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ABSTRACT

This research aims at obtaining the material response of homogenized 3D printed
elastomers under three loading conditions, uniaxial tension, equibiaxial tension, and planar
tension. The finite element model of 3D printed elastomers has been developed, and the
architectural effects on its mechanics are studied. The applicability of the rule of mixture is
explored to obtain the stress-strain response of 3D-printed elastomers using bulk material
properties.
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CHAPTER 1
INTRODUCTION
Motivation
Elastomers are rubber-like materials that are part of a big family called polymers
[1]. The polymers consist of multiple repetitive units called monomers, connected to form
a chain-like structure, as illustrated in Figure 1(a) and Figure 1(b). These chain-like
structures (or macromolecules) are held together by entanglements and crosslinks into a
network structure [1][2], shown in Figure 1(c). In absence of crosslinks, the
macromolecules interact by weak Van der Waals forces [1] allowing them to have a high
degree of flexibility and mobility [2]. The flexibility and mobility allow for very high
deformation under external loading, sometimes up to a thousand percent of the original
length. On removal of the external loads, a typical elastomer rapidly reverts to its actual
dimensions, with essentially no residual or non-recoverable strain [2].

~ 102 nm
~ 10 m
~ 10 mm
(a)

(b)

(c)

Figure 1: Polymer microstructure at three different length scales. (a) atoms combine to
form monomer (b) monomers chained together to form chain molecules
(c) macromolecule [1].
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There is a wide array of elastomers with varying properties [3][4]. Hence, they have been
categorized into different groups in literature [3][4]. One approach is to distinguish
between naturally occurring elastomers and synthetic elastomers [3][4]. Natural rubber
such as Hevea and Guayule rubbers [4] has been used for centuries, but they became a
commercial success only after the discovery of vulcanization by Charles Goodyear in 1839
[4]. Once cured, natural rubber exhibits high resilience for a broad range of strains with
excellent chemical and thermal resistivity. Due to its unique properties, natural rubber is
used in the automotive industry, tire manufacturing, electric insulation, footwear, and
sealants. Although natural rubber is resistant to several inorganic chemicals, it is still
susceptible to oxidizing agents such as ozone and light [4]. Natural rubber swells when
exposed to oils and aromatic compounds, thus limiting its usage [3][4]. These shortcomings
of natural rubbers incentivized the creation of a new class of synthetic elastomers. One
such example of synthetic elastomer is silicone rubber referred to as silicone hereafter. The
silicon-oxygen bond, which forms the backbone of silicone, has high binding energy
compared to the carbon-carbon bond present in natural rubber [5]. Thus silicone has a
higher heat resistance and chemical stability than natural rubber. The other fine properties
of silicone include good electrical insulation, outstanding resistance to oil at high
temperatures, solvents, and other chemicals. Silicone is non-corrosive and physiologically
inert along with flame retardancy. Therefore, it is suitable for an incredible array of
applications. Hence it is used in almost every industry ranging from automobiles,
household, and electronic goods to medical devices and implants [5][6].
Until quite recently, silicone parts were solely produced by casting and molding. The high
cost of molds makes it a cost-prohibitive process, unsuitable for creating prototypes, small
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batches of products, and bio-models [7]. Silicone, unlike thermoplastic elastomers, cannot
be melted by heat exposure making it unfavorable for 3D printing using conventional
methods [7]. Several companies have tried developing materials that would simulate
printing with silicone without much success.

~ 2 in

Figure 2: 3D printed silicone developed by Wacker© [7][8].
However, recent development in additive manufacturing saw the emergence of new
technology that made 3D printing with silicone a reality. This technology is a variation of
material jetting developed by the German chemical giant Wacker [8] as illustrated in Figure
2. It involves the rapid extrusion of tiny Silicone droplets from the nozzle onto the printing
area, creating a fine line. A computer then gives the exact coordinates to form the desired
shape, followed by UV light curing [9]. Curing immediately vulcanizes the silicone, and
once solidified, it does not return to its liquid phase. 3D printing with material as versatile
as silicone is a genuine breakthrough feat, a game-changer, that would positively impact
our future [8][9].
Elastomers or ‘rubberlike’ materials are highly elastic, isotropic and almost
incompressible. Unlike metals, they have a complex mechanical response to applied forces
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and undergoes large, non-linear, elastic deformation [10]. Large, non-linear deformation
makes the material model definition of elastomers rather complex. Hence, throughout
history, researchers have aimed at creating a hyperelastic material model that could
accurately predict the non-linear elastic behavior of elastomers. Several existing
hyperelastic material models such as Mooney [11][12], Neo-Hookean [13], and Ogden [14]
are used in a test model, and the results obtained are compared with the experimental data.
The material model with the best fit to experimental data is used to model elastomeric units.
However, several challenges are associated with modeling the 3D-printed elastomeric unit
that needs to be addressed. Since the structure of 3D printed elastomers varies, do we have
to model the micro-structures explicitly, or can we successfully use the traditional rule of
mixtures to model them as a continuum? If the rule of mixture holds, it significantly reduces
the computation required to obtain the mechanical response of varied structures. There are
several articles available that focuses on obtaining in mechanical response of bulk
elastomers or elastomers with fillers [15][16][17][18]. However, none has explored the
effect of architecture on mechanics of hyperelastic material.
Objective and Approach
This thesis is dedicated to understanding the architectural effect on mechanics of
3D printed elastomers and whether the printed material, irrespective of their structure,
could be modeled as a continuum using the rule of mixtures. Two simple elastomeric units
are modeled in Abaqus CAE [19] to represent the 3D printed unit developed by Wacker
[8]. A detailed overview of the specimen’s geometry is illustrated in Figure 4 and Figure
3. Specimen A is designed to bear uniaxial loading and is fabricated with cylindrical crosssection noodles, while specimen B, as illustrated in Figure 3, is made with truncated
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cylindrical noodles that undergo all three loading conditions: uniaxial, equibiaxial, and
planar tension. Two material systems: Treloar’s natural rubber [20][21] and Meier’s
silicone rubber [16] have been selected for this investigation. The following will be
investigated in this study
1. Evaluation of Neo-Hookean, Mooney-Rivlin, and Ogden’s
material models to represent the bulk material behavior. Based on
this work, the best material model amongst the three will be
selected for further analysis.
2. Modeling of specimens types A and B using the two material
systems and the best material model from step (1). The
homogenized stress-strain curves for these two specimen types
will be compared with that of the bulk elastomer
3. The homogenized stress-strain curves will then be scaled using
simple rule of mixtures and compared with that of bulk elastomers.
4. The extent of apparent hydrostatic energy in the two specimen
types will be investigated for the two material systems.

