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ABSTRACT 
 

 

Coverage path planning (CPP) algorithms customize an autonomous robot’s trajectory for 

various applications. In surveillance and exploration of unknown environments, random CPP can 

be very effective in searching and finding the objects of interest. Robots with random-like search 

algorithms need to be unpredictable in their motion and simultaneously scan an uncertain 

environment, avoiding intruders and obstacles in their path. Inducing chaos into the robot’s 

controller system makes its navigation unpredictable, accounts for better scanning coverage, and 

avoids any hurdles (obstacles and intruders) without the need for a map of the environment. The 

unpredictability, however, will come at the cost of increased coverage time. Due to the associated 

challenges, previous studies have ignored the coverage time and focused instead on the coverage 

rate only.  

This paper establishes novel methods that address the coverage time challenge of chaotic 

path planners. Initially, four chaotic state-of-the-art dynamic systems were selected for their fastest 

coverage time in an unknown environment of size 50 m × 50 m and greater. These systems were 

then coupled together and manipulated using 3 chaos control techniques and 2 obstacle avoidance 

techniques to achieve a fast coverage of the environment and simultaneously avoid obstacles. 

Considering the average coverage time for the manipulated systems, the outcome has been a 

technique that can cover 90% of an area, 53.4% less than the state-of-the-art systems.  
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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 Motivation 

 

Autonomous mobile robots perform a given task on their own without human control. For 

an autonomous robot to decide on an action of its own, it requires training on understanding the 

objectives of the task and how to approach using the appropriate action. Autonomous robots are 

used for a wide range of applications, ranging from household [1-4], surveillance [5], agricultural 

[6-8], mining [9], pedestrian tracking [10, 11], etc.  The algorithm that designs a path for robot 

navigation is known as path planning. In the past, studies have discovered a number of different 

path planning algorithms designed for various applications. In surveillance and exploration 

missions, chaotic path planning algorithms is one of the most upcoming and useful methods. 

Currently, chaotic path planning algorithms a topic of discussion in research and development of 

robots used for surveillance missions. This algorithm will be the topic for this thesis. Before diving 

straight into the topic, the following section discuss different types of path planning algorithms 

and their functionalities. The section also discusses on how each path planning algorithms are 

designed for different applications and chaotic path planning algorithms was selected as the best 

algorithm used for surveillance missions.   

1.2 Literature Review 

 

1.2.1 Coverage path planning algorithms 

 

Path planning algorithms fall under two different categories: point to point and coverage. 

Point-to-point path planning algorithms construct a collision- free path between two given points 

at a map. Some well-known point-to-point path planning algorithms include: Bee Swarm 

Algorithm [12], Genetic algorithm [13], Dynamical algorithm [14], Additional Waypoints 

Generation algorithm [15], to name a few. Coverage path planning (CPP) algorithms construct a 
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path for the robot to cover every cell on a map while avoiding obstacles. For the algorithm to 

operate effectively, the following should apply: (1) the robot should cover all points in an area, 

(2) the robot should not overlap and repeat its path, and (3) the robot must avoid obstacles [16]. 

Some well-known CPP algorithms include various types of cell decomposition algorithms [16], 

split and merge algorithm [7], predictive recursive algorithm [7], random walk [17] and chaotic 

path planning algorithms [17]. Mobile robots incorporating CPP algorithms are currently in great 

demand in industries and a lot of studies have invested into developing effective CPP algorithms 

for robots. In this study, only CPP algorithms will be discussed and the following paragraph will 

briefly mention the functionalities of each CPP algorithm.  

CPP algorithms come either offline or online. Offline CPP algorithms are designed such 

that the robot understands the environment before it starts its job. In online CPP algorithms, the 

robot is not aware of the environment. Instead, it relies on sensors for navigation. A number of 

studies have worked on developing offline and online algorithms. Certain cell decomposition 

algorithms (Trapezoidal, Boustrophedon, Wavefront, Psuedo-extruded surface, etc.) [16], split 

and merge algorithm [7], and predictive recursive algorithm [7] are prime examples of offline 

algorithms. These algorithms break down a target area into non-overlapping cells of different 

shapes (trapezoid, polygonal, etc.). The robot is confined to travelling under target areas and 

navigates across the map in a back-and-forth motion to cover all target cells, without overlapping 

its path. Certain cell decomposition algorithms (Morse based, natural landmark based, neural 

network, graph search, 3D cellular, etc.) [16], and chaotic path planning [17] are prime examples 

of online algorithms. These algorithms incorporate different techniques to construct a path that 

covers the entire area of a map. Such technique involve designing complex splines, using 

network/spanning trees or using neurons/cost functions/non-linear systems of motion [16]. 
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Different CPP algorithms are suited for different applications. For instance, robots in 

agricultural and underwater applications utilize trapezoidal and spiral Morse-based cell 

decomposition techniques, respectively. These algorithms break down the target environment 

into non-overlapping cells and allow the robot to scan these cells while avoiding any obstacles in 

its path.  In surveillance missions, the robot should perform a random-like online scan of an 

uncertain environment without the need for the map and in minimum amount of time to find an 

object/target, while avoiding the obstacles and intruders in the path. Random search is what 

animals and humans use to find objects in spaces with limited environmental cues. The robot 

must navigate in such environments and rely on sensors to provide live updates of its position 

with respect to the environment. Surveillance based missions is going to be the target application 

in this study. As the robot needs to be unpredictable in its task, the algorithms best suited for this 

type of application are random walk and chaotic path planning. To see which of the two 

algorithms is the best for this application, the next paragraph explains in detail.  

The first study on chaotic path planning was conducted by Nakamura and Sekiguchi [17]. 

They programmed and compared the effectiveness of two algorithms (chaotic versus random 

walk), on a robot traversing a given map with no obstacles. They concluded that using chaos for 

scanning an unknown map works better than using the random walk algorithm. With random 

walk algorithm, the robot’s motion is not continuous as every 2 s, the robot should stop and turn 

toward a new random direction. The density of coverage is not uniform either since the points are 

not scattered across the whole map. With chaotic path planning, the robot is guaranteed to scan 

the whole area of the map efficiently with a continuous motion. Later, several researchers 

acknowledged Nakamura and Sekiguchi findings and recognized chaotic path planning as an 

effective online CPP algorithm for exploring missions.  

Chaotic path planners have the potential to fulfill requirements of surveillance missions 

and at the same time generate unpredictable motion, due to their deterministic nature and the 
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possibility of being controlled by their designer. The inherent unpredictability of the chaotic path 

planners is instrumental in preventing the intruders from anticipating the robot’s path, particularly 

if the mission goal is identification of a moving target. The chaotic trajectories can be also 

essential in surveillance and exploration of ground using unmanned air vehicles (UAVs) when 

the UAVs path should not be predicted by the intruders on ground or in air to remain safe. 

1.2.2 Chaotic path planning algorithms 

 

Chaotic path planning algorithms incorporate chaos theory techniques to design a 

coverage path for the robot to scan an unknown map. Unlike cellular decomposition techniques, 

it does not require any breaking down of complex shapes nor requires any gradient based 

functions to work out the cost of each cell. Instead, the robot’s controller combines the chaotic 

dynamical system (DS) and robot kinematic motion [18] to construct an unpredictable trajectory. 

As chaos is a measure of disorder and randomness in an object, the unpredictability trajectory 

confuses intruders. Thus, the robot can escape intruders and simultaneously scan an unknown 

environment without fail.  

To ensure that the robot’s path is chaotic, the DS must have the right parameters. A chaotic 

path is sensitive to initial conditions (ICs) and at the same time topologically transitive. The 

former indicates that a small variation in the robot’s ICs can cause a significant change in the 

robot’s trajectory. For the path to be topologically transitive, the robot’s trajectory should be well 

dispersed such that it cannot be broken down into regions that do not interact with each other. 

One important drawback of using chaotic dynamical systems for CPP is that most chaotic systems 

generate points that are not well distributed across the map, resulting in dense trajectories at 

certain areas of the map and significantly increased time to cover cells across the entire map. 

Most studies have worked on improving chaotic path planning algorithms by adapting various 

chaos manipulation techniques such as arccosine and arcsine transformation [19] and random 

number generators [20]. These techniques limit dense trajectories and bring a more even 
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distribution of points across the map. Though, to measure the efficiency of the algorithm and 

check whether the robot covers the entire area, most researchers considered the coverage rate 

criteria [17, 18, 20-22]. Among previous studies, only Nakamura and Sekiguchi [17] considered 

coverage time along with the coverage rate to evaluate how fast is the robot covering the map. 

Using a simple unmodified chaotic system, it took as long as 8000 s to cover a 25 m × 25 m 

environment with a velocity of 1 m/s. Clearly due to the introduced unpredictability in the path, 

robots with chaotic path planning will likely take longer to cover a specific area compared to 

conventional cellular decomposition algorithms. However, high coverage time may seriously rise 

doubt about the applicability of the chaotic path planning in time-sensitive real-life missions. 

Studies have discovered a few other techniques to manipulate the chaotic trajectories [19, 23-25] 

to reduce dense trajectories and increase the coverage rate. Though, the coverage time was not 

taken into account in developing those techniques, as well.  

