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ABSTRACT 
The confactor rotational solution for the orthogonal case was examined for 

possible use as an approximation to the more general oblique case. Two plas
modes were designed: one with seven variables and three factors and the other 
using 16 variables and six factors. In both plasmodes good rotational solutions 
were found when relatively small and moderate correlations existed among the 
factors. The Confactor rotational solutions for the orthogonal case was found 
to be a good approximation for the oblique case when the two parallel sets of 
data have the same correlations. 

Confactor and Simple Structure Principles 
Two - and only two - principles have been propounded for unique factor 

resolution in the general case, i.e., when no specific trait hypothesis exists to 
guide the rotation. They are simple structure and confactor rotation. These are 
the tools of the exploratory use of factor analysis, in making new discoveries, 
rather than in checking hypotheses from existing findings. 

Simple structure is based on the probability that with a wide selection of 
variables any one factor is unlikely to affect (load on the factor pattern) more 
than a minority of the variables, thus leaving the rest in a hyperplane. Confactor 
rotation requires two explicitly designed parallel experiments with the same 
variables, but with such differences of population or stimulus conditions that 
each factor will have a different variance in the two experiments (Cattell, 1944). If 
this situation exists, then the rotation of each of the two studies can reach a posi
tion for each at which "parallel proportional profil~s" arise between the two 
reference vector correlation columns or factor pattern loading columns. 

The postulate behind this is that real influences will appear as factors but 
that only one of the infinite possible series of rotated factors will correspond with 
the real influences. If a real influence exists and is more strongly at work in one 
experiment than the other, then at the right position for both experiments the 
profile of loadings in one should be the same as that in the other multiplied 
throughout by a ratio d. 

It was shown by Cattell (1944) for orthogonal factors that if such a position 
is discovered it is unique, i.e., no other spin of the "barrels" of this combination 
lock will find another proportional profile position and solve the problem. It was 
next shown by Cattell and Cattell (1955) that this position does not have to be 
found by trial and error, which would be absurdly prodigal of time, but can be 
located, in the orthogonal case, analytically. 

It will be noted that though simple structure and confactor principles are 
different, and use quite different criteria, they are consistent (and should yield the 
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same factors) in as much as they derive from the same postulate: that the required 
unique factors are, in nature, influences or determiners. 

Attempts to Extend to an Oblique Confactor 'Solution 
After the 1944 and 1955 papers leading to a practical orthogonal factor 

solution a third paper appeared in 1966 (seemingly on a sun-spot frequency cycle!) 
in which Cattell returned to the problem of obtaining an oblique solution. Various 
requirements and possible avenues were pointed out, notably that a solution 
closely fitting the model, even in the orthogonal case, requires covariance (real 
base), rather than ordinary factor analysis, since proportionality will exist 
exactly in covariance but be only approximate in standard score, unit length 
factor treatment. It also advocated not throwing away the information that 
fact.ors are likely in the two experiments t.o be at different means as well as 
different variances. The proposal was made, since the orthogonal solution is 
known, to transform the oblique int.o an orthogonal Schmid-Lennan matrix, 
though, of course, only the primaries will retain their simple proportionality 
therein. (Brennan, [1977] has since shown that the primaries are not enough, in 
practice, to hold the solution to the true position.) Although it opened up these 
and other possibilities, the 1966 article was unable to reach a general oblique 
solution. 

Meanwhile, a number of developments in factor transformation have 
occurred which have advanced on the flanks of the problem and which, though 
contributing nothing t.o its solution as such, need to be noted in a history of this 
area, notably the articles of Cliff (1966), Heerman (1964), Korth and Tucker 
(1976), Meredith (1964), Eyferth and Sixth (1965), and Gibson (1962), as well as 
the perhaps theoretically unduly extended re-statement of confactor analysis 
by Ahmavaara and Markhanen (1958). 

