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ABSTRACT

In this work, the goal was to explore the application of periodic boundary conditions to any
three-dimensional model and leverage the benefit of unit cell models over computationally heavy
time-domain analysis models. Ultimately, the periodic boundary conditions are applied to complex
topological models such as Triply Periodic Minimal Surfaces (TPMS). The first hurdle was to
accurately describe the frequency response of simple one-dimensional models followed by two
dimensional and three dimensional models. The final hurdle was to model various TPMS
structures using approximated trigonometric functions to define their unit cell structure and apply
periodic boundary conditions for frequency response behavior. An analysis of the unit cell was
accomplished to determine and characterize the dispersion curves for Schwarz Primitive, Schwarz
Diamond, Gyroid, Fischer Koch S, IWp, and FRD. The analysis was accomplished by applying
the Floquet boundary conditions using Python scripting in Abaqus. By applying constraint
equations on the unit cells, eigenfrequencies are plotted for the First Irreducible Brillouin Zone.
TPMS structures have garnered significant interest due to their lightweight and high strength
properties, along with their porous nature. In the aerospace discipline, much research is being
conducted to create lightweight metamaterials with high strength properties. Defining the
frequency dispersion plots for these structures has the added advantage of engineering wave
propagation properties to customize shock absorption, wave-beaming, and the introduction of
resonance engineering for double structures of different material properties.
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CHAPTER 1
INTRODUCTION

Metamaterials have recently become a popular item of research due to their many
advantages in weight-to-strength and -stiffness ratios [1], vibration attenuation ability [2], and
hierarchical topology [3] that allows for design of engineering structures with improved vibrational
behavior. These advantages are attractive for aircraft and spacecraft design since they allow weight
reduction [4], fuel efficiency [5], wing flutter reduction [6], noise reduction [7], and impact damage
resistance [8]. The field of study is also fertile for research in optical attenuation and acoustical
engineering [9]. The majority of the research has been focused on mechanical properties with a
shift to frequency behavior/characterization, ultimately frequency isolation [10]. Frequency
isolation will add a new parameter to the engineering design process while leveraging known
advantages over conventional bulk structures [11] such as high strength and stiffness [1], acoustic
reduction [7], and compressibility [12].
1.1

Introduction to Triply Periodic Minimal Surfaces
Taking it a step further from metamaterials, Triply Periodic Minimal Surfaces (TPMS)

have become the next evolution of study due to their unique properties in curvature and invariance
[13]. These structures occur naturally in the animal kingdom and other biological systems [14, 15].
One study explored a similar topology found in a Woodpecker’s beak with the emphasis on
strength [15]. Other studies have looked at TPMS structures composing insect shells and butterfly
wings and their advantages in blocking optical frequencies for the benefit of mating and survival
[14]. While TPMS structures include the added benefit of metamaterials, they also add advantages
with void separation and curvature [16, 17]. The bi-continuous void benefits contribute to
permeability [18, 19] and offer voids for the inclusion of local resonators [20-22]. The unique
1

curvature benefits cell migration [16] and mass transfer in biological systems [23]. In the future,
adopting the TPMS structures observed in nature, engineers could conceivably design stealth
aircrafts by manipulating surface reflection and transmission properties [24]. The medical field
can also engineer TPMS grafts with increased strength that promotes the mass transfer of medicine
to tissue [16, 23, 25].
1.2

Current Research
Because TPMS plays a significant role as a metamaterial, most of the current research has

been conducted on predicting elastic behavior. Some studies have compared FEM models to
physical structures in order to correlate predictions on behavior [26]. The focus is on correlating
density, stress distribution, nodal connectivity, and the number of ligaments to experimental data
of elastic properties [27].
1.3

Unit Cell Analysis
TPMS structures have a complex topology to maintain invariance with a zero-mean

curvature [28]. These complex topologies are challenging to model, and performing frequency
analysis on the structure is computationally expensive [29]. A trigonometric function approximates
the surfaces [30], and each node is used in the FEM analysis. This work aims to reduce the
computation of a structure to a unit cell for various surfaces. The reduction to only unit cell nodes
dramatically reduces the computational cost, and the FEM model still provides accurate frequency
behavior and characterization [29].
1.4

Summary
In summary, metamaterials offer mechanical properties advantageous over conventional

bulk materials. TPMS structures are metamaterials that offer increased symmetry, porosity, and
compressibility while offering optimization for vibrational, optical, and acoustical properties

2

through frequency isolation. TPMS structures are complex surfaces that require approximated
trigonometric functions to model in FEM. FEM is computationally expensive and requires analysis
of unit cells for frequency characterization and frequency behavior. This work aims to simplify the
analysis of semi-infinite structures of TPMS using Floquet-Bloch boundary conditions on the unit
cell. The analysis greatly reduces the computational cost and provides information on the
frequency behavior required for further research.

3

CHAPTER 2
LITERATURE REVIEW

2.1

Introduction to Phononic Crystals
Phononic crystals are continuous bodies with one or more periodically varying physical

properties – such as mass, stiffness, or geometry. Such periodicity results in the generation of
frequency regions, commonly referred to as ‘bandgaps’, where elastic and acoustic waves are
unable to propagate [31].

Figure 1. Examples of crystal lattices in two-dimensions.

The natural frequencies of a periodic material represent a discrete quantum of vibrational
energy that propagates through the lattice for a particular waveform. This quantum of energy is
called a phonon and is analogous to the concept of a photon. A photon is defined as a single
quantum of light and may be treated as a particle or as a quantized wave. Similarly, a phonon is a
wave that carries energy through vibrational behavior [32].

Figure 2. A phonon is a wave packet of a specific frequency traveling through a periodic
structure.

4

Some materials exhibit frequency ranges within which phonons do not propagate. These
non-propagation frequency ranges, also called phononic band gaps, are the focus of this study [31].

Figure 3. Non-propagating waves for frequencies within a band gap in comparison to
propagating waves.

2.2

Lattices
Lattice structures are periodic structures that are obtained by spatially replicating a

representative unit cell [32]. The periodicity may be in the form of geometry, composition, or
structure; factors that change stiffness and mass periodically in a material. The base lattice
representation that describes a material’s periodicity can be expressed in one of many forms and
simplifies into a primitive unit cell, the most common being the Wigner-Seitz unit-cell [32]. The
possible 14 Bravais lattices are shown in Figure 4 [32].

5

Figure 4. Bravais Lattices
Repetition of a unit cell for any of the 14 Bravis lattices creates the overall lattice and
represents the smallest area or volume that describes the lattice [32]. The size of the unit cell is
called the lattice constant and is denoted by the constant, 𝑎𝑎 [32]. The lattice constant represents

the spacing of repetition in the lattice [32]. The unit cell in physical space is called the direct lattice
[32]. Primitive lattice vectors can describe the direct lattice, and for the simple cubic, the primitive
lattices are perpendicular and of magnitude, 𝑎𝑎 [32]. Two primitive vectors describe a repeating
plane in the lattice-space with an associated vector perpendicular to the plane [32]. This vector is
the reciprocal lattice vector, and its magnitude is equal to 2𝜋𝜋⁄𝑎𝑎 [32]. Therefore, a reciprocal lattice

can be constructed using reciprocal lattice vectors in place of primitive lattice vectors, and the
6

space this new lattice occupies is called k-space [32]. The magnitude of the reciprocal lattice vector
is dependent on the lattice constant or repeating distance. A direct lattice can be converted into a
reciprocal lattice in reciprocal space [32]. Figure 5 shows the conversion of a two-dimensional
direct lattice from physical space to a reciprocal lattice in reciprocal space. Similarly, Figure 6
shows the conversion for a three-dimensional lattice. The primitive reciprocal lattice vectors are
calculated using Equation (1) [32].
𝒃𝒃1 =
𝒃𝒃2 =
𝒃𝒃3 =

2𝜋𝜋𝒂𝒂2 × 𝒂𝒂3
𝒂𝒂1 ∙ (𝒂𝒂2 × 𝒂𝒂3 )
2𝜋𝜋𝒂𝒂3 × 𝒂𝒂1
𝒂𝒂1 ∙ (𝒂𝒂2 × 𝒂𝒂3 )

(1)

2𝜋𝜋𝒂𝒂1 × 𝒂𝒂2
𝒂𝒂1 ∙ (𝒂𝒂2 × 𝒂𝒂3 )

Through the use of the primitive vectors, any lattice point on the direct or reciprocal lattice
can be represented by Equation (2) for 𝑹𝑹 and 𝑮𝑮 [32]. Primitive lattice vectors can be multiplied by
any integer to describe the position of any repeating point in the overall structure [32]. The integers
are called miller indices and are represented in the form of < 𝑃𝑃𝑃𝑃𝑃𝑃 > [32].
𝑹𝑹[𝑛𝑛1 𝑛𝑛2 𝑛𝑛3 ] = 𝑛𝑛1 𝒂𝒂1 + 𝑛𝑛2 𝒂𝒂2 + 𝑛𝑛3 𝒂𝒂3

𝑮𝑮[𝑚𝑚1 𝑚𝑚2 𝑚𝑚3] = 𝑚𝑚1 𝒃𝒃1 + 𝑚𝑚2 𝒃𝒃2 + 𝑚𝑚3 𝒃𝒃3

7

(2)

Figure 5. Direct Lattice and Reciprocal Lattice in 2D

Figure 6. Direct Lattice and Reciprocal Lattice in 3D

Similarly, a wave is defined by its amplitude, wavelength and propagation direction. Wave
propagation in reciprocal space is defined by the wavenumber, 𝑘𝑘. The relationship between
wavenumber and natural frequency is the spectral relationship and is represented on a dispersion
plot. A dispersion plot relates the natural frequency of the structure to a wave of specified
wavelength and direction through a dispersion curve. The dispersion curve describes important
wave characteristics such as the mode of propagaton, phase of the transmitted wave, and other
dispersion characteristics. The number of dispersion curves is equal to the number of degrees of
freedom of the structure, and mode identification of the dispersion curve describes the frequency
behavior due to the propagated wave. The slope of the dispersion curve is the group velocity of
the transmitted wave. Wave propagation can manifest as longitudinal, flexural, or torsional modes.
8

A discrete monoatomic chain in two dimensions will display longitudinal modes and flexural
modes. Modes of lower energy and group velocity are observed at lower frequencies. The first
mode is called the Acoustic mode and the second mode is called the Optical mode. Frequency
behavior for a monoatomic and diatomic chain are discussed in further detail in Section 2.3.

