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ABSTRACT 
 

An increasing number of manufacturing processes involve multiple streams where the 

same type of item is produced in a parallel fashion. Traditionally, streams need to be monitored 

using separate control charts. The number of charts becomes unrealistic as the number of streams 

increases. Group control charts (GCC) were developed by Boyd (1951) to address this issue. 

However, the streams were assumed to be independent, and the in-control average run length 

(ARL0) is reduced with the number of streams. This effect translates to a large number of false 

alarms causing unacceptable interruptions to the production process. This research proposed 

modified control limits for the Q-charts, originally developed by Quesenberry (1991b). These are 

charts for individual measurements suited for monitoring the average of a single stream. The 

modified charts, however, can be used to monitor the average of multiple streams and account 

for the level of correlation between the streams. The results of simulation studies were used to 

develop a mathematical model representing the relationship between the in-control average run 

length (ARL0), the number of streams (m), the level of correlation between them (), and the 

half-width of the control limits (L). The model was confirmed and used to generate tables of 

recommended values of the half-width (L) to be used in constructing the modified Q-charts to 

achieve a widely accepted level of ARL0 equal to 370.4.  

Another set of simulated studies was performed to evaluate the shift detection capability 

of the modified Q-charts. A second model representing the relationship between the out-of-

control average run length (ARL1), the shift magnitude (), the number of streams (m), and the 

level of correlation () was developed and confirmed. Statistical analysis of the ARL1 of the 

modified Q-charts indicated an improved shift detection capability compared to the alternative 

charting schemes proposed by Epprecht et al. (2011) and Mortell & Runger (1995).  
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CHAPTER 1 

INTRODUCTION 

Walter Shewhart (1931) pioneered Statistical Control Process (SPC) with his book, 

Economic Control of Quality of Manufactured Products. Many companies and industries applied 

the SPC techniques to control their product quality from that original work. Further development 

of the SPC techniques expanded their benefits to the service industry. SPC methods are as simple 

as powerful and can be crucial to an organization's success.  

The application of a standard SPC method involves utilizing three basic rules. First is the 

definition of the control charts and their limits. Second, eliminating the systematic (or 

assignable) cause of variation to place the process in statistical control. Third, continuous process 

monitoring using the defined control charts to detect significant parameter changes.  

However, SPC techniques must be tailored to the specific needs and characteristics of the 

organization's manufacturing processes. These basic rules are not always easy or even possible to 

apply. 

For example, the SPC techniques were initially developed for processes with independent 

variables and large enough data to define the parameters needed for the control charts 

appropriately. This formulation generated an apparent limiting factor: The assumption of enough 

data to establish the process control charts may not be valid. 

The manufacturing environment has gone through significant transformations over the 

last decades. The pressure to reduce inventory and turn cycles by just-in-time (JIT) systems 

imposes small lot sizes and short runs. Companies face difficulties applying traditional SPC 

charts in these conditions because there is insufficient data to properly establish control limits.  
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The objective of process management is to move from the assessment and examination 

stage to the maintenance stage, i.e., establish conditions to have the process in statistical control. 

For long-run mass production, the process parameters are estimated. However, finding an 

alternative technique for short-run volumes is necessary to perform the process analysis and 

establish control limits.  

Therefore, due to its inherent nature, short production runs present additional challenges, 

which can be arranged in three main aspects: 

Process setup - In most cases, there is no pre-production activity to define the initial 

process parameters for short production runs. The analyst needs different techniques to estimate 

their targets. 

Insufficient data to establish control charts – There usually is not enough information 

to develop the process mean and variation with confidence in short production runs. Generally 

speaking, the number of data points required to establish these parameters with statistical 

confidence is large and may exceed the lot size. Different techniques must be designed to 

accomplish this objective with acceptable confidence and significantly fewer data. 

Recognize process instability – Even when the process control charts are defined, it is 

difficult to identify any instability with confidence early enough, i.e., how can we differentiate 

instability from a standard process variation with such limited data points? False alarms also 

become a real issue in these cases. 

Table 1.1, developed by the American Automotive Industry Group - AAIG (1996), 

compares short-run process control and its long-run counterpart. It is clear from this comparison 

the additional challenges the short-run process poses to the analyst, especially related to the 

recognition of process instability. 
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TABLE 1.1 

COMPARISON BETWEEN LONG AND SHORT-RUN 

 Long Run process Short Run Process 

Development of Initial 

Process Parameters 
Use Pre-production activities 

Use surrogate process or target 

parameters 

Control Limits 

Applied after the collection and 

analysis of 20+ subgroups of 

data 

Applied immediately, 

developed from target 

information 

Recognizing Instability Standard rules apply 
Deeper investigation needed 

for indication of special cases 

 

It is important to note that, even for long runs, the start-up process is still a significant 

problem as many parts are required to provide reasonable estimates of the statistical 

characteristics of the process before the actual charting can be initiated. 

Another essential aspect in the current environment involves multiple stream processes 

where the same type of item is produced in several streams of output in a parallel fashion. 

Similarly, intending to optimize the manufacturing process, creating fixtures to make multiple 

parts simultaneously is customary. This approach can also be characterized as a multiple stream 

process. 

Furthermore, the characteristic variables of the various streams in a particular process 

have different levels of correlation. It is easy to imagine causes of variability that affect all or a 

portion of the streams and causes of variability that affect just one stream.  

For example, we can think of a pressure loss at a particular nozzle as an independent 

variable in a bottle filling line. However, fluctuations of the pump's output pressure which 

powers multiple or even all the lines, can be seen as a fully correlated variable across all the 

streams. 
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It is also essential to consider when studying the applicability of the Statistical Process 

Control (SPC), the in-control average run length (ARL0), and the out-of-control average run 

length (ARL1). ARL0 represents the average number of points plotted within the control limits 

while the process is in control. This value is expressed typically in terms of the probability of a 

false alarm. For any Shewhart control chart with three standard deviation limits, the ARL0 is 

370.4 points, corresponding to an  equal to 0.0027. In other words, for an in-control process, an 

out-of-control signal is expected every 370.4 points plotted on the chart.  

This value is a false alarm indication (Type I error), potentially stopping the process for 

no real problem. Therefore, we generally desire the ARL0 to be as large as possible. 

On the other hand, the out-of-control average run length (ARL1) represents the average 

time (number of samples) required to identify an actual shift following its occurrence (Type II 

error). In this case, the intention is to have the ARL1 as small as possible. It determines, on 

average, the number of samples plotted with an actual shift (i.e., an assignable cause) being 

undetected. The ARL1 is especially significant in short-run processes because it may be a 

substantial part of the batch size. 

Furthermore, for short runs, the ARL0 can easily be larger than the batch size itself and 

may not play a significant role in determining the process performance.  

This research presents a proposed solution for a short-run process in a multiple-stream 

environment with different levels of correlation being explored. The objective is to establish 

control charts for this specific but widespread scenario considering the statistical characteristic of 

these streams. 

It is shown that correlation plays an essential role in the behavior of multiple-stream 

processes and cannot be overlooked. 
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The methodology is based on Monte Carlo simulations, where many scenarios were 

tested to establish the proper control limits, ARL0, ARL1, and other performance parameters. As 

the main objective is the applicability of short-run processes, the solution proposed addresses the 

multiple phases of such processes using a modified Q-charting scheme, developed initially by 

Quesenberry (1991b). The method estimates the mean and the variance of a specific process 

from the start of the run without prior information. 

This research starts with a literature review of the fundamental equations of Shewhart 

control charts and their performance measurement. This formulation is followed by reviewing 

the statistical techniques used to control multiple-stream processes, short-run production, and 

self-starting procedures. Finally, a discussion of the multiple-stream processes and the effect of 

variable correlation is presented. 

The literature review is followed by a description of the proposed research, its objectives, and 

methodology. This methodology is then applied to the proposed formulation. A mathematical 

model is presented and validated, and the results are compared with the available literature. 

Conclusions and suggestions for future research are also presented. 
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CHAPTER 2 

LITERATURE REVIEW 

The literature review was conducted using the "EBSCO" database through the Wichita 

State University library portal and the web resources such as scholar.google.com, Taylor and 

Francis Online, and Science Direct. Several Boolean searches were performed to find the 

information directly related to multiple aspects of the proposed research. Publications associated 

with various SPC applications revealed numerous articles to be pertinent to this research. Areas 

of interest centered around multiple-stream processes, group control charts, short runs and self-

start charts, and SPC applications and processes with variables subjected to multiple levels of 

correlation. 

The literature review starts with a historical perspective of the control charts and their 

applicability in the manufacturing and services industries. Basic equations starting with Shewhart 

(1931) formulations are presented, and significant evolutions from that original work are 

discussed. 

Secondly, the work related to Group Control Charts (GCC) is discussed with the main 

developments starting from the article by Boyd (1950), which was based on the pioneering work 

from Sealy (1943), sponsored by the British Ministry of Supply. 

Significant developments from these original works, which address some of their 

limitations, are also discussed. 

Another critical aspect of the control charts that became increasingly important in modern 

manufacturing is the methods designed for short-run processes and self-start schemes. Again 

from the initial work by Hillier (1969), the most important articles are presented and discussed. 

The primary limitations and advantages of the proposed approaches are also discussed. Special 
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attention is given to the Q-charts, developed by Quesenberry (1991b), which form the basis of 

this research project. 

Finally, the articles related to the effect of Pearson correlation in a multiple-stream 

environment are presented and discussed. 

It is clear from this research that the volume of technical work available rapidly reduces 

as we move from the most general approaches (i.e., Shewhart charts) to more specific subjects 

(i.e., multiple-stream process with correlation in a short-run environment).  

However, we can argue that these more specific subjects have tremendous and ever-

increasing applicability in today’s manufacturing environment, making this work even more 

meaningful. 

2.1. Shewhart Control Charts and Performance Measurement 

The Shewhart Control Chart was developed in the 1920s by Walter A. Shewhart of the 

Bell Telephone Laboratories, and it is considered the pioneering work on SPC. According to 

Montgomery (2007), the control chart is an online process-monitoring technique widely used to 

detect an assignable cause of a process so that investigation of the process and corrective action 

may be carried out before an unacceptable number of non-conforming units are manufactured. 

The control chart may also be used to estimate the parameters of a production process and, 

through this information, determine the process capability. The control chart can also provide 

valuable information in improving the process. 

Two important concepts are used frequently in SPC. The common (or natural) causes of 

variation refer to the inherent variability in a process. The special (or assignable) causes of 

variation refer to changes to the process leading to significant changes in its performance. The 
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final goal of any SPC technique is to eliminate special causes and reduce variability. An 

assignable cause results from an external change in the process and can be corrected by taking 

appropriate action. It may not be possible to eliminate all sources of variability, but a control 

chart is an effective tool to reduce variability as much as possible. 

A process that performs as expected with only random causes of variation is referred to 

as being in control. Conversely, the process may be out-of-control if an assignable cause is 

present.  

Quality characteristics being monitored are classified into attributes or variables. 

Attributes are discrete data, often obtained from counting. On the other hand, variable data are 

continuous measurements.  

Shewhart charts can be used for attributes or variables. For example, a Shewhart chart for 

variables is the �̅� (sample average) chart to monitor a process average. The �̅� charts typically 

accompany monitoring process variabilities, such as the R (sample range) or S (sample standard 

deviation) charts. 

On the other hand, attribute control charts are often used to chart the parameters of a 

process, such as the number of nonconformities per unit inspected.  

It is important to note that, for Shewhart charts, the sample statistics are assumed to be 

independent random variables drawn from normal distributions. The essential elements of a 

control chart are shown in Figure 2.1.  
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Figure 2.1. Basic elements for a control chart 

 

The centerline (CL) represents the average value of the quality characteristic when the 

process is in control. The upper control limit (UCL) and lower control limit (LCL) are 

represented by the two horizontal lines representing the region that contains the most points 

when the process is in control. Identifying the necessity to interfere in the process is established 

on how the plotted values fall in relation to these lines. 