 
1.3 Thesis Contribution 

 

This study establishes a new approach to significantly reduce the coverage time and 

achieve the desired coverage rate at once. The new approach also helps to avoid obstacles, while 

reducing coverage time. The proposed approach couples the properties of two dynamical systems 

and applies three chaos control techniques to realize this goal. The proposed approach establishes 

and combines the following three control techniques: 1) variation of the robot’s angles, 2) map 

zoning and 3) robot scaling. The first technique is created to guide the robot to change direction 

and cover new cells in adjacent regions. The second technique is designed such that the algorithm 

scans for zones that display less coverage across the environment and guides the robot to that 

zone using a hybrid system. The third technique allows varying the coverage density based on the 

sensor range and environment size. These techniques manipulate the robot to prevent repeated 

coverage and reduce the coverage time. As for the obstacle avoidance, two techniques are 

incorporated to steer the robot away from colliding into the boundaries and obstacles. 
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1.3.1 Organization of Thesis 
 

The thesis is organized as follows: Chapter 2 introduces the chaotic system, explains the 

selection process in narrowing down the top four chaotic DS out of 15 chaotic DS based on 

coverage times, and conducts bifurcation diagram and Lyapunov exponent tests to verify the right 

chaotic parameters to use for the chaotic DS. It then moves onto Chapter 3 which discuss the 

algorithm used to construct the robot’s trajectory, as well as calculate the number of cells visited, 

coverage rate and time. Chapter 4 introduces and explains the three chaos control technique while 

Chapter 5 introduces and explains the two obstacle avoidance techniques. These techniques 

enhance the performance of the coverage task. Chapters 6 and 7 compare the robot’s trajectory 

and coverage time for standard systems vs. standard systems with chaos control techniques. 

Chapters 6 and 7 are different as they explain the procedure for two different chaotic DS. Chapter 

8 discuss the limitations and future work for the chaos manipulation technique and Chapter 9 

summarizes the entire study.  
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CHAPTER 2 

 

THE CHAOTIC SYSTEMS 

 

 

2.1 Brief introduction to the chaotic systems 

 

There are two types of chaotic DS that were investigated in this study; continuous systems 

and discrete systems. Continuous systems are systems that change the kinematic position of the 

robot continuously. Discrete systems are systems that change the kinematic position of the robot 

in a discretized manner. The robot moves in steps rather than in a continuous motion. In this study, 

10 continuous systems were investigated in this study: Arnold [17], Chen (Chen and Liu, Chen 

and Lu, Chen and Ueta) [26], Chua Circuit [27], Genesio Tesi [26], Lorenz [18], Rossler [28], 

Rucklidge [26], and Shimizu Morioka [26]. For the discrete systems, 5 systems were investigated 

in this study: Bogdanov map [29], Chebyshev [30], Henon map [24], Logistic map [19], and Taylor 

Chirikov map [25]. A total of 15 chaotic DS were investigated in this study. Below, shows an 

example of two chaotic systems that were used in this study. One of the two chaotic systems is 

called Arnold (equation 2.1) [17], and it is a continuous system. The other chaotic system is called 

Henon map (equation 2.2) [24] and it is a discrete system.  

 dx(t)

dt
= A sin z(t)  + C cos y(t) 

(2.1) 

 dy(t)

dt
= B sin x(t)  + A cos z(t) 

 

 dz(t)

dt
= C sin y(t) +B cos x(t) 

 

 xn+1 =  y
n
 + 1 —  axn

2 (2.2) 

 y
n+1

 =  bxn  

 

The LHS in equation (2.1), denotes the rate of change of the dynamical coordinates (DC) with 

respect to time and the RHS in equation (2.1), denotes the system of equations. Each system of 
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equation consists of chaotic parameters (CP) and DC. The CP for equation (2.1) are A, B, and C 

while the CP for equation (2.2) are: a and b. The DC describes the coordinates of the chaotic 

response. It is represented as a 3-D coordinate system (x(t), y(t), z(t)) with respect to time. Unlike 

equation (2.1), equation (2.2) shows a different configuration of the DC; it is represented as: ( xn, 

 y
n
, xn+1, y

n+1
) with  xn representing the x DC of the current state, n and xn+1 representing the x DC 

of the new state, n + 1. The CP play an important role in producing chaotic responses of the system. 

There can be more than one CP that determine chaos in the robot’s response. To measure a set of 

CP that bring a chaotic response is known as bifurcation diagram and to test which of the chaotic 

parameters bring the most chaos in the system is known as Lyapunov exponent. A brief 

introduction on these tests is on Section 2.2. For the simulation to calculate the robot’s trajectory, 

it asks for an initial condition (IC) of the DC.  

The IC are set to be small as it prevents the magnitude of trajectory points from converging 

to infinity. The IC selected for the chaotic systems in this study is explained in Chapter 3. A 

mapping equation is used to convert between the DC to the robot coordinate (RC). Robot 

coordinates are used to construct the robot’s trajectory. Equation (2.3) [18] and equation (2.4) [19] 

shows the RC for the Arnold and Henon map systems respectively: 

 dX(t)

dt
= vcos x(t) 

(2.3) 

 dY(t)

dt
= vsin x(t) 

 

 θ = πxn±
π

2
 or θ = π𝑦n±

π

2
 (2.4) 

 𝑋n+1= 𝑋n + Δtvcos (θ)  

 Yn+1= Yn + Δtvsin (θ)  

 

The LHS in equation (2.3), denotes the rate of change of the RC (X(t), Y(t)) with respect to time 

and the RHS in equation (2.1), denotes the formula for mapping. It is important to note that x(t) 
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can also be replaced by y(t) or z(t) to perform the mapping. This technique is what forms the basis 

of the first chaos control technique, explained later. The robot’s ICs can take any values between 

the minimum and the maximum size of the environment. In other words, the robot can start the 

coverage task from any point in the environment as long as the chosen point is not occupied by the 

obstacles. The variable v is the robot’s speed.  Unlike equation (2.3), equation (2.4) shows a 

different mapping equation. In equation (2.4), the variable θ is the mapping variable and this 

controls the direction of the robot when using the discrete systems. Discrete systems are known to 

travel in one/two direction. By applying the above formula, the robot can move across all 

directions. θ is set to either πxn±
π

2
 or π𝑦n±

π

2
 depending on the position of the robot with respect to 

the boundaries of the environment. For example, if the robot is at the bottom of the map, θ is set 

to π𝑦n±
π

2
 to move the robot in a ‘+’ upwards direction. The signs change when the robot is at the 

top of the boundary. If the robot is at the right of the map, θ is set to πxn±
π

2
 to move the robot in a 

left ‘+’ direction. The signs change when the robot is at the left of the boundary. 

The goal of this study is to select chaotic systems such that it follows the conditions of the 

robot coverage task. The conditions are the robot must scan an entire area of the map at a quick 

rate of time, given any size, and the number of obstacles. All chaotic systems were checked to see 

whether they fit to qualify the condition of the robot coverage task. This was conducted using a 

simulation software, called MATLAB in which an algorithm was designed to plot the robot’s 

trajectory and calculate coverage rate and time. A detailed explanation of the simulation and the 

algorithm is discussed in Chapter 3. As chaotic systems are not topologically transitive (i.e., they 

produce trajectories that are dense), the algorithm is manipulated to reduce the density of the path. 

More on algorithm manipulation is also discussed in Chapter 4. Chaotic systems that fail to make 

the robot cover almost an entire map or cover the map at extremely large coverage times are 

eliminated in this study. In this study, the CP for the chaotic DS were obtained from past literature. 

The following two tests: bifurcation diagram and Lyapunov exponent is conducted to determine 
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whether the CP from past literature gives the most chaotic response or there might be another set 

of CP that gives a relatively better chaotic response than the CP from past literature. Section 2.2 

gives a further explanation of the bifurcation diagram and the Lyapunov exponent.  

2.2 Bifurcation diagram and Lyapunov exponent  

 

Bifurcation diagram represents a diagram showing a range of CP that display a chaotic 

response. This is useful especially for selecting the optimal CP for all the systems in this study.  In 

this section, two chaotic systems (Lorenz and Logistic map) are examples selected in this 

paragraph to demonstrate how the algorithm plots the bifurcation diagram and calculates the 

Lyapunov exponent. The Lorenz is a continuous chaotic DS, that consists of three CP (σ, β and ρ) 

in its systems of equation. The Logistic map is a discrete chaotic DS, that consists of one CP (r) in 

its system of equation. Figures 2.1(a) – (d) show the bifurcation diagram for all three CP in the 

Lorenz and Logistic map systems respectively. 