Acoustic

Optical
(a)

(b)
Figure 7. Modes for a Diatomic Chain (a) Longitudinal (b) Transverse
Because dispersion plots are a representation of vibrational motion in relation to wave
propagation of specific direction and wavelength, the same relation exists for three dimensional
structures and include the spectral relations for waves in the additional principal direction, as
shown in Figure 8 and Figure 9.

9

Figure 8. Waveform

Figure 9. Example of a Dispersion Plot
2.3

Brillouin Zone
The Brillouin Zone is most easily observed for motion of a one-dimensional monoatomic

harmonic chain. In a monoatomic chain, Figure 10, the displacement of the nth mass is defined by
Equation (3) [32].

Figure 10. Monoatomic Chain

10

Newton’s equation of motion describes the force on the nth mass in Equation (4) [32]. A solution
of the second-order differential equation for the equation of motion is Equation (5), where 𝐴𝐴 is

the amplitude of oscillation, and 𝑘𝑘 and 𝜔𝜔 are the wavevector and frequency of the proposed wave

[33].

𝑀𝑀

𝑑𝑑2 𝑢𝑢𝑛𝑛
𝑑𝑑𝑡𝑡 2

𝑢𝑢𝑛𝑛 = 𝑥𝑥𝑛𝑛 − 𝑥𝑥𝑛𝑛𝑒𝑒𝑒𝑒 ; 𝑥𝑥𝑛𝑛𝑒𝑒𝑒𝑒 = 𝑛𝑛𝑛𝑛

= 𝐾𝐾(𝑢𝑢𝑛𝑛+1 − 𝑢𝑢𝑛𝑛 ) − 𝐾𝐾(𝑢𝑢𝑛𝑛 − 𝑢𝑢𝑛𝑛−1 ) = 𝐾𝐾(𝑢𝑢𝑛𝑛+1 − 2𝑢𝑢𝑛𝑛 + 𝑢𝑢𝑛𝑛−1 )

(3)
(4)

𝑢𝑢𝑛𝑛 (𝑥𝑥) = 𝐴𝐴𝑒𝑒 −𝑖𝑖(𝜔𝜔𝜔𝜔−𝑘𝑘𝑘𝑘𝑘𝑘)

(5)

−𝑀𝑀𝜔𝜔2 𝐴𝐴𝑒𝑒 −𝑖𝑖(𝜔𝜔𝜔𝜔−𝑘𝑘𝑘𝑘𝑘𝑘) = 𝐾𝐾𝐾𝐾𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖 �𝑒𝑒 −𝑖𝑖𝑖𝑖𝑖𝑖(𝑛𝑛+1) + 𝑒𝑒 −𝑖𝑖𝑖𝑖𝑖𝑖(𝑛𝑛−1) − 2𝑒𝑒 −𝑖𝑖𝑖𝑖𝑎𝑎𝑛𝑛 �

(6)

Substituting the assumed solution in Equation (5) into Equation (4) results in Equation (6).

Equation (6) simplifies to Equation (7) using Euler’s identity.
𝑀𝑀𝜔𝜔2 = 2𝐾𝐾[1 − cos(𝑘𝑘𝑘𝑘)] = 4𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠2 (𝑘𝑘𝑘𝑘⁄2)

(7)

Solving for 𝜔𝜔, the result is
𝐾𝐾

𝑘𝑘𝑘𝑘

𝜔𝜔 = 2�𝑀𝑀 �sin � 2 ��.

(8)

The relationship between a frequency and a wavevector is known as the dispersion relation
[32], previously mentioned in Section 2.2. Because of the sine term, the relationship is periodic
for −𝜋𝜋⁄𝑎𝑎 ≤ 𝑘𝑘 ≤ 𝜋𝜋⁄𝑎𝑎 as shown in Figure 11. The range −𝜋𝜋⁄𝑎𝑎 ≤ 𝑘𝑘 ≤ 𝜋𝜋⁄𝑎𝑎 is called the First
Brillouin Zone and represents the periodicity of the reciprocal lattice [32]. For a periodic system

in real space of lattice constant 𝑎𝑎, the periodicity of the reciprocal lattice is 2𝜋𝜋⁄𝑎𝑎 with symmetry
about 𝑘𝑘 = 0 [32].
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Figure 11. Acoustic Band

For a diatomic chain where the two equations of motion are coupled, a second positive
natural frequency exists, 𝜔𝜔2 , for each wavevector [32]. The second natural frequency creates an

additional band, as shown in Figure 12.

Figure 12. Acoustic and Optic Band

All dispersion curves lie in the extended Brillouin Zone; however, due to periodicity,
dispersion curves can be reduced to the First Brillouin Zone. Figure 13 shows an extended scheme
converted to a reduced scheme because of periodicity of the dispersion curve in reciprocal space
[32]. The Brillouin zone is the periodic primitive unit cell in the reciprocal lattice [32] and
analogous to the periodic primitive unit cell of the direct lattice.
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Figure 13. Extended and Reduced Scheme
For models with multiple principal directions, the dispersion curves produced by the
propagating waveform are deconstructed into varying directions of the reciprocal lattice at varying
wavenumbers. The selection of wavenumbers is directly proportional to the resolution of the
dispersion curve and ranges between 0 and 𝜋𝜋⁄𝑎𝑎 with symmetry about 𝑘𝑘 = 0 [32]. Any arbitrary

point within the Full Brillouin Zone represents a possible wavevector and wavenumber through

the reciprocal lattice. Plotting the Full Brillouin Zone produces a dispersion surface of
eigenfrequencies, as shown in Figure 14. For multiple eigenfrequencies such as the Acoustic and
Optical modes, multiple dispersion surfaces are produced.

(a)

(b)
Figure 14. Dispersion Surface
13

Additionally, the dispersion surface of the Full Brillouin Zone can be represented by an
Iso-frequency plots without the dispersion surface, Figure 15. Iso-frequency plots are contours of
the dispersion surface and can be used to obtain dispersive velocity [32]. The dispersive velocity
is the slope value of the countour.

Figure 15. Iso-frequency plot
Every possible wave vector is not required to obtain the dispersion relationship, and lattice
symmetry is exploited to discard repeating vibrational behavior [32]. Through symmetry, the Full
Brillouin Zone, is simplified to the Reduced Brillouin Zone for two-dimensional and threedimensional models [32], Figure 16.

Figure 16. Irreducible Brillouin Zone (IBZ)
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The Reduced Brillouin Zone is computationally expensive and requires frequency values
at each point in k-space [29]; as seen by the shaded blue region for the two-dimensional unit cell
in Figure 17.

Figure 17. Band Gap of Reduced Brillouin Zone
However, dispersion curves are usually extreme at key points of symmetry on the Reduced
Brillouin Zone [32]. On dispersion plots, waves of frequency ranges between the dispersion curve
extremes are called band gaps. Because dispersion curves are most extreme at points of symmetry,
only wave vectors along the key points of symmetry of the Reduced Brillouin Zone are computed,
Γ-X-M-Γ for a 2D lattice. Frequency information for wave paths along the points of symmetry
trace the Reduced Brillouin Zone and is called the Irreducible Brillouin Zone [32]. A segment of
the Dispersion plot represents a wave path of increasing magnitude and are joined at points of
symmetry along the x-axis. An arbitrary Dispersion plot for wave paths in the Irreducible Brillouin
Zone is depicted in Figure 18.
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Figure 18. Band Line
2.4

Band Gap
Waves of frequency within the band gap range on dispersion plots do not propagate or

transmit elastic energy. A band gap that exists for all paths of the Irreducible Brillouin Zone is
called a complete band gap [32]. Waveforms within this frequency range do not propagate through
the structure in any direction.

Figure 19. Complete, Partial and Polarized Band Gaps respectively
Band gaps that exist only in specific paths are partial band gaps and do not propagate waves
in the band gap frequency range and along the wave path direction, but can propagate along other
directions [34]. A structure may not exhibit band gaps for any wave direction but may have band
gaps between mode types, and these are called polarized band gaps [35]. A frequency within the
range of a dispersion curve will propagate a wave, and the motion exhibitied is in accordance with
the mode in either longitudinal, flexural, torsional vibration, or a combination modes. Dependent
on the design, it may be necessary to engineer structures where no vibration from any wave vector,
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vibration from some wave vectors, or only some vibrational modes is desired. Identifying the mode
of a dispersion curve is necessary to engineer structures that attenuate targeted vibrational behavior
from a specified wave vector.
2.5

Attenuation, Resonance, and Degeneracy Points
Reduction of vibrational energy propagating through a structure is accomplished with local

resonance. Local resonance is used to absorb the vibrational energy at a specific frequency range
[36-40]. Local resonance prevents the manifestation of dispersion curves at a specific frequency
range and creates a local band gap [36-40]. Incorporation of embedded resonators tuned to a
targeted natural frequency creates local resonance [37]. For TPMS structures, porosity is
advantageous in providing the additional void structure for embedded resonators in the void
network [20-22]. For double structures of TPMS, the interlaced secondary structure can be
engineered for local resonance by using differences in material stiffness and elastic properties that
resonate at a targeted frequency. Double structures of differing materials still maintain an increase
in porosity and reduction in weight over conventional structures [20-22, 36-40]. [14, 19] was able
to find complete band gaps by shifting a Double Diamond-structured material with high dielectric
contrast in double structures. In cases of highly symmetric lattices, modes in the First Brillouin
Zone branch out of degeneracy points at points of symmetry. Interruption of unit lattice symmetry
along a principal direction impacts the dispersion relation at the degeneracy point and opens a band
gap near that frequency range [41, 42]. Symmetry disruption and local resonance are methods in
creating frequency ranges of vibrational attenuation [42].
2.6

Triply Periodic Minimal Surfaces
Triply Periodic Minimal Surfaces are defined as surfaces that are invariant along three

principal directions, as shown in Figure 20.
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(a)

(b)