0.9

Figure 3: Schematic representation of truncated cylinder used
in modeling of specimen B
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ϕ = 0.2”

Top view

ISO view

a = 0.5”

r = 0.1”

Side View

Side view

(a)

(b)

Figure 4: Finite element geometry of 3D printed specimen
(a) Specimen A (b) Specimen B
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CHAPTER 2
BASICS OF CONTINUUM MECHANICS- A BRIEF REVIEW
Continuum mechanics is branch of mechanics that deals with the mechanical behavior of
materials as a continuum instead of discrete particles. However, many aspects of the dayto-day behavior of matters can be described and are accurately predicted without
considering molecular structure of material. To understand the hyperelastic material
models reported in literature, one requires an in-depth understanding of the concepts of
deformation, stress measures, and balance laws with a framework of large deformations.
In an effort to provide a backdrop of the concepts to the reader, and to establish the
notations, key topics related to the fundamental concepts have been repeated here. The
basics of continuum mechanics presented in this chapter are borrowed from classical
textbooks by Jörgen Bergström [1] and Romesh C. Batra [22].
2.1. Deformation Gradient
Deformation gradient F is a linear transformation from the reference
configuration (X) to the current configuration (x).

Figure 5: Deformation of body from reference configuration to current configuration [1].
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By operating F on a vector dX in the reference configuration we get the location of current
configuration as shown in Figure 5 [1][22].
The deformation gradient matrix is given by [1]:
𝝏𝒙𝟏
⎡
⎢𝝏𝑿𝟏
𝜕𝒙
⎢ 𝝏𝒙
𝐹 =
=⎢
𝜕𝑿
𝝏𝑿
⎢ 𝟏
⎢ 𝝏𝒙
⎣𝝏𝑿𝟏

𝝏𝒙𝟏
𝝏𝑿
𝝏𝒙
𝝏𝑿
𝝏𝒙
𝝏𝑿

𝝏𝒙𝟏
⎤
𝝏𝑿 ⎥
𝝏𝒙 ⎥
𝝏𝑿 ⎥
⎥
𝝏𝒙 ⎥
𝝏𝑿 ⎦

(2.1)

The deformed length can be expressed using the deformation gradient matrix can be simply
written
d𝐱 = 𝐅d𝐗

(2.2)

Change of volume during transformation is given by [1]:
𝑑𝑣 = det(𝐅) 𝑑𝑉 = 𝐽𝑑𝑉

(2.3)

where dv is the volume in current configuration and dV is the volume in reference
configuration and J is the Jacobian also known as determinant of deformation
gradient matrix.
Nanson’s formula (Transformation of Area Elements) [1] is derived from above
equation 2.3 and is defined as [1]:
𝑑𝑣 = d𝐬 ⋅ d𝐱 = 𝐽d𝐒 ⋅ d𝐗

(2.4)

this yields an equation relating area elements in deformed and undeformed configurations
as follows [1]:
d𝐬 = 𝐽𝐅

𝐓

d𝐒 (Nanson’s formula)

(2.5)

Nanson’s formula relates the material (dS) and spatial (ds) area elements which will be
used quite frequently to transform area elements from one configuration to other.
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2.2. Stress Tensor
Consider an arbitrary continuum body with applied external forces as illustrated in
Figure 6(a). At time t>0 we cut the body into two parts using a plane as shown in Figure
6(b). For the body to be in equilibrium there must be an internal surface force, df acting on
the cut plane whose magnitude is dependent on normal of cut surface and the location x of
the force on the cross-section [1].

f1
f1

f2
f3

f2

f3

2
(a)

(b)

1
3

Figure 6: Schematic figure of a) body in deformed configuration b)
internal forces in deformed configuration [1].

In current configuration surface forces df can be represented as the product of tractions t
(i.e., force per unit area) and the elemental area ds [1]
d𝐟(𝐱, 𝐧) = 𝐭(𝐱, 𝐧)d𝑠

(2.6)

The force at each material point can be related to a stress field by the Cauchy’s stress
theorem which states that there exists a unique tensorial stress field σ(x) that is independent
of the direction of the virtual cut such that [1].
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(2.7)

𝐭(𝐱, 𝐧) = 𝛔(𝐱)𝐧

where direction of virtual cut is specified by normal n. In the above equation, σ(x) is Cauchy
stress tensor and t(x, n) is Cauchy surface traction. Similarly, in the reference configuration
it is written as [1]:
(2.8)

𝐓(𝐗, 𝐍) = 𝐏(𝐗)𝐍

As describe by Bergström [1], in above equation T(X, N) and P(X, N) are the first PiolaKirchhoff traction vector (nominal traction vector) and the first Piola-Kirchhoff stress
tensor (nominal stress tensor) respectively. Since the force in the current and reference
configuration does not change, we may write [1].
𝐓(𝐗, 𝐍)dS = 𝐭(𝐱, 𝐧)d𝑠

(2.9)

𝐏 𝐍 d𝑆 = 𝛔(𝐱)𝐧d𝑠 = d𝐟

(2.10)

giving

Using Nanson’s formula [1] d𝐬 = 𝐽𝐅

𝐓

d𝐒 we obtain the following relation between the

first Piola-Kirchhoff (PK1) stress tensor and Cauchy stress tensor [1]:
𝐏(𝐗) = 𝐽𝛔𝐅

(2.11)

The first Piola-Kirchhoff stress relates the force in current configuration to the area element
in the reference configuration, also known as nominal stress tensor. However, the absence
of symmetry and lack of clear physical meaning prevents PK1 stress tensor from being an
alternative stress measure to Cauchy stress tensor. Hence, another stress tensor known as
the second Piola-Kirchhoff (PK2) tensor is defined. The traction vector in reference
configuration is denoted by 𝐓, and is obtained by applying 𝐅
[1].

10

on Cauchy surface traction

𝐓=𝐅

𝐭=𝐅

(2.12)

𝝈𝐧

Traction vector obtained from second Piola-Kirchhoff stress (S) is written as [1]:
(2.13)

𝐓 = 𝐒𝐍
Since force remains same in current and reference configuration which yields [1]:
𝐒𝐍d𝑆 = 𝐅

𝝈𝐧d𝑠 = 𝐅

d𝐟

(2.14)

Using Nanson’s formula, we obtain second Piola-Kirchhoff stress tensor [1]:
𝐒 = 𝐽𝐅

𝝈𝐅

𝐓

(2.15)

The PK2 relates the force in reference configuration to area element in reference
configuration. Unlike PK1 stress tensor, PK2 stress tensor is symmetric and lies entirely in
reference configuration, thus it is used as an alternative to Cauchy stress tensor. [1][22].
2.3. Strain Tensor
In simple terms, strain (ԑ) is defined as the change of length upon initial length
[1][22]. The classical small-strain theory is generally applicable when strain magnitude is
less than 1%. However, the strain deformation in the case of elastomers is of a very high
order, leading to the evolution of multiple types of strains [1].
𝜀=

𝑢
𝑎

(2.16)

Polar decomposition theorem states that any general deformation gradient F can be
uniquely decomposed into a rotation followed by a stretch component, or a stretch
component followed by rotation [1][22][25].
F = RU = vR