Montgomery (2007) described the control chart as a test of the hypothesis of the state of 

control of a process. A point within the control limits can be interpreted as a failure to reject the 

hypothesis of statistical control. Conversely, a point outside the control limits can be seen as the 

rejection of the hypothesis of statistical control. This simplistic framework, even though 

incomplete, gives a good starting point to describe the performance of a control chart. 

We can establish a control chart's performance by evaluating the probability of type I 

error of the control chart, or in other words, the probability of identifying a process as being out-

of-control when it is actually in control. 

Conversely, a control chart's performance is also related to the probability of a type II 

error. In this case, the process is considered in control when an assignable cause of a given 

magnitude is already present. In other words, the measurement of the ability of a control chart to 

detect a process shift.  
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Montgomery (2007) also presents a generic equation of the Shewhart control chart as 

follows: 

{
 
 

 
 
𝑈𝐶𝐿 =  𝜇𝑤 + 𝐿𝜎𝑤

𝐶𝑒𝑛𝑡𝑒𝑟 𝑙𝑖𝑛𝑒 =  𝜇𝑤

𝐿𝐶𝐿 =  𝜇𝑤 − 𝐿𝜎𝑤

 (2.1) 

 

Where 𝑤 refers to some quality statistic with mean 𝜇𝑤 and standard deviation 𝜎𝑤. And 𝐿 

is the distance of the control limits from the centerline. 

Specifying this distance (𝐿) is one of the most critical decisions in designing the control 

chart. Moving the control limits away from the centerline reduces the risk of type I error. 

However, the risk of type II error increases simultaneously. The reverse effects on type I and 

type II errors can be noted by moving the control limits closer to the centerline. 

Usually, the control limits are chosen as a multiple of the standard deviation. This value 

is usually 3. Montgomery (2007) justifies this choice as the one that "gives good results in 

practice." 

Another critical aspect of the control chart design is the sample size and frequency of 

sampling. Ideally, large sample sizes at high frequencies are the best solution. Still, one can 

easily understand that this is not the best solution from the economic point of view, and a 

compromise considering the available resources must be considered. 

The choice of the sample size 𝑛 is very dependent on the size of the shift one is interested 

in detecting. The probability of detecting a shift increases as the sample size increases. 

If the expected shift is relatively significant, the sample size can be smaller. Conversely, a 

relatively large sample size would be required for small shifts. 
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Montgomery (2007) considers that the current industry favors smaller and more frequent 

samples instead of larger, more sparse ones. As automatic sensing and measurement technology 

develops, increasing sampling frequencies significantly with an ideal and likely scenario of 

testing every unit is becoming possible. 

Equation (2.2) is used to calculate the control limits of the �̅� chart as described by 

Montgomery (1997) and Meneces et al. (2008), when μ and σ are known: 

 

𝜇 ± 𝐿 
𝜎

√𝑛
 (2.2) 

 

As described before, the half-width (L) represents the number of standard error units in 

the positive and negative direction from the centerline or target value 𝜇. 

Note that in all Shewhart charts, this value is assumed to be 3. This value can be 

translated as having a probability of observing a point exceeding control limits when the process 

is in control of 𝛼 = 0.0027, where 𝛼 is the significance level or the likelihood of rejecting the null 

hypothesis when it is true. Montgomery (2007). 

As discussed further in this work, short-run control charts dramatically limit the ability to 

choose sample size and frequency. Due to its inherent limitation, the sample size usually equals 

1, i.e., individual measurements, and the frequency is typically every unit.  

Another essential concept in the design of control charts is the average run length (ARL), 

which represents, on average, the number of points to be plotted in the chart before an out-of-

control occurrence. 

For uncorrelated variables, the ARL for any control chart can be written as: 
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𝐴𝑅𝐿 =
1

𝛼
 (2.3) 

 

Where 𝛼 is the probability that any point exceeds the control limits. For a three-sigma 

limit with 𝛼 = 0.0027, as described above, ARL can be easily shown to be 370.4 points. As 

discussed before, this value is called 𝐴𝑅𝐿0 and represents the average number of points in which 

an in-control process generates an out-of-control event. Or, in other words, a type I error. 

Another critical aspect of a control chart design is its ability to detect a shift of the 

process average, called out-of-control average run length (𝐴𝑅𝐿1). It represents the average 

number of samples required to detect an actual shift. Or, in other words, a type II error. This 

number is significant, especially in short-run environments, where the 𝐴𝑅𝐿1 defines the number 

of potential non-conforming parts produced before the control chart identifies the process shift. 

Montgomery (2007) also described another essential concept of a control chart 

application: the two distinct process phases with different objectives. 

In the first phase, phase I, process data is initially compiled and analyzed to construct 

trial control limits to determine if the process is in control. 

Under stable conditions, the process can be moved to phase II, where the control chart 

can be used to monitor the process. 

Woodall (2000) describes in more detail this dual-phase concept. In phase I, the statistical 

stability of the process with the elimination of assignable causes is obtained. Phase I focuses on 

bringing the process into a state of statistical control and estimating the process parameters. 

Control chart limits and process parameters are established to monitor future production if no 

special causes are present. In phase II, the process is monitored to detect shifts from the 

established average.  
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Different statistical methods are appropriate for the two phases, with each type requiring 

different statistical performance measurements. In phase I, assessing and deciding whether the 

process is stable is essential. It is gauged by the likelihood of obtaining an out-of-control signal. 

However, a major assumption underlying phase I is that the process is in a state of statistical 

control throughout this period. The process is stable, predictable, and repeatable. The longer the 

process is run, the more likely it goes out of control.  

2.2. Multiple stream processes and group control charts 

An essential type of process in the current environment involves multiple-stream 

processes (MSP), where the same type of item is produced in several streams of output in a 

parallel fashion. 

The MSP occurs very often in practice. Examples of MSP include machines with 

multiple spindles, injection molds with multiple cavities, turret presses with various dies, and 

filling machines with numerous heads. In some scenarios, multiple identical machines are used 

on the same production line to help meet flow demand. Similarly, more than one operator or 

inspector may be needed to speed up assembly or inspection operations. 

Similarly, intending to optimize the manufacturing process, creating fixtures to make 

multiple parts simultaneously is customary. This approach can also be characterized as a 

multiple-stream process. Abdulaziz et al. (2019). 

Epprecht (2015) also noted that a continuous process, such as manufacturing textile 

products, where the quality variable is measured at several points simultaneously, can also be 

considered a multiple-stream process. 



14 

These real-life scenarios indicate an obvious need to develop appropriate control charts to 

monitor the average of multiple stream processes. 

From the statistical process control point of view, in a multiple-stream process, the 

quality variables and their engineering specification are the same in all streams. An essential 

characteristic of MSP is the ability to monitor and, if necessary, adjust each stream 

independently. 

According to various authors, including Epprecht (2015), the number of articles on these 

processes is very limited. He also notes that there is an excellent potential for developing new 

methods for multiple-stream-process techniques. 

Meneces et al. (2008) proposed using separate control charts to monitor individual 

streams. However, when the number of streams is large, this becomes inefficient and difficult to 

implement in practice. Also, the likelihood of false alarms increases significantly, as Nelson 

(1986) pointed out. 

Boyd (1950) was the first to propose group control charts (GCC) for multiple head 

processes using mean and sampling ranges. This method remains the basic procedure for 

monitoring a multiple stream process (MSP). The GCC is also described in detail by Burr 

(1976), Pyzdek (1991), and Montgomery (2007). 

Boyd's method is based on setting up a single pair of �̅� and 𝑅 charts, being the �̅� the 

average of the measurements across the streams, and 𝑅 the difference between the maximum and 

minimum measurements. Boyd reported that the GCC was initially defined by Sealy (1943), a 

British Ministry of Supply publication. 

A GCC's basic idea is to avoid various control charts for controlling a multiple-stream 

process. The GCC highlights the extreme values of all streams and the range of these streams, 



15 

and this information alone is sufficient to indicate the in-control status of the process for all 

streams. Figure 2.2 presents a classic example of Boyd's Group Control Chart.  

 

Figure 2.2. Example of Boyd's control chart (m=4, n=3). Epprecht et al. (2011) 

 

The group control chart (GCC) was primarily intended for use with multiple spindles. 

However, the method applies equally to charting several identical quality characteristics in a 

single product unit. 

The group control chart proposed by Boyd has two primary advantages: 

Firstly, the total number of charts required is reduced from 2 times the number of streams 

to only 2, being �̅� and 𝑅. 

The second advantage is that the group control chart summarizes in a compact form the 

performance of all streams by highlighting only the streams producing extreme values of �̅� and 

𝑅, which are considered to require corrective action, if any. 

The GCC can also be expanded to other variables representing all the streams in an MSP. 

Ott and Snee (1973) presented a detailed comparison of three of these methods for analyzing 
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multiple-head machines – the typical case of multiple stream processes: plots of raw data, use of 

residuals, and analysis of variance. They concluded that the analysis method for an application 

depends on the person's background making the analysis or the end-user of the information 

generated. 

The evident concern that arises with the original GCC methodology is the increase of 

false-alarm probability. As the number of streams increases, adjustments must be made to avoid 

the false alarm probability being outside acceptable levels. 

Nelson (1986) was the first to express concern over the statistical performance of GCCs. 

He recommended adjusting the control limits so that the false-alarm probability does not exceed 

the acceptable level. He proposed a test run for GCCs to increase their ability to detect a shift in 

a single stream within a Multiple Stream Process (MSP). 

Mortell and Runger (1995) proposed monitoring the MSP using two charts: one for 

tracking the average across all streams and another to monitor the average stream range. They 

compared the performance of these charts with Nelson's test runs using simulated data and 

reported that the proposed charts are better than Boyd's GCC. 

While these researchers raised the concern related to the increase in false alarms in a 

multiple stream environment, Epprecht (2015) stated that adjustments on the control limits to 

cope with this increased probability only came later with two works questioning the 

appropriateness of using the 3-sigma limits on a GCC. 

The first was Colbeck (1999), who proposed two methods for calculating these limits. 

The first method is based on distributing the maximum and minimum values in a sample from 

the process. The second method uses correction factors to widen the control limits. 

The second work was developed by Grimshaw et al. (1999), who proposed an adjustment 

procedure and provided a table of constants to help calculate the control limits. They pointed out 
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that when monitoring a multiple stream process, it is helpful to distinguish between assignable 

causes that trigger changes across all the streams and changes that affect one stream. They also 

demonstrated that in a multiple stream process with identical mean and variance, the UCL and 

LCL must be corrected to account for the inherent higher probability of type I error. It can be 

easily demonstrated that, for a Shewhart type chart with L=3.0, the  𝐴𝑅𝐿0 decays with the 

number of streams by Equation (2.4). 

 

𝐴𝑅𝐿0 = 
1

1 − (0.99730)𝑚
 (2.4) 

 

Where: 𝑚 is the number of streams. Figure 2.3 below shows the dramatic effect of the 

number of streams on the 𝐴𝑅𝐿0. 

 

Figure 2.3. Effect of the number of streams on ARL0. Grimshaw et al. (1999) 
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Equation (2.4) shows that a process with one stream yields an ARL0 of 370.4 as expected, 

compared to a process consisting of 20 streams with an ARL0 of only 18.9 points. 

Conversely, to keep the 𝐴𝑅𝐿0 at the same value as a single stream with 3-sigma limits, 

the UCL and LCL must be corrected (widen). Table 2.1 below shows the correction of the UCL 

and LCL, where L is the limit necessary (in numbers of standard deviations) to obtain the 

equivalent one-stream 𝐴𝑅𝐿0 

One significant simplification of the model proposed by Grimshaw et al. (1999) is that 

the variables are all independent and identically distributed. 

TABLE 2.1 

CORRECTION REQUIRED TO OBTAIN AN EQUIVALENT ONE-STREAM 𝐴𝑅𝐿0 

m 1 2 3 4 5 6 7 8 9 11 15 20 

L 3.000 3.205 3.320 3.399 3.460 3.509 3.549 3.584 3.615 3.642 3.745 3.817 

 

 Epprecht et al. (2011) proposed modified GCCs for residuals as an alternative scheme for 

monitoring MSP. This scheme makes a distinction between assignable causes affecting all the 

streams and those affecting a single stream. According to these authors, residual GCCs are faster 

and more efficient at detecting shifts in the mean of one stream. Compared with other methods, 

the gain in its performance increases with a higher number of streams in the process. 
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2.3. Short runs and self-starting charts 

In many applications in modern manufacturing processes, especially in job-shop 

environments, the accurate control limits cannot be determined due to the limited amount of 

available data. 