(c)
Figure 20. Invariance (a) Schwarz P (b) Gyroid (c) Bat Wing

TPMS are highly symmetric, periodic in all three-dimensions, and have a zero-mean
surface curvature [28]. Figure 21 shows symmetry for some TPMS structures. Zero-mean
curvature is defined as equally concave and convex at planes of curvature, and therefore the
average radius of curvature is zero at every point along the surface [43]. Figure 22 demonstrates
the concept of mean curvature, with Equations (9 - 10) giving the mathematical description, where
𝜅𝜅1 and 𝜅𝜅2 are the principal curvatures. 𝜅𝜅1 and 𝜅𝜅2 are also the maximum and minimum curvatures

on the plane of principal curvatures [43]. Curvature is defined by Equation (10), where ρ represents
the radius of curvature.
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(a)

(b)

(c)
Figure 21. Symmetry (a) Schwarz P (b) Gyroid (c) Bat Wing

Figure 22. Curvature Convention and Zero Mean Curvature
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1
𝐻𝐻 = (𝜅𝜅1 + 𝜅𝜅2 )
2
𝜅𝜅 =

(9)

1
𝜌𝜌

(10)

TPMS provides minimal area between any given boundaries [28] in the same manner as a
film of soap under tensile equilibrium. Soap film minimizes its surface area to achieve the lowest
energy state and maintain its boundary conditions [28]. TPMS structures have the added benefit
of dividing volume into two disjointed void networks [18, 19]. Separate void structures allow for
differences in permeability of multiple fluids [18, 19]. With the availability of additive
manufacturing technology, double structured TPMS of material difference in eleastic properties
allow for the targeting of local resonance and attenuation behavior.
Advantages in porosity, interlaced surfaces of double structures, and bi-continuous voids
over conventional structures warrants research on the vibrational behavior of these unique
mathematical surfaces using dispersion plots and adds an additional parameter in the engineering
design process.
Table 1 lists some TPMS structures for which dispersion plots were studied in this article.
Table 1. TPMS Approximated Trigonometric Equations [30]
Name

Nodal Equations (𝑪𝑪 = 𝒇𝒇(𝒙𝒙, 𝒚𝒚, 𝒛𝒛))

Schwarz Primitive (P)

𝐶𝐶 = cos 𝑥𝑥 + cos 𝑦𝑦 + cos 𝑧𝑧
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Model

Table 1. (continued)

Schwarz Diamond (D)

Gyroid (G)

Fisher-Koch S (S)

F-RD

𝐶𝐶 = sin 𝑥𝑥 sin 𝑦𝑦 sin 𝑧𝑧
+ sin 𝑥𝑥 cos 𝑦𝑦 cos 𝑧𝑧
+ cos 𝑥𝑥 sin 𝑦𝑦 cos 𝑧𝑧
+ cos 𝑥𝑥 cos 𝑦𝑦 sin 𝑧𝑧

𝐶𝐶 = cos 𝑥𝑥 sin 𝑦𝑦 + cos 𝑦𝑦 sin 𝑧𝑧
+ cos 𝑧𝑧 sin 𝑥𝑥

𝐶𝐶
= cos 2𝑥𝑥 sin 𝑦𝑦 cos 𝑧𝑧
+ cos 2𝑦𝑦 sin 𝑧𝑧 cos 𝑥𝑥
+ cos 2𝑧𝑧 sin 𝑥𝑥 cos 𝑦𝑦

𝐶𝐶
= 8(cos 𝑥𝑥 cos 𝑦𝑦 cos 𝑧𝑧)
+ cos 2𝑥𝑥 cos 2𝑦𝑦 cos 2𝑧𝑧
− (cos 2𝑥𝑥 cos 2𝑦𝑦 + cos 2𝑦𝑦 cos 2𝑧𝑧
+ cos 2𝑧𝑧 cos 2𝑥𝑥)
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Table 1. (continued)

𝐶𝐶 = cos 𝑥𝑥 cos 𝑦𝑦 + cos 𝑦𝑦 cos 𝑧𝑧
+ cos 𝑧𝑧 cos 𝑥𝑥
− cos 𝑥𝑥 cos 𝑦𝑦 cos 𝑧𝑧

I-WP

𝐶𝐶
= 3(cos 𝑥𝑥 + cos 𝑦𝑦 + cos 𝑧𝑧)
+ 4 cos 𝑥𝑥 cos 𝑦𝑦 cos 𝑧𝑧

Neovius

2.7

Bloch Theorem
A node in a lattice exposed to a waveform has eigenstates of the form
Ψ𝑘𝑘𝛼𝛼 (𝑟𝑟) = 𝑒𝑒 𝑖𝑖𝑖𝑖⋅𝑟𝑟 𝑢𝑢𝑘𝑘𝛼𝛼 (𝑟𝑟)

(11)

which translate to the wavefunction having the same periodicity as the crystal structure. The
function 𝑢𝑢𝑘𝑘𝛼𝛼 (𝑟𝑟) is called the Bloch function [32].

𝑢𝑢𝑘𝑘𝛼𝛼 (𝑟𝑟) = 𝑢𝑢𝑘𝑘𝛼𝛼 (𝑟𝑟 + 𝑅𝑅)

(12)

Equation 12 can be written using the lattice vector 𝑅𝑅 because the Bloch function is periodic

[32]. Therefore, the eigenstates or wavefunction is the same at periodic intervals of the structure

[32]. This theorem minimizes the computational requirement to a single unit cell where the
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periodic nodes are constrained to respective displacements [29, 44]. The wavefunction represents
the displacement of the periodic node and is written as
𝑢𝑢𝑘𝑘𝛼𝛼 (𝑟𝑟 + 𝑅𝑅) = 𝑢𝑢𝑘𝑘𝛼𝛼 (𝑟𝑟)𝑒𝑒 𝑖𝑖𝑖𝑖⋅𝑅𝑅

(13)

Bloch Theorem is used in the following section, where we use Floquet-Bloch boundary conditions
to obtain the frequency response of an infinite structure using a unit cell.
2.8

Floquet-Bloch Boundary Conditions
According to Bloch theorem, to analyze a semi-infinite continuous structure, it is only

necessary to analyze the smallest repeating unit cell [29, 44-46]. The Floquet-Bloch equations
relate the displacement at one end of the unit cell to the displacement on the opposite end in
accordance with Equation 13 [29, 44-46]. To perform the analysis on the unit cell, nodes are
constrained to respective symmetrical nodes in accordance with Floquet-Bloch boundary
conditions [29, 44-46]. However, the complex nature of these boundary conditions can make it
difficult to implement these in FE solvers that support only real boundary conditions. In this work,
this issue is overcome by simultaneously modeling two models, a real and an imaginary model,
and use Euler’s identity to convert the complex exponential boundary condition to a series of
relationships in sine and cosine functions which are then applied on the relevant nodes on the real
and imaginary model. Further information and the constraint equations are provided in Chapter 3.
2.9

Additional Advantages for TPMS Structures
TPMS structures have numerous advantages in addition to frequency behavior; primarily

the reduction in weight footprint [4] without significant reduction in strength [1]. Current research
has focused on the elastic material properties for common TPMS structures, most notably on
predicting elastic behavior [10, 26, 27]. FEA of various TPMS unit cells were modeled for the
analysis of nodal connectivity and degrees of freedom to determine elastic behavior, and were
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then tested on physical model to support results [26, 27]. One of studies correlated stress
distribution to elastic behavior [27]. The Schwarz Primitive model in te study exhibited stress
distribution concentration on the interface or neck that connected each cell [26]. The Schwarz
Primitive cell displayed stretch dominant behavior, and the study showed that under uniaxial
compression, the neck interface experienced stretching and stress concentration at this location
[26]. The stress-strain curve captured the exhibited linear elastic behavior with higher strength
relative to the Schwarz Diamond or Gyroid before reaching plastic yielding, and demonstrated
dominant flexural behavior [26]. [26] describes the stress distribution as a method of describing
elastic behavior. In the Gyroid, [26] describes strain creep along the z-axis and the formation of a
series of vertically continuous helix ribbons. The Schwarz Diamond stress distribution formed
unconnected tubes at the ligament midpoint [26]. Schwarz Primitive formed discrete cylinders at
cross-sections of ligament midpoint [26]. For the IWp structure, stress concentration formed as a
train of discontinuous curved surfaces at the junction of the ligament and node [27]. Because nodal
connectivity, number of ligaments or load-bearing struts [14, 27] determine stress distribution and
is critical to predicting elastic behavior, Table 2 lists structural features for some TPMS, and Figure
23 shows the stress distribution [27]. The reduced weight without a reduction in strength is possible
due to the porosity, but its dual continuous voids spawn other advantages [11].

