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ABSTRACT 

 

Motivated by the practical scheduling problem of job shops, this research aims to evaluate 

unrelated parallel machine scheduling problem with the objective of minimizing tardiness and 

earliness costs in both deterministic and uncertain job shop environments. In the first section, this 

study proposes an enhanced model considering effects of maximum allowable tardiness. It 

compares the total cost provided by the proposed model with the case in which there is no 

limitation on tardiness.  In addition, the existing model in the literature is simplified to reduce 

computational time and enable corporate scheduling staff to use the model efficiently. The results 

show the effectiveness of proposed model since it reduces the total cost and computational time in 

most of the studied scenarios. To account for real-life cases representing uncertainty, in the second 

step of the research, processing time, setup time, and tooling cost are considered as uncertain input 

parameters. Robust optimization method is used to deal with uncertainty. The robust counterpart 

formulation is provided to solve the optimization problem with uncertainty and bring the tradeoff 

between optimality and robustness. This research considers two performance measures as robust 

price and hedge value to indicate importance of robust scheduling.  Design of experiment (DOE) 

analysis is used to analyze effect of robust optimization parameters on the cost and computational 

time. Working experience in job shop environment indicates that there are multiple frequent real-

time changes (e.g. processing times, due dates, etc.). In the third step of the research, an automated 

and adaptive model is proposed to dynamically reschedule the initial schedule based on the real-

time data. Considering the rescheduling cost, the model also proposed a rescheduling criteria using 

project management concept.  

Scheduling problem is categorized as an NP-hard problem. Therefore, the exact model may not be 

effective to solve large size problems. Thus, in the last part of this research, we proposed an 

enhanced Genetic Algorithm (E-GA) based model by optimizing GA operators and proposing 

hybrid dispatch rule to provide initial solution. The results show the efficiency and effectiveness 

of proposed model compared to multiple existing methods in the literature   

Multiple numerical experiments are presented to validate proposed models using data collected 

from a local job shop that manufacturers aerospace parts. Various performance measurements are 

evaluated to compare performance of proposed approaches. 
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Chapter 1: Introduction 

1.1 Brief description about the problem 

Earliness and tardiness problem is originated from Just-in-Time (JIT) philosophy. The aim in JIT 

philosophy is having the product available, exactly at the time which it is required. If the job is 

completed before the due date, it implies earliness costs such as inventory cost or even production 

cost for the products with the expiration date. On the contrary, finishing jobs after the due dates 

leads to multiple tardiness direct and indirect costs such as lateness penalty cost, priority shipping 

cost, overtime cost, and lost sales cost. Based on the author’s experience in the industry, customers 

cannot let suppliers to deliver the jobs too late or so early. This issue becomes more significant in 

aerospace industry since there are hundreds of suppliers providing millions of components to 

assembly line of one aircraft. OEMs cannot shut down their assembly line waiting on customers 

to provide the components. Also, because of the limited space, they cannot store components next 

to the assembly line for future use. Thus, they need components at the time which is required. In 

the real case industry, the author have seen several cases that customers cancelled the contract due 

to the unacceptable lateness (the name of the customers are not mentioned in this study due to the 

confidentiality).  Therefore, suppliers should have proper scheduling system to schedule the jobs 

in a way that they get completed with no or minimum deviation from due dates.  

Most of scheduling optimization problems consist of an objective function with one or more 

objectives subject to multiple constraints. Minimizing makespan, earliness/tardiness time and/or 

costs or optimizing the position of the due dates can be mentioned as common objective functions 

in a scheduling optimization problem which are subject to various resource constraints (e.g. 

number of machines, operators etc.). 

These scheduling problems are classified into single objective (e.g. minimizing the make-span) 

or multiple objective functions (e.g. minimizing earliness/tardiness and maintenance cost) on 

single or parallel machines. However, regardless the type of the problem, they mainly aim to 

minimizing cost or time or maximizing profit.  

According to Csáji and Monostori (2006), scheduling is categorized into three different 

classifications: Predictive (Offline), Proactive (Robust) and reactive (Online). Predictive 

scheduling method is related to deterministic environment where initial schedule is provided by 
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considering the nominal values of the input parameters. Proactive methods consider the 

uncertainties in scheduling and they provide the schedule which is feasible and optimal at the times 

even when input parameters deviate from their nominal values. The third type of dynamic 

scheduling is called reactive scheduling which provides automated real-time schedule by the time 

uncertain information become available. The reactive approach typically doesn’t include one 

simple objective function. It develops resource allocation gradually when more information about 

uncertain events become available. The details of the different types of scheduling problem is 

provided is figure 1.1. 

  

Figure 1.1 Big picture of scheduling problem 

Regardless of the category of the scheduling problem, scheduling optimization problem can be 

solved using multiple algorithms. These algorithms include, but are not limited to exact method 

(e.g. mixed integer linear programming – MILP), heuristic methods (e.g. genetic algorithms and 

particle swarm optimization) or approximation methods. The exact methods are able to provide 

the exact optimum solution. When the problem is too large, heuristic or approximation methods 
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can be used to solve the problem faster than the exact methods. Heuristic and approximation 

methods are similar in concept. Heuristic could obtain from experimental experience, while a solid 

theory foundation is needed in approximation methods. In fact, approximation method is a 

heuristic with a provable guarantee on the quality of the solution.  The details of the solution 

approaches are provided in figure 1.2. 

  

Figure 1.2. Big picture of scheduling algorithms 

The scheduling problem is NP-hard problem. Although the exact methods are efficient for small 

size problems. However, for large size problems, heuristic approaches are mainly applied.   

1.2 Research objectives and outline 

This research studies the earliness/tardiness scheduling problem on unrelated parallel machines in 

the job shop environment. Multiple objective functions have been evaluated in this research and 

various solution approaches have been proposed. The research includes 4 main topics as follow: 

• Project 1 – Predictive scheduling considering aerospace industry related constraints 

• Project 2 – Robust scheduling considering uncertainty in the job shop environment 

• Project 3 – Automated scheduling based on online given data in industry 4.0 dynamic 

environment 

• Project 4 – Proposing the enhance genetic algorithm (E-GA) method to solve large scale 

problem 
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The second chapter evaluates the predictive approach and considers the deterministic problem in 

which maximum allowable tardiness is provided where jobs wouldn’t be needed anymore after the 

maximum defined threshold. Also, this chapter simplifies the current exact methods in the 

literature – MILP in particular- and proposes the model with less computational time which can 

be practically applied in small size job shops or similar industries.  

In the third chapter, the proposed mathematical model is modified to make it more realistic by 

adding two more elements. First, minimizing tooling cost is added in the objective function which 

helps in leveling the tools and machine utilization.  Second, the set-up times, which are dependent 

on the operator’s skills, are added to the model. In addition, it is assumed that some of the input 

parameters (e.g. processing times, set up times and tooling price) are uncertain. The proactive 

scheduling approach is pursued to deal with these uncertainties. Since there is no accurate data 

available in the job shop environment to determine the probability distribution of uncertain 

parameters, robust optimization approach has been applied due to the reason that it doesn’t need 

any probability distribution. Also, transitioning the deterministic model to robust model doesn’t 

affect the dimension of the problem (e.g. linear problem stays linear). Therefore, computational 

time is not affected significantly which keeps the model practically applicable in real life job shops 

or similar industries.  

Decision makers in the job shop environment have to deal with multiple frequent changes on 

daily basis (e.g. changes in processing time and set-up times due to the changes in engineering, 

type of materials, tools etc. or changes in customer due dates). Therefore, even the robust model 

may not provide the optimal solution in these cases. In other word, schedule should be rescheduled 

dynamically when real-time data become available. This issue is addressed in the fourth chapter 

of this study by proposing automated scheduling methods in dynamic environment using project 

management and industry 4.0. This problem considers the processing time of the jobs and the due 

dates as the uncertain parameters. In order to solve this scheduling problem, the initial schedule is 

first created based on the estimated parameters in the planning stage. Then, at the time in which 

new data becomes available, the active jobs and machines are identified, and rescheduling will be 

implemented if needed. The project management concept is used to define a criteria to determine 

if rescheduling is required. This model helps decision maker to automatically update the initial 
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schedule based on the real-time data. The model has been applied in the real world case study and 

the result showed the significant cost saving using proposed automated scheduling system.   

The unrelated parallel machine scheduling problem is considered as the NP-hard problem. 

Therefore, the exact model is not suitable to solve the medium or large size problems. In the fifth 

chapter, we proposed an enhanced heuristic algorithm based on genetic algorithm to solve the 

problem in a timely manner. We optimized the GA operators along with improving the initial 

solution to propose the efficient and effective heuristic approach. The proposed model provides 

the near optimal solution in less time comparing to multiple other methods in the literature.  

All the methods in this research are validated by using data provided by the local aerospace 

job shop. The summary of the results, the research limitations and the future research directions 

are provided in the last chapter of the study.  

1.3 Intellectual Contribution 

To the best of my knowledge, the problems which are explained above have not been assessed 

with a focus on earliness/ tardiness scheduling problems. To summarize, the main contributions of 

this research are presented as follow: 

• Considering the maximum allowable tardiness in Earliness/Tardiness scheduling problem 

which represents practical problems 

• Providing the exact method for scheduling which provides the schedule in decent time for 

small size job shops or other similar industries 

• Considering realistic elements in the scheduling model such as tooling price and set up 

times which are dependent on the skills of the operators with uncertainties 

• Providing robust optimization models as a proactive scheduling approach to deal with 

uncertainties 

• Evaluating automated reactive scheduling approaches on a current problem in the dynamic 

environment using project management and industry 4.0 

• Proposing an efficient and effective genetic algorithm to solve the large-size problem 
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Chapter 2:  Optimizing unrelated parallel machine scheduling in job shops with maximum 

allowable tardiness limit 

Kianpour, P., Gupta, D., Krishnan, K. K., & Gopalakrishnan, B. (2019). Optimizing unrelated parallel 

machine scheduling in job shops with maximum allowable tardiness limit. International Journal 

of Industrial and Systems Engineering. (Entering Publication Schedule) 

Abstract- Motivated by the practical scheduling problem of job shops, this paper evaluates 

unrelated parallel machine scheduling models. The researchers proposed a new mixed integer 

linear programming model considering effects of maximum limit on the allowable tardiness. An 

efficient solution technique was developed in MATLAB to minimize computational time. The 

model was validated using real-life data from local aircraft industry. It was shown that the proposed 

model leads to lower cost compared to the current models (i.e. without any limit on tardiness) in 

the literature.  In addition, reduction in computational time enables corporate scheduling staff to 

use the model efficiently. 

2.1 Introduction 

According to Trading Economics global macro models and specialist’s expectations, GDP from 

manufacturing in the United States is expected to be around 2,266 USD Billion in 2020 (Figure 1, 

United States GDP From Manufacturing Forecast, 2018). Along with this growth, competitiveness 

in manufacturing sector continues to increase at a rapid pace which results in added expectations 

from the customers. As a result, manufacturers are focusing on strategic utilization of their 

capabilities and use on-time delivery performance as competitive advantage. Flexible 

Manufacturing Systems (FMSs) have emerged as an outstanding production strategy to handle 

market changes in more efficient and effective manner. FMS is a complex system of workstations 

including machines and material handling devices, where low-volume high-mix parts can be 

produced to satisfy customers’ demand. Such systems aim to decrease the overall lead-time with 

substantial impact on customer satisfaction. While late delivery may negatively affect customers’ 

satisfaction, company reputations, and overall cost because of embedded late penalty, completing 

orders earlier than the due dates may lead to increased inventory costs. Kumar et al. 

(2017)evaluated fifteen flexibility types that can affect the performance of manufacturing system 

(e.g. machine, process, and operations). Sequencing flexibility and scheduling was defined as one 

of the main factors in the study. An ideal schedule is one in which all jobs are completed just in 

time (JIT). One concern that has not been addressed in JIT production in the past, but has been 
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significantly studied in recent years, is the job earliness and tardiness (ET) problems based on the 

difference between order completion time and its due date. 

 

Figure 2.1 US GDP from manufacturing (United States GDP from Manufacturing Forecast, 2018) 

The study by Yazdani et al. (2017)considered scheduling a set of jobs on machines to minimize 

the sum of maximum earliness and tardiness. They proposed an effective metaheuristic based on 

imperialist competitive algorithm to solve the ET problem. The other study by Keshavarz et al. 

(2019) evaluated the flow shop sequence dependent group scheduling with the objective of 

minimizing weighted earliness and tardiness. A mixed integer linear programing method was used 

to develop the mathematical model. A hybrid metaheuristic algorithm based on the particle swarm 

optimization was developed to solve the problem. 

Regardless of the type of jobs’ and machines’ combinations (e.g. job shop, flow shop, hybrid, 

single machine or parallel machine) and the type of solution approach (e.g. exact or heuristic), 

based on the current literature, there are three probable scheduling results for an order; (1) order 

gets ready just in time; (2) order gets ready before the due date which leads to inventory cost; (3) 

order gets ready after the due date which leads to potential penalty costs and customer 

dissatisfaction. However, there is another real-world scenario when the order gets ready at a time 

when it is no longer required. In such cases, the customer may buy ready-to-assemble parts from 

another supplier at a premium cost while penalizing the original supplier for lost time and money. 

This scenario is common in aerospace industry since the aircraft assembly is ultimate just-in-time 

U
SD

 B
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business with the objective of delivering aircrafts on-time and on-budget. The maximum penalty 

cost in this scenario is comparatively very high and generally affects future business prospects for 

the suppliers in question. In other words, the aircraft manufacturers (OEMs) will need to increase 

supply speed to accomplish their customer requirements. Therefore, they push their suppliers to 

deliver on-time by enforcing tardiness penalty cost or maximum allowable tardiness policies. To 

the best of my knowledge, no existing literature has investigated the fourth probable scheduling 

result involving maximum limit on tardiness. This research work considers maximum allowable 

tardiness and evaluates how it affects the optimum scheduling sequence position with the goal of 

minimizing overall tardiness and inventory cost. High values as a weight (earliness unit cost or 

tardiness unit cost) for some of the jobs could be considered as another solution. However, that 

may increase the computational time since it continues to consider unnecessary jobs (beyond 

maximum tardiness levels) that could be removed in the schedule. Also, it will not show how 

removing the extremely late jobs (complete beyond maximum tardiness levels) can affect the 

optimum schedule of the remaining jobs.    

This study considers an unrelated parallel machine problem since the production efficiencies 

may be different due to machine age which leads to divergence in processing time for similar 

products. A scheduling problem on either single or multiple machines with the objective of 

minimizing total earliness and tardiness is nondeterministic polynomial-time (NP-hard) problem. 

Therefore, the computational time for even medium-sized problems is relatively high. Literature 

review indicates that mixed integer programming (MIP) model has been used to solve small- and 

medium-size problems. Ku and Beck (2016)performed a complete empirical study of four MIP 

models for job shop scheduling problem. Their study showed that MIP is efficient for solving up 

to moderate-size problems. In addition to considering the maximum allowable tardiness, this paper 

contributes to simplifying one of the existing mathematical models in the literature to decrease 

computational time and consequently get the exact solution in a timely manner. 

This paper uses mixed integer linear programming (MILP) formulation to model the ET problem. 

To verify the performance of mathematical model for small and medium-sized problems, the 

proposed model is coded using the CVX toolbox and GUROBI solver on MATLAB interface, and 

run on a PC with 3.20 GHz CPU and 8.00 GB RAM. To validate the model, data from four large 

aerospace companies are used as jobs that are manufactured by Etezazi Industries in Wichita, 
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Kansas, United States. To maintain confidentiality of the parts manufactured, part numbers and 

other identifying information are not presented in this paper. 

The rest of this paper is organized as follows. Section 2.2 reviews existing literature related 

to this study. Section 2.3 defines the problem with assumptions and mathematical modeling. 

Section 2.4 presents the case study, computational experiments, and analysis of the results. 

Conclusion section and future research prospects are provided in section 2.5. 

2.2 Literature Review 

Although most of the studies in the literature have addressed the objective of minimizing make-

span in scheduling problem (Chaudhry & Khan, 2016; Marichelvam & Geetha, 2016; Seidgar, 

Zandieh, & Mahdavi, 2017), an extensive amount of scheduling research has also been done to 

minimize earliness and tardiness. In one of the early research studies, Ahmed and Sundararaghavan 

(1990) proposed ET models as the minimum weighted absolute deviation (MWAD) problems. A 

survey on earliness/tardiness scheduling problem was presented by Baker and Scudder (1990). 

Number of studies have been done with the purpose of minimizing earliness and/or tardiness and 

proposing efficient and effective methods for single or parallel machines scheduling.  

An inclusive research has been done by Cheng and Sin on parallel machines due date related 

scheduling problems including completion time and flow time(T. C. E. Cheng & Sin, 1990). 

Unrelated parallel machines scheduling problems considering sequence positions, jobs, machine 

dependent set-up times and processing times with common or different due dates have gained a 

lot of attention (Bozorgirad & Logendran, 2012; Rocha, Ravetti, Mateus, & Pardalos, 2008). A 

similar study with the objective of minimizing earliness and tardiness has been done for identical 

parallel machines (Biskup & Cheng, 1999). A new assumption was proposed by Ventura and Kim 

(2003) where jobs have different due dates and may need extra processing steps and resources 

besides machining. This study pursued the same objective of minimizing the total absolute 

deviation of completion time of each job and its due date. Cost was incorporated in optimizing the 

earliness and tardiness of parallel machine scheduling problem by Kedad-Sidhoum, Solis and 

Sourd (2008) when jobs have different due dates. The effects of operators’ skills and learning 

process were reflected in the linear and nonlinear deterioration factors in earliness and tardiness 

scheduling problem when all jobs have the same due dates (Toksari & Güner, 2009). Similar to 

this study, Hsu, Kuo and Yang, (2011) presented research on unrelated parallel machine 
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scheduling problem considering set-up time and learning effects concurrently while set up time is 

integrated in processing time with the goal of minimizing total completion time. Kuo, Hsu and 

Yang (2011) presented slightly different research to the above study by considering minimization 

of the total load on all machines in their objective function. Considering the idle time in minimizing 

Earliness/Tardiness (ET) problem on unrelated parallel machine scheduling was done by M’hallah 

and Al-Khamis (2012). They solved small size problems with the exact solutions. In the real-world 

cases, processing times are not always constant, and they are dependent on multiple factors such 

as machine capabilities, human resources, machine downtime and budget. In other words, the 

processing times are controllable and affect both production costs and scheduling performance (A. 