 The steps to plot the bifurcation diagram of the Lorenz system and other continuous 

systems is as follows: 1) the algorithm initially specifies the IC, fixes and varies CP values. The 

number of CP that are fixed/varying depends on each chaotic system. For instance: in the Lorenz 

system, the CP σ and β are assigned a constant value (values obtained from past literature), and ρ 

varies from minimum and maximum limits specified by the user. Once the response is generated 

for ρ, ρ and β will stay constant while σ varies between the limits. The algorithm stops running 

once all CP have been selected for varying; 2) the algorithm then uses the Lorenz DS (or other 

chaotic DS) to obtain new DC and RC for each CP, and finds a range of maximum y DC response 

values for each CP (the one that varies); 4) the algorithm then constructs a plot of the maximum y 

DC responses, for a range of CP. For working out the bifurcation diagram in Logistic map and 

other discrete systems, the algorithm follows the same steps as it does for obtaining the bifurcation 

diagram in continuous systems. The difference is the algorithm plots the maximum x DC 

responses, for a range of CP values.  
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Figure 2.1(a)-(d) clockwise from top: (a): Bifurcation diagram of CP β, (b): Bifurcation 

diagram of CP σ, (c): Bifurcation diagram of CP ρ, (d): Bifurcation diagram of CP r 

 

Lyapunov exponent measures the sensitivity of a set of CP to the IC. In other words, it measures 

the magnitude of the chaotic response for each CP values. The steps to evaluate the Lyapunov 

exponent for the Lorenz and the Logistic map system is mentioned as follows: 1) the algorithm 

initially specifies the IC, fixes and varies CP values. The number of CP that are fixed/varying 

depends on each chaotic system. For instance: in the Lorenz system, the CP parameters σ and β 

are assigned a constant value (values obtained from past literature), and ρ varies from minimum 

and maximum limits specified by the user. Once the Lyapunov exponent is generated for ρ, ρ and 

β will stay constant while σ varies between the limits. The algorithm stops running once all CP 

have been selected for varying; 2) For each combination of CP values, the algorithm takes the 

differential of the chaotic DS. It then loops itself to obtain a new set of DC (through MATLAB 

built in ode45 function), evaluates the differentiated equation at the new DC and takes the 

(a) (b) 

(c) (d) 
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logarithm of the absolute value of the evaluated differential equation. At each iteration, the 

algorithm sums the absolute value to be equal to the Lyapunov exponent. If the Lyapunov exponent 

is negative, the response is said to be periodic. If the Lyapunov exponent is positive, the response 

is said to be chaotic. The largest positive Lyapunov exponent associates to the CP that displays a 

very strong chaotic response. The following table shows the Lyapunov exponent for the two 

chaotic systems: 

TABLE 1 

LYAPUNOV EXPONENT FOR THE LORENZ AND LOGISTIC MAP SYSTEM 

Chaotic system CP Parameter Lyapunov Exponent 

Lorenz σ 0.9264 

β 0.9430 

ρ 1.7473 

Logistic map r 0.6939 

   

With the highest Lyapunov exponents, the corresponding CP values that contributes to a higher 

degree of chaos under Lorenz systems are as follows: σ = 16, β = 3,  r = 96. For the Logistic 

map system, r = 4. For the Logistic map system, the CP values from table 1 match with the CP 

obtained from past literature. For the Lorenz system however, this was not the case. For each 

system, if its corresponding CP obtained through bifurcation diagram and Lyapunov exponent tests 

do not match with the past literature CP values, another test is conducted to see which of the two 

CP sets brings a better chaotic response. The tests involve simulating a robot to cover 90% of a 

50m × 50m area and find out the time taken to cover 90% of that area. The time taken to cover 

90% of an area is known as the coverage time. The purpose of selecting a 90% coverage rate is 

because, all systems take a long time to cover above 100% of an environment. An elaborate 

explanation on the simulation and how the algorithm calculates the coverage rate and time is 
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discussed on Chapter 3.  For most chaotic DS (such as the Lorenz system), the time associated 

with the CP values obtained from past studies was quicker. Therefore, for the Lorenz system, the 

CP was obtained from past literature. All chaotic DS were tested for the quickest coverage time. 

Only the top four chaotic DS were selected in this study. Section 2.3 elaborates in further detail. 

2.3 Selection of the best chaotic systems  

 

All chaotic systems were tested to see whether they can reach 90% coverage at any given 

size of an environment. There were some systems that struggled to reach 90%. Such systems 

include: Bogdanov, Chebyshev, and Shimizu Morioka. Hence, they were eliminated for this study. 

The next case to consider is the coverage time, out of which only 4 chaotic DS were qualified for 

this study: Arnold, Lorenz, Henon and Logistic map. These chaotic DS not only reached 90% 

coverage rate, but also performed the coverage task at a quicker coverage time, as compared to 

other chaotic DS. Hence, these chaotic DS were the chosen candidates for this study. So far, 

equation (2.1) and equation (2.2) show the chaotic DS for the Arnold and the Henon map. Equation 

(2.5) and equation (2.6) show the chaotic DS for the Lorenz and the Logistic map: 

 dx(t)

dt
= — βx(t) + y(t)z(t) 

(2.5) 

 dy(t)

dt
= — σ (y(t) — z(t)) 

 

 dz(t)

dt
= — x(t)y(t) + ρy(t) — z(t) 

 

 xn+1 = rxn (1—xn) (2.6) 

 

For the Lorenz system, x(t), y(t), and z(t) are the DS coordinates, and σ, β, and ρ are the associated 

CP. For the Logistic map, xn and xn+1 are the Logistic system coordinate points for the current and 

new states, respectively, and r is the Logistic system parameter. From considering the CP from 

past papers, the following were considered for the Lorenz system: σ = 10, β = 8/3, and ρ = 28 [18]. 

For the Logistic map system, the selected CP obtained through Section 2.2 is r = 4. For the Arnold 
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system, the selected parameter values were considered: A = 0.5, B = 0.25 , and C = 0.25 [17] For 

the Henon map system, the selected parameter values are: a = 1.4 and b = 0.3 [24]. Figures 2.3(a) 

– (c) shows a chaotic attractor of the Lorenz, Henon map and Arnold systems. The chaotic attractor 

describes the chaotic pattern of the system, as the system tends to receive a chaotic response. As 

the Logistic map is a 1-D system, the chaos attractor cannot exist, and is therefore not included as 

an example of a chaos attractor. The next chapter talks about the algorithm used to work out the 

coverage rate and time.  

 

 
Figure 2.2(a)-(c) clockwise from top: Chaotic attractor of Lorenz system, Chaotic 

attractor of Henon map system, Chaotic attractor of Arnold system 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 

(c) 

(a) 
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CHAPTER 3 

 

SIMULATION SETUP OF THE SYSTEM 

 

 

This section explains the algorithms established to model the path of the robot’s trajectory. 

There were assumptions based on modelling the simulation of the robot’s trajectory: 1) the 

environment was brought in limits to make the computational problem easier, although, the robot 

is not aware of the size of the environment. The environment was set to a size of 50 m × 50 m. In 

further sections, the world size was increased to determine the performance of chaotic systems 

handling larger environments. 2) the dimensions of each cell in the world were set to 1 m × 1 m as 

realistic map and cell sizes were chosen to accommodate the robot’s sensing range of 1m and to 

allow accurate modeling of the trajectories of real scaled robots. 3) The velocity of the robot was 

set to 1m/s. 4) the ICs for continuous systems were set as:  x(t) = 0, y(t) = 1, z(t) = 0 while for 

discrete systems:  x(t) = 0. 1 and y(t) = 0.1. The values chosen for the DS IC must be sufficiently 

small. If large IC are selected, then the magnitude of the trajectory points converge to infinity, and 

the associated numerical error of the trajectory points will increase drastically. 5) The selected 

starting robot’s ICs was X(t) = 0 and Y(t) = 0 for a robot scanning a map with zero and one obstacle. 

In a 50 m × 50 m environment, the starting robot’s ICs for scanning the map with four and five 

obstacles was as follows: X(t) = 15 and Y(t) = 5. For 100 m × 100 m and 200 m × 200 m 

environments with four and five obstacles, the starting robot’s ICs were X(t) = 30, Y(t) = 10, and 

X(t) = 60, Y(t) = 20 respectively. Here, the word “starting” indicates the coordinates of the robot 

at the beginning of the coverage task. Lastly, 6) the coverage rate was set to 90% as all systems 

were able to reach up to this rate for a 50 m × 50 m environment. The coverage and computational 

time drastically increase by increasing the coverage rate to 100%.   

Once the map was set up, the robot was positioned on the map, according to the IC specified 

in the algorithm. The ICs are stored in a continuous chaotic DS matrix called ICDS-R. This matrix 

stores the newly calculated trajectory points obtained from continuous systems. The algorithm 
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calculates new trajectory points from the chaotic DS by integrating the current DS coordinates, 

translating the new DS coordinates into RC, and then mirror-mapping the robot’s coordinates that 

lie outside the boundaries and obstacles (if any).  More details on mirror-mapping is explained in 

Chapter 5. The new trajectory points are then assigned into ICDS-R. 

For continuous systems, the algorithm looped under a specified number of iterations, ni of 

1001, to calculate a new set of trajectory points. This is the optimal number of iterations, obtained 

through trial and error. This value minimized the coverage time and registered a lower density in 

the robot’s path. Higher or lower ni caused over-dense or insufficiently dense trajectories, both of 

which increased the coverage time. The algorithm assigns ICDS-R to a storage matrix, Tp that stores 

the constructed trajectory points. The algorithm takes entries in Tp to calculate the number of new 

cells covered and simultaneously works out the coverage rate and time. The algorithm loops in 

order to construct the robot’s path and calculates the coverage rate and time until the coverage rate 

reaches 90%. The coverage time shows how long the robot takes to achieve a 90% coverage rate.  

