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ABSTRACT 

 
 

In many manufacturing processes, multiple identical parts are made in parallel during a 

single run. Different inspectors may inspect similar parts, and several assembly lines may produce 

similar products. These scenarios involve multiple stream processes, where a different set of 

control charts is traditionally required to monitor the performance of each stream over time. As 

the number of streams increases, applications become unrealistic. Group control charts offer a 

more viable alternative. A basic assumption in the traditional application of multiple stream 

processes charting techniques is that the observations from the multiple stream process under 

investigation are normally and independently distributed. When these assumptions are satisfied, 

conventional control charts may be applied. In a practical setting, correlation may be present and 

may impact the performance of charting scheme. The lack of care provided to the correlation 

between the streams results in a higher ARL. The in-control ARL associated with the traditional 

group charts is approximately 370/m, where m is the number of streams.  

This research investigated the effect of correlation on the rate of false alarms and proposed 

appropriate values of the half-width (L) to be used in designing group control charts for monitoring 

the process average. The number of streams (m), level of correlation (r), subgroup size and the 

half-width are design factors. Results were used to fit a mathematical model representing the 

relationship between the four factors and the proposed half-width. Additionally, several simulated 

scenarios were generated and used to evaluate the long-term performance in terms of the average 

run length (ARL1). Statistical analysis of the results indicated that the corrected half-width 

correction has an advantage over the traditional group chart in terms of the rate of false alarms. 
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CHAPTER 1 

INTRODUCTION 

 
A multiple stream process (MSP) is a process that produces several streams of the output 

in parallel. Examples of these processes include machines with multiple spindles, injection molds 

with multiple cavities, turret presses with multiple dies, and filling machines with multiple heads. 

Multiple identical machines are used on the same production line to help meet flow demand in 

some scenarios. Similarly, more than one operator or inspector may be needed to speed up 

assembly or inspection operations. Indeed, the economic gains associated with such scenarios’ 

increased throughput and productivity are decisive factors. However, from a statistical point of 

view, differences between streams and within each stream are inevitable. These differences 

contribute to the total variability in the output units and determine product quality. If found 

economically and technically feasible, automatic process control represents an excellent approach 

for keeping the overall variability within acceptable limits. Otherwise, managers are left with two 

options: to apply no control and hope for the best, or to try to inspect the quality of products using 

100% inspection. 

Considering these same options, Shewhart (1931) proposed using control charts for the 

economic control of quality during production. In his pioneering work, laying the groundwork for 

statistical process control (SPC) techniques, he was focused on scenarios involving the mass 

production of discreet parts. His simple charting techniques demonstrated an outstanding ability 

to monitor process performance based on periodic samples from the output. With sample values 

plotted against statistical limits, operators are able to manage variability during production. He 

identified two causes for process variability. Random causes are attributable to common changes 

in the process variables, and assignable causes result in unusual process performance changes. 
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According to Shewhart, processes that operate under random causes are said to be in a state of 

statistical control.  

Designing a Shewhart control chart requires the specification of the sample size, the 

frequency of sampling, and the width of the control limits. These design parameters are selected 

to achieve an acceptable risk of over-adjusting and under-adjusting the process. The former results 

from false indications of the presence of assignable causes. Whereas the latter is associated with 

the inability of the chart to signal the presence of these causes. 

Specialized mass production systems are no longer the dominant environment with changes 

in the market and business models. Batch production and job shop systems are gaining popularity 

due to their ability to respond to market changes and customer demands. Such a trend is more 

likely to continue with the ever-increasing need for customized products. Nevertheless, parallel 

processing of identical units in small batches presents a challenge for traditional SPC. As the 

number of streams increases, the idea of using one set of charts to monitor each stream becomes 

impractical. 

Group control charts (GCCs) offer a viable alternative for controlling process variability. 

Cited research indicated that the control limits need to be established with considering the number 

of streams. The problem of selecting an appropriate width for the control limits is typically 

simplified by assuming that the streams are independent. On the other hand, when the streams are 

perfectly correlated, another simple solution requires monitoring only one of the streams. Aside 

from these two scenarios, there is a need to adjust the chart limits to maintain an acceptable level 

of performance of the control charts and avoid increasing false alarms.  

This research investigated the effect of correlation on the rate of false alarms. It suggests 

appropriate values of the control limit half-width to be used in designing GCCs for monitoring the 
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process average. Chapter 2 presents a review of the literature on statistical process control and 

group control charts. The review aims to compare the various charting techniques and identify 

their performance under varying levels of correlation between the streams. Chapter 3 provides a 

discussion leading to the research gap, objectives, and procedures. This is followed by a detailed 

description of the research methodology, its objectives, and the methodology. Chapter 4 presents 

the simulated studies performed to fit the mathematical model representing the values of the half-

width factor obtained utilizing the described methodology. Chapter 5 considered the performance 

of control charts constructed using the proposed half-width values presented in Chapter 4. The 

performance is determined using the group control chart’s average run length (ARL1). The 

summary and conclusions of this research, including recommended future research, are provided 

in Chapter 6. 
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CHAPTER 2 

LITERATURE REVIEW 

 
Statistical process control (SPC) techniques have been widely used in various applications. 

They have been proven as effective techniques for quality improvement and cost reduction. As 

was stated by Stoumbos et al. (2000), “SPC refers to some statistical methods used extensively to 

monitor and improve the quality and productivity of manufacturing processes and service 

operations.”  

Statistical process control uses control charts conceptually based on parameter estimation 

and hypothesis testing. Control charts are chronological graphs of process data used to help 

understand, control, and improve processes by separating random causes from assignable causes. 

They are equivalent to hypothesis testing when utilized for real-time monitoring, where a statistic 

is repeatedly compared to the control limits. The control statistic is similar to the test statistic, and 

the control limits are analogous to the critical values of the test. The reported benefits of utilizing 

control charts include variability reduction, quality improvement, cost reduction, and increased 

throughput. 

 
2.1 Traditional Statistical Process Control 

Shewhart control charts were developed in 1924 and commonly used to monitor process 

performance (Shewhart, 1931). The general idea is to determine if an observable characteristic has 

substantially or significantly changed. Shewhart control charts are powerful visual tools for 

tracking the ongoing performance of a particular process. A basic assumption made in using the 

Shewhart charts is to regard the observations as being independent. The charts can be utilized to 

monitor various sample statistics, such as individual measurements, means, variances, etc.  
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Shewhart defined two types of variation in the observed characteristic. The first which he 

called random variation is the total natural process variation resulting from the sum of the effects 

of many causes each contributing a small component to the overall variation (Shewhart, 1931). 

Because this definition meets the requirements of the central limit theorem and the fact that the 

variation is stable, a normal distribution with constant mean and variance is often assumed to 

represent the characteristic. When only random variation is present, a process is said to be in a 

state of statistical control. The second type of variation is the effect of some exceptional cause that 

is significantly large compared to the total of random variation and is not always present. When 

one or more assignable causes are active, a process is said to be out of control. 

In Shewhart’s charting scheme, three horizontal lines called the centerline (CL), upper 

control limit (UCL), and lower control limit (LCL) define the natural variability in the process. 

Sample (subgroup) statistics, usually taken at equal time intervals, are compared to the UCL and 

LCL. Data points that fall beyond the control limits signal the presence of assignable causes. Chart 

signals usually result in an investigation by the process engineer or operator to determine the cause 

of the change in the process average. The control limits are computed statistically based on the 

probability distribution of the plotted statistic. 

The average number of points measures the chart’s long-term performance plotted out of 

the control limits. The measure is referred to as the Average Run Length (ARL). It is denoted by 

ARL0 when the process is in-control and ARL1 when the process is out-of-control (Montgomery, 

2013). The in-control ARL0 is defined as the average number of samples obtained before an out-

of-control signal, given that the process is in control. This type of signal is called a false alarm. A 

low number of false alarms or a high value of the ARL0 is desirable. The average run length, while 

the process is operating in-control, is given by: 
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ARL0	=	
1
α 

where α is the probability that any point will exceed the control limits. For the Shewhart X"  chart 

with 3σ limits, α = 0.0027. Therefore, the ARL0 of the X"  chart when the process is in-control is: 

ARL0	=	
1
α 	=	

1
0.0027 	=	370.4 

Even if the process remains in-control, an out-of-control signal will be generated on 

average every 370.4 samples.  

A control chart's ability to detect a shift of a given magnitude is measured by ARL1. For 

example, an ARL1 of 3 means that, on average, the chart will signal an out-of-control condition 3 

samples after the mean of the process has shifted. As such, the expected number of samples taken 

before the shift is detected is given by: 

ARL1	=	
1

1-β 

where β is the probability of points falling within the control limits after a shift has occurred. As 

was pointed out by Montgomery (2013), the chart power or the probability of detecting a shift on 

the first subsequent sample is (1 – β). A low ARL1 is typically desirable, but there is always a 

design tradeoff between values of ARL0 and ARL1. 

Shewhart charts are based on the fundamental assumption that a process that is in-control 

will generate normally and independently distributed (NID) random variables (Sulek et al., 1995). 

If the independence assumption is not met, then the ARL properties of the charts can be greatly 

affected, and out-of-control signals can become meaningless. The assumption of normality has 

been studied by Schilling and Nelson (1976).  
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2.2 Multiple Stream Processes 

Traditional control charting techniques were designed to monitor the output of a single 

process. Periodic samples should be selected following rational subgrouping. As was indicated by 

Shewhart (1924), samples need to be homogenous with minimum within-sample variability. 

However, some manufacturing processes have multiple sources or streams of output (Jirasettapong 

& Rojanarowan, 2011). For example, a machine may have several heads, with each head producing 

supposedly identical units of products. The production operation of a bottling plant when filled 

simultaneously provides another example (Ott & Snee, 1973). These processes are referred to as 

multiple stream processes, where the assumption that the observations are identical and 

independently distributed random variables may not hold true.  

In such situations, one can use separate Shewhart control chart on each stream. This 

approach results in a prohibitively large number of control charts (Nelson, 1986). As the number 

of monitored streams increases, separate control charts on each stream become unmanageable. 

Meneces et al. (2008) noted that this approach leads increases the number of false alarms due to 

the increased levels of (a). Also, as Lanning (1998) noted, the way individual charts react to 

various assignable causes could confuse a small overall mean shift with a few relative mean shifts 

in individual streams. If an assignable cause affects just one stream, the individual chart will detect 

this within the limits of its chart parameters. An assignable cause that has a large impact on the 

mean of all the streams will generate signals on most of the individual charts, but small shifts will 

be detected singly.  

The subgroups in traditional control charts are formed from observations taken in a time-

ordered sequence that represents the process over a short time (Montgomery, 2013). Suppose the 

subgroups contain elements of multiple process streams. In that case, the within subgroup variation 
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will be large relative to the variation between subgroup averages (Lanning, 1998). This does raise 

another problem violating the premise of rational subgrouping. For example, components may be 

manufactured simultaneously on five machines and a special cause may affect only one of the five 

machines. In this situation, a sample should not consist of one observation from each machine, 

because a change in only one machine may be masked by observations from the other unchanged 

machines. 

