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ABSTRACT

To mitigate the cost of chemical propulsion satellites, satellite operators are increasing their

utilization of all-electric propulsion satellites for orbit-raising missions to geosynchronous

equatorial orbit. However, the use of electric propulsion increases the transfer time of a mis-

sion. An increase in transfer time makes the uncertainties in the initial states of the satellite

have a larger effect on the mission. These uncertainties could require delayed satellite opera-

tions or reduced mission lifetimes causing lost revenue for the operators. The purpose of this

thesis is to investigate the effect of uncertainty on the orbit-raising missions of all-electric

satellites to geosynchronous equatorial orbit. The uncertainty that is considered represents

the injection error of the satellite’s initial states, and it is characterized by the mean and

covariance matrix of the initial satellite states. In this thesis, a method for propagating

the uncertainties in the satellite states of the injection orbit during an electric orbit-raising

mission is developed using Monte Carlo simulations. Additionally, the computational cost

and benefits of using an unscented transformation method instead of a Monte Carlo method

to reduce computation time are investigated by comparing the results after numerical sim-

ulations. Scenarios involving typical launch injection errors as well as large injection errors

due to anomalies are considered to understand their effect on final transfer time and final

mass. Ultimately, these frameworks can be used by mission designers and satellite operators

to assess the effects of launch uncertainties on their missions.
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CHAPTER I

Introduction

1.1 Motivation

Satellite operators often need to place satellites into geosynchronous equatorial orbit (GEO);

this orbit has a radius around 42,164 km and is a circular orbit. Getting to GEO starts by,

first, injecting the satellite into a lower orbit. This lower orbit is often the geostationary

transfer orbit (GTO). Then, from there, it transfers to GEO. This is often an expensive

GTO

Sub-GTO

GEO

Super-GTO

Figure 1: Diagram showing the different orbits (not to scale)

operation when using the traditional method of chemical propulsion (CP). To reduce the

propellant mass required to achieve GEO, all-electric propulsion (EP) can be utilized and,

compared to CP, result in a lower mission propellant cost [1]. The EP approach has already

been utilized by multiple satellite operators. The companies SatMex and ABS launched the

satellites, SatMex 7 and ABS-3A, respectively. Both satellites made use of Boeing’s 702-SP

all-electric architecture for small platform satellites. Achieving GEO in 2017, the Eutelsat

172B, designed by Airbus, required only 17% the propellant an equivalent CP mission would

have required, [2]. An EP thruster will have a higher specific impulse that results in a

smaller fuel expenditure than CP thrusters [3]. Limitations in an EP’s thrust ability have

created challenges in designing missions that are not normally encountered. Low thrust
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makes the EP missions take longer to transfer to GEO than the CP missions; typically,

on the order of months rather than hours. This can cause the uncertainties in the initial

satellite states to have an affected on the overall mission. Due to the benefits of EP, there

has been research in the area; specifically, electric orbit-raising (EOR) missions. There have

been studies that develop optimal trajectories that minimize fuel expenditures [4, 5, 6] and

transfer time [7, 8, 6] during EOR missions. The research also includes studying solar cell

degradation for long transfer times in the Van-Allen belt and the mitigation of radiation from

this region [9, 10, 11, 12, 13, 14]. Here minimizing the time in the Van-Allen belt is not,

necessarily, the best solution; the non-uniform radiation at each point must be taken into

consideration. Receding horizon problems for EOR missions have also been considered [15].

To maximize the rates of change of a given satellite state during an EOR mission the Q-law

has been used as a candidate for the lyapunov function [16, 17]. There is also research into

the attitude control of a satellite during an EOR mission [18, 19]. Additionally, part of the

EOR research is the mitigation of computational challenges found in an EOR mission [20,

21]. In Ref. [20], Sreesawet and Dutta, formulate a methodology for solving a sequence

of optimal control problems to arrive at a trajectory for an EOR mission and shows that

the method has a fast computation time. This fast computation does come at the cost of

optimality; Dutta and Arora vary the weights in the objective functions to mitigate this

limitation [22, 23]. However, the majority of this research has followed a deterministic

approach for the orbit design problem [20, 4, 9, 7, 24, 25, 26]. None of this research couples

the stochastic simulations with a trajectory optimization solver for the EOR missions. The

Table 1: Examples of standard launch injection errors (3σ) for launch vehicles.

Launcher Apogee [km] Perigee [km] Inclination [deg]
Falcon 9 130 7.4 0.1
Ariane 5 240 3.9 0.06
Atlas V 168 4.6 0.025

current research will focus on developing a method that utilizes a stochastic framework

for the EOR mission. This will be done by implementing an uncertainty to the problem

and investigating its impact on final performance parameters. As the satellite performs its
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desired operation these uncertainties will themselves propagate and influence the transfer

time and the final mass. The transfer time and final mass will influence the mission lifetime

and the time at which the satellite can become operational in GEO after launch. Therefore,

any variation in the initial states could result in revenue loss for the satellite operators.

These uncertainties can be found in various launch manuals, [27, 28, 29], and a summary

is presented in table 1. Launch errors are also created during anomalous scenarios such as

the Al-Yah 3 satellite, [30]. Uncertainties due to anomalous scenarios are also considered

and are captured by increasing the variance to the apogee radius and inclination. With the

effect of these uncertainties understood, the mission designer can more accurately assess the

feasibility of their design.

1.2 Literature Review

Each method has advantages and disadvantages, and we will discuss them below.

1.2.1 Electric Orbit Raising Optimization

The trajectory from a lower orbit to GEO is found through the solution of an optimal

control problem of a non-linear and non-convex nature. This problem is solved such that a

performance metric, such as transfer time or fuel expenditure, are minimized. The process

is subject to both equations of motion and limitations on state variables and controls. The

solution can often require the user provide an initial guess for the trajectory of the satellite

from its starting orbit to GEO or the initial guess for the controls.

The indirect optimization method (IOM) can be used to solve for the trajectory of a

satellite transferring from a lower orbit to GEO. To do this a set of necessary conditions of

optimality need to solved. Additionally, the equations of motion are also necessary conditions

needing to be solved. Both of these are sets of ordinary differential equations. This method

also requires the boundary conditions be known at the initial time and at the final time

which describes a two-point boundary-value problem. Specifically, Thorne and Hall [31]

have utilized the IOM to solve for the minimum time to transfer from one circular orbit to
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another. This method requires an initial guess for the trajectory that is provided by the user.

Direct optimization is another type of method for optimization. For the direct optimization

method (DOM) the state variables that are being optimized, and the control variables used

to drive the system to the optimization are discretized. This turns the optimization of the

trajectory into a parametric optimization problem. Algebraic equations are developed from

the equations of motion and then serve as the parametric optimization problem’s constraints.