The trajectory points associated with continuous system were integrated discretely using 

the fourth order Runge- Kutta method (RK4). In the RK4 method, the time step was set to be 

adaptive rather than constant. By setting the time step to constant, significant challenges occurred 

when calculating the trajectory points. Setting a larger constant time step led to inaccuracy in the 

trajectory points. Setting a smaller constant time step increased the computational and coverage 

time significantly. With the adaptive time step method, the trajectory points were accurate, while 

computational and coverage times were lower. The algorithm sets the initial (current) time step to 

a large value (e.g., Δtadaptive = 0.1) and calculates new trajectory points based on the current and 

half of the current time step. The algorithm takes the absolute value of the difference between the 

new trajectory points associated with ∆tadaptive and ∆tadaptive/2. It compares the absolute value with 

the accuracy criterion eps to determines whether the trajectory points are measured accurately. If 

the difference is greater than eps, the algorithm assigns the new trajectory points associated with 
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∆tadaptive/2 to the Arnold system IC matrix, ICDS-R. Otherwise, the algorithm assigns the new 

trajectory points associated with ∆tadaptive to ICDS-R. For discrete systems, the RK4 method was not 

used to calculate trajectory points as it can be used only for continuous systems. Instead, the 

algorithm integrates using the systems equation to generate new trajectory points with a constant 

step size, Δtconstant = 0.1.  

Using chaotic systems in their original form will often lead to excessive repetitive coverage 

and time since there is no mechanism to keep track of visited regions and no strategy to direct the 

robot to cover unvisited areas. The repetitive coverage challenge might arise due to two problems: 

(1) the robot focuses on covering a small region and does not cover adjacent regions and (2) the 

robot covers only certain zones (i.e., a large region) and does not travel across the map to cover 

farther zones. This study uses two chaos control techniques (orientation control and map zoning) 

to alleviate these problems. Map zoning will be explained in further sections. These two chaos 

control techniques were initially tested in the Lorenz and Henon map system, for which these two 

systems were fused into a hybrid Lorenz-Henon system. As this technique was a success in 

reducing coverage time, the same concept was also tested in the Arnold and Logistic map system. 

The two systems were combined into a hybrid Arnold-Logistic map system. A discussion of the 

robot’s trajectory and coverage time using the four chaotic DS incorporating the first and second 

chaos control technique is under Chapters 6 and 7.  

Another challenge associated with chaotic path planners is their lack of scalability to 

environments with different sizes and robots with different sensing range. The third chaos control 

technique is established to enable the robot to change its trajectory based on the information about 

the environment and sensors range. The third chaos control technique was implemented in the 

Arnold-Logistic hybrid system, discussed in Chapter 7. The next chapter introduces the three chaos 

control techniques. The first chaos control (i.e. orientation control), identifies repetitive coverage 

in a small region and steer the robot to cover adjacent regions. The second chaos control technique 
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(i.e. map zoning) detects zones with repeated coverage problem and directs the robot to cover less 

visited zones across the map. The third chaos control technique (scaling) increases trajectory 

distance, to help in increase coverage rate.  
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CHAPTER 4 

 

CHAOS CONTROL TECHNIQUES 

 

 

4.1 First control technique- orientation control 

 

Often when the robot uses a fixed DS coordinate to determine its orientation, it has to spend 

a great deal of time visiting cells repetitively in just a small region. This can be resolved by 

switching the DS coordinate (representing the robot’s orientation), if the coverage rate in the 

previous iteration, tcold equals the coverage rate in the current iteration, tcnew. In the Arnold system, 

the algorithm assigns each DS coordinate to an index number. For instance, x(t) corresponds to 

index 1, y(t) to index 2, and z(t) to index 3. At the start of the coverage task, an initial index number 

is selected to be mapped into robot’s kinematic equations. The index number will be then switched 

if the coverage rate remains unchanged. Incorporating this technique led the robot to visit new 

cells in adjacent regions and reduced the coverage time.  

The coverage time can be further reduced using a second technique called map zoning, as 

discussed in Section 4.2. 

4.2 Second control technique- map zoning 

 

To further scan for new cells, increase dispersity in the robot’s path, and reduce the 

coverage time by a larger amount, the robot needs to visit all regions across the map. Coupling 

continuous and discrete systems, enables the robot to travel to all zones across the environment. 

In this new system, the robot uses the continuous system to perform coverage in each zone and the 

discrete system allows the robot to travel between the zones in a chaotic manner, this will ensure 

that the robot path remains unpredictable at all times including the transition times. To determine 

whether switching between regions is required, the algorithm incorporates the criterion given by 

equation (4.1) to determine the rate of coverage at the current trajectory: 
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 New cells visited in [ t—Δt  :  t]

Total of new and repetetive cells visited in [t—Δt  :  t]
 ≥

c[
Total unvisited cells in [0 :  t—Δt]

Total number of cells
]  

(4.1) 

 

where “New cells visited in [t—Δt  :  t]” indicates the number of new cells were visited in the 

entire environment between time t—Δt  and t, and c is the coverage rate criterion, ranging from 

0.1 to 1. 

In equation (4.1), if the value of the left-hand side (LHS) becomes greater than the value 

of the right-hand side (RHS), it means that the current trajectory is being successful in visiting new 

cells in the current zone and thus the robot is not required to leave the current trajectory and zone. 

The algorithm will then examine the performance of the robot in terms of covering the adjacent 

cells in the current zone and if proved to be ineffective, it will use the orientation control (first 

control technique) to steer it toward the neighboring regions.  

On the other hand if the value of the left-hand side (LHS) in equation (4.1) becomes less 

than the value of the right-hand side (RHS), the algorithm switches the robot’s navigation method 

from the continuous to the discrete system, travels to a new start point at a different zone, then 

resumes back to the continuous system for continuation of the coverage task. Map zoning 

technique helps the algorithm to identify a new zone for the robot to land. The algorithm breaks 

the entire map down into 16 individual zones, calculates the density for each zone, and calculates 

the distance between the current robot’s and the midpoint coordinates for each zone. It then 

generates a priority list, lzone, that contains entries for each zone, with their respective midpoint 

coordinates, and the density.  The midpoint coordinates associated with that zone (denoted by red 

circles in Figure 7.1(b), 7.1(d), 7.1(f) and 7.1(h)) is the new robot IC. The algorithm also outputs 

the zone the robot is currently at. For a robot traversing an environment without obstacles, the 

algorithm prioritizes density over distance for selecting the best zone for coverage. The algorithm 

selects the zone with the least density coverage (or the least distance if multiple zones display the 

least density coverage), and directs the robot to travel to the midpoint of that zone. For real-world 
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environments with unknown obstacles, a different technique should be employed. With obstacles, 

some of the midpoint coordinates will lie inside the obstacles. If the previously mentioned zone 

selection technique is applied, the robot might waste a great deal of time travelling to a zone that 

lies inside an obstacle. Therefore, for the robot to cover an environment with obstacles such 

scenarios the algorithm prioritizes distance over density to select of the best zone for coverage.    

The robot uses the Logistic map system to travel chaotically from its current position to 

the new starting point. This requires to map the Logistic map trajectory points onto the straight 

path connecting the current position and the new starting point. The first and last points of the 

mapped trajectory were set to the current robot’s position (i.e., last trajectory point in the old zone) 

and the robot’s new ICs (i.e., midpoint coordinate of the new zone), respectively. The following 

shows the steps to perform the mapping process: (1) construct a time vector, 𝑡𝑇𝑅  starting from 0, 

till the time taken by the robot to travel from the current position to the new starting point with a 

step size Δtconstant = 0.1; (2) use equations (2.4) and (2.6), to generate 𝑚 new trajectory points 

(Xn +1, Yn +1), starting from the initial (Xn , Yn). Note: 𝑚 is the number of elements in the time 

vector; (3) calculate a set of evenly spaced relative trajectory points (X̂n+1 , Ŷn+1) using MATLAB 

pre-defined function known as Linspace. In the Linspace function, the first argument is the 

difference between the initial point of the Logistic map system and the robot’s current position 

(start point), the second argument is the difference between the last point of Logistic map trajectory 

and the new starting point (i.e., midpoint of the new zone), and the third argument is the variable, 

𝑚; (5) incorporate equation (4.2) to calculate the mapped trajectory points (X'n+1 ,X'n+1), and 

transform the path of the Logistic map system into a chaotic line between two points.  
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The robot then uses the mapped trajectory points to travel between two specified points. The 

algorithm takes into account the mapped trajectory points in calculating the coverage time and 

coverage rate, it then switches back to the continuous system for covering the new zone.  

So far, the two control techniques help the robot to scan the entire region at a quicker 

coverage time. However, the robot also needs to be able to avoid obstacles and boundaries when 

scanning the area. Chapter 5 discusses the two obstacle avoiding techniques. Section 4.3 talks 

about scaling the robot’s trajectory to reduce coverage time.   

