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ABSTRACT

This thesis details homeomorphism classification theorems for closed, simply

connected, Riemannian 4-manifolds admitting an isometric circle action. We pro-

ceed by imposing progressively weaker curvature conditions, which results in a slight

weakening of the classification. In particular, we consider positive, non-negative, and

almost non-negative sectional curvature. For positive curvature, the homeomorphism

classification is obtained by Hsiang and Kleiner in [24] and the equivariant diffeomor-

phism classification by Grove and Searle in [18] and Grove and Wilking in [19]. For

non-negative sectional curvature, we look to the independent work of Kleiner in his

thesis [25], and Searle and Yang in [35] for the homeomorphism classification, which

was then improved to a diffeomorphism classification by work of Galaz-Garćıa [13],

and Grove and Wilking in [19]. For almost non-negative curvature, the recent work

of Harvey and Searle in [22] gives the diffeomorphism classification, which coincides

with the classification for non-negatively curved manifolds. In fact, they show that

almost non-negative curvature in this setting implies the existence of an S1-invariant

metric of non-negative curvature.
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CHAPTER 1

INTRODUCTION

One of the most celebrated results in Differential Geometry is the Gauss-

Bonnet theorem. This powerful theorem states that the total Gaussian curvature

of a closed 2-manifold is equal to 2πχ(M), where χ(M) is the Euler characteristic,

a topological invariant. This invariant is strong enough to lead to a complete dif-

feomorphism classification of closed 2-manifolds. A restriction to positive Gaussian

curvature results in only two 2-manifolds: S2, the 2-sphere, and the real projective

space, RP 2. We then see that there is only one positively curved, closed, orientable

2-manifold, S2.

In dimension 3, the work of Hamilton in [20] shows that any closed 3-manifold

of positive sectional curvature is diffeomorphic to a space form. It follows that, in

dimensions 2 and 3, all closed manifolds of positive sectional curvature are diffeomor-

phic to a sphere or a quotient of a sphere. It is natural to ask whether this remains

true in higher dimensions.

Dimension four is more subtle. The only known examples of simply-connected,

positively curved, closed 4-manifolds are S4 and CP 2, but it is not known if this list

is exhaustive. In particular, the Hopf conjecture suggests that S2 × S2 does not

admit a metric of positive sectional curvature, but to date this possibility cannot be

ruled out. However, by imposing the additional condition of an isometric S1-action,

as in [24], we see that the only such 4 manifolds are S4 and CP 2 .

If we continue to assume the existence of an isometric S1-action, but allow

the sectional curvature to be non-negative, then we include three more manifolds:

S2 × S2, and CP 2# ± CP 2. By relaxing the curvature condition to almost non-

negative sectional curvature we find that no new manifolds appear.

The main result of this thesis, due to Harvey and Searle [22], is that any
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simply-connected, closed, almost non-negatively curved Riemannian 4-manifold is

diffeomorphic to one of S4, CP 2, S2 × S2, or CP 2#± CP 2.

This thesis is comprised of 5 chapters. Chapter 1 is as an introduction to the

spaces and tools we use throughout this thesis. We begin by exploring the machin-

ery of smooth manifold theory, we then proceed to discuss tools and techniques in

Riemannian geometry. We finish the chapter with some concepts from metric space

theory, and a brief introduction to Alexandrov geometry. This establishes the foun-

dational knowledge needed for understanding the topics in each proceeding chapter,

as well as understanding the details for the proof of our main theorem.

In Chapter 2, we give an overview of group actions on manifolds. We consider

smooth actions on smooth manifolds, as well as isometric actions on Riemannian

manifolds. We make precise what is meant by S1-symmetry, study the consequences

of such symmetries on the topology of manifolds, and explore the relationship be-

tween manifolds and their quotient spaces. Combined with Chapter 1, Chapter 2

completes the preliminary work necessary for exploring the main body of this thesis,

that is, the classification results.

In Chapter 3, we prove a theorem due to Hsiang and Kleiner [24] which

states that any simply-connected, closed, positively curved Riemannian 4-manifolds

with S1-symmetry is homeomorphic to one of S4 or CP 2. We then state a result

due to Grove and Searle [18], which extends the Hsiang and Kleiner result, in the

case when the dimension of the fixed point set is 2, to a diffeomorphism classification

comprised of S4 and CP 2. These results are generalized by Grove and Wilking in [19],

where they show that any simply connected, closed, positively curved Riemannian

4-manifold with S1-symmetry is equivariantly diffeomorphic to one of S4 or CP 2

with a linear S1 action.

In Chapter 4, we relax our lower sectional curvature bound from positive to

non-negative. As a result, we get a theorem due independently to Kleiner [25] and
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Searle and Yang [35] which states that any simply connected, closed, non-negatively

curved Riemannian 4-manifold with S1-symmetry is homeomorphic to one of S4,

CP 2, CP 2#±CP 2, or S2×S2. This result is also generalized by Grove and Wilking

in [19], in which they prove that any simply-connected, closed, non-negatively curved

Riemannian 4-manifold with S1-symmetry is diffeomorphic to one of S4, CP 2, S2 ×

S2, or one of CP 2# ± CP 2, where the action extends to a smooth T 2 action. This

result is essential in proving our main result, since what is shown is that all simply-

connected, closed, almost non-negatively curved 4-manifolds with an isometric S1

admit a metric of non-negative sectional curvature invariant under the same action.

In Chapter 5, we state and prove our main result, due to Harvey and Searle

[22], which that says that any simply-connected, closed, almost non-negatively curved

Riemannian 4-manifold with S1 symmetry is diffeomorphic to one of S4, CP 2,

CP 2# ± CP 2, or S2 × S2. This is currently the most general result for closed,

simply-connected, almost non-negatively curved 4-manifolds with S1 symmetry.
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CHAPTER 2

PRELIMINARIES

In this chapter we construct and investigate the relevant spaces which we

address in the main body of this thesis. We begin by defining smooth manifolds,

with the goal of discussing tools from Riemannian geometry which we utilize in this

thesis. We then move to the more general class of metric spaces, with the goal of

introducing the concept of an Alexandrov space. Once we understand the basics of

Alexandrov geometry, we prove a set of technical results which we use in Chapters

4, 5, and 6.

2.1 Smooth Manifolds

We may think of smooth n-dimensional manifolds as spaces which, on small

scales, behave like the familiar spaces from Calculus: n-dimensional Euclidean space,

Rn. Manifolds are understood to exist as spaces in their own right, that is, not as

being contained in a larger ambient space. We begin with the most general type of

manifold, the topological manifold, then we construct the necessary tools to formally

define a smooth manifold.

Definition 2.1.1 [Topological Manifold]. A topological space M is called a topo-

logical manifold if it is Hausdorff, second countable, and locally homeomorphic to

Rn, for some fixed n. We say that the dimension of M is equal to n, and write

dim(M) = n.

The strongest notion of equivalence between topological manifolds is that of

homeomorphism.

Definition 2.1.2 [Homeomorphism]. A homeomorphism between two topological

spaces M and N is a bijective map F : M → N such that both F and F−1 are

continuous.
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By introducing an additional structure on a topological manifold M , we can

generalize the calculus of Rn to calculus on M . We call such a structure a differen-

tiable structure. In order to define this concept we need the following definition.

Definition 2.1.3 [Atlas]. An atlas on a topological manifold M , denoted {(Uλ, ϕλ)},

is an open cover {Uλ} of M together with a family of maps {ϕλ} such that the

following hold.

1. For each (Uα, ϕα) ∈ {(Uλ, ϕλ)}, there exists and open set V ⊂ Rn such that

ϕα : Uα → V
is a homeomorphism.

2. For any pair (Uα, ϕα), (Uβ, ϕβ) the map

ϕα,β := ϕβ ◦ ϕ−1
α : ϕα(Uα ∩ Uβ)→ ϕβ(Uα ∩ Uβ)

is a homeomorphism.

We call ϕαβ a transition map. We call each element (Uα, ϕα) of an atlas a coordinate

chart or simply a chart.

Now that we have a way of putting coordinates on a manifold, we are ready

to define a differentiable manifold.

Definition 2.1.4 [Differentiable Manifold]. A differentiable manifold is a topo-

logical manifold M equipped with an atlas {(Uλ, ϕλ)} which is maximal relative to

the condition that each ϕαβ is a differentiable map. We call the associated atlas a

differentiable structure on M .

We define Ck-manifolds as being differentiable manifolds whose transitions

maps have k continuous derivatives. From this point forward we assume all manifolds

to be smooth, that is, C∞, or infinitely differentiable, unless stated otherwise.

Having introduced a new level of structure to the topological manifold, we

establish an equivalence criterion to account for this information. The strongest

notion of equivalence between differentiable manifolds is that of diffeomorphism. In

order to define diffeomorphism, we first define a more general type of map.
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Definition 2.1.5 [Smooth Map]. Let Mn
1 and Mm

2 be two smooth manifolds. A

map F : M1 → M2 between smooth manifolds is said to be smooth at p ∈ M1 if

given a chart (V, ψ) on M2 with F (p) ∈ V there exits a chart (U,ϕ) in M1 such that

F (U) ⊂ V and the mapping ψ ◦ F ◦ ϕ−1 : φ(U) ⊂ Rn → ψ(V ) ⊂ Rm is a smooth

map at ϕ(p). A map is said to be smooth if it is smooth at all points in M1.

Similarly to how a homeomorphism is a continuous map which preserves the

topological information of a manifold, a diffeomorphism is a smooth map that pre-

serves the topological and differential information of a smooth manifold.

Definition 2.1.6 [Diffeomorphism]. A diffeomorphism between two smooth man-

ifolds M and N is a homeomorphism, F : M → N , such that both F and F−1 are

smooth maps.

We now give some important examples of smooth manifolds, which will appear

in what follows.

Example 2.1.7 [Sphere]. Define Sn := {x ∈ Rn+1 : |x| = 1}. Sn inherits a

manifold topology via the subspace topology in Rn+1.

Example 2.1.8 [Complex Projective Space]. The 2n-dimensional space

CP n := (C \ {0})/z ∼ w

where z ∼ w if z = λw for some λ ∈ C, is a quotient of the S2n+1 ⊆ Cn+1 by a

free action of the group S1. The manifold topology and smooth structure on CP n are

obtained from S2n+1 via the quotient map.

We now define a smooth manifold, called the tangent bundle, which is nat-

urally associated to any smooth manifold M . The tangent bundle of a smooth

manifold M is a powerful analytic tool for investigating M .
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Definition 2.1.9 [Tangent Bundle]. Let M be a smooth manifold. We call the

set TM = {(p, v) | p ∈ M and v ∈ TpM} endowed with a smooth structure induced

by M the tangent bundle of M .

We are now in a position to define vector fields on smooth manifolds.

Definition 2.1.10 [Vector Field] [6]. A vector field X on a differentiable manifold

M is a correspondence that associates to each point p ∈ M a vector X(p) ∈ TpM .

In terms of mappings, X is a mapping of M into the tangent bundle TM . The field

is said to be differentiable if the mapping X : M → TM is differentiable.

We denote by X(M) the space of all smooth vector fields on M and denote a

smooth vector field by V ∈ X(M). We also note here that X(M) has a natural left

multiplication by real valued C∞ functions on M , which gives rise to a left R-module

structure.

Now, we want a way to characterize a notion of covariant derivative for vector

fields on smooth manifolds. In order to do so, we define the following map, called an

affine connection.

Definition 2.1.11 [Affine Connection]. [6] An affine connection ∇ on a smooth

manifold M is a mapping

∇ : X(M)× X(M)→ X(M)

(X, Y ) 7→ ∇XY

,

which satisfies the following conditions for X, Y,X ∈ X(M) and f, g ∈ Ω∞(M):

1. ∇fX+gYZ = f∇XZ + g∇YZ,

2. ∇X(Y + Z) = ∇XY +∇XZ,

3. ∇X(fY ) = f∇XY +X(f)Y .

Note that these properties guarantee that an affine connection behaves like

the usual covariant derivative when M = Rn.
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The tangent bundle, being a manifold constructed by attaching a vector space

at each point of another manifold, is in fact, a vector bundle and belongs to a more

general class of manifolds called fiber bundles.

Definition 2.1.12 [Fiber Bundle]. A fiber bundle is a 4-tuple (E,B, π, F ) where

E,B, and F are smooth manifolds and the following conditions are satisfied.

1. The map π : E → B is smooth surjection such that for every x ∈ B there is an

open neighborhood U of x for which there is a diffeomorphism ϕ : π−1(U) →

U × F .

2. Let p : U × F → U be the projection onto the first factor. Then, the following

diagram commutes

π−1(U) ⊂ E

U ⊂ B

U × F
ϕ

π p

The following lemma from [22] classifies simply connected 3-manifolds with

boundary, and will be of use in the analysis of our quotient spaces.

Lemma 2.1.13. [22] If Y is a simply-connected 3-manifold with m boundary com-

ponents, then Y is homeomorphic to S3 with m copies of D3 removed.