A non-linear programming solver, such as IPOPT [32], LOQO [33], and SNOPT [34], is

then used to find the solution. An example of DOM being used for low-thrust transfer orbit

trajectories can be seen by Kluever and Oleson [8]. The IOM and the DOM each require

an initial guesses for the solutions; although the DOM requires initial control guess. The

shape-based method estimates a shape by quickly investigating the solution assuming that

the trajectory lies on a predefined shape such as an exponential sinusoid; this shape then

becomes the initial guess for trajectory optimization. This has been shown by Petropoulos

and Longuski [35]. However, this method has difficulty in finding the initial shape when

that shape is multiple revolutions around the Earth, or a spiral. For an electric orbit raising

mission the trajectory is a multi-revolution spiral. A closed-loop guidance-like scheme is an

additional method that could be used. This method seeks to produce a thrust profile that

will minimize the deviation between an actual trajectory and the target trajectory. Kluever

sought to maximize the time rate of change of a single selected orbital element by using this

method [36]. For the consideration of multiple orbital elements, he found thrust profiles

that maximized the time rate of change for each of them and then he averaged the individual

thrust profiles to come to a final thrust profile. Junkins and Taheri performed multiple orbit-

raising simulations using different sets of coordinates and compared computation times [37].

They concluded that a set of orbital elements, developed by Sreesawet and Dutta [20]

performed well compared to the other sets. Here, the set of orbital elements are referred to

as the dynamical coordinates. The dynamical coordinates use the orbital angular momentum

magnitude, the angular momentum inertial components, the components of eccentricity on

the orbital plane, and φ, an angle similar to the true anomaly angle that is on the orbital

4



plane. Sreesawet and Dutta used the dynamical coordinates in their development of an

optimization methodology [20]. This methodology combines the direct optimization method

and the closed-loop guidance scheme. This innovation simplifies the EOR optimization

problem into a series of unconstrained optimization sub-problems that is without an initial

guess. The total process takes on the order of 10’s of seconds.

1.2.2 Uncertainty Propagation

The propagation of these uncertainties in the initial states is critical to understanding their

influence on those final parameters such as transfer time and final mass. Many ways of

propagating uncertainties have been developed. Most notably, the Fokker-Planck equations

(FPE) [38], the Monte Carlo (MC) method [39], Unscented Transformation (UT) [40], a

variation of the unscented transformation, the conjugate unscented transformation (CUT)

[41], and polynomial chaos expansion [41].

1.2.3 Fokker-Planck Equation

The Fokker-Planck Equations are a set of partial differential equations that can incorporate

the deterministic and stochastic aspects of an orbit [41]. Where the inputs are the probability

density function, the deterministic part of the orbital dynamics, the diffusion matrix, and

the covariance matrix of the states. The solution to these equations provides the states as

they change through time and the statistical properties of those states. However, due the

typical degrees of freedom for the orbital dynamics along with their non-linearity, it becomes

a tremendous task to propagate the uncertainties for an orbit transfer problem.

1.2.4 Monte Carlo

The Monte Carlo method is used to propagate multiple variations of the states using the

orbital dynamics [41]. With a given distribution for the state vector, the Monte Carlo

method randomly generates a set of samples from that distribution. Incorporating the

dynamics of those states, each sample is propagated through time for an EOR mission and

a final set of parameters is collected, in this study, ultimately, the final transfer time and
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final mass. Each set of parameters can then be used to calculate the statistical properties of

that parameter. If this is done for a large number of samples, the statistical properties will

approximate the actual transformed statistical properties. This study will use this method

to develop an understanding of how these initial uncertainties affect the final parameters.

1.2.5 Unscented Transformation

The Monte Carlo method works well to establish an understanding of how the injection

uncertainty will influence the mission. However, with MC requiring a large number samples,

the process can become computationally intensive. To mitigate this we can utilize the un-

scented transformation as a method of uncertainty propagation. UT will reduce the number

samples required to propagate the uncertainties and thereby reduce the computation time.

To do this we select a set of sigma points that will, by themselves, have the same statistical

properties of the initial satellite states, [41]. Each of these sigma points is then, similar to

MC, used as initial conditions to propagate the dynamics through time and result in the

final mass and final transfer time. The statistical properties of each of those parameters can

the be calculated from the set of final values. This method will be compared to the MC

method to assess the trade offs between accuracy and computation time. Additionally, the

CUT method, an extension of the UT method, provides higher orders of statistical moments

by retrieving more sigma points outside of the principal axes and on conjugate axes, [41].

Doing this allows for a more robust statistical understanding.

1.2.6 Polynomial Chaos Expansion

This method represents the inputs and outputs of system as a series approximation with a

set of standard random variables, [41]. Along with the inputs and outputs to the system,

the uncertainties are also represented by these standard random variables. Ultimately, using

a series of orthogonal polynomials, a model of the output can be developed. The orthogonal

polynomials are formulated using the multi-dimensional random variable. However, similar

to the CUT method, this method compares to the UT method by offering higher orders of

statistical moments.
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1.3 Thesis Contributions

Currently, in the literature, no study has utilized stochastic simulations and a trajectory op-

timization solver for an EOR mission. In this thesis, we will connect uncertainty propagation

to EOR missions. Optimization solvers predominantly require an initial guess that is man-

ually provided by the user. This would create a strain on simulations, like MC simulations,

due to the initial guess needing to be altered for different initial conditions per iteration. In

this thesis, we will use a developed methodology from the literature that combines the direct

optimization method along with the closed-loop guidance scheme. This method provides a

trajectory solution without the need for a user provided guess. To understand the distri-

bution of final mass and transfer time, we will only need the mean and covariance of those

metrics. Higher orders of statistical moments are not a concern. Therefore, in this thesis,

we will only be including MC simulations and UT simulations.

Below are the contributions made by this thesis and they have been published by

AIAA’s SciTech Forum, [42].

• The development of a stochastic framework for uncertainty propagation of launch injec-

tion errors of an all-electric orbit-raising mission in order to understand the impact of

typical launch injection errors on the final mass and transfer time of an EOR mission.

The thesis will compare two methods of uncertainty propagation: MC simulations and

UT simulations.

• This thesis performs multiple simulations using increasing starting errors to understand

the impact of larger uncertainties from anomalous launch conditions. We show the

change in standard deviation of the final mass and transfer times as the apogee variance

increases and the inclination variance increases. This gives satellite operators an idea

of how an anomalous injection may affect the final mass and transfer times.

• We use launch injection uncertainties from the launch vehicle user manuals and use the

method developed in this thesis to propagate those uncertainties with different injection

orbits. This shows satellite operators and mission planners the effects typical launch
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errors have on the final mass and transfer time.

1.4 Thesis Organization

In this thesis, chapter 2 will address the dynamical states used in the developed framework,

the uncertainties associated with those states, and it will introduce the method for selecting

samples. Chapter 3 will then discuss the trajectory optimization framework used in the

methodology and then describe the methods of uncertainty propagation. Chapter 4 describes

uses of the framework for different scenarios.
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CHAPTER II

Dynamic Model

In order to utilize the EOR missions or the uncertainty propagation we will need to, first,

develop the model of the satellite. We will start with the initial states and convert them into

the state space used in the EOR framework. The equations of motion are then introduced,

ultimately, as functions of the dynamical coordinates. Further, the uncertain nature of

the states will be introduced and we will discuss the mean and covariance that defines

this uncertainty. Finally, we will discuss methods of sample selection using the mean and

covariance of the states.