Wang et al., 2003). 

Mathematical modeling has been widely used for small and medium-size problems while 

simulations and heuristics approaches have been implemented to solve the large size problems. 

Genetic algorithm (GA) was used to minimize earliness and tardiness penalties for a set of 

independent jobs scheduled on parallel machines (Sivrikaya-Şrifoǧlu & Ulusoy, 1999). The study 

by Rohaninejad, Sahraeian and Nouri (2017) investigated a resumable capacitated job shop 

scheduling problem. This problem was classified as medium- and long-term scheduling problem 

with the goal of minimizing total cost including tardiness cost and overtime cost. MILP was used 

to model the problem and a hybrid meta-heuristic approach, based on genetic and firefly 

algorithms, was applied to solve the problem in effective and efficient manner. Sigari (2016) 

synchronized multiple job shops as the supply chain network and used the GA algorithms to find 

the most suitable machine arrangement to guarantee on-time delivery to distributed customers. 

(Satyanarayana & Pramiladevi, 2016) studied sequence dependent setup times scheduling problem 

to minimize the weighted sum of total weighted squared tardiness, make-span, total weighted 

squared earliness and number of tardy jobs. They proposed three efficient special heuristics based 

on hybrid genetic algorithms.   

Since 2014, many investigations have been done on ET problems using deterministic and 

probabilistic factors. In addition to exact models, several researchers have attempted to resolve 

parallel machine problems using heuristic methods (Damodaran & Vélez-Gallego, 2012; Kim, 

Kim, Jang, & Frank Chen, 2002; Low, 2005; Radhakrishnan & Ventura, 2000; Schaller & Valente, 

2019) such as particle swarm optimization (Fang & Lin, 2013; Gohari & Salmasi, 2015; Kashan 
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& Karimi, 2009; Niu, Zhou, & Wang, 2010), Tabu search (Bilge, Kiraç, Kurtulan, & Pekgün, 

2004), Genetic Algorithm (Vallada & Ruiz, 2011), Ant Colony Optimization algorithm (Arnaout 

et al., 2010), Taguchi method (Naderi, Gohari, & Yazdani, 2014)  and hybrid algorithms (Rocholl 

& Mönch, 2018). However, heuristics methods are excluded for the purpose of this research. A 

summary of the leading literature references is provided in Table 2.1. 

Table 2.1 Literature review summary 
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 Birgin, Ferreira, 

& Ronconi 
2019 x x      x    x  x    

Rocholl & Mönch 2018 x x      x   x   x    

Kellerer, Rustogi, 

& Strusevich,  
2018 x x    x  x   x   x    

Bierwirth & 

Kuhpfahl 
2017    x       x       

Cheng & Huang 2017 x x    x      x  x    

Gerstl & 

Mosheiov  
2017 x x         x   x   x 

Haleh, et al.  2017 x x x x       x     x  

Zhao, et al. 2017     x     x  x      

Hamzadayi & 

Yildiz 
2016  x  x x     x  x x   x  

M’Hallah & 

Alhajraf  
2016 x x    x  x   x       

Esmailnezhad, 

Fattahi, & 

Kheirkhah 

2015     x  x    x     x  

Tambe & 

Kulkarni 
2015           x    x x x 

Seidgar, et al. 2015      x  x  x      x  



12 

 

2.2.1 Research Motivation 

This research is motivated by industry needs and uses the model proposed by Cheng and Huang, 

(2017) as a reference that focused on the objective of minimizing total earliness and tardiness 

through unrelated parallel machine scheduling. With practical understanding of the job shop 

environment, it was clear that there was a significant gap between the existing models and industry 

needs (limit on maximum allowable tardiness). This research intends to bridge the gap through the 

following: 

• Incorporating maximum allowable tardiness limits to the model in cases in which the order 

is not required beyond the defined limit of tardiness. This is the common case in aerospace 

industry. For instance, Boeing 747-8 have about 6 million individual components, 

manufactured in almost 30 countries by 550 suppliers. They cannot shut down their 

assembly line waiting on one particular component. Therefore, this policy should be 

considered in supplier’s scheduling models. 

• Mixed Integer Programing is often the default approach for solving scheduling problems 

in both industries and the research literature. However, it may need an extensive 

computational time to provide the optimal solution. This research proposed an updated 

mathematical formulation and implemented a fully crossed empirical study using modern 

solver (GUROBI). Though the proposed model incorporated newer dimension (limit on 

tardiness) resulting in a harder problem, the model finds optimal solution for small and 

medium size problems very quickly, which is one of the desired attributes for successful 

implementation in the industry. 

The proposed model simplifies formulation, proposes a theoretical framework incorporating 

maximum allowable tardiness limits, develops solution technique, and improves the computational 

time.   

2.3 Mathematical Model 

2.3.1 Base Model 

The base model examines scheduling problem on unrelated parallel machines with the objective 

of minimizing the total earliness and tardiness of job completion time.  
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The model considers following assumptions: 

• N independent jobs are processed on M machines. 

• Only one machine is required to complete each job. 

• Jobs cannot be split, and they must be completed once processing has begun, and no 

additional jobs can be added during production. 

• Job processing times and due dates are given. 

• Job processing time is mutually independent for each machine, and all job due dates are 

different. 

• The setup time is excluded in this research though it could be incorporated within the 

processing time. 

The mathematical model using mixed integer programming (MIP) formulation can be shown as 

follows: 

𝑚𝑖𝑛 ∑ (𝐸𝑗 + 𝑇𝑗)
𝑛

𝑗=1
                            (2.1) 

Subject to    

1 1

1;
m n

r

ij

i r

X j
= =

= 
                                                       (2.2) 

1

1; ,
n

r

ij

j

X i r
=

 
                                               (2.3) 

( 1) ( )

1 1

; , ,
n n

r r

ij ij

j j

X X j i r−

= =

  
                                              (2.4) 

( 1) ;ir i rSt St r− 
                       (2.5) 

0 0;iSt i= 
                                                (2.6) 
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0 0;iCt i= 
                                                (2.7) 

( 1); , ,r r

ir ir ji ij ijCt St p X M X i j r +  +  − 
                                            (2.8) 

( 1); , ,r r

ir ir ji ij ijCt St p X M X i j r +  −  − 
                                            (2.9) 

( 1)

1

( ); , ,
n

r

ir i r ij ji

j

Ct Ct X p i j r−

=

 +  
                                           (2.10) 

; , ,r

ir j ijCt c M X M i j r +  − 
                                           (2.11) 

; , ,r

ir j ijCt c M X M i j r −  + 
                                                  (2.12) 

( 1); , ,r

j j j ijE d c M X j i r − +  − 
                                           (2.13) 

( 1); , ,r

j j j ijT c d M X j i r − +  − 
                                           (2.14) 

The objective function (2.1) is used to determine the minimum total earliness and tardiness. 

Constraint (2.2) ensures that only one job can be processed by machine 𝑖, assuming multiple jobs 

are dispatched to machine 𝑖. Constraint (2.3) guarantees that each job 𝑗 may be dispatched to only 

one machine for processing. The same job cannot be processed by multiple machines at the same 

time. When multiple jobs are dispatched to machine 𝑖, the jobs are placed in processing sequence 

position 𝑟 (2.4). Constraint (2.5) ensures that the first job in the processing sequence position 𝑟 for 

machine 𝑖 is the job that is initially processed. The initial start time and completion times are set 

to 0 with constraints (2.6) and (2.7). Constraints (2.8), (2.9) and (2.10) are dedicated to the machine 

completion times by considering the start time of the jobs and processing time of the jobs if that 

job which were dispatched to that machine.  Constraints (2.11) and (2.12) determine the 

completion time of the jobs based on the completion time of assigned machine. Constraints (2.13) 

and (2.14) determine the earliness and tardiness of jobs by comparing their completion times with 

their respective due dates. 

The parameters, indices, and decision variables for the base model are provided in Table 2. 

Number of jobs, number of machines, processing times of jobs on machines and jobs’ due dates 
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are considered as the input parameters. Both processing times and due dates are deterministic and 

given. Decision variables include start time of the machine, completion time of the machine, 

completion time of the job, earliness and tardiness of the job and the sequence position of the jobs 

to be processed on machines. All decision variables are non-negative except the sequence position 

variable which is binary. 

Table 2.2 Base model notations 

Symbol Description 

𝑴 An extremely large positive number 

𝒏 Number of jobs 

𝒎 Number of Machines 

𝒊 Index of Machines; 𝒊 =1, 2, …, m 

𝒋 Index of Jobs; 𝒋 =1, 2, …, n 

𝒓 Sequence Position r; 𝒓 =2, 3, …, 𝑛 + 1 

𝑿𝒊𝒋
𝒓  1, if job j is processed in sequence position r on machine i; 0, OW           

𝑺𝒕𝒊𝒓 Start time of machine 𝒊 in sequence position r 

𝑪𝒕𝒊𝒓 Completion time of machine 𝒊 in sequence position r 

𝒄𝒋 Completion time of job j 

𝒑𝒋𝒊 Processing time of job j on machine 𝒊 

𝑬𝒋 Earliness of job j 

𝑻𝒋 Tardiness of job j 

𝒅𝒋 Due date of job j 

2.3.2 Simplified Model 

A job shop is a type of industry in which small batches of a variety of products are produced. 

Based on the number of jobs and machines in typical job shops, scheduling problem normally falls 

in small- or medium-sized scheduling problem. Therefore, reducing the computational time of 

scheduling leads to significant help in planning the jobs on the machine in an efficient and robust 

manner. 

The most significant factors that affect the computation times in MILP problem are size of 

formulation (e.g. number of variable and constraints), the tightness of the formulation (e.g. the gap 

between the optimal values of linear optimization and optimal integer values) and symmetries of 

the solution. Since the current problem is mixed integer linear programming, eliminating 

unnecessary constraints and reducing the number of variables reduce the computational time. The 
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base model provides the start time of the jobs on machines, job completion times and completion 

times of jobs on the machine. However, having the knowledge of the completion time of jobs, 

processing time of jobs on machines and knowing jobs’ sequence position on machines, the start 

time of the jobs on the machines can be determined by deducting the processing time of that job 

on that machine from the completion time of that job. Therefore, the start time variable 𝑆𝑡𝑖𝑟 and 

its corresponding constraints (2.5), (2.6), (2.7) and (2.9) are eliminated from the base model to 

reduce the computational time.  

2.3.3 Proposed Model 

In the real-world, if jobs or orders are delivered after certain time beyond the due dates, they may 

not be required anymore by the customer. These cases are common in aerospace industries since 

OEMs cannot stop their assembly lines and wait on the suppliers for a long time. Therefore, they 

usually apply multiple suppliers' policies to replace the supplier spontaneously in case initial 

supplier cannot provide the part in a timely manner. However, there is significant penalty cost 

associated with not delivering those parts. This paper looks at this issue from the perspective of 

the job shop. Consider a job shop that should provide parts for multiple customers each with a 

different due date. Each job needs specific machines for processing the job. The processing time 

of each job is machine dependent. The initial scheduling models provide the best sequence position 

of jobs and associated machines based on the due dates to minimize total inventory (earliness) and 

penalty (tardiness) cost. However, in some cases, the job will not be required anymore if it is 

delivered beyond the maximum allowable tardiness. This study evaluates how considering the 

maximum allowable tardiness affects the scheduling sequence positions and total cost in job shop 

scheduling problem by adding maximum allowable tardiness constraint. 

𝑇𝑗 − 𝑇𝑀𝑗 ≤ 𝑀 × 𝑂𝑗 − 𝐸𝑝𝑠 × (1 − 𝑂𝑗); ∀𝑗                               (2.15) 

In constraint (2.15), if tardiness for job 𝑗 (𝑇𝑗) is more than the maximum allowable tardiness for 

that job (𝑇𝑀𝑗), the binary variable (𝑂𝑗) is assigned a value of 1, otherwise it will be 0. (𝐸𝑝𝑠) and 

(𝑀) are small and large numbers which are used for the flow of the constraint. (𝑢𝑗) is defined as 

the maximum penalty cost. Therefore, the objective function is updated as follow (𝑒𝑗 and 𝑡𝑗 are 

inventory cost and penalty cost for each job respectively): 
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1

( (1 ) )
n

j j j j j j j

j

e E t T O u O
=

 +   − + 
                                                 (2.16) 

For the simplicity of programming, CVX toolbox which is based on branch and bound method is 

used to program the model in MATLAB. However, CVX is designed only for the linear convex 

problem. The updated objective function (2.16) is quadratic since two decision variables have been 

multiplied to each other. Therefore, the big M method is used to linearize the objective function. 

Solving the updated optimization model may provide new scheduling sequence position with 

new total cost. However, to compare the new total cost provided by the proposed model with the 

cost provided by base/simplified model, the new total cost should be determined as follow: 

TPC MP PN= +                                               (2.17) 

When jobs are tardy beyond the maximum allowable tardiness (𝑂𝑗 = 1): 

1

n

j j

j

MP u O
=

= 
                                                   (2.18) 

When jobs are either early or tardy but equal to or less than the maximum allowable tardiness 

(𝑂𝑗 = 0): 

𝑃𝑁 = ∑ (𝑒𝑗 ×
𝑛

𝑗=1
𝐸𝑗 + 𝑡𝑗 × 𝑇𝑗

′)                                           (2.19) 

This paper determines the total cost considering maximum allowable tardiness limits and 

compared the results to the total cost in the case that maximum allowable tardiness was not 

considered.  

2.4 Case Study 

To validate the proposed model, a real-world case study for nine (9) different jobs on nine (9) 

different machines has been evaluated (time units in hours). The jobs are selected from four 

different major aerospace customers (Table 2.3). The actual due dates for the jobs are in days, 

however, the process of delivering the job includes additional steps such as engineering review, 

material issuance and inspection which is excluded in this study.  For simplicity, the equivalent 

hours for the due dates (machine processing due dates) are used in this study. Required input 

parameters for all the jobs are given in Table 2.4. 
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Table 2.3 The processing time (hours) of each job on each machine 

Job Customer 

Machine 

1 2 3 4 5 6 7 8 9 

5 Axis 5 Axis 5 Axis 5 Axis 4 Axis 4 Axis 3 Axis 3 Axis 3 Axis 

1 BOEING 11.18 8.65 13.78 13.33 9.75 10.92 12.87 9.43 11.83 

2 BOEING 15.28 11.47 14.39 18.49 18.84 13.10 12.29 15.68 17.67 

3 BOEING 39.86 31.20 44.20 29.90 32.50 32.50 48.10 52.00 33.80 

4 BOEING 9.89 11.77 9.23 8.13 8.97 7.28 13.33 9.43 8.39 

5 SPIRIT  7.94 10.92 11.70 9.10 9.88 7.02 8.32 9.36 5.46 

6 SPIRIT  10.40 8.35 9.56 12.52 11.86 11.62 8.19 10.37 12.29 

7 SPIRIT  11.90 11.70 8.45 14.95 13.65 13.00 11.05 9.36 13.78 

8 ARCATA 3.90 2.93 3.71 4.55 4.19 4.86 3.85 3.39 4.62 

9 SPACE EX 13.36 14.57 11.65 10.21 15.85 14.86 12.29 11.77 13.95 

Table 2.4 Input parameter 

Jobs 1 2 3 4 5 6 7 8 9 

Due Dates (hours) 12 14 27 7 13 7 7 15 13 

Max Allowable  

Tardiness (hours) 
10 9 11 10 13 12 10 12 10 

Unit Inventory Cost $   10 $   18 $   25 $   10 $   25 $   10 $   20 $   10 $   11 

Unit Penalty Cost $   45 $   55 $   35 $   40 $   30 $   25 $   30 $   20 $   25 

Maximum Penalty Cost  $ 450 $ 495 $ 385 $ 400 $ 390 $ 300 $ 300 $ 240 $ 250 

To solve the problem for base, simplified and proposed models, 45 unique scenarios have been 

generated randomly in which the number of machines is considered equal or less than the number 

of jobs. These scenarios are generated in MATLAB using random function (Table 2.5). In terms 

of computational time, the simplified model takes less time compared to the base model in 97.76% 

of scenarios with a standard deviation of 0.14 seconds. This confirms the computational efficiency 

of the model. Also, comparing the computational time of the proposed model (including the limit 

on tardiness) and base model shows that in 53.33% of cases, the proposed model takes less time 

even though it includes additional dimension of maximum tardiness limit. However, the standard 

deviation of the results for proposed model is relatively high (0.5). 
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Table 2.5 List of scenario 

Scenario Jobs Machines Scenario Jobs Machines 

1 [7] [1] 24 [1,2,3,4,5,6,7,8,9] [1,3,6] 

2 [5,9] [2] 25 [3,5,6,7] [1,2,3,4] 

3 [6,7,8] [2] 26 [1,2,4,6,8] [1,3,4,5] 

4 [2,6,7,9] [2] 27 [1,2,3,4,5,8] [1,4,5,6] 

5 [1,2,3,5,6] [2] 28 [1,2,3,5,6,8,9] [1,3,5,7] 

6 [1,2,3,6,7,9] [6] 29 [1,2,4,5,6,7,8,9] [1,4,5,6] 

7 [1,2,4,5,6,7,8] [7] 30 [1,2,3,4,5,6,7,8,9] [1,2,3,8] 

8 [2,3,4,5,6,7,8,9] [5] 31 [2,3,4,6,9] [1,2,3,4,5] 

9 [1,2,3,4,5,6,7,8,9] [2] 32 [1,3,5,6,7,8] [1,2,3,4,6] 

10 [2,8] [1,2] 33 [1,2,3,4,6,7,9] [1,2,4,5,7] 

11 [2,5,6] [2,3] 34 [1,2,3,4,5,7,8,9] [1,3,4,5,8] 

12 [2,5,7,8] [2,3] 35 [1,2,3,4,5,6,7,8,9] [2,3,6,7,9] 

13 [1,2,3,7,8] [3,4] 36 [2,3,4,6,7,8] [1,2,3,4,5,6] 

14 [1,2,4,5,7,8] [2,6] 37 [1,2,3,4,6,7,9] [1,2,3,4,6,7] 

15 [1,2,3,4,5,7,8] [2,3] 38 [1,2,3,4,5,6,7,9] [1,2,5,6,7,8] 

16 [1,2,3,4,5,6,8,9] [3,7] 39 [1,2,3,4,5,6,7,8,9] [1,2,5,6,7,8] 

17 [1,2,3,4,5,6,7,8,9] [8,9] 40 [1,3,4,5,7,8,9] [1,2,3,4,5,6,7] 

18 [1,6,8] [1,2,3] 41 [1,3,4,5,6,7,8,9] [1,2,3,4,5,6,7] 

19 [1,2,4,9] [1,2,3] 42 [1,2,3,4,5,6,7,8,9] [1,3,4,6,7,8,9] 

20 [1,2,3,6,8] [1,2,3] 43 [1,2,3,4,5,6,7,8] [1,2,3,4,5,6,7,8] 

21 [1,3,5,7,8,9] [2,4,5] 44 [1,2,3,4,5,6,7,8,9] [1,2,3,4,5,6,7,8] 

22 [1,3,4,5,6,8,9] [1,2,4] 45 [1,2,3,4,5,6,7,8,9] [1,2,3,4,5,6,7,8,9] 

23 [1,2,3,4,5,7,8,9] [5,7,8]    

Sensitivity analysis (Table 2.6 and Figure 2.2) is performed for different combinations of machine 

and job numbers to identify the cases in which the proposed model solves the problem in less time 

compared to the base model. Based on the review of these results (Table 2.7), it was noted that the 

proposed model takes less time when the summation of the number of jobs and the number of 

machines is less than or equal to eight. With relatively lower total number, the possible options 

that we need to examine are lower and the model is able to find an optimal solution much quicker. 