More directly aimed at the issue was Haverland's (1954) carefully conceived 
experimental try-out of the orthogonal solution as an approxunation t.o the 
oblique case. He subjected two adequate samples of rats to hunger and thirst, with 
greater variance of hunger in one group and thirst in the other. The solution 
failed 'even as a recognizable approximation, but with the knowledge then 
available this could have been explained as due to an unexpected interaction 
of hunger and thirst. Doubt was removed recently, however, by Brennan (1977) 
who made up plasmodes, both with correlation and covariance matrices in 
which the obliquities of the primaries were different in the two populations, (as 
was also the case with Haverland's real data). In all cases-tpe restoration of the 
known factor patterns was quite poor. 

Investigation by Plasmodes with Similar and Slight Obliquities 
In Cattell's 1966 article it was suggested that a solution is theoretically 

possible when the correlations among the primary fact.ors are the same in the 
two experiments. This and other algebraic solutions are investigated in a paper in 
preparation by Cattell and Schonemann. Meanwhile it seemed desirable in view 
of th~ urgency of a working solution for personality, clinical and state research, 
t.o discover empirically, by use of plasmodes, how close a solution the existing 
orthogonal calculation would give in cases where primary correlations exist but 
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are the same. That is to say, the orthogonal factor matrices (iterated from the 
components solution to be correct communalities for the indicated number of 
factors) would be moved by the usual formulae to orthogonal rotation positions 
in which the nearest approach would be made to the exact proportionalities 
present only in the oblique factors. The question is whether the patterns and the 
proportionalities so found will approximate reasonably well to the true values. 

Two plasmodes were set up, one of smaller size, 7 variables by 3 factors, and 
one larger, 16 x 6. Each was worked out first with relatively small correlations 
among the factors and then with moderately large correlations, but the same 
within each A and B experiment pair. In these correlations, in the loading 
pattern (which had some degree, though poor, of simple structure) and in the 
extent of change (d ratio) of factor size from one experiment (A) to the other (B), 
all values in the plasmodes were made as typical as possible ofreal data met with 
in the psychological field. (The simple structure was made poor because one 
would usually be using the confactor method where the choice of variables made 
simple structure ineffective.) The rotated matrices (with their proportionalties 
and factor correlations) from which A and B variable correlation matrices were 
constructed are shown in Table 1 for the smaller example. 

Table 1 

Smaller Plasmode, with Slighter Interfactor Correlation 

A Experiment B Experiment 

Variables Fl F2 F3 Fl F2 F3 

1 60 -40 -10 40 -45 -12 
2 -50 -80 10 -33 -90 12 
3 -10 80 00 -07 90 00 
4 00 50 -60 00 56 -72 
5 90 -10 00 60 ·-11 00 
6 -60 00 70 -40 00 84 
7 05 00 80 03 00 92 

Factor size ratios (B/A) 

i1 = .667 i2 = 1.125 i3 = 1. 200 

Factor Correlations (A & B) 

Fl F2 F3 

Fl 100 
Mean size of 

F2 08 100 
r = .08 

F3 11 -09 100 
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The calculations by which one proceeds in confactor resolution from the 
given R matrix have been set out in Cattell and Cattell (1955) and elsewhere, 
and will only be sketched here as follows: The statement of the confactor principle 
is that there exists a factor pattern matrix (usually first a reference vector 
correlation matrix) VB in experiment B such that a diagonal matrix D of k 
tensors d1, d2, etc., (the factor matrices being n x k), will convert it into VA, from 
experiment A, having the same variables. Thus, 

VA= VBD 
If VoA and VoB are the first, unrotated factor matrices from RA and RB then we 
need to find two transformation (rotation) matrices such that, 

VA= VoALA 
and VB= VoBLB 

After algebraic transformations it can be shown that the necessary step to the 
required solution is to find a matrix K, calculated as follows: 

K = (VToB VoB) -1 V1'oBVoA 
One then calculates the principal components of KKT. The D values are the 
square roots of the k latent roots, while the LB (and by reciprocal procedures the 
LA) matrix consists of the principal components of KKT. (For detail see Cattell, 
1977.) The obtained solution is given in Table 2 and it will be seen that it is an 
excellent replication of Table 1, in pattern and in proportionalities. 