4.3 Third control technique- system scaling 

 

 Another proposed technique implemented into chaos manipulation is known as scaling of 

the robot’s trajectories. By scaling the trajectories, the robot covers a greater distance, increases 

coverage rate and decreases coverage time. In this study, scaling was tested in cases with no 

obstacles and 5 obstacles in the environment. The scaling factors were chosen through trial and 

error testing of the coverage time. The following explains how the algorithm computes the scaling 

process: (1) the current robot trajectory points in the matrix ICDS-R are multiplied by f and stored 

as initial values to the scaled IC matrix, ICscaled-R ; (2) the algorithm computes the new robot 

trajectory points with ∆tadaptive and ∆tadaptive/2; (3) the algorithm assigns the new trajectory points 

associated with  ∆tadaptive/2 to ICDS-R, if the absolute value difference between the new trajectory 

points associated with ∆tadaptive and ∆tadaptive/2 is greater than eps. Otherwise, the algorithm assigns 

the new trajectory points associate with ∆tadaptive; (4) the algorithm uses equation (5.1) and 

equation (5.2) (mirror-mapping and obstacle avoidance technique discussed in Chapter 5) to 

translate the new trajectory points away from the boundaries and obstacles; (5) the algorithm then 

scales the new trajectory points by f and store them into ICscaled-R. The time step iterates by ∆tadaptive 

× f. The trajectory points in ICscaled-R are used to calculate cells covered, coverage rate/time, and 

 X'n+1= Xn+1+X̂n+1 (4.2) 

 Y'n+1= Yn+1+Ŷn+1  
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changing between regions. Chapter 5 discusses the mirror-mapping and obstacle avoidance 

technique.  
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CHAPTER 5 

 

OBSTACLE AVOIDANCE TECHNIQUES 

 

The obstacle avoiding technique incorporated in the algorithm, ensures the robot does not 

escape past the boundaries of the map and avoids any contact with the obstacle. Section 5.1 

discusses the boundary avoidance technique and Section 5.2 discusses the obstacle avoidance 

technique. 

5.1 Boundary avoidance 

 

Upon integrating the chaotic DS and mapping between DC to RC (as shown in equation 

(2.3) and equation (2.4)), a certain amount of the RC lied outside the map boundaries. This 

indicates that the robot is travelling outside the map boundaries. The solution to this problem was 

applying a mirror-mapping technique [18]  to translate the robot’s X or Y coordinates that lied 

outside the map using coordinate transformation denoted in equation (5.1). 

X = —X + 2 × (M
l
  ±  f

o
 ) (5.1) 

Y = —Y + 2 × (N
u
 ± f

o
 )  

Where M abbreviates to row; N abbreviates to column; l abbreviates to minimum; u abbreviates to 

maximum; and f
o
 is a factor that determines how far the mirrored points offset into the map with 

respect to the boundaries. The value of f
o
 is set to 0.5. There were some challenges associated with 

deciding which factor value to use in equation (5.1) to offset the robot. For instance, if f
o
 was too 

big, the robot maintained a significant distance away from the boundary but did not maintain a 

constant v. At a smaller Δtadaptive, the distance between the previous trajectory point and the 

mapped point (LHS in equation (4.2)) increases, therefore v increases too. If f
o
 was too small, half 

of the robot would lie outside the boundary as the robot lies infinitesimally close to the boundary. 

Setting f
o
 to 0.5 helped the robot to steer significantly away from the boundary and maintained a 

constant v.   
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Equation (5.1) changes its variables based on the trajectory point’s location with respect to 

its boundaries. For instance, if the X-coordinate of the point was positioned outside the left 

boundary then equation (5.1) will shift only the X-component of the point into the map and the Y 

component will remain unchanged. If the X- coordinate was positioned outside the right boundary, 

then M𝑢 would replace Ml   in equation (5.1) to translate the X-component. A similar procedure 

would take place if the Y-component lied outside of the map. If both coordinates lied outside, then 

both components would be translated, depending on the position of the coordinates with respect to 

the boundaries. The sign before f
o
 changes too. A ‘—’ sign before f

o
 occurs when the points lie to 

the right/upper side of the boundary. A ‘+’ sign before f
o
 occurs when the points lie to the left/lower 

side of the boundary. By incorporating this technique of mirror-mapping, the robot was confined 

within the boundaries for its coverage task. This technique was also used for avoiding obstacles in 

the middle of the map. Section 5.2 will discuss the mirror mapping technique for obstacle 

avoidance. 

5.2 Obstacle avoidance 

 

This section is applied only to the standard Arnold and hybrid Arnold-Logistic map 

systems. The concept of obstacle avoidance was not tested in the standard Lorenz and hybrid 

Lorenz-Henon map system.  

The obstacles in the study are represented as squares. These obstacles are placed at the 

corners as well as at the center of the map. The squared obstacle located at the edges has a size of 

10 m × 10 m, while the squared obstacle in the middle of the map has a size of 20 m × 20 m.  If 

the algorithm registers points to be within the obstacle, it will correct the points by incorporating 

the mirror-mapping technique. The obstacle avoidance technique differs for Arnold and the 

Logistic map. Section 5.2.1 and 5.2.2 discuss the obstacle avoidance technique for the Arnold and 

Logistic maps respectively.  
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5.2.1 Obstacle avoidance- Arnold system 

 

This section discusses the functionalities of obstacle avoidance designed for the Arnold 

system. The coordinates of the obstacle were initially specified before the algorithm starts to 

construct the robot’s trajectory. The algorithm checks for trajectory points that are inside the 

obstacles. It uses equation (5.2) to offset the points away from the obstacle using  f
o
 . The obstacle 

avoidance technique used for the Logistic map uses equation (5.2) too for mapping, however, the 

technique is different to that of the Arnold system (see Section 5.2.2).  

 

X = Ml  ±  f
o
  (5.2) 

Y = Nu  ±  f
o
   

In equation (5.2), the representation of the variables is similar to equation (5.1); the row, column 

coordinates, and signs change depending on where the points lie inside the obstacle. For instance, 

if the robot becomes closer to the obstacle than 1 m from the left boundary, then f
o
 under the X-

component in equation (5.2) offsets the trajectory point to 1 m away from the left boundary. 

Likewise, if the robot is closer to the obstacle than 1 m from the top boundary, then f
o
 under the 

Y-component in equation (5.2) offsets the trajectory point to 1 m away from the top boundary. The 

purpose of 1 m represents the robot’s sensing range; in this study, the robot was assumed to have 

a sensing range of 1 m. Therefore, the sensors in the robot will prevent the robot from appearing 

too close to the obstacle. For cases where the sensing range was increased to 4m, the robot would 

still sense 1 m away from obstacles, rather than 4 m. By increasing the obstacles sensing range to 

4 m, the robot reduces the capability to cover gaps closer to the obstacle which in return, reduces 

the ability to reach 90% coverage.  
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For the Arnold system, this technique was working perfectly, and the robot was able to 

avoid obstacles.  For the Logistic map however, the obstacle avoidance technique was not 

straightforward. Section 5.2.2 explains the obstacle avoidance technique for the Logistic map.  

5.2.2 Obstacle avoidance- Logistic map system 

This section discusses the functionalities of obstacle avoidance designed for the Logistic 

map system. When the robot decides it wants to travel to a new zone, it is not aware that the 

midpoint coordinates in a zone might be surrounded by an obstacle. Without applying a specific 

obstacle avoidance technique designed for the Logistic map, the robot will end up at the zone 

where the obstacle is at. This will be an incorrect solution to the coverage task problem. The 

following explains the procedure used to help avoid obstacles for the Logistic map: (1) As 

explained in Section 4.2, the algorithm generates a priority list,  lzone, containing all zones with 

their respective midpoint coordinates, density, and distance from the current robot’s trajectory; (2) 

the algorithm then selects the best zone associated with the least distance covered or the least 

density covered, if multiple zones displayed the least distance. (3) the algorithm constructs a 

chaotic line between the current robot’s trajectory and the midpoint coordinate associated with the 

selected zone; (4) the algorithm checks to see if the trajectory points lie between the coordinate 

ranges of all obstacles, denoted by a matrix called coorobs; (5) if the points in the matrix [X', Y'] lie 

inside the obstacle, the algorithm identifies n number of points that lie between the detected point 

(the first mapped point that lies inside the obstacle, see Figure 5.1) and the midpoint, removes n 

number of points in matrices [X', Y']  and  [X̂, Ŷ], uses equation (5.2) to translate the detected point 

away from the obstacle, and; reconstruct [X̂, Ŷ], starting from the mirror-mapped point (see Figure 

5.1). Using equation (5.2), the algorithm mirror-maps the detected points, by setting  f
o
 to 0.1. 

Although setting f
o
 to a smaller value meant the robot lied very close to the obstacle, it maintained 

a constant v at a smaller Δtconstant value. By setting a larger f
o
 the v increased for the robot. The 
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following paragraph explains the procedure in which the algorithm further checks if the points still 

lie in the obstacle. 

The algorithm introduces two variables: nh (number of hits), and th (total number of hits).  

nh is defined as the number of times, the algorithm counts to avoid an obstacle and th is defined as 

the number of hits, the algorithm is allowed to count to avoid an obstacle. At the beginning of the 

coverage task, the algorithm sets th as 10. The value was obtained through trial and error. By setting 

a lower th, the robot never reached to the desired zone and by setting a higher th the coverage time 

increases. At larger environment sizes, th is set to 100. The algorithm loops to count nh until it is 

equal to th. Under the loop condition the algorithm reconstructs [X', Y'] using equation (4.2), and 

checks to see if the line overlaps an obstacle. Reconstructing the chaotic line was a challenging 

process. Different shapes were used to represent the chaotic line: arced path, a path representing 

the same shape as the obstacle, etc. However, each of these paths were either difficult to design, 

increased computational time or would still make the robot cross the obstacle in between. 