2.2 Riemannian Geometry

We are now ready to add a new layer of structure to smooth manifolds. A

smooth manifold alone does not possess the necessary information to define the

intrinsic notions of length, distance, volume, or angle. However, by assigning inner

products to the tangent spaces in a controlled manner, which we describe explicitly

in this section, we are able to define each of these notions on any smooth manifold.

Riemannian geometry is the study of smooth manifolds endowed with a Rie-

mannian metric. With the addition of a Riemannian metric to a smooth manifold,
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we can ask questions similar to those commonly asked in classical Euclidean geom-

etry. In this section we introduce the concept of a Riemannian manifold. We begin

with the notion of a Riemannian metric.

Definition 2.2.1 [Riemannian Metric]. [6] A Riemannian metric on a smooth

manifold M is an assignment to each p ∈ M an inner product 〈·, ·〉p on TpM which

is smooth in the sense that if x: U → M is a smooth parametrization at p with

x(x1, x2, . . . , xn) = q ∈ x(U) and ∂
∂xi

(q) = dxq(0, . . . , 1, . . . , 0) with 1 in the ith

position then:

〈 ∂
∂xi

(q),
∂

∂xj
(q)〉q = gij(x1, x2, . . . , xn)

is a smooth function on U ⊂ R.

We call a smooth manifold M equipped with a Riemannian metric g = (gij)

a Riemannian manifold and denote it by (M, g).

Example 2.2.2. Any manifold which can be smoothly embedded in Rn admits an

induced Riemannian metric as follows. Let f : M → Rn be a smooth embedding,

then M admits a Riemannian metric determined by

〈u, v〉p = 〈dfp(u), dfp(v)〉f(p)

where 〈·, ·〉f(p) is the standard inner product on Tf(p)Rn

In fact, any smooth n-manifold can be smoothly embedded into R2n, via

the strong Whitney embedding theorem, see, for example, Lee [27]. It follows that

any smooth manifold admits a Riemannian metric. In the absence of an explicit

embedding one can also endow any smooth manifold with a Riemannian metric

intrinsically via a partition of unity.

Since we have added a further level of structure to the topological space, we

now determine a new criterion of equivalence: isometry.
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Definition 2.2.3 [Isometry]. A diffeomorphism, F : M → N , between two Rie-

mannian manifolds is called an isometry if for all p ∈M , we have

〈v, w〉p = 〈dFp(v), dFp(w)〉F (p).

Recall that for smooth manifolds we are able to define affine connections

which serve to define a type of covariant derivative for vector fields. In a Riemannian

manifold, there is a unique choice of affine connection which reflects the geometry of

the metric. This affine connection is called the Levi-Civita Connection. Throughout

this paper, any Riemannian manifold is assumed to be equipped with the Levi-Civita

connection.

Definition 2.2.4 [Levi-Civita Connection]. [6] An affine connection ∇ on a Rie-

mannian manifold is called a Levi-Civita connection if the following two conditions

are satisfied.

1. The connection is compatible with the metric, that is,

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉, for X, Y, Z ∈ X(M).

2. The connection is torsion free, that is,

∇XY −∇YX = [X, Y ].

Since the affine connection serves as a covariant derivative, it defines a notion

of parallel vector field along a curve, that is, a vector field V along a curve

c(t) : I →M is parallel when DV
dt

= 0 at all t ∈ I.

Now that we have a metric and a natural choice of connection to measure

the covariant derivatives of vector fields, we are ready to begin the discussion of

curvature. We are concerned with sectional curvature in this thesis, but note that

there are other notions of curvature, such as Ricci and scalar curvature. To begin,

we first define the Riemann curvature tensor, which we need to define sectional

curvature.
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Definition 2.2.5 [Riemann Curvature Tensor]. [6] The Riemann curvature ten-

sor R, of a Riemannian manifold (M, g) is a correspondence that associates to every

pair X, Y ∈ X(M) a mapping R(X, Y ) : X(M)→ X(M) given by

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z

where ∇ is the Levi-Civita connection on (M, g).

We can think of the Riemann curvature tensor of a manifold M as a mea-

surement of the non-commutativity of the covariant derivative. This is equivalent

to measuring how far a space is from being Euclidean, noting that the covariant

derivative in Rn is commutative. We are now ready to define the sectional curvature

of a Riemannian manifold.

Definition 2.2.6 [Sectional Curvature]. [6] Given a point p ∈ M and a 2-plane

σp ⊂ TpM , the sectional curvature K(σp) is defined to be

〈R(u, v)v, u〉
〈u, u〉〈v, v〉 − 〈u, v〉2

for any pair of linearly independent vectors u, v ∈ σp.

Now that we have defined the notions of curvature which we use in this paper,

we turn to a discussion of curves in Riemannian manifolds. We call such curves

geodesics.

Definition 2.2.7 [Geodesic]. [6] A parametrized curve γ : I →M is a geodesic at

t0 ∈ T if D
dt

(dγ
dt

) = 0 at the point t0, If γ is a geodesic at t, for all t ∈ I, we say that γ

is a geodesic. If [a, b] ⊂ I and γ : I → M is a geodesic, the restriction of γ to [a, b]

is called a geodesic segment joining γ(a) to γ(b).

We see that if γ : I → M is a geodesic, then by the metric compatibility of

∇ we have

d

dt

∥∥∥dγ
dt

∥∥∥2

=
d

dt
〈dγ
dt
,
dγ

dt
〉 = 2〈D

dt

dγ

dt
,
dγ

dt
〉 = 2〈0, dγ

dt
〉 = 0.
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So, the magnitude of the velocity vector, dγ
dt

, of a geodesic is constant. In this way,

we have identified a type of curve whose length is minimizing.

Now, given a Riemannian manifold M , we define a special type of submanifold

which depends on the geometry of M . These submanifolds will be, at each point p ∈

M , locally equivalent to the image of exponential map on some small neighborhood

of TpM ..

Definition 2.2.8 [Totally Geodesic Submanifold]. Given a Riemannian mani-

fold, (M, g), a submanifold, (N, g|N), with the subspace metric is said to be totally

geodesic if any geodesic γ in N is also geodesic in M .

Note that since the geodesics at a point p in a totally geodesic submanifold

(N, g|N) of (M, g) are all geodesics in (M, g), then the sectional curvature at every

point p ∈ (N, g|N) is equal to that of p ∈ (M, g).

We define next a tool that, when given a curve α in M , allows us to consider

a family of curves, which can be thought of as a collection of instantaneous images

of a continuous deformation of the curve α.

Definition 2.2.9 [Variation]. [6] Let c : [0, a] → M be a piecewise differentiable

curve in a manifold M . A variation of c is a continuous mapping f : (−ε, ε)×[0, a]→

M such that the following hold.

1. The initial curve is given by f(0, t) = c(t), t ∈ [0, a]

2. There exists a subdivision of [0, a] by points 0 = t0 < t1 < · · · < tk+1 = a,

such that the restrictions of f to each (−ε, ε) × [ti, ti+1], i = 0, 1, . . . , k, is

differentiable.

A variation is said to be proper if f(s, 0) = c(0) and f(s, a) = c(a), and said to be

smooth if cs is smooth for all s.
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Given a curve α in M , one can use variations to investigate changes in the

length of α under certain deformations. The next definition is a particularly useful

analytic tool for describing variations.

Definition 2.2.10 [First Variation Formula]. [3] Let R = (−ε, ε) × [a, b]. For

a smooth variation α : R → M with curves cs = α|{s}×[a,b] and c0 parametrized by

arc-length. If we let V (t) = ∂c
∂s

(0, t) and T (s) = ∂c
∂t

(s, 0) be the variational vector

fields, then the first variation formula is defined by

d

ds
L(cs)|s=0 =

1

||c′0||
{〈V, T 〉|ba −

∫ b

a

〈V,∇TT 〉dt}

This formula measures the infinitesimal rate of change of arc-length for curves

in a variation as one varies through the s-parameter.

Finally we present a theorem that, when given two manifolds, compares the

length of geodesics in each when they are parametrized on the same interval.

Theorem 2.2.11 [Corollary of Rauch II]. [3] Let γ, γ0 be geodesics on M and

M0 parametrized on [0, l], with tangent vectors T and T0. Let E and E0 be parallel

unit vectors fields along γ and γ0 which are everywhere perpendicular to T and T0.

Let c : [0, l]→M be a smooth curve defined by

c(t) = exp(f(t)E(t)),

where f : [0, l]→ R is a smooth function , and let c0 : [0, l]→M0 be defined by

c0(t) = exp(f(t)E0(t)).

Assume that KM0 ≥ KM , and assume that for each t the geodesic η0 : [0, l] → M0

defined by

η0(s) = exp(sf(t)E0(t))

contains no focal points of the geodesic submanifold defined by η′0(0). Then L(c) ≥

L(c0).
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2.3 Geometry of Manifolds with Positive Sectional Curvature

In this section, we focus our attention on Riemannian manifolds whose sec-

tional curvature is strictly positive, which we denote by sec(M) > 0. There is a

strong relationship between the sectional curvature of a manifold and its topology,

as can be seen in the following result due to Synge [37].

Synge’s Theorem 2.3.1. [37] Let M be a Riemannian manifold of strictly positive

sectional curvature. Then the following are true.

1. If dim(M) = 2k, k ∈ Z, then π1(M) = 0 if M is orientable, and π1(M) = Z2,

if M is non-orientable.

2. If dim(M) = 2k + 1, k ∈ Z, then M is orientable.

Finally, we present a theorem which characterizes totally geodesic submani-

folds in positively curved spaces.

Frankel’s Theorem 2.3.2. [11] For a closed Riemannian manifold M with strictly

positive sectional curvature and two totally geodesic submanifolds N1, N2 of M , if

dim(N1) + dim(N2) ≥ dim(M),

then N1 and N2 have non-trivial intersection.

2.4 Metric Geometry

Many of the arguments to prove the results in this thesis require that we

consider the more general class of Alexandrov spaces. With the goal of defining such

spaces in Section 2.5, we first introduce notions of metric spaces.

Definition 2.4.1 [Hausdorff Distance]. Let X and Y be two non-empty subsets

of a metric space (M,dM). We define the Hausdorff Distance between them to be

dH(X, Y ) = max{sup
x∈X

inf
y∈Y

dM(x, y), sup
y∈Y

inf
x∈X

dM(x, y)}.
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To illustrate this concept, consider Figure 2.1 below. In this figure, we have

two disks X and Y in R2 each equipped with the subspace metric to the standard

metric on R2. The metric ball B(r1, Y ) is the smallest ball about Y that contains

X, and the ball B(r2,X) is the smallest metric ball about X that contains Y . In this

particular case, the Hausdorff distance between X and Y is given by dH(X, Y ) =

max{r1, r2}.

Figure 2.1: Hausdorff Distance Between X and Y

The Hausdorff distance between X and Y is clearly dependent on how X

and Y are embedded in a particular metric space. With this dependence in mind,

we would like to have a measurement of how far two metric spaces are from being

isometric in an intrinsic sense, independent of any particular embedding. The Haus-

dorff distance is used as a tool to construct such a measurement in the following

definition.

Definition 2.4.2 [Gromov-Hausdorff Distance]. For two compact metric spaces

X and Y the Gromov-Hausdorff distance is defined to be

inf
f,g,M
{dH(f(X), g(Y ))}
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where f and g are isometric embeddings of X and Y respectively into some metric

space M .

Example 2.4.3. Consider two circles X = S1(1) and Y = S1(1) with

X = {(x, y) ∈ R2 : (x− 1)2 + y2 = 1|} and Y = {(x, y) ∈ R2 : (x+ 1)2 + y2 = 1}.

We see that X and Y have a unique intersection point at the origin, and it follows

that dH(X, Y ) = 2. Now consider translations f and g of R2 such that

f : (x, y) 7→ ((x+ 1), y) and g : (x, y) 7→ ((x− 1), y).

We see f(X) = g(Y ) = {(x, y) ∈ R2 |x2+y2 = 1}. It follows then that dH(f(X), g(Y )) =

0, and therefore dGH(X, Y ) = 0.

If we consider the set of all isometry classes of compact metric spaces, then

the Gromov-Hausdorff distance serves as a metric for this space. Equipped with this

metric, we call the resulting space the Gromov-Hausdorff space. Since the Gromov-

Hausdorff space is a metric space, we can define a notion of convergence of sequences

in the usual metric sense. In particular, if a sequence of metric spaces converges in

the Gromov-Hausdorff sense, then we call its limit the Gromov-Hausdorff limit of

the sequence. Now that we have a tool for comparing two compact metric spaces,

we want to develop tools for studying a single metric space. The following definition

gives a notion of size for compact metric spaces.

Definition 2.4.4 Diameter. The diameter of a metric space X is defined by

diam(X) = sup
x,y
{dist(x, y) |x, y ∈ X }.