Table 2 

Solution by Confactor to Small Plasmode with Slight Correlations. 

A Experiment B Experiment 

Variables 1 2 3 1 2 3 

1 so -44 -09 40 -47 -12 
2 -28 -78 18 -22 -84 23 
3 -24 75 -06 -19 80 -07 
4 -03 40 -64 -03 43 -85 
5 l.ll -02 03 89 -02 04 
6 -40 09 70 -32 10 92 
7 00 09 75 . 00 10 99 

Obtained factor size ratios (B/A) 

~l = .80, ~2 = 1.07, ~3 = 1.32 

(Original values ~l = .67, ~2 = 1.13, ~3 ~ 1.20) 

The larger, 16 x 6, plasmode, as made up, is given in Table 3, and again it 
was given typical properties and comparatively slight primary factor correla
tions. The orthogonal proportionality solution obtained is given in Table 4. 
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Table 3 

The Larger Plasmode with Slight Factor Correlations. 

A Experiment 

Variables Fl F2 F3 F4 F5 F6 

1 00 -01 19 16 -03 -67 
2 18 -05 20 02 -05 -54 
3 65 -02 -06 -06 23 18 
4 18 03 03 -02 41 . -03 
5 18 16 -37 -57 05 -05 
6 00 13 26 -63 -03 05 
7 46 00 -01 22 14 -10 
8 -53 -24 02 33 . -31 -01 
9 -56 -27 -01 03 01 -15 
10 -52 06 -18 25 -07 37 
11 04 18 31 34 -44 -15 
12 -56 -22 02 -02 02 04 
13 -07 -03 47 01 -05 -51 
14 07 55 -29 -04 07 -02 
15 -57 -16 01 02 -02 02 
16 01 -16 -19 05 28 19 

B Experiment 

Variables Fl F2 F3 F4 F5 F6 

1 00 -01 17 18 -04 -86 
2 13 -04 18 03 -05 -70 
3 45 -02 -05 -06 25 23 
4 13 03 03 -62 45 -04 
5 13 13 -34 -63 06 -07 
6 00 10 23 -69 -03 07 
7 32 00 -01 · 24 16 -13 
8 -37 -19 02 37 -34 -01 
9 -39 -22 -01 04 01 -20 
10 -36 04 -16 28 • -08 48 
11 03 14 28 38 -48 -20 
12 -39 -18 02 -03 02 06 
13 -05 -03 43 01 -05 67 
14 05 44 -26 -04 07 02 
15 -40 •-13 01 03 -02 02 
16 01 -13 -17 05 31 25 

Factor size ratios (B/A) 

~1 = .7, ~- • 8, ~3 = .9,~=1.1,~5 • 1.1, ~ = 1.3 

Factor Correlations 
(A and B) 

1 2 3 4 5 6 
1 100 
2 -15 100 Mean size of 
3 08 -01 100 
4 -11 -19 04 100 .12 
5 08 -01 22 03 100 r "' 

6 13 05 27 09 27 100 
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Again the solution is extremely close to the original, both in pattern and 
proportionalities. 

. 
Table 4 

Solution to the Larger Plasmode, Slightly Correlated. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 