Therefore, the concept of the straight-line chaotic path was brought into place, only with some 

minor differences.  

Figure 5.1 represents a schematic drawing of reconstructing the chaotic line. The chaotic 

line is represented as orange dashed lines. Upon restructuring the chaotic line, if the line continues 

to overlap the obstacle, the algorithm repeats the procedure explained in the first paragraph in this 

section, and increments  nh by 1. In Figure 5.1 the mirror-mapped lines are represented as black 

dashed lines and the mirror-mapped points in the matrix [X', Y'] are represented as green dots. The 

algorithm stops looping if nh equals th or if the incrementing index i equals 𝑚. In case nh equals 

th, the algorithm hints to the robot that the midpoint coordinate might lie inside an obstacle, 

eliminates that zone from the list lzone, and selects the next best zone in the priority list lzone.  With 

the new zone, the algorithm constructs a chaotic line, from the last trajectory point in the previous 

eliminated zone to the midpoint coordinate in the new zone. If the robot struggles to visit all the 
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zone (i.e. if the entries in lzone is empty), the algorithm repeats the entire process from the 

beginning, and increments  th by ∆nh. This ensures the robot takes its time to avoid the obstacle on 

its way to reach its goal. In case nh is less than th or i equals 𝑚, the algorithm signals the robot that 

the zone is free from obstacles and it can proceed to that zone. In this case, the robot might have 

briefly encountered an obstacle in its way or did not encounter any obstacles at all. Note: the entire 

process of visiting zones can be interrupted if tc > dc; as the robot might cover new cells while 

travelling between regions.  

 

 

 

 

 

 

Figure 5.1: A schematic of the mirror-mapping technique for an obstacle  

 

With the chaos manipulation and obstacle avoidance techniques induced into the chaotic path 

planning algorithm, the robot was able to visit all regions in the map, avoid contacting near 

boundaries and obstacles, and covered 90% of the map at a quick coverage time. The first 2 chaos 

control techniques were tested in the Lorenz and Henon map system. The first control technique 

was tested for the Lorenz system, and both control techniques was tested for the hybrid Lorenz-

Henon system. Chapter 6 compares the robot’s trajectory and coverage time performance using 

the Lorenz and Lorenz-Henon system to see whether the hybrid system is effective than the 

standard system.  
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CHAPTER 6 

 

RESULTS- LORENZ VS. LORENZ-HENON SYSTEMS 

 

This section will discuss the results obtained for the Lorenz and the Lorenz-Henon systems. 

Section 6.1 will compare the robot’s trajectory of the standard Lorenz system with first chaos 

control technique versus the Lorenz-Henon (with first and second chaos control technique) system. 

Section 6.2 will compare the coverage times of the two systems. 

6.1 Robot’s trajectory 
 

Figure 6.1 indicate the robot’s trajectories covering 30% of the map using (a) the standard 

Lorenz system with first chaos control technique, (b) the Lorenz-Henon map system, with first and 

second chaos control technique. The purpose of 30% is to check if the standard and hybrid systems 

are working by using the chaos control techniques. Figures 6.1 (c) and (d) show the robot’s 

trajectories covering 90% of the map using the standard Lorenz system with first chaos control 

technique, and the Lorenz Henon map system, with first and second chaos control technique. From 

observing the trajectory path in Figures 6.1(a) and (c), it appears that the Lorenz system creates 

dense trajectories in certain regions of the map. In Figures 6.1(c), the robot ended up visiting each 

cell at the bottom left corner of the map and left a huge area unvisited. In contrast, the robot with 

the Lorenz-Henon system (Figures 6.1(b) and (d)) navigated across all zones in the map and 

covered new cells. At a 30% coverage rate (Figure 6.1(b)), the robot has covered cells closer to 

the midpoints in each region and has limited coverage around the edges of the map. This does not 

appear to be an issue because the robot has mostly covered the cells in the vicinity of the edges by 

the time it reaches the 90% coverage rate (Figure 6.1(d)).  
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Figure 6.1 (from clockwise top): Robot’s trajectory covering 30% of the map area using: (a) the 

standard Lorenz system with first chaos control technique, (b) the Lorenz Henon map system 
with first and second chaos control technique, Robot’s trajectory covering 90% of the map area 
using: (c) the standard Lorenz system with first chaos control technique, (d) the Lorenz Henon 

map system with first and second chaos control technique 

6.2 Coverage time 

 

Table 2 compares the coverage rates and the associated coverage times of the standard 

Lorenz with first chaos control technique and Lorenz-Henon systems. This table indicates the 

selected c value, and the initial index under the Lorenz-Henon column. The initial index specifies 

which DS coordinate to use for mapping into the RC at the beginning of the simulation. Then at 

each iteration, the first chaos control technique determines whether this index value should be 

changed or remain the same. For coverage using the Lorenz-Henon system, the initial index was 

set to 3, and c was set to 0.1. To obtain these values, tests were run to determine the shortest 

coverage time at a 90% coverage rate for a range of initial index and c values. The range was varied 

from 0.1 to 1. Once the shortest coverage time was obtained, the corresponding c and initial index 

values were selected for Table 2. Table 2 also displays the coverage rates and associated coverage 

(b) (a) (c) 

(d) 



32 
 

times of the standard Lorenz system with first chaos control technique for three different initial 

index values. As observed, the coverage time associated with each coverage rate strongly depends 

on the choice of the initial index, which in turn affects the first chaos control technique in the 

algorithm. This observation holds for both the standard Lorenz with first chaos control technique 

and the Lorenz-Henon systems. 

TABLE 2 

COVERAGE RATES AND TIMES FOR STANDARD LORENZ SYSTEM WITH 1ST CHAOS 

CONTROL TECHNIQUE AND LORENZ-HENON MAP SYSTEM 

 

 

 

 

 

 

 

 

 

 

 

For the standard Lorenz system with first chaos control technique, 90% coverage rate, the fastest 

time was 3.99×10
5
 s. This time was clocked for the initial index of 2. The slowest was 7.01×10

5
 s, 

registered when the initial index was equal to 3. For the Lorenz-Henon system, the fastest time was 

recorded to be 1.92×10
5
 s for c = 0.1 and initial index = 3. Compared to the standard Lorenz system 

with first chaos control technique, the Lorenz-Henon map system was faster by approximately 52%. 

The Lorenz Henon map is also guaranteed to be at least 81% faster than the standard Lorenz-based 

path planner used in the state-of-the-art method [18] (with coverage time ≿ 10
6
 s).  

Coverage 

Rate 

Coverage Time 

Lorenz system 

with initial 

index = 1 

Lorenz 

system 

with initial 

index = 2 

Lorenz system 

with initial 

index = 3 

Lorenz-Henon 

system with 

c = 0.1 and 

initial index = 3 

0.1 6.95×10
3
 1.57×10

4
 1.21×10

4
 2.58×10

3
 

0.2 2.49×10
4
 3.43×10

4
 2.24×10

4
 5.14×10

3
 

0.3 4.00×10
4
 5.14×10

4
 3.68×10

4
 8.19×10

3
 

0.4 5.21×10
4
 7.67×10

4
 6.23×10

4
 1.20×10

4
 

0.5 9.15×10
4
 9.62×10

4
 8.10×10

4
 1.65×10

4
 

0.6 1.48×10
5
 2.46×10

5
 9.64×10

4
 2.59×10

4
 

0.7 1.78×10
5
 2.79×10

5
 1.86×10

5
 3.88×10

4
 

0.8 2.01×10
5
 2.98×10

5
 2.62×10

5
 6.41×10

4
 

0.9 6.09×10
5
 3.99×10

5
 7.01×10

5
 1.92×10

5
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In this chapter, the performance of the standard Lorenz system with first chaos control 

technique was compared with Lorenz-Henon system by evaluating the robot’s trajectory and the 

quickest coverage time. The Lorenz-Henon system proved to bring out a less dense robot’s 

trajectory and the quickest coverage time.  

Out of all chaotic DS, the Arnold and the Logistic systems are best to use for this study. 

The trajectories were well dispersed which meant the robot was able to cover 90% of the map at a 

much quicker coverage time, compared to the Lorenz and Henon map chaotic DS.  As the first and 

second control techniques worked well for the Lorenz and Lorenz-Henon system, the two 

techniques were implemented in the Arnold and Logistic map system too to further reduce 

coverage time. To increase the difficulty of the simulation, the robot was challenged to cover 90% 

at environment sizes, greater than 50 m. The third chaos control technique was implemented to 

further reduce coverage times for environment sizes greater than 50 m. Chapter 7 compares the 

robot’s trajectory and coverage time for the standard Arnold system versus the Arnold-Logistic 

system. In what follows the standard Arnold system refers to original Arnold system to which no 

chaos control technique has been applied.  
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CHAPTER 7 

 

RESULTS- ARNOLD VERSUS ARNOLD LOGISTIC MAP SYSTEMS 
 
 

This chapter compares the performance of systems with different chaos control methods 

against the standard Arnold system in unknown environments with different obstacle 

configurations and sizes. Sections 7.1 and 7.2 present the robot’s trajectory and coverage time for 

these systems while covering environments with different sizes including 50 m × 50 m, 

100 m × 100 m, and 200 m × 200 m environments. In general, the environment size strongly 

influence the performance, some chaotic dynamical systems correspond to excessive increase in 

the coverage time when employed in large environments.   