On the other hand, with relatively higher total number, there is more flexibility in terms of 

sequence position and assignment of jobs on the machines. 
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Table 2.6 Sensitivity analysis on average computational time (seconds) for all 45 scenarios 

Scenario # # of Jobs # of Machines Base Model Simplified Model Proposed Model 

1 Machine      

1 1 1 0.16 0.16 0.14 

2 2 1 0.20 0.17 0.18 

3 3 1 0.31 0.25 0.25 

4 4 1 0.44 0.32 0.35 

5 5 1 0.61 0.43 0.46 

6 6 1 0.85 0.58 0.73 

7 7 1 1.90 1.07 1.85 

8 8 1 2.98 2.13 6.13 

9 9 1 13.81 7.89 13.43 

2 Machines      

10 2 2 0.31 0.26 0.22 

11 3 2 0.48 0.37 0.36 

12 4 2 1.11 0.93 0.81 

13 5 2 1.22 0.76 0.78 

14 6 2 1.78 1.16 1.41 

15 7 2 3.39 2.19 6.22 

16 8 2 10.39 7.63 84.75 

17 9 2 40.91 26.73 592.48 

3 Machines      

18 3 3 0.63 0.42 0.44 

19 4 3 1.04 0.67 0.71 

20 5 3 1.56 1.04 1.06 

21 6 3 2.66 1.82 4.02 

22 7 3 7.14 4.50 14.82 

23 8 3 17.91 12.37 271.76 

24 9 3 179.81 87.78 3,520.63 

4 Machines      

25 4 4 1.28 0.82 0.87 

26 5 4 2.11 1.26 1.37 

27 6 4 3.41 2.15 2.48 

28 7 4 6.75 5.37 11.51 

29 8 4 116.18 58.16 347.84 

30 9 4 356.86 291.06 
20,371.01 
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Table 2.6 (continued) 

Scenario # # of Jobs # of Machines Base Model Simplified Model Proposed Model 

5 Machines      

31 5 5 2.55 1.53 1.64 

32 6 5 3.84 2.27 2.40 

33 7 5 28.16 7.31 162.16 

34 8 5 31.68 38.77 973.09 

35 9 5 533.70 391.82 6,663.92 

6 Machines      

36 6 6 4.69 2.79 3.20 

37 7 6 12.82 4.52 15.35 

38 8 6 35.59 28.19 794.18 

39 9 6 80.45 43.00 8,015.67 

7 Machines      

40 7 7 8.46 4.59 4.89 

41 8 7 11.88 8.42 13.31 

42 9 7 44.05 29.19 78.16 

8 Machines      

43 8 8 12.41 8.32 7.55 

44 9 8 17.80 13.53 37.41 

9 Machines      

45 9 9 19.41 12.30 42.38 

Therefore, it leads to lower computational time. With total number relatively in the middle range 

(between 10 to 16), the options to be evaluated are higher but reduced flexibility leads to increased 

search within the solution space and leads to higher computational time. Information such as this 

may be extremely important to plan computational time of the proposed model. Reducing the 

computational time for scheduling makes the MILP scheduling method practical for application in 

small- and medium-sized job shops. Out of 45 scenarios, five (5) scenarios have been selected to 

demonstrate the total cost of scheduling problem in base/simplified and proposed models. The 

total cost provided by the base and simplified model is the same since these models are only 

different in formulation which leads to less computational time using simplified model. Scenarios 

that were selected were those in which one or more of the jobs were tardy for more time than 

maximum allowable tardiness.  
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Figure 2.2 Computational times for the combinations of number of jobs and machine 

Table 2.7 Sensitivity analysis for the combination of the number of jobs and machines 

Sum Jobs & Machines 
Average of Base 

(Seconds) 

Average of Simplified 

(Seconds) 

Average of Proposed 

(Seconds) 

2 0.16 0.16 0.14 

3 0.20 0.17 0.18 

4 0.31 0.25 0.23 

5 0.46 0.35 0.35 

6 0.79 0.59 0.57 

7 1.04 0.67 0.74 

8 1.63 1.02 1.30 

9 2.79 1.85 4.44 

10 7.46 4.74 23.42 

11 17.35 11.68 219.54 

12 82.21 39.01 1,008.46 

13 133.79 111.45 7,119.82 

14 192.58 141.53 2,487.66 

15 46.17 25.71 4,014.49 

16 28.23 18.76 42.85 

17 17.80 13.53 37.41 

18 19.41 12.30 42.38 
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The first scenario (#4) considers 4 jobs and 1 machine. The second scenario which has been 

selected is scenario (#13) with 5 jobs and 2 machines. The third scenario (#21) studies 6 jobs and 

3 machines. Scenarios #28 and #35 evaluate 7 jobs 4 machines and 9 jobs 5 machines respectively.  

Table 2.8 Scenario #4 (4 jobs & 1 machine) 

 M_2 
Processing 

Time 

Completion 

Time 

Due 

Dates 
T E 

Proposed 

Model 

J_2 1 11.47 14 14 0 0 

J_6 4 8.35 48.62 7 41.62 0 

J_7 2 11.7 25.7 7 18.7 0 

J_9 3 14.57 40.27 13 27.27 0 

Base/Simplified 

Model 

J_2 2 11.47 19.82 14 5.82 0 

J_6 1 8.35 8.35 7 1.35 0 

J_7 3 11.7 31.52 7 24.52 0 

J_9 4 14.57 46.09 13 33.09 0 

Table 2.9 Scenario #13 (5 jobs & 2 machines) 

 M_3 M_4 
Processing 

Time 

Completion 

Time 

Due 

Dates 
T E 

Proposed Model 

J_1 0 1 13.33 13.33 12 1.33 0 

J_2 1 0 14.39 14.39 14 0.39 0 

J_3 0 3 29.9 47.78 27 20.78 0 

J_7 2 0 8.45 22.84 7 15.84 0 

J_8 0 2 4.55 17.88 15 2.88 0 

Base/ Simplified 

Model 

J_1 0 1 13.33 13.33 12 1.33 0 

J_2 1 0 14.39 14.39 14 0.39 0 

J_3 0 2 29.9 43.23 27 16.23 0 

J_7 3 0 8.45 26.55 7 19.55 0 

J_8 2 0 3.71 18.1 15 3.1 0 

Tables 2.8 through 2.12 summarize these scenarios. Each table includes jobs and machines that 

are selected, scheduling sequence position, the processing times of chosen jobs, calculated 

completion time of the jobs, their due dates, and consequently tardiness and earliness. As an 

example, Table 8 shows that Machine 2 (shown as M_2) was selected to process jobs #2, #6, #7, 

and #9 (shown as J_2, J_6, J_7, and J_9). The base and simplified models found the optimal 

sequence position of jobs as #6, #2, #7, and #9 (without considering the maximum tardiness level 

and corresponding penalty cost while optimizing the cost for total tardiness and earliness only). 
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Table 2.10 Scenario #21 (6 jobs & 3 machines) 

  M_2 M_4 M_5 
Processing 

Time 

Completion 

Time 

Due 

Dates 
T E 

Proposed Model 

J_1 1 0 0 8.65 12 12 0 0 

J_3 0 1 0 29.9 29.9 27 2.9 0 

J_5 0 0 1 9.88 13 13 0 0 

J_7 3 0 0 11.7 26.7 7 19.7 0 

J_8 2 0 0 2.93 15 15 0 0 

J_9 0 2 0 10.21 40.11 13 27.11 0 

Base/ Simplified 

Model 

J_1 0 0 1 9.75 9.75 12 0 2.25 

J_3 0 2 0 29.9 40.11 27 13.11 0 

J_5 0 0 2 9.88 19.63 13 6.63 0 

J_7 1 0 0 11.7 11.7 7 4.7 0 

J_8 2 0 0 2.93 15 15 0 0 

J_9 0 1 0 10.21 10.21 13 0 2.79 

Table 2.11 Scenario #28 (7 jobs & 4 machines) 

  M_1 M_3 M_5 M_7 
Processing 

Time 

Completion 

Time 

Due 

Dates 
T E 

Proposed 

Model 

J_1 0 0 1 0 9.75 10.93 12 0.00 1.07 

J_2 0 1 0 0 14.39 14.39 14 0.39 0.00 

J_3 2 0 0 0 39.86 53.28 27 26.28 0.00 

J_5 0 0 0 2 8.32 16.51 13 3.51 0.00 

J_6 0 0 0 1 8.19 8.19 7 1.19 0.00 

J_8 0 0 2 0 4.19 15.00 15 0.00 0.00 

J_9 1 0 0 0 13.36 13.36 13 0.36 0.00 

Base/ 

Simplified 

Model 
 

J_1 1 0 0 0 11.18 11.18 12 0 0.82 

J_2 0 1 0 0 14.39 14.39 14 0.39 0 

J_3 0 0 1 0 32.5 32.5 27 5.5 0 

J_5 2 0 0 0 7.94 19.12 13 6.12 0 

J_6 0 0 0 1 8.19 8.19 7 1.19 0 

J_8 0 2 0 0 3.71 18.1 15 3.1 0 

J_9 0 0 0 2 12.29 20.48 13 7.48 0 

On the other hand, the proposed model found the optimal sequence position of jobs as #2, #7, #9, 

and #6 (considering maximum tardiness level and corresponding penalty cost). 
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Table 2.12 Scenario #35 (9 jobs & 5 machines) 

  M_2 M_3 M_6 M_7 M_9 
Processing 

Time 

Completion 

Time 

Due 

Dates 
T E 

Proposed 

Model 

J_1 0 0 0 0 1 11.83 12.00 12 0. 0 

J_2 1 0 0 0 0 11.47 14.00 14 0 0 

J_3 0 0 0 0 2 33.8 45.80 27 18 0 

J_4 0 0 1 0 0 7.28 7.28 7 0.28 0 

J_5 0 0 2 0 0 7.02 14.29 13 1.28 0 

J_6 0 0 0 1 0 8.19 8.19 7 1.19 0 

J_7 0 1 0 0 0 8.45 8.45 7 1.45 0 

J_8 0 0 0 2 0 3.85 15.00 15 0 0 

J_9 0 2 0 0 0 11.65 20.10 13 7.10 0 

Base/ 

Simplified 

Model 

J_1 0 0 0 0 1 11.83 11.83 12 0 0.17 

J_2 0 0 0 1 0 12.29 14 14 0 0 

J_3 2 0 0 0 0 31.2 39.55 27 12.55 0 

J_4 0 0 1 0 0 7.28 7.28 7 0.28 0 

J_5 0 0 2 0 0 7.02 14.3 13 1.3 0 

J_6 1 0 0 0 0 8.35 8.35 7 1.35 0 

J_7 0 1 0 0 0 8.45 8.45 7 1.45 0 

J_8 0 0 0 0 2 4.62 16.45 15 1.45 0 

J_9 0 2 0 0 0 11.65 20.1 13 7.1 0 

To illustrate the differences in the schedules from proposed model and base/simplified model, 

Gantt charts of scheduling jobs on machines for scenario #21 (6 jobs and 3 machines) are provided 

in Figures 2.3 and 2.4. The proposed model shows that job #7 and job #9 will be delivered 19.7 

hours and 27.11 hours after due date respectively. Therefore, these jobs can be removed from the 

schedule since they will be delivered after their maximum allowable tardiness which is 10 hours 

in this case. In other words, these jobs will not be needed anymore even if we make them and 

deliver them to the customer. In the real cases, customer close the purchase order for these jobs, 

and they will not receive them in even if they get the orders at their facility. As a result, removing 

these jobs from schedule and paying maximum penalty can prevent other direct and indirect 

additional costs such as materials, machining time, engineering time, overhead cost, overtime cost 

of employees, overnight transportation cost and potential tardiness cost for other jobs which will 

come to the system in the following scheduling horizon. 
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Figure 2.3 Schedule Gantt chart (base/simplified model) 

 

Figure 2.4 Schedule Gantt chart (proposed model) 

Figure 2.5 summarizes the results in terms of the number of jobs, number of machines, total cost 

provided by base/simplified as well as the proposed models for each selected scenario, and 

percentage of cost saving by implementing the proposed method. As noted in Figure 5 and Tables 

8-12, considering the maximum allowable tardiness may affect the job sequence position and 

consequently job completion time. In addition, it may lead to reduced total cost including inventory 

and penalty costs. For instance, in the case of 6 jobs and 3 machines, the proposed model provided 

the total cost of $652 which is 24% less than that provided cost by base/simplified model ($852). 

In addition, it was also observed that the percentage of cost saving drops while increasing the 

number of machines. 
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Figure 2.5 Cost comparison (base/simplified & proposed model) 

Therefore, this model is more practical for the smaller job shops with few numbers of machines.  

2.5 Summary and Future Research Prospects 

Scheduling is the method for assigning specific resources to work considering limitations and 

specific objectives. Since time has been always a limited resource, jobs should be scheduled in a 

way that leads to minimization of delays. This study evaluates the problem of scheduling a number 

of jobs on unrelated parallel machines with different job due dates while the processing times are 

machine dependent. 

As the first contribution, this study compared the performance of proposed and simplified 

model against the base model from literature in solving small and medium scale problems using 

real data collected from the job shop that manufactures aerospace parts for major aerospace OEMs 

in Wichita, Kansas. The results exhibit that the simplified and proposed models provide a high 

solution quality and outperform the base model in terms of computational time in 97% and 53% 

of scenarios respectively. Hence, the proposed model can be implemented by company scheduling 

staff to obtain practical scheduling results.  

The main contribution of this paper is considering the maximum allowable tardiness (in the 

case that parts are not needed anymore after the certain threshold of lateness) and corresponding 

solution technique to solve the resulting model. This study developed a clear theoretical 

#M: 1 #M: 2 #M: 3 #M: 4 #M: 5

#J: 4 #J: 5 #J: 6 #J: 7 #J: 9

B/S Cost $1,917 $1,298 $852 $685 $775

P Cost $850 $824 $652 $561 $685

Saving 56% 37% 24% 18% 12%
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framework, evaluated the extent to which this assumption affects the scheduling sequence position 

and compared the total inventory and penalty cost of the proposed model with the cost provided 

by base/simplified model. The results for five studied scenarios showed the reduction in total cost 

using proposed model. The percentage of cost savings depends on the number of jobs and machines 

that are considered in each scenario. In addition to the cost savings and increase in revenue and 

profitability, implementing the proposed model increases productivity of the job shop compared 

to current models since resources will not be used on the jobs that would be late more than the 

maximum allowable lateness/tardiness. Also, applying the proposed model can avoid paying extra 

costs for materials, machining etc. when those jobs are not needed anymore.  

As a managerial implication, the proposed model can help decision makers with allocating 

resources to the jobs in an efficient and effective manner. The result of the proposed model gives 

clear view to budgeting and financial managers.  

To the best of my, a limit on maximum tardiness and corresponding practical implications have 

not been considered by other researchers. This paper proposes a new dimension to the scheduling 

research area that may have significant theoretical and managerial implications. 

In addition to the job shops and manufacturing environment, this study can be applied in other 

service industries such as logistics and distribution companies where the order may not be required 

anymore after promised delivery date (especially for the orders with expiration date such as food). 

It can also be implemented in healthcare and resource scheduling in particular when the resource 

may not be needed anymore in case of emergencies.  

