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ABSTRACT 
 

The El Niño Southern Oscillation (ENSO) is one of the most powerful climate phenomena 

that can change global air circulation, affecting temperature and rainfall around the planet. ENSO 

has three phases: El Niño and La Niña are two extreme phases of the ENSO cycle, and ENSO 

neutral is a transitional period between El Niño and La Niña. 

Topological data analysis (TDA) is an innovative approach which focuses on a data set's 

"shape" or topological structures such loops, holes, and voids. We used TDA to describe the 

homology groups of the two-dimensional function determined by sea surface temperatures of 

tropical Pacific Ocean. The persistent homology of the function, which is determined by the 

monthly mean sea surface temperature in an expressed area of the Pacific, was used to identify 

ENSO phases. We classify using TDA summaries and compare the results to the existing NOAA 

classification utilizing topology information of sea surface temperatures of correctly specified 

ENSO phases.  

We compute the morse filtration's persistent homology for each month, then utilize the 

ECC to summarize the persistent homology. To reduce arbitrary errors and make the curve 

continuous, we utilized the smoothing function. We used LDA algorithm as a classification 

method and for dimension reduction, we used PCA transformation.  
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CHAPTER 1 
 

INTRODUCTION 
 
 

The El Niño Southern Oscillation (ENSO) is a description of certain temperature patterns 

based on the changes of water’s temperature located in the central and eastern tropical Pacific 

Ocean. Between three to seven years, the temperature of the surface waters across a considerable 

swath of the tropical Pacific Ocean change by anywhere from 1°C to 3°C, compared to normal (El 

Niño and its Impacts on The Republic of Palau, n.d.). 

Climate pattern changes can affect on rainfall distribution in the tropics, and it can strongly 

affect weather of the United States and other countries in the world. Two extreme phases of the 

ENSO cycle are El Niño and La Niña. ENSO neutral is the middle phase between El Niño and La 

Niña phases (El Niño and its Impacts on The Republic of Palau, n.d.). 

El Niño, La Niña, and the neutral condition can have a big impact on people and ecosystems 

all over the world. Interactions between the ocean and atmosphere can influence weather around 

the planet, resulting in severe storms or mild weather, drought, or flooding. More importantly these 

changes can cause problematic situation in food supplies and prices, forest fires, and create 

additional economic and political consequences. These environmental conditions can result in 

famines and political conflict (L’Heureux, 2014). 

Since ENSO prediction can help countries in stopping negative consequence from 

occurring, World Meteorological Organization members have been monitoring the ENSO 

prediction carefully for many years (El Niño/La Niña Southern Oscillation (ENSO), 2021). 

The work in this thesis focuses on ENSO classification for each month based on topology 

of sea surface temperature over tropical area of the Pacific Ocean and compares the result with 

National Oceanic Atmospheric Association (NOAA) forecast for getting new prognostication. 
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Instead of classifying ENSO cycles based on a single summary value of the mean, we proposed to 

compare the sea surface temperature based on functional properties. Formally we planned to use 

Topological Data Analysis (TDA) as our summary values of the sea surface temperatures to 

classify ENSO states. In this thesis, we have used TDA to summarize the homology groups of the 

two-dimensional function defined by the sea surface temperatures of the tropical Pacific Ocean.  

This thesis is prepared as follows: TDA is described in Chapter 2, ENSO analysis is 

covered in Chapter 3, and the conclusion and future directions are explored in Chapter 4.  
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CHAPTER 2 
 

TOPOLOGICAL DATA ANALYSIS REVIEW  
 
 

2.1 Introduction to Topological Data Analysis 

Topological data analysis (TDA) is a new approach, which focuses on the “shape” or 

topological structures like loops, holes, and voids of a data set. TDA is a type of data analysis that 

combines data science and algebraic topology. One of the primary goals of data science is to extract 

essential features from huge datasets and then categorize or cluster the data according to those 

features. TDA has the ability of determining features of data that are not noticeable by old methods 

of data analysis (Moon et al., 2018; McGuirl, 2017). Biology has been a popular source of data for 

successful TDA applications; examples include the study of (brain artery structure Bendich et al., 

2016; brain networks Lee et al., 2012; Petri et al., 2014; protein structure Gameiro et al., 2015; 

viral genomics Chan et al., 2013; breast cancer Nicolau et al., 2011). 

One of the main goals of algebraic topology is to classify topological spaces based on their 

topological properties. Homotopy and homology are the two main techniques for classifying 

topological spaces. While homotopy is simpler to define, computing the homotopy type of a given 

space is practically impossible. Homology, on the other hand, is difficult to define but, simple to 

compute. As a result, homology is the connecting tool between topology and data science 

(Crossley, 2004). 