(2.17)

where R denotes rotation matrix, while U and v are right and left stretch tensor respectively.
The Cauchy-Green tensors are defined as [1]:
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𝐂 =𝐅 𝐅=𝐔

(2.18)

𝐛 = 𝐅𝐅 𝐓 = 𝐯 𝟐

(2.19)

where C is right Cauchy-Green tensor and b is left Cauchy-Green tensor. Strains are
defined in both reference as well as current configuration. The following are commonly
used strain measures expressed in the reference configuration. These strains are also called
as the Lagrangian strains.
Table 1: Types of Lagrangian strain [1]
1
[𝐔 − 𝐈]
2

The Green-Lagrange strain

𝐄=

The Hencky strain (true strain)

E = ln U

The Almansi strain

E = [𝐈 − 𝐔

𝟏
𝟐

(2.20)
(2.21)

𝟐]

(2.22)

Similarly, strain measures can also be expressed in current configuration. These strains
are called as the Eulerian strains.
Table 2: Types of Eulerian strain [1]
The nominal strain

𝐞=𝐯−𝐈

The Hencky strain (true strain)

𝐞 = ln 𝐯

The Euler-Almansi strain

𝐞 = 𝟏 𝟐 [𝐈 − 𝐛 ]

(2.23)
(2.24)
(2.25)

2.4. Observer Transformation
The constitutive laws describing the material’s behavior, such as stress-strain
relation should be independent of frame of reference. Similarly, scalar quantities such as
12

Helmholtz free energy or entropy of a system should remain unaltered when a rigid rotation
is superimposed [1]. That is, if we apply rotation (Q) or translation to deformation field
denoted by F, then the combined deformation [24][25].
𝐱 ∗ ≡ 𝐐𝐅𝐗 = 𝐐𝐱

(2.26)

should not change the specific internal energy or the specific energy of the system. We have
𝑒̂𝒄 (𝐐𝐅) = 𝑒̂𝒄 (𝐅)

(2.27)

𝜂̂ 𝒄 (𝐐𝐅) = 𝜂̂ 𝒄 (𝐅)

(2.28)

where, 𝑒̂𝒄 and 𝜂̂ 𝒄 represent the internal energy per unit current volume and entropy per unit
current volume functions respectively. This equation holds true for all non-singular
deformation gradient F and orthogonal rotation Q. If Q is can be chosen as RT and F = RU,
we obtain [1][23]
𝑒̂𝒄 (𝐑 𝐑𝐔) = 𝑒̂𝒄 (𝐔) = 𝑒̂𝒄 (𝐅)

(2.29)

𝜂̂ 𝒄 (𝐑 𝐑𝐔) = 𝜂̂ 𝒄 (𝐔) = 𝑒̂𝒄 (𝐅)

(2.30)

Thus to satisfy material frame indifference function 𝑒̂𝒄 (∙) and 𝜂̂ 𝒄 (∙) is not directly dependent
on deformation matrix (F) but stretch matrix (U). Similarly, to satisfy material frame
indifference the heat flux and Cauchy stress should be of following form [1][23].
𝐪(𝐅) = 𝐑𝐪(𝐔)

(2.31)

𝝈(𝐅) = 𝐑𝝈(𝐔)𝐑

(2.32)

Due to their characteristic properties, elastomers undergo large deformation due to applied
external forces. Hence the traditional small-strain solid mechanics approach is no longer
sufficient to depict the mechanics of rubber-like materials. When discussing hyperelastic
materials, knowing about different kinds of stress and strain and their usage is essential.
This chapter uses the continuum mechanics approach, tailored for hyperelastic materials,
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to understand its mechanics better. There are many useful reference which discusses the
mechanics of elastomers using continuum approach in great detail and can be referred to
from references [22][24][25].
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CHAPTER 3
HYPERELASTIC MATERIAL MODELS – A REVIEW
There are two constitutive models widely used to predict the mechanical behavior of
materials, linear elasticity and hyperelasticity. While linear elastic model is used to obtain
mechanical response of metals and solid polymers at low strain, hyperelastic material
model discussed in this chapter is useful in predicting mechanical response of rubber like
materials i.e., materials that exhibit high order of strain.
Constitutive Equations for Thermoelastic Material
The stress-strain relations for thermos-elastic materials may be written in terms of
Helmholtz free energy function  as [1]
𝛔(𝐔, 𝜃 ) =

2 𝜕Ψ(𝐔, 𝜃 )
𝐅
𝐅
𝐽
𝜕𝐔

(3.1)

A rigorous treatise on the balance laws and thermodynamic laws leading up to the above
equation may be found in [1].
It is often useful to write Cauchy stress in terms of invariants of Right Cauchy-Green tensor
instead of actual tensor (C). The Cauchy-Green tensor in terms of principal stretch (λ ) is
given by [1][23]
λ
𝐂= 0
0

0
λ
0

0
0
λ

(3.2)

where λ is eigenvalues for deformation gradient. The principal invariants of Cauchy-Green
tensor are defined as [1][23]
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𝐼 (𝐂) = tr 𝐂 = λ + λ + λ
𝐼 (𝐂) =

1
[(tr 𝐂) − tr(𝐂 𝟐 )] = λ λ + λ λ + λ λ
2

(3.3)
(3.4)
(3.5)

𝐼 (𝐂) = λ λ λ = 𝐽

In terms of invariants Helmholtz free energy is written as Ψ(𝐼 , 𝐼 , 𝐼 , 𝜃 ) which when
inserted in Cauchy stress equation gives [1][23]
𝜎(𝐼 , 𝐼 , 𝐼 , 𝜃 ) =

2 𝜕Ψ 𝜕𝐼
𝜕Ψ 𝜕𝐼
𝜕Ψ 𝜕𝐼
𝐅
+
+
𝐅
𝐽 𝜕𝐼 𝜕𝐂 𝜕𝐼 𝜕𝐂 𝜕𝐼 𝜕𝐂

(3.6)

Partial derivative of invariants in terms of C is given as follows [1][23]
𝜕𝐼 (𝐂)
=𝐈
𝜕𝐂

(3.7)

𝜕𝐼 (𝐂)
=𝐼 𝐈−𝐂
𝜕𝐂

(3.8)

𝜕𝐼 (𝐂)
=𝐼 𝐂
𝜕𝐂

=𝐼 𝐅

𝐅

(3.9)

Inserting partial derivative of invariants with respect to C in Cauchy stress equation and
using 𝐼 (𝐅) = 𝐽 instead of 𝐼 (𝐂) = 𝐽 , we obtain following equation for Cauchy stress [1]
𝜎(𝐼 , 𝐼 , 𝐽, 𝜃 ) =

2 𝜕Ψ
𝜕Ψ
2 𝜕Ψ
𝜕Ψ
+𝐼
𝐛−
𝐛 +
𝐈
𝐽 𝜕𝐼
𝜕𝐼
𝐽 𝜕𝐼
𝜕𝐽

(3.10)