This study has potential limitations since the total cost provided by the model is based on jobs’ 

processing times and due dates. To consider practical applications, the model may need to include 

probability of change in processing times due to engineering change requirements, broken tool, 

wrong setup etc. A robust model may be needed to deal with these uncertainties either proactively 

or reactively. Moreover, resources – machines or operators – are normally either idle or overloaded 

in job shop environment. Therefore, adding overhead cost to the optimization model while the 

number of available resources is more than the needed levels can be selected as other future 

direction. The future research may also consider the type of operator (different skill levels and 

corresponding costs) for running specific machines, limit on the number of operators, reliability 

of machines, sequence position dependent/independent setup cost, etc. 
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Chapter 3:  Investigating total earliness and tardiness costs through unrelated parallel 

machine scheduling in uncertain job shop environment using robust optimization and 

design of experiment   

(Submitted to the Int. J. of Operational Research – Under Review) 

Abstract- In real world production systems, uncertain events such as random machine breakdown 

and processing time can occur anytime. These events lead to disruption of normal activities and 

consequently invalidate the initial schedule. Considering the uncertainty in the scheduling process 

enables organizations to resume their activities effectively in the case of uncertain events. The 

focus of this paper is proactive scheduling approach with an objective of minimizing total cost 

(lateness/earliness penalty and tooling cost). Robust optimization is used to solve the scheduling 

problem considering processing time, setup times and tooling cost as uncertain parameters. 

Numerous scenarios are solved using data from local job shop. Multiple performance measurement 

criteria are evaluated to assess the significance difference of the results obtained by the robust 

model comparing to the deterministic model. The design of experiment (DOE) has been 

implemented to evaluate the effects of different factors on the total cost and computational times. 

3.1 Introduction 

Among the multiple modules in production planning, job scheduling is one of the most significant 

factors at the operational decision-making level to empower industries to increase their 

performance for competitive advantages (Brucker, 2007). Scheduling is defined as the allocation 

of limited resources to jobs over time to achieve the organizational goals. The parallel machine 

scheduling problem in job shops is one of the most studied production scheduling problems due to 

its complexity and practical significance. The objective of scheduling problem is determining the 

best sequence for set of jobs in production systems with the multiple parallel machines. The total 

makespan, tardiness and earliness or their combinations are key performance indicators commonly 

used in such a system. Traditional scheduling approaches normally consider a fully deterministic 

environment, in which all parameters are known in advance and do not change over time. However, 

in practical situations, several kinds of hard-to-predict risks must be considered. Scheduling under 

uncertainty allows these risks to be considered. Uncertain models are more realistic than certain 

ones (Gu, Gu, Cao, & Gu, 2010). When uncertainty is involved in scheduling problem, four 

common approaches are mainly used to deal with such problems; (1) sensitivity analysis, (2) 

stochastic programing, (3) fuzziness and (4) robust optimization (RO). Sensitivity analysis is 
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efficient when only one parameter is uncertain. It is complicated to apply this method when more 

than one uncertain parameter is involved. Stochastic programming can be used when probability 

distribution function of uncertain parameter is available. The stochastic method has been employed 

as a solution approach in almost 60% of the papers dealing with uncertainties in flow shop and job 

shop environment (González-Neira, Montoya-Torres, & Barrera, 2017). One of the first studies 

regarding uncertainty and stochastic programming had been done by Elmaghraby and Thoney 

(1999) which evaluated two-machine job shop problem considering job’s processing times 

following arbitrary distribution with the goal of minimizing the expected makespan. Gourgand, 

Grangeon and Norre (2003) proposed a recursive algorithm based on a Markov Chain to determine 

the maximum completion time considering stochastic job’s durations. Rajabinasab and Mansour 

(2011) evaluated various performance measures such as mean flow-time and maximum flow-time 

using pheromone-based multi agent scheduling system with stochastic job arrivals, uncertain job 

processing times and unexpected machine breakdown. The study by Choi and Wang, 

(2012)combined both the GA and shortest processing time to minimize the makespan with the 

stochastic processing times. Ebrahimi, Fatemi Ghomi and Karimi (2014) evaluated the problem of 

minimizing completion time using two metaheuristic algorithms based on Genetic Algorithm when 

setup times and dues dates followed normal distribution. Among recent studies, Adressi, 

Hassanpour and Azizi (2016) used both Genetic Algorithm and Simulated Annealing separately 

to minimize expected maximum completion time considering machine’s breakdown as an 

uncertain parameter which followed Weibull distribution. The challenge associated with stochastic 

programming is availability of accurate historical data to come up with probability distribution in 

real case scenarios. Fuzzy optimization method is another approach to model uncertain parameters. 

The advantage of Fuzzy model compared to stochastic model is that the uncertainty can be 

modeled even where probabilistic data are not readily available. Also, they do not need large 

number of scenarios as the probabilistic uncertainty representation (Balasubramanian & 

Grossmann, 2003). The manufacturing environment with multiple machines, in which the 

processing times are modeled using fuzzy numbers with the objective function of minimizing the 

makespan and maximum completion time, has been studied by multiple scholars. Various solution 

approaches have been applied to solve such problems (e.g. Genetic Algorithm (Celano, Costa, & 

Fichera, 2003; Chutima & Yiangkamolsing, 2003), Fuzzy branch and bound (Temiz & Erol, 2004), 

algorithm based on Johnson Algorithm and a modification of McMahon and Lee’s approach 
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(Petrovic & Song, 2003), simulated annealing (Gohari & Salmasi, 2015), method that 

approximates the maximum operator as a triangular Fuzzy number with ODS algorithm (Nezhad 

& Assadi, 2008), hybrid particle swarm optimization (Naderi et al., 2014), particle swarm 

optimization (Niu & Gu, 2008; Jiao, Chen, & Yan, 2011), and cooperative co-evolutionary particle 

swarm optimization algorithm based on the niche sharing scheme (Jiao & Yan, 2014). In addition 

to processing times, Azadeh, Moghaddam, Geranmayeh and Naghavi (2010) provided robust 

schedule based on maximum completion time considering setup times and machine breakdowns 

as fuzzy parameters using flexible artificial neural network. Minimizing the earliness and tardiness 

was added to minimizing the maximum completion time in the study by Behnamian and Fatemi 

Ghomi (2014) with the fuzzy setup time and processing times.  

The next approach is robust optimization (RO) which is more recent and novel method to deal 

with uncertainty. RO can provide the feasible solution under all possible realization of uncertain 

parameters within their bounds (known as uncertainty set) with the optimum objective value 

among all robust feasible solutions. Strictly speaking, deterministic optimization with nominal 

parameters provides the optimal solution. However, since in the uncertain environment, the values 

of parameters deviate from their nominal values, the aim of RO is to find solutions which are less 

sensitive towards changing uncertain parameters (B. H. Wang & He, 2009). 

This paper proposes the RO model as the most appropriate method for uncertain scheduling 

problems, because of the following advantages compared to other methods: (1) the RO model has 

the same size as the deterministic model in terms of the formulation and computational times (i.e. 

scheduling problem is NP-hard problem itself  and transforming from deterministic model to 

stochastic model makes the problem even more complicated), (2) it does not need exact 

distribution function for uncertain data, (3) it keeps linearity for linear problems, and (4) the model 

is capable of controlling the level of conservatism for every constraint and pledges feasibility of 

RO problem. According to González-Neira et al. (2017), about 13% of researches applied robust 

approach to deal with uncertainty.  

For a long time, tooling budgets weren’t received enough attention by many manufacturers 

since tooling costs were sort of clandestine. Very limited references are accessible for tooling costs 

in industries which has made it challenging to come up with the valid and certain tooling costs. 

Therefore, many manufactures ignore tooling costs and put more effort in more foreseeable and 
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assessable areas for their cost saving purposes. However, due to the enhanced focus on profitability 

and production cost reduction today, OEMs and suppliers closely consider tooling costs. Tooling 

cost can affect the production costs dramatically both directly (cost of the tool) and indirectly 

(cutting speed which affects processing time). A job shop that desires to get cost savings from its 

cutting tool should take two factors into account: tool life and tool price. Tool life and price can 

be affected by multiple elements such as tooling material, design, demand, required tolerance, 

quality etc. To the best of the author’s knowledge, considering the tooling cost of production 

systems, maximum threshold on the lateness, and job-machine-operator combination in addition 

to tardiness/earliness minimization as an objective function with uncertain processing time and 

setup time dependent on the skill level of operators has not been studied in the literature yet. 

The rest of this paper is prepared as follows. Section 3.2 reviews existing literature related to 

robust optimization problem and earliness/tardiness scheduling problem. Section 3.3 provides 

brief description of robust optimization model and formulation in addition to probabilistic 

guarantee of uncertainty bounds. Section 3.4 describes the scheduling problem along with RO 

procedure. The mathematical models including deterministic model and robust counterpart models 

are provided in section 3.5. Case studies to validate the performance of the robust model in addition 

to evaluating the effects of the different factors on the problem are presented in section 3.6. Section 

3.7 summarizes the research and draws future research opportunities. 

3.2 Brief Literature Review on Robust Optimization 

The initial effort in developing the RO theory was done by Soyster (1973) who investigated 

explicit formulations for RO. His model considers the worst case of uncertain parameter to solve 

the optimization problem. Nevertheless, the probability of getting worst value for all the uncertain 

parameters is low. Thus, the solution provided by this model is too conservative.  To overcome 

the drawback of excessive conservative solution of the Soyster method, Ben-Tal and Nemirovski 

(1998), Ben-Tal and Nemirovski (2000) and El Ghaoui, Oustry and Lebret (1998)put a noteworthy 

step forward in RO theory by providing models for uncertain problems with ellipsoidal 

uncertainties. However, Ben-Tal model includes conic quadratic formulation, which cannot be 

directly applied in linear optimization. Finally, the method proposed by Bertsimas and Sim (2004) 

have ability to transfer the linear optimization problem to robust counterpart optimization problem 

with the advantage of controlling the level of conservatism in the solution.  
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The robust scheduling methods focus on forming the schedule that, when employed, minimizes 

the impacts of disruptions on the primary performance measure of schedule.  

Table 3.1 Literature review summary of RO and scheduling problem 

Author Year Problem Description Objective 
Uncertain 

Parameter(s) 

Solution 

Approach 

Al-Hinai & 

Elmekkawy 
2011 

Flexible job shop 

scheduling problem 

with random machine 

breakdown 

Minimizing 

Make-span 

Machine’s 

Breakdown 

Hybrid Genetic 

Algorithms 

Xiong, Xing, & 

Chen  
2012 

Robust Scheduling for 

the flexible job shop 

scheduling problem 

with random machine 

breakdowns 

Minimizing 

Make-span 

Machine’s 

Breakdown 

Multi-Objective 

evolutionary 

algorithms 

Rahmani & 

Heydari  
2013 

Robust and stable flow 

shop scheduling 

problem 

Minimizing 

Completion 

Times 

Processing 

Times & Job 

Arrivals 

Heuristics 

Approach 

Lu, Ying, & Lin,  2014 
Robust single machine 

scheduling problem 

Minimizing 

Total Flow 

Time 

Processing 

Times 
MILP 

Gholami-Zanjani, 

Hakimifar, 

Nazemi, & Jolai,  

2017 

Flow shop scheduling 

problem with sequence 

dependent setup times 

in uncertain 

environment 

Minimizing the 

weighted mean 

completion time 

Setup times & 

Processing 

Times 

MILP for 

deterministic and 

comparing robust 

and fuzzy 

approaches 

B. Wang, Wang, 

Lan, & Pan  
2018 

Uncertain job shop 

scheduling problem 

Minimizing 

Make-span 

Processing 

Times 

Hybrid local search 

algorithm 

van den Akker, 

Hoogeveen, & 

Stoef  

2018 

A single machine 

classic scheduling 

problem 

Minimizing the 

number of late 

jobs 

Processing 

Times 

Combination of 

two-stage 

stochastic approach 

and recoverable 

robustness 

Sajadi, Alizadeh, 

Zandieh, & Tavan  
2019 

Flexible job shop 

scheduling problem 

Minimizing 

makespan and 

stability 

Machine 

Breakdowns 

Two stage genetic 

algorithms 
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The robust optimization problem has been applied in scheduling problem by multiple scholars. 

One of the very first approaches was assuming the range of scenarios representing different 

realizations of disruptions to schedule (Daniels & Carrillo, 1997; Daniels & Kouvelis, 1995; 

Kouvelis, Daniels, & Vairaktarakis, 2000). The objective here was optimizing the schedule under 

the worst possible scenarios, so the schedule would perform for all possible scenarios. Application 

of the robust schedule led to the difference in objective function value in the robust solution and 

nominal solution. Research by Leon, Wu and Storer (1994) and Wu, Byeon and Storer (1999) 

aimed to minimize that difference which is defined as the expected degradation in performance 

measure. Also, Leon et al. (1994) considered the cost of applying the updated schedule (e.g. cost 

of sequence changes and start time changes) in their research. Two of the first studies considering 

the total tardiness as the performance measure have been done by Mehta and Uzsoy (1998) and 

O’Donovan (1999). In their study, the estimated job completion times were determined by 

estimating the effects of machine failure on job completion times. In addition to these studies, the 

total earliness/tardiness problem in the job shop was evaluated by Bollapragada and Sadeh (1996). 

The idea of minimizing total tardiness in a job shop considering uncertain parameters (e.g. 

processing times) was first applied by Singer (2000). Afterwards, multiple studies have been done 

in terms of scheduling problem with uncertain parameters. Table 1 summarizes some of these latest 

studies.   

3.3 Robust Optimization Model 

This section provides the brief description of robust optimization formulations. RO is a 

computationally traceable methodology for problems with uncertainty to determine flexible 

solutions. In general, RO is defined as a method which assures the feasibility and optimality of the 

solution for the worst cases of the uncertain parameters. In RO, uncertain parameters are assumed 

to be unknown but bounded. 

3.1 Robust Optimization Formulation 

Consider the general linear programming problem as follow: 

𝑚𝑖𝑛 𝑐 𝑥 + 𝑑                                (3.1) 

𝑠. 𝑡 

𝐴𝑥 ≤ 𝑏, 𝑥 ≥ 0          
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In this model, the parameter 𝑐, 𝑑, 𝐴, 𝑏 are not known but they vary in a given uncertainty 

set𝑈Where 𝑈is certain (closed and bounded) set, which is defined based on our knowledge of the 

uncertain parameters. In the model proposed by Soyster, 1973, lower bound and upper bound for 

every uncertain parameter is considered (Box Uncertainty).  

(𝑐, 𝑑, 𝐴, 𝑏) ∈ 𝑈 ⇔ �̱� ≤ 𝑐 ≤ �̄�, �̱� ≤ 𝑑 ≤ �̄�, �̱� ≤ 𝐴 ≤ �̄�, �̱� ≤ 𝑏 ≤ �̄�                              (3.2) 

In this method, the optimization problem is solved assuming the worst possible outcome for each 

uncertain data which leads to excessive conservative solution. To overcome the disadvantage of 

the extremely conservative solution of the robust counterpart optimization with box uncertainty, 

Ben-Tal & Nemirovski (1999) proposed the related uncertain linear optimization problem that 

consist of collection of linear optimization problems which is defined as follows: 

𝑚𝑖𝑛 𝑐 𝑥 + 𝑑                                                       (3.3) 

𝑠. 𝑡 

𝐴𝑥 ≤ 𝑏 

𝑐, 𝑑, 𝐴, 𝑏 ∈ 𝑈           

In this model, the vector 𝑥 is a robust feasible solution of problem (3.3), if it satisfies all realization 

of the constraints from the uncertainty set 𝑈. The robust counterpart (RC) of the problem (3.3) is 

defined as follow: 

𝑚𝑖𝑛 {�̂�(𝑥) = 𝑠𝑢𝑝
(𝑐,𝑑,𝐴,𝑏∈𝑢)

[𝑐𝑥 + 𝑑] : 𝐴 𝑥 ≤ 𝑏∀𝑐, 𝑑, 𝐴, 𝑏 ∈ 𝑈}                                (3.4) 

An optimal solution of the problem (3.4) is the optimal robust solution of problem (3.3). This 

model has considered a form of uncertainty which limited the data to an ellipse. Ellipsoidal 

uncertainty is described as follow (for parameter 𝐴 as an example): 

𝐸𝑖 = {𝛼 :( 𝛼 − 𝛼𝑖
0)𝑇𝜆𝑖

−1 ≤ 𝑟2}                                        (3.5) 

Where 𝛼𝑖
0 is nominal value and 𝜆𝑖

−1 is a positive definite matrix that can be assumed as 

“covariance” matrix. Although this model presents the better possible interactions between the 

different parameters which leads to possibly avoiding the worst-case scenarios, this model is more 

complex compared to using box uncertainty because the formulation involves conic quadratic 

problem.  
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Bertsimas and Sim (2004) proposed the method to control the degree of the conservatism of the 

solution by bounding the number of parameters in the data subject to uncertainty. In problem (3.3), 

assume that without loss of generality only matrix 𝐴 is uncertain. The major issue in problem (3.3) 

is feasibility. In other words, every constraint which includes the uncertain parameter 𝐴 should be 

satisfied for any possible value of 𝐴 in a given uncertainty set 𝑈. Consider 𝑎𝑖𝑗 as an independent 

coefficient of matrix 𝐴, the robust counterpart formulation of problem (3.3) is presented as:  

𝑚𝑖𝑛 𝑐 𝑥 + 𝑑                                                       (3.6) 

𝑠. 𝑡 

𝑚𝑎𝑥 𝑎𝑖𝑗
𝑎𝑖𝑗∈𝑈

𝑥 ≤ 𝑏𝑖 

𝑥 ≥ 0                              

To solve the robust problem (3.6), 𝑚𝑎𝑥 𝑎𝑖𝑗
𝑎𝑖𝑗∈𝑈

𝑥 should be assessed for each candidate solution𝑥 

which increase the complexity of solving process significantly comparing to solving linear 

programming problem using nominal values. Therefore, a tractable linear equivalent formulation 

(6) should be constructed. Suppose 𝑎𝑖𝑗deviates from its nominal value 𝑎𝑖𝑗
0  in an amount of 𝑣𝑖𝑗 

(𝑣𝑖𝑗 = 𝜑𝑎𝑖𝑗
0 ) where 𝜑is uncertainty scale (normally in percentage). As a result, the uncertainty set 

is given as follow: 

𝐸 = {𝐴 ∈ 𝑅𝑚×𝑛 : 𝑎𝑖𝑗 ∈ [𝑎𝑖𝑗
0 − 𝑣𝑖𝑗 , 𝑎𝑖𝑗

0 + 𝑣𝑖𝑗], ∀𝑖, 𝑗 ; ∑
|𝑎𝑖𝑗−𝑎𝑖𝑗

0 |

𝑣𝑖𝑗
≤ 𝛤𝑖

𝑛
𝑗=1 , ∀𝑖}                                    (3.7) 

The parameter 𝛤𝑖, which fits in to [𝑜, 𝑛]is defined as an “Budget of Uncertainty”. If 𝛤𝑖 is integer, it 

is interpreted as the maximum number of parameters that can deviates from their nominal value.  