Montgomery (2007) recommends a minimum of 20 points before calculating control 

limits with an acceptable level. In many cases, this is not possible, as small lot sizes are, in many 

cases, smaller than that. 

Therefore, traditional SPC methods must be adapted or completely modified to operate in 

short-run environments properly. In addition, short runs processes need a self-start procedure to 

monitor the process from its very early stage. 

Hillier (1969) was one of the first authors to propose an approach for using SPC in short-

run environments. His method is based on a two-stage procedure for x̅ and R charts, the mean 

and range of a subgroup, respectively. 

In stage I of his method, the control charts are adjusted to evaluate if the process is stable 

and in control. Stage II starts after the stability of the process is confirmed. 

Due to the lack of available data, a characteristic of short-run processes, the probability of 

false alarm is relatively high, as expected. 

The main advantage of Hillier's method is the ability to ensure a specified false alarm rate 

() for any given sample size and the number of subgroups. 

However, as described by the author himself, the first limitation of the method is the 

restriction to completely independent and normally distributed variables. 
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Hillier's approach also does not detect early process shifts reliably, especially for a small 

number of subgroups. This limitation makes the method limited for practical purposes when 

considering short-run environments. 

Also, Hillier's methods, including all its derivatives, are based on a two-stage approach. 

Stage I is used to identify the control limits and to decide whether or not the process was in 

control. After the process control is established, phase II could monitor process performance. 

Again, the need for a two-stage method limits its usage for small short-run processes. 

Yang and Hillier (1970) further developed and improved this two-stage method by 

considering the variance of the subgroups. 

Elam and Case (2008) proposed a generalization of the two-stage method in a series of 

articles with the development of algorithms to calculate the chart factors more accurately for 

various combinations of variables. 

All the works noted above have a similar limitation: the requirement to have some 

historical data available to estimate the process parameters. 

None of the methods above offered a solution for the real short-run problem, i.e., the 

construction of accurate charts when information for evaluating the process parameters is 

unavailable. 

The primary purpose of statistical process control (SPC) chart is to plot the collected 

data, compare it with established limits and decide whether a process is in control, such that the 

variable value is predictable. 

The basic approach for its implementation involves the definition of a variable and 

calculating control limits, which is a function of that variable's statistical characteristics. 



21 

These limits shall work well if they are based on a large quantity of data taken when the 

process is already stable. Such a large volume of data can be obtained in high-volume processes. 

Under these conditions, such methods have proved valuable over the decades. 

However, in many situations of modern manufacturing, there is just no way to obtain that 

large amount of data before starting the SPC charting. In these cases, we certainly need methods 

to address the problem without the availability of such a volume of data. 

In many situations, the variables cannot be assumed identically and independently 

distributed (i.i.d). They can only be modeled by violating the assumption of identical 

distributions, independence, or both. 

Quesenberry (1991b) developed a series of transformations for a series of variables, 

called Q statistics, which are identically and independently distributed with a mean equal to zero 

and variance equal to one. 

The Q-charts can also be used to evaluate the stability of the average and variation of the 

manufacturing process in real-time, starting with the first units produced. This stability analysis 

allows for the identification of assignable causes of variation and, consequently, the interference 

in the process to bring it to control at the earliest opportunity. 

The primary purpose of statistical process control (SPC) chart is to plot the collected 

data, compare it with established limits and decide whether a process is in control, such that the 

variable value is predictable. 

The basic approach for its implementation involves the definition of a variable and 

calculating control limits, which is a function of that variable's statistical characteristics. 

These limits shall work well if they are based on a large quantity of data taken when the 

process is already stable. Such a large volume of data can be obtained in high-volume processes. 

Under these conditions, such methods have proved valuable over the decades. 
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However, in many situations of modern manufacturing, there is just no way to obtain that 

large amount of data before starting the SPC charting. In these cases, we certainly need methods 

to address the problem without the availability of such a volume of data. 

In many situations, the variables cannot be assumed identically and independently 

distributed (i.i.d). They can only be modeled by violating the assumption of identical 

distributions, independence, or both. 

The basic Q statistic transformation equations for a variable 𝑋𝑟 for the process mean 𝜇 

are described below. 

Case I: 𝜇 = 𝜇0 and 𝜎 = 𝜎0 both known: 

𝑄𝑟 (𝑋𝑟) =  
𝑋𝑟 − 𝜇0
𝜎0

,      𝑟 =  1, 2, 3, . . . . ..    (2.5) 

 

Case II: 𝜇 unknown and 𝜎 = 𝜎0  known: 

𝑄𝑟 (𝑋𝑟) =  (
𝑟 − 1

𝑟
)
1/2

(
𝑋𝑟 −  �̅�𝑟−1

𝜎0
)      𝑟 =  2, 3, . . . .. (2.6) 

 

Case III: 𝜇 = 𝜇0 known and 𝜎 unknown: 

𝑄𝑟 (𝑋𝑟) =  𝛷−1 {𝐺𝑟−1 (
𝑋𝑟 −  𝜇0
𝑆0,𝑟−1

)}     𝑟 =  2, 3, . . ..    (2.7) 

With:  

                       𝑆0,𝑟𝑗 = [
1

𝑟𝑗
∑ (𝑋𝑖𝑗 − 𝜇0)

2𝑟

𝑖=1
]

1
2

     𝑟 =  2, 3, . . . . . .. 
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Case IV: 𝜇 and 𝜎 both unknown: 

𝑄𝑟 (𝑋𝑟) =  𝛷−1 {𝐺𝑟−2 ⌈(
𝑟 − 1

𝑟
)
1/2

(
𝑋𝑟 −  �̅�𝑟−1

𝑆𝑟−1
)⌉}      𝑟 =  3, 4, . . .. (2.8) 

 

Where:  𝛷−1 (·) – The inverse of the standard normal distribution function 

    𝐺ν (·) – The student-t distribution function with ν degrees of freedom 

 

Note that Q-charts are defined from case II and III for Equations (2.6) and (2.7) when 𝜇 

and 𝜎 are unknown, respectively, and case IV for Equation (2.8), when both 𝜇 and 𝜎 are 

unknown. 

Q-Statistics can bring some advantages in applying SPC techniques on the shop floor. 

All Q Statistics are based on Q-charts, which can be plotted with a centerline at zero and control 

limits at 3.  

As noted by Quesenberry (1991b), the Q-charts are particularly useful for stage 1 studies, 

where the main objective is to bring the process into a state of control, especially those 

formulations that do not require previous knowledge of the process parameters. 

They are particularly applicable in short-run environments where the parameters are not known 

in advance.  

Another critical aspect of the Q-statistics is that the charting technique is standardized.  

We are particularly interested in controlling short-run or start-up processes in this work. It is safe 

to assume that these processes μ and σ are unknown. 

Another critical aspect of Q-statistics is the ability to chart many different variables from 

many products using the same chart format. Even other variables can be plotted in the same 

chart. 
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The Q-charts were developed for individual measurement; this is the most appropriate 

solution for short-run environments. However, the Q charts can also be used when the 

measurements are taken in samples. 

Finally, another significant advantage of the Q charts is the transformation of non-normal 

variables into normalized random variables, N (0,1). 

A simple Monte Carlo simulation shows the capability of the Q-charts to estimate the 

variable characteristics without acknowledging the statistical data. 

 

 

Figure 2.4. Application of Q-charts 

 

Quesenberry (1991b) work provided a significant development in short-run process 

control by implementing a new type of control chart, called Q-charts, to detect a parameter shift 

early in the process and eliminate the need for historical data. The Q-charts are based on selected 

transformations that convert the original variable to an independent and identically distributed 

(i.i.d.) variable with a known probability distribution. 
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The first problem Quesenberry addressed when compared with the original work by 

Hellier and the other articles based on that work was the development of control charts for 

Poisson (1991) and Binomial (1991) variables in addition to normally distributed variables. 

Another significant advantage of the Q-charts was the elimination of the two-stage 

process for Hiller-based methods. With the Q-charts, it is possible to detect changes during the 

initial stage of the process since they do not require a set of data points to define the control 

limits. For this reason, the Q-charts are called self-starting charts. 

Q-charts are considered the most common method for short-run processes because they 

provide a self-starting method that allows adaptive charting to estimate the control limits from 

the second sample drawn. This method is advantageous when the variances of the parameters are 

not known. 

Another advantage of the Q-chart is monitoring multiple quality parameters from the 

same or different products since the Q-charts normalize every parameter into non-dimensional 

quantities. 

Another advantage of the method developed by Quesenberry is that, since all statistics are 

charted on a standard scale, the training of personnel to use these charts is simplified. Also, this 

can significantly simplify the chart management program since, for example, several variables 

for a process can be charted in the same chart. The process mean and variance can be plotted on 

the same chart, which may help identify special causes. 

In summary, Q-charts offer some significant advantages that are particularly important in 

short runs environments: 

i) Do not require calibration data. 

ii) It can be used as a self-starting chart in short production runs. 

iii) Different quality characteristics can be monitored using the same chart. 



26 

iv) Transform non-normal variables into normalized random variables N(0,1) 

According to Marques et al. (2015), the Q-charts provide a more comprehensive 

approach when compared with any two-stages approach. However, this method still suffers a 

similar drawback: poor performance detecting a shift in the process means at the very early 

stage. 

Castillo and Montgomery (1994) proposed modifications to the Q-chart to detect small 

shifts in the process parameters early on; they proposed an EWMA (Exponentially Weighted 

Moving Average) method. They also proposed a Kalman filtering when the process mean was 

not known. 

Zhang et al. (2009) proposed a new transformation-based approach to the short-run 

process based on the so-called t-chart, based on a t-statistic. The use of these t-charts is described 

in detail by Celano et al. (2011). 

In another class of methods to approach short-run processes, called the change-point 

method, both location and dispersion process parameters are unknown. They can identify 

persistent shifts in the values of the process location or dispersion parameters. The method was 

pioneered by Hawkins et al. (2003), where shifts in the process mean were formulated, and by 

Hawkins and Zamba (2005a), while shifts in the process variances were derived. Hawkins and 

Zamba (2005b) also proposed a generalization of the method with shifts in the process mean and 

process variation. Later on, Zamba and Hawkins (2006) extended the application of the method 

for multivariate data. 

An essential differentiation within short-run processes is related to how different products 

are related to a single or multiple processes. Del Castillo and Montgomery (1994) defined two 

distinct cases. 
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First, if the same production process is used to create similar products with different 

specifications or characteristics, or if the same product is produced in multiple small jobs, we can 

call it a repetitive short-run process. 

In this case, it is essential to control the process while individual items are produced, and 

appropriate techniques can be used to 'combine' these small lots if the correct adjustment is 

performed. 

An excellent example of a repetitive short-run process is the production of a family of 

components in the aircraft industry, such as left and right-hand versions so the same part. 

On the other hand, small lots requiring completely distinctive setups, which characterize 

the typical job shop environment, are referred to as a non-repetitive short-run manufacturing 

process. 

For non-repetitive short-run processes, combining different products under the same 

process control is vital in this case. 

Unless otherwise noted, this research focuses primarily on the non-repetitive short-run 

process. 

The Q-Statistics formulations suggest that Q-charts could be adapted to describe the MSP 

in a short-run environment. 

Another important aspect of short runs is that the analyst is not usually interested in a 

small shift in the average. Contrary to long runs, where any shift is of great concern, the process 

usually has a generous capability index Cpk to reduce the risk of non-conforming parts in short-

run environments.  

The consequence is that short runs processes are usually more robust; therefore, the 

analyst is not interested in stopping the process at any slight shift in the average. 
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However, for significant shifts, the Q-charts transformation results in a consistently 

improved shift detection capability compared with the available cases in the literature. 