2.1 Dynamic Model

In this section, we will look at the states and dynamics that are used in the thesis. We

introduce the states that are used to describe the launch errors in the launch manuals and

then we introduce the states used in the EOR framework. The EOR framework uses a novel

set of states, dynamical coordinates. This is done to avoid the singularities often present at

GEO while using other sets of states. The dynamics of the satellite are also introduced.

2.1.1 Satellite States

A satellite’s states are often described using the position, r(t), and velocity vectors, v(t), in

the Earth-centered inertial (ECI) reference frame seen in Fig. 2, along with its mass, m(t):

r(t) =
[
x y z

]T
, v(t) =

[
ẋ ẏ ż

]T
(1)

The inertial reference frame is one of zero or constant velocity. The variables x, y, and z

are position components in the inertial reference frame. However, we initialize the injection

orbits and their uncertainties using the orbital elements, (rp, ra, i,Ω, ω, θ), denoted by s(t),

as these are the states used in the launch manuals to describe the errors of an injection orbit.
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Figure 2: The ECI Reference Frame

The states rp and ra are the radial distance of perigee and apogee, respectively. The state i

denotes the angle of inclination. The angle Ω denotes the right ascension of the ascending

node, and this is an angle made by the line connecting the origin to the ascending node to

the X-axis. The ascending node is where the satellite intersects the equatorial plane as it

travels positively in the Z direction. The angle ω is the argument of periapsis, this is the

angle made between the perigee and the line of the ascending node. Lastly, the angle θ is the

true anomaly angle which locates the satellite on its orbit by describing the angle between

perigee and the line connecting the satellite to the origin. These orbital elements can be

seen in Fig. 3.

s(t) = [rp(t) ra(t) i(t) Ω(t) ω(t) θ(t)]T . (2)

Considering Keplerian motion and the only force acting on the satellite being Earth’s

gravitational force, the only element to change is the state θ, and the other five stay constant.

With a thrust force being applied to the satellite, we may see that the other states change

over time due to this perturbation. These states represent the final states for an injection

by the launch vehicle, and will represent the initial states for the EOR mission to GEO. To

denote the start of the maneuver, we use t0. Therefore, the initial conditions become s(t0).

As already mentioned, this thesis will use a different set of coordinates called dynamical
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Figure 3: Orbital Elements

coordinates, denoted by x(t). The EOR problem needs to be solved efficiently and this is

done in part by implementing the new dynamical coordinate set which defines the satellite

using the angular momentum and eccentricity. Below is the dynamical state vector, x(t),

below:

x(t) =
[
h hX hY ex ey φ

]
(3)

Here the variable h is the magnitude of specific angular momentum, in the geocentric refer-

ence frame the variables hX and hY are components of h. Components of the eccentricity

vector, e, in an orbital reference frame after a 2-1 rotation are represented by ex and ey. The

vectors h and e can be calculated below in Eq. 4:

h = r × v e = v × h/µ− r/r (4)

The variable φ is a rotation angle in the orbital plane determining the location of

the satellite, and is similar to the true anomaly angle, θ, but is measured from the line of

intersection between the X-Z plane and the orbital plane. This state is the result of a non-

linear mapping from s(t) into Cartesian states, r and v, and then into to the new dynamical

state, x(t). The mapping between the states is described in the next subsection.

11



2.1.2 Non-Linear Mapping

We start with the common conversion between the orbital elements and Cartesian coordi-

nates. The semi-major axis along with the eccentricity vector are given by:

a = (rp + rp)/2, e = 1− (rp/a) (5)

Below the radial distance r and specific angular momentum vectors are given by:

r = a(1− e2)/(1 + e cos θ), h =
√
a(1− e2)µ (6)

Where r and h are the magnitudes of position and specific angular momentum, respectively.

The following are the position and velocity vectors:

r = r


cosΩ cos (ω + θ)− sinΩ sin (ω + θ) cos i

sinΩ cos (ω + θ) + cosΩ sin (ω + θ) cos i

sin (ω + θ) sin i

 . (7)

v = (−µ/h)


cosΩ(sin (ω + θ) + e sinΩ) + sinΩ(cos (ω + θ) + e cosΩ) cos i

sinΩ(sin (ω + θ) + e sinΩ)− cosΩ(cos (ω + θ) + e cosΩ) cos i

−(cos (ω + θ) + e sinω) sin i

 (8)

The mapping between Cartesian coordinates and dynamical coordinates is described in a

previous work [18]. The inertial reference frame, I, shown in Fig. 2 has unit vectors, Î, Ĵ ,

and K̂. For this mapping, a 2-1-3 rotation, (ζ, η, φ), is utilized to obtain the non-inertial

reference frames; they are shown in Figs. 4(a)-4(c). After a rotation, ζ, about the Ĵ axis the

unit vectors then become Î ′, Ĵ ′, and K̂ ′. A second rotation, η, about the axis, Î ′, results

in the O reference frame with unit vectors, î, ĵ, and k̂. The final rotation, φ, about the k̂

axis results in the reference frame R and has unit vectors, r̂, n̂, and ĥ. The specific angular

momentum components, hX and hY , are expressed in the inertial reference frame on the X-Y
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plane, but the eccentricity components, ex and ey are expressed in the reference frame O on

the x-y plane.

K̂

K'ˆ

I'̂
Î

J, J'ˆ ˆ

�

� h

Projection of h
on X-Z plane

(a) First Rotation, ζ

K̂

K'ˆ

I',iˆÎ

J'̂

h

ˆ

 �

 �
ĵ

k̂

(b) Second Rotation, η

K̂

r̂

î
Î

J'̂

ĵ

h, kˆ ˆ

n̂

Orbital
Plane

 φ

 φ

(c) Third Rotation, φ

Figure 4: A 2-1-3 rotation sequence using angles ζ, η, and φ

The rotation matrices are denoted with RO
I and RR

O and developed in Ref. [18].

Where RO
I is the rotational matrix for expressing the reference frame O onto I and RR

O is
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the rotational matrix for expressing R onto O; these are below:

RO
I =


hZ√
h2−h2

Y

−hXhY

h
√

h2−h2
Y

hX

h

0
h2−h2

Y

h
√

h2−h2
Y

hY

h

−hX√
h2−h2

Y

−hY hZ

h
√

h2−h2
Y

hZ

h

 , RR
O =


cosφ − sinφ 0

sinφ cosφ 0

0 0 1

 (9)

To convert the Cartesian states to the dynamical coordinates represented by x(t), we

use the following equations, [18]:

î =


hZ√
h2−h2

Z

0

hX√
h2−h2

Z

 , ĵ =


−hXhY

h
√

h2−h2
Z

h2−h2
Y

h
√

h2−h2
Z

−hY hZ

h
√

h2−h2
Z

 (10)

φ =


cos−1 (r̂ · î) r̂ · ĵ ≥ 0

2π − cos−1 (r̂ · î) r̂ · ĵ < 0

(11)

We can convert from dynamical coordinates back into position and velocity vectors

by first finding the magnitude of the position vector r, and then using the rotation matrices

associated with the 2-1-3 rotation sequence, that is,

r =
h2

µ(1 + ex cosφ+ ey sinφ)
, r = RO

I RR
O


r

0

0

 . (12)

Next, we calculate components of the velocity vector, vn and vr by using the equations below.