• If 𝛤𝑖 = 0, 
|𝑎𝑖𝑗−𝑎𝑖𝑗

0 |

𝑣𝑖𝑗
 for all 𝑗are forced to be zero. Therefore, the uncertain value and the 

nominal value would be equal for all 𝑗and there is no protection against uncertainty (i.e. 

the deterministic model and robust model are the same in this case). 

• If 𝛤𝑖 = 𝑛, the problem is completely protected against uncertainty which leads to an 

excessive conservative solution (i.e. equal to Soyster model). 

• If 𝛤𝑖 ∈ (0, 𝑛), the decision maker should decide between the extent of optimality and 

robustness (protection level) of the solution. 
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Consider the deterministic problem (3.1), the robust counterpart is presented as follow: 

𝑚𝑖𝑛 𝑐 𝑥 + 𝑑                                                       (3.8) 

𝑠. 𝑡 

𝑎𝑖𝑗
𝑜 𝑥 + 𝑚𝑎𝑥 ∑ 𝑎𝑖𝑗𝑥𝑗𝑧𝑖𝑗 ≤ 𝑏𝑖

𝑛

𝑗=1

 

𝑥 ≥ 0          

Where 𝑧𝑖𝑗 =
|𝑎𝑖𝑗−𝑎𝑖𝑗

0 |

𝑣𝑖𝑗
. 𝑚𝑎𝑥 ∑ 𝑎𝑖𝑗𝑥𝑗𝑧𝑖𝑗

𝑛
𝑗=1  for a given 𝑖is equivalent to: 

− 𝑚𝑖𝑛 ∑ 𝑎𝑖𝑗|𝑥𝑗|𝑧𝑖𝑗
𝑛
𝑗=1                                                (3.9) 

𝑠. 𝑡 

∑ 𝑧𝑖𝑗 ≤ 𝛤𝑖

𝑛

𝑗=1

 

0 ≤ 𝑧𝑖𝑗 ≤ 1, ∀𝑗          

Which is linear in the decision vector of𝑧𝑖. According to Bertsimas and Sim (2004), the strong 

duality is applied to problem (3.9) to reformulate the robust problem as a linear programming 

problem. The equation (3.10) provides the robust formulation of the given linear mathematical 

model. 

𝑚𝑖𝑛 𝑐 𝑥 + 𝑑 (3.10) 

𝑠. 𝑡 

𝑎𝑖𝑗
𝑜 𝑥 + 𝛤𝑖𝛾𝑖 + ∑ 𝜔𝑖𝑗

𝑛

𝑗=1

≤ 𝑏𝑖, ∀𝑖 

𝛾𝑖 + 𝜔𝑖𝑗 ≥ 𝑎
^

𝑖𝑗𝐻𝑗 , ∀𝑖, 𝑗 

−𝐻𝑗 ≤ 𝑥𝑗 ≤ 𝐻𝑗 , ∀𝑗 

𝛾𝑖, 𝜔𝑖𝑗 ≥ 0, ∀𝑖, 𝑗 

𝑥𝑗 ≥ 0, ∀𝑗               

The advantage of formulation (3.10) is that it can be solved with a commercially available 

software. To apply this method, the value should be assigned to the budget of uncertainty (𝛤𝑖) by 
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decision maker. The value of the budget of uncertainty defines the tradeoff between optimality and 

robustness. Considering the problem with the objective function of minimizing the cost. If decision 

maker selects the value of 0 or close to 0, the solution will be optimal (minimum in this case) but 

it may not be robust (not feasible for all realizations of uncertain parameter). On the other hand, 

the higher values of budget of uncertainty leads to more robust but less optimal solution. In other 

words, the provided solution is not the minimum possible, but it is feasible for all realizations of 

uncertain data. However, the question is what value should be picked for budget of uncertainty to 

provide near optimal and robust enough solution.  

3.2 Probabilistic Guarantee of Uncertainty Scale 

The decision maker should determine the uncertainty set in the robust counterpart optimization 

problem.  

Table 3.2 Summary of the priori probability bounds of constraint satisfaction 

Type Upper bound on the probability of constraint violation Uncertainty distribution 

𝑩𝟏 𝑃𝑣𝑖𝑜 ≤ 𝑒𝑥𝑝( −
𝛤2

2
) Independent, Symmetric, Bounded 

𝑩𝟐 𝑃𝑣𝑖𝑜 ≤ 𝑒𝑥𝑝( −
𝛤2

2|𝐽𝑖|
) Independent, Symmetric, Bounded 

𝑩𝟑 

𝑃𝑣𝑖𝑜 ≤
1

2|𝐽𝑖|
{(1 − 𝜇) ∑ (

|𝐽𝑖|

𝑙
)

|𝐽𝑖|

𝑙=⌊𝜂⌋

+ 𝜇 ∑ (
|𝐽𝑖|

𝑙
)

|𝐽𝑖|

𝑙=⌊𝜂⌋+1

} , 𝜂

=
𝛤 + |𝐽𝑖|

2
, 𝜇 = 𝜂 − ⌊𝜂⌋ 

Independent, Symmetric, Bounded 

𝑩𝟒 𝑃𝑣𝑖𝑜 ≤ 𝑒𝑥𝑝 (𝑚𝑖𝑛
𝜃≥0

{−𝜃𝛤 + ∑ 𝑙𝑛 𝐸 [𝑒𝜃𝜉𝑗]

𝑗∈𝐽𝑖

}) 
Independent, Symmetric, Known Probability 

Distribution Function 

In the cases in which uncertainty set covers the whole uncertain space, the robust solution is 

feasible for all realizations of uncertain parameter. However, in real cases, the probability of the 

scenario that all uncertain parameters get their worst value is relatively low. In other words, the 

uncertainty set is not essentially determined to protect total uncertain space because the decision 

maker may agree to definite degree of uncertainty for tradeoff between optimality and robustness. 

In these cases, the following question logically arises that what value should be picked for budget 

of uncertainty to have near optimal and robust enough solution while the degree of constraint 

violation does not surpass a certain level. To answer the above question, the upper bound on the 
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probability of constraint violation should be defined. Principally, there are two different methods 

to assess the probabilistic guarantee. The first method is called priori probability bound which the 

uncertainty set information is used to derive the probability bounds before solving the robust 

counterpart problem(𝐵1, 𝐵2, 𝐵3, 𝐵4). Posteriori probability bound is the second method in which 

the robust counterpart optimization solution is used to check the probability of constraint 

violation(𝐵5, 𝐵6). For problem (8), the probability of constraint violation is defined as: 

𝑃𝑣𝑖𝑜 = 𝑃𝑟{𝑎𝑖𝑗
𝑜 𝑥 + 𝑚𝑎𝑥 ∑ 𝑎𝑖𝑗𝑥𝑗𝑧𝑖𝑗 ≤ 𝑏𝑖

𝑛
𝑗=1 }                               (3.11) 

In this paper, table 2 provides the summary of probabilistic guarantees for constraint satisfaction 

(priori probability bounds) for robust counterpart optimization problem with box uncertainty. 𝛤 

and 𝐽𝑖 represent potential value for budget of uncertainty and number of uncertain parameters 

respectively. To assign a value for an uncertain parameter for a specific uncertainty set through 

the value of budget of uncertainty, the multiple probability bounds enable us to choose the tightest 

possible bound which leads to the better size of uncertainty set that avoids excessive conservative 

solutions. The details of probabilistic guarantees for all probability bounds in addition to proofs 

can be found in Li, Tang and Floudas (2012). 

3.4 Problem Description 

This paper considers an uncertain job shop environment where 𝑛 jobs are available to be processed 

on 𝑚 machines. Each job is assigned to only one machine and only one machine is required to 

complete each job. Each machine can process only one job at a time, and it must be completed 

when processing has begun (preemption is not allowed). The objective is minimizing the penalty 

cost for late jobs, inventory cost for early jobs in addition to tooling cost of operations when it is 

not allowable for tardiness passing the certain threshold. The due dates of all jobs are given which 

is distinct for different types of jobs. The processing time is mutually independent for each 

machine. Setup time depends on job, machine and operator. In other words, the setup time of the 

same job on the same machine may be different per operator’s skills level. In terms of tooling cost, 

each machine needs a particular tool to process the jobs which is machine dependent. The 

processing time, setup time for different skill-level operators and tool price are considered as 

uncertain parameters. The process of RO starts with defining deterministic data set within the 

uncertain space and consequently identifying the best solution which is feasible for all realization 
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of data uncertainty in the given set which is called robust counterpart optimization. The practical 

RO procedure to solve the robust optimization problem is presented in Table 3.3. 

Table 3.3 RO procedure 

Step Description 

1 Solve the nominal problem 

2 Determine the uncertain parameters and uncertainty set 

3 Define the probability guarantees of constraint violation 

4 Formulate the robust counterpart optimization model 

5 Solve the robust counterpart optimization problem via an exact or approximate tractable formulation 

6 Check quality of the robust solution 

3.5 Mathematical Model 

The following notation is used in the formulation of the robust scheduling optimization model. 

Table 3.4 Notation  

Type Symbol Description 

Indices 

𝒎 Number of Machines 

𝒏 Number of Jobs 

𝒂 Number of Operators 

𝒊 Index of Machines and Tools; 𝑖 =1, 2, …, m 

𝒋 Index of Jobs; 𝑗 =1, 2, …, n 

𝒓 Index of Sequence; r =1,2, …, n 

𝒌 Index of Operators; 𝑘 =1, 2, …, a 

Parameters 

𝒑𝒋𝒊 Processing time of job j on machine 𝑖 

𝒔𝒋𝒊𝒌 Setup time of job j on machine 𝑖 by operator 𝑘 

𝒅𝒋 Due date of job j 

𝒕𝒋 Penalty cost of job j 

𝒆𝒋 Inventory cost of job j 

𝒎𝒄𝒋 Maximum penalty cost of job j 

𝒎𝒕𝒋 Maximum allowable tardiness of job j 

𝒒𝒊 Price of tool 𝑖 

𝒃𝒊 Age of tool 𝑖 

𝜺 A very small number 

𝑴 An extremely large positive number 
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Table 3.4 (Continued) 

Type Symbol Description 

Variables 

𝑿𝒊𝒋𝒌
𝒓  

1, the 𝑟𝑡ℎ sequence of job j is processing on machine 𝑖 and    setup by operator 𝑘;0, 

otherwise 

𝑪𝒕𝒊𝒓 Completion time of machine 𝑖 in sequence r 

𝒄𝒋 Completion time of job j 

𝑬𝒋 Earliness of job j 

𝑻𝒋 Tardiness of job j 

𝑶𝒋 

1, if the job tardiness for job j goes beyond the maximum allowable tardiness for 

that job; 

0, otherwise 

𝑸𝒊 Number of required tools for machine 𝑖 

The base model studies the scheduling problem on unrelated parallel machines which is the 

revision of the mathematical model proposed by Cheng & Huang (2017). Kianpour, Gupta, 

Krishnan and Gopalakrishnan (2019) added the constraint of maximum allowable tardy job into 

the model with the objective of minimizing total penalty cost for late jobs and inventory cost for 

early jobs. The proposed model incorporated operator dependent set up times to the model in 

addition to the tooling cost of each machine. This paper initially proposes the deterministic model 

of multi objective optimization scheduling problem with the goal of minimizing penalty cost, 

inventory cost and tooling cost. Then, the robust counterpart optimization model is provided to 

model the uncertain parameters and their corresponding constraints.  

3.5.1 Deterministic Model 

The mathematical model is constructed using mixed integer programming (MIP) to formulate the 

scheduling problem. 

∑ (𝑒𝑗 ×𝑛
𝑗=1 𝐸𝑗 + (𝑡𝑗 × 𝑇𝑗 × (1 − 𝑂𝑗)) + 𝑚𝑐𝑗 × 𝑂𝑗) + ∑ 𝑞𝑖 × 𝑄𝑖

𝑚
𝑖=1                             (3.12) 

∑ ∑ ∑ 𝑋𝑖𝑗𝑘
𝑟 = 1𝑎

𝑘=1 ,𝑛
𝑟=1

𝑚
𝑖=1 ∀𝑗                       (3.13) 

∑ ∑ 𝑋𝑖𝑗𝑘
𝑟𝑎

𝑘=1 ≤ 1 ; ∀ 𝑖, 𝑟𝑛
𝑗=1                                     (3.14) 

∑ 𝑋𝑖𝑗𝑘
(𝑟−1)

≤𝑛
𝑗=1 ∑ 𝑋𝑖𝑗𝑘

(𝑟)𝑛
𝑗=1 ; ∀ 𝑗, 𝑖, 𝑟, 𝑘                                           (3.15) 

𝐶𝑡𝑖𝑟 ≥ 𝐶𝑡𝑖(𝑟−1) + ∑ (𝑛
𝑗=1 𝑋𝑖𝑗𝑘

𝑟 × 𝑝𝑗𝑖) + ∑ (𝑛
𝑗=1 𝑋𝑖𝑗𝑘

𝑟 × 𝑠𝑗𝑖𝑘) ; ∀ 𝑖, 𝑗, 𝑟, 𝑘                           (3.16) 
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𝐶𝑡𝑖𝑟 ≥ 𝑐𝑗 + 𝑀 × 𝑋𝑖𝑗𝑘
𝑟 − 𝑀 ; ∀ 𝑖, 𝑗, 𝑟, 𝑘                                                     (3.17) 

𝐶𝑡𝑖𝑟 ≤ 𝑐𝑗 − 𝑀 × 𝑋𝑖𝑗𝑘
𝑟 + 𝑀 ; ∀ 𝑖, 𝑗, 𝑟, 𝑘                                          (3.18) 

𝐸𝑗 ≥ 𝑑𝑗 − 𝑐𝑗 + 𝑀 × (𝑋𝑖𝑗𝑘
𝑟 − 1) ; ∀ 𝑗, 𝑖, 𝑟, 𝑘                                          (3.19) 

𝑇𝑗 ≥ 𝑐𝑗 − 𝑑𝑗 + 𝑀 × (𝑋𝑖𝑗𝑘
𝑟 − 1) ; ∀ 𝑗, 𝑖, 𝑟, 𝑘                                                     (3.20) 

𝑇𝑗 − 𝑇𝑀𝑗 ≤ 𝑀 × 𝑂𝑗 − 𝜉 × (1 − 𝑂𝑗) ; ∀ 𝑗                                                     (3.21) 

𝑄𝑖 ≥ (𝑝𝑗𝑖 × ∑ 𝑋𝑖𝑗𝑘
𝑟𝑚

𝑖=1 )/𝑏𝑖 ; ∀ 𝑖, 𝑘                                           (3.22) 

𝑋𝑖𝑗𝑘
𝑟 , 𝑂𝑗 ∈ {0, 1}                                  (3.23) 

𝐶𝑡𝑖𝑟 , 𝐸𝑗 , 𝑇𝑗 , 𝑐𝑗 , 𝑄𝑖 ≥ 0                                                        (3.24) 

The objective function (3.12) minimizes the total penalty cost (earliness, tardiness less than 

allowable maximum tardiness, and tardiness more than the maximum allowable tardiness) and 

tooling cost. Constraint (3.13) guarantees that only single job can be operated by machine 𝑖, 

assuming several jobs are dispatched to machine 𝑖. Constraint (3.14) assures that each job 𝑗 may 

be dispatched to only one machine for processing. When multiple jobs are sent to machine 𝑖, the 

jobs are placed in processing sequence position 𝑟 (3.15). Constraint (3.16) is dedicated to machine 

completion time which depends on processing time and setup time. Constraints (3.17) and (3.18) 

are related to job completion times. Constraints (3.19) and (3.20) determine the earliness and 

tardiness of job completion by comparing it with their relevant due dates. In constraint (3.21), if 

the job tardiness for the job 𝑗 (𝑇𝑗) goes beyond the maximum allowable tardiness for that job (𝑇𝑀𝑗), 

the binary variable (𝑂𝑗) is assigned a value 1, otherwise it will be 0. Constraint (3.22) determines 

the number of tools required by each machine based on the dedicated jobs to that machine and tool 

age. Constraints (3.23) and (3.24) define the type of decision variables.  