Table 2. Structural Features for Skeletal Structures in a Unit Cell
Lattice Structure
Schwarz P
Schwarz D
Gyroid
IWp

Number of
Ligament
3
16
12
8

Interconnectivity
Orders
6
4
3
8
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Number of Nodes
1
8
8
2

Figure 23. Stress Distribution
In nature, TPMS structures are observed in butterflies, beetles, and weevils [14]. [14]
observed that the ventral of butterfly wings are covered by parallel arranged scales with elongated
shape; several hundred micrometers in length. The surface of the scales are covered by crossconnected ridges and ribs, which support the mechanical stability of the scales and serve as
interference reflectors [14]. The periodicity in the scales can achieve a partial bandgap in the
visible wavelength range, and allow butterfly wings to appear a particular range of colors when
seen from different directions [14]. In beetles and weevils, Schwarz Diamond type structures were
observed to provide protective mimicry on a foliaceous background, while the sparkling color
upon close examination may facilitate intersexual recognition [14]. The results by [14] showed
that insects could optimize their biostructures to develop photonic properties during evolution.
Continuous voids can also be repurposed for mass transport, nutrient diffusion, or cell
migration for structures grafted to biological systems [16, 23, 25]. In biomorphic applications,
TPMS structures can be used as internal casts on broken bones, protect damaged tissue or tissue
reconstruction while maintaining the necessary cellular functions [25, 47]. According to [14],
interconnected curved pores were found to provide more effortless mass transfer and facilitate
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reactions with active sites along the mesopores in catalytic reactions as well as affect the release
kinetics in drug delivery systems. In a separate study, tissue growth was shown to increase with
increasing concave curvatures and minimal in convex areas [19]. In the same study, cells actively
migrated out of concave pits while adhering to and proliferated on convex structures [19]. The
high specific tortuosity of the structures creates relatively large surface areas that significantly
increase contact and exchange for cells, which promote cell adhesion and growth [30]. Used as
internal grafts, the pore connectivity contributes to high permeability and provides an environment
through which nutrients and metabolic wastes can diffuse for tissue growth [30]. Permeability
values were provided by [19] for various TMPS structures and aid in TPMS scaffold design and
are listed below.
Table 3. Intrinsic Permeability for TPMS
Lattice Structure
Permeability × 10−9 (𝑚𝑚2 )

P
6.44 ± 0.37

D
4.72 ± 0.37

G
5.59 ± 0.65

FRD
4.11 ± 0.41

FKS
3.31 ± 0.18

Other applications not individually researched for this work is the ability to absorb

compressive energy, heat exchange using void channels, dual conductivity of double structures,
and dual electrical conductivity [11]. Some examples of these advantages are shown by [14] in the
Double Gyroid structure. The Double Gyroid structure shows higher ion conductivity than other
structures, which has significant implications in applications, including charge transport, such as
ion conductors, photovoltaics, or electroluminescence [14]. Crossland et al. successfully replicated
a Double Gyroid network and demonstrated its possible use in a solid-state dye-sensitized solar
cell.
2.10

Purpose of TPMS Dispersion Curves
Because TPMS are highly symmetrical and porous, periodic, light weight, and with the

possibility for double structures, Bloch Theorem is used for the study of dispersion curves and
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mode characterization on these structures. TPMS structures are found in nature with observed
advantages in weight-to-strength and -stiffness ratios, light absorption, or reduced acoustic
pressure properties [14, 15] and such natural phenomena can be found in butterfly wings,
exoskeleton of beetles, and bird beaks [14, 15]. Engineers replicate observed natural phenomena,
and this work seeks to leverage the advantages of TPMS structures for applications in sensor
protection, aerospace vehicles, noise reduction, and optical manipulation by characterizing the
vibrational response of each structure.
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CHAPTER 3
METHODOLOGY

In this chapter, a method to obtain the dispersion plots is delineated for the simplest model
to the final TPMS models using the Abaqus Finite Element package. The numerical solver within
Abaqus determines a specified number of eigenfrequencies for a specified waveform. Waveforms
are defined by wave number and wave path and are plotted against the eigenfrequencies. The
eigenfrequencies are obtained from a unit cell of the infinite periodic structure on which FloquetBloch boundary conditions are applied. The wave paths chosen are along the Irreducible Brillouin
Zone edges because the band extremes occur at the key points of symmetry, allowing for the most
conservative gap between dispersion curves. The dispersion curves constructed from the
numerically solved eigenfrequencies of the unit cell represent the response behavior of the periodic
structure. The dispersion curves allow for the observation of vibrational and displacement behavior
at the periodic interface. The FEM model is necessary to show the response behavior of an infinite
periodic structure at a fraction of the computational demand by leveraging Floquet-Bloch
boundary conditions.
3.1

Modeling
The FEM package, Abaqus, was used for modeling and numerical simulation. Abaqus uses

the Lanczos eigen-solver normalized for displacement on the lattice structure and calculates
natural frequencies for the unit cell. The FEM package script allows for manual entry of complex
boundary conditions on any node of the structure. For complex structures such as TPMS structures,
manipulation of the complex boundary conditions on the structure is necessary via Python scripting
using Floquet-Bloch boundary conditions.
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Using Bloch Theory to constrain periodic nodes, the eigenfrequencies can be calculated
and plotted against wave magnitude and direction. The numerical analysis was primarily
performed in the Abaqus software package.
The first step was to create the models via Abaqus and AutoCAD 3Ds Max. For the EulerBernoulli beam, Timoshenko beam, composite model, cross wire lattice, and simple cubic lattice,
the internal CAE feature of Abaqus was used. For the TPMS structures, using the approximated
trigonometric equations described in Table 1, an iso-surface was generated via MATLAB.
MATLAB exports the iso-surface as a stereolithographic file (.STL), which can be used for
computational analysis and additive manufacturing in further studies. AutoCAD 3Ds Max was
used to import the file for the meshing process and the removal of any approximation errors in the
geometry. Abaqus then imports the iso-surface file with the orphan mesh to be analyzed. Figure
24 shows the modeling and simulation process.

Figure 24. Process Tree
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Since Abaqus CAE does not allow the application of complex constraint equations, a
Python script was used to apply the necessary complex Floquet-Bloch boundary conditions. Due
to the significant number of boundary nodes for TPMS structures, an automated system is
necessary to sort, label, and constrain nodes systematically at each k-value. The sorting and
labeling were done within the Python script along with material properties, and shell definition.
Nodes were sorted based on the simple cubic lattice structure to simplify the pairing, wave vectors
required, dispersion plot construction, and are categorized as nodes on a face, edge, or corner and
were named according to that convention. Once all nodes were named, they were called within the
respective constraint equations. Nodes in the interior of a face were constrained to its opposing
symmetric node while those on the interior of an edge shared three symmetrical constraints.
Moreover, corner nodes shared seven constraint equations at symmetrical locations.
The general constraint equations taken from Bloch theorem and from which the symmetric
constraints were derived are described below:
𝑢𝑢𝑚𝑚 (𝑥𝑥𝑛𝑛 ) = 𝑢𝑢𝑚𝑚 (𝑥𝑥𝑛𝑛 + 𝑙𝑙𝑛𝑛 )𝑒𝑒 −𝑖𝑖𝑖𝑖𝑛𝑛𝑗𝑗𝑙𝑙𝑗𝑗

(14)

𝑢𝑢𝑚𝑚 𝐼𝐼𝐼𝐼 (𝑥𝑥𝑛𝑛 ) = 𝑢𝑢𝑚𝑚 𝐼𝐼𝐼𝐼 (𝑥𝑥𝑛𝑛 + 𝑙𝑙𝑛𝑛 ) cos(𝑘𝑘𝑛𝑛𝑗𝑗 𝑙𝑙𝑗𝑗 ) − 𝑢𝑢𝑚𝑚 𝑅𝑅𝑅𝑅 (𝑥𝑥𝑛𝑛 + 𝑙𝑙𝑛𝑛 )sin(𝑘𝑘𝑛𝑛𝑗𝑗 𝑙𝑙𝑗𝑗 )

(16)

𝑢𝑢𝑚𝑚 𝑅𝑅𝑅𝑅 (𝑥𝑥𝑛𝑛 ) = 𝑢𝑢𝑚𝑚 𝑅𝑅𝑅𝑅 (𝑥𝑥𝑛𝑛 + 𝑙𝑙𝑛𝑛 ) cos(𝑘𝑘𝑛𝑛𝑗𝑗 𝑙𝑙𝑗𝑗 ) + 𝑢𝑢𝑚𝑚 𝐼𝐼𝐼𝐼 (𝑥𝑥𝑛𝑛 + 𝑙𝑙𝑛𝑛 )sin(𝑘𝑘𝑛𝑛𝑗𝑗 𝑙𝑙𝑗𝑗 )

(15)

This method allows application of complex Floquet-Bloch boundary conditions on corner
nodes that share symmetry in multiple directions and accounts for imaginary components.
To accurately constrain the nodes on opposite boundaries of the unit cell, a sorting and
labeling scheme was used to pick out nodes that lay on faces, edges, or corners. For nodes on the
interior faces, the pairing was accomplished by comparing the spatial location on the opposing
face. Nodes on opposing faces share a difference in lattice constant; however, they may differ on
location within the face. A python loop was created to test for the smallest distance of all interior
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nodes of the opposing face to the required spatial location. The node with the smallest distance, or
closest in the vicinity to the ideal location, was paired together and labeled appropriately.

Figure 25. Sorting
3.2

Complex Model Simulation
For each model, two copies of the geometery are superimposed to allow the application of

the complex Floquet-Bloch boundary conditions. One was used as the real model, and the second
was used as an imaginary model. The real model accounted for real displacements in the boundary
condition equations and the imaginary model for the imaginary displacements. The nodes were
constrained using the Floquet-Bloch boundary conditions in Equation (15) and (16) for each degree
of freedom. Figure 26 shows separate models where node 2 and 8 are paired with node 5 and 11
in accordance with the constraint equations.

Figure 26. Face Node Pairing
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𝑢𝑢1 = 𝑢𝑢6 cos 𝜓𝜓𝑥𝑥 − 𝑢𝑢12 sin 𝜓𝜓𝑥𝑥

(17)

𝑢𝑢7 = 𝑢𝑢6 sin 𝜓𝜓𝑥𝑥 + 𝑢𝑢12 cos 𝜓𝜓𝑥𝑥

(18)

𝑢𝑢11 = 𝑢𝑢2 sin 𝜓𝜓𝑦𝑦 + 𝑢𝑢8 cos 𝜓𝜓𝑦𝑦

(20)

𝑢𝑢5 = 𝑢𝑢2 cos 𝜓𝜓𝑦𝑦 − 𝑢𝑢8 sin 𝜓𝜓𝑦𝑦

(19)

𝑢𝑢4 = 𝑢𝑢3 cos 𝜓𝜓𝑧𝑧 − 𝑢𝑢9 sin 𝜓𝜓𝑧𝑧

(21)

𝑢𝑢10 = 𝑢𝑢3 sin 𝜓𝜓𝑧𝑧 + 𝑢𝑢9 cos 𝜓𝜓𝑧𝑧

(22)

A simplified two-dimensional constraint equation is used for edge nodes. It is imperative
to note that a reference node is selected before the application of constraint definition. The
reference node allows recycling of the degrees of freedom during other constraint equation. This
is especially important for corner nodes that require multiple constraints in multiple directions.
Figure 27 shows an exampled of overlapping real and imaginary models.