1 

10 
26 
63 
20 
16 

-02 
48 

-53 
-52 
-57 

05 
-55 
-01 

06 
-56 

00 

1 

07 
18 
44 
14 
11 

-01 
33 

-37 
-36 
-40 

04 
-38 
-00 

04 
-39 

00 

2 

07 
-00 
-09 

05 
10 
10 

-01 
-20 
-21 

06 
19 

-18 
05 
51 

-11 
-17 

2 

06 
-00 
-07 

04 
08 
08 

-01 
-16 
-16 

05 
15 

-14 
04 
41 

-09 
-13 

A Experiment 

3 

19 
19 

-02 
09 

-42 
17 
04 
01 

-01 
-16 

28 
02 
46 

-28 
01 

-14 

4 

16 
02 
01 
10 

-58 
-60 

26 
24 
02 
22 
26 

-03 
03 

-03 
01 
10 

B Experiment 

3 

17 
17 

-02 
08 

-38 
16 
03 
01 
01 

-14 
25 
02 
41 

-25 
01 

-12 

4 

18 
03 
01 
11 

-64 
-66 

29 
26 
02 
24 
29 

-03 
04 

-04 
01 
11 

Obtained factor size ratios (B/A) 

5 

-06 
-06 

24 
40 
03 
01 
14 

-32 
-03 
-08 
-39 
-00 
-03 

06 
-04 

25 

5 

-06 
-06 

27 
44 
03 
02 
16 

-36 
-03 
-09 
-43 
-01 
-04 

07 
-o5 · 

28 

6 

66 
54 

-13 
04 
06 

-05 
13 

-04 
10 

-40 
17 

-10 
50 
05 

-07 
-20 

6 

87 
71 

-18 
05 
08 

-06 
17 

-05 
13 

-52 
22 

-13 
66 
07 

-09 
-26 

~1 = .69, ~2 = .79, ~3 = .89, ~ = 1.11, ~5 = 1.10, ~ = 1.31 

(Original values . 7, .8, .9, 1.1, 1.1, 1.3) 

Plasmodes with More Emphatic - but Equal - Factor Correlations 
We now proceeded to a plasmode with more decided obliquity. The same 

values kept for the patterns and for the proportionalities as in Tables 1 and 3. 
The new angles are shown in 'rable 5 and the large example in Table 6. 
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Parenthetically, the standard orthogonal solution does not necessarily reproduce 
the factors in the right order or with the right sign, but it is simple to re-arrange 
them (and the transformation matrix) according to the matching order. A com
parison of the solution in Table 4 with the original plasmode and the solution 
at smaller angles in Table 2 shows the present to be not quite as good as the 
small correlation solution. 

The larger correlations in the larger example give the resolution shown. in 
Table 5. 

Table 5 

Solution to the Smaller Plasmode with Larger Factor Correlations 

Factor Correlations. 

Fl F2 F 
3 

Fl 100 

F2 15 100 

F3 21 -18 100 

A Experiment 

Fl F F3 2 

1 31 -58 16 
2 -39 -80 25 
3 06 94 -28 
4 11 29 -81 
5 51 -18 27 
6 -40 39 62 
7 -04 36 87 

Obtained factor size ratios (B/A) 

i1 = 1.84, E_i = .65, i3 = .95 

(Original values .67, 1.12, 1.20) 

1 
2 
3 
4 
5 
6 
7 

Mean r size= 

B Experiment 

F F2 F3 1 . 
56 -38 15 

-72 -52 24 
10 61 -27 
19 19 -77 
94 -12 26 

-73 25 58 
-07 24 83 

.18 

This solution seems as good as with the smaller factor correlation for the same 
plasmode (Table 4), both in terms of resemblance with the original patterns and 
the proportionalities. 
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Table 6 

Solution for Large Plasmode with Larger Factor Correlations. 

Factor Correlations. 

Fl F2 F3 F4 F5 F6 

Fl 100 
F2 -29 100 Mean Size of 
F3 16 -01 100 
F4 -21 -38 07 100 r = .22 
F5 15 -02 43 06 100 
F6 26 09 54 17 53 100 