Datasets are frequently presented as point clouds in some metric space. We assume that the 

points in the point cloud were sampled from some underlying manifold and try to extract the 

homology of that manifold by building simplices based on the point cloud. Society of building 

these simplicial complexes base on a data cloud, with one example being the Čech complex. The 
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homology of the covered point cloud for a finite sequence of simplicial is computed; this is known 

as persistent homology (McGuirl, 2017). 

Based on the topological properties of different point clouds, we can begin to classify them 

using barcodes or persistence diagrams. The following paragraphs will go over these 

representations. We can find some theoretical background of persistent homology in Hatcher 

(2002), and Edelsbrunner and Harer (2010) books. Ghrist (2008) and Zomorodian (2012) discuss 

some statistical shortcomings when applied to data analysis in their papers.  

 A major challenge of TDA is determining which features are real, in the sense of 

expressing meaningful structure in the data, and which are observation error. As this is a matter of 

statistical inference, statistical approaches that mix with the topological principles underlying 

persistent homology have been developed in recent years. However, only recently one statistical 

strategy exists which considers data error and randomness (Chazal et al., 2021). 

Fasy et al (2014) use a confidence set to determine relevant features for the persistence 

diagram, which summarizes a data set's persistent homology. Because persistent homology results 

are vulnerable to data error and outliers, robust smoothing-based techniques have been developed. 

Bobrowski et al (2017), Bubenik (2015), and Phillips et al (2013) are examples Which utilized 

smoothing.  

Kernel smoothing can help with data analysis in two ways: (1) By allowing to construct 

analyses that are both adaptable and stable, we could remove outliers from data collection. (2) 

By designing artificially identical height for all datasets, we can compare Euler curves. An 

example of using smoothed Euler curves can be found in Turner et al. (2014). 
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2.2 Simplicial Complexes 

In TDA, the main data structure used to represent topological spaces is simplicial 

complexes. We will go through the core types of simplicial complexes used in TDA. We refer to 

Edelsbrunner and Harer (2010) to cover some basic definitions. For the remainder of the 

manuscript, let 𝑢", 𝑢#, 𝑢!, … , 𝑢$be points in ℝ%. 

Definition 1(Affine and Convex Combinations) An affine combination of {𝑢&}&'"$  is a point 

𝑥 = ∑ 𝜆&𝑢&$
&'"  such that∑ 𝜆&$

&'# = 1. A convex combination of {𝑢&}&'"$  is a point 𝑥 = ∑ 𝜆&𝑢&$
&'"  

such that ∑ 𝜆&$
&'# = 1 and 𝜆& ≥ 0 for all 𝑖 = 0,1, … , 𝑛 

Definition 2 (Affine and Convex hulls) The affine hull of 𝑢", 𝑢#, 𝑢!, … , 𝑢$	is the set of all possible 

affine combinations of {𝑢&}&'"$ : 

aff (𝑢", 𝑢#, 𝑢!, … , 𝑢$)	≃{𝑥 = ∑ 𝜆&𝑢&$
&'" : ∑ 𝜆&$

&'# = 1}	

Similarly, the convex hull of 𝑢", 𝑢#, 𝑢!, … , 𝑢$ is the set of all possible convex combinations of 

{𝑢&}&'"$ : conv (𝑢", 𝑢#, 𝑢!, … , 𝑢$)	≃{𝑥 = ∑ 𝜆&𝑢&$
&'" : ∑ 𝜆&$

&'# = 1	𝑎𝑛𝑑	𝜆& ≥ 0	∀𝑖} 

Definition 3 (Affinely Independent) The n + 1 points, 𝑢", 𝑢#, 𝑢!, … , 𝑢$ are said to be affinely 

independent if and only if the n vectors 𝑢& − 𝑢" for 1 ≤ 𝑖 ≤ n, are linearly independent. Note, in 

ℝ% 	there are at most d + 1 affinely independent points 

The edge or line segment joining two points is the convex hull, while the convex hull of 

three affinely independent points is a triangle parametrized by those points, and so on. In simple 

terms we can say, a line segment is a convex hull, but the convex hull is a triangularization. Using 

these basic ideas, we can define a simplex.  

Definition 4 (Simplex) A k-simplex is the convex hull of k + 1 affinely independent points: 

𝜎 = conv (𝑢", 𝑢#, 𝑢!, … , 𝑢$), dim (𝜎)=n 

In the following figure, we have different type of simplexes. 
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Figure 1. Simplicial construction from easy generalization to arbitrary dimensions (Friedman, 

2021) 
 

A 0-simplex is a vertex, a 1-simplex is an edge, a 2-simplex is a triangle, a 3-simplex is a 

tetrahedron, and so on.  

The process of building a ‘shape’ given a set of points is based on creating a triangulation. 

Let the points define the vertices, then edges can be created by connecting 2 points, creating a path 

between the two. The triangulation of the shape defined by the point cloud requires that edges must 

pass through the inside of the shape (which for our purposes will be defined as the convex hull of 

the points) and cannot cross other existing diagonals. A visual example of a triangulation formed 

from a two dimensional point cloud is shown below. 