In most finite element program, deformation gradient (F) is broken down into two
components: distortional (no volume change) and dilatational (volume change). Using
equation from section 2.1, we can substitute deformation gradient matrix with distortional
gradient [1][23]
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𝐅=𝐽

/

𝐅∗

(3.11)

𝐂=𝐽

/

𝐂∗

(3.12)

In the above equation F*and C* represent the distortional component of deformation
gradient matrix and right Cauchy-Green tensor. Similarly, invariants can also be
decomposed into dilatational and distortional form [1][23]
𝐼 (𝐂) = tr 𝐂 = tr 𝐽

/

𝐂∗ = 𝐽

/

1
𝐼 (𝐂) = [(tr 𝐂) − tr(𝐂 𝟐 )] = 𝐽
2

/

𝐼∗

(3.13)

𝐼∗

(3.14)

Using these invariants, the Helmholtz free energy is written as Ψ(𝐼 ∗ , 𝐼 ∗ , 𝐽). Inserting this in
equation 3.65 we get the Cauchy stress in terms of distortional and dilatational terms as
shown below [1][23].
𝜎(𝐼 ∗ , 𝐼 ∗ , 𝐽, 𝜃 ) =

2 𝜕Ψ
𝜕Ψ
2 𝜕Ψ
∗
+
𝐼
𝐛
−
𝐛
𝐽 𝜕𝐼 ∗
𝜕𝐼 ∗
𝐽 𝜕𝐼 ∗
(3.15)
∗

+

∗

𝜕Ψ 2𝐼 𝜕Ψ 4𝐼 𝜕Ψ
−
−
𝐈
𝜕𝐽
3𝐽 𝜕𝐼 ∗ 3𝐽 𝜕𝐼 ∗

At times it is convenient to write to express Helmholtz free energy expression in terms of
principal stretches λ , λ , and λ is Ψ(λ , λ , λ , 𝜃 ). Thus, the Cauchy stress obtain is
written as follows [1][23]
𝜎 (λ , λ , λ , 𝜃 ) =

λ 𝜕Ψ
𝐽 𝜕λ

(3.16)

Hyperelastic Material Models
There are number of Hyperelastic material model such as Neo-Hookean [10][13] ,
Mooney-Rivlin [11][12] and Ogden [10][14] used in modeling of rubber-like materials.
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3.2.1. Neo-Hookean Model
Like several hyperelastic models, the Neo-Hookean (NH) [10][13] is described in
terms of the Helmholtz free energy per unit reference volume. It is a simple model based
on shear modulus  and bulk modulus (these moduli are defined at infinitesimal strain)
given by following equation.
Ψ(𝐼 ∗ , 𝐽) =

𝜇 ∗
𝜅
(𝐼 − 3) + (𝐽 − 1)
2
2

(3.17)

Cauchy stress equation for an arbitrary deformation is given by [1]
𝜎=

𝜇
dev[b∗ ] + 𝜅(𝐽 − 1)𝐈
𝐽

(3.18)

Helmholtz’s free energy equation is linear in 𝐼 ∗ . Thus it has been reported by several
investigators to not accurately capture large strain response of many rubber-like materials
while absence of second invariant 𝐼 ∗ dependent terms implies low stress prediction under
biaxial loading.
3.2.2. Mooney-Rivlin Model
Mooney-Rivlin model [11][12] attempts to alleviates the limitations of NH model
and improve its accuracy by including a linear dependence on second invariant 𝐼 ∗ in
Helmholtz free energy function. Thus, the Helmholtz free energy per unit reference value
is given by
𝜅
Ψ = C (𝐼 ∗ − 3) + C (𝐼 ∗ − 3) + (𝐽 − 1)
2
Whereas the Cauchy stress equation is given by
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(3.19)

𝛔=

2
2𝐶
(𝐶 + 𝐶 𝐼 ∗ )𝐛∗ −
(𝐛∗ )
𝐽
𝐽
2𝐼 ∗ 𝐶
+ 𝜅(𝐽 − 1) −
3𝐽

4𝐼 ∗ 𝐶
−
3𝐽

(3.20)
𝐈

While the introduction of second invariant term has been shown in literature to improve
the prediction under biaxial loading, it still fails to capture accurate material response at
high elongation [1][18].
3.2.3. Ogden Model
The Ogden model is a general yet amenable hyperelastic model that has been shown
in literature to be is quite precise in predicting the material behavior of highly elastic
materials [10][14][26]. Strain energy for the Ogden model is written in terms of principal
stretches, and constants are determined by fitting the model to experimental data [14].
Helmholtz free energy for the Ogden model is given by

Ψ(λ∗ , λ∗ , λ∗ ) =

2𝜇
((λ∗ )
𝛼

+ (λ∗ )

+ (λ∗ )

− 3)
(3.21)

+

1
(𝐽 − 1)
𝐷

where λ∗ are the principal stretches, N is the number of material parameters; and
𝜇 , 𝛼 and 𝐷 are temperature dependent material parameters. Using the above equation,
the Cauchy stress can now be written as
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𝜎 =

2
𝐽

𝜇
𝛼

(𝜆∗ )

1
− [(𝜆∗ )
3

+ (𝜆∗ )

+ (𝜆∗ ) ]
(3.22)

2𝑘
(𝐽 − 1)
𝐷

+

Since elastomers are often nearly incompressible we can further simplify our equations to

Ψ(λ∗ , λ∗ , λ∗ ) =

𝜎 =

2
𝐽

𝜇
𝛼

2𝜇
((λ∗ )
𝛼

(λ∗ )

1
− [(λ∗ )
3

+ (λ∗ )

+ (λ∗ )

+ (λ∗ )

− 3)

+ (λ∗ ) ]

(3.23)

(3.24)

As will be shown later, increase in the number of material parameters improves the
accuracy of mechanical response predicted. This is somewhat analogous to improvement
in degree of fit to a given set of data by increasing the degree of the polynomial.
Comparison of Hyperelastic Material Models
To evaluate a hyperelastic material models, the experimental data of natural rubber
[20][21], and silicone [16] are compared with the stress-strain responses predicted by the
previously discussed material models under different loading conditions. The material
model evaluation is done by fitting a hyperelastic model to experimental data using a nonlinear least-squares approach and can be carried out using several available mathematical
tools. However, similar to many commercial finite element packages, Abaqus CAE [19]
has an in-built feature that does the non-linear least squares curve fitting on the uniaxial
tension, equibiaxial tension, and planar tension test data to determine material model
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coefficients. The results of material response of natural rubber and silicone predicted by
different hyperelastic model is shown in Figure 7 and Figure 8, respectively.

(b)

(a)

(c)

Figure 7: Comparison between experimental data from Treloar [20][21] and
predictions from the different hyperelastic material models under (a) uniaxial
tension, (b) equibiaxial tension, and (c) planar tension.