Figure 27. Edge Node Pairing
𝑢𝑢3 𝑅𝑅𝑅𝑅 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑥𝑥 − 𝑢𝑢1 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑥𝑥

(23)

𝑢𝑢2 𝑅𝑅𝑅𝑅 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑦𝑦 − 𝑢𝑢1 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑦𝑦

(25)

𝑢𝑢4 𝑅𝑅𝑅𝑅 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 ) − 𝑢𝑢1 𝐼𝐼𝐼𝐼 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 )

(27)

𝑢𝑢3 𝐼𝐼𝐼𝐼 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑥𝑥 + 𝑢𝑢1 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑥𝑥

(24)

𝑢𝑢2 𝐼𝐼𝐼𝐼 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑦𝑦 + 𝑢𝑢1 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑦𝑦

(26)

𝑢𝑢4 𝐼𝐼𝐼𝐼 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 ) + 𝑢𝑢1 𝐼𝐼𝐼𝐼 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 )

(28)

Similarly, the same is accomplished for nodes on corners using Equations (35) through (42).
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𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑥𝑥 − 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑥𝑥

(29)

𝑢𝑢𝑡𝑡𝑡𝑡𝑡𝑡 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑦𝑦 − 𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑦𝑦

(31)

𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑧𝑧 − 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑧𝑧

(33)

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑥𝑥 + 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑥𝑥

(30)

𝑢𝑢𝑡𝑡𝑡𝑡𝑡𝑡 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑦𝑦 + 𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑦𝑦

(32)

𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑧𝑧 + 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑧𝑧

(34)

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡/𝑡𝑡𝑡𝑡𝑡𝑡 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 ) − 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 ),

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡/𝑡𝑡𝑡𝑡𝑡𝑡 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 ) + 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 ),

for x-y plane

(35)

for x-y plane

(36)

𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑡𝑡𝑡𝑡𝑡𝑡 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 cos(𝜓𝜓𝑧𝑧 + 𝜓𝜓𝑦𝑦 ) − 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 sin(𝜓𝜓𝑧𝑧 + 𝜓𝜓𝑦𝑦 ),

𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑡𝑡𝑡𝑡𝑡𝑡 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑏𝑏𝑏𝑏𝑏𝑏𝑡𝑡𝑡𝑡𝑡𝑡 𝑅𝑅𝑅𝑅 sin(𝜓𝜓𝑧𝑧 + 𝜓𝜓𝑦𝑦 ) + 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 cos(𝜓𝜓𝑧𝑧 + 𝜓𝜓𝑦𝑦 ),
𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑅𝑅𝑅𝑅 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑧𝑧 ) − 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝐼𝐼 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑧𝑧 ),

𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑅𝑅𝑅𝑅 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑧𝑧 ) + 𝑢𝑢𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓/𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝐼𝐼𝐼𝐼 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑧𝑧 ),

for z-y plane

(37)

for z-y plane

(38)

for x-z plane

(39)

for x-z plane

(40)

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡/𝑡𝑡𝑡𝑡𝑡𝑡/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑅𝑅𝑅𝑅 = 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑅𝑅𝑅𝑅 cos(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 + 𝜓𝜓𝑧𝑧 ) − 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐼𝐼𝐼𝐼 sin(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 + 𝜓𝜓𝑧𝑧 )

𝑢𝑢𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡/𝑡𝑡𝑡𝑡𝑡𝑡/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝐼𝐼𝐼𝐼 = 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑅𝑅𝑅𝑅 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 + 𝜓𝜓𝑧𝑧 ) + 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙/𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝐼𝐼𝐼𝐼 𝑐𝑐𝑐𝑐𝑐𝑐(𝜓𝜓𝑥𝑥 + 𝜓𝜓𝑦𝑦 + 𝜓𝜓𝑧𝑧 )

(a)

(b)

(41)
(42)

(c)

Figure 28. Node Pairing Applied to TPMS for Face Nodes (a) Left to Right (b) Bottom to Top
(c) Front to Back
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(a)

(b)

Figure 29. Node Pairing Applied to TPMS for (a) Edge Nodes (b) Corner Nodes
3.3

Method verification: periodic beam
The developed methodology is verified by obtaining the dispersion curves for models with

known dispersion behavior. The first model analyzed is a beam with material periodicity along its
length, as shown in Figure 30. The beam’s response behavior was compared to a unit cell model
to verify results.

Figure 30. Semi-Infinite Beam (Square Profile Render)
The beam was modeled according to Table 4 using Python script within Abaqus.
Table 4. Beam Properties
Total Length of Beam (𝑚𝑚)
Density (𝑘𝑘𝑘𝑘⁄𝑚𝑚3)
Profile
Young’s Modulus (𝑃𝑃𝑃𝑃)
Poisson Ratio

Material-1

10.0 𝑚𝑚

8000 𝑘𝑘𝑘𝑘⁄𝑚𝑚3

a = 0.01 𝑚𝑚
b = 0.01 𝑚𝑚
200× 10−9 𝑃𝑃𝑃𝑃
0.3
34

Table 4. (continued)
0.5 𝑚𝑚

Periodic Length (𝑚𝑚)
Material-2

Density (𝑘𝑘𝑘𝑘⁄𝑚𝑚3)
Profile

1000 𝑘𝑘𝑘𝑘⁄𝑚𝑚3

a = 0.01 𝑚𝑚
b = 0.01 𝑚𝑚
−9
200× 10 𝑃𝑃𝑃𝑃
0.3
0.5 𝑚𝑚

The response behavior is shown in Figure 31.

Band Gap (Euler-Bernoulli Beam)

Frequency [Hz]

200

150

100

50

0

0.1

0.2

0.3

0.4

(a)

0.5

0.6

0.7

0.8

0.9

1

(b)

Figure 31. Response Behavior for (a) Semi-Infinite (b) Unit Cell
A unit cell of the same beam was analyzed using Floquet-Bloch boundary conditions
applied at the repeating ends to capture the periodicity of the overall structure. Since the element
is periodic only along one direction, the constraint is applied as:
𝑢𝑢2 𝑅𝑅𝑒𝑒 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑥𝑥 − 𝑢𝑢1 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑥𝑥

𝑢𝑢2 𝐼𝐼𝐼𝐼 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑥𝑥 + 𝑢𝑢1 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑥𝑥

(43)
(44)

The wave path analyzed to construct the dispersion plot for a simple beam is in the xdirection. The dispersion plot obtained for the beam unit cell is shown in Figure 31 (b) and matches
the response behavior of the whole model shown in Figure 31 (a). The flexural behavior of mode
1, 2, and 3 shown in Figure 32 for the simple beam is used to analyze similar modes in TPMS
structures.
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(a)

(b)

(c)

Figure 32. Modes for Semi-Infinite Beam (a) Mode 1, (b) Mode 2 (c) Mode 3
3.4

Model verification: 2D square lattice
Next, a 2D square lattice is modeled, as shown in Figure 33. This mode allows the

incorporation of an additional direction within the analysis. The results are verified against results
published in [45].

Figure 33. Picture of a Grid Lattice a) Lattice b) Unit Cell
A unit cell of the 2D square lattice and with properties given in Table 5 is analyzed using
Floquet-Bloch boundary conditions. Because the element is periodic in two directions, Equations
(45) through (46) are used to constrain the two degrees of freedom.
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𝑢𝑢2 𝑅𝑅𝑅𝑅 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑥𝑥 − 𝑢𝑢1 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑥𝑥

(47)

𝑢𝑢4 𝑅𝑅𝑅𝑅 = 𝑢𝑢3 𝑅𝑅𝑅𝑅 cos 𝜓𝜓𝑦𝑦 − 𝑢𝑢3 𝐼𝐼𝐼𝐼 sin 𝜓𝜓𝑦𝑦

(49)

𝑢𝑢2 𝐼𝐼𝐼𝐼 = 𝑢𝑢1 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑥𝑥 + 𝑢𝑢1 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑥𝑥

(48)

𝑢𝑢4 𝐼𝐼𝐼𝐼 = 𝑢𝑢3 𝑅𝑅𝑅𝑅 sin 𝜓𝜓𝑦𝑦 + 𝑢𝑢3 𝐼𝐼𝐼𝐼 cos 𝜓𝜓𝑦𝑦

(50)

Because this is a two-dimensional model and has an Irreducible Brillouin Zone, as shown
in Figure 16, the wave path used to construct the dispersion plot is Γ-X-M-Γ. The dispersion plot

obtained for the cross-unit cell is shown in Figure 34 (b) and matches the results from [45].

Band Gap (Cross)

Frequency [KHz]
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(b)
Figure 34. Dispersion Plot (a) [45] (b) Abaqus

Table 5. Aluminum Cross Lattice Properties
10 𝑚𝑚𝑚𝑚
2700 𝑘𝑘𝑘𝑘⁄𝑚𝑚3
a = 1.73205 𝑚𝑚𝑚𝑚
b = 1.73205 𝑚𝑚𝑚𝑚
68.9 × 10−9 𝑃𝑃𝑃𝑃
0.3
100
0.1 𝑚𝑚𝑚𝑚

Lattice Constant (𝑚𝑚𝑚𝑚)
Density (𝑘𝑘𝑘𝑘⁄𝑚𝑚3)
Profile
Young’s Modulus (𝑃𝑃𝑃𝑃)
Poisson Ratio
Element Quantity / Size (𝑚𝑚𝑚𝑚)

37

3.5

Model verification: 2D phononic crystal
The previous models allow the application of the boundary conditions without requiring

the corner nodes to be constraint. To verify the method in such situations, a 2D phononic crystal
is modeled as shown in Figure 35. The model is created using a Python script that allows the
appropriate sorting and labeling of the boundary nodes by correctly pairing nodes based on their
coordinate positions. The Floquet-Bloch boundary conditions were applied using Equations (51)
through (52).