 

2.4. Multiple streams with correlation 

The correlation coefficient 𝜌 between two variables 𝑋 and 𝑌 is defined as: 

𝜌 =  
∑ (𝑋𝑖 − �̅�
𝑛
𝑖=1 )(𝑌𝑖 − �̅�)

√∑ (𝑋𝑖 − �̅�)2
𝑛
𝑖=1 ∑ (𝑌𝑖 − �̅�)2

𝑛
𝑖=1

 
(2.9) 

The correlation ρ varies from -1.0 to + 1.0. The variables are said to be fully independent 

if the correlation equals zero. In other words, the first variable can explain no variance in the 

second variable.  

The variables are said to be fully correlated if the correlation equals the unit. Both cases 

are considered extreme cases where the correlation is considered somewhere in between in real 

life. A negative correlation means a negative effect between the two variables.  

In an MSP environment, if the streams are perfectly, or almost perfectly, correlated, a 

single stream's control chart adequately represents all streams.  

The question arises regarding the significance of a correlation between two variables. 

Wheeler (1995) argues that a correlation coefficient is said to be "significant" when 

judged, based on a theoretical probability model, to represent a nonzero correlation between the 

variable defined by the paired observations. This judgment does not imply that the correlation is 

of any practical importance. Still, generally speaking, a detectable but small correlation has very 

little helpful utility since the knowledge of the value of one variable does not convey much 

information about the value of the other. 
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Nelson (1986) pointed out that when the streams are perfectly correlated, it is enough to 

monitor only one of them. 

Montgomery (2007) noted that if all streams are perfectly correlated, only one must be 

monitored. However, streams are neither perfectly correlated nor fully independent, as described 

by Epprecht et al. (2011), Mortell and Runger (1995), Nelson (1986), and Abdulaziz et al. 

(2019). 

It was also pointed out by Mortell and Runger (1995) that the lack of consideration for 

the correlation among the various stream can change the 𝐴𝑅𝐿0 in a significate way. Therefore, 

ignoring the correlation in any multiple-stream process analysis is inadequate. 

A reduced number of published materials are available dealing with correlated variables 

in a multiple-stream process.  

Kawamura et al. (2013) evaluated the effectiveness of control charts based on Q-statistics 

with high-mix, low-volume production characteristics. In many cases, these variables show some 

levels of correlation. Their work showed that Q-charts control different data types on the same 

chart and that Q-charts effectively show actual anomalies in the data.  

Snoussi (2011) proposed an approach for multivariate residual charts for autocorrelated 

data and the multivariate transformation technique for i.i.d process observation for short runs. 
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CHAPTER 3 

DISCUSSION 

3.1. Research Motivation 

Despite the clear benefits of utilizing Group Control Charts (GCC) in Multiple-stream 

processes (MSP), limited research has been performed to consider real-life situations where the 

streams are correlated, especially in short-run environments. The literature on this topic is not 

extensive, and only a few methods have been developed, as noted by Epprecht (2015). 

As discussed before, Grimshaw, Rex Bryce, and Meade (1999) proposed the widening of 

the control limits, but there was no consideration of the correlation among the variables nor the 

effect on the detection capability of the control charts. The only cases where these adjustments 

can be used are those with independent variables. 

Conversely, in cases where the streams are perfectly correlated ( = 1.0), it is enough to 

monitor only one of the streams, as pointed out by Nelson (1986) and Montgomery (2007). 

However, these are extreme situations for multiple-stream processes and not real case 

scenarios. For any multiple-stream process, the streams are not perfectly correlated nor fully 

independent, as described by many authors such as Nelson (1986),  Mortell and Runger (1995), 

Epprech et al. (2011), and Abdulaziz et al. (2019). The lack of consideration for the variable 

correlation could significantly affect the ARL0 and the ARL1. 

For example, in a bottle filling line, the flow restriction in one of the nozzles can be seen 

as an independent variable. However, fluctuations of the pump's pressure which powers multiple 

lines, can be seen as a correlated variable across multiple or all streams. 
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Preliminary simulation results showed a research opportunity of using a self-start method 

on the multiple-stream processes with correlated variables in a short-run environment. For that 

purpose, the Q-charts, developed by Quesenberry (1991b), can be adjusted accordingly, and it is 

a potential solution to the problem described above. 

It is also important to note that detecting an actual shift in short-run processes is even 

more critical. With manufacturing orders of small quantities, the number of opportunities to 

identify a shift is minimal. If the detection capability of any SPC chart is not ideal, a process shift 

can go undetected for most, if not the entirety, part of the order. 

In addition, there is usually no information on the process to establish the control limits 

properly for short-run environments. 

3.2. Research objectives 

This research project is expected to close a significant gap in the current knowledge base, 

which can be summarized as the proposal of a control chart design for a realistic scenario where 

short runs and multiple stream processes with a significant correlation among the streams co-

exist in a particular application. 

This proposed chart design is a modified version of the individual measurements Q-chart 

for applications in the multiple-stream processes (MSP) by utilizing the method proposed by 

Boyd (1950) and adjustments recommended by Grimshaw et al. (1999). In addition, corrections 

required to take the correlation among the variables are considered. 

In essence, this work proposes appropriate values of corrections for the control limits of 

control charts for averages under various levels of correlation. More specifically, a mathematical 

model relating the average run length (ARL), control limit half-width (L), the number of streams 
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(m), and the level of correlation () is developed. The model can also estimate the appropriate L 

value required to achieve an acceptable ARL0 for the cases considered. 

The performance of the proposed chart, i.e., its ability to detect a process shift, has to be 

investigated under a wide range of conditions. The average run length for out-of-control 

processes (ARL1) was selected for that purpose. 

Note that the objective of this research is not to improve charts for applications already 

discussed in the literature but to provide a solution for short runs, multiple-stream, and 

correlation, which has not been explored yet. 

3.3. Research Methodology 

The six-step procedure developed by Schamburg and Brown (2004) was followed to 

achieve the objectives defined in the research project. The procedure is summarized in Figure 

3.1. A summary of the main steps is described below. 

a) Prepare the simulation. Using R-Studio software version 2020, the Monte Carlo 

multiple simulation models were developed for all conditions considered.  

b) Validation of the simulation model. The simulation models are tested and validated 

from known results for the conditions available. This validation process compares the 

simulation results in extreme cases, theoretically calculated or from cases available in the 

literature under the same boundary conditions. 

c) Variable selection. After the simulation model is validated and considered acceptable for 

the entire range being tested, the variables set and its limits for the design of experiments 

modeling are defined. The response variable, in this case, is the average run length ARL0 

and ARL1, depending on the simulated case. 
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d) Design of experiment. A design of experiment (DOE) with the proper order and 

methodology is selected and tested to fit the simulated results. An analysis of variance, 

ANOVA, is performed to evaluate the model. 

e) Mathematical model and confirmation. The resulting fitting equation is verified with 

confirmation runs following the approach proposed by Jensen (2016).  

 

 

Figure 3.1. The framework of the research methodology 
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CHAPTER 4 

 Q-CHARTS FOR MULTIPLE-STREAM PROCESSES 

As previously mentioned, the main objective of this research is to propose a modified 

individual measurements Q-chart for application in multiple stream processes (MSPs) by 

utilizing the approach proposed by Boyd (1950) and the adjustment recommended by Grimshaw 

et al. (1999). The six-step methodology outlined in Figure 3.1 was followed in the sections of the 

next pages.  

4.1. Simulation Model 

A Monte Carlo simulation model was constructed using the R-Studio software version 

2020. Figure 4.1 shows the simulation flow chart. The R-Studio code is reproduced in Appendix 

A. The simulation starts with identifying the width factor (L), the number of streams (m), and the 

level of correlation between them (). A total of N = 50,000 measurements was generated from 

the standard normal distribution (0,1) to represent the output of each stream. This number of 

measurements ensured the out-of-control event (false alarm) would occur. These simulations 

resulted in a matrix (50,000 x m) of random measurements representing values of the Qr statistic 

in Equation (2.5). The maximum and minimum Qr values were extracted for each simulated run 

and compared to the control limits at + L. The first Qr value outside the limits is used to calculate 

the run length. After all t replications were completed, these values were averaged to obtain the 

average run length ARL0. 

In order to determine the number of replications, it was assumed that the run length 

follows a geometric distribution with an average of 370.4, as described by Montgomery (2007). 
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A total of t = 526,000 replications was required to estimate the ARL0 within + 1.0 at the 95% 

confidence level.  

 

Figure 4.1. R-Studio flow chart for ARL0 simulation 

 

4.2. Validation of the Simulation Model 

The simulated results are compared to the values reported by Grimshaw et al. (1999) to 

validate the simulation model. These results were calculated assuming that the streams were 
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independent ( = 0), as was described in Equation (2.4). Table 4.1 summarizes the results for the 

simulation model with width factor L = + 3 and correlation  =  for each specified value of the 

number of streams (m). The last column in Table 4.1 represents the error as a percentage of the 

theoretical value from Equation (2.4). As can be seen, the simulated values are well within the 

expected values for the number of replications utilized. 

 

TABLE 4.1 

SIMULATION VALIDATION: ARL0 WITH L = ± 3 AND  = 0 

# Of Streams (m) 
Grimshaw 

Eq (2.4) 
ARL0 

(simulated) 
Error 

2 185.450 185.437 -0.007% 

3 123.800 123.885 0.069% 

4 92.975 92.800 -0.188% 

5 74.481 74.342 -0.186% 

6 62.151 62.143 -0.012% 

7 53.344 53.380 0.067% 

8 46.739 46.744 0.010% 

9 41.602 41.612 0.025% 

10 37.492 37.481 -0.030% 

15 25.163 25.148 -0.060% 

20 18.999 19.014 0.076% 

 

Another set of simulated runs was performed using corrected values of L from Table 2.1. 

These values were recommended by Grimshaw et al. (1999) to achieve an ARL0 of 370.4. The 

results of these replicated runs are shown in Table 4.2. Similarly, the calculated errors 

represent a small percentage of the expected values. Based on the above, it was 

concluded that the simulation model can adequately represent the multiple stream process and be 

used for further analysis. 
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TABLE 4.2 

SIMULATION VALIDATION FOR ARL0 WITH CORRECTED L AND  = 0 

# of Streams (k) L (corrected) Expected ARL 
0 

ARL0 

(simulated) 
Error 

2 +/- 3.2050  

 

 

 

 
 

370.4 

372.75 0.63% 

3 +/- 3.3198 373.43 0.82% 

4 +/- 3.3993 373.01 0.70% 

5 +/- 3.4598 368.96 -0.39% 

6 +/- 3.5086 368.38 -0.55% 

7 +/- 3.5494 368.81 -0.43% 

8 +/- 3.5844 369.00 -0.38% 

9 +/- 3.6150 371.01 0.16% 

10 +/- 3.6422 368.85 -0.42% 

15 +/- 3.7453 371.56 0.31% 

20 +/- 3.8169 372.45 0.55% 

 

4.3. Variable Selection 

This step involves the selection of the variables and determining their levels. The in-

control average run length (ARL0) was selected as the response variable to be evaluated using the 

simulation model. As was noted by Grimshaw et al. (1999), the ARL0 can be estimated based on 

the half-width (L) and the number of streams (m) when the streams are independent ( = 0). One 

objective of this research is to re-examine this relationship when the streams are correlated using 

simulated studies. 

In order to evaluate the full range of processes, the levels of variables were selected as 

described in Table 4.3. The number of streams (m) ranging from 2 to 20 was considered to match 

the levels utilized in most of the available literature. Levels of correlation () ranging from 0 to 

0.8 were selected to quantify the effect of correlation between the streams. Values of the ARL0 
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when  = 0 can be used to assure model validity. Values of the half-width (L) ranging from 2 to 

4 were considered. The value of L = 2 is typically used for warning limits in control charts. The 

value of L = 4 encompasses all the adjusted limits reported by Grimshaw et al. (1999) and covers 

the full range to be considered in this research. 