Where vn is the velocity component in the n̂ direction and vr is the velocity component in

the r̂ direction.

vn =
µ

h
(1 + ex cosφ+ ey sinφ), vr =

µ

h
(ex sinφ− ey cosφ). (13)
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The velocity vector v can then simply be found by using the above-mentioned rotation

matrices RO
I and RR

O , as follows:

v = RO
I RR

O


vr

vn

0

 (14)

2.1.3 Satellite Dynamics

We will assume the two-body problem where the only objects are the Earth and the satel-

lite. Here the gravitational accelerations of a spherical Earth and the accelerations due to

on-board thrust are the only ones considered. There are no considerations for other pertur-

bations. However, within the framework additional perturbations can be added [20]. With

these considerations, the satellites equations of motion can be written below in:

r̈ = −µ
r
r3

+ u (15)

Here, µ denotes the gravitational parameter for Earth due to the satellite mass being sig-

nificantly smaller than Earth’s. Additionally, u represents the thrust acceleration vector

produced by the propulsion system on the satellite. However, with our use of dynamical

coordinates the same set of the equations of motion will look as follows [20]:

ẋ = f(x) + G(x)u, (16)

A = ex sinφ− ey cosφ, B = 1 + ex cosφ+ ey sinφ (17)
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f(x) =



0

0

0

0

0

µ2B2

h3


, G(x) =



0 h2

µmB
0

0 hhX

µmB

h2
√

h2−h2
X−h2

Y

µmB
√

h2−h2
Y

sinφ+ hhXhY

µmB
√

h2−h2
Y

cosφ

0 hhY

µmB
−

h
√

h2−h2
Y

µmB
cosφ

h sinφ
µm

2h sinφ
µm

+ hA sinφ
µmB

hexhY sinφ

µmB
√

h2−h2
Y

−h cosφ
µm

2h cosφ
µm

+ hA cosφ
µmB

− hexhY sinφ

µmB
√

h2−h2
Y

0 0 − hhY sinφ

µmB
√

h2−h2
Y


(18)

2.2 State Uncertainties

With an initial state of an injection orbit being denoted by s(t0), we now associate with it

its uncertainty. This uncertainty is due to the error in the initial states of the injection orbit

and is assumed to be Gaussian with a mean, Ms, and a covariance, Ps. In general, for a

data set, D, of size N, the mean and covariance are defined below:

MD = (1/N)
N∑
i=1

Di (19)

Here Di denotes the ith value in the set D.

PD = (1/N)
N∑
i=1

(Di −MD)
2 (20)

Additionally, a Gaussian distribution is defined as having a probability density function,

p(x), described below:

p(x) =
1

λ
√
2π

e−
1
2
(x−M

λ
)2 (21)

Here λ is the standard deviation of the distribution. The covariance, Ps, can be found in

the launch manuals or expressed from an anomalous scenario where larger specific errors are

examined. This thesis only considers three degrees of uncertainty: rp, ra, and i. We assume

the satellite starts its orbit at 0 degrees true anomaly and any variance has little effect
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on the EOR mission. Once at GEO the Ω and ω don’t define the orbit. Excluding these

three uncertainties also has the benefit of reducing the degrees of freedom of the system for

simulations; thereby reducing complexity. A randomly selected sample of the states using,

Ms and Ps is denoted by si(t0), where i denotes the selected sample’s index in a set of N

samples which can then be used in a stochastic simulation.

si(t0) ∼ N (Ms,Ps), i ∈ 1, 2, ..., N (22)

The initial state in dynamical coordinates also has an uncertainty associated with it. The

mean, Mx, and a covariance, Px, of x(t) is transformed from the mean and covariance of

s(t). Similar to si(t0), a sampling of an initial state using the new state form is denoted by

xi(t0).

xi(t0) ∼ N (Mx,Px) (23)

To find Mx and Px, we start with a sample, si from Ms and Ps using a Gaussian distribution.

This sample is then converted in to its respective xi value using the coordinate mapping

described above with Eqn. 4-11. The sampling process is then iterated N-times to develop a

set of samples. This set of xi samples is used to find Mx and Px. The value for N was varied

by an order of magnitude to find converging results. The norm of the differences between

two covariance matrices was used as the converging metric. The process showed convergence

when N was equal to 1000. For a specific distribution, the Anderson-Darling test can be used

to determine if a range of samples is from that distribution [43]. The Anderson-Darling test

assumes the given data is from a distribution and uses the data to estimate this distribution.

Then it takes that estimated distribution and tests its distance from the given distribution

the test is comparing the data with. If the distance between distributions is less than a

critical value determined by a pre-defined significance level then it is considered from that

given distribution.
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2.3 Sample Selection

Now using the uncertainties associated with each state, a sample can be selected within those

uncertainties that can be used as the initial conditions of the mission. The Monte Carlo

method and the unscented transformation take different approaches to selecting samples.

Monte Carlo relies on a large set of samples that can be taken at random based on a

distribution; in this thesis that distribution is Gaussian due to the errors being described in

the launch manuals as Gaussian. The unscented transformation carefully selects a smaller

set of samples that mimic the statistical properties of the distribution; in other words, they

will maintain the same mean and covariance as the initial launch uncertainties.

2.3.1 Monte Carlo Samples

For the EOR MC simulations, each sample, si, is randomly selected from Ms and Ps using a

Gaussian distribution, Eqn. (22). Each sample can then be used for the initial conditions of

the mission, ultimately the EOR problem, and a set of final metrics can be calculated after

N samples.

2.3.2 Unscented Transformation Samples

The UT simulations require the use of sigma points σi. These are chosen such that their

mean and covariance are equivalent to Ms and Ps. The degrees of freedom are denoted with

n. The method requires at most 2n+1 sigma points for an n-dimensional state vector. The

sigma points are selected as follows [44]:

σ0 = Ms(t0) σi = Ms(t0) +
[√

(n+ k)Ps(t0)
]
i

σi+n = Ms(t0)−
[√

(n+ k)Ps(t0)
]
i

(24)

Each sigma point also comes with a weight and that is calculated below:

W0 = k/(n+ k), Wi = Wi+n =
1

2(n+ k)
for all i = 1, 2, . . . , n. (25)
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To denote the ith column or row of the matrix
√
(n+ k)Px the subscript i is placed around

the matrix. The variable k is described as an additional degree of freedom for fine tuning

and for Gaussian distributions it is recommended that n+k=3 [44]. However, it is also noted

that k can be negative, but it may result in a non-positive semi-definite covariance matrix

and may cause problems for the higher order statistical moments, which aren’t of concern in

this thesis. Each sigma point is then used as the initial condition for an EOR problem.

2.4 MC Simulation Example

Here an initial framework for the Monte Carlo simulations is established without an EOR

mission and used to show the effect of initial injection errors. Shown are the initial posi-

tions of a satellite and the final positions of the satellite after propagating the dynamics.

These simulations also show the mapping between the Cartesian coordinate system and the

dynamical coordinate system.