3.5.2 Robust Counterpart Model 

The deterministic scheduling model in section 5.1 may not be practical in providing the optimum 

cost since some of the input parameters which are listed in table 4 may be subjected to uncertainty 

in the real cases. This paper considers processing times, setup times and tool price as the uncertain 

parameters. Tool price is incorporated in objective function while processing times and setup times 

are used in the constraint of machine completion time. To transform the deterministic model to 
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robust counterpart model, objective function, tool consumption constraint and machine completion 

time constraint should be transformed. Consider the tooling section of deterministic objective 

function as follow: 

∑ 𝑞𝑖 × 𝑄𝑖
𝑚
𝑖=1                                                      (3.25) 

In this section, the RC formulation with cardinality-constrained uncertainty is proposed. Consider 

𝐻 as an arbitrary variable representing the tooling cost. The robust counterpart formulation with 

cardinality-constrained uncertainty is presented as: 

𝑚𝑖𝑛 𝐻           

s.t 

𝐻 ≥ ∑ 𝑞𝑖 ×𝑚
𝑖=1 𝑄𝑖 + 𝛽(𝑄∗, 𝛤)                                 (3.26) 

Where 

𝛽(𝑄∗, 𝛤) = 𝑚𝑎𝑥{∑ 𝑞𝑖𝑄𝑖 + (𝛤 − ⌊𝛤⌋𝑖∈𝑈 �̂�𝑖𝑄𝑖𝜕}                                              (3.27) 

This formulation is able to adjust the conservativeness and robustness of the solution considering 

different values of uncertainty budget. However, this formulation is non-linear optimization 

problem which is not tractable. Consequently, this problem can be transformed into a linear 

optimization problem which is tractable per method presented by Bertsimas and Sim (2004). The 

objective value of robustness cost function 𝛽(𝑄∗, 𝛤) is equivalent to the objective value of the 

following linear optimization problem.  

𝛽(𝑄∗, 𝛤) = 𝑚𝑎𝑥 ∑ 𝑞𝑖𝑄𝑖
∗𝑍𝑖𝑖∈𝑈                                             (3.28) 

∑ 𝑍𝑖𝑖∈𝑈 ≤ 𝛤                                                         (3.29) 

0 ≤ 𝑍𝑖 ≤ 1∀𝑖 ∈ 𝑈                                                  (3.30) 

The dual problem is presented as: 

𝑚𝑖𝑛 𝛤 𝛾 + ∑ 𝜔𝑗𝑖∈𝑈                                              (3.31) 

𝛾 + 𝜔𝑖 ≥ �̂�𝑖𝑄𝑖∀𝑖 = 1,2, . . . , 𝑚                                           (3.32) 

𝜔𝑖 ≥ 0∀𝑖 = 1,2, . . . , 𝑚                                                                  (3.33) 
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Where 𝛾 and 𝜔𝑖 are the dual variable corresponding to the inequality (3.29) and (3.30) respectively. 

The objective function (3.28) is feasible and bounded for 𝛤 ∈ [0, 𝑚] where 𝑚 is the maximum 

number of uncertain parameters. Therefore, the objective function including the tool price as an 

uncertain parameter is formulated as follow: 

∑ (𝑒𝑗 ×𝑛
𝑗=1 𝐸𝑗 + (𝑡𝑗 × 𝑇𝑗 × (1 − 𝑂𝑗)) + 𝑚𝑐𝑗 × 𝑂𝑗) + ∑ 𝐻𝑖

𝑚
𝑖=1                      (3.34) 

s.t 

𝐻𝑖 ≥ 𝑞𝑖
𝑜𝑄𝑖 + 𝛤𝛾 + ∑ 𝜔𝑖

𝑚
𝑖=1 , ∀𝑖 = 1, . . . , 𝑚                                (3.35) 

𝛾 + 𝜔𝑖 ≥ 𝜑𝑞𝑖
𝑜𝑄𝑖, ∀𝑖 = 1, . . . , 𝑚   

In addition to tooling price, setup times and processing times are considered as uncertain 

parameters in this paper which affects constraint (3.16) of deterministic model.  

The robust counterpart formulation of the constraint is presented as follow:  

𝐶𝑡𝑖𝑟 ≥ 𝐶𝑡𝑖(𝑟−1) + ∑ (𝑛
𝑗=1 𝑋𝑖𝑗𝑘

𝑟 𝑝𝑗𝑖 + 𝜆𝑗𝑖) + ∑ (𝑛
𝑗=1 𝑋𝑖𝑗𝑘

𝑟 𝑠𝑗𝑖𝑘 + 𝜓𝑗𝑖𝑘) ; ∀ 𝑖, 𝑗, 𝑟, 𝑘               (3.37) 

and  

𝛤𝜑𝑋𝑖𝑗𝑘
𝑟 ≤ 𝜆𝑗𝑖 ; ∀ 𝑖, 𝑟, 𝑘                                                  (3.38) 

𝛤𝜑𝑋𝑖𝑗𝑘
𝑟 ≥ −𝜆𝑗𝑖 ; ∀ 𝑖, 𝑟, 𝑘                                    (3.39) 

𝛤𝜑𝑋𝑖𝑗𝑘
𝑟 ≤ 𝜓𝑗𝑖𝑘 ; ∀ 𝑖, 𝑟, 𝑘                                      (3.40) 

𝛤𝜑𝑋𝑖𝑗𝑘
𝑟 ≥ −𝜓𝑗𝑖𝑘 ; ∀ 𝑖, 𝑟, 𝑘                                      (3.41) 

Constraint (3.22) which determines the number of tools required by each machine based on 

processing times of dedicated jobs, will be updated based on the picked value in robust 

optimization problem.  

3.6 Case Study and Results 

To evaluate the performance of the proposed model, multiple numerical experiments are assessed, 

and the related results are presented in this section. First, deterministic and robust models are 

solved under nominal data collected from different major aerospace customers.  
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Table 3.5 Numerical results 
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1 0 0 0 0 1 0 46 42 4 0 

$2,133 2.7838 

2 1 0 0 0 0 0 64 59 5 0 

3 0 0 1 0 0 0 45 45 0 0 

4 0 0 2 0 0 0 59 52 7 0 

5 0 0 0 0 2 0 84 75 9 0 

Γ= 0.2 

1 0 1 0 0 0 0 46.8 42 4.8 0 

$ 2,395 2.7371 

2 1 0 0 0 0 0 64.5 59 5.5 0 

3 0 0 1 0 0 0 45.8 45 0.8 0 

4 0 0 2 0 0 0 60 52 8 0 

5 0 2 0 0 0 0 85 75 10 0 

Γ= 0.4 

1 0 0 0 0 1 0 47.6 42 5.6 0 

$ 2,566 2.7150 

2 0 0 0 0 0 1 61 59 2 0 

3 0 0 0 1 0 0 45 45 0 0 

4 0 0 0 2 0 0 66.4 52 14.4 0 

5 0 0 0 0 2 0 86 75 11 0 

Γ= 1.6 

1 0 0 0 0 1 0 52.4 42 10.4 0 

$ 4,035 2.8151 

2 0 0 0 0 0 1 64 59 5 0 

3 1 0 0 0 0 0 49.4 45 4.4 0 

4 2 0 0 0 0 0 72 52 20 0 

5 0 0 0 0 2 0 92 75 17 0 

Γ= 3.2 

1 0 0 0 0 2 0 120 42 78 0 

$ 5,610 3.4697 

2 0 0 0 0 1 0 70.8 59 11.8 0 

3 0 0 0 1 0 0 51 45 6 0 

4 0 0 0 0 0 1 32.8 52 0 19.2 

5 0 0 0 0 0 2 75 75 0 0 

Γ= 6.4 

1 0 0 0 0 2 0 136 42 94 0 

$     7,417 3.1197 

2 0 0 0 0 1 0 83.6 59 24.6 0 

3 1 0 0 0 0 0 59 45 14 0 

4 0 0 1 0 0 0 39.6 52 0 12.4 

5 0 0 2 0 0 0 85 75 10 0 
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Both deterministic and robust models are solved by CVX tool in MATLAB platform using Gurobi 

solver and all computations are carried out on an Intel (R) Core (TM) 3.20 GHz with 8.00 GB 

RAM. Multiple performance measurements are implemented in this paper to assess the 

performance of proposed robust optimization model. Table 5 indicates the results for a problem 

with 5 jobs, 3 machines and 2 operators. Both deterministic and robust problem are solved (7 

different protection levels). The degree of uncertainty is considered as 25% meaning that each of 

the uncertain parameters can vary not more than 25 percent from their nominal values.  

The result table includes type of problem, jobs, machine, operators, tardiness & earliness, 

minimum cost value and computational time. Figure 1 shows the probability bounds (PBs) of 

actual costs exceeding the optimal objective values for different budget of uncertainties in the 

given problem by applying Bertsimas and Sim (2004) theory. The first three bounds have been 

applied to the problem. Bound four needs the probability distribution of the uncertain data which 

is not applicable in this problem.  Figure 1 shows that bound two provides the tightest bound which 

is used in this problem. The equivalent probability bound is relatively small for Γ≥ 1.6 with a 

probability less than 4.45 × 10−7 , which denotes the satisfactory protection level hedge against 

the uncertain parameters (e.g. processing times, setup times and tool price). 

 

Figure 3.1 Probability bounds tightness comparison 
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Therefore, the schedule obtained corresponding to Γ= 1.6 should be robust enough in that the 

probability of incurring more cost is practically insignificant.  

 

Figure 3.2 Deterministic sequence of jobs on machines per operators 

Figure 3.2 indicates the sequence of the fives jobs on three machines which are setup by two 

different operators when no uncertainty is assumed. Per deterministic schedule, operator 1 would 

set up job 2 on the machine 1 and then jobs 3 followed by job 4 on the machine3. Jobs 1 and 5 are 

assigned to operator 2 to be set up on machine 2. Considering the uncertainty in the model would 

change the operator and machine assignments in addition to job sequences. Figure 3.3 indicates 

the sequences of jobs on different machines plus operators’ assignments while the budget of 

uncertainty takes the value of 1.6.  

 

Figure 3.3 Robust sequence of jobs on machines per operators 

In the robust sequence, operator 1 would still setup jobs 3 and 4 but on machine 1 instead of 

machine 3 in the deterministic model. Operator 2 would still set up jobs 1 and 5 on machine 2 
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while job 2 would be added to his/her list to set it up on machine 3. The deterministic sequence or 

in other words considering the nominal values for uncertain parameter leads to total penalty, 

inventory and tooling cost of $2,133. This cost increased to $4,035 for protection level of 1.6 which 

is robust enough. Applying the protection level over 1.6 may lead to the large increase in the 

objective function value (more cost) which is not necessary. In terms of computational time, the 

results show that transforming the deterministic model to robust does not have any significant 

effect on the computational time.  

3.6.1 Robust Price and Hedge Value 

Consider the price that decision maker needs to pay for employing the robust sequence instead of 

the optimal nominal sequence in the scenario of nominal parameters. This price is defined as robust 

price which represents the tradeoff between robustness and optimality. The robust price is 

determined for the problem with three machines, five jobs and two operators where the uncertain 

parameters are not deviate more than 50% and 100% of their nominal values (uncertainty scale 

values of 0.5 and 1) for three different values of budget of uncertainty (budget of uncertainty values 

of 0.4, 1.6 and 6.4). The results are presentenced in table 3.6. 

Table 3.6 Robust price 

φ Γ Robust Cost Deterministic Cost Robust Price 

0.5 

0.4 $       2,365 $ 2,133 $ 232 

1.6 $       3,022 $ 2,133 $ 889 

6.4 $       7,514 $ 2,133 $5,381 

1 

0.4 $       2,365 $ 2,133 $232 

1.6 $       3,219 $ 2,133 $1,086 

6.4 $       9,986 $ 2,133 $7,853 

As expected, the increase in the budget of uncertainty and consequently improving the robustness 

of the solution leads to higher price. For instance, when the maximum deviation from the nominal 

value is 50% and Γ =1.6, implementing the robust sequence in the scenario of nominal parameters 

leads to $889 as additional cost. Therefore, the price of being safe in the case of uncertainty is 

$889. On the other hand, the price of implementing the deterministic sequence instead of robust 

sequence in the cases that input parameters are deviated from their nominal values should be 

evaluated. This price is called hedge value.  



49 

 

Table 3.7 Hedge value 

φ Γ Deterministic Cost Robust Cost Hedge Value 

0.5 

0.4 $                  3,194 $    3,033 $         161 

1.6 $                  6,029 $    5,875 $         154 

6.4 $                13,501 $ 12,831 $         670 

1 

0.4 $                  4,255 $    4,079 $         176 

1.6 $                  9,703 $    9,029 $         674 

6.4 $                24,386 $ 23,359 $     1,027 

The table 3.7 shows that we could have saved $154 if we applied the robust sequence instead of 

deterministic sequence in the scenario in which the uncertain parameter may deviate up to 50% of 

their nominal values with a budget of uncertainty of 1.6. 

3.6.2 The Effect of Γ and φ on Total Cost and Computational Times 

3.6.2.1 Total Cost Analysis 

The results indicate that the values for budget of uncertainty and uncertainty scale can affect the 

total cost and computational time of the scheduling problem. Table 3.8 studies the scenario with 5 

jobs, 3 machines and 2 operators in terms of increased percentage in the total cost based upon 

different values of budget of uncertainty and uncertainty scale. 

Table 3.8 Cost increase percentage for different Γ and φ values for 5 × 3 × 2 problem 

 

Γ 

Φ = 0.25 Φ = 0.5 Φ = 0.75 Φ = 1 

TC TC TC TC 

0.1 6.20% 12.26% 16.87% 20.31% 

0.2 12.26% 20.31% 29.95% 42.21% 

0.4 20.31% 42.21% 66.74% 91.27% 

0.8 42.21% 91.27% 140.33% 178.27% 

1.6 89.16% 175.46% 250.80% 323.34% 

3.2 163.02% 293.46% 421.13% 593.01% 

6.4 247.74% 501.58% 766.72% 995.14% 

The experimental results indicate that the scheduling cost increases from its deterministic cost by 

increasing either uncertainty scale or budget of uncertainty. In other words, expanding the 

uncertainty interval and increasing the robustness of the schedule leads to increase in the total cost. 

In addition, size of the problem in terms of number of jobs, machines and operators is another 
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factor that affects the total cost. This paper has applied multiple statistical methods to identify the 

effects of these two factors (i.e. budget of uncertainty and uncertainty scale) on total cost in the 

scheduling problem. The range of each factor is provided in table 3.9.  

Table 3.9 Scheduling problem factors and levels 

Factors Levels 

A - Budget of Uncertainty 0.1 0.2 0.4 0.8 1.6 3.2 6.4 

B - Uncertainty Scale 0.25 0.5 0.75 1    

In this case, 756 scenarios have been considered in which number of jobs are always more than 

number of machines and number of machines are always more than number of operators.  In other 

words, 27 combinations of jobs, machines and operators are run 28 times each and total cost is 

calculated in each scenario. The correlation analysis of each factor on total cost shows that 

increasing uncertainty scale and budget of uncertainty leads to increased total cost.      

Table 3.10 P-Value of each factor in total cost regression analysis 

Factor Correlation Coefficient P-Value 

A - Budget of Uncertainty 0.7592 3.0471E-155 

B - Uncertainty Scale 0.3556 1.72139E-45 

Correlation analysis indicates that uncertainty scale has a moderate positive impact on total cost 

while the impact of budget of uncertainty is positive and strong. Multiple regression analysis with 

multiple R value 0.82 shows that there is a moderate linear correlation between total cost and 

budget of uncertainty/uncertainty scale while only about 68% of the points fall on the regression 

line. Table 3.10 indicates lower p-value for budget of uncertainty comparing to uncertainty scale 

which means more significant effect of budget of uncertainty.  

5.2.2 Computational Time Analysis 

Similar to the total cost analysis, a scenario with 5 jobs, 3 machines and 2 operators was considered 

for computational time analysis. The results show that there is an increase in the computational 

time by increasing the budget of uncertainty and uncertainty scale in some cases. However, it 

doesn’t show any particular trend to specify how Γ and φ affect the computational time. Like the 

total cost analysis, statistical analysis is needed to identify the effect of budget of uncertainty and 

uncertainty scale on the computational time 
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Figure 3.5 Computational times per different Γ and φ values for 5×3×2 problem 

In the first step, the correlation analysis has been implemented and the results are presented in 

figure 3.6.  

 

Figure 3.6 Correlation Analysis of Computational Time 
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According to the correlation analysis, the increased budget of uncertainty negatively affects the 

computational time of scheduling problem while increased uncertainty scale reduces the 

computational time.  However, this effect is negligible for uncertainty scale (the value for 

correlation coefficient is close to zero) followed by the budget of uncertainty with a moderate 

effect. Multiple regression analysis with multiple R value 0.14 shows that the model is not linearly 

correlated while only about 2% of the points fall on the regression line.  

Design of experiments (DOE) has been applied in this study to identify the effect of each factor 

on the computational time. DOE has been applied in both manufacturing and service industries in 

last several years. In general, the main objectives of applying DOE are identifying the most 

influential factors, the synergism between factors and optimal conditions (Fiǧlali, Özkale, Engin, 

& Fiǧlali, 2009). In this section, the two parameters of the current scheduling problem have been 

investigated using DOE. Let A and B represent the two factors that affect the computational time. 

When factor 𝐴 is at the 𝑖𝑡ℎ level (𝑖 = 1, 2, … , 𝑎) and 𝐵 at the 𝑗𝑡ℎ level (𝑗 = 1, 2, … , 𝑏), then 𝑦𝑖𝑗 

would be observed response. The objective in this section is determining which term(s) 

contribute(s) the most to the variability of response and which term(s) has/have statistically 

significant effect on the response. In this case, two level factorial design has been implemented 

considering 0.1 and 6.4 for min and max level for budget of uncertainty, and 25% and 100% as 

the min and max level of uncertainty scale. The actual design includes four scenarios (e.g. Γ=0.1 

/ φ=0.25, Γ=6.4 / φ=0.25, Γ=0.1 / φ=1, Γ=0.6.4 / φ=1) which replicates 25 time. The response (i.e. 

actual computational time) ranges from 0.68 seconds to 75,810 seconds with the max to min ratio 

of 110,862 seconds. A ratio greater than 10 usually indicates that the data set is not normal, and 

the transformation is required to increase the applicability and usefulness of statistical techniques 

based on normality assumptions.  There are multiple transformation options that can be applied to 

the problem (e.g. square root, inverse square root, natural log, power, logit etc.). The Box-Cox 

transformation recommended the natural log transformation. Normal probability plot shows that 

the residuals follow the normal distribution. After validation step, the factorial design is analyzed 

by identifying the significant factor effects and separating them from the insignificant effects and 

the pure error. The Pareto chart is a graphical tool used to identify the significant factors for two-

level factorial designs. There are two different limits plotted on the graph. The highest limit is 

based on the Bonferroni or family-wise corrected t-critical value. The lower limit is based on 

standard t-critical tests for individual effects. Based on the Pareto Chart, the factors with significant 
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effects include budget of uncertainty and interactions of budget of uncertainty and uncertainty 

scale. The uncertainty scale has a negligible negative effect on the computational time.  