Table 3 presents the percentage of improvement in coverage time with respect to the 

standard Arnold system after employing a single or a combination of chaos control techniques and 

while varying the environment size, robot’s sensing range, and number of obstacles.  The values 

of the initial index, c, and the scaling factor (f) were selected such that to ensure the minimum 

coverage time for the systems. 

 The initial index is responsible for selecting the DS coordinate for mapping equation 2.3 

at the start of the simulation. The initial index plays an important role in the first chaos control 

technique; the initial index value might change or stay constant at each iteration, depending on the 

c value in equation (4.1).  To obtain c and initial index associated with the shortest coverage time, 

simulation tests ran, using combination of all index values and c. This test was exclusively 

conducted for the robot using the following system types and environment sizes: (1) Arnold-

Logistic system without scaling, 50 m × 50 m, with all obstacle configurations; (2) standard 

Arnold with first chaos control technique, all environment sizes and obstacle configurations. For 

larger environment sizes, all system types (except standard Arnold with first chaos control 

technique), setting c of 0.1 and initial index of 3, brought the quickest coverage time. The robot 

was able to cover new regions rapidly by mostly using the Arnold system, and did not find the 
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need to use the Logistic map frequently. Using all combinations of index and not c were only tested 

for system types such as: (1) robot covering a 50 m × 50 m environment using the standard Arnold 

system with no chaos control technique and; (2) robot covering any environment sizes using the 

standard Arnold system with first chaos control technique. To determine which f contributes to the 

quickest coverage time, tests were conducted by ranging f between 2 and 6 for system types of the 

following: (1) standard Arnold with third control technique and; (2) standard Arnold with all 

control techniques. Section 7.1 compares the coverage results of the standard Arnold system with 

first chaos control technique and the Arnold-Logistic system, under cases where the robot covers 

a 50 m × 50 m with/without obstacles. 
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TABLE 3 

PERFORMANCE OF DIFFERENT SYSTEMS IN VARIOUS UNKNOWN ENVRIONMENTS 

 

System type 
Environment 

size 

Sensing 

range  

(m) 

f 
No. of 

obstacles 
c 

Initial 

index 

Coverage 

time for  

tc=90%   

% improvement 

w.r.t standard 

Arnold  

Standard Arnold  

50m × 50m 1  N/A 0 N/A 3 6.95×103 N/A 

50m × 50m 1  N/A 1 N/A 3 6.60×103 N/A 

50m × 50m 1  N/A 4 N/A 3 6.05×103 N/A 

50m × 50m 1  N/A 5 N/A 2 1.04×104 N/A 

100m × 100m 1  N/A 0 N/A 3 3.24×104 N/A 

100m × 100m 1  N/A 5 N/A 3 2.77×104 N/A 

200m × 200m 1  N/A 0 N/A 3 1.72×105 N/A 

200m × 200m 1  N/A 5 N/A 3 9.92×104 N/A 

200m × 200m 4  N/A 0 N/A 3 5.36×104 N/A 

200m × 200m 4  N/A 5 N/A 3 3.51×104 N/A 

Arnold with 1st chaos 

control technique 

50m × 50m 1  N/A 0 N/A 3 6.40×103 7.9 (~ 0.15 hrs↓) 

50m × 50m 1  N/A 1 N/A 3 6.05×103 8.3 (~ 0.15 hrs↓) 

50m × 50m 1  N/A 4 N/A 2 6.50×103 -7.4 (~ 0.13 hrs↑) 

50m × 50m 1  N/A 5 N/A 3 7.40×103 28.8 (~ 0.83 hrs↓) 

100m × 100m 1  N/A 0 N/A 3 3.10×104 4.3 (~ 0.39 hrs↓) 

100m × 100m 1  N/A 5 N/A 3 2.13×104 23.1 (~ 1.8 hrs↓) 

200m × 200m 1  N/A 0 N/A 2 1.45×105 15.7 (~ 7.5 hrs↓) 

200m × 200m 1  N/A 5 N/A 3 8.35×104 15.8 (~ 4.4 hrs↓) 

Arnold with 3rd chaos 

control technique  

200m × 200m 1  3 0 N/A 3 1.31×105 23.8 (~ 11.4 hrs↓) 

200m × 200m 1  2 5 N/A 3 1.03×105 -3.8 (~ 1.1 hrs↑) 

 200m × 200m 4 3 0 N/A 3 2.76×104 48.5 (~ 7.2 hrs↓) 

 200m × 200m 4 2 5 N/A 3 3.23×104 7.98 (~ 0.78 hrs↓) 

Arnold with 1st and 

2nd chaos control 

techniques (Arnold-

Logistic) 

50m × 50m 1  N/A 0 0.65 3 4.98×103 28.3 (~ 0.55 hrs↓) 

50m × 50m 1  N/A 1 0.85 3 5.17×103 21.7 (~ 0.40 hrs↓) 

50m × 50m 1  N/A 4 0.15 3 6.38×103 -5.5 (~ 0.09 hrs↑) 

50m × 50m 1  N/A 5 0.80 1 4.30×103 58.7 (~ 1.7 hrs↓) 

200m × 200m 1  N/A 0 0.10 3 8.98×104 47.8 (~ 22.8 hrs↓) 

200m × 200m 1 N/A 5 0.10 3 9.28×104 6.45 (~ 1.8 hrs↓) 

Arnold with all three 

chaos control 

techniques  

200m × 200m 1 4 0 0.10 3 1.31×105 23.8 (~ 11.4 hrs↓) 

200m × 200m 1  2 5 0.10 3 7.38×104 25.6 (~ 7.1 hrs↓) 

200m × 200m 4  3 0 0.10 3 2.23×104 58.4 (~ 8.7 hrs↓) 

200m × 200m 4  2 5 0.10 3 2.35×104 33.0 (~ 3.2 hrs↓) 

 
 

7.1 Robot’s trajectory and coverage time- 50m × 50 m environment 

 

Figures. 7.1(a), (c), (e), and (g) represent the robot’s trajectory using the Arnold system with 

first chaos control technique and Figures. 7.1(b), (d), (f), and (h) represent the robot’s trajectory 

using the Arnold-Logistic system. In all these cases, the robot could successfully cover 90% of the 

environment and simultaneously avoid obstacles in its path.  
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Figure 7.1: Robot’s trajectory for: (a), (c), (e), (g) Arnold standard system with first chaos 

technique, and (b), (d), (f), (h) the Arnold Logistic map system. Dot: zone’s midpoint; Black 
square: obstacle. 

The trajectory pattern created by the Arnold system with first chaos control technique indicate that 

the trajectories are clustered at certain regions. This observation confirms that the robot is confined 

to adjacent regions and slowly visits more distant regions. These dense trajectories lead as well to 

increased coverage time. For the Arnold-Logistic system, Figures 3(b), (d), (f), and (h) show some 

areas of clustering, although they appear to be insignificant. This demonstrate the effectiveness of 

the second chaos control technique in guiding the robot to navigate to other regions for its coverage 

task.  

(a) (b) (c) 

(d) 
(e) 

(f) 

(g) (h) 
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Regarding the coverage time, Table 3 has registered quicker coverage for the Arnold-Logistic 

system in all different configurations of 50 m × 50 m environment, compared to the Arnold system 

with first chaos control technique. The exception has been the configuration with four obstacles, 

where neither of these systems showed improvement. The greatest improvement corresponds to 

configuration with five obstacles where using the Arnold-Logistic system has led to 58.7% 

reduction in coverage time (~1.7 hrs ↓) compared to the standard Arnold system.  

Due to very slight increase in the coverage time observed in the environment with four obstacles, 

the performance of all systems were further examined in a larger environment (200  m × 200 m) to 

demonstrate effectiveness of the proposed systems under more challenging conditions. The results 

indicate that increase in the environment size causes a dramatic rise in the coverage time and makes 

it more challenging for the dynamical system to achieve high coverage rates. For standard Arnold 

system, the rate of increase in the coverage time in environments with no obstacles is very high, 

compared to the rate of increase in the environment’s area. Section 5.2 discusses the performance 

of the enhanced systems in larger environments and the effect of adding the third chaos control 

technique in increasing the system scalability and improving the coverage time.  

7.2 Robot’s trajectory and coverage time- 200 m × 200 m environment 

 

This section discusses the role of the third chaos control technique in improving the 

performance and scalability which in turn allows adjusting the system trajectories based on the 

sensing range and the environment size. Figures 7.2 (a) and (b) show the trajectories created by the 

Arnold system with all three chaos control techniques using a robot with 1 m and 4 m sensing range, 

respectively. Similarly, Figure 7.2 (c) shows the standard Arnold system and Figure 7.2 (d) shows 

the Arnold system with only third chaos control technique. In all Figures, the robot covers a 

200 m × 200 m  with 5 obstacles. The third chaos control technique enables adjusting the coverage 

density based on the robot’s sensing range.  
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Figure 7.2: Robot’s trajectory for: (a) Arnold with all three chaos control techniques (SR=1 m), 
(b) Arnold with all three chaos control techniques (SR=4 m), (c) standard Arnold (SR=1 m), and 

(d) Arnold with 3rd chaos control technique (SR=1 m). Dot: zone’s midpoint; black square: 
obstacle. 