 
Figure 2. Example of triangulation of two-dimensional point cloud 

From Figure 2 observe the triangulation consists of vertices points, edges, and triangles. 

In topological terms, these features are referred to as k-simplices. 
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 Simplices are the building blocks of simplicial complexes. A simplicial complex is 

created by attaching together simplices in a "nice enough" way. The following is a more formal 

definition of a simplicial complex. First it is necessary to first define a face of a simplex. 

Definition 5 (Face of a Simplex) Given 𝜎 = conv (𝑢", 𝑢#, 𝑢!, … , 𝑢$) a face 𝜏 of 𝜎, denoted 

𝜏 ≤ 	𝜎, is 𝜏= conv (𝑢&! , 𝑢&" , 𝑢&# , … , 𝑢&$), where 𝑢&! , 𝑢&" , 𝑢&# , … , 𝑢&$ ⊂ 𝑢", 𝑢#, 𝑢!, … , 𝑢$. If 

𝑢&! , 𝑢&" , 𝑢&# , … , 𝑢&$ ⊊ 𝑢", 𝑢#, 𝑢!, … , 𝑢$ we can say that 𝜏 is a proper face 

Definition 6 (Simplicial Complex) A simplicial complex is a finite collection of simplices K such 

that 

1. 𝜎 ∈ K and 𝜏 ≤ 	𝜎 implies 𝜏 ∈ K and 

2. 𝜎#, 𝜎! ∈ K implies either (i) 𝜎# ∩ 𝜎! = ∅ (ii) 𝜎# ∩ 𝜎! = ∅ is a face of both 𝜎# and 𝜎! 

 
Figure 3. A simplicial complex (left) and a collection of simplices (middle and right) which 

do not form a simplicial complex (Horak et al, 2009) 

In practice, it is frequently easier to construct a simplicial complex abstractly rather than 

dealing with the problem of where to place it in Euclidean space. As a result, the concept of an 

abstract simplicial complex exists. 

Definition 7 (Abstract Simplicial Complex) An abstract simplicial complex is a finite collection 

of sets A such that 𝛼 ∈ A and 𝛽 ≤ 𝛼 implies 𝛽 ∈ A 

In a simple sentence we can say, an abstract simplicial complex is a family of sets that is 

closed under taking subsets.  every subset of a set in the family is also in the family. For instance, 
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in a 2-dimensional simplicial complex, the sets in the family are the triangles (sets of size 3), 

their edges (sets of size 2), and their vertices (sets of size 1). 

 The basic object we use to approximate the homology of a point cloud is a simplicial 

complex. To begin, we cover our point cloud with a covering (Ghrist, 2008; Crossley, 2004). 

Definition 8 (Cover) Let X be a topological space. A cover of X is a collection of sets U={𝑈&}&() 

such that X⊂ ⋃ 𝑈&&()  

Definition 9 (Nerve of a Cover) Let X be a topological space, and let U={𝑈&}&() be any cover of 

X. The nerve of U, denoted by N (U), is the abstract simplicial complex with vertex set I, where a 

family {𝑖", … , 𝑖*} spans a k-simplex if and only if 𝑈&% ∩ …∩ 𝑈&& ≠ ∅ 

 
Figure 4.  Cover of a finite metric space (top left), vertex set generate by cover (top right), edges 

and faces generated by non-empty intersections of the cover (bottom left), and the nerve of the 

cover (bottom right) (McGuirl, 2017) 

A natural question to ask is, how well is the simplicial complex representation of a data set 

capturing the true topological features of the data? The following theorem connects the nerve of 

the sets to simplicial complexes. 

Theorem 1 (Nerve Theorem) Let U be a finite collection of closed convex sets in Euclidean 

space. Then, the nerve of U and the union of the sets in U have the same homotopy type.  
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The definition of homotopy is given below.  

Definition 10 (Homotopy) A homotopy between maps 𝑓, 𝑔:	𝑋→𝑌 𝑓 is a map ℎ:	𝑋×𝐼→𝑌 such 

that ℎ(𝑥,0) =𝑓(𝑥), ℎ(𝑥,1) =𝑔(𝑥)∈𝑌 where 𝑥∈𝑋 and 𝐼= [0,1]. We can say maps 𝑓,	𝑔 are homotopic. 

 See Edelsbrunner and Harer (2010) for example of the most typical simplicial complex 

structures in topological data analysis. We define the two most commonly discussed simplicial 

complexes.  

