivated 
by Boyd’s original work through 2013.

Despite the increased interest in the performance characteristics of the aforementioned 
charts, limited research addressed selection and implementation issues. To the best of our 
knowledge, Jirasettapong and Rojanarowan (2011) appear to have authored the only publication 
addressing this topic. They provided a taxonomy, in the form of a tree diagram, to classify the MSPs 
according to the number of streams, the degree of correlation among streams, the feasibility of 
using one chart per stream, and the ability to center each on target. These factors are 
addressed in the case study following the procedures outlined in Figure 1.

3. Case Study

This case study involves the application of SPC at a local manufacturing company located in 
Wichita, Kansas. At the request of the production manager, the company is referred to as AE. The 
company offers full-service from production parts to mechanical assemblies for the aerospace 
industry. AE was established in 2004, and is currently AS9100 (Rev C) certified. The company makes 
every effort to pursue the highest quality levels and exceed expectations.

One of the repeated orders requires processing the part shown in Figure 2. Key characteristics of 
the part include the diameter of hole number 9 as shown in Figure 2. Parts are machined from a 
special aluminum alloy in small batches of 200 parts each. Orders are repeated eight times a year. 
Parts are manufactured using a horizontal 4-Axis machining center (Makino a51nx). The process 
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utilizes a special fixture to allow for machining five parts per setup. As parts are manufactured in 
different positions on the fixture, the process is classified as a MSP. Upon completion of each run, 
diameters are measured using a three-point bore gage (Mitutoyo Digital Holtest Bore Micrometer 
468-234). AE would like to implement SPC to monitor production during each run to ensure 
acceptable quality. However, the option of setting up ten different charts for this key characteristic is 
not feasible. Management feels that the time spent entering the measurements on such a large 
number of charts would decrease productivity and also discourage operators from using the charts.

Figure 2. Part drawing with specifications

In this case study, we present the procedures followed in setting up a GCC for monitoring the 
diameter of hole number 9. The production manager will follow the same procedure in setting up 
charts for monitoring other key characteristics on this part. The study started with an evaluation of 
the gage capability as described by Wheeler (2008). The results classified the gage as a third-class 
monitor (30%-55% of total variability). It was recommended that AE consider alternative gages to 
allow for future improvements.

Upon the release of a production order, samples of three runs were obtained each day for six 
days. The inspector was instructed to record both the diameter measurement and the part position 
on the fixture by utilizing the tray shown in Figure 3. The measurements of the sample is shown in 
Table 1.
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Figure 3. Special tray used to record the measurement and position on fixture
The first step was examining the cross-correlation between positions. If the level of 

correlation among the different positions is very high, a single chart for one stream could be 
used to represent the status of all the others (Montgomery, 2013). In this case, the Pearson 
product moment correlations for each pair of positions was calculated. Values of the coefficient 
(r) ranging from -1 to +1 for each pair of positions were obtained as shown in Table 2. It is 
concluded that only two positions (POS 3 and POS 4) appear to have a moderate level of 
association. This indicated that one position could not represent all the other positions. As such, 
the option of charting measurements from only one position as representative of the others was 
excluded. As noted in Section 2, Boyd's GCCs will work if the values of the quality variables in the 
different positions are independent and identically distributed.

Differences between position averages were analyzed using a one-way Analysis of Variance 
(ANOVA). The results shown in Table 3 indicated no significant differences with a p-value of 0.12. 
This suggested that a grand average of 0.5002” could be used in calculating the residuals of all 
(18X5) 90 measurements. The maximum and the minimum values from each sample were used 
to calculate the ranges. This resulted in an average range of 0.00035” with an upper control limit 
(based on 5 streams) of 0.000901”. Positions associated with the highest range from each 
sample were also noted and indicated on the chart. As shown in Figure 4, all ranges appear 
within limits with none of the positions providing the highest range five times in succession 
(Nelson 1986).