Note that in a compact metric space, since the distance function is a contin-

uous real-valued function, then the diameter is finite and realized by some pair of

points in X. The next definition gives information about how far apart a set of n

points can be in a metric space, generalizing the notion of diameter for a compact

metric space.
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Definition 2.4.5 [n-extent]. [33] The n-extent, denoted xtn(X), of a compact met-

ric space (X, d) is defined to be the maximum average distance between n points in

X. Explicitly,

xtn(X) =

(
n

2

)−1

max
{ ∑

1≤i<j≤n

d(xi, xj) | {xi} ⊂ X
}
.

Note that xt2(X) = diam(X). The following lemma from Grove Markvorsen

[17] gives a formula for computing the q − extents for the round sphere.

Lemma 2.4.6. [17] Let Sn be the unit n-sphere in Rn+1. For all integers q ≥ 2, one

has

xtq(S
n) =

π

2− (b(q + 1)/2c)−1]
.

In particular, xt3(S2) = xt4(S2) = 2π/3 and xt5(S2) = 3π/5.

We define a new class of metric space called a length space.

Definition 2.4.7 [Length Space]. [2] A metric that can be obtained as the distance

function associated to a length structure is called an intrinsic, or length metric. A

metric space whose metric is intrinsic is called a length space. We call a length space

complete when for any two points a, b ∈ X there exists a shortest path in X between

a and b, which we denote [a, b].

Example 2.4.8. In a Riemannian manifold M , the distance between two points

p, q ∈M is defined to be:

inf{L(α) |α : [a, b]→M is continuous with α(a) = p and α(b) = q}

where L(α) is the length of α. Therefore, Riemannian manifolds are length spaces.

In the next section we discuss Alexandrov spaces, which are a special type of

complete length space with a notion of curvature. In order to be precise about what

we mean by curvature in a complete length space we give the following definitions

from Burago, Burago, and Ivanov [2]). We begin by defining a class triangles in a

metric space X whose sides are shortest paths in X called geodesic triangles.
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Definition 2.4.9 [Geodesic Triangle]. Let p1, p2, p3 be distinct points in an Alexan-

drov space X. A geodesic triangle in X with vertices p1, p2, p3 and side lengths a, b, c,

denoted ∆a,b,c(p1, p2, p3), is a set of geodesic segments γik with endpoints pi and pk,

where i 6= k and i, k ∈ {1, 2, 3}. We denote by ]i(γij, γik) the measure of the angle

at pi.

To denote an arbitrary geodesic triangle with sides of length a, b, and c, we omit

(p1, p2, p3) and write ∆a,b,c. When the vertex information of a geodesic triangle is

sufficient, we omit a, b, c and write ∆(p1, p2, p3).

In a Riemannian manifold, the sectional curvature has a direct influence on

the angle sums of geodesic triangles. In a length space we proceed in the other

direction, that is, we use information about the angle sums of geodesic triangles to

define curvature. To do this, we need a set of standardized spaces against which to

make comparisons, these are called the model spaces of constant curvature.

Definition 2.4.10 [Model Space of Constant Curvature κ]. [2] Let κ be a real

number. The model space of curvature κ, denoted M2
κ , is defined to be one of the

following spaces

� R2, if κ = 0;

� S2(1/
√
κ), if κ > 0;

� The hyperbolic plane of curvature κ, if κ < 0.

We note that the model space of curvature κ has finite diameter when κ > 0

and is unbounded when κ < 0. If we denote the diameter of the model space of

curvature κ by Dκ we see that

Dκ =

 π/
√
κ, κ > 0,

∞, κ ≤ 0.
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We now use the fact stated in [2] that for any a, b, c > 0 such that a + b + c < 2Dκ

there exists a triangle in the model space of curvature κ with sides of length a, b, and

c which is unique up to a rigid motion. We call this triangle a comparison triangle.

Definition 2.4.11 [Comparison Triangle]. [2] Let κ be a real number and X be

a complete length space. For a geodesic triangle ∆a,b,c in X with sides of length a, b,

and c such that a + b + c < 2Dκ, we call the geodesic triangle ∆̄a,b,c in the model

space of curvature κ a comparison triangle for ∆a,b,c if it has side lengths .

Now that we have a notion of comparison triangle, we are equipped to define

curvature for complete length spaces in the triangle comparison sense.

Definition 2.4.12 [Curvature in the Triangle Comparison Sense]. [2] Let X

be a length space and let κ ≥ 0 be a real number. Let ∆a,b,c a geodesic triangle with

angles α, β, γ, and ∆̄a,b,c be a comparison triangle in M2
κ with angles ᾱ, β̄, γ∗. Then

we say curv ≥ κ if α ≥ ᾱ, β ≥ β̄, and γ ≥ γ̄.

2.5 Alexandrov spaces

Alexandrov spaces are generalizations of Riemannian manifolds with a lower

curvature bound, and the Gromov-Hausdorff limit of a sequence of closed manifolds

M with sec ≥ κ is an Alexandrov space with a lower curvature bound. In particular,

the quotient by an isometric group action of a Riemannian manifold with sec ≥ κ is

an Alexandrov space with the same lower curvature bound. We note here that the

class of Alexandrov spaces is invariant under quotient by isometric group actions,

gluings, and joins.

Definition 2.5.1 [Alexandrov Space]. [2] A finite-dimensional metric space X is

called an Alexandrov space if it is a locally complete, locally compact, length space

with a lower curvature bound in the triangle comparison sense.

A space X is locally compact if for any x ∈ X there exists a compact neigh-

borhood of x in X, and locally complete if for any x ∈ X there exists a complete
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neighborhood of x in X. In an Alexandrov space, a geodesic is defined to be a

curve which is length minimizing. This definition makes no reference to a differen-

tiable structure, and indeed not all Alexandrov spaces admit a smooth structure.

Implicit in the definition of Alexandrov space, via the existence of triangle compar-

ison, is that there is a well-defined notion of angle between geodesic curves passing

through a point. We can use this fact to define the notion of space of directions

in the Alexandrov sense, which generalizes the notion of a unit tangent space in a

Riemannian manifold.

Let X be an Alexandrov space and let p ∈ X. Denote by Gp the space of

non-trivial geodesics emanating from p. Let ] : Gp×Gp → R give the angle between

two geodesics at p. We define an equivalence relation on Gpby

γ1 ∼ γ2 if and only if ∠(γ1, γ2) = 0,

and the resulting quotient space equipped with the ] function, which we call Σ′pX,

is a metric space under ]. Finally, we take the completion of Σ′pX and call this

the space of directions at p, denoted ΣpX. The space of directions Σp at p in an

n-dimensional Alexandrov space Xn is an Alexandrov space of dimension n− 1 and

curv(Σp) ≥ 1. Furthermore, Σp is isometric to Sn−1(1) almost everywhere in X (see,

for example, [2]).

Definition 2.5.2 [Hinge]. [2] Let α and β be two shortest paths parametrized by arc

length starting at the same point p. Such a configuration is referred to as a hinge.

We denote a hinge by [qpx] where q is the initial point of minimizing segments

α and β with endpoints x and p respectively. We now generalize the first variation

formula, Definition 2.2.10, to Alexandrov spaces.

Proposition 2.5.3 [First Variation of Arc Length for Length Spaces]. [2] Let

X be a length space, γ : [0, T ] → X a unit-speed shortest path, a = γ(0), d = γ(T ),
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and p ∈ X \ {a}. For each t ∈ [0, T ], set l(t) = dist(p, γ(t)) and fix a shortest path

σt connecting γ(t) to p. If the hinge [apd] has angle α = ]pad, then

l(t) ≤ l(0)− t · cos(α) + o(t), t→ 0+.

We visualize this in Figure 2.2.

Figure 2.2: Diagram of First Variation of Arc Length

The following theorem for geodesic triangles allows one to make explicit use

of the lower curvature bound of an Alexandrov space when the curvature is positive.

We will use this theorem to bound the angle sum of geodesic triangles in Chapters

4, 5, and 6.

Toponogov’s Theorem 2.5.4. [3] Let ∆a,b,c be a geodesic triangle in an Alexandrov

space X with curv(X) > 0 (respectively ≥ 0), then

3∑
i=1

]i(γij, γik) > π, ( respectively ≥ π).

When an Alexandrov space X has boundary, we use the following theorem due

to Perelman [31] which characterizes the way geodesic curves lie in X with respect

to the boundary. We utilize this theorem in Chapters 4, 5, 6.
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Theorem 2.5.5. [31] Let X be an Alexandrov space with curv ≥ κ > 0 (curv ≥ 0)

and with non-empty boundary, N . Then the distance function f(∗) = dist(N, ∗) is

strictly concave down (concave down).

The following lemma gives us useful information about the defect of a geodesic

triangle in spaces with a negative lower curvature bound, where the defect of a

geodesic triangle equals π − (
∑3

i=1 ]i(γij, γik)).

Lemma 2.5.6. [22] Let X be an Alexandrov space such that curv(X) ≥ −κ2 and

diam(X) ≤ 1. Then the defect of any triangle in X is bounded above by a function

µ(κ) with µ(κ) = O(κ2), that is π − (
∑3

i=1 ]i(γij, γik)) ≤ µ(κ).

Lemma 2.5.6 is useful when we consider a sequence of metrics on an Alexan-

drov space such that the curvature of the limit space in the Gromov-Hausdorff sense

is non-negative. The next result will also be useful in this respect, when we consider

the way geodesics and the angles between them change under such a sequence of

metrics.

Now that we have machinery for analyzing local changes in an Alexandrov

space under a sequence of metrics, we define a special type of sequence of metrics

which defines a new notion of curvature for Alexandrov spaces.

Definition 2.5.7 [Almost Non-Negatively Curved Alexandrov Space]. [22]

We say a sequence of Alexandrov spaces {(X, distn)}∞i=1 is almost non-negatively

curved if there is a fixed D > 0 so that

diam(X, distn) ≤ D and curv(X, distn) ≥ − 1

n2
.

We will say that an Alexandrov space admits a metric of almost non-negative

curvature if it admits a sequence of metric which satisfies the above conditions, and

equivalently we will say that the Alexandrov space itself is almost non-negatively

curved. Note that, since the class of Riemannian manifolds with a lower sectional
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curvature bound is properly contained in the class of Alexandrov spaces, this defini-

tion makes sense for both classes. In the Riemannian case, we only need to replace

curv with secκ and distn with gn. Now we give a result that bounds the number of

boundary components an almost non-negatively curved Alexandrov space can have.

This result generalizes the fact that a non-negatively curved Alexandrov space can

have at most two boundary components, which follows from he Soul Theorem for

Alexandrov Spaces due to Perelman [31].

Lemma 2.5.8. [22] An almost non-negatively curved Alexandrov space can have at

most two boundary components.

The proof of Lemma 2.5.8 relies on the fact the Alexandrov spaces are invari-

ant under gluing and uses deep work of Wong, and Lie and Zhen. Our last results

show that under certain additional circumstances, detailed in Lemma 2.5.12, it is

also invariant under double-branched covers.

Definition 2.5.9 [Double Branched Cover]. A branched cover for a topological

space X is a space X̃ together with a mapping p : X̃ → X and a nowhere dense set

A ⊂ X, such that there exists an open cover {Uα} of X \ A for which p−1(Uα) is a

disjoint union of open sets in X̃ each homeomorphically mapped to Uα by p. If we

have that p−1(Uα) corresponds to two disjoint open sets in X̃ for each α, we call X̃

the two-fold branched cover or double branched cover of X, and denote it by X2(A).

We need one more topological object before we can sate the final two results of this

chapter. The first one being the knot.

Definition 2.5.10. A subset K ⊂ R3 is a knot if there exists a homeomorphism

S1 → K ⊂ R3. We call two knots K1, K2 equivalent if there is a homeomorphism

F : R3 → R3 such that F (K1) = K2. We call a knot K unknotted if it is equivalent

to the circle {x2 + y2 = 1, z = 0 | (x, y, x) ∈ R3 }.
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This simple definition is the focus of a broad theory that pulls in work from many

areas of mathematics, but we include it here only so that we may state the following

result due to Grove and Wilking in [19].

Proposition 2.5.11. [19] Let c be a locally flat embedded S1 in S3 and let S3
2(c)

denote the corresponding canonical 2-fold branched cover. Then S3
2(c) is the 3-sphere

if c is unknotted, and otherwise π1(S3
2(c)) is infinite or has order at least 3.

Proposition 2.5.11 is stated for spaces more general than Alexandrov spaces, but it is

nevertheless useful here as it leads to the following result due to Harvey and Searle,

which we make use of in Chapter 6.

Lemma 2.5.12. [23] Let X be an Alexandrov space of curv ≥ κ which is homeo-

morphic to S3. Let c be a simple closed curve in X which is an extremal subset.

Then the double branched cover of X over c, X2(c) is also an Alexandrov space of

curv ≥ κ.
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CHAPTER 3

TRANSFORMATION GROUPS

Permutation groups and matrix groups acting on a space X are examples

of transformation groups, that is, groups acting on a space X and preserving the

inherent structure of X. This chapter serves to give a brief introduction to the

theory of group actions on manifolds, as well as to present a few theorems that

are important in the proof of our main results. We begin with a general overview

of smooth group actions on differentiable manifolds, and then restrict our focus to

smooth circle actions. We then proceed to give a general overview of isometric group

actions on Riemannian manifolds, and finish the chapter by restricting our focus to

the case of isometric circle actions.