 
2.3 Group Control Charts 

When a multiple stream process is in-control, the statistics observed from each stream are 

assumed to follow the same distribution. Therefore, each stream’s control charts constructed from 

known standards would have identical control limits. One could plot the points obtained from all 

the streams on the same chart, but if the largest and smallest values are within the control limits, 

all of the points are within the control limits. This motivates the utilization of group control charts. 

One possible group control chart for the mean would be a control chart with limits on which 

at each trial one plots the largest and smallest means, denoted by X"–max and X"–min. The streams 

that produced these values at each trial are identified. This approach greatly simplifies monitoring 

the multiple stream process. However, one possible drawback of the group control chart is that the 

performance of all the streams is not recorded at each trial. As a result, one cannot utilize all of the 

prior points from each of the process streams.  

Group control charts present statistical monitoring techniques for MSPs as described by 

Boyd (1950), Burr (1976), Nelson (1986), and Mortell and Runger (1995).  

Sealy (1943) is credited for developing the concept of a group control chart during World 

War II. At that time, group charts were used to monitor various types of multiple spindle machines. 

Sealy's monograph proposed a method of constructing group X"  and R control charts. He pointed 
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out that the chief motivation for using group control charts was to avoid the high number of charts 

that would be required when each stream was controlled with a separate pair of charts. He proposed 

constructing control limits based on the product specification limits. The basic idea was to build 

only one pair of charts with information from all the streams. Unfortunately, the control limits 

described were based on specification limits for the process. These are of no use in determining 

the state of the process.  

Boyd (1950) proposed using the group control chart to monitor a multiple stream process 

by utilizing the general framework of the Shewhart X" chart. He examined a vertical boring machine 

in the manufacture of engine blocks. Boyd (1950) assumed that the performance of each spindle 

was reflected by the diameter of its cylinder bore and largely independent of the other streams. 

The group control charts record the largest mean, smallest mean, and maximum range of the 

streams with the understanding that if these are within the control limits, the other streams must 

be too.  

To construct a group control chart, 𝑚 preliminary samples of size 𝑛 are taken from each 

stream as if traditional X" − R charts were being used for each of the streams (Montgomery, 2013). 

All the streams are assumed to follow the same distribution. The upper control limit (UCL) and 

lower control limit (LCL) are computed by aggregating the observations into a single, overall 

grand mean, denoted X(, and grand range, denoted R".The equations for calculating the control limits 

for the X"  chart are given by: 

UCL = X( + 3
R"

d2√n
 

LCL = X(  + 3
R"

d2√n
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where the constant 𝑑2 has the same meaning as in the standard X"-chart (Montgomery, 2013). The 

plotted statistics used in Boyd’s group control charts at a given sample are both the minimum and 

maximum sample mean values taken from the streams (Montgomery, 2013).  

According to Mortell and Runger (1995), the lack of care provided to the correlation 

between the streams can substantially inflate or deflate ARL0 to an unacceptable level. He noted 

that the resulting ARL's of these control charts differ significantly from what one might expect. 

When the number of streams becomes large, this method becomes ineffective.  

Grimshaw et al. (1999) proposed widening the control limits of Boyd’s group control chart 

to account for the deflation of the ARL0. Grimshaw et al. (1999) also recommended widening the 

limits to account for the tendency of the chart’s ARL0 to deteriorate as the number of streams being 

monitored becomes large. To correct the flaw in the control limits of the group chart to maintain 

an ARL of 370.4 for all m streams, the corrected value of the half-width is given by:  

L	= ϕ-1(
1	+	0.99730!

1
m"

2 ) 

Nelson (1986) developed run rules to improve the detection effectiveness of group control 

chart. He sets a limit r for the number of times one particular stream can produce the extreme value 

(maximum or minimum) of the calculated statistics. Nelson (1986) suggested that if one stream 

produces the maximum or minimum average on r successive points, then this stream may be out-

of-control. He noted that when the process is in-control, the expected number of trails in m streams 

until r consecutive largest or smallest statistics came from the same stream is given by: 

mr	-	1
m	-	1  

 



 

 11 

where m is the number of streams in the multiple stream process and r is the run or pattern length 

of maximum or minimum values. He also demonstrated how to choose a critical value of r that 

would produce practical in-control ARL's for the runs test. This is a one-sided result, in the sense 

that it only accounts for r consecutive samples coming from the same stream. Nelson and 

Stephenson (1996) also proposed additional run rules for the group control chart. However, 

additional rules can add complexity to a monitoring scheme and should be implemented cautiously 

(Montgomery, 2013).  

Additionally, Nelson (1986) pointed out that if the streams are highly correlated then a 

single chart can be used to monitor the output, but if the streams are not correlated a separate chart 

for each stream should be used. 

Montgomery (1991) reviewed Nelson’s approach and added ARL tables for the various 

number of streams with corresponding r values. He also referred to Nelson’s X" − R group charts 

as “Singular Control Schemes.” 

Mortell and Runger (1995) proposed charting schemes that separate between stream 

variability from within stream variability. They proposed the use of a model similar to that used in 

the one-way analysis if variance (ANOVA). The model for the multiple stream process is to 

accommodate the practical case of dependent (cross-correlated) streams. The model is described 

as follows: 

Ytjk	=	μ0	+	At	+	etjk 

where Ytjk is the value of the kth measurement from the jth stream at time t, and μ0 is the overall 

average over all periods and streams. The variable At ~ N(0,σa2) represents the mean difference in 

measurement from target value μ0 across all m streams, and etjk ~ N(0,σ2) represents the mean 

difference the measurement k on stream j is away from μ0+At (Montgomery, 2013; Mortell & 
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Runger, 1995). It is assumed that At and etjk are independent of each other, but values of At's might 

not be independent of each other. Two different charts were proposed by Mortell and Runger 

(1995), one to monitor common variation and one to monitor shifts in a single stream. They 

represented MSP data in which the total variation is allocated to two sources: σa2 accounting for 

the variation over time common to all streams, and σ2 accounting for the variation between the 

streams at specific time t. From this model, the cross-correlation between any pair of streams is 

given by: 

ρ	=	
σa2

(σa2 + σ2) 

To monitor common variation among the streams, subgroups of size n are collected from 

each of the m streams and the subgroup means are aggregated into an overall mean. The difference 

between their proposed scheme and Boyd’s GCC is how the control limits are constructed. They 

used the overall sample size, n x m, in calculating the control limits. The increase in sample size 

will narrow the width of the control limits relative to Boyd’s charts. This approach is more 

sensitive to simultaneous and equal shifts across all streams (Mortell & Runger, 1995). However, 

the statistics observed, At’s possibly being autocorrelated, which may deteriorate chart 

performance. 

To monitor a shift in a single stream, they monitor the range of the process at each sample 

using the maximum range among stream means in a Shewhart, EWMA, and CUSUM style charts 

(Mortell & Runger, 1995). Their proposed plotting statistic is: 

Rt	=	max Ytj - min Ytj 

Mortell and Runger (1995) conducted a simulation study to evaluate the performance of 

their proposed techniques with the performance of the runs test proposed by Nelson (1986). 

Simulations were conducted for various number of streams m and various shifts from the target 
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value in the means of one or more streams. The results indicated that the Cumulative Sum 

(CUSUM) chart on the range outperformed the Shewhart and Exponentially Weighted Moving 

Average (EWMA) on either the range or the maximum residual. On the other hand, little difference 

in performance existed between the runs test of Nelson (1986) and the proposed CUSUM chart 

but it is preferred because of the flexibility in the choice of the ARL0.  

Runger et al. (1996) suggested approaching the multiple stream process with correlated 

data using the principal component analysis. At a given time t, a measurement vector is created 

whose individual components are the values of the deviations of the variables to be monitored 

from their target value. The individual components correspond to streams, i.e., the first value 

corresponds to the first steam. This vector exists in m dimensional space where m is the number 

of streams being monitored. Building on the model proposed by Mortell and Runger (1995) and 

standard principal component analysis techniques, they decomposed the vector into m orthogonal 

principal component vectors. The analysis forces the first principal component vector to be the 

vector chosen from all possible linear combinations of the components that have the greatest 

variance. The second principal component vector has the second greatest and so on.  

The average of the elements of the first principal component vector turns out to be the 

average deviation of all the streams from their common target. As did previous researchers, Runger 

et al. (1996) suggested control charting this average separately to identify when all streams shift. 

Since the remaining principal component vectors are orthogonal to the first, they are independent 

of variations that affect all streams equally.  

Hotelling (1947) developed a method that provided a means of combining the sample 

values from a multivariate process into one monitoring statistic called T2. Runger et al. (1996) 

applied this method to the remaining principal component vectors to generate a single statistic 
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which is unaffected by the common variation from the target in all streams. Assuming n = 1, i.e., 

one observation per stream at time t, the statistic is given by: 

St2	=	σ-2×-.yti	-		yt///0
2

s

i=1

 

Runger et al. (1996) showed that the statistic St2 follows a central χ2 distribution with m-1 

degrees of freedom when the process being monitored is in-control. When the process is out-of-

control, this statistic follows a non-central χ2 distribution.  

The St2 statistic, as defined above, has been shown to provide reasonable out of control 

average run length for a shift of more than 2s. To improve the sensitivity of detecting smaller 

shifts, Runger et al. (1996) suggested using an exponentially weighted averaging process over 

previous values of the measurement vector. Another advantage of applying this averaging process 

is that it will lessen the dependency upon the normality assumption (central limit theorem). The 

exponentially weighted average scheme in Runger et al. (1996) is accredited to Roberts (1959), 

the mechanics of implementing this scheme requires calculating: 

Wi,t	=	r × Yi	+	(1	-	r)	×	Wi,t-1 

where 0 £ r £ 1 is the exponential average constant. The control statistics are then calculated by: 

St2	=	
(2-r)
r × σ2 	×	-.Wi,t	-	Wt////0

2
s

i

 

Besides providing performance that compares favorably on an ARL basis, using the 

statistic St2 has the advantage that performance evaluation can be done analytically based on 

distribution theory eliminating the need for simulation. 

A drawback of this approach is the assumption of a constant known sigma which is needed 

to calculate the St2 statistic. Furthermore, the χ2 table values are known to be heavily dependent 
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upon the assumption that the underlying variates are normally distributed. The exponentially 

weighted average approach reduces the dependency upon the normality assumption (central limit 

theorem). Probably, any assumption would be verified, and the value of sigma would be 

determined during the initial implementation stage. 

The use of exponentially weighted averages is effective in increasing the sensitivity of the 

control scheme but has a drawback. Because of the correlation between successive values of the 

control statistic, it is not possible to calculate ARL’s. Runger et al. (1996) utilized the Monte Carlo 

simulation results from Lowry et al. (1992) to describe the plan performance. They recommended 

the simultaneous use of two control charts. One chart plots the average measurement from all 

streams over time and the other chart plots some measure of uniformity from all streams. This 

chart monitors the major principal component variable which equals the mean of the streams at 

any time t. The second control chart is based on the Hotelling T2 statistic of the last m-1 principal 

component that is shown to be equivalent to the S2 chart. Thus, it is sensitive to relative assignable 

causes that affect the uniformity across the streams. Jackson (1980) provided a tutorial on the use 

of principal components. 