2.4.1 Simulation Parameters

To propagate the uncertainties in Cartesian coordinates we use the Monte Carlo method. The

mean and covariance matrix of the initial satellite states are taken as the inputs. These values

are then non-dimensionalized. Samples are then generated from the mean and covariance

assuming a Gaussian distribution. The dynamics are then propagated using each generated

sample as the initial state. After this propagation we have a set of final states that can then

be dimensionalized and plotted. Below are missions that don’t include a maneuver and one

that does include a maneuver.

2.4.2 Non-Maneuvering Mission

The first simulation uses zero thrust for a non-maneuvering geostationary transfer orbit

(GTO) that is described in the Ariane 5 manual; however the inclination is set to 0 degrees

and the argument of perigee is set to 0 degrees as well. The mean values are calculated from

this orbit where we start the satellite at perigee, 250 km in altitude. The covariance matrix

has the position variances set to 7.4 km and the velocity variances are calculated from the
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falcon 9 launch manual, [28]. The time span is twice the period of the orbit. The mass of

satellite is 2000 kg. Below is a 3D plot of the orbit of the mean injection orbit with final

positions, an X-Y plot with only the initial positions in Cartesian coordinates, an X-Y plot

of the initial dynamical coordinates, and an X-Y plot with only the final positions, 5(a),

5(b), 5(c) and 5(d).
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Figure 5: Uncertainty propagation for a non-maneuvering scenario: X-Y plane samples.
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2.4.3 Maneuvering Mission

The second scenario uses known thrust for a maneuvering orbit, where 1N of thrust is applied

in both the X and Y directions. We still use the GTO from the Ariane 5 manual with the

inclination set to 0 degrees and the argument of perigee set to 0 degrees. The mean values

are, again, calculated from this orbit where we start the satellite at perigee, 250 km in

altitude. The covariance matrix is the same as the previous scenario and the time span is

twice the period of the initial orbit. The thrust is chosen by considering the use of 5kW

BPT-4000 thrusters and set to 1.16N. The mass of satellite is 2000 kg. Below is a 3D plot of

the orbit of the mean injection orbit with final positions, an X-Y plot with only the initial

positions in Cartesian coordinates, an X-Y plot of the initial dynamical coordinates, and an

X-Y plot with only the final positions, 6(a), 6(b), 6(c), and 6(d).
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Figure 6: Maneuvering mission scenario: X-Y plane samples.
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CHAPTER III

Stochastic Simulations

We now move to the uncertainty propagation. To understand the effects of errors in the

states of the initial injection orbit, we will need to simulate the EOR mission with the added

uncertainty. First, we describe the EOR problem and the EOR trajectory optimization

framework. Second, we describe the framework using the Monte Carlo method. Finally,

the method including unscented transformation in the uncertainty propagation is described

along with the additional equations used for calculating the mean and covariance of the

variables to be examined. A method of quantifying the results of the Monte Carlo method

is also described. This method takes the large data set and tells us the value that achieves

a given percentile.

3.1 Stochastic EOR Problem

Here we describe the EOR optimization framework used to develop a trajectory from a

lower orbit to the desired GEO. This framework was previously developed and found in

the literature [20]. The EOR mission is described below along with the method used to

develop a trajectory from the injection orbit to GEO. A quick example of the framework

being utilized for a deterministic simulation is shown below.

3.1.1 EOR

To achieve GEO using EP, the mission starts with an initial orbit that has a smaller semi-

major axis. From this initial orbit, the thrust is applied to increase the satellites orbit to

GEO over a long time scale on the order of months. This transfer is often a multi-revolution

trajectory..
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3.1.2 EOR Optimization

The trajectory is obtained in solving an optimal control problem where the transfer time

and fuel spent are minimized, Fig. 7. The initial states, st0 , are given by the intended

Figure 7: EOR Trajectory Optimization Flowchart

injection orbit. To do this a sequence of trajectory optimization problems is solved for each

revolution; here the algorithm seeks to create a trajectory for one revolution that minimizes

the error between the current orbit and the target orbit, GEO. After one revolution, the

process reiterates for each revolution until a the orbit is within range of GEO given by a

tolerance value for the eccentricity magnitude, specific angular momentum magnitude, and

inclination. The output of the final trajectory will tell us the final transfer time and the final

mass. We can generate multiple samples for the initial orbit and compute the respective

final transfer times and final masses for each sample.

3.1.3 EOR Examples

This example shows a single deterministic EOR mission using the methodology shown in

Fig. 7. The example considers a satellite with a mass of 5000 kg. We use an initial orbit of
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GTO where the perigee radius is 6628 km (250 km in altitude), and the apogee is at GEO.

The inclination is set to 28.5 degrees. We consider the continuous thrust from four BPT-4000

Hall with a collective 1.16 N of maximum thrust. The values are non-dimensionalized where

the GEO radius is 1 distance unit (DU), 1 time unit (TU) is equal to the period of the initial

orbit, and 1 mass unit (MU) is 1000 kg. The force is also non-dimensionalized by making 1

force unit (FU) equal to 1000 MU·LU/TU2, where the 1000 converts km to m. Below are

the plots showing the 3-D trajectory of the orbit raising mission from GTO to GEO, the X-Y

plots showing the trajectory, and the X-Z plot showing the trajectory. The non-dimensional

unit DU represents 42,164 km. Below are additional plots from the simulation showing the
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Figure 8: Deterministic EOR mission from GTO to GEO

changes in eccentricity, semi-major axis, and inclination throughout the transfer maneuver

in Fig. 9(a) - 9(c). Additionally, there are plots showing the angles that orient the thrust
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vector, α and β in Fig. 10(a) and 10(b). The angle α is the angle between the thrust vector’s

projection on to the orbital plane and the line normal to the radius vector. The angle β is

the angle between the thrust vector and the orbital plane.
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3.2 Monte Carlo Simulations

An MC simulation selects a set of samples from a given distribution of the initial states

using the mean and covariance of the initial states. These samples are then used as initial

conditions for the propagated non-linear dynamics of the mission. The orbital elements with

a given initial distribution propagated through an EOR mission may not retain the same

distribution at the end of the mission, Fig 11. For the orbit-raising mission, the output of

this propagation will be the final time and the final mass for each generated sample, s. Once

all outputs are collected, a mean and variance can then be calculated to characterize the

influence of the initial error in the injection orbit. This method can be visualized in the

flowchart that is shown in Fig 12. To understand the convergence of the results, we will

s(t0) s(tf)

Figure 11: Transformation of mean and covariance from s(t0) to s(tf )

look at the change in the covariance between two MC simulations with a different number

of samples. The number of samples will be increased from one simulation to the next and

the change in variance between simulations will be calculated as εCov.

εCov = ||Pj − Pj+1||/||Pj|| (26)

Here the value j is the first simulation and j+1 is a successive simulation.
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Figure 12: Stochastic Simulation
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3.3 Unscented Transformation

The Monte Carlo method works well to establish a large data set from which to calculate

a mean and covariance. This will give us the distribution of transfer time and final mass,

and provide an understanding of how the injection uncertainty will influence the mission.