3.1 Transformation Groups

There is a rich interplay between the topology of a manifold and the topology

of the groups which act on them smoothly. In this section we see that a special type

of group, called a Lie group, is a smooth manifold itself and when a Lie group acts

on a smooth manifolds we obtain a wealth of information about the orbits. We begin

with the definition of a group action.

Definition 3.1.1 [Group Action]. Let G be a group and let Ω be a set. We say

that G acts on Ω if there is a map ϕ : G× Ω→ Ω such that the following hold:

1. ϕ(e, x) = x for all x ∈ Ω; and

2. ϕ(h, ϕ(g, x)) = ϕ(hg, x) for all x ∈ Ω and for all h, g ∈ G.

We call the map ϕ a group action.

An action is called effective if the only element that fixes Ω pointwise is the identity

element. An action is called almost effective if a finite group fixes Ω pointwise. For
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a particular element x ∈ Ω we set Gx = {g ∈ G : gx = x}, the set of all elements of

G which fix x. This set forms a subgroup of G, which we call the isotropy subgroup

of x.

If for some x ∈ Ω we have that Gx is a finite group, we say that x has finite isotropy.

We see that an action G on Ω is effective if and only if ∩x∈ΩGx = {e} and almost

effective if and only if ∩x∈ΩGx is a finite group. We say that an action is free if

Gx = {e} for all x ∈ Ω, semi-free if Gx is G or {e} for all x ∈ Ω, and almost free if

Gx is finite for all x ∈ Ω. Note that every free action is almost free. If an action of

G on Ω is not free, then we call the set {x ∈ Ω : g · x = x for all g ∈ G} the fixed

point set of the action and denote it by Fix(M ;G).

Definition 3.1.2 [Orbit]. Let G act on Ω. An orbit of the G-action is an equiva-

lence class in Ω given by the relation: x ∼ y if and only if x = g · y for some g ∈ G.

We denote the orbit of the point x by G(x).

When a group G acts on a set X, we can use the partial ordering on subgroups

of G given by set inclusion to classify orbit types in X. The largest type of orbit in

this system is called a principal orbit.

Definition 3.1.3 [Principal Orbit]. For x ∈ Ω, an orbit is called principal if its

isotropy subgroup Gx is minimal with respect the the following partial order: (H) ⊆

(K) if and only if H is conjugate to some subgroup of K. The ordering is partial

because there may be elements that we cannot compare.

We distinguish two other types of orbits by their respective isotropy groups.

An orbit is called exceptional if its isotropy subgroup is not minimal but has the

same dimension as the principal isotropy subgroup. An orbit is called singular if its

isotropy subgroup has dimension strictly larger than that of the principal isotropy

subgroup.
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We may define an equivalence relation on a G-space X, by letting x ∼ y if and

only if G(x) = G(y). The resulting identification space X/G is called the quotient

space. The topology on X/G is given by calling a set U ⊂ X/G open if and only if

π−1(U) is open in X.

Now that we have a way of relating the topology of the space being acted on

and the topology of the set of orbits, we want to investigate how assuming certain

types of actions by various types of groups can give rise to information about the

resulting quotient space. In this thesis we are interested in studying isometric group

actions on closed manifolds. It was shown by Myers and Steenrod [29] that for such

manifolds the isometry group is a compact Lie group, which we now define.

Definition 3.1.4 [Lie Group]. A Lie group is a smooth manifold G equipped with

a group structure such that the maps

G×G→ G

(g, h) 7→ g · h

and G→ G

g 7→ g−1

are smooth.

The orthogonal group, O(n) = {A ∈ GL(n,R) : AAT = Id} and the special

orthogonal group SO(n) = {A ∈ O(n) : detA = 1} are examples of Lie groups. In

this thesis, we consider S1 actions on Riemannian manifolds, noting that S1 is a Lie

group isomorphic to SO(2).

Example 3.1.5. The unit circle S1 = {eiθ ∈ C : 0 ≤ θ < 2π } is a 1-dimensional

Lie group with multiplication defined by

eiφ · eiθ = ei(φ+θ).

In coordinates, the two maps in Definition 3.1.4 are expressed additively as

(θ1, θ2) 7→ θ1 + θ2, and θ 7→ −θ.
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A subgroup H ≤ G is called a Lie subgroup if the inclusion map H ↪→ G is

both an injective immersion and a group homomorphism.

We now list three results due to Bredon [1] which give us important informa-

tion about the topology of the quotient space under a compact Lie group. The first

theorem will be used to lift paths in the quotient space M/G to paths on the space

M .

Theorem 3.1.6. [1] Let M be a G-space, G a compact Lie group, and let f : I →

M/G be any path. Then there exists a lifting f ′ : I→M such that πX ◦ f ′ = f .

The next proposition gives a mapping from the fundamental group of a G-

space M onto the fundamental group of the quotient M/G. Since, in this thesis,

we are primarily concerned with simply connected spaces, we will use this result to

argue that our quotient spaces are simply connected as well.

Proposition 3.1.7. [1] If X is an arcwise connected G space, G compact Lie, and

if there is an orbit which is connected, then the fundamental group of X maps onto

that of X/G. Thus, if X is simply connected, then so is X/G

This third result tells us that much of the desirable local topological informa-

tion of G transfers down to M/G via the quotient map. We will use this theorem in

Chapters 4, 5, 6 when we analyze quotient spaces.

Theorem 3.1.8. [1] If G×M →M with G compact then the following hold,

1. M/G is Hausdorff.

2. π : M →M/G is closed.

3. π : M →M is proper, that is, the inverse image of a compact set is compact.

4. M is compact if and only if M/G is compact.

5. M is locally compact if and only if M/G is locally compact.
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The following theorems (see, for example [34]) illustrate how, when consider-

ing actions on manifolds, imposing conditions on the action can give rise to informa-

tion about the quotient space and orbit types. The first two results show how, by

restricting our attention to compact groups, we can obtain strong relations regarding

the resulting orbit types.

Theorem 3.1.9. Let G be a compact group acting on M . Then the following are

true.

1. There exists a unique minimal isotropy type.

2. The regular part of M , Mreg = {p ∈M : p ∈ G(q) is a principal orbit}, is open

and dense, and its image Mreg/G = M∗
reg is connected in M∗.

3. There are only finitely many isotropy types.

A concept of fundamental importance in the theory of transformation groups

is that of the normal slice to an orbit.

Definition 3.1.10 [Slice]. For an action of G on M and a point p ∈ G(q), the

embedded submanifold Sp normal to the orbit G(q) given by expp v, v ∈ B⊥ε is called

the slice through p. We denote by S the union of the Sp for all p ∈ G(q).

The following theorem illustrates how the isotropy group of any point in M acts on

the slice.

Theorem 3.1.11. Let S be the slice and Sx be the slice at x. Then the following are

true.

1. The Gx-orbit of p, Gx(p), p ∈ Sx is a principal, exceptional, or singular orbit

for the Gx action on Sx according as G(p) is principal, exceptional, or singular.

2. The orbit G(x) is principal if and only if Gx acts trivially on Sx.
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Now that we have developed all of the necessary tools for a general discussion

of smooth group actions on differentiable manifolds, we are ready to restrict our

focus to smooth circle actions.

3.2 Smooth Circle Actions

The circle group is the only 1-dimensional compact Lie group, and the smallest

connected, compact Lie group that can act on smooth manifolds. In this section we

establish some surprisingly restrictive results on the orbit structure of smooth circle

actions. We first present the following theorem about smooth semi-free circle actions

on differentiable 4-manifolds due to Church and Lamotke [5].

Proposition 3.2.1. [5] Let M4 be an S1-manifold.. Let F ⊂ M4 be its fixed point

set, let M4/S1 = M∗ be its orbit space and let π : M → M∗ be the canonical map.

Assume F is finite but non-empty and the action is semi-free. Then if M∗ is a

manifold the number of fixed points is even.

While the quotient of a manifold under a free group action is a manifold,

for general group actions this is not true. In the special case where the quotient is

3-dimensional, the following lemma of Bredon [1] gives us criteria guaranteeing that

it is a topological manifold.

Lemma 3.2.2. [1] Let G act smoothly on M such that dim(M/G) = 3, with H1(M,Z2) =

0 and all orbits connected. Then M∗ is a 3-manifold with or without boundary.

In this thesis we are concerned with S1-actions on simply connected closed

4-manifolds. We now go through a set of constructions which allow us to characterize

the singular and exceptional orbits of such an action. The following theorem due to

Fintushel [10] allows us to characterize the orbit space of a smooth S1-action on a

closed, simply-connected 4-manifold.

Proposition 3.2.3. [10] Let S1 act smoothly on M4 a closed, simply-connected 4-

manifold. Let F and E denote the fixed point set and the set of exceptional orbits
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respectively, and denote by F ∗ and E∗ their images in the quotient. Then the follow-

ing hold.

1. In the case where ∂M∗ 6= ∅, ∂M∗ ⊂ F ∗.

2. The set F ∗ \ ∂M∗ is isolated.

3. The set E∗ is a union of open arcs in M∗ and these arcs have closures with

distinct endpoints in F ∗ \ ∂M∗.

Using the notation above, we now show how to assign weights to the connected

components of E∗∪F ∗ in the orbit space as in [10]. We then state Proposition 3.2.4,

which allows one to rule out certain configurations for the fixed point set of a smooth

S1-action on a 4-manifold. We will use this in Chapter 5 to rule out the presence of

5 fixed points of such an action.

In order to assign these weights, we need to look briefly at smooth circle

actions on 3-manifolds. The following theory can be found in Orlik-Raymond [30]

and will be used to state Theorem 3.2.4, which characterizes the set of singular orbits

of smooth S1 actions on simply connected 4-manifolds.

Let S1 act smoothly and effectively on M3, a closed 3-manifold, and let p :

M3 → M3/S1 be the quotient map. By the slice theorem, and since M3 is closed,

there are a finite number of exceptional orbits. Note that E∗ = {x∗1, · · · , x∗n} ⊂M∗.

Choose disjoint 2-disk neighborhoods V ∗i about each x∗i . Now, if xi ∈ p−1(x∗i ) then

there is a closed 2-disk slice Si at xi such that S∗i = V ∗i . Orient Si so that its

intersection number with the oriented orbit p−1(x∗i ) is +1 in the solid torus p−1(V ∗i ) =

Vi. On ∂Vi let mi be an oriented boundary curve of Si and let hi be an oriented

orbit. If the isotropy group at xi is Zαi , an oriented section qi of the action of ∂Vi is

specified up to homology by the homology relation mi ∼ αiqi + βihi where αi and βi

are relatively prime and 0 < βi < αi. We call the pair (αi, βi) the Seifert invariants

and assign them to each exceptional orbit.
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Now we return to S1 actions on 4-manifolds. We want to construct a weighting

system, as is done by Fintushel in [10], that gives information which allows us to

characterize the possible connected components of E∗ ∪ F ∗. Suppose S1 acts on M

smoothly and effectively. Let tiNi be a decomposition of E∗ ∪ F ∗ into connected

components. We take each regular neighborhood to be an ε-ball B∗ = Bε(Ni) about Ni

such that B∗ intersects only one connected component of F ∗ and ∂B∗ is a topological

2-manifold.

For each isolated fixed point pi ∈ F ∗, where pi is not in the closure of E∗, we

take a regular 3-ball neighborhood B∗ of pi small enough so that ∂B∗ is a 2-sphere

whose points correspond to principal orbits. Now consider the restricted action of

S1 on π−1(∂B∗). Since each element of ∂B∗ corresponds to a principal orbit, we see

that ∂B∗ is the base of a principal S1-bundle over S2, that is, S1 ↪→ S3 → S2. Now,

as in [10], for any principal S1-bundle over M2, S1 ↪→ M3 → M2, we assign the

following orbit data {b; (ε, g, h̄, 0); (α1, β1), · · · , (αn, βn)}, where

−b = Euler class of the bundle;

ε =

 o an orientation on ∂B, if ∂B is orientable,

n an orientation on ∂B, if ∂B is non-orientable;

g = genus of ∂B∗;

h̄ = number of fixed circles in ∂B;

(αi, βi) = Seifert invariant assigned to an exceptional orbit.

Now we assign to this bundle the Euler number from [28], defined to be

−

(
b+

m∑
i=1

αi
βi

)
,

which will be the weight assigned to pi ∈ F ∗. Note that the Euler number is a

generalization of the Euler class: the Euler number assigns information to circle

bundles over orbifolds while the Euler class assigns an invariant to circle bundles
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over manifolds. On page 149 of [10] we see that the S1-actions on S3 can have the

following orbit data,

{±1; (o, 0, 0, 0)}, {0; (o, 0, 1, 0); (α, β)}, {b; (o, 0, 0, 0); (α, β)},

and {−1; (o, 0, 0, 0); (α, β), (α′, β′)}.