Epprecht et al. (2011) proposed modified group control chart for residuals as an alternative 

scheme for monitoring multiple stream processes. This scheme makes a distinction between 

assignable causes affecting all the streams and those affecting a single stream (Abdulaziz et al., 

2019). This scheme extends the work proposed by Mortell and Runger’s Rt chart (1995).  

Operation of the residual chart is similar to that of Boyd’s (1950). The difference is in the 

way the control limits are calculated. The control limit coefficient depends on the number of 

streams in the process. According to Epprecht et al. (2011), residual group control charts are faster 

and more efficient at detecting shifts in the mean of one stream. The gain in its performance, 
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compared with other methods, increases with a surge in the number of streams in the process. This 

charting technique has superior performance in terms of ARL1 to Mortell and Runger’s Rt chart 

for shifts of d > 1σ (Epprecht et al., 2011). Lanning et al. (2002) used an adaptive sampling 

approach to monitor a large number of independent streams when it is only possible to monitor a 

fraction of the streams. 

Meneces et al. (2008) considered a separate Shewhart control chart for each stream of a 

multiple stream process. As previously indicated, the Shewhart control chart use half-width (L) of 

3. The drawback of using one chart for each stream is the decrease in ARL0 due to cross-correlation 

between the streams, which is defined as r. They considered the effect of correlation across the 

multiple streams on the use of one Shewhart X"  chart to monitor each stream. The number of charts 

required increase as the number of streams increase. Equivalently, the probability of making a type 

I error increases as the number of streams increases. Consider a case with zero correlation (r = 0). 

The probability of a false alarm observed, given the process is in-control across all streams 

individually monitored, is approximately calculated as follows: 

1	-	(1 - α)m ≈	1	-	1	+	mα =	mα 

Additionally, Meneces et al. (2008) recommended changing the half-width (L) of the 

control limits of the Shewhart X" chart from the traditional L = 3. The alternative control chart is 

designed to maintain a desired false alarm probability when monitoring multiple correlated 

streams. The adjustment of the control limits to correct for the inflated false alarm error rate is 

achieved by widening the control limits using a correction factor so that Type I error rate of a = 

0.0027 resulting in ARL0 =370.4. The recommended values of the half-width value (L) to use for 

a given number of streams are given in Table 1. 
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 TABLE 1 

RECOMMENDED HALF-WIDTH (L) VALUES 

Stream 
(m) 

Half-Width 
(L) 

1 3.00 
2 3.20 
5 3.46 
10 3.64 
20 3.82 
50 4.04 
100 4.20 

 
Meneces et al. (2008) compared the proposed method with Boyd’s group control chart and Mortell 

and Runger (1995) charts using simulated data. The results indicated that using a chart for each 

stream has competitive advantages. This scheme provides more information than a single chart for 

all streams. In the group control charts, the shift detection capability has decreased. 

In the example illustrated by Meneces et al. (2008), data were obtained from an in-control 

multiple stream process with m = 14, and a total number of samples of 53. The correlation between 

the streams was estimated as r = 0.2782, and the half-width (L) used is 3.72. Meneces et al. (2008) 

did not observe an out-of-control point, as would be expected. However, Boyd’s GCC and the 

Mortell and Runger (Rt) chart observed out-of-control points incorrectly, with the former scheme 

observing more than 10 (Meneces et al., 2008). 

Meneces et al. (2008) noted that the primary value in their proposed charting scheme is to 

detect a shift in a single stream. They pointed out that in multiple stream processes, it is neither 

possible nor economically feasible to set the average of all the streams to one value (Meneces et 

al., 2008). In such cases, erroneous conclusions may be drawn by the schemes proposed by Boyd 

(1950) and Mortell and Runger (Meneces et al., 2008). 
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Liu et al. (2008) considered production processes with multiple streams or gauges in 

parallel. They discussed techniques of monitoring multiple stream processes based on F-tests to 

detect changes in both the overall process mean and an individual stream or gauge. 

Jirasettapong and Rojanarowan (2011) discussed several multiple stream process charting 

schemes and their appropriate applications. They provided a taxonomy, in the form of a tree 

diagram, for classifying processes based on the number of streams, degree of correlation among 

streams, the feasibility of using one chart per stream, and the ability to center each on target. They 

concluded that there is no perfect MSP chart better than the others in all aspects. In addition, they 

noted that the charting schemes depend on the assumption that the streams follow a normal 

distribution as they are primarily based on the Shewhart x-chart (Montgomery, 2013). Epprecht 

(2015) provided a comprehensive survey of the research motivated by Boyd’s original work 

through 2013. 

Gadre and Kabkade (2019) extended the work of Davis and Woodall (2002). They 

proposed that the Side Sensitive Group Runs (SSGR) detect small shifts in the process mean via 

simulation and numerically. The sample is based on SSGR by studying the zero state and the 

steady-state ATS performance of the SSGR chart.  

Ahmadi-Javid and Ebadi (2021) proposed a two-step method for monitoring multiple 

stream processes. The method can diagnose off-target streams when an out-of-control situation. 

The first step uses an integrated chi-square and separates Shewhart control charts to diagnose out-

of-control streams when a signal is given. There is a finite sample correction coefficient for better 

convergence via simulations study and careful numerical evaluation.  

Literature on the designs of control charts for monitoring multiple stream processes is still 

limited. Statistical Process Control on Multiple Stream Process is still an open issue. The literature 
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is limited to just a few schemes and has not considered all relevant aspects for the characterization 

of the multiple stream process. More research is needed on the selection of the appropriate control 

scheme for multiple stream processes. 
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CHAPTER 3 

DISCUSSION 

 
Shewhart introduced the control charts in the 1920s to monitor process variation over time. 

The use of control charts helps to differentiate between causes of variation. These causes can be 

random or assignable. An assignable cause results from an external change in the process and can 

be corrected by taking appropriate action. Random causes are inherent in the process and are 

difficult to eliminate. A process that performs as expected with only random causes of variation is 

referred to as being in-control. Future sample observations taken should deviate minimally from 

the target value. If an assignable cause is present, the process may be out-of-control. An 

investigation to find and eliminate the cause. 

Quality characteristics are classified into attributes or variables. Attributes are discrete data, 

often obtained from counting. On the other hand, variable data are continuous measurements. 

Shewhart control charts are also broadly classified into charts for attributes and charts for variables.  

Shewhart charts can be used for attributes. The attribute control charts are often used to 

chart the parameters of a process, such as nonconformities per unit inspected. Also, they can be 

used for variables, such as the X"  chart, to monitor a process average. The X"  charts are typically 

accompanied by charts for monitoring the process variability, such as the R chart or the S chart. 

The sample statistics are assumed to be independent random variables drawn from normal 

distributions. 

Woodall (2000) indicated that control chart implementation is accomplished in two phases, 

Phase I (control) and Phase II (monitor). Phase I application examines the statistical stability of 

the process and eliminates any assignable causes in the process. Phase I focuses on bringing the 

process into a state of statistical control and estimates the process parameters. Control chart limits 
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and process parameters are established to monitor future production if no special causes are 

present. In Phase II, the process is monitored to detect shifts from the established average.  

Different types of statistical methods are appropriate for the two phases, with each type 

requiring different statistical performance measures. In Phase I, it is important to assess the 

probability of deciding that the process is unstable. It is gauged by the probability of obtaining an 

out-of-control signal. However, a major assumption underlying Phase I is that the process is in a 

state of statistical control throughout this period. The process is stable, predictable, and repeatable. 

The longer the process is run, the more likely it will go out-of-control.  

The statistics plotted on the control charts are often based on samples (subgroups) of n 

observations taken at regular sample intervals (h). At each point in time, the desired sample statistic 

is computed. A time sequence plot of the computed statistics is used to determine whether there is 

an indication that the process is out-of-control.  

To design a control chart, we must specify the sample size (n), the frequency of sampling 

(h), and the half-width (L). A rational subgroup is one in which the samples are selected so that 

the chance for variation due to special causes occurring within a subgroup is minimized, while the 

chance for special cause variation between subgroups is maximized. Determining the optimal 

sample size in the design and analysis of a control chart is one of the key requirements of its chart 

implementation. It is a key component of the planning of studies in many applied sciences. Sample 

size affects all implementation steps from design to analysis and results.  

The type of process under investigation dictates how the subgroup size is defined. 

According to Montgomery (2013), a larger subgroup size makes it easier to detect small process 

shifts. The team responsible for designing the chart determines the appropriate subgroup size. 



 

 22 

If the expected shift is relatively small, then a larger subgroup size would be needed compared to 

that required if the anticipated shift is large. 

The subgroups are taken sequentially to detect changes in the process over time. Subgroups 

should be collected often enough and at appropriate times to reflect the potential opportunities for 

change. The potential causes of change could be work-shift differences, operators, warm-up trends, 

materials. The sampling frequency is determined based on the process failure rate.  

During Phase I, enough subgroups should be gathered to ensure that the major sources of 

variation had an opportunity to appear. Generally, 25 or more subgroups containing about 100 or 

more individual readings give a good test for stability (Pyzdek, 1989). This number of subgroups 

ensures that any extreme value in the range or standard deviation will be minimized. 

In some cases, existing data may be available, accelerating Phase I applications. However, 

historical data should be used only if they are recent and if the basis for establishing subgroups is 

clearly understood. Before continuing, a rational sampling plan must be developed and 

documented. 

These three parameters are used to calculate the control limits on the chart. The following 

equation is used to calculate the control limits of the X"  chart (Montgomery, 2013) when μ and σ 

are known: 

μ	±	L 
σ
√n

 

The half-width (L) factor represents the number of standard error units in the positive and 

negative direction from the centerline or target value, 𝜇 (Meneces et al., 2008). In all Shewhart 

type charts, this value is taken to be 3. This is synonymous with having a probability of observing 

a point exceeding either control limits when the process is in-control of 𝛼 = 0.0027 (Montgomery, 
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2013). As such, the average run length while in control ARL0 = 370.40. There is a need to develop 

appropriate control charts that can monitor the average of multiple stream processes.  

Boyd (1950) proposed using group control charts to address this problem. However, he did 

not consider the number of streams in determining the half-width (L). This resulted in an increased 

rate of false alarms (or a reduction in ARL0).  

Grimshaw et al. (1999) discussed the relationship between the number of streams and the 

in-control average run length (ARL0) for the X"  chart. The chart’s ARL0 deteriorate as the number 

of streams being monitored becomes large. Assuming the streams are perfectly independent, he 

presented the relationship shown in Figure 1. As shown, a process with one stream yields an ARL0 

of 370.4 compared to a process consisting of 20 streams yields ARL0 every 18 points. He also 

proposed corrections to the half-width (L) to account for the number of streams shown in Table 2. 

However, he did not consider the consequences of applying these values on the charts’ ability to 

detect shifts in the process average during phase II. 

 

 

Figure 1. Decay of ARL0 values with increasing number of streams (m) 
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TABLE 2 

GRIMSHAW RECOMMENDED HALF-WIDTH (L) VALUES 

Stream 
(m) 

Half-Width 
(L) 

1 3.0000 
2 3.2049 
3 3.3198 
4 3.3993 
5 3.4598 
6 3.5086 
7 3.5494 
8 3.5844 
9 3.6150 
10 3.6422 
15 3.7452 
20 3.8168 

 
 
Meneces et al. (2008) proposed using a separate control chart to monitor individual streams. 

