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TO NUMBER OF VARIABLES IN FACTOR ANALYLSIS 
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ABSTRACT 

The appropriate ratios among the number of subjects, variables, and retained 
factors in a factor analysis has been much disputed. A theoretical rationale is 
developed for deciding on the ratio of subjects to variables. Some rules of thumb 
are suggested for this and related issues. 

INTRODUCTION 

A recurring problem in factor analysis involves the most desirable ratios 
among the number of subjects (here designated as N), the number of variables (p), 
and the number of retained factors (m) (Humphreys, Ilgen, McGrath, & 
Montanelli, 1969). With regard to the ratio of N top, Aleamoni (1976) stated 
simply that it should exceed unity. Gorsuch(1974, p. 296) said that Nip should be 
at least five, while Nunnally (1978, p. 421) and Kunce, Cook, and Miller (1975) 
prefer that this ratio exced ten. Rather surprisingly, in what is probably the 
standard reference on factor analysis .at present(Harman, 1976), this issue seems 
not to be discussed at all. 

A related problem involves how high the ratio of p tom should be. A solution to 
this problem would of course depend to some extent on which method of factor 
extraction is chosen. However, Humphreys, Ilgen, McGrath, and Montan:elli 
(1969), on the basis of a Monte Carlo study, recommend thatplm exceed 4, while 
Meyer (1973) used a theoretical argument to support his contention that pl m 
should be greater that 4.5. 

Although a rationale for fixing the minimal ratio of N tq p will be set forth 
below, in the opinion of the present author, a researcher who wishes to analyze a 
large number of varables but can obtain only a modest number of subjects should 
be able to preceed by dealing with only a few retained factors. In other words, if 
Nip is small, Nlrri can be kept large if plm is set at a high level. For those who 
talk in terms of factors of various "orders," this could mean restricting 
themselves to "second-order" rather than "first-order" factors. 

Bartlett (see Timm, 1975, p. 255) suggested a test of independence; that is, a 
test of the hypothesis that all of the correlations among a set of varables are zero 
(or that the population correlation matrix is an identity matrix). As a test 
statistic, he proposed the following expression, which is distributed approx
imately as chi square: 
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[ (N-1)-( 
2Ps5

) ][ -lnl RI] 

The number of degrees of freedom equals the number of independent 

correlations, (p2-p)/2. 
The most important factor in this expression is the negative natural logarithm 

of the determinant of the correlation matrix. The present author has calculated 

this negative logarithm divided by the number of variables, p, for seven 

correlation matrices: three involving interest inventory items and one each 

comprising attitude items, reading subtests, a variety of cognitive tests, and 

sociological variables. For each matrix, the resultant ratio (which will be called Q 

below) approximated the mean absolute value of the correlations. This outcome 

suggested a procedure for estimating an appropriate value of Nip. 

The aim of the derivation outlined below was to obtain an expression for Nip 

in terms of quantities that can be specified or estimated. The first requirement 

seemed to be to introduce a statistic by which the researcher could fix a cutoff 

probability value. For large numbers of degrees of freedom, a standard approx

imation to chi square (see Timm, p. 588) was used, 

[ z+ V'2f-I ]2 

2 

where z is a standard normal deviate and/ represents the number of degrees of 

freedom. Suqstitution of the degrees of freedom specified above give·s 

[z+ Jp2-p-I]2 

2 

The first step in the derivation is to set equal to each other the two 

approximations to chi square. 