Since the action on ∂B has no fixed points or exceptional orbits, and hence no

Seifert invariants, we have {±1; (o, 0, 0, 0)} as our orbit data. It follows that the

Euler number of this bundle is +1 or −1, and so each isolated fixed point is assigned

a weight of ±1.

Consider now a simple closed curve α which is comprised of two arcs in E∗

and having two distinct isolated endpoints in F ∗. If we take the same normal neigh-

borhood construction as in the case of a point, we get a principal S1-bundle over

T 2, that is, S1 ↪→ T 3 → T 2. Since the points of ∂B∗ correspond to principal orbits,

we know that the action of S1 on ∂B has no fixed points or exceptional orbits, and

therefore we have orbit data of type {b; (o, 0, 0, 0)}. Therefore, the Euler number of

this bundle is equal to b, that is, the negative of the Euler class of the unit tangent

bundle over T 2. But since T 2 is a Lie group it is a parallelizable manifold, that is,

the unit tangent bundle is a trivial bundle and the Euler number for α is 0. So we

assign a weight of 0 the curve α.

The weighting system in [10] assigns weights to other types of components in

E∗ ∪ F ∗, but the two mentioned above are sufficient for our purposes in this thesis.

The following proposition rules out certain possibilities for the types of fixed point

sets we can have for smooth S1-actions on 4-manifolds.

Proposition 3.2.4. [10] For a smooth action of S1 on M4 a simply connected 4-

manifold, let tiNi = E∗ ∪ F ∗ be a decomposition into connected components. If the

weight ei is assigned to each Ni as described above, then
∑

i ei = 0
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Recall that the goal of this thesis it to classify simply-connected, closed, ori-

entable Riemannian 4-manifolds with a lower curvature bound and an isometric S1-

action. We have now described nearly all of the necessary tools and results required

for this task, save for those related to isometric S1-actions. In this section we discuss

isometric actions in general.

3.3 Isometric Group Actions

For Riemannian manifolds the strongest possible equivalence between two

manifolds M and N is an isometry F : M → N . The following lemma characterizes

the set of isometries of a Riemannian manifold.

Lemma 3.3.1. Given a Riemannian manifold (M, g), the set of all isometries of

M , Isom(M), forms a group under composition.

If action of a group G on a Riemannian manifold M has induced map τ : G→

Isom(M), we call the action an isometric group action. We now give the following

result due to Myers and Steenrod [29].

Theorem 3.3.2. [29] The group G = Isom(M) of a Riemannian manifold (M, g) is

a Lie group with respect to the compact-open topology. For each x ∈M , the isotropy

subgroup Gx is compact. If M is compact, then Isom(M) is compact.

The following theorem do to Kobayashi [26] characterizes fixed point sets of isome-

tries.

Theorem 3.3.3. [26] Let (M, g) be a Riemannian manifold and G be any set of

isometries of M. Then each connected component of Fix(M ;G) is a totally geodesic

submanifold of M .

Since we are now acting on a space which has geometry, we want to know how

and when geometric information of (M, g) gets translated to the quotient space. The

following result characterizes the geometry of the quotient space of a Riemannian
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manifold with a lower curvature bound by an isometric Lie group action. We see

that the quotient under such actions is an Alexandrov space with the same lower

curvature bound.

Theorem 3.3.4. [36] Let G be a compact Lie group acting isometrically on a com-

plete Riemannian manifold (M, g) satisfying sec(M) ≥ κ. Then (M∗, d) is an

Alexandrov space with curv ≥ κ. For p∗ ∈M∗, the tangent cone Tp∗M
∗ and space of

directions Σp∗M
∗ are isometric respectively to νpG(p)/Gp, and Sνp/Gp, where Sνp is

the unit sphere in νpG(p).

3.4 Isometric S1-Actions

We saw Section 3.2 that we are able to extract useful information about the

fixed point set and orbit structure of smooth circle actions. In this subsection we

show that we are able to extract even more information in the case where the action

is isometric. In particular, the following theorem shows us that for an isometric circle

action, the Euler characteristic of its fixed point set is equal to that of the manifold.

Theorem 3.4.1. [26] Let M be a Riemannian manifold and suppose T k acts on M

by isometries. Then χ(M) = χ(Fix(M ;T k)).

Recall by Theorem 3.3.3 that each connected component of Fix(M ;G) is a

totally geodesic submanifold. The next result shows that when G = S1, then each

connected component is also closed and orientable if M is.

Theorem 3.4.2. [26] Let (M, g) be a Riemannian manifold and suppose that S1 ×

M → M acts isometrically and effectively. Let Fix(M ;S1) = ∪iNi be a decompo-

sition of the fixed point set into its connected components, then the following are

true.

1. Each Ni is a closed totally geodesic submanifold of even codimension.

2. If M is orientable then each Ni is orientable.
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We are particularly interested in the geometry of quotients of 3-spheres by

isometric S1-actions, which arise as spaces of directions to isolated fixed points in the

quotient of a Riemannian 4-manifold by an isometric S1-action. Suppose we have

S1 acting on M4 isometrically and effectively. Then we have that the quotient space

M∗ = M/S1 is an Alexandrov space by Theorem 3.3.4. Let π : M → M∗ be the

quotient map induced by the action. We want to understand the space of directions

in M∗ at x∗ for any isolated point x ∈ Fix(M ;S1). We will make frequent use these

spaces in Chapters 4, 5, and 6.

The final result of this section, due to Grove and Wilking, characterizes the

way that non-regular orbits are connected in the quotient space of an isometric action.

This theorem will be useful for proving diffeomorphism classification results in the

case that the fixed point set consists entirely of isolated points.

Theorem 3.4.3. [19] Let M be a simply-connected non-negatively curved 4-manifold

with an isometric S1-action with isolated fixed points only. If c is a circle in M∗ con-

sisting of non-regular points, then c is unknotted, there is at most one such curve,

and all fixed points are on the curve forming a biangle, triangle, or quadrangle cor-

responding to 2, 3, or 4 fixed points.

We split the proof of this theorem into two parts corresponding to the positive

curvature and non-negative curvature cases, and incorporate them into the proofs of

Theorem 4.2.1 and Theorem 5.2.1 respectively.

3.4.1 Spaces of Directions in M4/S1

In this subsection, we study the space of directions in M4/S1 of points whose

pre-images are isolated fixed points of the S1-action. We analyze the metric proper-

ties of these spaces of directions, and explore relationships between their metrics un-

der varying conditions. In particular we show that, in the presence of finite isotropy,
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the space of directions is a singular 2-sphere and that the larger the isotropy group

the smaller the corresponding space of directions.

Let S1 act on M4 isometrically and effectively, let M∗ be the quotient space

of the action, and let x ∈M be an isolated fixed point. By Theorem 3.3.4, the space

of direction Σx∗M
∗ is the quotient of the normal sphere to the orbit, S1(x), by the

stabilizer of x, S1
x = S1. That is, Σx∗ = S3(1)/S1, where

φ : S1 → C2; eiθ 7→ (eikθ · z1, e
ilθ · z2), (k, l) = 1,

with k and l corresponding to the potential orders of the finite isotropy groups of

the S1-action. We denote these quotients by Xk,l. Note that if (k, l) = m > 1, then

(eik
2π
m · z1, e

il 2π
m · z2) = (z1, z2), since k

m
and l

m
∈ Z, contradicting the assumption that

our action is effective.

When k = l = 1, we obtain the Hopf Fibration, that is, S3(1)/S1 = X1,1,

which is isometric to S2(1
2
). Note that for all (k, l) with (k, l) = 1, the great circles in

S3 given by z1 = 0 and z2 = 0 are the orbits G((0, z2)) and G((z1, 0)), respectively,

with isotropy groups Zl and Zk respectively. Let X̂k,l be Xk,l\{G((z1, 0))∪G((0, z2))}.

We see that X̃k,l consists of principal orbits, so we can give it the canonical Rieman-

nian submersion metric coming from the round metric on S3(1).

Note that the standard isometric T 2 action on S3(1) induces an isometric S1

action on X̂k,l, so X̂k,l is a connected incomplete surface of revolution, and is dense

in Xk,l. We give it the coordinate system (r, θ) : X̃k,l → (0, π/2)×S1 and the warped

product metric ds2 = dr2 + (f(r))2dθ2, where dθ is the standard 1-form on S1. The

corresponding metric is given by

gX̂k,l = ds2 = dr2 +
sin2(r) cos2(r)

k2 cos2(r) + l2 sin2(r)
dθ2.

Now, for at least one of |k|, |l| > 1 we see that

sin2(r) cos2(r)

k2 cos2(r) + l2 sin2(r)
<

sin2(r) cos2(r)

cos2(r) + sin2(r)
.

37



It follows that for any two vectors v, w ∈ TpX̂k,l that

gX̂k,l(v, w) = dr2(v, w) +
sin2(r) cos2(r)

k2 cos2(r) + l2 sin2(r)
dθ2(v, w)

≤ dr2(v, w) +
sin2(r) cos2(r)

cos2(r) + sin2(r)
dθ2(v, w)

= gX̂1,1
(v, w)

So for each X̂k,l, we see that for any curve c : [a, b]→ X̂k,l we have

LXk,l(c) =

∫ b

a

√
gX̂k,l(c

′(t), c′(t))dt ≤
∫ b

a

√
gX̂1,1

(c′(t), c′(t))dt = LX1,1(c).

Therefore, since X̂k,l is dense in Xk,l, we have a length non-increasing family of

homeomorphisms from X1,1 to Xk,l. In particular this tells us that, since Xk,l has a

metric induced by its length structure, dXk,l(p, q) ≤ dX1,1(p, q) for all p, q ∈ Xk,l. It

follows that

xtq(Xk,l) =

(
q

2

)−1

max
i

{ ∑
1≤i<j≤n

dXk,l(xi, xj) | {xi} ⊂ Xk,l

}
≤
(
q

2

)−1

max
i

{ ∑
1≤i<j≤n

dX1,1(xi, xj) | {xi} ⊂ X1,1

}
= xtq(X1,1) = xtq(S

2(
1

2
)),

for all Xk,l. We use the q-extent, for q ∈ {3, 4, 5}, of these spaces to construct

arguments regarding the angle sums of collections of geodesic triangles in M4/S1

whose vertices are isolated fixed points.

In [35], using the fact that xtq ≤ xtq(S
2(1

2
)), they compute the 3-, 4-, and

5-extents for Xk,l. They also obtain an upper bound for the sum of the distances

between 4 distinct points for Xk,l. The results are given in the following lemma.

Lemma 3.4.4. [35] Let Xk,l = S3/T 1
k,l as above. Then xt3(Xk,l) ≤ π/3, xt4(Xk,l) ≤

π/3, and xt5(Xk,l) ≤ 3π/10. Moreover, if {xi}4
i=1 are four distinct arbitrary points

in Xk,l and (|k|, |l|) 6= (1, 1), then∑
1≤i≤j≤4

dk,l(xi, xj) < 2π.
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The results of Lemma 3.4.4 are sufficient for understanding what happens in

the cases of positive sectional curvature and non-negative sectional curvature. To

understand the case of almost non-negative curvature, we need to develop a few

further technical results about the spaces of directions..

While the statement and proof of this next result does not make explicit

reference to a S1-action, we note that the conditions here are precisely the ones

which are present in the quotient space of an S1-action on an almost non-negatively

curved 4-manifold, and the proof utilizes the results discussed above.

Lemma 3.4.5. [22] Let {(X, distn)}∞n=1 be an almost non-negatively curved sequence

of 3-dimensional Alexandrov spaces. Then for sufficiently large n, (X, distn) can

have at most five interior points with spaces of directions isometric to S3/S1.

Proof. Let S ⊂ X be the set of all such singular points and suppose that |S| = 6.

Write S = {pi}6
i=1. Each of the 20 distinct triples which can be chosen from S define

a triangle. Recalling that curv(X, distn) ≥ −1/n2, it follows from Lemma 2.5.6 that

each of these triangles has a total angle of at least π − µ(1/n). So we may write

∑
i,j,k

]pipjpk ≥ 20(π − µ(1/n)).

However, if we consider the geometry of the space of directions Σpj , we can obtain an

upper bound for
∑

i,j,k ]pipjpk. By, Theorem 3.4.4, we know that xt5(Σpj) ≤ 3π/10

and since there are ten angles based at pj, we obtain∑
i,k

]pipjpk ≤ 3π.

Summing over all j, we obtain the inequality

20(π − µ(1/n)) ≤ 18π,

which, for large enough n, does not hold. Therefore, we cannot have more than 5

isolated fixed points.
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The next three sublemmas are technical results which serve as stepping stones

in the proof of Lemma 3.4.9.

Sublemma 3.4.6. [22] Let p, q ∈ Xs,t such that dist(p, q) = π/2. Suppose that p is

a singular point in Xs,t. For any ε > 0 there is a δ > 0 such that if v0, v1 ∈ Xs,t with

d(v0, v1) ≥ π/2− δ, the following statements hold for some i ∈ {0, 1}, where we read

i+ 1 modulo 2 :

1. |d(vi, p)− d(vi+1, q)| ≤ δ;

2. dist(vi+1, q) ≤ (1 + ε)δ; and

3. dist(vi, p) ≤ (2 + ε)δ.