TABLE 4.3 

FACTORS, LEVELS, AND RANGE FOR ARL0 EVALUATION 

Factors Symbol Type Low (-1) High (+1) 

Number of 

Streams 
m Numeric (Discrete) 2.00 20.00 

Correlation  Numeric (Continuous) 0.00 0.80 

Half-width L Numeric (Continuous) 2.00 4.00 

 

4.4. Statistical Design 

Simulated studies were performed to study the relationship between the ARL0 and the 

three selected variables. As the relationship was expected to be nonlinear, a second-order 

factorial arrangement was considered. Given that the number of streams needs to be a positive 

integer with a minimum of 2, a face-centered composite design was selected as an appropriate 

arrangement. According to Box and Wilson (1992), these arrangements are response surface 

designs and offer better alternatives to the three-level factorial designs in k factors. With k = 3, 

this design requires 2k = 8 factorial points, 2k = 6 axial/star points, and 6 center points. Figure 

4.2 shows a three-dimensional representation of the statistical design selected with a total of 14 + 

6 =20 points. 
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Figure 4.2. Face-centered composite design. Montgomery (2017) 

 

4.5. Mathematical Modeling 

The results of the 20 simulation studies, each replicated 526,000 times using different 

seeds, are presented in Table 4.4. These results were analyzed using the Design Expert software 

(Version 13). Initial analysis indicated the need for a power transformation to stabilize the error 

variance.  
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TABLE 4.4 

DESIGN MATRIX FOR ARL0 EVALUATION 

Run 
Streams 

(m) 

Correlation 

() 

Half-Width 

(L) 
ARL0 

1 11 0,4 3 36.45 

2 11 0.8 3 61.75 

3 20 0 2 1.79 

4 20 0.4 3 19.13 

5 11 0.4 3 37.30 

6 11 0.4 4 1513.20 

7 2 0.4 3 205.30 

8 20 0.8 4 1461.54 

9 11 0.4 3 36.96 

10 11 0.4 3 37.39 

11 11 0.4 2 3.19 

12 11 0.4 3 37.72 

13 20 0 4 740.60 

14 11 0 3 31.39 

15 2 0.8 2 14.25 

16 2 0 4 5947.92 

17 2 0 2 12.13 

18 11 0.4 3 39.48 

19 2 0.8 4 5569.91 

20 20 0.8 2 4.29 

 

Table 4.5 shows the analysis of variance (ANOVA) table for the transformed variable 

in the form y= (ARL0)
-0.25. The second-order model was significant, with a P-value of less than 

0.0001. The lack of fit is shown to be insignificant. The three-factor interaction (m  L) is 

significant with a P-value < 0.0001. These results indicate that the effect on the three factors 

cannot be evaluated without identifying the other two levels. 
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TABLE 4.5 

ANOVA FOR TRANSFORMED VALUES OF ARL0:  TYPE III SUM SQUARES 

SOURCE Sum of Squares DOF Mean Squares F-value p-value 

Model 0.8027 12 0.0669 4002.96 < 0.0001 

Streams (m) 0.0229 1 0.0229 1369.91 < 0.0001 

Correlation () 0.0081 1 0.0081 484.93 < 0.0001 

Half-Width (L) 0.1728 1 0.1728 10342.04 < 0.0001 

m   0.0041 1 0.0041 243.42 < 0.0001 

mL  0.0185 1 0.0185 1109.04 < 0.0001 

 L    0.0033 1 0.0033 198.19 < 0.0001 

m2   0.0035 1 0.0035 209.87 < 0.0001 

2  0.0008 1 0.0008 49.13 0.0002 

L2   0.0062 1 0.0062 369.97 < 0.0001 

m  L  0.0017 1 0.0017 101.88 < 0.0001 

m2 L  0.0026 1 0.0026 157.86 < 0.0001 

m 2  0.0012 1 0.0012 74.56 < 0.0001 

Residual 0.0001 7 < 0.0001   

Lack of Fit 0.0001 2 < 0.0001 4.74 0.0701 

Pure Error 0.0000 5 8.081E-06   

Cor Total 0.8028 19    

 

The fitted model can be expressed as: 

 

 ARLO = x-4 (4.1) 

Where: 

x = 1. 19684 + O. O74984 m − O. 1O5288  − O. 461488 L − O. OO2917 m − 

O. O17997 L + O. OO6291 m.L − O. OO1945 m2 + O. 1O5185 2 + 

O. O47415 L2 + O. OO4O52 m.. L + O. OOO5O1 m2.L − O. O19379 m.2 
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Table 4.6 shows the fit statistics for Equation (4.1). The reported value of the R2 statistic 

indicates that the fitted model explains 99.99% of the variability in the ARL0. The predicted R2 

of 0.9846 agrees with the adjusted R2 of 0.9996. Adequate precision measures the signal-to-noise 

ratio. The reported ratio of 227.8 indicates an adequate signal-to-noise ratio. These statistics 

indicate that the model can be used to navigate the design space. 

TABLE 4.6 

FIT STATISTICS FOR ARL0 EVALUATION 

R2 0.9999 

Adjusted R2
 0.9996 

Predicted R2
 0.9846 

Adequate Precision 227.8632 

 

A normal probability plot of the studentized residuals is shown in Figure 4.3. The 

scatter plot approximates a straight line confirming that the residuals are normally distributed. 

Additional diagnostic examinations of the residuals indicated no violations of the underlying 

assumptions of the ANOVA procedure. 

 

Figure 4.3. Normal probability plot of the studentized residuals 
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Figure 4.4 presents a plot of the interaction involving the number of streams (m) and 

the half-width (L) at the low level of correlation (). The plot suggests that when the streams 

are independent ( = 0), the model is more sensitive to changes in the half-width (L) at the 

low levels of the number of streams (m = 2). The maximum value of the ARL0 is obtained 

when m = 2 and L = 4. At the same time, the minimum value of the ARL0 is obtained when 

m = 20 and L = 2. These results agree with the relationship reported by Grimshaw et al. 

(1999).  

Figure 4.5 presents a plot of the interaction involving the number of streams (m) and 

the half-width (L) at the high level of correlation ( = 0.8). Similarly, the plot suggests that 

when the streams are correlated ( = 0.8), the model is more sensitive to changes in the half-

width (L) at the low levels of the number of streams (m = 2). However, there appears to be 

less sensitivity to changes in the half-width (L) when the number of streams is at its high-level 

m = 20.   

Figures 4.6 and 4.7 show the surface plots of Equation (4.1) at the two values of 

correlation between the streams. These surfaces appear to have similar characteristics with 

lower changes in the ARL0 on the right-hand side of the plots when m =20 and L = 4.   
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Figure 4.4. Interaction plot of m. L at ρ = 0 

 

Figure 4.5. Interaction plot of m. L at ρ = 0.8. 
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Figure 4.6. Surface plots for ARL0 - independent streams ( = 0) 

 

 

Figure 4.7. Surface plots for ARL0 - correlated streams ( = 0.8) 
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The cube plot in Figure 4.8 shows these effects on the limits of the three variables 

considered. As shown, the bottom side of the cube represents the estimated values of the 

ARL0 when the streams are independent ( = 0). In contrast, the top side represents the 

estimated values of the ARL0 when the streams are correlated ( = 0.8). Comparing the 

ARL0 at each of the four corners indicates varying values of the percent increase in the 

estimated values. At high levels of number of streams (m = 20) and half-width (L = 4), 

changes in the level of correlation from  = 0 to 0.8 resulted in a 107.5 % increase in ARL0. 

With m = 20 and L = 2, similar changes in the correlation resulted in a 142.4% increase in 

the expected value of the ARL0. A minimum percentual increase of 1.1% is obtained at the 

low levels of the number of streams (m = 2) and large half-width (L = 4). 

 

Figure 4.8. Cube plot for ARL0 
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4.6. Model Confirmation 

Following the procedure suggested by Jensen (2016), six additional simulation runs 

were performed to confirm the fitted model in Equation (4.1). These simulated runs were 

performed at new levels of the three variables away from the design points. The number of 

replications was selected by using the method recommended by Ross (1996). A two-sided, 

95% confidence interval for estimating the ARL0 based on 3 replications was constructed.  

 

TABLE 4.7 

SUMMARY OF RESULTS - CONFIRMATION RUNS 

Confirmation 

Location # 

Confirmation runs 

 (Two-sided, 95% confidence interval, 3 runs-average) 

Stream 

(m) 
Corr. 

(ρ) 
Width 

(L) 
Predicted 

Mean 
Confirmation 

Runs (Avg) 
95%  

CI low 
95% 

CI high 

1 3 0.1 3.310 375.92 378.95 323.98 435.78 

2 3 0.5 3.254 370.87 370.38 314.59 437.38 

3 3 0.7 3.256 370.15 368.82 319.15 428.94 

4 15 0.1 3.791 368.33 366.20 316.27 428.70 

5 15 0.5 3.779 365.31 368.17 315.23 425.74 

6 15 0.7 3.680 379.93 378.24 328.52 438.83 

 

 

A summary of the results is shown in Table 4.7. All generated values of the ARL0 are 

well within the confidence intervals. These results support the model’s adequacy and confirm 

that Equation (4.1) can be used to estimate the ARL0 based on knowledge of the number of 

streams (m) and the level of correlation between them (). It is important to note here that 

Equation (4.1) can only be used to estimate values of the ARL0 within the selected ranges of 

the three variables shown in Table (4.3).  
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4.7. Tables of Recommended Values of L (ARL0 = 370.4) 

Equation (4.1) can be utilized to evaluate the half-width (L) required to obtain a desirable 

value for ARL0 within the ranges of the variables considered. A level of the ARL0 of 370.4 is 

widely accepted for all Shewhart control charts. Equivalent Q-charts can be constructed using 

Equation (4.1) by calculating the half-width (L) based on specified values of both the number of 

streams (m) and the level of correlation (). Recommended values of L required to achieve an 

ARL0 of 370.4 are presented in Table 4.8. These values were generated by utilizing the Design 

Expert software by setting the target value of ARL0 =370.4 and solving Equation (4.1) for the 

half-width L at every combination of values of the number of streams (m) and level of correlation 

(). Similar tables can be generated for achieving different values of the ARL0. 

 

TABLE 4.8 

VALUES FOR HALF-WIDTH (L) TO ACHIEVE ARL0 = 370.4 

Number 

of 

Streams (m) 

Correlation 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

2 3.256 3.226 3.193 3.185 3.182 3.174 3.166 3.190 3.209 

3 3.304 3.310 3.302 3.269 3.252 3.254 3.248 3.256 3.263 

4 3.395 3.376 3.360 3.347 3.337 3.319 3.316 3.327 3.308 

5 3.461 3.436 3.408 3.421 3.405 3.398 3.379 3.369 3.370 

6 3.483 3.494 3.483 3.480 3.445 3.449 3.442 3.422 3.406 

7 3.541 3.536 3.536 3.520 3.503 3.493 3.471 3.449 3.433 

8 3.573 3.574 3.573 3.570 3.562 3.533 3.509 3.486 3.447 

9 3.605 3.614 3.629 3.606 3.601 3.586 3.552 3.519 3.488 

10 3.643 3.638 3.648 3.649 3.647 3.623 3.591 3.558 3.497 

15 3.759 3.791 3.814 3.814 3.821 3.779 3.730 3.680 3.603 

20 3.858 3.922 3.955 3.979 3.965 3.941 3.881 3.769 3.635 
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4.8. Illustrative Example 

To illustrate the construction of the modified Q-chart, consider a process with 5 streams 

with a target average µO = 4.5 and O = 1.8. Previous experience with the process indicated that 

the streams are correlated at an average level of  =0.3.  

Following each production run (r), the individual measurement from each stream (Xj) are 

recorded. These are transformed to the Qr statistic using Equation (2.5) as: 

𝑄𝑟 =
𝑋𝑗 − 𝜇0

𝜎0
                  𝑓𝑜𝑟  𝑗 = 1,2, 3, … ,𝑚 

These values of Qr are shown in Figure 4.9. The maximum and minimum values of Qr 

from each production run (r) are plotted on the control chart. The modified Q-chart was 

constructed using L =  3.421 based on the recommended values in Table 4.8 for m = 5 and  = 

0.3. The stream numbers are noted above the maximum and minimum lines on the chart, as 

shown in Figure 4.9. If the process is in-control, one in 370.4 values of the Qr statistic likely falls 

outside these limits. This value is equivalent to setting the probability of a false alarm to 0.0027.  

Assuming that the process variability is in control, the process average appears in control. 