Definition 11 (Čech Complex) Let X be a finite set of points in ℝ%. For each 𝑥𝜖𝑋, let  

𝐵+(𝑥)={𝑦𝜖ℝ%: 𝑑(𝑥, 𝑦) ≤ 𝑟}be the closed ball centered at x with radius r ≥ 0. The Čech complex 

of X and r is the nerve of {𝐵+(𝑥)},(-. Namely, 

Čech (X, r) = {𝜎 ⊂ 𝑋:⋂ 𝐵+(𝑥) ≠ ∅,(. } 

Čech (X, r) has the exact same vertex set as X. The problem is that Čech complexes are 

tough to compute. Generally, for any k simplices all subset of size k must be inspected. In overall 

computing the entire complex requires exponential time in the size of X, which is particularly 

inefficient. So, we need a different kind of complex, or at least a different representation to 

compensate. That is the purpose of the Vietoris Rips complex. 

Definition 12 (Vietoris Rips Complex) Let X be a finite set of points in ℝ%. For each 𝑥𝜖𝑋, let 

𝐵+(𝑥)={𝑦𝜖ℝ%: 𝑑(𝑥, 𝑦) ≤ 𝑟} be the closed ball centered at x with radius r ≥ 0. The Vietoris Rips 

complex of X and r is defined to be VR (X, r) =	R𝜎 ⊂ 𝑋:	𝐵+(𝑥&) ∩ 𝐵+S𝑥/T ≠ ∅	𝑓𝑜𝑟	𝑎𝑙𝑙	𝑥& , 𝑥/𝜖𝜎W 

 The Vietoris Rips complex is quite similar to the Čech complex, with the exception that 

instead of adding a d-simplex when there is a common point of intersection of all the (!
"
)- balls.  

We’ll denote the Vietoris Rips complex with parameter 𝑟 as VR (X, r). VR (X, r) is made up of all 

X subsets with a diameter of less than 2r. From the definitions, it is not hard to see that Čech (X, 
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r) ⊂ VR (X, r). Moreover, nerve lemma says VR (X, r) ⊂ Čech (X, √2𝑟). For the proof of this 

lemma, please refer to Edelsbrunner and Harer (2010). 

 
Figure 5. A cover of three points in ℝ!(left) with the corresponding Čech (middle) and Vietoris 

Rips (right) (McGuirl, 2017) 

We show the construction of a simplicial complexes in Figure 6. 

 
Figure 6. Scatterplot of points (upper left), balls of diameter 𝜀 centered at points. The Čech and 

Rips complexes for the point cloud (Ghrist, 2008) 

The space filtration is done in terms of the simplicial complex, which means that our 

filtration must meet specific criteria. The filtration of a simplicial complex K is a nested sequence 

of subcomplex starting with the empty set and ending with the full simplicial complex, i.e., ∅ ⊂ 

𝐾"⊂ 𝐾# ⊂ · · · ⊂ 𝐾$ = 𝐾. A simplex cannot be removed after it has been added (Edelsbrunner 

and Harer, 2010). 



 11 

The persistent homology of a space computes the homological features for all possible 

simplicial based on the filtration. Because a point cloud is finite, computing the homology at spots 

where the simplicial complex changes is all that is required (adds a simplex). Typically, the 

filtration of the simplicial complex is specified in terms of a metric space. For instance, The Rips 

complex, set a distance 𝜀 and adds edges to all points that are less than 𝜀 distance apart, if they 

don't intersect an already existing edge (Ghrist, 2008). 

The Morse filtration, unlike the Rips and Čech, filters the space based on an outcome value 

for a single dimension. This could refer to all points that are above (or below) some critical values 

of a single axis, or the value of each point in the case of the point cloud representing function 

values of a given domain. We can build the simplicial complex from −∞ to ∞, which is the subset 

filtration, or in the other direction from ∞ to −∞ (superset). For the subset filtration vertices with 

values less than ε are used to build the simplicial complex, while for the superset the vertices 

greater than ε. We show an example of this concept in Figure 7. 

 
Figure 7. Superset filtration of one-dimensional domain function. 
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Figure 7 is illustrating the idea that a vertex (using the superset) only exists if its 

‘functional value’ is greater than the filtration parameter. 

 The next issue is the addition of edges given the vertices. In contrast to Čech and Rips, we 

do not simply link all points with edges; edges are only added to neighboring points. Two points 

are neighbors if they are adjacent to each other along the x axis when the domain is only one 

dimension, like our example. To establish neighbors in higher dimensions, we must think about 

cell building, specifically the creation of a Voronoi diagram from a point cloud in 

ℝ%(Edelsbrunner, Harer, 2010). 

Definition 13 (Voronoi diagram) Let S ⊆ ℝ% be a finite set. The Voronoi cell of a point u in S is 

the set of points for which u is the closest, 𝑉0 = ^𝑥𝜖ℝ% _`|𝑥 − 𝑢|` ≤ `|𝑥 − 𝑣|`, 𝑣𝜖𝑆	d 

Figure 8 shows an example of the Voronoi diagram of the point cloud. 

