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Abstract

A comparison of achieving learning outcomes for kinematic analysis is given between two 
semesters of an Industrial Mechanisms course.  The variable introduced is an active learning based 
teaching method in the form of a student constructed four-bar mechanism that is used in all 
kinematic analysis related discussions and assignments.  The measure of comparison is instructor 
observations, student coursework assessments, and student feedback.  The use of active learning 
teaching methods is shown to have a statistically significant positive impact on learning 
performance.

1. Introduction

Mechanical and Industrial Engineering Technology majoring students at the University of Dayton 
have as part of their undergraduate required curriculum an industrial mechanisms course.  This 
course introduces students to a broad set of industrial mechanism topics including application, 
design, and analysis methods.  The four-bar mechanism (a.k.a. four-bar linkage), often described as 
“the most common and ubiquitous device used in machinery”, naturally occupies a significant focus 
in the course (Norton, 2001).  As such, several course learning objectives focus on the study of four-
bar mechanisms:

1. Graphically and analytically determine the displacement of any point on a mechanism.

2. Construct the path of motion of any point in the mechanism.

3. Design a linkage to achieve the desired displacement.

4. Graphically and analytically determine the velocity of any point on a mechanism.

5. Graphically and analytically determine the acceleration of any point on a mechanism.

6. Construct motion diagrams for any point on a mechanism.

These learning objectives, taken as a whole, aim toward teaching the student how to conduct a 
complete kinematic analysis on any classification of four-bar mechanism.  Graphical approaches 
(hand drawings and CAD renderings) and analytical approaches (hand calculations and spreadsheet 
tabulations) are both utilized in the delivery of the kinematic analysis materials.

The focus of this paper is a comparative analysis of student achievement toward the six learning 
objectives specified above using teaching methods with and without active learning components in 
the form of a student constructed four-bar mechanism.  Quantitative metrics of comparison 
include homework and test performance.  Qualitative comparisons based on instructor 
observations and student feedback is also incorporated into the assessment.
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1.1. Four-Bar Mechanism

A schematic representation of a crank-rocker style four-bar mechanism is shown in Figure 1.  
Typical information known about such a four-bar mechanism would include the length of each of 
the links (#1 frame L1, #2 input/crank L2, #3 coupler L3, and #4 output/follower L4) as well as the 
angle, θ2, angular velocity, ω2, and angular acceleration, α2, of the input link at a given moment.  
With this information, a complete kinematic analysis of the four-bar mechanism can be computed.  
Equations 1-8 present the closed form equations that describe the kinematics of the four links in a 
four-bar mechanism configured in the shown configuration.  The reader is directed to several 
number of reference materials related to kinematic analysis, such as “Machines & Mechanism:  
Applied Kinematic Analysis” by David Myszka (Myszka, 2012) for a complete description of four-bar 
kinematic analysis.

Figure 1.  Schematic representation of crank-rocker four-bar mechanism

̅𝐵𝐷= (𝐿1)2 + (𝐿2)2 ‒ 2 ∙ 𝐿1 ∙ 𝐿2 ∙ cos θ2 (1)

γ= cos ‒ 1 ((𝐿3)2 + (𝐿4)2 ‒ ̅𝐵𝐷2

2 ∙ 𝐿3 ∙ 𝐿4 ) (2)

θ3 = 2 ∙ tan
‒ 1 ( ‒ 𝐿2sin θ2 + 𝐿4sin γ

𝐿1 + 𝐿3 ‒ 𝐿2cos θ2 ‒ 𝐿4cos γ) (3)

θ4 = 2 ∙ tan
‒ 1 ( 𝐿2sin θ2 ‒ 𝐿3sin γ

𝐿2cos θ2 + 𝐿4 ‒ 𝐿1 ‒ 𝐿3cos γ) (4)

ω3 =‒ ω2 ∙ [𝐿2sin (θ4 ‒ θ2)𝐿3sin γ ] (5)

ω4 =‒ ω2 ∙ [𝐿2sin (θ3 ‒ θ2)𝐿4sin γ ] (6)
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α3 =
α2𝐿2sin (θ2 ‒ θ4) + (ω2)2𝐿2cos (θ2 ‒ θ4) ‒ (ω4)2𝐿4 + (ω3)2𝐿3cos (θ4 ‒ θ3)