It is important to note that this chart was constructed based on standard values to approve the 

process setup. However, after accumulating enough measurements, with evidence of stability 

from the Q-chart, more accurate estimates of the process average  can be obtained based on the 

grand average of the measurements. This approach likely causes changes in the calculated values 

of Qr, but not the chart design.  
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Figure 4.9. Example of the modified Q-chart for Multiple-Stream Process 
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CHAPTER 5 

PERFORMANCE INVESTIGATION 

Chapter 4 presents the modified control limits for Q-charts for monitoring the average of 

multiple stream processes (MSPs). However, to evaluate the performance of these charts, the 

ability to detect any shift in the process must be quantified. The out-of-control average run length 

(ARL1) represents the average number of streams required to identify an actual shift following its 

occurrence (Type II error). In general, the smaller the ARL1, the better the chart performance. As 

discussed before, the ARL1 is significant in short-run processes since the number of samples to 

signal may represent a substantial part of the batch size. 

This chapter explores the performance of the Q-charts using Monte Carlo simulations to 

evaluate ARL1. This evaluation is performed under two different scenarios. 

Firstly, the streams are assumed to be independent (𝜌 = 0.0), and the results are compared 

with those reported in the literature for similar conditions, namely the charts proposed by Mortell 

and Runger (1995) and the modified residual charts developed by Epprecht et al. (2011). 

Secondly, the modified Q-chart is verified under multiple correlation levels. 

Note that the R-Studio simulations are replicated 160,000 times for this performance 

investigation to match the number of replications used in the available literature results noted 

above. In addition, the shift is applied to one of the streams only. Similar to chapter 4, the 

methodology presented in Figure 3.1 was used. 
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5. 1. Simulation model 

An R-Studio Monte Carlo simulation was developed to evaluate the performance of the 

Q-charts with limits obtained using Equation (4.1). In addition, a shift of magnitude  (in 

standard deviation units) is applied to one of the streams.  

 

 
Figure 5.1. R-Studio flow chart for ARL1 simulaiton 
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Random samples of size N = 50,000 were generated at specified levels of correlation (𝜌) 

and the number of streams (𝑚). The specified level of correlation was assumed to be constant 

and equal for all streams. The simulation was generated from the standard normal distributed  

(0, 1). For each combination of variables, the procedure was replicated 160,000 with a different 

seed for each replication. After the matrix (50,000 x m) of random variables is generated, the 

corresponding shift is applied to one of the streams, followed by the Qr(Xr) evaluation. Figure 

5.1 shows the general flowchart of the simulation model. The R-Studio code for this simulation 

is reproduced in Appendix B. 

5. 2. Validation of the Simulation Model 

The Monte Carlo simulations developed here were compared with the results reported by 

Mortell and Runger (1995) using the same half-limits (L) developed by that author. With 

variable definition (0, 1) and the number of replications N=160,000, the expected ARL1 for each 

case tested is the same. The validation can be made for independent streams (𝜌 = 0.0) as this is 

the only condition considered by Mortell and Runger (1995).  

Three levels of the number of streams (m), representing the extreme values of the number 

of streams (m) and the median, were considered. The results are summarized in Table 5.1. The 

paired t-test of the differences resulted in a P-value of 0.72516, indicating that the difference is 

not significant. The same can be concluded from the means plot with a 95% LSD (least 

significant difference) shown in Figure 5.2. 
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TABLE 5.1 

VALUES OF ARL1 FOR INDEPENDENT STREAMS (𝜌 = 0.0) 

 

 

 

 
Figure 5.2. Means plot at 95% LSD: Mod. Q-charts vs Mortell and Runger (1995), ρ = 0.0 

Number of 

Streams (m) 
Shift 

Runger’s 

Rt Chart 

Modified 

Q-chart 

(simulation) 

Difference 

3 

0.5 248.4 249.2 0.3% 

1.0 104.0 103.6 -0.4% 

1.5 42.8 42.1 -1.6% 

2.0 19.0 19.1 0.5% 

2.5 9.4 9.6 2.1% 

10 

0.5 303.0 301.4 -0.5% 

1.0 164.6 166.0 0.9% 

1.5 70.0 71.2 1.7% 

2.0 28.3 29.0 2.5% 

2.5 28.3 29.0 2.5% 

20 

0.5 337.6 339.9 0.7% 

1.0 210.5 209.2 -0.6% 

1.5 94.1 93.4 -0.7% 

2.0 37.7 37.1 -1.6% 

2.5 15.7 15.1 -3.8% 
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5. 3. Variable Selection 

With the objective of characterizing the out-of-control average run length (ARL1) and 

considering the full range of processes, the variable levels were selected as described in Table 

5.2. Values of the half-width (L) were determined based on the fitted model from Chapter 4 and 

presented in Table 4.8. 

 

TABLE 5.2 

FACTORS, LEVELS, AND RANGE FOR ARL1 EVALUATION 

Factors Symbol Type Low (-1) High (+1) 

Streams 𝒎 Numeric (Discrete) 2.00 20.00 

Correlation 𝝆 Numeric (Continuous) 0.00 0.80 

Shift  Numeric (Continous) 0.50 2.50 

 

5. 4. Statistical Design 

A face-centered composite design (FCCD) with 20 runs was used to avoid testing at 

unrealistic values of the number of streams (m). Each run was replicated 160,000 times. Table 

5.3 shows the design matrix with simulated values for the ARL1. 
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TABLE 5.3 

DESIGN MATRIX FOR ARL1 EVALUATION 

Run 
Streams 

(m) 

Correlation 

(ρ) 

Half-Width 

(L) 
ARL1 

1 20 0 0.5 367.349 

2 20 0.8 2.5 7.921 

3 11 0.4 1.5 60.613 

4 11 0.4 2.5 8.374 

5 11 0.4 1.5 60.979 

6 11 0.4 1.5 58.114 

7 20 0 2.5 11.103 

8 11 0.4 1.5 65.287 

9 11 0 1.5 59.272 

10 11 0.4 1.5 57.286 

11 11 0.8 1.5 43.318 

12 11 0.4 1.5 59.091 

13 2 0.4 1.5 20.848 

14 11 0.4 0.5 322.411 

15 2 0.8 0.5 215.802 

16 2 0 2.5 4.592 

17 20 0.4 1.5 120.531 

18 2 0 0.5 239.854 

19 2 0.8 2.5 4.31 

20 20 0.8 0.5 336.112 
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5. 5. Mathematical Modeling 

Table 5.4 shows the analysis of variance (ANOVA) for a power transformation of the 

ARL1 in the form (ARL1)
-0.5. The table represents values of type III (partial) sum of squares. A 

P-value less than 0.0500 indicate model terms are significant. The model F-value of 2594.28 

implies that the model is significant. There is less than a 0.01% chance that this F-value could 

occur due to noise. The lack of fit F-value of 1.91 implies a 24.19% chance that a lack of fit F-

value this large could occur due to noise.  

The ANOVA indicates that the 3-factor interaction involving the number of streams (𝑚), 

the level of correlation (𝜌), and the shift magnitude () is significant with a p-value of 0.0033. 

This value suggests that the effect of any one of the three variables on the ARL1 can not be 

quantified without considering the levels of the other two variables.  

TABLE 5.4 

ANOVA FOR (ARL1)
-0.5: TYPE III SUM SQUARES 

 

SOURCE 
Sum of 

Squares 
DOF 

Mean 

Squares 
F-value p-value 

Model 0.3475 12 0.0290 2594.28 < 0.0001 

  m: no. of streams 0.0082 1 0.0082 733.11 < 0.0001 

  ρ: correlation 0.0010 1 0.0010 86.31 < 0.0001 

  : shift magnitude 0.0420 1 0.0420 3764.21 < 0.0001 

  m.ρ 0.0002 1 0.0002 17.07 0.0044 

  m. 0.0089 1 0.0089 798.37 < 0.0001 

  ρ. 0.0005 1 0.0005 46.38 0.0003 

  m ² 0.0015 1 0.0015 131.27 < 0.0001 

  p ² 0.0002 1 0.0002 19.72 0.0030 

   ² 0.0130 1 0.0130 1161.62 < 0.0001 

  m.ρ. 0.0002 1 0.0002 19.11 0.0033 

  m ² 0.0010 1 0.0010 94.04 < 0.0001 

  m.ρ ² 0.0009 1 0.0009 83.31 < 0.0001 

Residual 0.0001 7 <0.0001   

  Lack of Fit <0.0001 2 <0.0001 1.91 0.2419 

  Pure Error <0.0001 5 8.857E-06   

Cor Total 0.3475 19    
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The fitted reduced cubic model in terms of the levels of factors can be expressed as: 

𝐴�̂�𝐿1 = 𝑥−2 (5.1) 

Where: 

𝑥 =    0.1302 − 0.0640 𝑚 + 0.0098 𝜌 + 0.1449  + 0.0049 𝑚𝜌 

−0.0334 𝑚 + 0.0080 𝜌 + 0.0231 𝑚2 + 0.0089 𝜌2 

         +0.0687 2 + 0.0052 𝑚𝜌 + 0.0252 𝑚2+ 0.0241 𝑚𝜌2 

 

 

Table 5.5 shows the fit statistics for this model. The value of the R2 indicates that the fitted 

model explains 99.98% of the simulated values of the ARL1. The Predicted R2 of 0.9998 is in 

excellent agreement with the adjusted R2 of 0.9994, i.e., the difference between the two values is 

minimal. Adequate precision measures the signal-to-noise ratio. A ratio greater than 4 is 

desirable. The ratio of 159.6857 indicates an adequate ratio. 

 

TABLE 5.5 

FIT STATISTICS FOR ARL1 EVALUATION 

 

These statistics indicate that this model can be used to navigate the design space. A 

normal probability plot of the studentized residuals is shown in Figure 5.3. The scatter 

distribution can be approximated by a straight line confirming that the residuals are normally 

distributed. Additional diagnostic examinations of the residuals indicated no violations of the 

underlying assumptions of the ANOVA procedure.  
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Figure 5.3. Residuals vs. Normal % Probability 

 

Figure 5.4 presents a plot of the interaction involving the number of streams (m) and the 

shift () at a low level of correlation (ρ). The plot suggests that when ρ = 0, the model is more 

sensitive to changes in the shift () at the high levels of the number of streams (m=20). The 

maximum value of ARL1 is obtained when m = 20,  = 0.5. Conversely, the minimum value of 

the ARL1 is obtained when m = 2 and   = 2.5. 

Figure 5.5 presents a plot of the interaction involving the number of streams (m) and the 

shift of the stream () at the high level of correlation (ρ). Similarly, the plot suggests that when ρ 

= 0.8, the model is more sensitive to changes in the shift () at high levels of the number of 

streams (m = 20). In all cases, the ARL1 is low when the shift magnitude is high. 
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Figure 5.4. Interaction plot of m. at ρ = 0 

 

 

 
Figure 5.5. Interaction plot of m. at ρ = 0.8 
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Figures 5.6 and 5.7 show the surface plots for Equation (5.1) for independent and 

correlated streams, respectively. These surfaces appear to have similar characteristics, except at 

the high level of m and low level of   These plots confirm the dominant effect of the shift 

magnitude on ARL1 within the levels of m and ρ.  

 

Figure 5.6 Surface plots for ARL1 - independent streams (𝜌 = 0) 

 

 

Figure 5.7. Surface plots for ARL1 - correlated streams (𝜌 = 0.8) 
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The cube plot in 5.8 shows predicted values of the ARL1 on the limits of the ranges 

considered. The effect of the correlation can be evaluated by moving vertically from the bottom 

to the upper values. For example, for the case with 20 streams with  = 0.5, the ARL1 goes from 

369.693 to 330.566 when the correlation varies from independent streams (𝜌 = 0) to highly 

correlated streams (𝜌 = 0.8). Similar conclusions can be drawn by comparing other edges of the 

cube plot. 

In general, increasing the correlation level reduces the ARL1 over the range of the 

number of streams considered. In other words, the assumption of independent streams 

consistently overestimates the ARL1. 