However, when the number of streams is large, this becomes inefficient and difficult to implement 

in practice. Also, the chances of false alarms tend to increase significantly (Nelson, 1986). Nelson 

pointed out that when the streams are perfectly correlated, it is enough to monitor only one of 

them.  

 
3.1 Research Gap 

As shown in Chapter 2, limited research has been performed to consider situations where 

the steams are moderately correlated. In practice, streams are neither perfectly correlated nor 

perfectly independent, as was pointed out by Mortell and Runger (1995), Nelson (1986), Epprecht 

et al. (2011), Jirasettapong and Rojanarowan (2011), and Abdulaziz et al. (2019).  

Despite the potential benefits of utilizing control charts in MSPs, the literature on this topic 

is not extensive, and only a few methods have been developed. The lack of attention to the level 
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of correlation between the streams leads to a substantial increase or decrease in the ARL. While 

Grimshaw et al. (1999) proposed widening the control limits, he did not investigate the impact of 

such action on the shift detection capability. The relationship between the number of streams and 

correlation level has not been investigated in the literature.  

 
3.2 Research Objectives 

This research addressed the gap identified in Section 3.1, based on the literature review. 

This was accomplished by proposing appropriate values of the half-width (L) to construct control 

charts for averages under varying levels of correlation. More specifically, this research developed 

a mathematical model that represents the relationship between the average run length (ARL), 

control limit factor (L), the number of streams (m), and the level of correlation (r). Such a model 

helps estimate the appropriate values of the half-width (L) required to achieve an acceptable ARL0. 

In addition, research efforts included evaluating the performance of the group control charts. The 

average run length while out of control (ARL1) was selected to evaluate the chart performance 

when charts are constructed using the proposed values of the half-width.  

 
3.3 Research Methodology 

The six-step procedure suggested by Schamburg and Brown (2004) was followed to 

achieve the research objectives. The procedure is shown schematically in Figure 2.  

The first step required the development of Monte Carlo simulation to model a multiple 

stream process when monitored using a group control chart. The model was developed using R-

Studio (2020). 



 

 26 

The next step involved verification of the simulation model. Validation of the simulation 

model is the process of determining the degree to which a simulation model and its associated data 

are accurately represent the simulated process.  

  

 

Figure 2. The framework of the research methodology 

 
Step 3 involved the selection of the variables based on the background study and an understanding 

gained from the literature. The average run length (ARL) was selected as the response variable to 

evaluate the performance of the control charts.  

In Step 4, a design that allows fitting a second-order model to express the relationship 

between the response variable and the control factors was utilized.  

In step 5, results from the simulation runs were used to fit an appropriate model relating 

the average (ARL) to the control factors.  
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Additional simulation runs were required in Step 6 to confirm the fitted model. As Jensen 

(2016) recommended, six independent runs within the experimental space may be enough to 

confirm the model. Values of the ARL obtained from these additional simulation runs are needed 

to be within the prediction intervals generated using the fitted model at a specified level of 

confidence. According to Montgomery (2020), situations where the predicted and observed values 

in a confirmation experiment are not close together, it will be necessary to refine the model with 

additional experimental runs or to better understand the difference between the runs from the 

original design and confirmation settings. 

This methodology was closely followed in determining values of the half-width factor in 

Chapter 4 and evaluating the chart performance in Chapter 5. 

  



 

 28 

CHAPTER 4 

MODIFIED LIMITS FOR GROUP CONTORN CHARTS 

 
During this research stage, a simulation model was prepared and verified. The model was 

utilized to perform simulated runs under selected levels of the process and chart parameters. The 

simulated results were used to fit a second-order model, allowing for the chart performance 

estimation when the process is in control. A detailed description of the steps completed, and the 

results obtained are provided in the following sections. 

 
4.1 The Simulation Model 

The Monte Carlo simulation model was developed using the R-Studio software to estimate 

the in-control ARL0. The model variables (m, r, n, and L) are single numeric values. These values 

are specified for each run. Random samples of size N = 100,000 were generated at specified levels 

of correlation (r) and the number of streams (m). The specified level of correlation (r) was equal 

for all streams. The measurements were generated from normal distributions with a mean of 0 (µ 

= 0) and a standard deviation of 1 (s = 1). The subgroup averages were calculated from the 

generated measurements based on the subgroup size (n). Upper and lower control limits were 

calculated based on known process parameters (µ, s). The maximum and minimum subgroup 

averages generated from the streams were compared to the control limits based on each sample. 

All points outside the control limits were counted to obtain the average run length (ARL0). The 

code used for the simulation model can be found in Appendix A.  

For each combination of variables, the procedure was replicated 100 times. Figure 3 shows 

a flow chart of the simulation model. 
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Figure 3. Simulation Model 

4.2 Validation of the Simulation Model 

The simulation model was verified using the case where the streams are independent (r = 

0). The number of streams (m) was varied between 2 and 20. The simulated measurements were 
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analyzed using group charts with subgroup sizes (n) ranging from 2 to 20. Values of the half-width 

factor (L) were varied from 2 to 4. This range was selected based on the values used by Grimshaw 

et al. (1999). Table 3 presents the factors considered and their respective levels. 

TABLE 3 

CONTROL FACTORS AND THEIR LEVELS 

Factors Symbol Type Low (-1) High (+1) 
Streams m Numeric (Discrete) 2.00 20.00 

Correlation r Numeric (Continuous) 0.00 0.80 
Subgroup n Numeric (Discrete) 2.00 10.00 
Half-width L Numeric (Continuous) 2.00 4.00 

 
 
Each simulation run was replicated 530,000 times to achieve a 95% confidence level with a 

targeted accuracy (±1). Based on the results shown in Table 4, the ARL0 from the simulation model 

is within ±1 from the theoretical values. Therefore, the simulation model is verified, scaled, and 

used for further study. 

TABLE 4 

COMPARISON BETWEEN THEORETICAL ARL0 AND MODEL OUTPUT 

Number of Replicates (SR) 530,000 
± H (absolute error) 0.996 

# of Streams  
(m) 

Grimshaw 
(Theoretical) ARL0 Delta Error 

2 185.450 185.189 -0.260 -0.1403% 
3 123.800 124.041 0.241 0.1949% 
4 92.975 92.727 -0.248 -0.2670% 
5 74.481 74.532 0.051 0.0690% 
6 62.151 62.141 -0.010 -0.0154% 
7 53.344 53.298 -0.046 -0.0866% 
8 46.739 46.784 0.045 0.0967% 
9 41.602 41.594 -0.008 -0.0182% 
10 37.492 37.470 -0.022 -0.0587% 
15 25.163 25.148 -0.015 -0.0601% 
20 18.999 19.012 0.012 0.0652% 
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4.3 Variable Selection  

According to Woodall and Montgomery (2014), the choice of the performance metric can 

significantly effect the choice of the monitoring scheme. The performance of a control chart is 

typically measured in terms of the average run length (ARL). This represents the average number 

of sample points plotted on a chart before a point plot outside the control limits. When the process 

is in-control, the higher the average run length (ARL0), the better the chart’s performance. This can 

be calculated by utilizing a geometric distribution model with an expected value equal to the 

reciprocal of the false alarm rate (a). Shewhart (1931) suggested using a rate of a = 0.27%, which 

corresponds to an ARL0 = 370.40. This value of the ARL0 became the acceptable level in practice 

and represented a baseline for evaluating the performance of other charting schemes. The average 

run length (ARL0) was taken as the response variable. The variable ranges shown in Table 3 were 

used as the control factors. 

 
4.4 Statistical Design  

Simulated studies were carried out following a face-centered composite design (FCCD). 

These response surface designs were introduced by Box and Wilson (1951) introduced these 

response surface designs as an alternative to the three-level factorial design (3k). The design 

contains 2k factorial runs, 2k axial/star runs, and center points. Axial points are located in the center 

of each face in the factorial space. The face-centered design sacrifices rotatability but is useful in 

design situations that prevent larger axial distances, such as designs near the edges of performance 

envelopes. Additionally, this design provides accurate predictions throughout the experimental 

region. With k = 4 factors, the design required 2k = 16 factorial runs, 2k = 8 axial runs, and 6 center 

points for a total of 30 Runs. This design is most useful in fitting a second-order model with enough 

degrees of freedom to test for the lack of fit.  
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The Design-Expert software package (version 13) was used to generate the design matrix 

shown in Table 5. The objective is to develop a mathematical model representing the relationship 

between the ARL0 and the design factors. The simulation model validated in Section 4.2 was used 

to obtain values of the response variable at the specified levels of the four factors, as shown in 

Table 3. Each simulated run was initiated by specifying the number of streams, correlation level, 

subgroup size, and half-width. As the simulation proceeded, each run was terminated once the 

number of replications (SR) reached 100 and the ARL0 was obtained. The last column in Table 5 

shows the simulated resulting ARL0. 

TABLE 5 

DESIGN MATRIX AND SIMULATED VALUES OF THE ARL0 

Std Streams 
(m) 

Correlation 
(r) 

Subgroup  
(n) 

Half-width 
(L) ARL0 

1 2 0 2 2 9.60 
2 20 0 2 2 1.71 
3 2 0.8 2 2 12.49 
4 20 0.8 2 2 4.36 
5 2 0 10 2 9.42 
6 20 0 10 2 1.98 
7 2 0.8 10 2 13.19 
8 20 0.8 10 2 4.39 
9 2 0 2 4 7498.54 
10 20 0 2 4 817.40 
11 2 0.8 2 4 9178.26 
12 20 0.8 2 4 1341.12 
13 2 0 10 4 3090.14 
14 20 0 10 4 834.89 
15 2 0.8 10 4 3142.17 
16 20 0.8 10 4 1376.86 
17 2 0.4 6 3 167.39 
18 20 0.4 6 3 23.78 
19 11 0 6 3 35.23 
20 11 0.8 6 3 79.21 
21 11 0.4 2 3 33.51 
22 11 0.4 10 3 44.91 
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TABLE 5 (continued) 

23 11 0.4 6 2 3.16 
24 11 0.4 6 4 1464.29 
25 11 0.4 6 3 39.74 
26 11 0.4 6 3 44.81 
27 11 0.4 6 3 48.92 
28 11 0.4 6 3 36.56 
29 11 0.4 6 3 34.07 
30 11 0.4 6 3 32.24 

 

4.5 Mathematical Modeling 

The analysis of variance was employed to assess the adequacy of the fitted second-order 

model. Diagnostic examination revealed that the model residuals do not appear to follow the 

normal distribution. Based on the Box-Cox analysis, a log transformation was applied to the 

response of the residuals (Kutner, 2004). The analysis of variance of the filled quadratic model is 

shown in Table 6. As shown, the model is significant with P-value < 0.0001, and the lack of fit is 

not significant with a P-value of 0.2144. Some quadratic effects and two-factor interactions appear 

to have a significant effect on the transformed variable Log (ARL0). The two-factor interaction 

involving the number of streams and the level of correlation (m.r) appears significant. Similarly, 

the two-factor interaction between the subgroup size and both the number of streams and the half-

width factor appears to be significant. The quadratic terms of the number of streams (m2) and the 

half-width factor (L2) are also significant. 