𝐿3sin (θ4 ‒ θ3) (7)

α4 =
α2𝐿2sin (θ2 ‒ θ3) + (ω2)2𝐿2cos (θ2 ‒ θ3) ‒ (ω4)2𝐿4cos (θ4 ‒ θ3) + (ω3)2𝐿3

𝐿4sin (θ4 ‒ θ3) (8)

1.2. Kinematic Analysis and Methods

Kinematic analysis can be divided into various analysis types such as position, displacement, 
velocity, and acceleration.  These analysis types can be solved using several methods including 
hand calculations, spreadsheets or tabulated results, and simulation via CAD.  The analysis type and 
solution method are dependent upon the analyst preference and the desired results.  Each of the 
analysis types and solution methods relies to some degree on the application and synthesis of 
intermediate-level math and dynamic motion principles learned in prior coursework.

1.2.1. Position analysis:

Position analysis determines the spatial location and orientation of various points on the 
four-bar mechanism.  In this analysis type, the four-bar mechanism is positioned at a known 
location, rA, in the fixed frame of reference, see Figure 2.  If the geometry of the four-bar 
mechanism is known (L1, L2, L3, and L4) and the configuration of interest is specified (θ2), 
equations 1-4 can be solved giving the angle or the orientation of every other link (θ3 and 
θ4) in the mechanism.  Knowing the geometry and orientation of each link allows a position 
vector to be expressed from the fixed frame origin to any point on the four-bar mechanism.  
For example, the position vector to point C, rC, can be expressed as the summation of the 
position vector from the fixed frame origin to location A, rA, plus the position vector from 
location A to location B, rAB, plus the position vector from location B to location C, rBC:

𝑟𝐶= 𝑟𝐴+ 𝑟𝐴𝐵+ 𝑟𝐵𝐶 (9)

Figure 2.  General position analysis of a four-bar mechanism

1.2.2. Displacement analysis:

Displacement analysis determines the linear change in position of any point on a four-bar 
mechanism and the angular change in orientation for any link in the mechanism between 
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two configurations.  A position analysis is first completed for at least two configurations 
(different input angles, θ2) for the four-bar mechanism.  Figure 3 (top & middle) shows the 
same four-bar mechanism in two configurations.  Note that the second configuration labels 
are denoted by a prime symbol.  The linear displacement of a point, e.g. point B, between 
the two configurations is calculated by taking the difference of the position vectors to point B 
in each configuration:

∆𝑟𝐵𝐵'= 𝑟𝐴𝐵' ‒ 𝑟𝐴𝐵 (10)

Angular displacement, e.g. of the follower link, is calculated in a similar way:
∆θ4 = θ4' ‒ θ4 (11)

The linear displacement vector for point B and angular displacement of the follower link is 
shown graphically in Figure 3 (bottom).

1.2.3. Velocity analysis:

Velocity analysis determines the linear velocity of any point on a four-bar mechanism and the 
angular velocity for any link in the mechanism.  Given the angular velocity of the input 
link, ω2, the angular velocity of the coupler and follower links can be calculated using 
equations 5 & 6.  The linear velocity for any point on a link in pure rotation (e.g. the input 
and follower links) is tangential velocity, vt.  The magnitude of the tangential velocity of a 
point, e.g. point B, on a link in pure rotation is calculated by multiplying the angular velocity 
of the link, ω2, by the distance between the point of interest and the point about which the 
link is rotating, L2:

‖𝑣𝑡𝐵‖=ω2 ∙ 𝐿2 (12)
The direction of the tangential velocity is perpendicular to the line between the point of 
interest and the point about which the link is rotating in the direction of rotation, see 
Figure 4.  The velocity of a point not on a link in pure rotation utilizes relative velocity 
analysis techniques; the reader is directed to a kinematic textbook for a full discussion.