However, the process requires a large number of data points and becomes computationally

intensive. To mitigate this computational demand we utilize the unscented transformation

method, [41].

For the UT method, we select a set of sigma points, σi and their associated weights,

Wi. Then a set of final values, representing the time to transfer, tf , and the final mass,mf ,

are found through a deterministic propagation of these sigma points. These final values are

then used to find the mean and covariance matrices that approximate the final transformed

mean and covariance matrices of the initial distribution.

After the sigma points and weights are found, you propagate them through the non-

linear functions and obtain a set of final values, tf,i and mf,i. This set is smaller than the set

required in a MC simulation. These final values are then used to calculated the mean, Mt

and Mm, and covariance matrices, Pt and Pm, for final transfer time and final mass using

the equations below [40]:

Mt =
2n∑
i=0

Witf,i Mm =
2n∑
i=0

Wimf,i (27)

Pt =
2n∑
i=0

Wi[tf,i − Mt][tf,i − Mt]
T Pm =

2n∑
i=0

Wi[mf,i − Mm][mf,i − Mm]
T (28)

3.4 UT Simulation Example

To illustrate the process, this section provides a simply example of the UT method using

only one degree of freedom. A function below will take an angle and output the sine of that

angle:

Q(α) = sinα (29)
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For the UT method the angle, α, will have some uncertainty defined by a mean and variance,

10 and 5, respectively. The sigma points and weights will be calculated using Eqn. 24 and 25,

respectively. The final output of the UT method will be a mean and variance of Q. Below is

a plot of the sigma points, σ, created during the process and the transformed sigma points.

After this transformation the mean and variance of Q can be found using Eqn. 27 and 28.
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Figure 13: Initial values of αand their transformed state

Here the mean is found to be 0.1735 and the variance is found to be 0.0015.

3.5 Quantification of Mass and Time Error Penalty

To understand the distribution of the final transfer time and final mass, we compute the

‘standard deviation’ of the data set, or which range of values for the variance contain a

given percentage of the data set. For instance, the normal distribution’s standard deviation

contains approximately 68% of the data. First, we identify the deviations for tf and mf from

their means, Mt and Mm, and they are denoted by dt and dm, respectfully. This is done by

finding the absolute value of their difference shown below:

dt,i =| tf,i −Mt |, dm,i =| mf,i −Mm | . (30)

Then, the sets of deviations for final transfer time and final mass are sorted from least to

greatest. Now, with the sorted data, we find the index that will contain the given percentage
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η% of the values:

K = dηNe. (31)

We can identify the variance, and also identify the values for an user-defined percentage η.

δt = dt(K), δm = dm(K). (32)

This tells us that if η is 0.68 then 68% of the values will take place within a distance, δt

and δm, from the mean, Mt and Mm, respectively. This could also be done for both 95%

and 99.7%, and is suitable for any non-Gaussian distribution. It should be noted that it is

possible for there to be multiple indices that have the same value. If a δ takes one of these

values then the percentage could be both larger and smaller to include the other indices and

maintain the same δ value. However, for our simulations, the data sets rarely have equal

values between indices and their potential effect would be small due to the large value of N.

For example, if there is a data set, DS, that goes from 1 to 100 in 0.5 increments,

then its mean, MDS would be 50.5. For a η value or 0.75 we would have a K value of 150.

The deviation for K would be 37.5. Therefore, we would find that 75% of DS is within a

distance of 25 from the mean, 37.5.
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CHAPTER V

Simulation Results

The uncertainty propagation framework is then used to assess the effect initial injection

uncertainties from the Falcon 9 launch manual has on the EOR mission. The Falcon 9

launcher is used due to it having two of the highest errors out the three parameters considered.

We will consider the orbit to be GTO; this orbit is an option for satellite injection in the

launch manual for the Falcon 9. It is also an orbit that passes through GEO. First, a

Monte Carlo simulation is shown that follows a planar transfer from GTO to GEO. Then,

a similar Monte Carlo simulation is used that instead follows a non-planar GTO to GEO

transfer. This is followed by the same non-planar GTO to GEO mission scenario; however,

this simulation uses the unscented transformation to achieve the propagation and the results

are compared with the Monte Carlo simulation. Additionally, there is a mission scenario

going from Sub-GTO (36,738 km in apogee) to GEO using the Monte Carlo method.

4.1 GTO (Planar)

For this simulation, we consider the initial orbit to be GTO with an inclination set to zero.

This orbit has a perigee of 6628 km, which is 250 km in altitude, along with an apogee of

42,164 km, [20]. The mass of the satellite is 5000 kg, the max thrust is set to 1.16N from

the use of four BPT-4000 Hall, [20]. The error for the perigee and apogee come from the

Falcon 9 launch manual, [28]. Here the errors are 7.4 km and 130 km, for the perigee and

apogee, respectively. The Monte Carlo simulation randomly generated 10000 samples for

the initial orbit of the satellite. This was compared to 1000 samples and the error between

variances was 2.6% and 0.4% for transfer time and final mass, respectively. To increase the

number of samples to 100,000 would take an estimated 300 hours which was not feasible,

considering the available computational resources. Each sample is used as an input to the

EOR optimization method described in Ref. [20], and the output of this method is the
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transfer time and final mass. It is important to note that sometimes an oscillation would

occur where the trajectory would raise and fall without being able to achieve tolerance.

These samples were discarded and a new set of samples was generated; about 10-15%/ of the

samples produced this oscillation error. Below are plots showing the orbit raising trajectory

for the mean initial sample, 14(a) and 14(b). Plots also show the scatter plots showing the

transfer time and final mass, 14(d) 14(c). The distribution of the data can be characterized

by the values in table 2. We find that the mean time to transfer is 113.73 days with a 99.7%

variance of 0.742 days, or 0.65% of the mean transfer time. The mean final mass was 4353.49

kg with 99.7% variance of 3.377 kg, or 0.08% of the mean final mass and 0.07% of the initial

mass, 5000 kg.
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Figure 14: Electric orbit-raising scenario from a planar elliptical orbit to GEO (assuming zero inclination
error).
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4.2 GTO (Non-Planar)

For this simulation, we again consider the initial orbit to be GTO, but with an inclination set

to 28.5 degrees. This orbit has a perigee of 6628 km, or 250 km of altitude, and an apogee of

42,164 km, [20]. The mass of the satellite is 5000 kg, the max thrust is set to 1.16N from the

use of four BPT-4000 Hall thrusters, [20]. The error for the perigee, apogee, and inclination

come from the Falcon 9 launch manual, [28]. Here the errors are 7.4 km and 130 km, for

the perigee and apogee, respectively. The inclination error is 0.1 degrees. The Monte Carlo

simulation randomly generated 10000 samples for the initial orbit of the satellite. This was

compared to 1000 samples and the error between variances was 5.6% and 3.7% for transfer

time and final mass, respectively. Each sample is used as an input to the EOR optimization

method described in Ref. [20], and the output of this method is the transfer time and final

mass. It is important to note that sometimes an oscillation would occur where the trajectory

would raise and fall without being able to achieve tolerance. This samples were discarded

and a new samples was generator; about 10-15% of the samples produced this oscillation

error. Below are plots showing the orbit raising trajectory for the mean initial sample, 15(a)

and 15(a). Plots also show the scatter plots showing the transfer time and final mass, 15(a)

15(a). The distribution of the data can be characterized by the values in Table 2. We find

that the mean time to transfer is 167.27 days with a 99.7% variance of 0.775 days, or 0.46%

of the mean transfer time. The mean final mass was 4046.93 kg with 99.7% variance of 4.571

kg, or 0.11% of the mean final mass and 0.09% of the initial mass, 5000 kg.