Figure 35. 2D phononic crystal
The composite model was defined using properties in Table 6.
Table 6. Composite Properties
Square Soft Matrix
Lattice Constant (𝑚𝑚𝑚𝑚)
Density (𝑘𝑘𝑘𝑘⁄𝑚𝑚3)
Young’s Modulus (𝑃𝑃𝑃𝑃)

Square Stiff Core

10 𝑚𝑚𝑚𝑚
1000 𝑘𝑘𝑘𝑘⁄𝑚𝑚3
200× 10−9 𝑃𝑃𝑃𝑃
4 𝑚𝑚𝑚𝑚
8000 𝑘𝑘𝑘𝑘⁄𝑚𝑚3
200× 10−9 𝑃𝑃𝑃𝑃

Length (𝑚𝑚𝑚𝑚)
Density (𝑘𝑘𝑘𝑘⁄𝑚𝑚3)
Young’s Modulus (𝑃𝑃𝑃𝑃)

For the corner nodes that share symmetry in the x and y directions, it is crucial to establish
a reference node. Abaqus will automatically eliminate degrees of freedom for nodes that are
assigned but can recycle degrees of freedom for nodes that are used in the definition of the
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boundary condition. One corner node is selected as a reference node and is used to define all other
nodes using Equations (53) through (54). Equation (55) and (56) incorporate symmetry diagonally,
as well.
Because this is also a two-dimensional model and has an Irreducible Brillouin Zone, as
shown in Figure 16, the wave path used to construct the dispersion plot is Γ-X-M-Γ. Results are

shown in Figure 36 and correspond with the response behavior of the whole structure.
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Figure 36. Dispersion Plot (a) [48] (b) Abaqus

3.6

Model verification – 3D simple cubic lattice
The next model analyzed incorporated Floquet-Bloch boundary conditions on any node

within a unit cell in three-dimensional space. The simplest of these lattices is the simple cubic,
shown in Figure 37. It was essential to select a unit cell that would contain nodes along the edges
and corners of the unit cell boundary to account for all possible symmetries. A more
straightforward method would be to choose a three-dimensional cross lattice; this avoids corner
nodes and nodes along the edges. Selecting the simple cubic as opposed to the three-dimensional
cross lattice unit-cell served well in the analysis of TPMS structures discussed in the next section.
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Figure 37. Simple Cubic Lattice
Floquet-Bloch boundary conditions were applied on the nodes on faces across the unit-cell,
similar to Section 3.6. The cube was then partitioned into layers along the edges in the three
principal directions, as shown in Figure 38, to account for all nodes that lay on the edges using the
method in Section 3.7 with the composite model.

Figure 38. Constraint Equation Relations
Finally, boundary conditions on the corner nodes were applied to account for the added
dimension using Equation (57) and (58). The added complexity lies in the boundary condition
equation that reaches across the diagonal symmetry of the cube. The diagonal symmetry is shown
in the last equation of Equations (59) and (60) with the added term.
Because this model is three-dimensional, the dispersion plot was constructed using wave
paths along the Irreducible Brillouin Zone, as shown in Figure 16 and is Γ-R-M-Γ-X-R/M-X. The

results are shown in Figure 39.
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(a)

(b)
Figure 39. Dispersion (a) [49] (b) Abaqus
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CHAPTER 4
RESULTS AND DISCUSSION

4.1

Model - TPMS
For the TPMS structures, the same concept as the simple cubic lattice was used. In this

case, the nodes on edges were minimal, simplifying the computational burden; however,
depending on the model, a high number of nodes resided on the boundary faces. All equations in
Section 3.2 were used to apply the Floquet-Bloch boundary conditions. The wave path chosen was
Γ-X-M-Γ-R-X/M-R. The resulting dispersion plots for all models are shown in Figure 42-82.
4.2

Mesh Density

Given the complexity of the models, it was necessary to ensure that the mesh density was
sufficient for solution convergance, This was determined using the Fischer Koch S model and
running a simulation in Abaqus for one k-value for increasing mesh densities. Ultimately, the more
elements used, the more accurate the results are at the expense of computational time. A mesh
density versus frequency value will show a convergence at the exact value. The lowest number of
elements close to the exact value was chosen. Any more elements than this are not worth the
increased accuracy for the computational cost. Based on the sample mesh density values, the
number of elements was chosen based on error bars that fell within the converged frequency result
for the smallest density value. This element number was used for the remaining models of TPMS
structures. The number of elements at the selected mesh size varied per model.
To obtain accurate results on the frequency response of dispersion plots, the FEM analysis
for the Fischer Koch S model at 𝑘𝑘 = 0.48, for multiple iterations of mesh size, resulted in an
element size of 0.625𝑚𝑚𝑚𝑚. Figure 40 shows the element size required to obtain a 0.1% change

from the previous element size without adding any unnecessary computational burden. Th element
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size was adopted for all other models. The plot shows the convergence of frequency as the number
of elements increases; therefore, the size of the elements decreases.

Mode 1

Mode 1, Element Size = 0.625mm

Mode 25

Mode 25, Element Size = 0.625mm

3500

20000

3300

17750

3100

15500

2900

13250

2700

11000

Frequency [Hz]

Frequency [Hz]

Mesh Density

Number of Elements
Figure 40. Mesh Density Analysis for Fischer Koch S
4.3

Dispersion Plots
When any model that is invariant in the principal directions has the nodes mapped, sorted,

and labeled, the model can be constrained for a particular wave with a designated k number.
Dispersion plots were constructed for k values in various directions. The paths for the dispersion
plots chosen are G-X-M-G-R-X/M-R for all three-dimensional models.
For comparison between the different TPMS models and their behavior, the plots were
normalized to a constant identifier among all plots. The identifier was chosen as the frequency
where the first degeneracy point on the X-M boundary appears. The band characteristics for the
resonance of the real model is almost exact to the resonance characteristics of the imaginary model
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of the second band. However, these matching resonance characteristics also have a matching
frequencies at the boundary. Since this mode and frequency were present in all models, the
associated frequency was chose as the normalizing frequency for all TPMS plots.
Because eigenfrequencies are calculated at each wavenumber and then constructed into
band lines, it was not possible to correctly identify when band lines crossed or curve-veered. In
order to distinguish between band lines, displacement behavior at each eigenfrequency was also
calculated and superimposed on band lines using marker identifiers. The marker key is shown in
Table 7. To capture all displacement behavior, transparent markers were superimposed, and the
amount of transparency was determined by the amount of displacement.
Table 7. Marker Legend
♦: X translation
●: Rotation about X

♦: Y translation
●: Rotation about Y

♦: Z translation
●: Rotation about Z

If a band line crossed another band line, the displacement behavior would show continuity

into another band line. The marker continuity was the distinguishing tell-tale sign that represented
crossing bands. To obtain the displacement behavior, the Abaqus solver was configured for
displacement normalization as opposed to mass normalization. The results were exported to a text
file using Python scripting.
4.4

Mode Symmetry
For bands that terminate at common points or degeneracy points, the mode shape for the

real model matches the mode shape of the imaginary model. The matching modes can be seen in
Figure 41 below, where the real model for Band 3 shares the same resonance behavior as the
imaginary model in Band 10. However, the displacement values do not match.
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Figure 41. Resonance Similarity in Multiple Bands
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4.4.1

Schwarz Primitive Dispersion Plot

Figure 42. Schwarz P Dispersion Plot

Torsional mode
along y-axis
3rd flexural mode
along y & about z
3rd flexural mode
along y & about z
2nd flexural mode
about x and z-axis
(out of phase)
Torsional mode along y-axis
1st flexural mode
about z-axis

Longitudinal mode
along y-axis

1st flexural mode
about x-axis

Figure 43. Schwarz Primitive Dispersion Plot from Γ to Χ
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Looking at the section of the plot from Γ to Χ, the first two pair bands are overlapping and
range from 0 to 1.1. The first pair of bands are flexural along the y-axis with Band 1/2 pair
dominating flexural behavior about the x-axis and Band 3/4 pair dominating flexural behavior
about the z-axis. Band 1/2 and 3/4 demonstrate the 1st flexural mode.

(a)

(b)

(c)

(d)

Figure 44. (a) 1st flexural mode (Band 1/2) (b) Dominant in z-dir
(c) 1st flexural mode (Band 3/4) (d) Dominant in x-dir
Band 5/6 represents the torsional behavior along the y-direction. The rotation primarily
dominates the displacement behavior for the torsional mode. The translations in the x and z
direction are equivalent but minimal at 7.2 × 10−3. However, the translation in the y-direction is

less at 7.07 × 10−3. The closely related translation is due to the complex topology of the unit cell.
The rotation is maximum about the y-axis. The tell-tale sign of torsional behavior is the lack of
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translation and rotation on one end of the unit cell with most of the translation and rotation
observed on the other end along the y-axis. This band ranges from 0.71 to 1.0. The plot was
normalized based on the torsional band at the Χ-M boundary.

Figure 45. Torsional Mode along the y-direction
Band 7/8 represents the longitudinal behavior along the y-direction. The translations
primarily dominate the displacement behavior with the maximum occurring along the y-axis. The
displacement behavior in the other directions are equivalent and negligible relative to the ydirection. Some rotation is present but is due to the complex topology. The longitudinal band
ranges from 0 to 1.78.

Figure 46. Longitudinal Mode along the y-direction
Band 9/10 is the next flexural mode along the y-axis with significant rotational behavior
about the x-axis and about the z-axis. However, the z-axis was rotationally dominant. This flexural
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mode is out of phase. Figure 47 shows that most of the translation occurring in the middle of the
y-axis is moving in opposite directions. The tell-tale sign that the flexural motion is along the ydirection is the difference in translational motion in the x-direction from one end of the y-axis to
the other. There was also more translation along the y-direction to account for the flexing motion
due to topology at the open ends at the top and bottom of the figures. This mode ranges from 0.9
to 1.8.

(a)

(b)
Figure 47. Out of phase Flexural Mode along the y-direction
(a) x-translation (b) z-translation
Bands 11/12/13/14 are the continued bands of band 1/2/3/4 with a degenerate point at the
Χ-M boundary. Band 11/12 has maximum rotational behavior about the x-axis, with the most
significant translation occurring in the z-direction. This band is the third flexural mode and can be
seen in Figure 48 (b) by the lack of translation on the ends and center shown in green. However,
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there is a translation in opposite directions on both sides of the unit cell shown in red and blue. As
predicted, band 13/14 displays the same behavior with maximum translation in x-direction about
the z-axis. As was seen with band 1/2 and 3/4, flexing was more dominant in the z-direction than
the x-direction. This mode ranges from 1.13 with a positive slope (dispersive velocity) up to 1.16,
then a negative slope to 1.11.