 
Figure 8. Example of Voronoi diagram of two-dimensional point cloud 

2.3 Persistent Homology  

On a finite metric space, we have seen various techniques to construct simplicial 

complexes. Our goal is to extract topological properties from our data. Simplicial homology is the 

key strategy we will use for this (McGuirl, 2017). The number of k-dimensional holes on a 

topological surface is known as the 𝒌𝒕𝒉	Betti number.  
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Figure 9. Betti numbers of a point (left), circle (center), and torus (right) (Moon et al, 2017). 

A "k-dimensional hole" is a k-dimensional cycle that is not a boundary of a (k+1)-

dimensional object. For more mathematical details, please see Edelsbrunner and Harer (2010). 

β0		→ Number of connected components  

	β# → Number of loops  

	β! → Number of enclosed solid voids 

We can go beyond Betti 2, but this is hard to interpret. 

Figure 9 shows the Betti numbers for a point, circle, and torus. The circle contains a single loop, 

although the torus has two loops (in the vertical and horizontal directions) and encloses a single 

solid void. Three-dimensional Betti numbers are used to summarize the topological features of the 

three separate objects (Moon et al, 2017). 

The idea behind persistent homology is that instead of picking a single r value, we can 

compute homology over a range of r values and see which topological features persist 

(Edelsbrunner and Harer, 2010). 

 Supposed we have point cloud data from an annulus. The homology of the nerve 

construction of a collection of balls 𝐵+(x) centered around each point x in the point cloud is 

greatly dependent on r. For example, if r is very small, there will be little overlap between the 

balls and therefore the dimension of 𝐻" will be high and inconsistent with the true homology of 

an annulus. In contrast, if r is very large, there will be too much overlap, and the annulus's one-

dimensional hole will be filled in. We take a range of r values to get a succession of simplicial 
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complexes for a point cloud data set because we usually have no method to identify which r 

value is ideal. Figure 10 Shows several steps of the process. 

 
Figure 10. A sequence of Vietoris Rips complexes for a point cloud data set representing an 

annulus (Ghrist, 2008) 

2.4 Persistent Homology Representation 

In persistent homology, we compute the homology of a parametrized family of topological 

spaces. For each dimension, we can get parameter intervals base on homology groups. We need to 

check group isomorphism to find homology group. These intervals indicate for which values of 

the filtration the topological feature exists (Crossley, 2004). 

Definition 14 (Group Isomorphism) In abstract algebra, a group isomorphism is 

a function between two groups that sets up a one-to-one correspondence. It means exist a function 

between the elements of two sets, where each element of one set is paired with exactly one element 

of the other set, and each element of the other set is paired with exactly one element of the first 

set. Then the groups are called isomorphic. From the standpoint of group theory, isomorphic 

groups have the same properties and need not be distinguished (Crossley, 2004). 
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There are two typical ways to visualize persistent homology of a space. The first way is 

known as a barcode diagram, while the second is known as a persistence diagram. Below is an 

example of a barcode diagram. 

 
Figure 11. An example of a barcode diagram for dimensions 0, 1, and 2 of a filtered simplicial 

complex (Ghrist, 2008). 

In Figure 11, each bar represents a homology generator in the parametrized topological 

space family. The left end point of each bar corresponds to the parameter value at which the 

topological feature first appears, and the right end point corresponds to the parameter value at 

which the topological feature dies off (Ghrist, 2008). 

 The birth time is the parameter value at which a feature firstly begins, while the death time 

is the parameter value at which a featured stop. A barcode diagram's bars can be represented as a 

collection of pairs (𝑏& , 𝑑&)relating to each bar's birth and death times. If we plot (𝑏& , 𝑑&) points in 

ℝ! we get a persistence diagram. Note, 𝑏& ≤ 𝑑&for all i so all points in a persistence diagram lie on 

or above the diagonal y = x (Ghrist, 2008). 
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Figure 12.  An example of a persistent diagram (Fasy et al., 2014). 

In Figure 12, we can see 30 points sampled from the circle of radius 2. The sub-level set at 

radius 0.5 consists of two connected components and zero loops. At radius 0.8, one of the 

connected components dies. It has merged with the other one and a one-dimensional hole appears. 

This loop will die at radius 2, when the union of the pink balls representing the distance function 

becomes simply connected. The persistence diagram summarizes the topological features of the 

sampled points. The black dots represent the connected components. 30 connected components 

are present at radius 0 and they increasingly die as radius rises, only one connected component has 

left. The red triangle represents the unique one-dimensional hole that appears at radius 0.8 and dies 

at radius 2 (Fasy et al., 2014). 
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CHAPTER 3 
 

CLASSIFICATION OF ENSO PHASES WITH TDA 
 
 

3.1 El Niño Southern Oscillation 

The El Niño Southern Oscillation (ENSO) is one of the most important climate events on 

the planet because of its power to alter global air circulation, which affects temperature and 

precipitation around the world. ENSO is a climate phenomenon which has three phases. Because 

ENSO is a connected climate event, the two opposite phases, "El Niño " and "La Niña" require 

changes in both the ocean and the atmosphere and the term "neutral" refers to a point that is in 

the middle (L'Heureux, 2014). 