Now, we would like to extract information about the extent of the space of

directions at certain points in our quotient spaces. To do so, we must understand

the limiting behaviour of the set of singular points in the quotient. For the next two

lemmas, let S = {pi}5
i=1 be a set of five distinct points in an Alexandrov space X

with Σpi = Xsi,ti for each pi ∈ S. Denote by vij ∈ Σpi , the direction of a geodesic

from pi to pj. The set S converges in the Gromov-Hausdorff sense to some finite

set S∞ ⊂ X3
∞, where X3

∞ is the Gromov-Hausdsdorff limit of (M4/S1, distn), and

1 ≤ |S∞| ≤ 5. The first case we consider is when |S∞| ≤ 4 in the following Lemma.

Sublemma 3.4.7. [22] Let {(X, distn)}∞n=1 be an almost non-negatively curved se-

quence of 3-dimensional Alexandrov spaces. Suppose that S is defined as above and

that |S∞| ≤ 4 in X∞. Then there is a δ > 0 such that for some k and for sufficiently

large n,

xt4({vkl|k 6= l}) ≤ π/3− δ.

The next sublemma will consider the case when each point in S converges to

a distinct point in the Gromov-Hausdorff limit, that is when |S∞| = 5.
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Sublemma 3.4.8. [22] Let {(X, distn)}∞n=1, S and S∞ be as in Sublemma 3.4.7.

Suppose that |S∞| = 5 and that there is a pi ∈ S such that Σpi is isometric to Xsi,ti

with (|si|, |ti|) 6= (1, 1). Then there is a δ > 0 such that for some k and for sufficiently

large n,

xt4({vkl : k 6= l}) ≤ π/3− δ.

By combining Sublemma 3.4.7 and Sublemma 3.4.8, we arrive at Lemma 3.4.9.

Lemma 3.4.9. [22] Let {(X, distn)}∞n=1 be an almost non-negatively curved sequence

of 3-dimensional Alexandrov spaces. Suppose that S = {pi}5
i=1 is a set of five distinct

points in X with Σpi = Xsi,ti for each pi ∈ S. Suppose there is a j such that Σpj is

isometric to Xsj ,tj with (|sj|, |tj|) 6= (1, 1). Then there is a δ > 0 such that for some

k and for sufficiently large n,

xt4({vkl|k 6= l}) ≤ π/3− δ.

We can now prove the following proposition which shows that for a closed,

simply-connected, 4-manifold with almost non-negative curvature there are at most

4 isolated fixed points in the presence of an S1-action.

Proposition 3.4.10. [22] Let S1 act smoothly and effectively on a closed, smooth,

simply-connected 4-manifold M , admitting an almost non-negatively curved sequence

of S1-invariant Riemannian metrics. If the fixed-point set of the action contains only

isolated fixed points, then there are at most four of these.

Proof. By Lemma 3.4.5 there are at most five isolated fixed points. Let F be the set

of fixed points and suppose that |F | = 5. Now, denote by {pi}5
i=1 = F ∗ ⊂ M∗ the

image of F in the quotient. These points define 10 triangles in M∗. Let vjl ∈ Σpj

be the the direction from pj to pl. In a similar argument to that of Lemma 3.4.5,

consider the fact that xt4(Σpj) ≤ π/3 and that at each pj ∈ F we have 6 angles. It

follows that ∑
i,k

]pipjpk ≤ 6(2π/3) = 2π
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Summing over all five pj ∈ F we see that

10(π − µ(1/n)) ≤
∑
i,j,k

]pipjpk ≤ 10π

must hold, and since µ(1/n) is strictly positive this is always true. Now if we consider

Lemma 3.4.9 we see that if, for some i, we have Σpi is isometric to some Xs,t with

(|s|, |t|) 6= (|1|, |1|), then the inequality

xt4({vij : j 6= i}) ≤ π/3− δ

holds for some fixed δ > 0 and sufficiently large n. If this were the case, then

10(π − µ(1/n)) ≤ 10π − δ

would hold for all n. This leads to a contradiction for sufficiently large n.

It follows that, for all pi ∈ F , Σpi must be isometric to X1,1. This means

that at each pi ∈ F the isotropy group S1 acts freely on the unit sphere in TpiM . In

particular this tells us that there are no orbits of finite isotropy and E∗ = ∅, that is,

the action is semi-free. It follows then from Theorem 3.2.1 that the number of fixed

points must be even. Therefore, we have at most 4 fixed fixed points.
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CHAPTER 4

POSITIVE SECTIONAL CURVATURE

In this chapter we outline results which lead to a diffeomorphism classification

for compact, simply-connected, positively curved Riemannian 4-manifolds admitting

an isometric circle action.

We begin by proving a homeomorphism classification theorem due to Hsiang

and Kleiner [24]. We then state and prove a result of Grove and Searle [18] which

shows that the homeomorphism classification can be extended to a diffeomorphism

classification in the case when dim(Fix(M4;S1) = 2. We conclude the chapter by

proving a result of Grove and Wilking [19], which extends these result to a diffeo-

morphism classification in the case that dim(Fix(M4;S1) = 0.

4.1 Homeomorphism Classification

The goal of this section is to prove the following homeomorphism classification the-

orem .

Theorem 4.1.1. [24] Let S1 ×M4 →M4 be an isometric, effective action with M4

a closed, simply-connected positively curved Riemannian 4-manifold. Then M4 is

homeomorphic to S4 or CP 2.

Proof. To prove this result, we utilize Freedman’s homeomorphism classification of

compact 4-manifolds via their intersection form [12]. In particular, we show that

under these conditions such a manifold has Euler characteristic equal to 2 or 3, and

so M4 is homeomorphic to S4 or CP 2, respectively.

Suppose M4 is a closed, simply connected, positively curved Riemannian

manifold admitting an effective, isometric S1-action. Since π1(M4) = 0, we have

H1(M4,Z) = 0 and, by Poincaré duality, H3(M4,Z) = 0. It follows that

χ(M4) = 2 + rk(H2(M4)) ≥ 2.
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So, by Theorem 3.4.1 we have

2 ≤ χ(M4) = χ(Fix(M4;S1)),

and therefore

Fix(M4;S1) 6= ∅.

Our goal is now to show that χ(M4) ≤ 3. By Theorem 3.3.3, we know

that F = Fix(M4;S1) = tiNi is composed of totally geodesic submanifolds of even

codimension. It follows that each Ni is of dimension either 0 or 2.

If we have a 2-dimensional component N2 of F , it follows from Frankel’s

Theorem 2.3.2 that it is unique. Now, since N2 is a totally geodesic submanifold of

M4, it follows that N2 is a positively curved, closed, orientable 2-manifold. By the

Gauss-Bonnet Theorem, N2 is homeomorphic to S2. Therefore,

F =

 χ(M) many isolated points, or

S2 t {χ(M)− 2} many isolated points.

We now split the argument into two cases. In Case 1 we show that if F consists of

only isolated fixed points then there are at most 3 of them. In Case 2 we show that

if there is an S2 component of F , then there is at most one isolated fixed point.

Case 1: F has dimension 0.

We will argue by contradiction. Let F be as above, and suppose F is com-

prised of 4 distinct points in M4. Let F ∗ =
4⋃
i=1

p∗i be the image of F in M∗ = M/S1.

Now, choose γij to be a geodesic in M∗ from p∗i to p∗j , i 6= j. Since we have four

distinct fixed points, we have 6 such geodesics, forming 4 geodesic triangles. Let

αijk = ](γij, γik). Since M has strictly positive sectional curvature, curv(M∗) > 0.

Let ∆ijk denote the sum of angles for the geodesic triangle ∆(p∗i , p
∗
j , p
∗
k). It follows

from Toponogov’s Theorem 2.5.4 that ∆ijk > π for each choice of distinct i, j, k. It

follows that
∑

1≤i<j<k≤4

∆ijk > 4π.
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Now, consider the space of directions Σp∗i
for any p∗i ∈ F ∗. Since the orbital

distance metric of Xk,l defines an angle structure on M∗, the sum of angles between

the three pairs of geodesics leaving p∗i to the other three points in F ∗ is given by the

sum of distances between three points in Σp∗i
, which we denote by

Vi =
∑

1≤k<j≤3

d(γ′ij, γ
′
ik).

By Lemma 3.4.4, the 3-extent of Σp∗i
= Xk,l is bounded above by xt3(S2(1

2
)) = π/3.

So, if we sum over pi in F ∗ we obtain

4∑
i=1

Vi ≤
4∑
i=1

3xt3(Xk,l)) ≤
4∑
i=1

3xt3(S2(
1

2
)) = 3(

4π

3
) = 4π.

But it follows that 4π <
∑

1≤i<j<k≤4

∆ijk =
4∑
i=1

Vi ≤ 4π, a contradiction.

Case 2: F has dimension 2.

Let N2 denote the unique S2-dimensional component of F . By Proposition

3.2.3 we see N∗ = ∂M∗. By Theorem 2.5.5, the distance function, dist(N∗, ·), on

M∗ is concave down. This implies that there exists a unique point, p∗, at maximal

distance from N∗. By the proof of the Main Recognition Lemma in [33], we see

that for any q∗ ∈M∗ \ {N2 ∪ {p∗}}, Σq must has diameter strictly greater than π/2.

However, the space of directions at any isolated fixed point in M∗ has diameter π/2,

and so q∗ does not correspond to an isolated fixed point. It follows that there is at

most one isolated fixed point, and if there is one, it must correspond to p∗. Setting

p = π−1(p∗), we obtain

2 ≤ χ(M) = χ(F ) ≤ χ(S2) + χ(p) = 3.
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4.2 Diffeomorphism Classification when dim(Fix(M4;S1))=0

In the previous section, we saw that simply-connected, closed, positively

curved 4-manifolds are homeomorphic to one of S4 or CP 2. In this section, we

prove the following result due to Grove and Wilking [19] which extends this result

in the case that dim(Fix(M4;S1)) = 0.

Theorem 4.2.1. [19] Let M4 be a simply-connected, closed, positively curved 4-

manifold admitting an isometric S1-action. If dim(Fix(M4;S1)) = 0, then M4 is

diffeomorphic to one of S4 or CP 2.

Proof. First note that, since M is simply connected, we have H1(M,Z) = 0. It

follows by the universal coefficient theorem that H1(M,Z2) = 0 and by Lemma 3.2.2

and Proposition 3.2.3, that the orbit space M∗ is homeomorphic to S3 and E∗ is

comprised of arcs in S3 joining the points of F ∗. By Theorem 4.1.1 and Theorem

3.4.1, there are most 3 isolated fixed points. Theorem 3.4.1 gives us furthermore that

χ(M) ≥ 2 for simply connected 4-manifolds, so we have at least two fixed points.

We now adapt to our case an argument, given in [19], which classifies isometric circle

actions on non-negatively curved 4-manifolds.

First, for any simple closed curve γ ⊂ E∗ ∪ F ∗, we consider the double

branched cover (Definition 2.5.9) of M∗ over γ, M∗
2 (γ). By Lemma 2.5.12, M∗

2 (γ) is

an Alexandrov space with curv(M∗
2 (γ)) > 0. Moreover, its universal cover, M̃∗

2 (γ)

is also positively curved. Observe that M̃∗
2 (γ) must have at least 2|π1(M∗

2 (γ))|

points with spaces of directions isometric to some Xs,t. But since we know that

we have at most 3 fixed points in M , it follows that 2|π1(M∗
2 (γ))| ≤ 3. Therefore,

|π1(M∗
2 (γ))| ≤ 1. By Proposition 2.5.11, γ is knotted if and only if the order of the

fundamental group |π1(M∗
2 (γ))| ≥ 3. It follows that γ is the unknot.

We now use a similar technique to the one used in [19] to show that γ must

pass through each fixed point in F ∗. By part (3) of Proposition 3.2.3, we know that
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γ cannot contain just one isolated fixed point. Since, χ(M) ≥ 2 and we can have at

most 3 isolated fixed points, then we have either 2 or 3 isolated fixed points.

If E∗ ∪F ∗ consists of two isolated fixed points and a simple closed curve γ as

described above, we get the following configuration, where we see that γ must pass

though each point of F .

Figure 4.1: The configuration for two fixed points and the curve γ.

If E∗ ∪ F ∗ consists of 3 isolated fixed points and a simple closed γ, we can

have the following two configurations.

Figure 4.2: The two configurations for 3 fixed points and the curve γ.

If we have configuration A, then γ passes through all of F . We need to rule out

configuration B, where E∗ ∪ F ∗ = {p} ∪ α, where p is an isolated fixed points and α

is a bi-angle consisting of two distinct shortest paths in E∗ with common endpoints

in F ∗. To rule out this configuration, assign the weights in Proposition 3.2.4 to each

component of E∗∪F ∗. In this weighting system, a closed curve is assigned the number

0 and an isolated fixed point is assigned the number ±1. However, the Lemma 3.2.4
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states that the sum of weights must be zero, ruling out this configuration which has

total weight ±1. Therefore, the only permissible configurations in each case of 2 or

3 fixed points are the ones where γ passes through all points of F . It follows that

M∗ is homeomorphic to S3 with F ∗ consisting of 2 or 3 isolated fixed points and E∗

making up arcs between the points of F ∗, so that any simple closed curve in E∗∪F ∗

is unique, unknotted and contains all of F ∗ as in the statement of Theorem 3.4.3.