Table 1. Sample of process data
Sample POS Observation X-bar R

POS 1 0.5001 0.5000 0.4995 0.49987 0.00060
POS 2 0.5001 0.5001 0.5001 0.50010 0.00000
POS 3 0.5001 0.5002 0.4998 0.50003 0.00040
POS 4 0.4999 0.5002 0.5000 0.50003 0.00030

1

POS 5 0.5001 0.5002 0.5002 0.50017 0.00010
POS 1 0.5001 0.4993 0.5002 0.49993 0.00090
POS 2 0.5000 0.4997 0.4999 0.49987 0.00030
POS 3 0.4997 0.5002 0.5002 0.50003 0.00050
POS 4 0.4996 0.5002 0.5002 0.50000 0.00060

2

POS 5 0.4998 0.4999 0.5002 0.49997 0.00040
POS 1 0.4999 0.4998 0.5001 0.49993 0.00030

3
POS 2 0.4999 0.5000 0.5001 0.50000 0.00020

45



The Journal of Management and Engineering Integration Vol. 12, No. 2 | Winter 2019

POS 3 0.4998 0.5003 0.4997 0.49993 0.00060
POS 4 0.5001 0.5002 0.4996 0.49997 0.00060
POS 5 0.5000 0.5002 0.5000 0.50007 0.00020

. . . . . . .

. . . . . . .

Table 2. Cross correlation between positions

Variable POS 1 POS 2 POS 3 POS 4 POS 5
POS 1 1.00000 0.24633 0.06026 -0.19583 0.09971
POS 2 0.24633 1.00000 -0.04040 0.02786 0.26373
POS 3 0.06026 -0.04040 1.00000 0.52913 0.33377
POS 4 -0.19583 0.02786 0.52913 1.00000 0.25629
POS 5 0.09971 0.26373 0.33377 0.25629 1.00000

Table 3. ANOVA for differences between position averages

Source Sum of Squares Df Mean Square F-Ratio P-Value
Between positions 2.87E-07 4 7.18E-08 1.86 0.1254
Within positions 3.28444E-06 85 3.86E-08   
Total 3.57156E-06 89    

Consequently, the maximum and minimum values of the residuals from each sample were 
analyzed using the residuals group chart. According to Epprecht et al., (2011) the operation of 
the chart is identical to that of Boyd’s GCC for the averages. The difference is in selecting the 
value of the control limit coefficient (K). A value of K = 3.129 was used to keep the overall false-
alarm rate within 370 points on average. This is the rate typically reported for the traditional 
Shewhart type charts with three sigma limits. Based on an average range of 0.00035, trial limits 
were established at ± 0.000421. Both the maximum and minimum values of the average residual 
for each sample were plotted on the chart in Figure 5 with their associated positions.

Figure 4. R Chart – Residual’s Group Control Chart
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Figure 5. X-Bar Chart – Residual’s Group Control Chart
 
All averages are within the limits with none of the positions giving the highest or lowest value five 

times in succession as shown in Figure 5. The limits on both charts in Figures 4 and 5 could be 
extended to monitor future production with some training for operators on the use of residual GCCs. 
Process standard deviation indicate the need for managerial action to reduce variability. One of the 
options currently considered is the acquisition of new measurement equipment with significantly 
lower contribution to the total process variability.

4. Conclusions

This paper presented a review of the statistical procedures that have been developed and 
implemented for monitoring multiple stream processes. Given the current state of technology, many 
companies are utilizing methods, which allow for simultaneous processing of multiple units. The 
nature of such processes challenges the basic assumptions of the traditional SPC techniques. GCCs 
are gaining popularity in the job shop environment, food and pharmaceutical industries, data 
processing centers as well as multiple assembly and/or inspection lines. This review of statistical 
procedures identified less than adequate number of guidelines allowing for effective implementation 
of GCC as a viable alternative for traditional SPC. It is worth noting that most SPC training programs 
exclude GCCs. It is evident that few practitioners received appropriate training on the design and use 
of these charts. Even comprehensive Six-sigma training programs do not include the topic. Given the 
current state of the manufacturing technology and future trends, this could present a serious 
challenge to the effective implementation of SPC techniques. A good place to start would be to 
include GCCs as part of any statistical quality control course offered to students at the junior or 
senior level.

The case study in this paper offers an application based on real-life data. It introduces GCCs as a 
viable alternative for traditional SPC with significant reduction in the number of charts used. As 
judged by AE production manager, residual group control charts are relatively easy to implement and 
resulted in a renewed commitment to improvement. In addition, there is absence of software 
functions that can support the construction of various GCCs. These authors were required to develop 
special programs in Microsoft Excel to support their application. Readers interested in additional 
information may contact the authors for copies of these programs. It is hoped that this work will 
encourage quality professionals to implement charts better suited to their needs following similar 
procedures. With the ever-increasing demand for small lot sizes, limits on the average run length 
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need to be more realistic. There is a need for continuing research on the design and operation of 
GCCs and action rules to increase their ability to detect out-of-control performance. These authors 
are currently studying appropriate designs of GCCs in a job shop environment.
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