(b)

(a)

Figure 8: Comparison between experimental data from Meier et. al. [16] and predictions
from the different hyperelastic material models under
(a) uniaxial tension and (b) equibiaxial tension
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From Figure 7 and Figure 8 it can be observed that the 3-term Ogden model provides the
best fit to the experimental data. Another important consideration in judging the quality of
the fit to experimental data is the concept of material or Drucker stability
[26]. Abaqus CAE [19] checks the Drucker stability of the material for the three
deformation modes described above.
The Drucker stability condition for an incompressible material requires that the
change in the stress, 𝑑𝝈, following from any infinitesimal change in the logarithmic
strain, 𝑑ε, satisfies the inequality [26]
𝑑𝝈: 𝑑ε > 0

(3.25)

The above equation implies that the elastic strain energy is always positive. Using 𝑑𝝈 =
𝐃: 𝑑ε, where D is the tangent material stiffness, the inequality becomes
𝑑ε ∶ 𝐃 ∶ 𝑑ε > 0,

(3.26)

thus requiring tangent material stiffness matrix (D) to be positive definite. For an isotropic
elastic formulation, the above inequality can be written in terms of principal stress and
strains,
𝑑𝜎 𝑑𝜀 + 𝑑𝜎 𝑑𝜀 + 𝑑𝜎 𝑑𝜀 > 0.

(3.27)

Abaqus CAE [19] checks the material stability and specifies the strain range within which
the material is stable. Stability limit information for natural rubber and silicone as
predicted by Abaqus CAE [19] is summarized in Table 3.
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Table 3: Material stability limit information of natural rubber and silicone
Loading mode

Natural rubber

Silicone

Uniaxial Tension

Stable for all strains

Stable for all strains

Uniaxial Compression

Stable for all strains

Stable for all strains

Biaxial Tension

Stable for all strains

Stable for all strains

Biaxial Compression

Stable for all strains

Stable for all strains

Planar Shear

Stable for all strains

Stable for all strains

It is worth noting that the material models are stable and only provides a good
prediction of mechanical response in the strain range used to fit the models. However, as
evident from the above results, material models other than Ogden (N=3) fail to accurately
predict the materials' mechanical response in all three loading conditions. The 3-term
Ogden model predicts the material response quite accurately for all three cases; hence it
will be used to further modelling of the elastomeric unit.
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CHAPTER 4
FINITE ELEMENT MODELING
FE method is a numerical tool for finding approximate solutions of ordinary and partial
differential equations over non trivial geometric domain by solving boundary value
problems. One of the most difficult step in FE modeling is material modeling which
comprises of constitutive model and material parameters. In the previous chapter, we
discussed the constitutive model for hyperelastic material and in order to define complete
material model, we obtain material parameters by fitting data from the experiments.
4.1. Material Model Coefficients
Material parameters of Ogden model are determined using the non-linear least
squares optimization method and fitting data from the experiments. Abaqus CAE [19] has
an in-built tool that accepts tabulated experimental data and fits the hyperelastic material
model of choice. While defining a hyperelastic material using experimental data, we
specify the model along with strain energy potential (N) that we want to apply to the
data. Abaqus then uses the experimental data to calculate the coefficients necessary for the
specified strain energy potential. The material parameters obtained by fitting data from the
experiments of Treloar [20] and Jones and Treloar [21] on natural rubber are
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Table 4: Ogden material model coefficient obtained for natural rubber
𝑘

𝜇

𝛼

𝐷

1

51.929

1.515

0

2

0.146

5.626

0

3

4.011

-1.548

0

After defining the material, the quality of this behavior must be assessed, and its
mechanical response under different deformations is obtained. Figure 9 shows the
compilation of the stress-strain curve generated by Abaqus CAE [19] during material
evaluation and compares it to experimental data by Treloar [20] [21].

1000
900

Equibiaxial Tension (Treloar's data)
Equibiaxial Tension (O3)
Uniaxial Tension (Treloar's data)
Uniaxial Tension (O3)
Planar Tension (Treloar's data)
Planar Tension (O3)

Nominal Stress (psi)

800
700
600
500
400
300
200
100
0
0

1

2

3

4

5

6

7

Nominal Strain (in/in)

Figure 9: Prediction of mechanical response of natural rubber by 3-term Ogden
model under different loading conditions.
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4.2. Domain Discretization
Discretization (or meshing) divides the components into elements, resulting in a
system of equivalent finite elements. The solid (or continuum) elements in Abaqus is used
for linear and complex nonlinear analyses that involves contact, plasticity, and large
deformations. Elements used in the analysis are 8 node linear brick element [19]
(C3D8RH), as shown in Figure 10, from standard element library with linear geometric
order.

Figure 10: Solid continuum elements used in Abaqus CAE [19].
In Abaqus/Standard, using solid continuum hybrid elements for almost incompressible
hyperelastic materials is recommended. Reduced integration uses lower-order integration
to form an element stiffness matrix which leads to lower computational time.
4.3. Defining an Analysis Step
One of the basic concepts in Abaqus is to divide the problem (loading) history into
increments/steps. A step is a static analysis in Abaqus/Standard of a load change from one
magnitude to another and includes the type of analysis requested, boundary condition, and
output requests. In a static analysis problem, the magnitude of boundary conditions varies
linearly with time, commonly called as ramp loading. The total time period of the analysis
is set to a default value of 1.0 with a minimum and maximum time increment of 1E-12 and
0.1 respectively. During large deformation analysis, the stiffness matrix changes
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significantly after each step. Hence Nlgeom option [19] is toggled on to account for
material or geometric nonlinearity.
4.4. Validation with the Single-Element Test Case
The hyperelastic material model for the bulk elastomers was further verified using a
single element model. Boundary constraints and displacements are applied to the specimen,
as shown in Figure 11 and Figure 12. The specimen was modeled using a single 8-node
linear brick hexahedral element as shown in Figure 10. Nodes located on the fixed plane
can have in-plane displacement, i.e., nodes located on the fixed plane at x=0 are allowed
to move in the y-z plane while constraining their motion in the x-direction. This facilitates
transverse deformations due to Poisson effect (or in this case compressibility). The reaction
force and the displacement obtained are used to plot the nominal stress-strain graph, and
the result is then compared against the experimental data and the nominal stress-strain
graph obtained from curve fitting. It should be noted that, when the single element model
is used, unlike in the case of curve fitting, the traction free boundary conditions are
satisfied.
4.4.1. Uniaxial and Equibiaxial Tension
A single cubic element of side a = 0.5” is created, and the boundary conditions are
applied, as shown in Figure 11. While the tests for uniaxial tension are carried out
efficiently, the same is not valid for compression testing. During compression testing in
the lab, friction between the specimen and the loading fixture results in a mixed state of
compressive, shear, and tensile strain. Hence, the equibiaxial tension test is used instead to
obtain compressive strain.
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u = 2”
v = 2”

(a)

(b)

Figure 11: Schematic representation of boundary condition for single element model
a) Uniaxial tension b) Equibiaxial tension
As a result of the displacement boundary condition applied to the surface, a corresponding
reaction force (𝑁) is obtained. This reaction force is used to calculate nominal stress, while
displacement is used to calculate Nominal strain. The resultant stress-strain curve is then
compared against experimental data. Nominal stress is given by
σ

=
ϵ

𝑁
A
=

(4.1)
u
a

(4.2)

where 𝑁 is normal reaction force, A0 is initial cross-section area, u is displacement of
loading edges, and a is length of element.
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4.4.2. Planar Tension/Pure Shear
This section will discuss the experimental setup of the single element planar tension
model and how it can be used as a substitute for the pure shear test [20][27] . The single
element model for planar tension is illustrated in Figure 12 (a), while deformation of the
specimen under pure shear and planar tension loading is shown in Figure 12 (b) and (c),
respectively.