The “Southern Oscillation,” or large-scale oscillations in sea level pressure across 

Indonesia and the tropical Pacific, was identified by Sir Gilbert Walker. However, he was unaware 

that it was linked to Pacific Ocean fluctuations or El Niño. It wasn't until the late 1960s that Jacob 

Bjerknes and others discovered the ocean and atmospheric changes were linked, and the name 

"ENSO" was invented. The terms La Niña and Neutral did not become popular until the 1980s or 

later. The preceding and following definitions come from L'Heureux (2014). 

El Niño:  in the central and eastern tropical Pacific Ocean, there is a warming of the ocean 

surface, or above average sea surface temperatures (SST). Rainfall tends to decrease across 

Indonesia, while rainfall increases over the tropical Pacific Ocean.  The low level surface winds, 

which normally blow from east to west along the equator (“easterly winds”), instead of weakening 

in some cases, start blowing the other direction from west to east or westerly winds. 
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Figure 13. Typical North American wintertime pattern during an El Niño winter (Zebiak et al., 
2006). 

 
La Niña: in the central and eastern tropical Pacific Ocean, there is a cooling of the ocean 

surface, or below average sea surface temperatures (SST). Rainfall tends to increase across 

Indonesia, while rainfall falls over the central tropical Pacific Ocean. Along the equator, the usual 

easterly winds grow significantly stronger. 

Figure 14. Typical North American wintertime pattern during an La Niña winter (Zebiak et al., 
2006). 

Neutral: if neither El Niño nor La Niña has occurred, SSTs in the tropical Pacific are often near to 

average. In the neutral state, trade winds blow east to west across the surface of the tropical Pacific 

Ocean, bringing warm moist air and warmer surface waters towards the western Pacific and 

keeping the central Pacific Ocean relatively cool. So, the thermocline is deeper in the west than in 
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the east. A thermocline is the transition layer between the warmer mixed water at the surface and 

the cooler deep water below. Warm sea surface temperatures in the western Pacific, pump heat 

and moisture into the atmosphere above. 

 In a process known as atmospheric convection, this warm air rises high into the 

atmosphere and, if the air is moist enough, causes towering thundercloud and rain. This drier air 

then travels east before descending over the cooler eastern tropical Pacific. The Walker Circulation 

is a pattern in which air rises in the west and falls in the east, with air traveling westward near the 

surface (National Weather Service, n.d.) 

Figure 15. Image courtesy of Ray Wolf (What is El Niño Southern Oscillation (ENSO), n.d.). 
 

Figure 15 shows typical winter impacts associated with ENSO neutral events. Due to a 

polar jet stream that has migrated further south, colder probabilities are favored in the north central 

and the northeastern United States. Meanwhile, warmer weather is expected over the southern 

United States, with above normal precipitation anticipated in parts of the southeast (What is El 

Niño-Southern Oscillation (ENSO), n.d.). 
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Figure 16. Maps of sea surface temperature anomaly in the Pacific Ocean during a strong La 
Niña (top, December 1988) and a strong El Niño (bottom, December 1997) (NOAA, 2016). 

 

3.2 Current approach to classify of the ENSO states 

ENSO is a phenomenon in the equatorial Pacific Ocean characterized by five consecutive 

three month running mean sea surface temperature (SST) anomalies in the Nino 3.4 region that are 

above or below a 0.5c threshold. EL Niño happens when SST is larger than threshold and La Niña 

occurs when SST is below the threshold. The Equatorial Pacific Sea Surface Temperatures website 

refers to this standard of measure as the oceanic Niño index (ONI). NOAA has classified annual 

ENSO phases as Weak El Niño, Moderate El Niño, Strong El Niño, Very Strong El Niño, Neutral, 
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Weak La Niño, Moderate La Niño, and Strong La Niño. By NOAA current ONI classification, a 

year starts June 1 and ends May 31. 

 
Figure 17. NOAA Climate.gov image (NOAA, n.d.) 

 
ONI takes a complex system and provides a single number summary (three month 

average), which it then compares to another single number summary (the 30 years average). 

Because of the comparison with a shifting average, this methodology can enable numerous 

“different” sea surface temperature patterns to be classed in the same way. Using a shifting mean 

indicates that a given ENSO phase now is actually happening at higher temperatures than 50 years 

ago. 