 
TABLE 6 

ANOVA RESULTS FOR THE REGRESSION MODEL 

Source Sum of Squares df Mean Square F-value p-value 
Streams (m) 1.96 1 1.96 220.71 < 0.0001 
Correlation (r) 0.1989 1 0.1989 22.44 0.0001 
Subgroup (n) 0.0214 1 0.0214 2.41 0.1359 
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TABLE 6 (continued) 

Half-width (L) 30.96 1 30.96 3493.54 < 0.0001 
m.r 0.043 1 0.043 4.85 0.0396 
m.n 0.0532 1 0.0532 6 0.0236 
n.L 0.052 1 0.052 5.87 0.0251 
m² 0.1439 1 0.1439 16.24 0.0007 
L² 0.1936 1 0.1936 21.85 0.0001 
Residual 0.1772 20 0.0089     
Lack of Fit 0.1528 15 0.0102 2.08 0.2144 
Pure Error 0.0245 5 0.0049     
Cor Total 34.67 29       

 

The fitted model in terms of the actual levels of the factors can be expressed as: 

AR3L0=10x 

where x = 0.379934 - 0.107509 * m + 0.104446 * ρ + 0.0165172 * n - 0.0255667 * L 

+ 0.0143935 * mρ + 0.00160127 * mn - 0.0142504 * nL + 0.00252352 * m2 + 0.237091 * L2 

 
The fit statistics are shown in Table 7. The determination coefficient (R2) and adjusted R2 are 

shown in Table 7. The R² value of 0.9949 highlighted the excellent fitting of the model to the 

actual data. The value of Adjusted R² 0.9926 was also in good agreement with the reported value 

of R2. Adequate precision measures the signal-to-noise ratio. A ratio greater than 4 is desirable 

(Rosales et al., 2012). The ratio of 68.47 indicates an adequate signal. The fitted model can be used 

to navigate the design space. 

 
TABLE 7 

FIT STATISTICS – TRANSFORMED ARL0 

R² 0.9949 
Adjusted R² 0.9926 
Predicted R² 0.9879 
Adequate Precision 68.4769 

 



 

 35 

 

 

Figure 4. Normal plot of residuals  

A normal probability plot of the residuals is shown in Figure 4. As shown, the scatter 

approximates a straight line and supports the assumption of normally distributed residuals. Other 

diagnostic examinations of the residuals indicated no violations of the underlying assumptions of 

the analysis of variance procedures. 
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Figure 5. Effect of the m.r interaction  

Graphical plots were used to interpret the two-factor interaction effects on the ARL0. 

Figure 5 represents the effect of the m.r interaction on the average run length (ARL0). As shown, 

the ARL0 appears to be more sensitive to changes in the level of correlation at a high level of the 

number of streams. When 20 independent streams are considered, an ARL0 of 21.9 is expected. 

Whereas, when the 20 streams are highly correlated (r = 0.8), the ARL0 is expected to increase to 

45.2. This is more than a 100% increase. On the other hand, when only two streams are considered, 

changes in the level of the correlation result in a 27% increase in the ARL0. 
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Figure 6. Effect of the m.n interaction  

Figure 6 shows the interaction plot between the number of streams (m) and subgroup size 

(n). The plot suggests that ARL0 is more sensitive to changes in the subgroup size when the number 

of streams is low. At the low level of the number of streams, increasing the subgroup size leads to 

a 34% reduction in the ARL0. Whereas at the high level of the number of streams, increasing the 

subgroup size leads to a 10% increase in ARL0.  
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Figure 7. Effect of the m.L interaction  

Figure 7 shows the interaction plot between the subgroup size (n) and the half-width (L). 

The plot suggests that ARL0 is more sensitive to changes in the half-width when small subgroup 

sizes are used. As would be expected, the tighter the limits on the chart, the lower the ARL0 over 

the entire range of subgroup sizes. However, when high levels of the half-width (wider limits) are 

used, the ARL0 appears to decrease as the subgroup sizes increase. The maximum observed value 

of the ARL0 of 1834.2 is obtained when a half-width of 4-sigma is used with subgroups of size 2. 

This value drops to 3.35 when the half-width is set at 2s. On the other hand, when subgroups of 

10 are used with limits located 4s apart, the ARL0 is 1203.6. This value is reduced to only 3.72 

when the 2s limits are used.  
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4.6 Mathematical Modeling 

According to Jagannath and Tsuchido (2003), a predictive model may only be safely used 

in decision-making when confirmed. Confirmation is an essential step that reveals the applicable 

range of a model and its performance limits. The fitted model was confirmed using data obtained 

from six additional runs as recommended by Ross (1996) and Carrasco et al. (2006). Each 

confirmation run was replicated 100 times. 

 
TABLE 8 

RESULTS OF THE CONFIRMATION RUNS 

Run # m r n L Predicated 
Average 

Observed 
Average 

95% PI 
Low 

95% PI 
High 

1 6 0.4 6 3.4963 379.207 352.380 231.431 592.823 
2 12 0.4 6 3.6727 379.206 355.440 229.079 598.907 
3 18 0.4 6 3.7327 379.202 338.390 230.620 594.892 
4 6 0.1 3 3.4876 379.205 330.420 226.902 604.651 
5 12 0.6 3 3.6093 379.201 343.330 227.004 604.367 
6 18 0.1 9 3.8138 379.206 418.350 224.192 611.963 

 

Table 8 shows the simulated and expected values of the response variable (ARL0). As 

recommended by Jensen (2016), confirmation runs were performed at levels different than the 

original design points. As shown, the observed averages are well within the 95% confidence 

interval of their expected values. This provides a confirmation of the prediction capability of the 

model developed in this research. It is important to note here that the fitted model should not be 

used to predict the ARL0 outside the design space indicated in Table 3.  

As a result, the fitted model can be used to construct tables for values of the half-width 

based on the number of streams, level of correlation, and the subgroup size. Tables of the 

calculated values of the half-width (L) required to achieve ARL0 of 370.4 are presented in 

Appendix B. Appropriate values can be obtained based on the subgroup size (n), the number of 
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streams (m), and the level of correlation between the streams (r). Similar tables can be prepared 

for other values of the ARL0 when needed. Whether this chapter is called findings or results 

depends upon the type of study done. Many qualitative studies, such as phenomenological, 

heuristic, case study, grounded theory, narrative, autoethnography, and so forth have findings. 

Studies using some sort of quantitative method will often have results of what happened due to the 

intervention or what was discovered by the survey. Modify the chapter title in this template as 

needed.  
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CHAPTER 5 

PERFORMANCE INVESTIGATION 

 
This chapter considers the performance of control charts constructed using the proposed 

half-width values presented in Chapter 4. The performance is determined using the group control 

chart’s average run length (ARL1). This aspect concerns how quickly the chart signals a change 

when an actual change in the process average has occurred. The earlier a scheme detects the shift 

in the process parameter, the better the performance. This chapter includes two sections. The first 

section considers the ARL1 when the streams are independent with r = 0 and compares the results 

to those reported by Epprecht (2013) and Mortell and Runger (1995). The ARL1 is quantified under 

varying correlation levels and shift magnitudes in the second section. 

 
5.1 Independent Streams 

 This section represents a study of shift detection performance of group control charts 

constructed with modified limits from Chapter 4. The results are compared to those reported for 

the Rt charts by Mortell and Runger (1995) and the modified group charts by Epprecht (2013), 

assuming that the streams are independent (r = 0). 

Monte Carlo Simulations were conducted in order to estimate the ARL1. The simulation 

model used here was constructed following the model shown in Figure 3. The model was verified 

based on the ARL1 reported in Epprecht (2013). Both the number of streams (m) and subgroup 

size (n) were set equal to 5. Each simulation run was replicated 160,000 times to match the number 

of replicates used in Epprecht (2013), and the limits were calculated accordingly. The results are 

shown in Table 9. 
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TABLE 9 

RESULTS OF THE SIMULATION VALIDATION RUNS 

Shift Magnitude Values from the simulation Reported in Epprecht (2013) 
0.5 103.64 103.3 
1 15.04 15.1 

1.5 3.71 3.7 
2 1.62 1.6 

2.5 1.12 1.1 
3 1.02 1.0 

  

 A one-way analysis of variance of the resulting ARL1 is shown in Table 10. As show the P-value 

of the F-test is 0.9981, indicating that the difference is not significant. 

TABLE 10 

ONE-WAY ANOVA TABLE 

Source Sum of Squares df Mean Square F-value P-value 
Between groups 0.0102342 1 0.0102342 0.00 0.9981 
Within groups 16613.1 10 1661.31 

  

Total (Corr.) 16613.1 11 
   

 

Based on these results, the model was used to evaluate the shift detection capability of GCCs. 

Values of the half-width factor (L) were obtained from the fitted equation in Chapter 4. To facilitate 

comparison with the results reported by Epprecht (2013) and Mortell and Runger (1995), the 

streams are assumed independent (r = 0) and the subgroup size n = 5. The number of streams 

considered is m = 5. Different shift magnitudes (d) ranging from 0.5s to 3s were considered. The 

shift was applied to one of the m streams following the conditions considered by Epprecht (2013). 

Samples of 10,000 measurements from each stream were generated from normal 

distributions with specified parameters (µ, s). For one stream only, measurements were generated 

from a shifted distribution (µ + ds). Sample averages (�̅�) based on subgroups of size n = 5 were 
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calculated from each stream. The maximum and minimum values were compared to the control 

limits, and the run length is recorded. This represented the number of points required to produce 

an out-of-control signal on the chart. The simulation was replicated 160,000 times to match the 

number of replications used by Epprecht (2013). 

The results from the simulation study at each level of the process shift considered are 

reported in Table 11. In addition, values reported by Mortell and Runger (1995) and Epprecht 

(2013) are included in the last two columns. These values were reported when charts with ARL0 

= 370.40. As it can be seen, charts constructed using values of the half-width factor (L) from 

Chapter 4 have smaller ARL1 than those reported by Epprecht and Mortell (2013), especially for 

small shift magnitudes (<1.5s). 

 
TABLE 11 

COMPARISON OF RESULTS OF m = 5, n = 5, AND r = 0 

Shift Magnitude Modified Limits Epprecht (2013) Mortell and Runger 
(1995) 

0.5 91.45 100.90 103.30 
1 9.36 13.00 15.10 

1.5 2.23 3.00 3.70 
2 1.19 1.40 1.60 

2.5 1.02 1.10 1.10 
3 1.00 1.00 1.00 

 

An analysis of variance of the transformed differences between these averages is shown in Table 

12. As shown, both the method of calculating the half-width control limits and shift magnitude (d) 

appears to be significant. 



 

 44 

TABLE 12 

ANOVA RESULTS FOR THE REGRESSION MODEL y = In(ARL1)  

Source Sum of Squares df Mean Square F-value p-value 
Method 0.1875 2 0.0938 7.97 0.0085 
Shift Magnitude (d) 49.13 5 9.83 834.79 < 0.0001 
Residual 0.1177 10 0.0118 

  

Total 49.44 17 
   

 

Figure 8 represents the means plot indicating a significant reduction in the ARL1 when the charts 

are constructed using the modified limits. 