.A Experiment 

Variables Fl F2 F3 F4 F5 F6 

1 26 15 18 18 -07 -61 
2 36 01 16 06 -11 -51 
3 56 -25 00 -08 25 05 
4 25 05 13 -03 39 -09 
5 12 -00 -48 -50 -32 -04 
6 -04 09 09 -50 -25 06 
7 50 -09 07 17 24 -18 
8 -53 -07 03 30 -17 10 
9 -49 -05 01 04 -07 -02 
10 -61 16 -12 19 09 40 
11 10 20 24 33 -18 -17 
12 -55 -03 04 -01 -03 15 
13 15 15 43 07 -06 -46 
14 11 46 -29 -06 02 -08 
15 -55 03 02 03 -05 12 
16 -04 -17 -07 01 27 17 

B Experiment 

Variables Fl F2 F3 F4 F5 F6 

1 17 12 16 20 -08 -85 
2 24 01 14 06 -13 -71 
3 37 -20 00 -09 29 07 
4 16 04 12 -03 44 -13 
5 08 -00 -42 -55 -37 -05 
6 -02 07 08 -55 -28 09 
7 33 -07 07 19 28 -26 
8 -35 -05 02 33 -19 15 
9 -32 -04 01 05 ·-08 -03 
10 -40 12 -10 21 10 56 
11 07 16 21 36 -20 -23 
12 -36 -03 03 -01 -04 21 
13 10 12 38 07 -07 -65 
14 07 37 -26 -06 02 -11 
15 -36 03 02 03 -06 17 
16 -03 -14 -06 01 31 24 

Obtained factor size ratios 

~l = .66, ~= .78, ~= .88, ~= 1.10, d = -5 1.13, ~ = 1.40 

(Original values . 7. .8, . 9. 1.1, 1.1, 1.3) 
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Summary and Discussion 
It has seemed unnecessary to reproduce here the plasmodes by Brennan 

(1977) used to attempt solution for the situation in which the correlations among 
factors in the twin A and B experiments are different. Suffice it that they fall 
decidedly short of the felicity of replication here, and, when correlations are 
large and different, it becomes impossible to recognize any matches. The good
ness of the present solutions is best evaluated by direct comparisons with the 
original plasmode. On this basis we see really little difference between solutions 
with larger and smaller factor correlations, provided they are the same in A and 
B, and, as for size of example, the indication here and in one or two other 
examples might be that the approximate confactor works a little better with large 
than small numbers of variables and factors. 

A rather striking finding is that though the solution on an orthogonal basis, 
when the proportionality is built into the oblique plasmode, has inaccuracies as 
against the true values, it succeeds in finding exact proportionalities in the A 
and B solutions! That is to say, the column for factor X in experiment A retains 
exactly the same proportionality over all variables with respect to the column of X 
in experiment B. It is surprising that it is able to do this when no such propor
tionality at the orthogonal level was built into the plasmode. 

As to the practical use of this method to help solve current substantive 
disputes where simple structure has been inadequate, it is obvious that caution 
is necessary. It is necessary because the method seems always to offer us a 
solution in which a proportionality exists between the A and the B loadings. 
But that solution can be trusted only when there is good reason to believe that the 
correlations among the primaries are the same in the two cases. Experience 
tells us - notably in the most thoroughly worked out instances of eight studies 
on second order factors among the 16 PF primaries (Cattell, 1973) - that second 
order factors, and therefore correlations among primaries, do tend to have high 
stability from population to population. Consequently, in several areas one 
could proceed with confidence, especially if replication is found between two 
different confactor pair experiments, since, as far as our plasmodes show, the 
false solutions are thoroughly erratic. 

A more intractable shortcoming of this approximate solution by the ortho
gonal formula is that it yields no correlation among the factors, leaving us in 
ignorance of the higher order structure. The only solution one can suggest at 
present to this is to combine simple structure, introduced at the end, with 
confactor methodology. This amounts to finding the essential position by 
confactor and then using Maxplane (Eber, 1966) to "tidy up" by taking simple 
structure as a new criterion - and one that will give us the required obliquities. 
True, confactor, if adequate, would have its greatest practical use where simple 
structure cannot easily be used. But in cases where simple structure can be 
used, there is still much to be said, in important theoretical issues, for applying 
both together, as here suggested. 
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