 

Comparing the results shown in Table 3 and Figure 7.2 demonstrates that the system scaling 

technique (i.e., third chaos control technique) might not be always required or result in better 

performance. For instance, Figure 7.2 (c) shows that the coverage using the standard Arnold 

system causes some gaps on top of the environment. Through scaling the system (see Figure 7.2 

(d)), the robot manages to cover the environment more uniformly, however, the coverage time 

increases by 3.8% (1.1 hrs ↑). Another example includes coverage using the Arnold-Logistic 

system in a 200 m × 200 m environment with no obstacles (and SR=1 m), which led to 47.8% 

reduction in coverage time; though, adding the third chaos control technique to Arnold-Logistic 

system resulted in only 23.8% improvement (see Table 3). In contrast, in a 200 m × 200 m 

environment with five obstacles, adding the system scaling technique to Arnold-Logistic system 

significantly improved the performance of the system. Examining different scenarios (see Table 

3) shows that combining all three chaos control techniques is in general an effective strategy to 

(a) (b) (c) 

(d) 
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improve the performance. The scaling technique proved as well to be very effective in adjusting 

the coverage density based on the sensing range (see Figure 7.2 (b) and Table 3).  

The decision on whether to use the third chaos control technique should be made considering 

various factors such as the environment estimated size, the estimated density of obstacles in the 

environment, the properties and coverage density of the generated trajectories by the considered 

DS, and the robot’s sensing capabilities. In terms of parameters associated with each technique 

(e.g., the scaling factor, the initial index, etc.), this study obtained the proper parameters by 

examining a wide range of values, however, in real-life applications, this approach will be time 

consuming and inefficient. A deep learning-based decision-making strategy appears to be 

beneficial to determine the required chaos control techniques and optimize their associated 

parameters in each application, based on the initial knowledge about the environment’s and the 

robot’s properties.  
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CHAPTER 8 

 

CHALLENGES IN ALGORITHM AND FUTURE WORK 
 

Overall, the algorithms enabled the robot with different sensing ranges to perform effectively 

in environments with different sizes and obstacle configurations. to compute the robot’s 

trajectory to cover 90% of an unknown environment regardless of the number of obstacles in the 

environment. The algorithm also proved that with the combined chaos control techniques for the 

Lorenz-Henon and Arnold-Logistic boosted in reducing coverage time. However, the results 

were not consistent in all the cases. This chapter is divided into both parts: 8.1- challenges in 

third chaos control technique and 8.2- challenges in coverage rate criterion and initial index 

number. 

8.1 Challenges in the third chaos control technique 

 

The purpose of incorporating third chaos control technique, increases distance covered by 

the robot during its coverage task. In return, it increases coverage rate quicker and decreases 

coverage time. Generally speaking, by increasing f the robot covers better, regardless of the size 

of the environment and the number of obstacles. However, in this study, smaller f values 

contributed to better scanning than larger f values. A possible reason might be for higher f values, 

the trajectory points are large enough that they might overlap and not fill gaps in the 

environment. This in return, increases coverage time for the robot to be able to identify the gaps 

in the environment. Also, a recurring trend occurs on the quickest coverage time corresponding 

to f = 3 and f  = 2 for cases of 0 and 5 obstacles respectively.  As the number of cells unvisited 

reduces for the case of 5 obstacles, the robot performs its coverage task much quicker than for it 

to cover an environment without obstacles. Other factors might affect the coverage time along 

with the scaling factor (coverage criterion, c and initial index). This is discussed in Section 8.2.  
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8.2 Challenges in coverage rate criterion and initial index 

 

The purpose of varying initial indexes is to see which of the indexes contributes to a quick 

coverage time. At almost all cases for the standard Arnold with first chaos manipulation 

technique and Arnold-Logistic system, the best coverage times were associated with setting the 

initial index of 3. Setting an initial index of 3 was relatively better at dispersing trajectory points 

than initial index of 1 and 2 at larger environment sizes. However, setting an initial index of 3 

was not consistent at producing quicker coverage times for a 50 m × 50 m environment, with 

obstacles. For the Lorenz-Henon system, setting an initial index of 3 produced the quickest 

coverage time. However, for the standard Lorenz system, setting an initial index of 2 produced 

the quickest coverage time. When setting an initial index of 3, a possible reason might be, the 

robot leaves more gaps in the environment. The gaps are significantly visible in Figure (7.1(a)-

(d), (f), (g)) and Figure (6.1(d)). Setting an initial index of 1 or 2 might be good at filling the 

gaps. Therefore, at certain instances, the robot was able to achieve a quick coverage time by 

setting either 1 or 2 as initial indexes.  

For the hybrid systems, tests were conducted to find out the influence of c on the coverage 

time for 90% coverage rate. In the test, the value of c varied from 0.1 to 1 along with varying 

different initial index values. As the c value increases the coverage time decrease; the robot will 

frequently travel between regions for its coverage task. However, from observing the data in 

Table 3, there were smaller and larger c values that contributed to the quickest coverage time. 

Depending on the area size, and the number of obstacles, calibration needs to be done to obtain 

the best c value. As several factors hinder the process such as: robot’s starting position on the 

map, number of visited cells, etc. it may not be a straightforward process to obtain optimal c, f 

and initial index. Therefore, as part of future work, learning algorithms may need to be adapted 

to obtain the optimal c, f and initial index.  
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CHAPTER 9 

 

CONCLUSION 

 

 Chaotic path planning algorithms are regarded as an effective CPP algorithm as it brings 

continuous and unpredictability in the robot’s motion, it rapidly scans an unknown environment 

and does not require complex techniques of breaking down target areas for the coverage task. 

From past literature, researchers have neglected the importance of coverage time and focused on 

chaos manipulation techniques to increase coverage rate and improve scanning behavior. The 

coverage time is an essential factor in determining the efficiency for the coverage task. No robot 

would want to spend a great deal of time in covering a short environment, if it wants to scan the 

entire area.   

Initially, 15 chaotic DS were tested to see which of the 4 chaotic DS can cover at least 90% 

of a 50 m × 50 m environment at a quick time. Certain systems were not able to reach 90% or 

took a really long time to reach 90%. Out of the 15 chaotic DS, Lorenz, Arnold, Logistic map 

and Henon map were the only systems that brought a quick coverage time and covered 90% of 

the environment. The CP and IC were selected from past resources as those values were 

acknowledged for the most chaotic response in the chaotic DS.  However, to determine whether 

the CP values obtained from past studies contributes to the most chaotic response, the bifurcation 

diagram and Lyapunov exponent tests was conducted. If a different set of CP values was 

generated from the above tests, further tests were conducted to check whether the robot improved 

its performance, using the new combination of CP. It turned out that the CP obtained from past 

studies were better to use as it contributed to a quick coverage time.  

Combining the continuous and discrete systems into a hybrid system seemed to be an 

alternative to help in reducing coverage time. The hybrid systems were introduced, evaluated 

and tested on whether it can further reduce coverage time, as compared to the state-of-art 

standard chaotic DS. For the standard and hybrid systems, 3 chaos control techniques and 2 
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obstacle avoidance techniques play a pivotal role for the coverage task. The three chaos control 

techniques were introduced and evaluated to construct the robot’s trajectory and help with 

reducing coverage time. The first 2 chaos control techniques were incorporated into the standard 

Lorenz, Lorenz Henon map, standard Arnold, and Arnold Logistic map systems. The third chaos 

control technique acted as a buffer to see whether the Arnold Logistic map hybrid system can 

perform better for covering larger environments.   

With the hybrid Lorenz Henon map system, the robot managed to cover 90% of a 

50 m × 50 m environment, approximately 81% quicker than the standard Lorenz system. The 

standard Arnold and hybrid Arnold Logistic map systems were the best chaotic DS for the 

coverage task as the trajectory points associated with the system, can disperse points extremely 

well across the map and limit density. In return, the robot has the ability to cover 90% of a really 

large environment size. The robot using the hybrid Arnold Logistic map system, managed to 

cover 90% of a 50 m × 50 m environment regardless of the number of obstacles, at an average 

of 25.8% faster than the standard Arnold chaotic DS. The Arnold Logistic map system also 

performed really well in producing quicker coverage times for larger environment sizes too. For 

the Arnold Logistic map system, with increased robot sensing range and all chaos control 

techniques applied, the robot managed to cover 58.4% quicker than the standard Arnold with 

4m sensing range.  

Overall, the hybrid systems are a better alternative in providing rapid scanning abilities for 

a robot, as compared to the conventional chaotic system.  The chaos control technique does come 

with a cost of lack in consistency in producing quicker coverage times. For different scenarios, 

calibration would always need to be conducted to find the right coverage rate criterion, scaling 

factor and initial index values. The robot would also need training to understand the best 

parameters to use for covering an unknown area at an efficient time. Applying optimization 

techniques by using optimal parameter values will help in further reducing the coverage time. 
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Learning algorithms will be able to generate optimal parameters, therefore, plans for future work 

will involve investing on developing techniques in learning algorithms to generate optimal 

parameters and initial conditions. In return, an efficient and robust trajectory will be the outputs 

to the optimization algorithm.    
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