 

 

Figure 8. Means Plot 
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5.2 Dependent Streams 

This section presents a study of shift detection performance of group control charts when 

the streams are correlated. Based on the model represented in Chapter 4, appropriate values of 

half-width (L) can be obtained based on the knowledge of both the number of streams (m) and the 

level of correlation between them (r). Again, the performance is determined using the chart's 

average run length (ARL1). The primary objective is to evaluate the chart performance when these 

limits are adapted. 

Additional simulation runs were conducted to estimate the ARL1 in the presence of 

correlation. Correlation levels ranging from 0.2 to 0.8 in increments of 0.2 were applied by 

specifying the covariance matrix in R-code shown in Appendix C. Equal correlation levels were 

assumed across all the streams. As such, when a shift is applied to one stream, the remaining 

streams are expected to shift due to the correlation. Following the same procedure used in Section 

5.1, samples of 10,000 values from each stream were generated from normal distributions with 

specified averages (µ + ds). The process standard deviation (s) was assumed constant. 

Simulations were performed following a factorial arrangement with four factors using the ARL1 

as the response variable. These included the number of streams (m), level of correlation (r), 

subgroup size (n), and shift magnitude (d). Levels of these factors are listed in Table 13. 

 
TABLE 13 

DESIGN FACTORS AND THEIR LEVELS 

Factors Symbol Type Low (-1) High (+1) 
Streams m Numeric (Discrete) 2.00 20.00 

Correlation r Numeric (Continuous) 0.00 0.80 
Subgroup n Numeric (Discrete) 2.00 10.00 

Shift Magnitude d Numeric (Continuous) 0.50 1.50 
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A face composite design with a total of 30 runs was used. Each run represented results from 

160,000 simulation replications (SR). Table 14 presents the design matrix and the simulated values 

of the response variable. 

TABLE 14 

DESIGN MATRIX AND SIMULATED VALUES OF THE ARL1 

Std Streams 
(m) 

Correlation 
(r) 

Subgroup 
(n) 

Shift 
(d) ARL1 

1 2 0 2 0.5 168.44 
2 20 0 2 0.5 253.20 
3 2 0.8 2 0.5 135.11 
4 20 0.8 2 0.5 225.40 
5 2 0 10 0.5 37.77 
6 20 0 10 0.5 71.16 
7 2 0.8 10 0.5 25.91 
8 20 0.8 10 0.5 49.04 
9 2 0 2 1.5 7.62 
10 20 0 2 1.5 21.32 
11 2 0.8 2 1.5 6.85 
12 20 0.8 2 1.5 13.82 
13 2 0 10 1.5 1.14 
14 20 0 10 1.5 1.20 
15 2 0.8 10 1.5 1.13 
16 20 0.8 10 1.5 1.13 
17 2 0.4 6 1 4.84 
18 20 0.4 6 1 10.16 
19 11 0 6 1 10.15 
20 11 0.8 6 1 7.96 
21 11 0.4 2 1 70.01 
22 11 0.4 10 1 3.50 
23 11 0.4 6 0.5 105.29 
24 11 0.4 6 1.5 2.00 
25 11 0.4 6 1 9.18 
26 11 0.4 6 1 9.42 
27 11 0.4 6 1 7.24 
28 11 0.4 6 1 8.78 
29 11 0.4 6 1 7.78 
30 11 0.4 6 1 10.25 
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Table 15 represents the results of the analysis of variance for the transformed value (ARL1)-0.5. As 

shown, the number of streams (m), subgroup size (n), shift magnitude (d ), and interaction 

involving the subgroup and shift magnitude (n.d) are significant. The lack of fit appears 

insignificant.  

TABLE 15 

ANOVA RESULTS FOR THE REGRESSION MODEL IN y = 1
#ARL1

 

Source Sum of Squares df Mean Square F-value p-value 
Streams (m) 0.0171 1 0.0171 11.69 0.0022 
Subgroup (n) 0.5862 1 0.5862 400.1 < 0.0001 
Shift (d) 1.21 1 1.21 824.07 < 0.0001 
n.d 0.2963 1 0.2963 202.24 < 0.0001 
Residual 0.0366 25 0.0015     
Lack of Fit 0.0342 20 0.0017 3.55 0.0825 
Pure Error 0.0024 5 0.0005     
Total 2.14 29       

 

The fitted model in terms of the actual levels of the factors can be expressed as: 

AR3L1	=	y-2 

where y	= 0.017599	-	0.003427	*	m	-	0.022928	*	n	+	0.109719	*	δ	+	0.068043	*	n	*	δ 

The fitted model explains 98.29% of the total variability in the ARL1 as shown in Table 

16. The difference between the predicted R2 (0.9758) and the adjusted R2 (0.9802) is less than 0.2, 

indicating a reasonable agreement between the two. The Adequate Precision compares the range 

of the predicted values at the design points to the average prediction error. A ratio of 60.192 

indicates an adequate signal, and the model can be used to navigate the design space. 
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TABLE 16 

FIT STATISTICS FOR y = $
#%&'!

 

R² 0.9829 
Adjusted R² 0.9802 
Predicted R² 0.9758 
Adequate Precision 60.1918 

 

 

Figure 9. Normal probability plot 

 
Diagnostic examination of the residuals indicated no violations of the underlying 

assumption of the ANOVA procedure. The normal probability of the residuals shown in Figure 9 

indicates that the residuals approximate the normal. 
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 As shown in Figure 10, the ARL1 appears to increase as the number of streams increases. 

Tenfold increase in the ARL1 when the streams increase from 2 to 20, corresponding to a 43% 

increase. 

 

 

Figure 10. Effect of the m 

 
An examination of the interaction plot shown in Figure 11 indicates that when shift 

magnitude is relatively small greater sensitivity in changes in the shift magnitude when small 

subgroup sizes are used. When subgroups of size 10 are used, an average of 11.43 points are needed 

to detect a shift of 1.5s. At the same time, 1.14 points are needed to detect the same shift magnitude 
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when subgroup size of 10 is used. At low levels of subgroup size, the higher the average run length, 

the higher the false alarm rates. However, at high levels of subgroup size, changes in the average 

run result in a significant difference. 

 

 

Figure 11. Effect of the n.d interaction 

 
To validate the predicted results of the ARL1, five additional confirmation runs are carried 

out using the fitted model. The fitted model was confirmed using the data obtained from five 

additional confirmation runs. A successful confirmation run is defined as one where observed 



 

 51 

average fall within the 95% confidence interval of their expected values. Each confirmation run 

was replicated 160,000 times.  

 

TABLE 17 

RESULTS OF THE CONFIRMATION RUNS 

Run # m r n d Predicated 
Average 

Observed 
Average 

95% PI 
Low 

95% PI 
High 

1 11 0.4 6 1 7.963 7.703 5.155 12.739 
2 11 0.4 4 1 14.535 13.709 8.128 27.873 
3 8 0.4 6 1 7.514 7.281 4.917 11.873 
4 8 0.4 8 1 4.806 4.709 3.407 6.928 
5 15 0.4 6 1 8.628 8.324 5.480 14.128 

 

The results of the confirmation run are shown in Table 17. The observed average of the response 

variable for each confirmation run was found to lie within the confidence intervals. Therefore, the 

selected factors and their levels, as well as their interactions, are appropriately chosen and are 

significant. This confirms the model's prediction capability to predict the ARL1 within the design 

space indicated in Table 13. 

As a result, the fitted model can be used to estimate the ARL1 when the streams are 

correlated, and values of the half-width (L) are used.  
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CHAPTER 6 

CONCLUSIONS AND FUTURE RESEARCH 

 
This chapter highlights conclusions drawn based on the statistical analysis of the simulated 

data. It is important to note here that these conclusions apply to the levels of the factors considered 

in this research and should not be extrapolated. The chapter concludes with some suggested 

directions for future research. 

 

6.1 Conclusions 

In modern applications of statical process control, correlation is increasingly unavoidable 

and must not be ignored in multiple stream processes. When group control charts are utilized, 

ignoring the level of correlation between the streams can substantially affect the ARL0. In 1999, 

Grimshaw et al. proposed the selection of the half-width (L) based on the number of streams (m) 

to maintain an ARL0 of 370.4. However, he assumed that the streams were independent (r =0). In 

this research, simulated studies were performed to generate measurements from multiple streams. 

The measurements were monitored using group control charts. The results were used to fit a 

mathematical model representing the relationship between the ARL0 and four selected factors. The 

number of streams (m) and the level of correlation between them (r) are considered process factors. 

At the same time, the subgroup size (n) and the half-width (L) are chart design factors. Based on 

the statistical analysis, the following conclusions were drawn: 

1. The relationship between the ARL0 and the four factors can be represented by a second 

order model in the form: 

𝐴𝑅:𝐿( = 10) 
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where, 

 𝑥 = 0.379934 − 0.107509 ∗ 𝑚 + 0.104446 ∗ 𝜌 + 0.0165172 ∗ 𝑛 − 0.0255667 ∗ 𝐿 

+	0.0143935 ∗ 𝑚𝜌 + 0.00160127 ∗ 𝑚𝑛 − 0.0142504 ∗ 𝑛𝐿 

+	0.00252352 ∗ 𝑚* + 0.237091 ∗ 𝐿* 

 
2. The fitted model can be used to determine modified values of the half-width (L) 

required to achieve specified values of the ARL0 based on knowledge of the number of 

streams (m), the level of correlation between them (r), and the subgroup size (n). These 

values need to be within the ranges presented in Table 3. To the best of this author's 

knowledge, this is the first attempt to provide appropriate values of the half-width (L) 

based on the number of streams and the level of correlation between them. Tables for 

the modified values of L required to achieve ARL0 = 370.4 are provided in Appendix 

A. 

 
3. The effect of the number of streams (m) on the ARL0 depends on the level of correlation 

between the streams (r). The ARL0 appeared more sensitive to changes in the level of 

correlation at the low level of the number of steams (m =2). This supported the need 

for considering both the number of streams and the level of correlation between them 

in calculating values of the ARL0. The results suggested that increasing the level of 

correlation results in a significant increase in the ARL0 over the range of the number 

of streams considered.  
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4. The effect of the number of streams (m) on the ARL0 depends on the subgroup size (n). 

The results indicated that ARL0 is more sensitive to changes in the subgroup size when 

the number of streams is low (m =2). At the low level of the number of streams, 

increasing the subgroup size (n) leads to a significant reduction in the ARL0.  

 
5. The half-width (L) effect on the ARL0 depends on the subgroup size (n). The results 

indicated that ARL0 is more sensitive to changes in the half-width (L) when small 

subgroup sizes are used (m =2). As expected, the tighter the control limits on the chart, 

the lower the ARL0 over the range of subgroup sizes considered. However, when high 

levels of the half-width are used (L =4), the ARL0 appears to decrease as the subgroup 

sizes increase. 

 

Another set of simulated studies evaluated the shift detection capability of group control 

charts constructed using the modified limits (ARL0 =370.4). The average of one stream was 

subjected to a shift of magnitude d standard deviation units. The number of subgroup averages 

within the control limits following the shift was used to calculate the average run length (ARL1). 