 

Figure 5.8. Cube plot for ARL1 
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5. 6. Model Confirmation 

Confirmation runs were performed to verify the proper applicability of the proposed 

mathematical model within its performance limits. The fitted model was subjected to 6 additional 

confirmation runs following the procedure suggested by Jensen (2016). The number of runs was 

selected by using the method recommended by Ross (1996). A two-sided, 95% confidence 

interval, 3-runs-average was selected to perform these confirmation runs. A summary of the 

confirmation runs is shown in Table 5.6. 

 

TABLE 5.6 

SUMMARY OF RESULTS - CONFIRMATION RUNS 

Confirmation 

Location # 

Confirmation runs 

 (Two-sided, 95% confidence interval, 3 runs-average) 

Stream 

(m) 
Corr. 

(ρ) 

Shift 

() 
Predicted 

Mean 
Confirmation 

Runs (Avg) 
95%  

CI low 
95% 

CI high 

1 3 0.1 1.25 44.30 43.80 40.44 48.59 

2 3 0.5 1.25 38.53 38.34 35.06 42.42 

3 3 0.7 1.25 40.48 40.58 37.10 44.22 

4 15 0.1 2.25 17.00 17.05 16.06 18.01 

5 15 0.5 2.25 15.70 15.74 14.86 16.58 

6 15 0.7 2.25 13.50 13.59 12.83 14.21 

 

These results confirm the adequacy of the model in predicting the ARL1 for the modified Q-

charts constructed with control limits based on Equation (4.1). 

  



64 

5. 7. Comparison of Results (ρ =0.0) 

A comparison of the performance of the modified Q-chart is only possible when the 

streams are independent ( = 0). Results of the methods proposed by Mortel and Runger (1995) 

and Epprecht et al. (2011) are summarized in Table 5.7, with shift magnitudes ranging from 0.5 

to 2.5 standard deviation units. For comparison purposes, the number of simulated replications of 

160,000 was selected to match the number used in cited methods. The columns represent ARL1 

for each method. The smaller the value for ARL1, the better the detection capability of the 

method. Statistical analysis of differences between the three methods resulted in a P-value of less 

than 0.0001, indicating that at least two methods produce significantly different ARL1. 

 

TABLE 5.7 

PERFORMANCE COMPARISON: ARL1 BASED ON VALUES OF m AND   

Number 
of 

Streams 
(m) 

 = 0.5   = 1.0  = 1.5  

Q-chart Runger Epprecht Q-chart Runger Epprecht Q-chart Runger Epprecht 

2 206.0 226.3 224.4 66.1 92.6 91.3 21.6 38.5 38.0 

3 236.7 248.4 244.3 85.3 104.0 104.0 27.8 42.8 41.4 

5 284.5 274.9 276.8 109.6 126.3 123.4 36.3 52.0 48.4 

6 282.0 268.9 286.2 116.9 133.8 136.4 39.8 55.2 51.0 

8 293.7 296.8 305.3 138.7 153.6 152.1 49.3 63.5 57.0 

10 302.1 303.0 326.5 159.2 164.6 163.9 52.5 70.0 63.2 

12 302.0 324.5 325.2 164.1 180.4 174.3 57.9 76.2 66.3 

15 309.3 318.1 318.7 180.6 187.1 182.2 67.3 82.3 73.5 

18 322.6 311.9 347.8 194.1 193.0 208.6 77.0 87.3 81.8 

20 337.9 337.6 338.3 198.4 210.5 205.9 75.7 94.1 83.6 
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TABLE 5.7 (continued) 

PERFORMANCE COMPARISON: ARL1 BASED ON VALUES OF m AND  

Number 
of 

Streams 
(m) 

 = 2.0   = 2.5 

Q-chart Runger Epprecht Q-chart Runger Epprecht 

2 8.9 17.9 17.7 7.2 9.3 9.2 

3 10.5 19.0 18.2 4.8 9.4 8.8 

5 13.4 21.9 19.3 6.0 10.3 8.6 

6 14.8 23.2 20.1 6.4 10.7 8.8 

8 17.0 26.1 21.4 7.1 11.7 9.1 

10 18.3 28.3 23.1 7.9 12.4 9.5 

12 21.4 30.6 24.6 8.6 13.2 9.9 

15 23.4 33.4 26.6 9.1 14.3 10.6 

18 24.4 35.3 28.4 9.8 15.0 11.2 

20 26.8 37.7 29.7 10.4 15.7 11.5 

 

Figure 5.9 shows the means plot with a 95% LSD (least significant difference). It 

confirms that the modified Q-chart has a superior shift detection capability compared to the other 

two methods. 

 

Figure 5.9 Means plot at 95% LSD – ARL1 performance comparison, 𝜌 = 0.0 



66 

5. 8. Results with Correlated Streams 

The model represented by Equation (5.1) can be used to evaluate the ARL1 when the 

streams are correlated. The predicted values of the ARL1 for the modified Q-chart are reported in 

Table 5.8 based on stated levels of the shift magnitude, the number of streams, and the level of 

correlations. The shift is assumed to occur in only one stream, which is undoubtedly a 

conservative approach for the evaluation of the ability of the control chart to detect a shift in the 

process average. 

 

TABLE 5.8 

PREDICTED VALUES OF ARL1 FOR THE MODIFIED Q-CHART,  = 0.5 

Number 
 of 

Streams 
(m) 

Correlation 

0.2 0.4 0.6 0.8 

2 209.5 204.8 225.5 216.7 

3 236.7 231.1 241.5 268.5 

5 271.9 288.3 275.2 349.4 

6 279.2 295.0 303.8 385.2 

8 302.6 305.0 345.0 426.6 

10 291.5 320.8 351.4 474.7 

12 321.2 329.3 370.0 490.7 

15 330.6 346.0 390.2 322.0 

18 335.1 336.9 411.3 296.7 

20 325.2 359.5 422.7 281.2 
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TABLE 5.8 (continued) 

PREDICTED VALUES OF ARL1 FOR THE MODIFIED Q-CHART,  = 1.0 

Number 
 of 

Streams 
(m) 

Correlation 

0.2 0.4 0.6 0.8 

2 65.8 66.6 69.1 70.4 

3 82.5 85.5 85.6 89.3 

5 112.0 113.7 117.9 129.2 

6 117.9 124.8 125.3 144.1 

8 133.9 137.2 152.0 172.3 

10 147.9 155.0 169.6 189.8 

12 159.7 176.9 183.3 219.5 

15 179.6 191.8 207.4 251.6 

18 196.5 203.0 220.3 280.5 

20 200.0 218.1 242.6 295.7 

 

 

TABLE 5.8 (continued) 

PREDICTED VALUES OF ARL1 FOR THE MODIFIED Q-CHART,  = 1.5 

Number 
 of 

Streams 
(m) 

Correlation 

0.2 0.4 0.6 0.8 

2 22.8 22.6 22.4 22.3 

3 28.9 28.5 28.2 27.7 

5 37.1 37.9 38.1 39.6 

6 39.3 39.8 43.6 43.5 

8 48.8 48.7 48.9 51.4 

10 55.2 53.8 56.8 59.1 

12 58.2 60.7 65.2 66.2 

15 66.9 69.1 76.0 74.4 

18 73.7 78.2 79.8 84.2 

20 79.8 80.6 81.1 86.1 
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TABLE 5.8 (continued) 

PREDICTED VALUES OF ARL1 FOR THE MODIFIED Q-CHART,  = 2.0 

Number 
 of 

Streams 
(m) 

Correlation 

0.2 0.4 0.6 0.8 

2 8.7 8.7 8.8 8.9 

3 10.4 10.6 10.5 10.3 

5 13.5 13.9 13.5 13.7 

6 15.1 14.7 15.2 14.9 

8 17.1 17.2 17.9 17.8 

10 19.1 18.7 20.0 19.3 

12 21.4 20.1 20.2 21.5 

15 23.4 23.8 24.8 24.3 

18 25.1 26.2 26.3 26.1 

20 27.4 26.7 26.6 28.0 

 

 

TABLE 5.8 (continued) 

PREDICTED VALUES OF ARL1 FOR THE MODIFIED Q-CHART,  = 2.5 

Number 
 of 

Streams 
(m) 

Correlation 

0.2 0.4 0.6 0.8 

2 7.2 7.2 7.2 7.2 

3 4.8 4.8 4.8 4.8 

5 5.8 6.1 5.9 6.1 

6 6.3 6.4 6.4 6.2 

8 6.8 7.2 7.2 7.3 

10 7.6 7.7 7.9 7.9 

12 8.4 8.7 8.3 8.5 

15 8.7 9.1 9.6 9.7 

18 10.0 10.0 9.9 9.8 

20 10.3 10.6 10.5 10.8 
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CHAPTER 6 

CONCLUSIONS AND FUTURE RESEARCH 

This research aimed to propose a modified version of the Q-chart for individual 

measurements for applications in the multiple-stream processes (MSP). The method proposed by 

Boyd (1950) for constructing a group control chart and the adjustments recommended by 

Grimshaw et al. (1999) were considered. This chapter summarizes the conclusions drawn and 

indicates directions for future research.  

6. 1. Conclusions 

This research closes a significant gap in the current SPC knowledge base. It offers a 

solution for implementing control charts to monitor the performance of multiple stream 

processes in the short-run environment. Based on the simulation studies and related statistical 

analyses, the following conclusions can be drawn:  

a) The modified Q-chart proposed in this research retains the same advantages as the 

traditional Q-charts and can be utilized to monitor the process average during start-up 

and short-run processes based on individual measurements from the MSP. 

Transforming the individual measurements from each stream to a Q statistic involves 

a simple mathematical operation for standardizing the measurements. Similar to 

traditional group control charts (GCC), only the maximum and minimum values of Q 

need to be plotted on the chart following each production rum. With appropriate 

stratification, a single modified Q-chart can be used to monitor different 

characteristics generated from the same MSP.    
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b) In designing the modified Q-chart, appropriate control limits need to be determined 

based on knowledge of the number of streams and the level of correlation between 

them. Different limits should be used when the streams are known to be correlated to 

prevent the consequent reduction in the in-control average run length (ARL0). 

Ignoring the correlation between the streams leads to an unacceptable increase in 

false alarms and unwarranted interruptions to the manufacturing process. 

c) The mathematical model developed in Chapter 4 can be utilized to determine the 

ARL0 for modified Q-charts when used to control the average of (MSP). The model 

has been utilized to create tables for recommended values of the half-width (L) 

required to achieve a target ARL0 of 370.4. Similar tables can be generated for 

different values of the ARL0 by utilizing Equation (4.1). 

d) The model developed in Chapter 5 can estimate the out-of-control average run length 

(ARL1) within the range of the variable considered in this research. These values help 

reduce the mathematical complexities required to estimate this performance measure 

of correlated streams. 

e) The performance of the modified Q-charts was investigated under varying levels of 

shift magnitude, the number of streams, and the correlation level. Simulated studies 

indicated that the modified Q-chart outperformed the other charts proposed by 

Epprecht et al. (2011) and Mortell & Runger (1995).  
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6. 2. Future Research 

In this research, all simulated data utilized to develop the mathematical models were 

generated assuming the process variability is in control. In practice, however, the process 

variability is monitored using a different chart. A natural extension of this research is to consider 

the design of an appropriate group control chart to monitor variability utilizing a similar research 

methodology. In addition, the following areas are proposed for future research. 

 

6.2.1. Larger Number of Streams 

As was noted previously, the models developed in Chapters 4 and 5 can only be utilized 

within the ranges considered. However, some modern manufacturing processes can have more 

than twenty streams. Some processes have 36, 60, or 100 streams, as in the textile and 

pharmaceutical industries. The models developed in this research should not be extrapolated in 

these scenarios. New research is needed to characterize the relationship between the average run 

length, the number of steams, and the level of correlation at new levels. Higher computing 

capabilities are needed to perform simulation studies with a larger number of streams.  

 

6.2.2. Non-constant Correlation 

In this research, it was assumed that the streams are equally correlated. This assumption 

was made to simulate individual measurements at each sampling interval or production run. 