3.3 ENSO Techniques 

Many approaches have been used for classification, prediction, identification, and so on. For 

instance, prediction efforts of El Niño events in the tropical Pacific with particular focus on using 

modern machine learning (ML) methods based on artificial neural networks. With current classical 

prediction methods using both statistical and dynamical models, the skill decreases substantially 

for lead times larger than about 6 months. Initial ML results have shown enhanced skill for lead 
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times larger than 12 months; for more details see Dijkstra et al (2019). Canonical correlation 

analysis (CCA) is explored as a multivariate linear statistical methodology with which to forecast 

fluctuations of the El Niño/Southern Oscillation (ENSO) in real time (Ropelewiski and Halpert, 

1987). CCA can identify the critical sequence of predictor patterns that tend to evolve into 

subsequent patterns that can be used to form a forecast. The CCA model is used to forecast the 

three months mean sea surface temperature (SST) in several regions of the tropical Pacific and 

Indian oceans for projection times of 0 to 4 seasons beyond the immediately forthcoming season. 

The predictor variables, representing the climate situation in the four consecutive three months 

periods ending at the time of the forecast, are  

1) quasi-global seasonal mean sea level pressure (SLP). 

2) SST in the predictand regions themselves. 

 Forecast skill is estimated using cross validation, and persistence is used as the primary 

skill control measure. Results indicate that a large region in the eastern equatorial Pacific 

(120°−170°W longitude) has the highest overall predictability, with excellent skill realized for 

winter forecasts made at the end of summer. CCA outperforms persistence in this region under 

most conditions and does noticeably better with the SST included as a predictor in addition to the 

SLP. For more detail see Ropelewiski and Halpert (1987). 

3.4 Research statement and purpose 

The idea of the thesis is, are there topological features using the shape of the sea surface 

temperatures that are similar given ENSO phasing. In order to satisfy that, we chose to classify 

ENSO phases by using the persistent homology of the function which is defined by the monthly 

mean sea surface temperature in an expressed area of the Pacific. To classify TDA summaries, we 

utilize topology information of sea surface temperatures as the information for group classification 
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and compare the results to existing NOAA classification. Our future goal is to determine if our 

classification correlates `better’ with certain climate phenomenon than the current standard. 

We computed the persistent homology using the Morse filtration function from the R-

TDA package. This function constructs a filtration of simplices and persistent diagrams from the 

area of interest over a triangulated grid. Our data consists of monthly sea surface temperatures over 

the Pacific Ocean, beginning in January 1950 and ending in December 2016. Figure 18 shows the 

area of interest. 

 
Figure 18. Area of interest 

The function we are using provided in the TDA package in R assumes the data has 

presented is equally spaced on a rectangle grid. However, the area we are looking at is not on a 

rectangle as seen from the coastline along with several small areas consisting of land mass in the 

Pacific. Since we do not have numeric value for land areas, we need to decide how to fill in those 

missing spots in a suitable way. One thought is to set the missing values as some constant value 

smaller than the minimum or larger than the maximum SST values. Note that for all months the 

lowest value is 14.2, so we consider the lower value as 14. For making land area values greater 

than the maximum of the SST values, we pick 31.2. 

The Euler characteristic is a very important topological property which started out as 

nothing more than a simple formula involving polyhedrons. Euler characteristic for a finite 
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simplicial complex 𝐾% is defined by 𝜒(𝐾%) = 𝑉 − 𝐸 + 𝐹 where 𝑉, 𝐸 and 𝐹 are the numbers of 

vertices, edges, and faces. Since then, the concept of Euler characteristic has transformed into a 

useful topological tool which allows mathematicians to study 2-dimensional surfaces as well as 

surfaces in higher dimensions. The Euler characteristic is a simpler representation than a barcode 

or birth death plot (Edelsbrunner and Harer, 2010). 

Definition 15 (Euler Characteristic Curve) Given an n-dimensional simplicial complex S, let 

𝑐*(sometimes written 𝑐*(𝑆) be the number of k-simplices in S. The Euler Characteristic,	𝜒 is 

defined as χ(S)=	𝑐" − 𝑐# + 𝑐! − 𝑐3 +⋯ 𝑐* where denotes the number of n-simplexes in the 

complex. 

In summary, for each month we compute the persistent homology of the Morse filtration, 

then use the ECC to summarize the persistent homology. We used a kernel smoother on the ECC 

to minimize arbitrary errors and makes the curve continuous. Turner et al. (2014) utilized this 

approach of analyzing the persistent homology in terms of smoothed Euler curves. We use a 

normal kernel with a bandwidth parameter of 0.5. For analysis we used the values of the 

smoothed Euler curve over 181 equally spaced points between 14 and 31.2. 

We use linear discriminant analysis (LDA) for our classification method. In addition, we 

also examine classification using the principal component analysis (PCA) loadings in an effort to 

reduce the dimensionality.  

• LDA Algorithm 

Linear Discriminant Analysis (LDA) is a dimensionality reduction approach often 

employed in pattern classification and machine learning applications as a pre-processing phase. 

This technique is known as supervised machine learning. The purpose of LDA algorithm is to 
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project a dataset into a lower dimensional space with high class separability by avoiding 

overfitting, and lowering computing costs (Lopes, 2017). 