[ ( 
2p+5\] [z+ 

(N-:-1)- 6 l . [-lnlRI] = 

Since the ratio of the negative logarithm top was defined above as Q, this 

negative logarithm by itself equals pQ, so we obtain by substitution 

[( (
2p+5)] _ [z+v'p2-p-1]2 

pQ N-1)- 6 2 

Rearranging within the bracketed term on the left side gives 

[ 
_ _!:_ 11] [z+ Jp2-p-1 ]2 

pQ N 3 6 = 2 
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Dividing both sides of the equation by p 2Q, we have 

N 1 11 [z+Jp2-p-1]2 
p-3-6p = 2p2Q 

Transposing two terms to the right side gives 

N [z+Jp 2-p-1]2 1 11 
- ----- +-+-
p = 2p2Q 3 6p 

Substitution of various values of z, along with values of p and Q, in the 
expression on the right side showed that the effect of z on NI p was minor in 
comparison with that of p and Q. Therefore a constant value of 1.645, which 
corresponds to the .05 level of significance for a directional test, was inserted for z. 
Some representative values of p and Q were substituted, thus producing the 
values of N i p shown in Table 1. . 

Notice that, for a constant value of Q, the critical value of N i p becomes 
smaller asp increases but that each curve flattens rather quickly. Presumably the 
researcher can make a rough estimate of the expected average size of correlation 
among the variables in the domain being investigated; see for example 
Tinkelman (1971, p. 66). The calculated values in Table 1 suggest this 
approximate "rule of thumb": For variables expected to intercorrelate about .30, 
use at least twice as many subjects as variables. With an expected intercorrela
tional level of approximately .20, use at least three times as many subjects as 
variables, and with intercorrelations averaging about .15, the ratio should be at 
least four to one. However, in view oft}:le fact that these rules of thumb depend on 
an estimate regarding the value of the negative natural logarithm of the 
determinant of the correlation matrix, the researcher is urged to apply Bartlett's 
test to each obtained set of data before proceeding to factor extraction and 
transformation. .. 

Another important function of the correlation matrix is its inverse. Guttman 
(1953) showed that, as the number of variables increases, this function must exist 
and approach a diagonal matrix for common factor a11alysis to be appropriate. · 
This principle suggests another set ofrules of thumb for "pruning" the initial set 
of variables assembled by a researcher: 

(1) Eliminate any variable whose diagonal element in the inverse is less than 
1.25. In such a case the squared multiple correlation of this variable with the other 
variables would be less than .20 (Cooley& Lohnes, 1971, p.150). Thus it would be 
unlikely to participate sufficiently in a "common factor" for the particular 
battery. 

(2) Locate the off diagonal elements of the inverse that are less than -1.00. On 
the basis of this finding and conceptual considerations, eliminate further 
variables. When an offdiagonal element has this small a value, the partial 
correlation between the two variables (with all of the other variables held 
constant) is quite high, and they may well generate what Thurstone called a 
"doublet factor." 
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The present author has served as consultant to various clinical researchers 

and found that they often measure a large number of variables, some of which 

represent only slight variants of each other. Application of the foregoing two 

pruning rules would probably produce more interpretable factor analytic results. 

In summary, in this paper a rule of thumb has been presented for deciding on 

the minimal number of subjects that an investigator should seek after assembling 

the initial set of variables. Two other rules of thumb are given that enable him to 

pare down this inital set on the basis of values obtained in the inverse of the 

correlation matrix for these variables, before proceeding with the factor analysis. 
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Table 1 

CRITICAL VALUES 
OF THE RATIO OF NUMBER OF SUBJECTS TO VARIABLES 

Q p Nip 

.50 20 1.54 

.50 30 1.47 

.50 50 1.42 

.50 70 1.39 

.50 100 1.37 

.40 20 1.82 

.40 30 1.74 

.40 50 1.68 

.40 - 70 1.65 

.40 100 1.63 

.30 20 2.28 

.30 30 2.19 

.30 50 2.11 

.30 70 2.08 

.30 100 2.06 

.20 20 3.21 JI 

.20 . 30 3.09 

.20 50 2.98 

.20 70 2.94 

.20 100 2.91 

.15 20 4.14 

.15 30 3.98 

.15 50 3.86 

.15 70 3.80 

.15 100 3.76 

.10 20 6.00 

.10 30 5.78 

.10 50 5.60 U, 

.10 70 5.52 

.10 100 5.47 
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