Research in this area would consider scenarios where the correlation between streams is not 

constant. The research may involve mapping the correlation to different scenarios of 

combination and levels. Questions regarding the effect of a non-constant correlation on the half-

width (L) of the modified Q-chart can be evaluated.  
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6.2.3. Sensitizing Rules 

Several criteria can be applied simultaneously to detect out-of-control conditions. This 

research defined an out-of-control condition when a single measurement exceeded either control 

limit. However, processes may reveal other non-random patterns indicating out-of-control 

behavior. In scenarios where increased sensitivity to small shifts in the process average is 

justified, Nelson (1986) suggested a supplementary rules test for group control charts. The test 

identifies those streams with significantly high (or low) values of the measured characteristic. 

The process is declared to be out of control when the number of times a stream gives the 

maximum, or minimum measurement exceeds a specified value. Implementing such a test is 

likely to cause changes in the in-control average run length (ARL0) and the out-of-control 

average run length (ARL1). A new set of simulated studies can help quantify this effect on the 

performance of the modified Q-chart.  
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APPENDIX A 

R-STUDIO CODE FOR ARL0 SIMULATION 

 

################## load packages ####################### 

library(ggplot2) 

library(MASS) 

library(tidyr) 

library(faux) 

library(dplyr) 

library(GGally) 

 

################## clear workspace ##################### 

rm(list=ls())                  # clear workspace, including hidden objects 

cat("\014")                    # Clear console 

gc()                           # free up memory and report the memory usage 

setwd("C:/Users/clovis.ribas/WSU-Grad Studies/Dissertation/RStudio 

files/ARL0") 

 

################# start variables ###################### 

# set.seed(1)                 # seed value for random generator 

# m = 20                      # total number of streams 

# m_cor = 20                  # number of correlated streams (0 or 2 or more) 

Sigma0 = 1                    # Standard Deviation of the population 

Mean0 = 0                     # Mean of the population 

#cor = 0.4                    # correlation factor for correlated variables. 

n = 50000                     # number of sampling  

r = 1                         # sub-sampling size 

repeats = 526000              # number of repeats in the loop ARL0 calc. 

soma = 0                      # initialization of variables. 

######################################################## 

 

################### Print input data ################### 

 

print(Sys.time()) 

print(paste("SIMULATION WITH:")) 

print(paste("Mean0 =", Mean0)) 

print(paste("Sigma0 =", Sigma0)) 

print(paste("Number of Repeats =", repeats)) 

print(paste("Number of sampling  =", n)) 

print(paste("Subsampling =", r)) 

 

######################################################### 

 

idx <- c(20)               # define which streams will be run 

 

for (m in idx)             # looping with the number of streams 

{ 

#print(m) 

   

# for (m_cor in 2:m)       # looping with the number of correlated variables 

m_cor = m                  # number of corr. variable = to number of streams 

# { 

# print(m_cor) 

 

for (i in 0:5)             # looping with correlation values  
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{ 

cor = i/5 

 

m_idd = m - m_cor          # number of independent variables 

 

############## new control limits ###################### 

 

ARL <- 1/(1-(1-2*pnorm(-3*Sigma0))^m)         # ARL0 for no correction 

 

ni = qnorm((1+(pnorm(3)-pnorm(-3))^(1/m))/2)  # corrected factor for m 

UCL = Mean0 + ni                              # Corrected upper control limit 

LCL = Mean0 - ni                              # Corrected lower control limit 

 

########### Generation of Data ################ 

 

ARL0_String <- rep(0,repeats) 

 

for (count in 1:repeats)             # main looping for the number of repeats 

{ 

 

Xr_idd <- matrix(rnorm(n*m_idd),n,m_idd) 

          # Calculation of Xr - randomly generated idd variable  

 

# mvrnorm to draw a matrix of variables 

 

Mean_cor <- rep(Mean0,m_cor)    # gen.of vector of averages of corr variables 

Sigma_cor <- rep(Sigma0, m_cor) # gen.of vector of std dev. of corr variables 

 

Sigma_diag <- matrix(0, m_cor, m_cor) + diag(Sigma_cor) 

Cor_Matrix <- matrix(cor, m_cor, m_cor) + diag(m_cor)*(1-cor) 

              # Definition of correlation matrix 

Cov_Matrix <- Sigma_diag %*% Cor_Matrix %*% Sigma_diag 

              # Calculation of Co-variation matrix 

 

Xr_cor <- mvrnorm(n, Mean_cor, Cov_Matrix) 

          # Randomly generated correlated variables with Mean0 and Sigma0 

 

cov(Xr_cor); cor(Xr_cor) 

 

Xr <- cbind(Xr_idd,Xr_cor)   # merge independent and correlated matrices 

 

Qr = (Xr - Mean0)/Sigma0     # Calculation of Qr for Mean and Sigma known 

 

Qr_Max <- (apply(Qr,1,max))  # Vector with max values of each row of matrix 

 

Qr_Min <- (apply(Qr,1,min))  # Vector with min values of each row of matrix 

 

Qr_MaxMin <- cbind(Qr_Max,Qr_Min)   # data frame with both max and min vector 

 

 

RL0_Max  <- which(UCL < Qr_Max)[1]     # id first value > UCL in Qr_Max 

RL0_Min  <- which(LCL > Qr_Min)[1]     # id first value < LCL in Qr_Max 

 

if (RL0_Max < RL0_Min)       # selection of first out of control (max or min) 

{ 

RL0 = RL0_Max 

} else { 

RL0 = RL0_Min 
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} 

# print( paste("Iteration: ", count, "     ARL0:", ARL0))  

ARL0_String[count] <- RL0 

} 

 

ARL0 = mean(ARL0_String) 

ARL0_sd = sd(ARL0_String) 

 

# sink("dataout.txt")  # for screen and log 

# end of looping 

 

print(paste(" ")) 

print(Sys.time()) 

print(paste("Number of streams =", m)) 

print(paste("Number of correlated streams =", m_cor)) 

print(paste("Correlation =", cor)) 

print(paste("ARL0 =", ARL0)) 

print(paste("ARL0_sd =", ARL0_sd)) 

} 

} 

#} 
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APPENDIX B 

R-STUDIO CODE FOR ARL1 SIMULATION 

################## load packages ####################### 

library(ggplot2) 

library(MASS) 

library(tidyr) 

library(faux) 

library(dplyr) 

library(GGally) 

 

################## clear workspace ##################### 

rm(list=ls())                  # clear workspace, including hidden objects 

cat("\014")                    # Clear console 

gc()                           # free up memory and report the memory usage 

setwd("C:/Users/clovis.ribas/WSU-Grad Studies/Dissertation/RStudio 

files/ARL1") 

 

################# read data file ############################## 

my_data <- read.table("C:/Users/clovis.ribas/WSU-Grad 

Studies/Dissertation/RStudio files/ARL1/DataFile_ARL1.txt") 

 

ARL1_Output <- matrix()          # create a null vector for ARL1_Output 

 

################# Case definition on my_data file ############## 

 

Case_start <- 175                 # Initial line on my_data file 

Case_end   <- 180                 # Final line on my_data file 

 

print(paste( "Case_start =", format(Case_start, nsmall = 2), 

             "Case_end =", format(Case_end, nsmall =2), 

              Sys.time())) 

 

################# routine parameters ######################## 

count_ARL <-  160000    # number of repeats to evaluate ARL1 

P <- 10000              # sampling for evaluation of correlation 

 

################# statistical parameters ##################### 

mu0  <- 0               # True average 

sigma0 <- 1             # True standard deviation 

set.seed(1)             # set seed value for initial sample 

m_s <- 1                # number of streams with shift for evaluation of ARL1 

 

######################################################### 

 

ARL1 <- vector()       # create a empty vector for average run length looping 

ARL1_Output <- vector () 

 

for (case in Case_start:Case_end)             # global looping to calculate 

selected cases of the my_data file 

{ 

  mu0_shift <- my_data[case,2]          # Shift on mu0 for evaluation of ARL1 

  m         <- my_data[case,3]          # total number of streams 

  ro        <- my_data[case,4]          # coefficient of correlation 

 

  ########### Calculation of UCL and LCL ############# 
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  # # Greenshaw 

  # ni = qnorm((1+(pnorm(3)-pnorm(-3))^(1/m))/2)   # corrected factor for m 

streams 

 

  # Solve for DOE 

  a1 <- -370.4^(-0.25) + 1.19648 + 0.074984*m - 0.105288*ro - 0.002917*m*ro -

0.001945*m^2 + 0.105185*ro^2 - 0.019379*m*ro^2 

  a2 <- (-0.461488 - 0.017997*m + 0.006291*ro + 0.004052*m*ro + 0.000501*m^2) 

  a3 <- +0.047415 

  ni <- min(Re(polyroot(c(a1,a2,a3)))) 

 

  UCL = mu0 + ni                     # Corrected upper control limit 

  LCL = mu0 - ni                     # Corrected lower control limit 

   

  RL1 <- vector()              # create a empty vector for run length looping 

 

  for (s in 1:count_ARL)       # looping for calculation of ARL 

  { 

    Xr     <- vector()     # create a empty vector for Xr variables. 

    Xr_0   <- vector()     # create a empty vector for Xr_0 variables. 

    Xr_S   <- vector()     # create a empty vector for Xr_S variable 

    Xbar_1 <- vector()     # create a empty vector for Xbar_1 variables. 

    Sdr_1  <- vector()     # create a empty vector for Sdr_1 variables. 

    Qr     <- vector()     # create a empty vector for Qr variables 

    Gr_2   <- vector()     # create a empty vector for Gr_2 

    Z      <- vector()     # create a empty vector for Z 

    r <- 0                 # Start of global variable counter 

    Index_Max <- vector() 

    Index_Min <- vector()   

     

     

    Xr <- mvrnorm (n=P,    # number of variables 

             mu = c(rep(c(mu0_shift), times=m_s), rep(c(mu0), times=m-m_s)), 

# vector of averages (with the shift as required) 

 

             Sigma = matrix(ro,m,m)+diag(c(1-ro),m,m))   # co-variance matrix 

  

    # ggpairs(as.data.frame(Xr))                       

 

    Qr <- (Xr - mu0)/sigma0           Q-transformation for correlation matrix 

 

    Qr_Max <- (apply(Qr,1,max)) 

  # Vector with extraction of maximum values of each row of matrix 

 

    Qr_Min <- (apply(Qr,1,min))                                                       

# Vector with extraction of minimum values of each row of matrix 

  

    for (i in 1:P)                                      # Looping to find RL 

    { 

      Index_Max[i] <- which(Qr[i,]==max(Qr[i,]))                                      

# Search of which stream the max occurs 

      Index_Min[i] <- which(Qr[i,]==min(Qr[i,]))                                      

# Search of which stream the min occurs 

      if (Qr_Max[i] > UCL) 

      { 

        RL1[s] <- i 

        break 
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      } 

      else if (Qr_Min[i] < LCL) 

      { 

        RL1[s] <- i 

        break 

      } 

   } 

   print(paste("Case =", format(case, nsmall = 2), 

             "Loop =", format(s, nsmall = 2), 

      "RL Index =", format(i, nsmall =2), 

                    "RL1 = ", format(RL1[s], nsmall =2), 

                     Sys.time())) 

   } 

    ARL1[case] <- mean(RL1)                 # calculation of ARL for loop s 

# 

  print(paste("Case =",   format(case, nsmall = 2), 

              "Streams=", format(m, nsmall = 2), 

              "Shift=",   format(mu0_shift, nsmall =2), 

              "Corr=",    format(ro,nsmall = 2), 

              "UCL=",     format(UCL,nsmall =2), 

              "LCL=",     format(LCL,nsmall =2), 

              "ARL1 =",   format(ARL1[case], nsmall =0), 

               Sys.time())) 

# 

  ARL1_Output < -rbind(ARL1_Output, c(case, m, mu0_shift, ro, UCL, LCL, 

ARL1[case]))                 # Combination of Qr_Selection 

 

  ################### Export Results ###################################### 

   

  setwd("C:/Users/clovis.ribas/WSU-Grad Studies/Dissertation/RStudio 

files/ARL1/Output") 

  write.csv(ARL1_Output,file=paste(Case_start, Case_end, "ARL1.csv", sep="-

"), row.names = FALSE) 

} 

Sys.time() 

 