When the streams are independent, the charts constructed using the proposed limits resulted in 

significantly lower ARL1 compared to values reported by both Epprecht (2013) and Mortell and 

Runger (1995). 

Simulated data were used to fit a mathematical model representing the relationship between 

the ARL1, the number of streams (m), the level of correlation between them (r), the subgroup size 

(n), and the shift magnitude (d). Based on the statistical analysis, the following conclusions were 

drawn: 

 



 

 55 

1. The relationship between the ARL1 and the four parameters can be represented by a 

simple mathematical model in the form: 

𝐴𝑅:𝐿$ = 𝑦+* 

where,  

𝑦 = 	0.017599 − 0.003427 ∗ 	𝑚 − 0.022928 ∗ 𝑛 + 0.109719 ∗ δ + 0.068043 ∗ 𝑛 ∗ δ 

 

2. The level of correlation between the streams (r) did not significantly affect the ARL1 

and hence was excluded from the fitted model.  

3. Increasing the number of streams leads to a significant increase in the ARL1.  

4. The ARL1 is more sensitive to changes in the shift magnitude (d) when small subgroup 

sizes (n =2) are used. Practical values of the ARL1 were obtained at the high levels of 

the shift magnitude (d =1.5) and subgroup size (n = 10). High values of the ARL1 at 

low levels of both the subgroup size (n =2) and low shift magnitude (d = 0.5). 

 

6.2 Future Research 

The future direction for this research is to build upon the procedures developed to include 

a larger number of streams. Modern molding, filling, and packing machines have more than 20 

streams. Electronic data collection and the increased availability of sensors make it possible to 

collect data and monitor a larger number of streams using group charts. This suggests the need for 

another set of simulated studies with a larger number of streams. However, the time required to 

complete each run is expected to increase significantly. In addition, the following are proposed for 

future research. 
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Monitoring Process Variability 

In this research, it was assumed that the process variance is in-control. It is desirable to 

monitor the process variance using a separate group chart in an industrial setting. Grimshaw et al. 

(1999) pointed out that the half-width (L) value needs to be corrected based on the number of 

streams. However, in calculating the corrected values, they assumed that the streams are 

independent (r = 0) and that the sampling distribution of sample ranges and standard deviations 

can be approximated by the normal. These assumptions are questionable and need to be examined 

using an approach like the one developed in this research. The R program listed in Appendix A 

can be modified to evaluate the ARL0 when a group chart for sample ranges is used to monitor 

process variation. This is usually the preferred chart for subgroups of sizes of 10 or less. Research 

efforts in this area would help provide appropriate half-width values based on the number of 

streams and the level of correlation between them.  

 

Using Sensitizing Rules 

Only one criterion for judging the state of the process was considered in this research. That is, a 

sample average more (less) than the value of the upper (lower) control limit would trigger a 

signal on the group control chart. According to Montgomery (2013), this is commonly known as 

the first rule. Nelson (1986) proposed several sensitizing rules for group control charts to help 

increase their shift detection capabilities. These rules track the number of times the average from 

a particular stream is successively plotted on the group control chart. This is likely to affect both 

values of the average run lengths (ARL0 and ARL1). Future research in this area would help 

quantify the effect of utilizing these rules when the steams are not independent. 
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APPENDIX A 

SIMULATION R-CODE 

#load packages 
library(ggplot2) 
library(MASS) 
 
#clean memory 
#will clear all objects includes hidden objects. 
rm(list = ls(all.names = TRUE)) 
#free up memory and report the memory usage. 
gc() 
 
#Define function 
#This function round the to the nearest dividable number on the subgroup size (n) 
roundUp <- function(N, Input.n) 
  Input.n * ceiling(N / Input.n) 
 
Input.m <- readline(prompt = "Enter Number of Streams(m): ") 
Input.m <- as.integer(Input.m) 
 
Input.Rho <- readline(prompt = "Enter Correlation Level(Rho): ") 
Input.Rho <- as.integer(Input.Rho) 
 
Input.n <- readline(prompt = "Enter Subgroup Size (n): ") 
Input.n <- as.integer(Input.n) 
 
Input.L <- readline(prompt = "Enter Half-Width (L): ") 
Input.L <- as.integer(Input.L) 
 
Input.SR <- readline(prompt = "Enter Replication (SR): ") 
Input.SR <- as.integer(Input.SR) 
 
#Looping with the number of streams 
for (m in Input.m:Input.m) 
{ 
  # number of correlated variable equal to number of streams 
  m_cor = Input.m 
  cor = Input.Rho 
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  #Start Variables 
  # Standard Deviation of the population 
  Sigma0 = 1 
  # Mean of the population 
  Mean0 = 0 
  # number of sampling 
  N = 10000 
  # subgroup size 
  n = Input.n 
  # number of repeats in the loop to evaluate ARL0 
  SR = Input.SR 
  d = data.frame(ARL0 <- rep(0, SR)) 
  N <- roundUp(N, n) 
   
  #Calculate control limits 
  # expected ARL0 for m streams (no correction) 
  ARL <- 1 / (1 - (1 - 2 * pnorm(-3 * Sigma0)) ^ m) 
   
  UCL = Mean0 + (Input.L * (Sigma0 / sqrt(n))) 
  LCL = Mean0 - (Input.L * (Sigma0 / sqrt(n))) 
   
   
  # Data Simulation 
  # main looping for the number of repeats 
  for (count in 1:SR) 
  { 
    # generation of vector of averages of correlated variables 
    Mean_cor <- rep(Mean0, m_cor) 
    # generation of vector of std deviation of correlated variables 
    Sigma_cor <- rep(Sigma0, m_cor) 
    Sigma_diag <- matrix(0, m_cor, m_cor) + diag(Sigma_cor) 
    # Definition of correlation matrix 
    Cor_Matrix <- matrix(cor, m_cor, m_cor) + diag(m_cor) * (1 - cor) 
    # Calculation of Co-variation matrix 
    Cov_Matrix <- Sigma_diag %*% Cor_Matrix %*% Sigma_diag 
    # Calculation of Randomly generated correlated variables 
    Xr <- mvrnorm(N, Mean_cor, Cov_Matrix) 
     
     
    res <- rowMeans(matrix(unlist(Xr), ncol = n, byrow = T)) 
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    RD <- nrow(Xr) / n 
    M <- ncol(Xr) 
    dim(res) <- c(RD, M) 
     
    Qr_Max1 <- (apply(res, 1, max)) 
    Qr_Min1 <- (apply(res, 1, min)) 
     
    max_min <- cbind(Qr_Max1, Qr_Min1) 
     
    #Identification of fist value above UCL in Qr_Max vector 
    ARL0_Max  <- which(UCL < Qr_Max1)[1] 
    ARL0_Min  <- which(LCL > Qr_Min1)[1] 
     
    ARL0 <- min(ARL0_Max, ARL0_Min) 
    d[count, ] = c(ARL0) 
     
    df  <- na.omit(d) 
    df1 <- sum(df) 
    DD  <- nrow(df) 
     
  } 
  print(paste(" ")) 
  print(Sys.time()) 
  print(paste("Number of streams =", m)) 
  print(paste("Number of correlated streams =", m_cor)) 
  print(paste("Correlation =", cor)) 
  print(paste("iteration = ", nrow(df))) 
  print(paste("ARL0 =", df1 / DD)) 
} 
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APPENDIX B 

RECOMMENDED VALUES OF THE HALF-WIDTH FOR GROUP CONTROL CHARTS 

(ARL0 = 370.4) 

n = 2         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.2672 3.2493 3.2314 3.2133 3.1951 

3 3.3280 3.3085 3.2890 3.2693 3.2495 

4 3.3843 3.3633 3.3423 3.3210 3.2996 

5 3.4365 3.4140 3.3914 3.3686 3.3457 

6 3.4848 3.4608 3.4366 3.4123 3.3878 

7 3.5292 3.5038 3.4782 3.4523 3.4263 

8 3.5700 3.5431 3.5160 3.4887 3.4610 

9 3.6073 3.5789 3.5503 3.5215 3.4924 

10 3.6411 3.6113 3.5812 3.5509 3.5203 

11 3.6717 3.6404 3.6088 3.5770 3.5448 

12 3.6990 3.6662 3.6332 3.5998 3.5661 

13 3.7232 3.6889 3.6544 3.6195 3.5842 

14 3.7442 3.7085 3.6724 3.6360 3.5992 

15 3.7623 3.7250 3.6874 3.6494 3.6110 

16 3.7773 3.7386 3.6994 3.6598 3.6198 

17 3.7894 3.7491 3.7084 3.6672 3.6255 

18 3.7986 3.7567 3.7144 3.6715 3.6282 

19 3.8048 3.7614 3.7174 3.6729 3.6278 

20 3.8082 3.7631 3.7175 3.6713 3.6244 
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n = 3         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.2853 3.2674 3.2493 3.2312 3.2129 

3 3.3452 3.3257 3.3061 3.2863 3.2664 

4 3.4007 3.3797 3.3585 3.3372 3.3157 

5 3.4521 3.4295 3.4068 3.3840 3.3609 

6 3.4996 3.4755 3.4512 3.4268 3.4022 

7 3.5432 3.5177 3.4919 3.4659 3.4398 

8 3.5832 3.5562 3.5290 3.5015 3.4738 

9 3.6197 3.5912 3.5625 3.5335 3.5042 

10 3.6528 3.6228 3.5926 3.5620 3.5313 

11 3.6825 3.6511 3.6193 3.5873 3.5550 

12 3.7091 3.6761 3.6429 3.6093 3.5754 

13 3.7324 3.6980 3.6632 3.6281 3.5926 

14 3.7527 3.7167 3.6804 3.6438 3.6067 

15 3.7699 3.7324 3.6946 3.6563 3.6176 

16 3.7841 3.7451 3.7057 3.6658 3.6255 

17 3.7953 3.7548 3.7138 3.6723 3.6303 

18 3.8036 3.7615 3.7189 3.6757 3.6320 

19 3.8090 3.7652 3.7210 3.6761 3.6307 

20 3.8115 3.7661 3.7201 3.6735 3.6263 
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n = 4         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.3036 3.2856 3.2675 3.2493 3.2309 

3 3.3627 3.3431 3.3234 3.3035 3.2836 

4 3.4174 3.3962 3.3750 3.3536 3.3320 

5 3.4679 3.4453 3.4225 3.3995 3.3763 

6 3.5146 3.4905 3.4660 3.4415 3.4168 

7 3.5575 3.5318 3.5059 3.4798 3.4535 

8 3.5967 3.5695 3.5421 3.5145 3.4867 

9 3.6323 3.6037 3.5748 3.5456 3.5162 

10 3.6646 3.6345 3.6040 3.5734 3.5424 

11 3.6935 3.6619 3.6300 3.5978 3.5652 

12 3.7193 3.6861 3.6527 3.6189 3.5848 

13 3.7418 3.7072 3.6722 3.6368 3.6012 

14 3.7612 3.7251 3.6885 3.6516 3.6143 

15 3.7776 3.7399 3.7018 3.6633 3.6244 

16 3.7910 3.7517 3.7120 3.6719 3.6313 

17 3.8014 3.7605 3.7192 3.6774 3.6352 

18 3.8088 3.7663 3.7234 3.6799 3.6359 

19 3.8133 3.7692 3.7246 3.6794 3.6336 

20 3.8148 3.7691 3.7228 3.6758 3.6282 
 

  