(a)

(b)
Figure 48. Flexural Mode along the y-direction
(a) x-translation (b) z-translation
Band 15/16 is a torsional mode. The maximum rotation was observed about the y-axis. As
was seen with band 5/6, translation in the x and z-direction were equivalent and larger than
translation along the y-direction. This band ranged from 1.12 to 1 with a negative slope. One
difference between band 5/6 is the matching translation in x and z along the y-axis. Band 5/6 varied
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between blue and red along the y-axis and may be indicative of the second mode of torsion. Figure
49 compares the torsion between band 5/6 and 15/16.

(a)

(b)

Figure 49. Torsional Mode along the y-direction for Comparison
(a) band 5/6 (b) Band 15/16
The mode shapes match the dispersion plot in Figure 43. Table 8 details the dominant
behavior of each band.
Table 8. Degree of Freedom Dominance by Band
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4.4.2

Schwarz Diamond Dispersion Plot

Figure 50. Schwarz D Dispersion Plot
Torsional mode
along y-axis

Torsion, 2nd flexural mode
about x and z-axis (out of phase)

2nd flexural mode
along y & about z
1st flexural mode
about z-axis

2nd flexural mode
along y & about x

1st flexural mode
about x-axis

Longitudinal mode
along y-axis

Figure 51. Schwarz Diamond Dispersion Plot from Γ to Χ
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The first two pair of bands are overlapping and range from 0 to 1.0. The first pair of bands
are flexural along the y-axis with band 1/2 pair dominating flexural behavior about the x-axis just
slightly over band 3/4 pair dominating flexural behavior about the z-axis. Band 1/2 and 3/4
demonstrate the 1st flexural mode.

(a)

(b)

(c)

(d)

Figure 52. (a) 1st flexural mode (Band 1/2) (b) Dominant in z-dir
(c) 1st flexural mode (Band 3/4) (d) Dominant in x-dir
Band 5/6 represents the longitudinal behavior along the y-direction. Translations primarily
dominate the displacement behavior with the maximum occurring along the y-axis and negligible
translation in the x and z-direction. The displacement behavior is slightly different from Schwarz
P and is most likely due to the topology or geometrical relationship between the neck and bulb of
the Schwarz P. The displacement behavior in the x and z directions are equivalent and negligible
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relative to the y-direction. Some rotation is present but is due to the complex topology. The
longitudinal band ranges from 0 to 2.4.

Figure 53. Longitudinal Mode along the y-direction
Band 7/8/9/10 are the next flexural modes along the y-axis with significant rotational
behavior about the x-axis and about the z-axis. However, the y-axis was rotationally dominant and
may be due to topology. They are the continued bands for band 1/2/3/4 and also overlap. Flexural
behavior is shared along both directions. Figure 54 shows the second flexural mode with equivalent
translation in the x and z-direction. However, the translation in the y-direction is less. This mode
ranges from 1.35 to 1.0.
Band 11/12 demonstrates an out of phase flexural behavior along the y-axis with translation
in both the x-axis and z-axis, mostly due to an overwhelming torsional mode. This band begins at
1.3 and ends at a degeneracy point at 1.7. However, the dominating rotation is about the y-axis,
followed by an equal rotation about the x and z-axis at 0.6637 normalized rotation.
Band 13/14 demonstrates torsional behavior along the y-direction. The rotational
dominance is seen about the x-axis. However, rotation about the y and z-axis shortly follows at
0.952 and 0.905, respectively. When looking at the translations, most of the displacement is seen
along the z-direction in a torsional manner with decreasing intensity at one end, as shown in Figure
55. This band pair overlaps three other band pairs, and it may be sharing resonance. Resonance at
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these higher bands becomes challenging to distinguish. Band 13/14/15/16/17/18/19/20 are the
overlapping bands and range from 1.35 to 1.63.

(a)

(b)
Figure 54. 2nd Flexural Mode along the y-direction
(a) Band 7/8 (b) Band 9/10

Figure 55. Torsional Mode along the y-direction
with x-translation
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(a)

(b)
Figure 56. Torsional Mode along the y-direction
(a) y-rotation (b) z-translation

Figure 57. Torsional Mode along the y-direction

Table 9. Degree of Freedom Dominance by Band
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4.4.3

Gyroid Dispersion Plot

Figure 58. Gyroid Dispersion Plot
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Figure 59. Gyroid Dispersion Plot from Γ to Χ
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The first two pairs of overlapping bands followed by the longitudinal band is similar to all
plots so far. The flexural bands range from 0 to 1.0. The first pair of bands are flexural along the
y-axis with band 1/2 pair dominating flexural behavior about the x-axis just slightly over band 3/4
pair dominating flexural behavior about the z-axis. Band 1/2 and 3/4 demonstrate the 1st flexural
mode. The next pair is the longitudinal band along the y-axis. Mode shape is similar to previous
models.

(a)

(b)

(c)

(d)

Figure 60. (a) 1st flexural mode (Band 1/2) (b) Dominant in z-dir
(c) 1st flexural mode (Band 3/4) (d) Dominant in x-dir
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Figure 61. Longitudinal Mode along the y-direction

Figure 62. Band 7 and 8
This band demonstrates the first bending mode along the x-axis, with the majority of the
translation occurring in U2. Simultaneously, this band also demonstrates second flexural mode
behavior along the z-axis, again with the majority of the displacement occurring in U2. The
displacement along the axis in which bending occurs remains equivalent, demonstrating flexural
behavior is occurring in both axes. Rotational values between UR1 and UR3 are equivalent to the
maximum occurring in UR2. UR2 may be the maximum because of the complimentary rotation
about the x and z-axis, and it only occurs in small areas. This band also has a significant negative
slope.
Band 9/10/11/12 demonstrates the second flexural mode along the y-direction. Dominance
is seen in the rotation about the z-axis for band 9/10 and about the x-axis for band 11/12. This
59

behavior is consistent with band 1/2/3/4. However, the amount of displacement in the x-direction
in band 9/10 during the bending mode was significantly reduced relative to the z-direction when
compared to band 1/2. Similarly, the same is observed for band 11/12 in the z-direction. These
bands overlap in the same manner as the first flexural mode with a negative slope and range from
1.75 to 1.0.

(a)

(b)

(c)

(d)

Figure 63. (a) 2nd flexural mode (Band 9/10) (b) Dominant in z-dir
(c) 2nd flexural mode (Band 11/12) (d) Dominant in x-dir
The next band pair becomes challenging to distinguish. According to the plot, the band
looks like a resonance band with a degeneracy point at 1.5. For band 13/14, uniform translational
behavior is seen in rotation about the y-axis with a second flexural mode like behavior in the xdirection, but it also shows a torsional behavior, as seen in Figure 64. The torsional behavior is
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along the y-axis. For band 15/16, uniform translational behavior along the y-axis is not observed
lending to the next order of torsion along the y-axis. However, second flexural mode like behavior
is seen, but in the z-direction.

(a)

(b)

(c)

(d)

Figure 64. (a) Torsion in the y-axis (Band 13/14) (b) 2nd flexural mode (Band 13/14)
(c) Next order torsion in the y-axis (Band 15/16) (d) 2nd flexural mode (Band 15/16)
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Neovius Dispersion Plot

Figure 65. Neovius Dispersion Plot
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Figure 66. Neovius Dispersion Plot from Γ to Χ
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The first two pairs of overlapping bands followed by the longitudinal band is similar to all
plots so far. The flexural bands range from 0 to 1.0. The first pair of bands are flexural along the
y-axis with band 1/2 pair dominating flexural behavior about the x-axis just slightly over band 3/4
pair dominating flexural behavior about the z-axis. Band 1/2 and 3/4 demonstrate the 1st flexural
mode. The next pair is the longitudinal band along the y-axis. Mode shape is similar to previous
models. The same is true for the next two pairs of bands, bands 7/8/9/10, and represent the second
flexural mode as previous plots have shown.
The next band demonstrates a resonant mode shape. The dominant behavior is rotation
about the x-axis, but all rotations are almost equivalent in scale. Most of the displacement occurs
in the y-direction. This band has a small positive slope and ends in a degeneracy point.

Figure 67. Resonance (Band 11/12)
Band 13/14 has the second flexural mode behavior through the center of the unit cell and
along x and z-axis, as seen in Figure 68. The dominant displacement is seen along the y-direction.
This band also demonstrates torsional behavior along the x and z-axis.
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(a)

(b)
Figure 68. (a) Torsion (Band 13/14) (b) 2nd flexural mode
Band 15/16 was challenging to distinguish; however, band 17/18 showed flexural behavior
with dominant displacement at the center of the unit cell in the y-direction, as seen in Figure 69.
Displacement along the x and z-direction were the same for this mode.

Figure 69. Torsional Mode along the y-direction
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Table 11. Degree of Freedom Dominance by Band
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IWp Dispersion Plot

Figure 70. IWp Dispersion Plot
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Figure 71. IWp Dispersion Plot from Γ to Χ
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Similar to all other models, band 1 through 10 displays the same mode shape. Band 11/12
have symmetrical third flexural mode behavior. This observed behavior is supported by the
dominant rotation observed about the y-axis. The flexural mode occurs along x and z-directions.
Band 13/14 demonstrates second flexural mode behavior along the diagonal of the x and
z-direction while simultaneously showing first flexural mode perpendicular to the diagonal. The
flexural displacement is left-to-right of the Figure 73; therefore, when U1 is negative, U3 is
positive. The rotation about x and z-axis is maximum perpendicular to the translation but are both
negative.

Figure 72. Band 11/12

(a)
Figure 73. Band 13/14 (a) Translations (b) Rotations
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(b)
Figure 73. (continued)
Similar behavior is seen in band 15/16 since both bands overlap on the plot; however, the
x-direction displacement is perpendicular to Band 13/14. This time U1 and U3 are both negative,
and the displacement is top to bottom in the Figure 74; however, the rotation continues to be
perpendicular to the translation, but this time, the rotations have opposite signs.