Table 2: Electric orbit-raising distribution by percentages.

- Transfer Time [Days] Final Mass [kg]
Percentage 68% 95% 99.7% 68% 95% 99.7%

Planar 0.244 0.476 0.742 1.945 3.110 3.377
Non-Planar 0.263 0.507 0.775 1.506 3.399 4.571

34



-1

1

-0.5

0

1

Z
 a

x
is

 (
L

U
) 0.5

GTO to GEO, Non-Planar

Y axis (LU)

0

X axis (LU)

1

0

-1 -1

(a) Non-Planar Mean Orbit - 3D

-1.5 -1 -0.5 0 0.5 1 1.5

X axis (LU)

-1.5

-1

-0.5

0

0.5

1

1.5

Y
 a

x
is

 (
L

U
)

GTO to GEO, Non-Planar

(b) Non-Planar Mean Oribt - X-Y Plane

0 2000 4000 6000 8000 10000

Sample Number

166

166.5

167

167.5

168

168.5

T
ra

n
s
fe

r 
T

im
e
 [
D

a
y
s
]

Scatter Plot, Transfer Times

(c) Non-Planar Scatter Plot Transfer Time

0 2000 4000 6000 8000 10000

Sample Number

4036

4038

4040

4042

4044

4046

4048

4050

4052

F
in

a
l 
M

a
s
s
 [
k
g
]

Scatter Plot, Final Mass

(d) Non-Planar Scatter Plot Final Mass

Figure 15: Electric orbit-raising scenario from a non-planar elliptic injection orbit to GEO.

This simulation was also compared to the simulation results using the UT method.

Considering there are only three degrees of variance the value for k was set to 0, [40].

Initially, the simulation resulted in oscillation errors from the EOR optimization framework

described above so the tolerance was increased from 0.000001 to 0.000002 for the eccentricity

as well as the normalized semi-major axis. The increase in tolerance allows an additional

42 m of error in the semi-major axis. Below Table 3 shows the mean and variance values

associated with the mass and transfer time for both MC and UT methods. We can see

that the mean of both the time and mass are fairly similar across both methods and the

same is true for the variances produced. The computation time, however, shows us that it

is significantly faster to use the UT method rather than the MC method.
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Table 3: Electric orbit-raising variance for simulations (regular MC samples and UT samples).

- Mass Mass Time Time Computation
Mean [kg] Variance [kg] Mean [Days] Variance [Days] Time

Non-Planar, UT 4047.80 2.514 167.10 0.077 2.402 min
Non-Planar, MC 4046.93 2.604 167.27 0.068 30.30 hours
(10000 samples)

4.3 Sub-GTO (Non-Planar)

For this simulation, we consider an injection that is sub-GTO. This orbit has a perigee

of 6628 km, or 250 km of altitude, and an apogee of 36,378 km, [20]. The mass of the

satellite is 5000 kg, the max thrust is set to 1.16N from the use of four BPT-4000 Hall

thrusters, [20]. The error for the perigee, apogee, and inclination come from the Falcon 9

launch manual, [28]. Here the errors are 7.4 km and 130 km, for the perigee and apogee,

respectively. The inclination error is 0.1 degrees. The Monte Carlo simulation randomly

generated 10000 samples for the satellite’s initial orbit. Each sample is used as an input

to the EOR optimization method described in Ref [20], and the output of this method

is the final mass and transfer time. It is important to note that sometimes an oscillation

would occur where the trajectory would raise and fall without being able to achieve tolerance.

These samples were discarded and a new sample was generator; about 10-15% of the samples

produced this oscillation error. Below are plots showing the orbit raising trajectory for the

mean initial sample, 16(a) and 16(b). Plots also show the scatter plots showing the transfer

time and final mass, 16(d) 16(c).

4.4 Simulation for an anomalous launch error

Instead of typical launch errors as defined by launch manuals we’ll look into a scenario

involving an anomaly in the injection orbit. The initial orbit for the EOR mission will be

that of the Al Yah 3 satellite [30]. Originally, this satellite was suppose to be launched in

an orbit with 6628 km for perigee, 45000 km for apogee, and an inclination of 3 degrees.

However, due to an anomalous launch error, initial orbit had a perigee of 6595 km, an apogee

of 43188 km, and a inclination 20.6 degrees. For this scenario we maintain the satellite and
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Figure 16: Electric orbit-raising scenario from a Sub-GTO injection orbit to GEO.

thrust capabilities of 5000 kg and 1.16 N, respectively, to remain consistent with previous

all-electric satellites. These anomalous parameters will define the initial conditions of an

EOR mission. The expected orbit states will also be used as initial states for a separate

EOR mission and the two missions, expected and actual, will be compared. This will show

the difference in transfer time and final mass that may result from an anomalous shift in

starting orbit. The results of these missions can be found in table 4. The transfer time in

Table 4: Results for an Expected and Anomalous Injection Orbit and the Difference

Scenario Transfer Time [Days] Final Mass [kg]
Expected 106.08 4395.55
Anomaly 143.61 4181.67
Penalty 35.38% 4.87%%

increase increase
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the case of the anomaly is 143.61 days while the expected value would be 106.08 days; a 35%

increase in transfer time. The final mass for the anomaly is 4181.67 kg and the expect final

mass would be 4395.55 kg; a decrease of 5%.

4.5 Simulations for Increasing Apogee Error

We now consider a GTO to GEO non-planar EOR mission with an increase in the apogee

error assuming that to be the result of an injection anomaly and will show us a more encom-

passing view of how an anomaly could impact an EOR mission. Every simulation parameter

is the same as before, however, the error in apogee is increased. The initial error is 130 km

for 3 standard deviations. This simulation increases the error by multiplying it by 5, 10,

25, and 100 times, for four separate MC simulations with 10000 samples. The increase in

time and mass standard deviations for each case is then plotted along with the initial apogee

error. Below are the plots showing the correlation between the increase in apogee error and

the increase in time and mass deviation, in Figures 17(a) and 17(b) respectively. The plots
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Figure 17: The increase in standard deviation versus the increase in apogee error.

show that an increase in apogee error results in an approximately linear increase in the stan-

dard deviation in both transfer times and final mass. These results compare to the AEHF-1

satellite anomaly. The satellite, ultimately, had an apogee of 49,990 km, a perigee of 273

km, and an inclination of 22.1 degrees, [45]. The transfer time was roughly 12 months,

however, that was broken up into segments of partial thrust. The time for continuous thrust
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was approximately 6.5 to 7 months. The apogee deviation would then be 7,826 km, or 180

times our current initial deviation. If we project the plot to a multiplier of 180 we get a

time deviation of about 33 days. With our mean transfer time at GTO being 167 days and

the deviation being 33 days this puts our transfer time between 4.46 and 6.67 months. This

puts the anomaly close to our calculations.