X

___ deformed shape
- - - undeformed shape


(a)

(b)

Y

(c)

Figure 12: Schematic representation of (a) planar tension model setup (b) pure
shear deformation (c) planar tension deformation
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The deformation gradient (F) for planar tension is given by [1]
1+𝛼
0
𝑭=
0

0
1
0

0
0
1

(4.3)

1+𝛼

here  is shear displacement. Plane of maximum shear occurs at 450 to principal plane.
Applying rotation of 450 on deformation gradient, we obtain [1]
(4.4)

𝐅 ∗ = 𝐐 𝑭𝐐
where Q is rotation matrix given by
𝐐=

cos 45°
0
− cos 45°

0 cos 45°
1
0
0 cos 45°

(4.5)

Using small strain approximation and ignoring higher order terms the rotated matrix can
be simplified into
1
𝛼
𝐅 =
0
∗

𝛼
1
0

0
0
1

(4.6)

1−𝛼

which is same as deformation gradient of pure shear. Since planar tension experiment is
much easier to set up hence, historically, it has been used as a substitute to pure shear
experiment [1][22][27].
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4.5. Results from Single Element Simulations of Bulk Elastomer
This section discusses the stress-strain results obtained from the single element
simulations, subjected to three loading conditions: uniaxial tension, equi-biaxial tension,
and planar tension, as discussed in previous section. The stress-strain curves predicted by
the single element model under uniaxial tension, planar shear, and equibiaxial tension are
shown in Figure 13. The stress-strain curve obtained from single element model, in general,
is in good agreement with the stress-strain curve obtained due to curve fitting. However, a
small deviation can be observed in equibiaxial loading condition. This could be attributed
to the traction free boundary condition being imposed in case of single element model.

(b)

(a)

(c)

Figure 13: Comparison of stress-strain curve of natural rubber obtained from single element
model, curve fitting, and experiments by Treloar under (a) uniaxial tension,
(b) equibiaxial tension, and (c) planar tension.
4.6. 3-D Printed Model Setup
Post validation, the material model is used to model different elastomeric units
fabricated by additive manufacturing. The FEA simulation is done on specimens A and B,
and their detailed boundary conditions are illustrated in Figure 14 and Figure 16,
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respectively. The detailed discussion of the model has been done in section 1.2. The
noodles/filaments are assumed to be perfectly bonded thus constraining the relative motion
between shared surface.
4.6.1. Finite Element modeling of Specimen A
Specimen A has been designed to bear load in the direction of filament length. The
filaments are cylindrical with 0.2” diameter and length of 0.5”. The boundary conditions
and FE meshing of specimen model are shown in Figure 14 and Figure 15, respectively.

U3 = 3.5 in
in

L = 0.5
in
Z

Y
Φ = 0.2 in
X

X

(a)

(b)

Figure 14: Schematic representation of uniaxial tension test setup of specimen A
a) Front view b) Top view
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(a)

(b)

Figure 15: Mesh definition of specimen A (a) ISO view (b) Top view
To obtain homogenized stress-strain equivalence of above model, resultant of nodal
reaction forces on the boundary surface is divided by area of circumscribed rectangle
enclosing the load surface (𝐴 = 0.4 = 0.16𝑖𝑛 ) i.e.,
σ

=

𝑁
A

(4.7)

where 𝑁 is the reaction force observed on the load surface while A H is area of rectangle
shown in the Figure 14 (b). Thus the resultant stress-strain curve would be the homogenized
equivalent of the 3D printed model.
The volume fraction of elastomer in a unit cell is given by the equation 4.8. The
homogenized stress-strain response will be scaled by volume fraction to examine if the rule
of mixtures would be applicable to hyperelastic material. The volume fraction of specimen
A is given by
V

=

Volume of cylinders
4πr ℎ
=
= 0.785
Volume of cuboid enclosing model (4r) ℎ

(4.8)

Similarly, the volume fraction for specimen B, as shown in Figure 4(b) is
V

=

Volume of cylinders
πr ℎ
=
= 0.785
Volume of cube enclosing model
ℎ
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(4.9)

4.6.2. Finite Element modeling of Specimen B
This section presents a brief discussion on finite element modeling of specimen B
under three different loading conditions. The specimen is subjected to boundary condition
as shown in Figure 16 to model uniaxial, equibiaxial, and planar tension. To prevent rigid
motion of specimen bottom surfaces are constraint. The finite element meshing of
specimen is illustrated in Figure 17.

(b)

(a)

(c)

Figure 16: Schematic representation of boundary condition denoting loading of specimen B
(a) Uniaxial tension (b) Equibiaxial tension (c) Planar tension

(a)

(b)

Figure 17: Mesh definition for specimen B (a) ISO view (b) Side view
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4.7. Deformation of Representative Volume Element
This section discusses the deformation of representive volume element (RVE)
under the three loading conditions. The deformation of RVE under uniaxial tension is
shown in Figure 18. Under uniaxial loading, the RVE stretches and the elements undergo
a non-uniform deformation as shown by the contour plot. Figure 20 illustrates the
deformation of RVE under equi-biaxial loading. The contour plot denotes the magnitude
of x and z displacements (U1 & U3) of elements after boundary conditions have been
applied. Similarly, Figure 19 shows the deformation of specimen under planar tension
loading and the contour plot denotes the displacement of elements in x-direction (U1).