1.2.4. Acceleration analysis:

Acceleration analysis determines the total linear acceleration of any point on a four-bar 
mechanism and the angular acceleration for any link in the mechanism.  Given the angular 
acceleration of the input link, α2, the angular acceleration of the coupler and follower links 
can be calculated using equations 7 & 8.  The total linear acceleration, a, for any point on a 
link in pure rotation (e.g. the input and follower links) is the vector summation of the 
tangential, at, and normal, an, acceleration components:

𝑎= 𝑎𝑡+ 𝑎𝑛 (13)

The magnitudes of the tangential and normal acceleration components of a point, e.g. point 
B, on a link in pure rotation is calculated using the following:

‖𝑎𝑡𝐵‖= α2 ∙ 𝐿2 (14)
‖𝑎𝑛𝐵‖= (ω2)2 ∙ 𝐿2 (15)
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Figure 3.  General displacement analysis of a four-bar mechanism; (top) configuration 1, 
(middle) configuration 2, (bottom) representative linear and angular displacements

Figure 4:  General velocity analysis of a four-bar mechanism
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The direction of the tangential acceleration is perpendicular to the line between the point of 
interest and the point about which the link is rotating in the direction of rotation if the link is 
accelerating; it is opposite to the direction of rotation if the link is decelerating, see Figure 5.  
The direction of the normal acceleration is toward the point of rotation, see Figure 5.  
Acceleration of a point not on a link in pure rotation utilizes relative acceleration analysis 
techniques; the reader is directed to a kinematic textbook for a full discussion.

Figure 5.  General acceleration analysis of a four-bar mechanism

2. Teaching Methods

The four-bar kinematic analyses described briefly in the previous section requires the 
integration of engineering dynamics with intermediate level math competencies (geometry, 
trigonometry, and vector algebra).  Challenges that students face when approaching this type of 
kinematic analysis are clustered in three areas:

 Spatially orienting the various links of the four-bar mechanism relative to one another,

 Visualizing the motion of the links and joints as the four-bar mechanism changes 
configurations and thereby determining the vector directions for velocity and acceleration 
components, and

 Employing intermediate geometry, trigonometry, and vector algebra math skills to 
compute the kinematic analysis solution.

The following sections describe two teaching method approaches used in back-to-back 
semesters.  Comparative results and instructor observations for each semester are then presented.

2.1. First Semester: “Traditional” Method

The teaching method utilized in the first semester relied on a traditional lecture based delivery 
system of analytical solution methods.  Students were instructed on how to generate hand 
sketches of a four-bar mechanism using a ruler and a drawing compass.  Hand calculations were 
then completed for a given four-bar mechanism (the same mechanism for the entire class) at a 
given configuration angle with a known angular velocity and angular acceleration of the input link.  
The students completed the hand calculations and compared the position analysis results to 
measurements made on their hand drawn sketch.  A second configuration was then specified, 
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generating a second hand sketch as well as a complete second set of hand calculations.  
Displacement values were then calculated and compared to measurements taken between the two 
hand drawings.  In addition to hand calculations, spreadsheet software (e.g. Excel) was introduced 
and taught as an efficient means to complete the repetitive calculations for many different input 
angles.  Representative results for a spreadsheet analysis are shown in Figure 6.

Based on current research on how learning happens (Felder, 2016), the outcome of this 
teaching method is not entirely surprising.  The instructor observed that this approach was time-
intensive and that not all students utilized their hand sketches to maximum potential (if at all) to 
directly check the calculated results of their position and displacement analyses.  Many students 
also failed to understand how the hand sketches could be used to determine the directions of 
velocity and acceleration vectors.  The connection between the analysis calculations and the reality 
of how the four-bar mechanism moved was not being made by the students.  The instructor’s 
takeaway from using traditional, passive lecture based teaching methods was that the student’s 
understanding of kinematic analysis was not effectively communicated.  A different approach 
toward teaching the course material was necessary.