4.6 Simulations for Increasing Inclination Error

Additionally, we will consider a GTO to GEO non-planar EOR mission with an increase in

the inclination error; again, assuming that to be the result of an injection anomaly. Every

simulation parameter is the same as before, however, the error in inclination is increased.

The initial error is 0.1 degrees for 3 standard deviations. This simulation increases the

error by multiplying it by 5, 10, 25, and 100 times, each simulation uses the UT method

to propagate the uncertainties. The increase in time and mass standard deviations for each

case is then plotted along with the initial inclination multiplier. Below are the plots showing

the correlation between the increase in inclination error and the increase in time and mass

deviation, in Figures 18(a) and 18(b) respectively.
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Figure 18: The increase in standard deviation versus the increase in inclination error.

The plots show that an increase in inclination error results in an approximately linear

increase in the standard deviation in both transfer times and final mass up to 100 times the

initial error.
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For the Al-Yah 3 satellite we can see that the transfer time of the intended orbit was

106 Days from table 4. We perform another simulation with the increase in inclination error;

however, this simulation is based around the expected initial orbit of the Al-Yah 3 satellite

instead of GTO. Additionally, the plots are extended to a multiplier of 600 to include the

error of the Al Yah 3 satellite. Below we can see the plots showing the correlation between

initial inclination error and standard deviations of the transfer time and final mass. A marker

for the Al-Yah 3 satellite was added to the plot; however, this was the result of a deterministic

simulation, and the plot is stochastic. The marker is placed so that its inclination error of

17.6 degrees, or 528 times the initial error, is shown on the x-axis, and the deviation in

transfer time is shown on the y-axis. Unfortunately, no information was found describing

the final mass of the Al-Yah 3 satellite; therefore, only the time transfer plot has the marker.

We can see that the Al Yah 3 satellite is close to the expected deviations calculated using
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Figure 19: The increase in standard deviation versus the increase in inclination error.

the UT method. We should note that for these plots we see a slight curve become present in

the correlation between the increased error and the standard deviations. This would mean

that as the error in inclination increases the change in standard deviation becomes more

sensitive to that increase in error.
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CHAPTER VI

Conclusion & Future Work

5.1 Summary of Accomplished Work

With increasing number of satellite operators using all electric satellites for missions to GEO,

additional problems present themselves. The low thrust capabilities results in long transfer

times; typically, on the order of months. In the literature, an EOR missions with long trans-

fer times have been studied using deterministic approaches. However, this time frame allows

for the uncertainties at the launch of an orbit to be magnified over the course of the transfer

to GEO. Methods of uncertainty propagation have previously been developed; notably, un-

scented transformation and the Monte Carlo method. In this thesis, these uncertainties were

taken into consideration and a framework was developed to assess how these uncertainties

affect the final mass and total transfer time of an all electric orbit raising mission to GEO.

We assumed a two-body problem where the only perturbing force is thrust and the

Earth is spherical. We also use the errors from the launch manuals which defined the errors

using a Gaussian distribution. This thesis also uses uncertainty figures that characterizing

launch anomalies. The uncertainties addressed were rp, ra, and i. The framework uses sam-

ples as initial conditions to the Monte Carlo simulations and an already developed EOR

optimization framework, that uses a new set of states, to propagate the uncertainties. Addi-

tionally, a framework using unscented transformation instead of Monte Carlo was developed

to address the high computational demand of Monte Carlo simulations and produces results

much more quickly. Due to the developed EOR framework using dynamical coordinates

for the propagation, a mapping between orbital elements and dynamical coordinates was

used. This mapping coupled with the Anderson-Darling Test also shows that a Gaussian

distribution in orbital elements maps to a Gaussian distribution in dynamical coordinates.

Considering the injection errors from the Falcon 9 launch manuals it was found that
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99.7% of the transfer times were within 19 hours from the mean transfer time and 95% are

with in 13 hours. For the mass, it was found that 99.7% of the cases were within 4.6 kg

of the mean. This value for the transfer time is less than 0.5% of the total transfer time

and the value for final mass is less than 0.1% of the 5000 kg satellite. More significant

variations to the mission can be seen in the event of an anomaly, or an injection failure by

the launch vehicle. These anomalies were characterized by an increase in apogee variance

and inclination variance. It was found that as the variance increased the standard deviation

associated with the transfer time and final mass increased almost linearly up to 100 times the

initial error. However, a slight curve was present for the inclination plots when the multiplier

was increased to 600 for the inclination error. This shows that the mission becomes slightly

more sensitive to errors as the errors increase. An important note is that running the Monte

Carlo simulation for the EOR missions resulted in 30 hours of computation time. This may

not be a feasible option for some satellite operators; in that case, another method is an

option. Using the unscented transformation for a non-planar GTO to GEO transfer, it was

found that the mean mass and time was 4047.80 kg and 167.10 days, respectively. The

variance of those values was 2.514 and 0.077 days, respectively. The computation time for

the UT method was 2.402 minutes.

5.2 Conclusion

Using the MC method with an EOR trajectory solver and the launch manual uncertainties

it was shown in Table 2 that a satellite operator may need to consider the expected loss in

revenue if, in the worst case, they are a day short, or 5 kg light by utilizing the launchers with

the current injection errors. However, it was found that the uncertainties of an anomaly were

far more influential than those from the injection. This anomaly can significantly increase

the time to transfer to GEO as well as the fuel expended performing a transfer maneuver.

This may indicate that there is a demand for the fast recalculation of trajectories in the

event of an anomaly during launch that can not, initially, be predicted. The use of unscented

transformation appears to allow for much more rapid calculations of the statistical properties
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of the final metrics. The statistical values for final mass and transfer time match closely to

the values that were calculated using the Monte Carlo simulations. The developed framework

using the MC method shows an ability to calculate the statistics of the transfer time and

final mass after an orbit-raising mission to GEO. Additionally, replacing the MC method

with the UT method shows similar results, but with significantly reduced computation time.

However, increasing the number of varying parameters would decrease the k value used to

fine tune the UT sample selection process below zero. This could pose significant problems

for the accuracy of the results while the MC method would still prevail with the increase in

degrees of freedom. Additionally, we can characterize an anomaly in the launch by increasing

the variance of a parameter and comparing the deviations. This shows the effect of a larger

uncertainty on the final mass and transfer time.

5.3 Future Work

Further research could include more uncertainties that increase the degrees of freedom of

the system. The described framework only considers uncertainties in perigee, apogee, and

inclination, not the other three orbital elements: Ω, ω, and θ. Additionally, future research

could include the combination of errors used for the anomalous cases; particularly, combin-

ing high inclination errors and high apogee errors. Another point of research could include

distributions, other than Gaussian, for the launch errors. Ultimately, the time to transfer

and final mass are the parameters used to characterize the effects of the uncertainties; how-

ever, further studies could address additional metrics pertaining directly to mission life and

monetary cost.
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