 

 69 

n = 5         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.3222 3.3041 3.2859 3.2676 3.2492 

3 3.3804 3.3607 3.3409 3.3210 3.3010 

4 3.4343 3.4130 3.3917 3.3702 3.3485 

5 3.4840 3.4612 3.4383 3.4152 3.3920 

6 3.5299 3.5056 3.4810 3.4564 3.4316 

7 3.5719 3.5461 3.5201 3.4939 3.4674 

8 3.6103 3.5830 3.5554 3.5277 3.4997 

9 3.6451 3.6163 3.5873 3.5580 3.5284 

10 3.6766 3.6463 3.6157 3.5849 3.5537 

11 3.7047 3.6729 3.6408 3.6084 3.5757 

12 3.7296 3.6963 3.6626 3.6287 3.5944 

13 3.7513 3.7165 3.6813 3.6457 3.6098 

14 3.7699 3.7335 3.6968 3.6596 3.6221 

15 3.7854 3.7475 3.7092 3.6704 3.6312 

16 3.7980 3.7584 3.7185 3.6781 3.6372 

17 3.8075 3.7664 3.7248 3.6827 3.6401 

18 3.8140 3.7713 3.7280 3.6842 3.6399 

19 3.8176 3.7732 3.7283 3.6827 3.6366 

20 3.8182 3.7721 3.7255 3.6781 3.6302 
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n = 6         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.3410 3.3228 3.3046 3.2862 3.2678 

3 3.3983 3.3786 3.3587 3.3387 3.3186 

4 3.4513 3.4300 3.4086 3.3870 3.3652 

5 3.5003 3.4774 3.4544 3.4312 3.4078 

6 3.5453 3.5209 3.4963 3.4715 3.4466 

7 3.5865 3.5606 3.5345 3.5081 3.4815 

8 3.6240 3.5966 3.5690 3.5411 3.5130 

9 3.6581 3.6291 3.6000 3.5705 3.5408 

10 3.6887 3.6583 3.6275 3.5965 3.5652 

11 3.7160 3.6841 3.6518 3.6192 3.5863 

12 3.7401 3.7066 3.6728 3.6386 3.6041 

13 3.7610 3.7259 3.6905 3.6548 3.6186 

14 3.7787 3.7421 3.7051 3.6678 3.6300 

15 3.7934 3.7552 3.7166 3.6776 3.6382 

16 3.8050 3.7653 3.7251 3.6844 3.6432 

17 3.8137 3.7723 3.7304 3.6880 3.6451 

18 3.8193 3.7763 3.7327 3.6886 3.6439 

19 3.8220 3.7773 3.7320 3.6861 3.6396 

20 3.8217 3.7752 3.7282 3.6805 3.6322 
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n = 7         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.3600 3.3418 3.3235 3.3051 3.2865 

3 3.4165 3.3967 3.3768 3.3567 3.3365 

4 3.4687 3.4473 3.4257 3.4041 3.3822 

5 3.5168 3.4938 3.4707 3.4474 3.4239 

6 3.5609 3.5364 3.5117 3.4868 3.4617 

7 3.6013 3.5753 3.5490 3.5226 3.4958 

8 3.6380 3.6105 3.5827 3.5546 3.5264 

9 3.6712 3.6422 3.6128 3.5832 3.5533 

10 3.7010 3.6704 3.6395 3.6083 3.5769 

11 3.7275 3.6954 3.6629 3.6301 3.5971 

12 3.7507 3.7170 3.6830 3.6486 3.6139 

13 3.7708 3.7355 3.6999 3.6639 3.6276 

14 3.7877 3.7508 3.7136 3.6760 3.6380 

15 3.8015 3.7631 3.7242 3.6850 3.6452 

16 3.8122 3.7722 3.7317 3.6908 3.6493 

17 3.8200 3.7783 3.7361 3.6935 3.6503 

18 3.8247 3.7814 3.7375 3.6931 3.6481 

19 3.8264 3.7814 3.7358 3.6896 3.6427 

20 3.8252 3.7784 3.7310 3.6829 3.6342 
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n = 8         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.3793 3.3611 3.3427 3.3242 3.3056 

3 3.4349 3.4151 3.3950 3.3749 3.3546 

4 3.4862 3.4648 3.4431 3.4214 3.3994 

5 3.5335 3.5104 3.4872 3.4638 3.4402 

6 3.5768 3.5522 3.5274 3.5023 3.4772 

7 3.6163 3.5902 3.5638 3.5372 3.5104 

8 3.6522 3.6245 3.5966 3.5684 3.5400 

9 3.6846 3.6553 3.6258 3.5961 3.5661 

10 3.7135 3.6828 3.6517 3.6203 3.5887 

11 3.7392 3.7068 3.6742 3.6412 3.6080 

12 3.7615 3.7276 3.6934 3.6589 3.6239 

13 3.7807 3.7452 3.7094 3.6732 3.6366 

14 3.7967 3.7597 3.7222 3.6844 3.6461 

15 3.8097 3.7710 3.7319 3.6924 3.6524 

16 3.8195 3.7792 3.7385 3.6973 3.6555 

17 3.8264 3.7844 3.7420 3.6990 3.6555 

18 3.8302 3.7865 3.7423 3.6976 3.6522 

19 3.8310 3.7856 3.7396 3.6931 3.6458 

20 3.8287 3.7816 3.7338 3.6854 3.6362 
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n = 9         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.3989 3.3806 3.3621 3.3436 3.3249 

3 3.4536 3.4337 3.4136 3.3934 3.3730 

4 3.5040 3.4825 3.4608 3.4389 3.4169 

5 3.5504 3.5273 3.5039 3.4804 3.4568 

6 3.5929 3.5681 3.5432 3.5181 3.4928 

7 3.6315 3.6052 3.5788 3.5521 3.5251 

8 3.6666 3.6387 3.6107 3.5824 3.5538 

9 3.6981 3.6687 3.6391 3.6092 3.5790 

10 3.7262 3.6953 3.6640 3.6325 3.6007 

11 3.7510 3.7185 3.6857 3.6525 3.6191 

12 3.7725 3.7384 3.7040 3.6692 3.6341 

13 3.7908 3.7551 3.7191 3.6827 3.6458 

14 3.8059 3.7687 3.7310 3.6929 3.6544 

15 3.8180 3.7791 3.7397 3.7000 3.6597 

16 3.8269 3.7864 3.7454 3.7038 3.6618 

17 3.8328 3.7906 3.7479 3.7046 3.6607 

18 3.8357 3.7918 3.7473 3.7022 3.6565 

19 3.8355 3.7899 3.7435 3.6966 3.6490 

20 3.8324 3.7849 3.7367 3.6879 3.6383 
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n = 10         
            
Number of 

Streams 
(m) 

Level of Correlation between Streams (r) 

0 0.2 0.4 0.6 0.8 

2 3.4187 3.4003 3.3818 3.3632 3.3445 

3 3.4725 3.4525 3.4323 3.4121 3.3916 

4 3.5221 3.5004 3.4786 3.4567 3.4346 

5 3.5676 3.5443 3.5209 3.4973 3.4735 

6 3.6091 3.5843 3.5593 3.5341 3.5086 

7 3.6469 3.6206 3.5940 3.5671 3.5401 

8 3.6811 3.6532 3.6250 3.5965 3.5678 

9 3.7118 3.6823 3.6525 3.6224 3.5921 

10 3.7390 3.7079 3.6766 3.6449 3.6129 

11 3.7629 3.7303 3.6973 3.6640 3.6303 

12 3.7836 3.7493 3.7147 3.6797 3.6444 

13 3.8010 3.7651 3.7289 3.6922 3.6552 

14 3.8153 3.7778 3.7399 3.7015 3.6628 

15 3.8264 3.7873 3.7477 3.7076 3.6671 

16 3.8345 3.7936 3.7523 3.7105 3.6682 

17 3.8394 3.7969 3.7539 3.7103 3.6661 

18 3.8414 3.7971 3.7523 3.7068 3.6608 

19 3.8402 3.7942 3.7475 3.7002 3.6522 

20 3.8360 3.7882 3.7396 3.6904 3.6404 
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APPENDIX C 

THE R CODE OF THE SIMULATION MODEL 

 
library('dplyr','tidyr','MASS') 
rm(list=ls())  # Clear workspace 
cat("\014")  # Clear console 
ptm <- proc.time() 
ARL_FF <- c(); SD_FF <- c(); Run <- c(); Std <- c() 
 
#Intial Value 
Mu0 <- 0 
Sigma0 <- 1 
Average = 370.40 
repeats <- 160000 
N <- 10000 
# Number of shifted streams 
r <- 1  
 
Input.m <- readline(prompt = "Enter Number of Streams(m): ") 
m <- as.integer(Input.m) 
Input.Rho <- readline(prompt = "Enter Correlation Level(Rho): ") 
R <- as.integer(Input.Rho) 
Input.n <- readline(prompt = "Enter Subgroup Size (n): ") 
n <- as.integer(Input.n) 
Input.d <- readline(prompt = "Enter Shift Magntitude: ") 
d <- as.integer(Input.d) 
 
 
#mu1-mu0 
Mu1 <-c(rep(d, r),rep(0,m-r)) 
 
 
f0 <- function(L) { 
  0.379933834 - 0.107509315*m + 0.104445717*R + 0.016517169*n - 0.025566689*L + 
0.014393465*m*R + 0.001601271*m*n - 0.014250365*n*L + 0.002523518 * m^2 + 
0.237090759*L^2 - log10(Average) 
} 
 
# solve numerically using uniroot 
L <- uniroot(f0, c(2, 4))$root 
 
# Control Limits 
UCL <- Mu0+(L*(Sigma0/sqrt(n))) 
LCL <- Mu0 - (L*(Sigma0/sqrt(n))) 
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d = data.frame(RL <- rep(0, repeats)) 
 
Sigma1 <- diag(m);  cor1 <- Sigma1 == 0;  Sigma1[cor1] <- R; 
 
for(i in 1:repeats){ 
  x <- mvrnorm(n = N, Mu1, Sigma1, empirical = F) 
  XBar <- aggregate(x,list(rep(1:(nrow(x)%/%n+1),each=n,len=nrow(x))),mean)[-1]; 
  XBar_Max <- (apply(XBar,1,max)) 
  XBar_Min <- (apply(XBar,1,min)) 
  RL_Max <- which(XBar_Max > UCL | XBar_Max < LCL )[1] 
  RL_Min <- which(XBar_Min > UCL | XBar_Min < LCL )[1] 
  RL <- min(RL_Max, RL_Min) 
  d[i,] = c(RL) 
} 
 
d1 <- d %>% drop_na() 
ARL_F <- mean(d1$RL....rep.0..repeats.) 
SD_F <- sd(d1$RL....rep.0..repeats.) 
 
AA <- cbind(ARL_F, SD_F) 
AA 
 
proc.time() - ptm 
 
write.csv(d1,"~/20220208/Run01-01.csv", row.names=F) 