Y
Z

X

Z

Y
(a)

(b)

Figure 18: Deformation of specimen B under uniaxial tension
(a) ISO view (b) Side view
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X
Y
X

Z

Z

Figure 20: Deformation of specimen B under equibiaxial tension
(a) ISO view (b) Top view

Y
Z

Z
X
Y
(a)

(b)

Figure 19: Deformation of specimen B under planar tension
(a) ISO view (b) Side view
The deformation results show that individual elements of RVE do not necessarily undergo
the same deformation even though the boundary and symmetry planes of the RVE remain
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plane after deformation. This can be attributed to the architectural effects associated with
the arrangement of elastomeric noodle.
4.8. Simulation Results (Natural rubber)
This section discusses the stress-strain curve of 3D printed specimens and studies
the architectural effect on its homogenised material properties. Figure 21 compares the
homogenized stress-strain curve obtained for specimen A with that of the bulk natural
rubber reported by Treloar [20][21]. As expected, it can be observed that the homogeneous
equivalence of 3D printed specimens appears to be softer when compared to the bulk the
material behavior which is caused due to the presence of porosity/discontinuity in the
specimen microstructure. The predicted stress-strain curve is then scaled by the volume
fraction (i.e., divided by the volume fraction) to verify if the rule of mixtures applies to the
specimen. As observed in Figure 22, the scaled stress-strain curve is a near-perfect match

Nominal Stress (psi)

to the stress-strain curve of bulk material, in this case, natural rubber.
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Figure 21: Specimen A uniaxial tension test: Homogenized stress-strain curve compared
to experimental data of natural rubber reported by Treloar [20][21].
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Figure 22: Specimen A uniaxial tension test: Normalized stress-strain curve compared
to experimental data of natural rubber reported by Treloar [20][21]
Next, the mechanical response of specimen B under uniaxial tension is investigated
by examining its homogenized stress-strain curve under uniaxial load, as illustrated in
Figure 23. From this, it is clear that the model appears softer than its bulk counterpart,
reported by Treloar [20][21]. The stress-strain curve is scaled with the volume fraction of
the model to verify the applicability of rule of mixtures, and the results obtained are shown
in Figure 24. The scaled stress-strain curve is also in good agreement with the stress-strain
curve of bulk natural rubber, albeit with minor variance. Upon further investigation a small
fraction of total strain energy was found to be hydrostatic strain energy, as shown in Figure
25. The hydrostatic strain energy was calculated using following equation
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(4.10)

Total SE = 1 2 𝜎 𝜀
Hydrostatic SE = 1 3 (𝜎 + 𝜎

+𝜎 )∗

∆𝑉
𝑉

(4.11)

In the above equations, the homogenized stresses and strains have been used. The
hydrostatic strain energy component hints that the specimen is no longer incompressible as
a unit. It should be noted that the elastomeric material in the noodles store only distortional
energy as per the hyperelastic material model. In other words, the elastomeric material does
not undergo volumetric strain even though it experiences hydrostatic stress due to
incompressibility. However, owing to the architectural effects, the RVE as a whole
undergoes volumetric strain and thus stores an apparent volumetric energy.
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Figure 23: Specimen B uniaxial tension test: Homogenized stress-strain curve compared to
experimental data of natural rubber reported by Treloar [20][21].
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Figure 24: Specimen B uniaxial tension test: Normalized stress-strain curve compared to
experimental data of natural rubber reported by Treloar [20][21].
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Figure 25: Distribution of homogenized strain energy vs elongation in uniaxial
tension test
In this section, we will discuss the stress-strain curve of specimen B under the equibiaxial tension test obtained from finite element modeling. This curve is compared to that
of the stress-strain curve of bulk rubber reported by Treloar, as illustrated in Figure 26.
Trends similar to uniaxial loading are observed in equi-biaxial loading. The specimen
appears to be relatively softer than the bulk material, which is expected due to discontinuity
in the specimen's structure. The homogenized stress-strain curve is scaled with volume
fraction to verify the rule of mixtures, which is shown in Figure 27. However, the stressstrain curves do not quite match. In Figure 28, we observe that the hydrostatic strain energy
forms a significant part of total strain energy. The presence of apparent hydrostatic strain
energy suggests a change in the volume of the specimen, and it is no longer incompressible.

41

Nominal Stress (psi)

120
100
80
60
Simulation Results

40

EBT experimental data

20
0
0

0.2

0.4
0.6
0.8
Nominal Strain (in/in)

1

1.2

Figure 26: Specimen B equibiaxial tension test: Homogenized stress-strain curve
compared to experimental data of natural rubber reported by Treloar [20][21].
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Figure 27: Specimen B equibiaxial tension test: Normalized stress-strain curve
compared to experimental data of natural rubber reported by Treloar [20][21].
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Figure 28: Distribution of homogenized strain energy vs elongation in
equibiaxial tension loading condition
The stress-strain curve obtained from FE modeling of specimen B under planar
tension, as observed in Figure 29, follows a similar trend to that obtained from uniaxial and
equibiaxial tension tests shown in Figure 23 and Figure 26, respectively. The specimen
under pure shear loading appears to be softer than the bulk material. Upon scaling with
volume fraction, the homogenized stress-strain curve again does not quite match up to bulk
materials, as shown in Figure 30. Also, from Figure 31 we can observe that the hydrostatic
strain energy forms a significant part of total strain energy, which implies that the specimen
a unit is compressible.
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Figure 29: Specimen B planar tension test: Homogenized stress-strain curve compared
to experimental data of natural rubber reported by Treloar [20][21].
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Figure 30: Specimen B planar tension test: Normalized stress-strain curve compared to
experimental data of natural rubber reported by Treloar [20][21].
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Figure 31: Distribution of homogenized strain energy vs elongation in planar
tension loading condition.
As observed from the homogenized stress-strain curve of the specimen under
uniaxial, equi-biaxial, and planar tension loading, it can be observed that the homogenized
specimen is relatively softer when compared to its bulk counterpart. Hydrostatic strain
energy observed under all three loadings strongly suggests that the specimen can no longer
be considered incompressible despite the material used in modeling being incompressible.
In the subsequent section, a similar analysis is conducted on the silicone (MED-4950)
specimen, and its mechanical response is observed.
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4.9. Silicone Rubber Material Validation
Similar to the processes followed for natural rubber, material validation of silicone
rubber is conducted. Uniaxial and equibiaxial tension test data for silicone was obtained
from “Uniaxial and equibiaxial tension tests of silicone elastomer” (Meier et al., 2003).
Since the planar tension data for silicone (MED-4950) could not be found, following strain
energy coefficient is obtained by fitting 3-terms Ogden hyperelastic material model to only
uniaxial and equibiaxial tension data.
Table 5: Ogden material model coefficient for silicone MED-4950
𝑘

𝜇

𝛼

𝐷

1

164.843

0.624

0

2

41.720

2.803

0

3
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Figure 32: Prediction of mechanical response of silicone MED-4950 by 3-term
Ogden model compared against experimental data reported by Meier [16].
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4.10. Simulation Results (Silicone MED-4950)
The stress-strain curve obtained from single element model is in good agreement
with the stress-strain curve obtained from hyperelastic model fitting as shown in Figure 33.