Ronald A. Fisher formulated the Linear Discriminant in 1936 (Mika et al, 1999), and 

it also has some practical uses as classifier. The original Linear discriminant was described for 

a 2-class problem, and it was then later generalized as “multi-class Linear Discriminant 

Analysis” or “Multiple Discriminant Analysis” (Webster, 1952). 

• PCA Transformation 

Principal Component Analysis, or PCA, is a method for reducing the dimensionality of 

big data sets by transforming a big collection of variables into a smaller set that still maintains 

most of the information in the larger set. Naturally, reducing the number of variables in a data 

set reduces accuracy; nevertheless, the answer to dimensionality reduction is to exchange some 

accuracy for simplicity. Because smaller data sets are easier to study and display, and because 

machine learning algorithms can analyze data more easily and quickly without having to deal 

with unnecessary factors (Johnson and Wichern, 2002). 

Considering 14 and 31.2 as a minimum and a maximum value for NA points, we can 

have 4 different sets based on filtration direction (subset or superset) and coding for the land area 

(14 or 31.2). We consider all 4 approaches and present the results for the most promising 

approach which is a subset (bottom to top with land coded as 14). We used the smoothed Euler 

curves representing the persistent homology, and the first 20 loadings of the principal 

components of smoothed Euler curves. We used single months for generations persistent 

homology and three month running averages like those used at NOAA. We utilized some of the 

data to train the algorithm and the rest to test it to see how well it worked. We used 8 distinct 

training and testing sets to check the performance of the LDA algorithm. In column 1 (50%), we 
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assigned the first half of our smoothed Euler curves to train the algorithm and used the second 

half to test the algorithm. We used the first 33 years for training and the remaining 33 for 

testing. We repeated the process in column 2 (75%), but this time the first 50 years chose for 

training and the remaining 16 years for testing. In column 3(50% randomly), we selected to train 

33 years, but these 33 years chose randomly without following any predetermined path. 

Here, each year (for a fixed month) has an equal chance of winding up as either part of the 

training set or the testing set, while the remaining half used for testing the method. Followed the 

same procedure as column 3 but chose 50 years randomly. In Column 5, we used the same 

testing set after applying PCA transformation to the column 1 training set. Next, we considered 

the first 20 components to run the LDA method. Then from the smoothed Euler curves which 

have calculated with the first 20 components of PCA used the 33years to train and the rest for 

testing. Column 6, the same as column 5 but utilized the first 50 years to train the method and the 

rest to test. In column 7, first from the original sea surface temperatures we got an average of 

every 3 consecutive months, then we calculated persistent homology, summarized it with the 

Euler curve. Finally, smoothed Euler curve has calculated. From smoothed Euler curve values, 

the first 33years used as a training set and the rest as testing. Column 8 did the same process as 7 

except instead of using the first 33 years to train, we used the first 50 as a training set and the rest 

assigned to the testing set. The principal components were utilized based on the smooth Euler 

curves and compared for each month in all of 8 different training and testing approaches. The 

LDA classification results are listed in the table below.  
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Table 1. LDA method results for each month in subset 

 
As a result, we do see high correct classification of the testing set which indicating there 

may be topological similarities between ENSO phases as defined by the NOAA. In general, several 

months categories appear to be promising. For example, In the case with 75% training data chosen 

randomly January, February, August, and December are all correctly categorized. Furthermore, 

the proportion of January, March, September, and October is encouraging when looking at column 

75% with a three-month average. When compared to the remaining months, correctly classifying 

at around 50% is not very good. Some of the PCA transforms do better so it would be easy to argue 

that this is also promising. For example, by looking at March and May months, performance 

increased, due to increasing the percentages. But, in October, November and December months, 

since percentages have decreased, we can say the performances have reduced. 
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CHAPTER 4 
 

CONCLUSIONS & FUTURE DIRECTIONS 
 

The El Niño Southern Oscillation (ENSO) and its various phases were discussed in this thesis. We 

introduced Topological Data Analysis as a method for classifying ENSO phases using the sea 

surface temperatures in a defined are of the Pacific. To build the foundation for applying the LDA 

algorithm as a classification method, we reviewed the procedures involved in implementing the 

TDA technique. To reduce the data dimension, we used PCA transformation as well. 

Although computing persistent homology is more computationally expensive than the 

current method used by NOAA members, our original ideas for using the topology rather than the 

average may lead to better large scale event predictions in the future. 

Ultimately, by comparing ENSO phases from the NOAA technique to LDA months, 

certain months have been correctly identified. Furthermore, we may say that results indicate there 

may be topological similarities between certain months in a fixed ENSO phase. Moreover, we can 

indicate the result as a prediction for the future.  

There are several directions we can explore in future research. For example, we can 

consider different regions of the Pacific, data scaling, different approaches to summarization of 

the persistent homology, or looking at another climate phenomenon. 
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