Now, since M∗ is homeomorphic to S3 and we have proven Theorem 3.4.3 in

the positive curvature case, we argue that M∗ can be decomposed into 3-disks which

respect the strata in a way that yields a decomposition of M into two invariant disk

bundles over points. This is done in Section 3 of [19], where they break the argument

into the cases where there are 2 or 3 isolated fixed points. When there are 2 fixed

points and a biangle c, they decompose M into two 3-disk bundles over the fixed

points. In the case that there are 3 fixed points and a triangle c, they decompose

M into a 3-disk bundle over a fixed point p, and a 1-disk bundle over an S2 given

by the inverse image of the edge opposite p in c. They use a vector field argument

to achieve the bundle decomposition, and construct the fields in such a way that

the corresponding action on M∗ commutes with a lift to the isometric S1-action on

M .

4.3 Diffeomorphism Classification when dim(Fix(M4;S1))=2

When dim(Fix(M4;S1)) = 2, the homeomorphism classification of Theorem

4.1.1 is strengthened to a diffeomorphism classification by the work of Grove and

Searle in [18], in which they prove the following theorem.

Theorem 4.3.1. [18] Let M be an n-dimensional, closed, connected Riemannian

manifold with positive sectional curvature. Then if M admits an effective isometric

S1-action with dim(Fix(M,S1) = n−2, then M is diffeomorphic to Sn, a space form

Sn/Zn, or CP 2.
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We now give two examples to show that S4 and CP 2 admit S1-actions.

Example 4.3.2. Consider the case when M is homeomorphic to S4(1). We want to

show that S4(1) admits an effective S1 action. Consider S4(1) as the unit sphere in

R5 with coordinates (x1, x2, x2, x4, x5) and the map S1 × S4 → S4 given by

(θ, x1, x2, x3, x4) 7→


rot(θ)

rot(θ)

1





x1

x2

x3

x4

x5


.

The fixed point set of this action is {(0, 0, 0, 0, 1), (0, 0, 0, 0,−1)}.

Example 4.3.3. Let S1 act on CP 2 by the map

(θ, [z0, z1, z2]) 7→ [z0, z1, e
iθz2].

The fixed point set of this action is {[z0, z1, z2] ∈ CP 2 : z2 = 0}∪{[0, 0, z2]}. Observe

that {[z0, z1, z2] ∈ CP 2 : z2 = 0} is homeomorphic to CP 1 which is homeomorphic

to S2, and we see that the fixed point set of this action is homeomorphic to S2 ∪{p}.
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CHAPTER 5

NON-NEGATIVE SECTIONAL CURVATURE

In this section we consider 4-dimensional, closed, non-negatively curved, ori-

entable Riemannian manifolds which admit an isometric circle action. Since we have

relaxed our sectional curvature bound, we no longer benefit from Synge’s Theorem

2.3.1 and Frankel’s Theorem 2.3.2. We do however achieve the following theorems

due independently to Kleiner [25] and to Searle and Yang [35].

5.1 Homeomorphism Classification

In this section, we prove the following homeomorphism classification theorem.

Theorem 5.1.1. [25],[35] Let M be a compact, simply connected, non-negatively

curved, 4-dimensional Riemannian manifold admitting an isometric circle action.

Then M is homeomorphic to either S4,CP 2, S2×S2, or CP 2#±CP 2. Furthermore,

if there is an effective isometric circle action on M such that Fix(M ;S1) has two

2-dimensional connected components then M is diffeomorphic to either S2 × S2 or

CP 2#± CP 2.

Before we prove Theorem 5.1.1, we state the following theorem, which charac-

terizes the topology of M when the fixed point set of the action has two codimension

two components.

Double Soul Theorem 5.1.2. [35] Let N be a complete, non-negatively curved, n-

dimensional S1-Riemannian manifold. Let F (N ;S1) be the fixed point set of the S1

action on N . Assume that F (N ;S1) contains two (n−2)-dimensional components X

and Y with one of them being compact. Then X is isometric to Y , F (N ;S1) = X∪Y ,

and N is diffeomorphic to an S2-bundle over X with S1 as its structure group. In

other words, there is a principal S1-bundle P over X such that N is diffeomorphic

to P = X ×S1 S2.
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The proof of Theorem 5.1.1 utilizes Freedman’s classification of 4-manifolds

[12] in the same way as Theorem 4.1.1. In this case, our upper bound on the Euler

characteristic is four, that is, χ(M) ≤ 4. Freedman’s classification tells us that if

χ(M4) = 4 then M4 is homeomorphic to S2 × S2 or CP 2# ± CP 2. We once again

utilize facts about q-extents of spheres and their quotients, Toponogov’s Theorem

2.5.4 , and fixed point sets of isometric group actions. We also use Theorem 3.2.1

which restricts the parity of the fixed points of a smooth S1-action. We will use The

Double Soul Soul Theomem 5.1.2 to prove the second statement of Theorem 5.1.1.

We are now in a position to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Assume F = Fix(M4;S1) has dimension 0 and suppose

we have 6 distinct points {pi}6
i=1 in F . Let F ∗ =

6⋃
i=1

p∗i be the image of F in

M∗ = M/S1. Now, choose γij to be a geodesic in M∗ from p∗i to p∗j , i 6= j. Since we

have 6 distinct fixed points, we have
(

6
2

)
=15 such geodesics, forming

(
6
3

)
=20 geodesic

triangles. Let αijk = ∠(γij, γik). Since M has non-negative sectional curvature,

curv(M∗) ≥ 0. Toponogov’s Theorem 2.5.4 tells us that ∆ijk, the angle sum of the

triangle ∆(p∗i , p
∗
j , p
∗
k), is greater than or equal to π for all triples in F ∗, and so

∑
1≤i<j<k≤6

∆ijk ≥ 20π.

Now, consider the space of directions Σp∗i
for any p∗i ∈ F ∗. The sum of angles between

the 10 pairs of geodesics leaving p∗i is given by the sum of distances between the cor-

responding 5 points in Σp∗i
, which we denote by Vi. Recall that Σp∗i

= S3/S1 = Xki,li .

By Lemma 3.4.4 the 5-extent of Σp∗i
is bounded above by xt5(S2(1

2
)) = 3π/10 < π/3.

So, if we sum over the p∗i in F ∗ we see that

6∑
i=1

Vi ≤ 6 · 10[xt5(S2(
1

2
))] < 6 · [10π

3
] = 20π.

But it follows then

20π ≤
∑

1≤i<j<k≤6

∆ijk =
6∑
i=1

Vi < 20π.
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This is a contradiction, and so F has at most 5 isolated fixed points.

Now, suppose F has exactly 5 isolated fixed points, {pi}5
i=1, and let φki,li be

the slice representation of the S1-action at pi. Suppose we have (|kj|, |lj|) 6= (1, 1) for

some j ∈ [1, 5]. Since Xkj ,lj is not isometric to S2(1
2
) and {γ′ji(0)}i 6=j are 4 distinct

points in Xkj ,lj , it follows from Lemma 2 in [35] that

Vj =
∑

1≤m<n≤4

dXkj,lj (γ
′
im(0), γ′in(0)) < 2π.

Therefore,
5∑
i=1

Vi =
∑
i 6=j

Vi + Vj

< 4 · 6[xt4(S2(
1

2
))] + 2π

= 24[
1

2
· xt4(S2(1))] + 2π

= 24[
π

3
] + 2π

≤ 24[
π

3
] + 2π

= 10π.

But, by Toponogov’s Theorem 2.5.4, we know that
∑

∆ijk ≥ 10π. It follows that

10π ≤
∑

1≤i<j<k≤5

∆ijk =
5∑
i=1

Si < 10π.

Therefore if F has 5 isolated fixed points, Σp∗i
= S2(1

2
) for all p∗i ∈ F ∗. Now, if

Σp∗i
= S2(1

2
) for all p∗i ∈ F ∗ then the S1-action has no non-trivial finite isotropy, that

is, the action is semi-free, and it follows from from Proposition 3.2.1 that such an

action must have an even number of fixed points. Therefore,

χ(M) = χ(F ) ≤ 4.

Case 2: Fix(M4;S1) has one 2-dimensional component.

We want to show that in the presence of a 2-dimensional component, that

there can exist at most two isolated fixed points. Let N be a 2-dimensional compo-

nent of F , and suppose F contains at least three isolated points {pi}3
i=1. Then there
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exists a point in {pi}3
i=1, say p1, such that dist(p1, N) = min{dist(pi, N)|i = 1, 2, 3}.

Since M and N are complete manifolds, we can let p4 ∈ N be a point such that

dist(p1, N) = dist(p1, p4). Let l1i be the distance from p1 to pi. Define

C1i = {γ : [0, l1i]→M | γ is a unit speed, minimizing geodesic from p1 to pi},

and

α1jk = min{∠(γ′j(0), γ′k(0))|γj ∈ C1j, γk ∈ C1k}.

Now, since the S1-action is isometric, angles between geodesics are preserved in the

quotient, so we can use the estimate xt3(Xk,l) ≤ π/3 to determine that

α124 + α134 + α123 ≤ π

and so

α124 + α134 ≤ π − α123 < π.

Without loss of generality, we may assume that α124 < π/2. It follows that there are

minimal geodesics γ12 : [0, l12] → M and γ14 : [0, l14] → M from p1 to p2 and p4,

respectively, such that α124 = ∠(γ′12(0), γ′14(0)) < π/2. Let γ∗12 ≡ π ◦ γ12 : [0, l12]→

M∗ ≡M/S1 be the image of γ12 in the quotient space M∗ where π : M →M∗ is the

quotient map. Then γ∗12 is a minimal normal geodesic in M∗ and its interior contains

no points of F ∗. By Lemma 3 in [24], N∗ is a totally geodesic boundary component

in M∗ with the quotient Riemannian metric. Let M0 be the union of all principal

S1-orbits in M .

Now, consider the function

f(t) = dist(γ∗12(t), N∗) : [0, l12]→ R.

Since curv(M∗) ≥ 0, it follows from Theorem 2.5.5 that f(t) is concave down, that

is,

f(st1 + (1− s)t2) ≥ sf(t1) + (1− s)f(t2),
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where t1, t2 ∈ [0, l12] and s ∈ [0, 1].

Recall the first variation formula for arc length in Proposition 2.5.3 gives us

l(t) ≤ l(0)− t · cos(α) + o(t), as t→ 0+.

In our particular case, we see that this implies the existence of an ε > 0 such that

for all t ∈ (0, ε] we have

dist(γ∗12(t), p∗4) ≤ dist(γ∗12(0), p∗4)− t · cos(α124) + o(t).

But since α124 < π/2 then cos(α124) > 0. and it follows that

f(t) ≤ dist(γ∗12(t), p∗4) < dist(γ∗12(0), p∗4) = dist(p∗1, p
∗
4) = f(0)

for all t ∈ (0, ε]. Therefore, since f(t) is concave down, we know f(x) is a strictly

decreasing function and

dist(p1, N) = dist(p∗1, N
∗) = f(0) > f(l12) = dist(p∗2, N) = dist(p2, N

∗).

This contradicts the assumption that dist(p1, N) = min{dist(pi, N) | i = 1, 2, 3}.

Hence, F contains at most 2 isolated points. Since χ(N) ≤ 2, we have χ(M) ≤

2 + 1 + 1 = 4.

Case 3: F = Fix(M4;S1) contains at least two 2-dimensional components X and

Y .

It follows from The Double Soul Theorem thatX is isometric to Y , F = X∪Y ,

and M is diffeomorphic to an S2-bundle over X. Since χ(X) ≤ 2, we have

χ(M) = χ(X) + χ(Y ) ≤ 2 + 2 = 4.

Now since X is an orientable non-negatively curved closed surface by Theorem 3.4.2,

it is diffeomorphic to either S2 or T 2. Supose X is diffeomorphic to T 2. By the proof

of The Double Soul Theorem, M∗ ∼= T 2 × I, which is not simply connected. This is

a contradiction, by Proposition 3.2.2. Therefore X must be diffeomorphic to S2.
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5.2 Diffeomorphism Classification when dim(Fix(M4;S1))=0

Now that we have classified simply-connected, closed, non-negatively curved

4-manifolds with S1 symmetry up to homeomorphism, we discuss how result is ex-

tended to a diffeomorphism classification in the case that dim(Fix(M4;S1)) = 0.

Theorem 5.2.1. [19] A simply-connected, closed, non-negatively curved 4-manifold

M with an isometric S1-action is diffeomorphic to S4, CP 2, S2 × S2, or one of

CP 2#± CP 2 when dim(Fix(M4;S1)) = 0.

Proof. We consider γ to be a simple closed curve in E∗ ∪F ∗ as in the proof of 4.2.1.