Figure 33: Comparison of stress-strain curve of silicone obtained from single element
model, curve fitting, and experiments by Meier et. al. under (a) uniaxial tension,
(b) equibiaxial tension, and (c) planar tension.
A similar trend is observed in the mechanical response of specimens comprised of silicone
to that of natural rubber. From Figure 34, it can be observed that the 3D printed silicone
specimen appears softer when compared to the bulk material behavior for all three loading
conditions. On scaling the homogenized stress-strain curve of specimen A with volume
fraction, the resultant curve matches the bulk material behavior of silicone (MED-4950)
reported by Meier [16]. Similar results are obtained in the uniaxial and equibiaxial loading
of specimen B. The homogenized stress-strain curve of specimen B under uniaxial and
equibiaxial tension is shown in Figure 36 and Figure 39. In uniaxial loading, the
homogenized stress-strain curve of specimen B scales quite accurately to bulk materials
stress-strain curve, while the same cannot be said for equibiaxial loading. Upon further
investigating the strain energy distribution of specimen B model, we observe that only a
tiny fraction of total strain energy is hydrostatic strain energy in uniaxial loading, as
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illustrated in Figure 38. In contrast, hydrostatic strain energy contributed to a significant
portion of total strain energy in equibiaxial loading, as shown in Figure 41.
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Figure 34: Specimen A uniaxial tension test: Homogenized stress-strain curve compared
to experimental data of silicone (MED-4950) reported by Meier [16].
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Figure 35: Specimen A uniaxial tension test: Normalized stress-strain curve compared to
experimental data of silicone (MED-4950) reported by Meier [16].
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Figure 36: Specimen B uniaxial tension test: Homogenized stress-strain curve compared
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to experimental data of silicone (MED-4950) reported by Meier [16]
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Figure 37: Specimen B uniaxial tension test: Homogenized stress-strain curve compared
to experimental data of silicone (MED-4950) reported by Meier [16].
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Figure 38: Distribution of homogenized strain energy vs elongation in uniaxial
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Figure 39: Specimen B equibiaxial tension test: Homogenized stress-strain curve
compared to experimental data of silicone (MED-4950) reported by Meier [16].
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Figure 40: Specimen B equibiaxial tension test: Normalized stress-strain curve
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Figure 41: Distribution of homogenized strain energy vs elongation in
equibiaxial tension test.
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As discussed in section 4.9, the planar tension test data for silicone could not be
obtained. However, the material model derived from fitting uniaxial and equi-biaxial tests
was used to obtain the bulk material properties of silicone. The same material model was
later used to obtain the homogenized stress-strain result of RVE under planar tension. The
homogenized stress-strain result of RVE and that of bulk material is shown in Figure 42.
It is clear from the stress-strain result that the modeled RVE appears softer compared to
the bulk material. The stress-strain curve of RVE is scaled with its volume fraction to verify
the rule of mixtures, and the results obtained are shown in Figure 44. The resultant scaled
curve does not quite match that of bulk materials; hence it can be concluded that the rule
of mixture hypothesis does not hold. Similar to the results obtained in previous test cases,
we observe the RVE to be compressible due to hydrostatic strain energy.
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Figure 42: Specimen B planar tension test: Homogenized stress-strain curve
compared to bulk material behavior of silicone (MED-4950)

52

400
Nominal Stress (psi)

350
300
250
200
Silicone MED-4950

150
100

Homogenized RVE

50

(Scaled)

0
0

0.2

0.4
0.6
Nominal Strain (in/in)

0.8

1

Figure 43: Specimen B planar tension test: Normalized stress-strain curve
compared to bulk material behavior of silicone (MED-4950)
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Figure 44: Distribution of homogenized strain energy vs elongation in planar
tension loading.
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4.11. Discussion
Of all the hyperelastic material models discussed, the 3-term Ogden model (O3)
had the best curve fitting to experimental data with the lowest fitting error, as shown in
figures 14 and 38, closely followed by Mooney-Rivlin. Neo-Hookean and other Ogden
models (O1 & O2) failed to capture elastomers' material response at higher strain
accurately. Hence, O3 was chosen for modeling of 3D printed specimen. The stress-strain
curve obtained for the single element model agrees with the experimental data of bulk
materials. Mechanical response trends of silicone were very similar to that of natural
rubber. The homogenized specimen appeared softer compared to its bulk counterpart.
Although the materials used in the specimens modeling were incompressible, the specimen
as a unit showed compressibility to some extent. Specimen, when subjected to uniaxial
tension load, the hydrostatic strain energy formed a negligible part of total strain energy.
In contrast to uniaxial loading, when subjected to equibiaxial and planar tension load,
hydrostatic strain energy contributed significantly to total strain energy. The presence of
hydrostatic strain energy suggests that the rule of mixture cannot be applied to the
specimen, and thus models cannot be scaled. Hence, each specimen with different
geometry must be explicitly modeled to the specific loading conditions to obtain its
mechanical response.
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CHAPTER 5
SUMMARY AND CONCLUSIONS
5.1. Summary
The homogenized stress-strain curve for the single element model agreed well with
the experimental data of its bulk material. Due to discontinuities in structure, the 3D printed
elastomer unit appeared softer than the bulk material. Even though the material used in
modeling RVE was incompressible, a volume change was observed due to the architectural
effect of the model. The traditional rule of mixture does not quite apply to the specimens,
and the model cannot be scaled due to the presence of hydrostatic strain energy. However,
as the hydrostatic strain energy only forms a small fraction of total strain energy in uniaxial
loading conditions, it can be scaled to a continuum if the end application is just uniaxial
tension. In all the other cases, the representative volume element (RVE) must be modeled
explicitly since the rule of mixture does not uniformly apply to other cases.
5.2. Practical Implications and Future Work
The hypothesis of the rule of mixture explored in this thesis did not hold for 3D
printed elastomers. However, if the end application is just uniaxial tension, we can scale
the RVE model, thus saving computational time. However, for most practical applications,
this is seldom true. In case where rule of mixture does not apply, such as in the case of
general 3D state of stress, a material model can be fit to homogenized stress-strain curve
of RVE thereby modeling it as bulk material. This would greatly reduce the time and
computational power required to model 3D printed elastomers.
Due to the architectural effects, the RVE as a whole undergoes volumetric strain
even though the material used in modelling is incompressible. As a result, the
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microstructure of RVE can be used to obtain a degree of compressibility even if
incompressible materials are used.
Recent technological advancement has made 3D printing with silicone a reality.
However, since the technology is still nascent, it is not readily available for general usage.
This research used two elementary RVE models to obtain the mechanical response of
elastomers fabricated by additive manufacturing, which would later be expanded to several
other models. The results obtained from finite element modeling would also be
corroborated with experimental results. Additionally, the Mullins effects were not
considered part of the current research. Due to unwinding of polymeric chains during
deformation, molecule arrangements of elastomers changes. This affects the mechanical
response of elastomers over time. However, in the future, the Mullins effect will be
incorporated to improve the model applicability further.
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APPENDIX A
Stretch Definition

Let a body be of dimension length = l0, breadth = b0, and height = h0 in undeformed
configuration. After deformation, its new dimensions’ read length = l 1, breadth = b1,
and height = h1. The principle stretches thus defined are 𝜆 = 𝑙 ⁄𝑙 , 𝜆 = 𝑏 ⁄𝑏 , and
𝜆 = ℎ ⁄ℎ .
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APPENDIX B
Deformation Gradient

Y, U2
X, U1
Z, U3
𝐅 = 𝐯𝐑 = 𝐑𝐔
U = left Cauchy-Green deformation tensor

F = deformation tensor

v = right Cauchy-Green deformation tensor

R = Rotation matrix
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