Figure 3.7 (a) The Box – Cox transformation (b) Normal plot of residuals 

 

Figure 3.8 Pareto chart 
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In addition, table 12 indicates p-value for budget of uncertainty, uncertainty scale and their 

interactions. P-values less than 0.0500 indicate terms are significant (e.g. A and AB in this case). 

Values greater than 0.1000 show that the terms are not significant (e.g. B in this case).  

Table 3.12 P-Value of each factor in computational time analysis 

Factor P-Value 

A - Budget of Uncertainty 0.0133 

B - Uncertainty Scale 0.9488 

AB - Interaction 0.0497 

3.7 Summary and Future Research Prospects 

The production in job shop environment is affected drastically by the skills of operators and the 

tools which are used for machining. Therefore, in this research, setup times based on operator’s 

skills and tool price have been considered. In addition, it has been identified that processing time, 

setup times and tool price are not deterministic, and they would be affected due to the multiple 

reasons (e.g. machine breakdown, operator’s skills, the accuracy and tightness of the needed 

tolerance etc.). There are multiple proactive scheduling approaches to deal with uncertainties. 

Among those, this research provided the robust optimization formulation since (1) it does not need 

the probability distribution of uncertain data and (2) it does not increase the size of the problem 

(linear problem remains linear) resulting in reasonable computational time. Multiple performance 

measurements have been applied to evaluate the performance of the proposed robust model. DOE 

concept has been used to identify the effect of each robustness factor on the result of scheduling 

problem and computational time. 
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Chapter 4: Automated job shop scheduling with dynamic processing times and due dates 

using project management and industry 4.0 

(Submitting to International Journal of Industrial Engineering computations) 

Abstract - This paper presents an automated model for evaluating and improving job shop 

scheduling by incorporating Industry 4.0 and project management. The proposed model is capable 

of developing dynamic and adaptive schedules to incorporate real-time information about 

processing times (including random unexpected events) and due dates, reflecting the impact of 

industry 4.0 on rescheduling decisions.  The proposed model minimizes the earliness and tardiness 

costs while considering the rescheduling costs. This study applied Earned Value (EV) and 

Forecasted Total Cost at Completion (𝐸𝐴𝐶𝑓) concepts from project management and integrated it 

with mixed integer linear programming scheduling model to design an adaptive automated 

scheduling system. This study is a new application of project management concept in MILP job 

shop scheduling. The proposed model dynamically optimizes the total earliness and tardiness cost, 

considering real-time processing times (may even include unplanned machine breakdowns, 

unavailability of resources such as operators, etc.) and due dates. Also, this research proposes new 

rescheduling concept to minimize unnecessary schedule changes while providing the best possible 

schedule to process all the jobs. The results indicated a significant improvement in earliness and 

tardiness cost performance.   

4.1. Introduction 

Unrelated parallel machine job shop scheduling problem can be defined as an optimization 

problem in which various jobs will be processed on assigned machines. Scheduling can directly 

increase the efficiency and effectiveness of manufacturing systems, which can reduce the cost of 

production systems drastically. Therefore, it has attracted an inordinate deal of researchers. Over 

the years, technological developments, along with the advent of the new concepts and methods 

related to the emergence of fourth industrial revolution (Industry 4.0), allow for new approaches 

to solve scheduling problems. The industry 4.0 framework provides new opportunities to 

coordinate, monitor and control of industrial operations, which can be used in intelligent decision-

making.  

In stochastic industrial environment, downtimes happen due to the unexpected events and 

require complex dynamic solutions. Considering a job shop environment, the production schedule 
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for a certain planning horizon is provided and released to the shop floor. However, motivated by 

the practical scheduling problem of the job shops, it has been identified that once a schedule is 

released to the shop floor, it is instantly subject to random unexpected events. Examples of 

unexpected events include machine breakdown, job cancellation or modification, arrival of 

expedited jobs, lack of materials and tooling, errors in programs, operator nonattendance, quality 

issues (e.g. scrap and rework jobs) and changes in customer requirements. If any of these random 

disruptions happen, the original schedule may not be valid anymore and rescheduling may be 

required. However, rescheduling is not a free process. Companies may need to have human 

resources to run rescheduling systems. Also, due to rescheduling, materials or tools may need to 

be moved. Companies are not willing to constantly pay for these simulation and transportation 

costs. Therefore, the criteria should be defined to help mangers identify if they need to reschedule 

when real data become available or it would be less costly if they keep the initial schedule.  

In summary, the rescheduling decision making mechanism should be developed to determine 

when to reschedule, whether to reschedule or not and how to reschedule. There are three main 

policies for rescheduling in the job shop environment, which are explained as follow:  

a. Right-shift rescheduling which is shifting the start time of the remaining jobs based upon 

the changes in processing times but keeping the initial job’s processing sequence 

b. Event-driven rescheduling which is rescheduling all the jobs completely when changes 

happen in the environment 

c. Periodic rescheduling which is rescheduling the jobs on the machines periodically with the 

fixed intervals of the time  

The decision criteria to decide whether to reschedule or not can be defined as either subjective or 

objective. The study by Arica, Haskins and Strandhagen (2016) grouped the unforeseen events 

based on their cause-dependent impact and context-dependent impact and classified these impacts 

in low, medium and high range. For instance, with low cause-dependent impact along with the low 

context-dependent impact (e.g. low urgency), reactive action (rescheduling) is not needed. On the 

other hand, the events with the high cause-dependent impact and high context dependent impact 

may need reactive actions. The drawback with this method is that it is decision maker’s opinion 

(e.g. shop floor supervisor, operations engineer, etc.). Rossit, Tohmé and Frutos (2019) proposed 

the tolerance scheduling with the goal of generating range of tolerances for the model’s parameters. 
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This approach is based on the concept of tolerance in manufactured goods in which their 

specifications should be within the defined ranged. Their study provided the tool that can detect 

possible rescheduling occurrences along with determining whether or not to proceed with the 

rescheduling process.   

The proposed research aims to provide an algorithm to reschedule the jobs as needed, in order to 

integrate production scheduling between supplier (job shop) and their customers (OEMs). Also, 

this research combined the subjective and objective approaches to develop decision criteria to 

decide whether to reschedule or not by applying the earned value (𝐸𝑉) and forecasted total cost at 

completion (𝐸𝐴𝐶𝑓) concepts from project management.  In this approach, the decision making 

process is objective to the difference between the forecasted cost and budgeted cost at completion. 

Also, the percent complete of the scheduling project which affects the forecasted cost at 

completion can be subjective to the decision maker opinion.  

The rest of the paper is organized as follows: In section 4.2, the literature review of the dynamic 

job shop scheduling (DJSS) problem is provided. Section 4.3 provided the basic concepts 

regarding scheduling policies and project management concept. Section 4.4 defines the real case 

scheduling problem in local aerospace job shop environment. Section 4.5 provides the 

mathematical model along with the proposed algorithms in section 4.6. Solution approach and 

computational results including discussions are provided in section 4.7 and 4.8 respectively, 

followed by conclusion and directions for future work in the last section. 

4.2. Literature Review 

Research on scheduling problems is of great use for industrial applications. This problem has been 

investigated for a long time by various authors. Based upon various jobs’ and machines’ 

combinations, the literature on the rescheduling problem can be classified into job shop  (Salido, 

Escamilla, Barber, & Giret, 2017; Liu & Zhou, 2013), flow shop(J. Q. Li, Pan, & Mao, 2015; 

Katragjini, Vallada, & Ruiz, 2013; Chiu & Shih, 2012), flexible job shop(Gao, Suganthan, Pan, 

Tasgetiren, & Sadollah, 2016)(X. Li et al., 2017) , single machines (M. Cheng, Xiao, & Liu, 2018; 

Hoogeveen, Lenté, & T’Kindt, 2012; C. Zhao & Tang, 2010) and identical or unrelated parallel 

machines problems (Arnaout, 2014; Ferrer, Nicolò, Salido, Giret, & Barber, 2018; Özlen & 

Azizoĝlu, 2009; Tan & Aufenanger, 2011). 
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The scheduling problem can be divided into two stages: 

1. Predictive scheduling, which provides the start time and end time for each process in order 

to meet defined objective function (e.g. minimizing makespan, tardiness, etc.)  

2. Reactive (dynamic) scheduling or rescheduling, which repairs the initial schedule when 

unexpected disruptions happen.  

Dynamic job shop scheduling optimization has been studied by many researchers and 

professionals in recent years(C. H. Liu & Hsu, 2015; Nguyen, Zhang, & Tan, 2015; Park et al., 

2016). Among these papers, rescheduling problem in job shop environment with unrelated parallel 

machines has been noted by different authors. 

Mendez and Cerdá (2004) proposed Mixed Integer Linear Programing (MILP) algorithm to 

revise the short term schedule in case of uncertainties such as machine breakdown and operator 

absenteeism. Their method was successfully validated by applying it in real-world case study.  

Ozlen and Azizoǧlu (2011) considered the problem where jobs have already been scheduled on 

the unrelated parallel machines. They proposed methods to reschedule the jobs which are affected 

by disruptions considering the efficiency and stability measures. The branch and bound algorithms 

were used to provide the solution. The other study from the same authors minimized the total flow 

time in addition to total disruption cost (schedule deviation measure). They proposed exponential 

time algorithms to provide all efficient solutions in order to minimize the defined objective 

functions(Ozlen & Azizoǧlu, 2011). Arnaout (2014) studied rescheduling for the unrelated parallel 

machine problem with sequence dependent setup time with two major sources of uncertainty 

(machine break down and urgent jobs arrival) and proposed a new method called Minimum 

Weighted C-max Difference (MWCD). The results were compared with existing algorithms based 

on both, schedule quality and stability. Ferrer et al. (2018) incorporated energy measures in 

rescheduling process in the case that disruptions happen. They proposed two new rescheduling 

techniques (greedy-heuristic and meta-heuristic) which performed better in comparison with 

existing approaches in manufacturing environment. Tawfeek, Sadek and El-kharbotly (2019) 

studied the single machine job shop scheduling problem comparing event-driven and periodic 

rescheduling with unexpected disruptions. GA algorithms were proposed for initial schedule and 

rescheduling results. Total weighted tardiness and total scheduling cost was investigated to identify 

the policy which is more appropriate for different types of disruptions. 
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Project management concept (𝐸𝑉 and 𝐸𝐴𝐶𝑓 in particular), have been rarely used in production 

planning context and scheduling.  The study by Noori, Bagherpour and Zorriasatine (2008) 

evaluated the production planning problem using the novel method to control the EV performance 

indexes. Bagherpour, Zareei, Noori and Heydari (2010) proposed the method to measure the 

production performance which can be used in production planning problem as well as the project 

management problem. The proposed method is based on EV control techniques considering job 

processing time as a fuzzy triangular number. Their model also provided the forecast for 

production completion time.  

The study by Bagherpour and Noori (2012) assessed cost management problem in production 

environment. In their proposed method, the Multi-Period Multi-Product (MPMP) production 

planning problem was initially converted to the project planning problem, and then after evaluating 

the performance measure, it was converted back to the production planning problem. The recent 

study by Zohoori, Verbraeck, Bagherpour and Khakdaman (2019) presented a new method which 

is capable of online monitoring of the cost and time performance in production planning problem 

by combining EV analysis and adaptive fuzzy control. Their results showed the significant 

improvement in production time and cost performance.  

Although, numerous studies have been done in job shop rescheduling problem, there is gap to 

study production rescheduling applying end-to-end digital integration. Also, reviewing the 

relevant literature revealed that none of the studied researches used the project management 

techniques as the criteria for scheduling/rescheduling problem with the objective of minimizing 

earliness and tardiness costs. Therefore, this study aims to assess the impact of real-time changes 

in customer due dates (per customer portal) that affect the production rescheduling of supplier. 

Also, the study evaluates the effect of real time processing time changes (given by machine) on 

rescheduling of the jobs on the machines. Finally, 𝐸𝑉 and 𝐸𝐴𝐶𝑓 concepts are used as the criteria 

to determine if rescheduling is required. 

4.3. Basic Concepts 

4.3.1 Scheduling and Rescheduling 

Scheduling in the job shop environment is defined as allocating jobs to be processed on different 

machines with the goal of optimizing defined objective function. Rescheduling is the process of 
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updating an existing schedule to deal with disruption or changes. Vieira, Herrmann and Lin (2003) 

classified rescheduling research into four main categories: 

a. Environment, which is about the environment of the scheduling/rescheduling problem that 

can be either dynamic or static.  

b. Strategy, which is about determining the strategy for rescheduling. One strategy is 

generating the initial schedule first and then changing the original schedule in case of 

uncertainties. The other strategy is dispatching jobs dynamically.  

c. Policy, which is about the time that rescheduling should happen. Rescheduling can happen 

at predefined intervals, or when uncertain event happens or combination of both. 

d. The last category is about deciding if the whole schedule should be regenerated or the 

original schedule could be partially repaired.  

Scheduling/rescheduling problem is well known to be NP-hard problem(Sharma & Jain, 2016). In 

many cases, this problem is even more complicated due to dynamic nature of the environment. 

Based upon the rule to be used for developing the scheduling system, dynamic scheduling can be 

classified into four main categories (Mehta & Uzsoy, 1999; Renna, 2010). 

a. Reactive Scheduling: There is no pre-schedule and scheduling is implemented in real time. 

b. Predictive-reactive scheduling: The initial schedule is generated in advance and 

rescheduling is implemented to deal with real-time disruptions. 

c. Predictive-reactive robust scheduling: It is similar to predictive-reactive scheduling but 

rescheduling is implemented if the impact of disruption on performance measures is 

significant. 

d. Robust-proactive scheduling: The schedule is provided in advance while it is already 

considered the impacts of disruptions in the production systems. 

This paper addresses type “b” in which the initial schedule is created first and then the whole 

schedule is updated based on the emergence of the real-time data. 

4.3.2 Earned Value Analysis 

Earned value analysis measures the physical progress of a project. According to Gray and Larson 

(2018), earned value for a task is simply the multiplication of percent complete times its original 

budget. The percent complete is the heart of any earned value system and it is determined by the 
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actual work which is completed. The best method of determining the percent complete is defining 

the unit of work completed from the whole package which can measure the progress of the project. 

This unit can be hours, line of codes, drawing completed, workdays, etc. The reason behind percent 

complete is to give objectivity to the subjective observation. Aside from percent complete, other 

parameters applied in earned value analysis are defined as follows: 

• Planned Value (𝑃𝑉): The planned time-phased baseline of the value of the work scheduled. 

In simple words, PV is the authorized budget for a task or operation. PV is calculated before 

actually doing the work.  

• Budget at Completion (𝐵𝐴𝐶): Total planned value of the project. 

• Earned Value (𝐸𝑉): Earned value is the value of the work actually completed to-date. In 

other words, it indicated the total value that the project has provided if the project is ended 

today. 

• Actual Cost (𝐴𝐶): The sum of work incurred to accomplish the work to-date. It simply 

reflects the money spent to-date. 

• Cost Variance (𝐶𝑉): Difference between earned value and actual cost of the project to-date 

(𝐶𝑉 = 𝐸𝑉 − 𝐴𝐶). Negative cost variance indicates the over budget situation.  

• Scheduled Variance (𝑆𝑉): Difference between earned value and planned value. Negative 

value means we are behind schedule.   

The planned value is calculated by multiplying the planned percentage of the completed work by 

the project budget: 

𝑃𝑉 = (𝑃𝑙𝑎𝑛𝑛𝑒𝑑 % 𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑒) × (𝐵𝐴𝐶)            (4.1) 

If we multiply the actual percentage of the completed work by the project budget, we will get the 

earned value: 

𝐸𝑉 = (𝐴𝑐𝑡𝑢𝑎𝑙 % 𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑒) × (𝐵𝐴𝐶)                                (4.2) 

4.3.3 Forecasting Final Project Cost 

There are a couple of methods used to predict the future project cost. When the original budget is 

reliable, the Forecasted Total Cost at Completion (𝐸𝐴𝐶𝑓) can be used to estimate of the future 
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project costs (Gray & Larson, 2018). This method is based on the actual cost to-date, in addition 

to the efficiency index reflecting remaining project work (𝐶𝑃𝐼 = 𝐸𝑉/𝐴𝐶). 

The equation for the (𝐸𝐴𝐶𝑓) forecasting method is as follow: 

𝐸𝐴𝐶𝑓 = 𝐸𝑇𝐶 + 𝐴𝐶                (4.3) 

𝐸𝑇𝐶 =
𝐵𝐴𝐶−𝐸𝑉

𝐸𝑉
𝐴𝐶⁄

                (4.4) 

Where: 

• 𝐸𝐴𝐶𝑓 = Forecasted total cost at completion 

• 𝐸𝑇𝐶 = Cumulative actual cost of work completed to date 

• 𝐶𝑃𝐼 = Cumulative cost index to date 

• 𝐵𝐴𝐶 = Total planned budget 

• 𝐸𝑉 = Cumulative budgeted cost of work completed to date 

This study provides the forecasted cost at completion for scheduling problem per potential 

earliness and tardiness cost and percentage complete of the jobs on the machines. 