We see by Lemma 2.5.12, that M∗
2 (γ) is an Alexandrov space with curv(M∗

2 (γ)) ≥ 0.

Moreover, its universal cover, M̃∗
2 (γ) is also non-negatively curved. Since M̃∗

2 (γ)

must have at least 2|π1(M∗
2 (γ))| points with spaces of directions isometric to some

Xs,t, and we know that there are at most 4 fixed points in non-negative curvature,

we know 2|π1(M∗
2 (γ))| ≤ 4. Therefore, |π1(M∗

2 (γ))| ≤ 2. By Proposition 2.5.11, γ is

knotted if and only if the order of the fundamental group |π1(M∗
2 (γ))| ≥ 3. It follows

that γ is the unknot.

We utilize techniques in [19] again to show that γ must pass through each

fixed point in F ∗. By part (3) of Proposition 3.2.3, we know that γ cannot contain

just one isolated fixed point. Since, χ(M) ≥ 2 and we can have at most 4 isolated

fixed points, then we have either 2, 3, or 4 isolated fixed points. The cases of 2 or

3 fixed points is shown in the proof of Theorem 4.2.1, so we need only address the

case of 4 fixed points.

Suppose E∗∪F ∗ consists of 4 isolated fixed points and a simple closed γ, then

we obtain the following three configurations.
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Figure 5.1: The three configurations for 4 fixed points and the curve γ.

In configuration C, γ passes through all of F . In configurations D and E,

taking the double branched cover over γ will result in almost non-negatively curved

Alexandrov spaces with 5 and 6 isolated fixed points respectively, a contradiction.

Therefore, the only permissible configurations in each case of 2, 3, and 4 fixed points

are the ones where γ passes through all points of F . Note that this completes the

proof for Theorem 3.4.3.

In Section 3 of [19], it is shown that in the case of four fixed points and

a quadrangle, M can be decomposed as two 2-disk bundles over S2. They then

construct a vector field on M∗ with respect to the bundle decomposition such that

the corresponding action lifts to M and commutes with the given isometric S1-

action.

5.3 Diffeomorphism Classification when dim(Fix(M4;S1))=2

In the case when dim(Fix(M4;S1)) = 2, Galaz-Garćıa obtains the following

diffeomorphism classification in [13].

Theorem 5.3.1. [13] Let M be a simply-connected, closed 4-manifold of non-negative

curvature with an effective, isometric S1-action such that dim(Fix(M ;S1)) = 2.

Then M is diffeomorphic to S4, CP 2, S2 × S2, or CP 2#± CP 2.

The proof of Theorem 5.3.1 in [13] utilizes the deep work in [10], which shows

that a closed simply-connected smooth 4-manifold with a smooth S1-action is dif-

feomorphic to a connected sum of copies of S4, ±CP 2, and S2 × S2. The proof also
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makes direct use of the intersection form, which he utilizes to obtain a detailed equiv-

ariant diffeomorphism classification for simply-connected, closed 4-manifolds which

classifies the S1-actions by the topology of their corresponding fixed point sets.
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CHAPTER 6

ALMOST NON-NEGATIVE SECTIONAL CURVATURE

The class of almost non-negatively curved manifolds contains precisely those

manifolds which admit Riemannian metrics with a negative lower sectional curvature

bound arbitrarily close to zero, while maintaining an upper diameter bound. This is

identical to the class of manifolds which admit a sequence of Riemannian metrics with

a lower sectional curvature bound that collapse to a point in the Gromov-Hausdorff

distance sense.

6.1 Diffeomorphism Classification

The results in this section extend the theorems and methods of Chapter 4 and

Chapter 5 to manifolds of almost non-negative sectional curvature. This culminates

in the following theorem.

Theorem 6.1.1. [22] Let S1 act smoothly and effectively on a closed, smooth, simply-

connected 4-manifold M . Let {gn}∞n=1 be a sequence of Riemannian metrics on M

for which the S1-action is isometric and suppose that {(M, gn)}∞n=1 is almost non-

negatively curved. Then M admits a metric of non-negative curvature invariant

under the same action.

The proof of this result is broken into two cases: Case 1, where dim(Fix(M4;S1)) =

0, and Case 2, where dim(fix(M4;S1)) = 0. The proof is similar to the proofs of

Theorem 4.1.1 and Theorem 5.1.1, in that we find angle restrictions on geodesic seg-

ments in the quotient. What sets this proof apart from others is a greater use of

Alexandrov geometry and other more general tools from Metric Geometry.

6.1.1 Diffeomorphism Classification when dim(Fix(M4;S1))=2

We saw in Chapters 4 and 5 that with a fixed point set of dimension 0, it was

enough to use Toponogov’s Theorem 2.5.4, Lemma 3.4.4, and 3.2.1 to get an upper
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bound on the fixed point set. In Subsection 3.4.1, we obtain an upper bound on the

number of isolated fixed points possible in the almost non-negatively curved case.

Proposition 6.1.2. Let S1 act smoothly and effectively on a closed smooth simply-

connected 4-manifold M , admitting an almost non-negatively curved sequence of S1-

invariant Riemannian metrics. If the action fixes only isolated fixed points, then

there is an invariant metric of non-negative curvature.

Proof. Considering again γ ⊂ E∗ ∪ F ∗ to be simple closed curve, we see by Lemma

2.5.12 that M∗
2 (γ) is an Alexandrov space with almost non-negative curvature. More-

over, the universal cover, M̃∗
2 (γ) is almost non-negatively curved. Since M̃∗

2 (γ) must

have at least 2|π1(M∗
2 (γ))| points with spaces of directions isometric to some Xs,t,

and it follows from Lemma 3.4.5 that 2|π1(M∗
2 (γ))| ≤ 5. Therefore, |π1(M∗

2 (γ))| ≤ 2.

By Proposition 2.5.11, γ is knotted if and only if the order of the fundamental group

|π1(M∗
2 (γ))| ≥ 3. It follows that γ is the unknot.

Therefore M∗ is homeomorphic to S3 with F ∗ consisting of 2, 3, or 4 isolated

points and E∗ making up arcs between the points of F ∗, so that any simple closed

curve in E∗ ∪ F ∗ is unique, unknotted and contains all of F ∗. It follows that the

topology of theM∗ for an almost non-negatively curvedM is the same as the topology

of the M∗ for a non-negatively curved M under an isometric S1-action. Therefore, M

decomposes into two invariant disk bundles using the same vector field construction

as in the proof of Theorem 5.2.1. It follows that M admits a metric of non-negative

curvature invariant under the isometric S1-action.

6.1.2 Diffeomorphism Classification when dim(Fix(M4;S1))=2

A fixed-point homogeneous action is defined to be an action where the orbit

space has a boundary component which corresponds to a component of the fixed

point set. In this section we classify these actions, thereby proving Theorem 6.1.1.
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Since we are assuming our action now to be fixed-point-homogeneous, then

we know by Lemma 3.2.2 that M∗ is an almost non-negatively curved 3-manifold

with boundary. By Proposition 3.2.3, F ∗ consists of ∂M∗, isolated fixed points, and

E∗ consisting of arcs joining distinct isolated points in F ∗.

By Lemma 2.5.8, an almost non-negatively curved Alexandrov space can have

at most two boundary components. It follows that the orbit space M∗ has at most

two boundary components. We proceed now by considering the case where M∗ has

one and two boundary components, respectively. We begin with the case where M∗

has one boundary component.

Lemma 6.1.3. [22] If M∗ has one boundary component, then it is homeomorphic to

D3 and the action has at most two isolated fixed points. If E∗ 6= ∅ then it is an arc

between the two isolated points of F ∗.

Proof. Since M∗ is homeomorphic to S3 with one copy of D3 removed, then M∗ is

homeomorphic to D3 by Lemma 2.1.13.

Consider a sequence of S1-invariant metrics (gn) on M with diam(M, gn) = 1

and curv(M, gn) ≥ −1/n2. Since each (M, gn) is a Riemannian manifold, each induces

an Alexandrov metric on M∗ with diam(M∗) ≤ 1 and curv ≥ −1/n2. By gluing two

copies of M∗ along their boundary, we produce another sequence of Alexandrov

spaces (X, distn), with diam(X) ≤ 2 and curv(M∗) ≥ −1/n2.

Therefore X also admits almost non-negative curvature. By Lemma 3.4.5, for

sufficiently large n, the metric on X can have at most five points corresponding to

isolated fixed points of the action on M . Therefore M can have at most two isolated

fixed points.

Suppose E∗ 6= ∅, and recall that the set E∗ is comprised of a number of

arcs between isolated points in F ∗ by Lemma 3.2.3. Suppose there are at least

two such arcs, creating a singular closed curve in M∗. In X, there are now two

copies of this curve, each with two points having small spaces of directions. If we
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then take the double branched cover of one of these, by Lemma 2.5.12 we obtain an

almost non-negatively curved space with six points having small spaces of directions,

contradicting Lemma 3.4.5.

We now treat the case where M∗ has two boundary components.

Lemma 6.1.4. [22] If M∗ has two boundary components, then it is homeomorphic

to S2 × I and the action has no isolated fixed points or finite isotropy.

Proof. Since M∗ is homeomorphic to S3 with two copies of D3 removed, then M∗ is

homeomorphic to S2 × I by Lemma 2.1.13

Since each boundary component of M∗ is homeomorphic to S2 we may glue

copies of M∗ along their boundaries to obtain new spaces, also homeomorphic to

S2 × I. Consider gluing six copies of M∗ together to obtain a space X. Since the

diameter of X remains finite, then X admits almost non-negatively curved sequence

of Alexandrov metrics {distn}∞n=1. If M∗ had an isolated fixed point, then for each

n, X would have six points with spaces of directions isometric to some Xs,t, contra-

dicting Lemma 3.4.5. As E∗ must be comprised of arcs joining isolated fixed points,

and there are no fixed points, then E∗ = ∅, that is, there is no finite isotropy.

Now that we understand the cases where M∗ has one and two boundary

components, then by Lemma 2.5.8 we have covered each possible case. We are now

ready to prove the main result of this section.

Proposition 6.1.5. [22] Let S1 act smoothly and effectively on a closed, smooth,

simply connected 4-manifold M , admitting an almost non-negatively curved sequence

of S1-invariant Riemannian metrics. If the action fixes a set of codimension two,

then there is an invariant metric of non-negative curvature.

Proof. By Lemma 6.1.3 and Lemma 6.1.4, the orbit space is either homeomorphic to

D3 with up to two isolated fixed points with a possible arc joining them representing

finite isotropy, or to S2 × I with no isolated fixed points or finite isotropy.
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These orbit spaces appear in the classification of simply connected non-negatively

curved 4-manifolds with fixed point homogeneous circle actions in Theorem C of [13].

It follows that these orbit spaces must arise from actions equivariantly diffeomorphic

to ones on S2,CP 2, S2 × S2, or CP 2#± CP 2.
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CHAPTER 7

CONCLUSION

This thesis outlines the diffeomorphism classification results for closed, simply

connected, Riemannian 4-manifolds with a lower sectional curvature bound and S1

symmetry. Theorem 4.1.1, due to work of Hsiang and Kleiner in [24], shows that

such manifolds are homeomorphic to either S4 or CP 2 if they admit positive sectional

curvature. The improvement of the classification in Theorem 4.1.1 to equivariant

diffeomorphism was obtained by Grove and Wilking in 2013 [19], using work of Grove

and Searle in [18]. This classification gives us important information regarding the

Hopf conjecture, as it tells us that if S2 × S2 admits a metric of positive sectional

curvature then its isometry group must be finite.

Letting symrk(Mn) = rk(Isom(Mn)), Grove and Searle [18] extended this

work to show that for closed, positively curved n-manifolds, that symrk(Mn) ≤ bn+1
2
c

on the rank of an isometric circle action. They also showed that if the manifold admits

a T k-action of maximal symmetry rank, then it is equivariantly diffeomorphic to one

of Sn, RP n, CP n, or a lens space with a linear torus action. In the presence of

almost maximal symmetry rank, a homeomorphism classification was obtained in

dimension 5 by work of Rong [32], and for dimensions greater than or equal to 8 by

Fang and Rong [9]. A tangential homotopy equivalence classification in dimensions

greater than or equal to 10 in the presence of 1/4 symmetry rank was obtained by

Wilking in [38]

For non-negative sectional curvature, a diffeomorphism classification is known

up to dimension 6 in the presence of maximal symmetry rank by work of Galaz-Garćıa

and C. Searle in [16]. This result was improved to equivariant diffeomorphism by

Galaz-Garćıa and Kerin in [14]. For dimensions 7, 8, and 9, and equivariant diffeo-

morphism classification was obtained in Escher and Searle [8], and up to dimension 6
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in the presence of almost maximal symmetry rank by a diffeomorphism classification

is known work of Galaz-Garćıa and Searle in [15], and Escher and Searle in [7].

For almost non-negative curvature, the diffeomorphism classification in di-

mension 4 due to Harvey and Searle in [22] outlined in this thesis is the strongest

result obtained so far.
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