Figure 6.  Representative spreadsheet kinematic results for a four-bar mechanism
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2.2. Second Semester:  Active Learning Method

The teaching method utilized in the second semester adopted active learning approaches.  This 
method of teaching differs from passive learning techniques, such as traditional lecture, in that 
active learning attempts to create situations or “learning experiences in which the students are 
thinking about the subject matter” instead of merely observing (McKeachie, 2006).  In active 
learning, one learns and begins to master the material by doing, engaging, and practicing the 
concepts (Felder, 2016).  To better facilitate an active learning experience, each student was given 
the dimensions for a unique four-bar mechanism.  They were provided with supplies and access to 
the School of Engineering’s Makerspace to construct and assemble their own four-bar mechanism; 
see Figure 7 for an exemplar mechanism.  The students used their physical four-bar mechanisms 
instead of hand-drawn sketches to compare to hand and spreadsheet calculations.  The results of 
the kinematic analyses were the same outputs as in the previous semester (see Figure 6).  But since 
each student had unique dimensions, they had their own set of results which were compared with 
classmates; this facilitated classroom discussion on what caused the kinematic differences.  
Discussions amongst students led to inquiry and reflection; hallmarks of effective learning (Felder, 
2016).

Figure 7.  Exemplar constructed four-bar mechanism

The primary benefit of having a physical model of their four-bar mechanism was that the 
students could manipulate it through a full range of motion.  This gave them the ability to better 
visualize and anticipate how the four-bar would move in different configurations.  The four-bar 
mechanism could be positioned in a given configuration, points of interest marked or measured, 
and then compared to analysis results.  The direction of velocity and acceleration vector 
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components were more intuitively identified and how they changed as the mechanism moved to 
new configurations was better understood.  Students frequently brought their four-bar 
mechanisms to class to manipulate during class discussions and to compare/contrast with 
classmates.

Instructor observations during the second semester with active learning indicated that students 
had a better understanding of the fundamental motion that a four-bar exhibits.  There were fewer 
questions on basic concepts such as “how do I calculate the displacement of a point”, “what 
direction will the tangential velocity act”, or “why does the magnitude of angular acceleration go to 
zero mid-throw on a rocker arm”.  Instead, students were better equipped to probe into design 
questions.  Inquiry into higher complexity knowledge increased.

Student evaluations of using the four-bar mechanism indicated that it was more beneficial 
during position and displacement analyses.  On average, the students agreed with the statement 
(averaging 4 on a scale of 1 = strongly disagree to 5 = strongly agree) that having the position and 
displacement analysis assignments based upon their four-bar mechanism helped to visualize the 
motion.  The velocity analysis benefit was less pronounced earning an average of 3.6 (between 
neutral and agree).  Overall, students gave an average score of 4.2 to the question of whether they 
believed their understanding of kinematic analysis was improved because of the constructed four-
bar mechanism.

2.3. Learning Outcome Comparison

A quantitative comparison of learning outcome achievement is based upon exam grades earned 
for the kinematic analysis module.  Figure 8 and Table 1 presents the results for each semester.  An 
Anderson Darling Statistical hypothesis test indicates that the data is reasonably normally 
distributed and that with a 90% confidence (p = 0.074) the mean of the second semester test 
results is greater than the mean of the first semester test results.

Therefore, the effect of implementing the student constructed four-bar mechanism was a net 
increase of 7.4% in the average test score for the kinematic analysis module.  Additionally, two 
students retook the course the second semester; each student improved their kinematic analysis 
test performance between 2%-9%.

Figure 8.  Comparison of semester test results
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Table 1.  Comparison of semester test statistics

S1 S2 ∆

�̅� 60.8% 68.2% +7.4%

σ 17.3% 22.7% ---

xmax 91.0% 115.0% +24.0%

xmin 27.0% 22.0% -5.0%

N 32 32 ---

3. Conclusion

Kinematic analysis of a four-bar mechanism brings together skill sets in the areas of engineering 
dynamics and intermediate math.  The results comparing the achievement of learning outcomes 
with and without active learning teaching methods (in the form of a student constructed four-bar 
mechanism) demonstrate a statistically significant improvement when active learning methods are 
implemented.  This finding aligns with learning method research (Felder, 2016; McKeachie, 2006).  
Additionally, student self-assessment indicates a better learning outcome with the constructed 
four-bar mechanism.  Further integration of physical and CAD simulated models is warranted to 
further improve student success toward the course specified learning objectives.
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