Figure 74. Band 15/16
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Band 17/18 shows the equal translation of the bottom half of the unit cell in U1 and U3.
The mode looks to be flexural, and out of phase as the blue shaded area in U1 and the red shaded
area in U3 have opposite translations along the y-axis. The flexural behavior along U2 is also
proven by the rotational behavior in UR1 and UR3 being similar but differing in direction. UR2
remains the same along U2 as the flexing of U1 and U3 is consistent but opposite at opposing
flexing winglets. Translation in the y-direction is significantly less than in the x and z-directions
and is due to the flexural motion occurring only on the bottom half of the unit cell.
Band 19/20 is the same, but the behavior described for Band 17/18 happens on the negative
side of the y-axis.

Figure 75. Band 17/18
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Table 12. Degree of Freedom Dominance by Band
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FRD Dispersion Plot

Figure 76. FRD Dispersion Plot
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Figure 77. FRD Dispersion Plot from Γ to Χ
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Similar to all other models, band 1 through 10 displays the same mode shape. Band 11/12
demonstrates torsional behavior along U2 and third flexural mode along the x-axis at one end of
the y-axis (end depends on whether band 11 or 12 is analyzed). Translation along the y-axis is
significantly small, demonstrating that torsion along the y-axis is occurring as well as UR2 being
the dominant behavior. Translation in U1 is also occurring but at half the amount of U3. Because
of the simultaneous torsional motion, U1 shows a slightly opposing motion along the y-axis.
Band 13/14 demonstrates torsional behavior along U2 as well and third flexural mode along
the z-axis at one end of the y-axis (end depends on whether band 13 or 14 is analyzed). Translation
along the y-axis is significantly small, demonstrating that torsion along the y-axis is occurring as
well as UR2 being the dominant behavior, similar to band 11/12. Translation in U3 is also
occurring but at half the amount of U1. Because of the simultaneous torsional motion, U3 shows
a slightly opposing motion along the y-axis. This dominant translation in U1 was seen to be the
opposite of U3 in band 11/12 and can be predicted based on the overlapping bands on the plot.

(a)
Figure 78. (a) Band 11/12 (b) 13/14
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(b)
Figure 78. (continued)
Band 15/16 and 17/18 are also overlapping bands; therefore, symmetrical behavior
occurring along two different axes can be predicted. Band 15/16 flexes along the x-axis, with most
of the translational motion occurring in U2. UR3 was shown to be the maximum in rotation. The
bending behavior displays the third flexural mode on the bottom half or top half of the unit cell
(half depends on band 15 or 16 being analyzed, respectively).

(a)
Figure 79. (a) Band 15/16 (b) Band 17/18
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(b)
Figure 79. (continued)
Band 19-22 overlap on the plot, with band 19/20 demonstrating second flexural mode along
the z-direction. The Figure 80 below shows uniform translation in U2 through the unit cell along
the x-direction. U2 is uniformly negative on the positive and negative ends of the z-axis, while U2
is uniformly positive when z equals zero. The maximum behavior is observed in rotation about the
x-axis. The flexural behavior dampens out towards the top of the unit cell for band 19. The opposite
is seen in band 20. This behavior can also be predicted for band 21 and 22 with symmetrical
bending along the x-axis.
As predicted, the same behavior is seen in band 21 and 22. Bending occurs along the xaxis and dampens on one end. Maximum rotation is also demonstrated about the z-axis.

(a)
Figure 80. (a) Band 19/20 (b) Band 21/22
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(b)
Figure 80. (continued)
Band 23-26 displays similar behavior as 19-22. Band 23-26 shows flexural behavior along
the z-axis (for band 23 and 24) and along the x-axis (for band 25 and 26); however, the translation
from bending occurs in U1 (for band 23/24) and U3 (for band 25/26) as opposed to U2 (for band
19-22).
Lastly, band 27-30, returns to flexural behavior along the y-axis, but as the fourth flexural
mode.

(a)
Figure 81. (a) Band 23/24 (b) Band 25/26
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(b)
Figure 81. (continued)

Table 13. Degree of Freedom Dominance by Band
Band
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3
3
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1
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2
2

8

9

4
4
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6

5

6
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5
5
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13

5

6

16

17

6

4

18

19
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2
4

2

4.4.7

Fischer Koch S Dispersion Plot

Figure 82. FKS Dispersion Plot

2nd torsional
mode
1st torsional
mode
Longitudinal
mode

2nd Flexural
mode

1st Flexural
mode

Figure 83. FKS Dispersion Plot from Γ to Χ
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Looking at the section of the plot from Γ to Χ, there are four modes overlapping that range
from 0 to 1. The first pair of bands are flexural with band 1/2 dominating flexural behavior along
the z-direction and about the x-axis. Band 3/4 represents dominating flexural behavior in the xdirection and about the z-axis. Band 1/2 and 3/4 are the 1st flexural mode.

(a)

(b)

(c)

(d)

Figure 84. (a) 1st flexural mode about the x-axis (b) 2nd flexural mode about the x-axis
(c) 1st flexural mode about z-axis (d) 2nd flexural mode about the z-axis
Band 5/6 represents the longitudinal behavior along the y-direction.

Figure 85. Longitudinal Mode along the y-direction
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Band 7/8/9/10 are the continued bands of band 1/2/3/4 with a degenerate point at the
normalizing frequency. Band 7/8 dominate in rotational behavior about the x-axis. Band 9/10
dominate in rotational behavior about the z-axis. Band 7/8/9/10 is the second flexural mode.
Band 11/12 is the first torsional mode about the y-direction, and band 13/14 is the second
torsional mode about y-direction.

(a)

(b)

Figure 86. (a) 1st torsional mode about the y-axis (b) 2nd torsional mode about the y-axis

Table 14. Degree of Freedom Dominance by Band
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4.5

Model Variation
Model parameters were varied to explore the effect on the dispersion curves. The first

parameter varied was the lattice constant, followed by the structure thickness, and then the material
properties. The lattice constant and structure thickness was doubled. For the material properties,
aluminum and steel were analyzed. The results are shown in Figure 87-89.
4.5.1

Variation – Lattice Constant
Looking at the Schwarz P unit cell, doubling the lattice constant dropped the band clusters

to lower frequencies. The also widened at lower waveform strengths (specifically in the Γ-X
direction); however, it also overlaps bands and concentrates bands at lower frequencies. For wave
directions that near the unit cell center, the slopes or dispersive velocities are steeper at lower
frequencies.

At

higher

frequencies

near

Γ,

group

velocities

Figure 87. Lattice Constant Variation
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approach

zero.

4.5.2

Variation – Material
Changing the material did not vary the plot significantly. It reduced the number of

branches by overlapped bands. Frequencies at which bands occurred did not change either.

Figure 88. Material Variation
4.5.3

Thickness
When the thickness of the structures was reduced to a quarter of the original thickness,

the result was similar to increasing the lattice constant. Bands occurred at lower frequencies as
well as increasing or decreasing slopes at low or high frequencies, respectively. This behavior
was more significant as wavenumbers approached Γ.
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Figure 89. Thickness Variation
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CHAPTER 5
CONCLUSION AND FUTURE RESEARCH

This work sought to simplify the computational cost of performing time domain analysis
on periodic finite element models with a fine mesh, as well as an alternative method in obtaining
dispersion plots for semi-infinite structures. Dispersion plots lay the groundwork required to
understand frequency behavior, and for phononic crystals, the frequency ranges in which elastic
energy is not transmitted through a structure. To this end, the alternative method used FloquetBloch boundary conditions derived from Bloch’s theorem for wave propagation. For this method,
the calculations were only required for the unit cell of the lattice structure. According to Bloch’s
theorem, the change in wave amplitude occurring from cell to cell does not depend on the wave
location in the periodic system. The theorem also states that the dispersive properties of the
material can be obtained via finite element analysis of the elementary cell. However, the FloquetBloch equation is written in terms of phase shifts and has to be simplified into real and imaginary
displacement components. SIMULIA Abaqus FEA was used to create real and imaginary models
and Python scripting was used to apply the complex boundary conditions. After modeling and the
application of boundary conditions, Abaqus’ eigen-solver was used to calculate natural frequencies
with respect to wavenumber in order to create dispersion plots. Euler-Bernoulli beam, Timoshenko
beam, two-dimensional phononic crystal, and a three dimensional cubic lattice were simulated for
method verification against published results. The dispersion plots obtained using complex
boundary conditions at the unit cell boundaries matched published results for all models.
With an alternative in obtaining dispersion plots for any unit cell, the method was employed
on Triply Periodic Minimal Surfaces. TPMS structures offer many advantages over conventional
bulk structures and their unique topology was of interest in research of frequency behavior. Seven
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stereo-lithography files of TPMS unit cells were created using trigonometric approximation
equations in MATLAB. The STL files were exported to AutoCAD 3Ds Max to correct meshing
errors, and then exported into Abaqus FEA for the application of boundary conditions via Python
scripting. Similar to the previous models, using Bloch theorem, dispersion plots were obtained
after sorting the boundary nodes of the STL files.
In order to accurately characterize dispersive curves within the plots, normalized
displacement data was obtained for each value on the plot. Markers describing displacement were
used to show when dispersive curves crossed, maintain mode continuity throughout the plot. For
all TPMS unit cells, the first mode observed when a wave propagated in the y-direction, was a
flexural wave with translations in the x and y-directions. Following the flexural wave was the first
longitudinal mode and then the next flexural mode. At higher frequencies, displacement behavior
was a combination of different waves. However, due to the highly symmetric nature of TPMS unit
cells, a high number of degeneracy points were observed when at key pints of symmetry of the
Irreducible Brillouin Zone.
Further research is required on exploiting the degeneracy points by breaking up the
symmetry and the effect the change in mean curvature would have on the dispersion curves. The
analysis should focus on changing the lattice constant in one of the principal directions. Because
TPMS structures are porous, additional research in applications of mass transfer through the
disjointed voids may be worthwhile, such as heat exchangers or drug delivery systems for casts
where weight, strength, and cellular adhesion is necessary. The potential for band gap design is
rife of opportunities for porous structures. With voids where resonator inclusions or fluid flow of
different dielectric constants can be incorporated, the dispersive relation can be engineered and
tuned to a desired band gap. The possibility of double TPMS structures alone, can have an
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interlaced lattice with mismatched elastic properties. Using Floquet-Bloch boundary conditions on
any unit cell and the proliferation of additive manufacturing, the reduced computational cost of
simulations is the foundation to further research.
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