4.4. Problem Description 

A typical procedure of the IT-support in job shop environment includes the following steps: 

• Backward rough planning for each job is calculated considering the fact that unlimited 

resources are available and the work order is created in the ERP system 

• Advanced Planning Scheduling (APS) for the operations is provided. Although APS 

system aims to create the optimal schedule by predicting processing times, the schedule 

provided by APS systems are inaccurate in most of the real cases. The reason behind this 

inaccuracy is the missing link between the shop floor and the ERP system.  

• The schedule provided by the APS system does not work as planned due to the multiple 

reasons such as (a) changes in priorities of the jobs, set up times and processing times 

when the detailed engineering is provided (which is different with the estimated times that 

were used in the APS system); (b) high number of unexpected disruptions (operator’s 

absenteeism, machine breakdown, etc.); and (c) human decision making. As a result, the 

schedule provided by the APS system should be corrected continuously.  
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Changes in due dates is other typical problem in the job shop environment.  Although due dates 

for the jobs are given, there are cases when accurate dues dates are not available at the time of 

initial schedule generation. In these cases, due dates are either not available or only the estimated 

due dates are available. The supplier is responsible to communicate with the customer and request 

updated due dates through emails, phone calls or portals. Such instances lead to the need for 

dynamic job shop scheduling (DJSS). 

The assumptions in DJSS are as follow: 

• Each machine can process only one job at any given time 

• Each job can be processed by only one machine at a time 

• Preemption is not allowed (once a job has started on the machine, it must not be interrupted) 

• Both due dates and processing times are estimated values at the time of initial schedule 

generation 

• The setup time is included in processing time  

The research proposes a method which can reschedule the jobs in order to minimize earliness and 

tardiness costs, considering aforementioned changes. In this process, the initial schedule is created 

first and then, rescheduling is implemented when required. 

4.5. Mathematical Model 

The mathematical modelling of the proposed scheduling problem is based on the study provided 

by Cheng and Huang (2017) on a similar problem with additions per Kianpour, Gupta, Krishna 

and Gopalakrishnan (2019). Notations, parameters and variables used in this model are provided 

in table 4.1. The model is constructed using mixed integer programming (MIP). The objective function 

is defined as minimizing total earliness cost, tardiness cost and maximum penalty cost while jobs 

are not required after defining maximum allowable tardiness: 

∑ (𝑒𝑗 ×𝑛
𝑗=1 𝐸𝑗 + (𝑡𝑗 × 𝑇𝑗 × (1 − 𝑂𝑗)) + 𝑚𝑐𝑗 × 𝑂𝑗)                          (4.5) 

Constraints (4.6) – (4.8) guarantee that only a single job can be processed by machine 𝑖, each job 

j may be dispatched to only one machine for processing, and when multiple jobs are dispatched to 

machine 𝑖, the jobs are placed in processing sequence position. 
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Table 4.1 Notations of the mathematical model 

Type Symbol Description 

Indices 𝑚 Number of Machines 

𝑛 Number of Jobs 

𝑖 Index of Machines and Tools; 𝑖 =1, 2, …, m 

𝑗 Index of Jobs; 𝑗 =1, 2, …, n 

𝑟 Index of Sequence; r =1,2, …, n 

Parameters 𝑝𝑗𝑖 Processing time of job j on machine 𝑖 

𝑑𝑗 Due date of job j 

𝑡𝑗 Penalty cost of job j 

𝑒𝑗 Inventory cost of job j 

𝑚𝑐𝑗 Maximum penalty cost of job j 

𝑚𝑡𝑗 Maximum allowable tardiness of job j 

𝑅𝑠 Rescheduling time 

𝑆 Computational time for rescheduling 

𝜀 A very small number 

𝑀 An extremely large positive number 

Variables 𝑋𝑖𝑗
𝑟  1, the 𝑟𝑡ℎ sequence of job j is processing on machine 𝑖 

𝐶𝑡𝑖𝑟 Completion time of machine 𝑖 in sequence r 

𝑐𝑗 Completion time of job j 

𝐸𝑗 Earliness of job j 

𝑇𝑗 Tardiness of job j 

𝑂𝑗 1, if the job tardiness for job j goes beyond the maximum allowable tardiness for that 

job; 0, otherwise 

∑ ∑ 𝑋𝑖𝑗
𝑟𝑛

𝑟=1 = 1𝑚
𝑖=1 ∀𝑗                                         (4.6) 

∑ 𝑋𝑖𝑗
𝑟 ≤ 1 ; ∀ 𝑖, 𝑟𝑛

𝑗=1                             (4.7) 

∑ 𝑋𝑖𝑗
(𝑟−1)

≤𝑛
𝑗=1 ∑ 𝑋𝑖𝑗

(𝑟)𝑛
𝑗=1 ; ∀ 𝑗, 𝑖, 𝑟                                             (4.8) 

Constraint (4.9) is related to machine completion time, calculated based on the processing time of 

the jobs. 

𝐶𝑡𝑖𝑟 ≥ 𝐶𝑡𝑖(𝑟−1) + ∑ (𝑛
𝑗=1 𝑋𝑖𝑗

𝑟 × 𝑝𝑗𝑖) ; ∀ 𝑖, 𝑗, 𝑟,                                                      (4.9) 

The next two constraints are calculating the completion time of the job, based upon the completion 

time of the machine that the corresponding job had been assigned to. 

𝐶𝑡𝑖𝑟 ≥ 𝑐𝑗 + 𝑀 × 𝑋𝑖𝑗
𝑟 − 𝑀 ; ∀ 𝑖, 𝑗, 𝑟           (4.10) 

𝐶𝑡𝑖𝑟 ≤ 𝑐𝑗 − 𝑀 × 𝑋𝑖𝑗
𝑟 + 𝑀 ; ∀ 𝑖, 𝑗, 𝑟           (4.11) 

The amount of time in which the job is early or tardy is determined by comparing the completion 

time of the jobs with their due dates. 
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𝐸𝑗 ≥ 𝑑𝑗 − 𝑐𝑗 + 𝑀 × (𝑋𝑖𝑗
𝑟 − 1) ; ∀ 𝑗, 𝑖, 𝑟          (4.12) 

𝑇𝑗 ≥ 𝑐𝑗 − 𝑑𝑗 + 𝑀 × (𝑋𝑖𝑗
𝑟 − 1) ; ∀ 𝑗, 𝑖, 𝑟          (4.13) 

Constraint (4.14) determines if the job tardiness goes beyond the maximum allowable tardiness. 

𝑇𝑗 − 𝑇𝑀𝑗 ≤ 𝑀 × 𝑂𝑗 − 𝜉 × (1 − 𝑂𝑗) ; ∀ 𝑗            (4.14) 

The last two constraints define the type of decision variables, which are either binary or 

nonnegative. 

𝑋𝑖𝑗
𝑟 , 𝑂𝑗 ∈ {0, 1}                                                                                                                                                (4.15) 

𝐶𝑡𝑖𝑟 , 𝐸𝑗 , 𝑇𝑗 , 𝑐𝑗 ≥ 0                                                                                                                                               (4.16) 

The mathematical model provides the initial schedule of the jobs on the machines based on the 

given parameters (e.g. estimated processing time and due dates, tardiness cost, inventory cost, 

maximum allowable tardiness and tardiness costs). 

4.6. Proposed Rescheduling Method 

The initial schedule may not be applicable due to changes that may happen in a job shop 

environment. Therefore, the efficient rescheduling method is needed to cope up with unexpected 

changes. This study provides the hybrid rescheduling method which is based on the Industry 4.0 

framework. Real-time actual processing times of the jobs are recorded at respective machines and 

actual due dates are retrieved from the customer portal in an ERP system. The process of defining 

rescheduling criteria is explained in the following steps: 

➢ Step 1 – Create the initial schedule (based on estimated processing times and due dates). 

➢ Step 2 – Create the project baseline (based on the initial schedule and calculate 𝐵𝐴𝐶). 

➢ Step 3 – When real-time data becomes available, calculate the𝐸𝐴𝐶𝑓. 

➢ Step 4 – Calculate the difference between 𝐸𝐴𝐶𝑓 and 𝐵𝐴𝐶 and compare the result with 

rescheduling cost. Reschedule if the difference is more than rescheduling cost, keep the 

current schedule otherwise. 

➢ Step 5 – If rescheduled, update the project baseline per new schedule. 

➢ Step 6 – Implement steps 3 to 5 until the difference between forecasted actual cost at 

completion and budget at completion is less than rescheduling cost. 
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In this process, the comparison of the difference between 𝐸𝐴𝐶𝑓 and 𝐵𝐴𝐶, which is called variance 

at completion (𝑉𝐴𝐶) with the rescheduling cost, guides decision makers to determine if 

rescheduling is needed.   

A unique rescheduling algorithm is proposed in this research for the time when rescheduling is 

required. The steps of the proposed algorithm are presented as follow: 

➢ Step 1– Set the rescheduling interval at the time when real-time data becomes available 

(time when processing of the first job is started or when at least one of the in-process jobs 

is completed). 

➢ Step 2 – Add the computational time for rescheduling to the rescheduling interval 

determined in the previous step and call it as rescheduling point. 

➢ Step 3 – Remove the jobs that were processed or are processing at the rescheduling point. 

➢ Step 4 – Remove the machines which are busy at the rescheduling point. 

➢ Step 5 – Update parameters (actual processing times /due dates) based on real-time data. 

➢ Step 6 – Reschedule remaining jobs on remaining machines. 

In this process, the initial schedule may be updated when real-time data becomes available. 

 

Figure 4.1 Proposed rescheduling algorithms 
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The whole process of defining rescheduling criteria combined with proposed rescheduling 

algorithm is illustrated in Figure 4.1.  

4.7. Solution Approach 

This study proposes the Mixed Integer Linear Programming (MILP) model as the solution 

approach. This exact model was proposed for solving small and medium size problems.  Solving 

the MILP problem needs the combination of a continuous optimization algorithms (e.g. interior-

point method) and an in-depth search algorithm (e.g. branch and bound). In some cases, the model 

can be solved globally after only few branches, while in other cases, the solver may fail to find a 

solution in a reasonable time. The depth-first search algorithm is used in this study. A similar 

approach was used in (Cheng, Lee, & Wu, 2011; Lee, Wu, & Hsu, 2010). In this algorithm, jobs 

are assigned in a forward manner starting from the first position on the selected machine. The steps 

of the branch and bound algorithms are explained as follows: 

➢ Step 1 – Arrange the initial solution, which is set of jobs assigned to the set of machines 

with the objective of minimizing maximum tardiness and earliness. 

➢ Step 2 – Bound and prune initial solution based upon the processing times of the jobs and 

their due dates. 

➢ Step 3 – Find the lower bound of the maximum tardiness/earliness for the unscheduled 

partial sequences or the maximum tardiness/earliness for the completed sequences. If the 

lower bound is greater than or equal to the initial solution, remove the node and all nodes 

beyond it in the branch. If the value of the completed sequences is less than the initial 

solution, replace it as the new solution. Otherwise, remove it. 

➢ Step 4 – Repeat steps 2 & 3 until entire tree has been covered.  

The mixed integer linear programming model and proposed branch and bound model are validated 

using real-case data obtained from a local job shop. 

4.8. Computational Results 

The computational experiments have been conducted to assess the performance of the solution 

approaches. The proposed algorithms are coded in MATLAB and run on a PC with 3.20 GHz CPU 

and 8.00 GB RAM. In order to validate the proposed model, the case of 10 jobs to be scheduled 

on 6 machines has been selected.  The initial schedule was created based on the estimated 
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parameters (e.g. processing times and due dates which had been provided at the time of estimation). 

The processing time of the jobs on each machine are provided in table 4.2. 

Table 4.2 The processing time (hours) of each job on each machine 

The actual due dates for the jobs are in days, however, the process of delivering the job includes 

additional steps such as planning, engineering review, inspection review, issuing material and 

inspection, which are excluded in this study.  For the sake of simplicity, the equivalent hours of 

due dates (machine processing due dates) and corresponding parameters are used in this study. 

Table 4.3 Given parameters for the case study (times are in hours and costs are in USD) 

Jobs 1 2 3 4 5 6 7 8 9 10 

Due Dates  43 62 57 59 108 111 116 122 85 58 

Max Tardiness 100 100 100 100 100 100 100 100 100 100 

Unit Inventory Cost $35 $40 $85 $25 $80 $60 $30 $15 $30 $20 

Unit Penalty Cost $45 $50 $85 $35 $100 $70 $35 $20 $45 $30 

In the first step, the initial schedule of the jobs on the machines is provided based on the given 

parameters. The initial schedule is presented in table 4.4. 

Table 4.4 The earliness and tardiness cost per initial schedule (times in hours and costs in USD) 

J M 
Start 

Time 
Processing Time 

Completion 

Time 
Due Date E T Inventory/ Penalty Cost 

1 3 6 37 43 43 0 0 $0 

2 2 7 55 62 62 0 0 $0 

3 1 32 25 57 57 0 0 $0 

4 6 6 53 59 59 0 0 $0 

5 2 75 33 108 108 0 0 $0 

6 1 57 55 112 111 0 1 $70 

7 5 52 64 116 116 0 0 $0 

8 3 43 81 124 122 0 2 $40 

9 4 5 80 85 85 0 0 $0 

10 5 23 29 52 58 6 0 $120 

Total Cost $230 

Job M1 (5Axis) M2 (3Axis) M3 (5Axis) M4 (3Axis) M5 (5Axis) M6 (3Axis) 

1 35 49 37 50 36 52 

2 42 55 44 60 43 62 

3 25 40 28 42 35 46 

4 37 49 30 50 36 53 

5 22 33 14 35 26 38 

6 55 70 56 74 65 78 

7 60 73 61 70 64 80 

8 85 100 81 110 95 115 

9 74 85 76 80 70 84 

10 39 48 37 50 29 51 
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The sequence of the jobs on the machines is illustrated in Figure 4.2. The schedule is based upon 

estimated parameters, provided at the time of quoting. The exact processing time can be provided 

at the time when CNC programs are sent to the machine. Also, the ERP system should be checked 

to see if any update is available regarding job due dates. The summary of the real-time data at time 

unit 5 in this case is provided in Table 5. Some of the information stayed the same with what we 

had at the estimation stage. The initial schedule may not be optimal anymore due to the changes 

in the input parameters. Thus, the rescheduling may be required. In general, rescheduling costs are 

classified into three different categories as computational costs, setup costs and transportation 

costs. (Vieira et al., 2003). Computational costs include but are not limited to simulation time 

required to run the scheduling system, cost of investment in any information system if necessary, 

administrative costs and system maintenance costs. Setup costs consist of changing cost of tooling 

and fixtures which had been assigned in advanced based on the initial schedule. Changing the 

schedule may lead to changes in the tool assignment which may incur additional costs.  

Transportation costs contain any costs related to material handling due to movement of the jobs 

on machines as a result of rescheduling. Depending on the number of jobs to be rescheduled at 

different points in time, the rescheduling cost may vary.  For simplicity, the average fixed 

rescheduling cost of $2,000 is considered in this case which represents human resource cost, 

simulation cost, transportation cost and tooling change cost. Due to the aforementioned costs, 

decision makers are not willing to reschedule if it is not necessary. The question is how this 

decision can be made. The 𝐸𝐴𝐶𝑓  is calculated to answer this question. 

 
Figure 4.2 The initial schedule of 10 jobs on the 6 machines 
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Table 4.5 Real-time processing times and due date 

Job Machine Real-Time Processing Time (hrs.) Real-Time Due Date (hrs.) 

J1 M3 38.12 45 

J2 M2 57.93 80 

J3 M1 Not Available Yet 66 

J4 M6 55.22 59 (No Change) 

J5 M2 Not Available Yet Not Available Yet 

J6 M1 Not Available Yet 116 

J7 M5 Not Available Yet Not Available Yet 

J8 M3 Not Available Yet 130 

J9 M4 83 85 (No Change) 

J10 M5 Not Available Yet 66 

Through steps 2 to 4, the earned value analysis and forecasted actual cost at completion is used to 

determine if we should reschedule or not. When real-time data becomes available, the forecasted 

actual cost at completion is calculated. Then the forecasted cost at completion is compared with 

the budgeted actual cost and the difference is compared with rescheduling cost. If the rescheduling 

cost is more than forecasted cost, we should keep the current schedule. If not, then the rescheduling 

should be implemented.  

In the second step, the whole scheduling horizon is considered as a project. The budget for this 

project (𝐵𝐴𝐶) included fixed cost which depends on the shop’s hourly rate and the budget for 

potential earliness and tardiness cost. The shop’s hourly rate is calculated based on machine and 

labor costs in addition to the overhead and mark-up. The shop’s hourly rate calculations for the 

case study are shown in appendix 4.1 

Table 4.6 Project status at time unit 6 (time unit 5 plus an hour rescheduling time) 

Job 
% 

Complete 
EV 

Fixed 

Cost 
ET Cost 

Actual 

Cost 
PV CV SV 

1 0% $ - $ 84 $ 30.80 $ 114.80 $ - $ (114.80) $ - 

2 0% $ - $ 84 $ 602.80 $ 686.80 $ - $ (686.80) $ - 

3 0% $ - $ 84 $ 765.00 $   849 $ - $ (849) $ - 

4 0% $ - $ 84 $ 77.70 $ 161.70 $ - $ (161.70) $ - 

5 0% $ - $ 84 $1,040 $ 1,124 $ - $ (1,124) $ - 

6 0% $ - $ 84 $ 240 $ 324 $ - $ (324) $ - 

7 0% $ - $ 84 $ - $ 84 $ - $ (84) $ - 

8 0% $ - $ 84 $ 45 $ 129 $ - $ (129) $ - 

9 5% $ 520.80 $ 84 $ 135 $ 219 $ 130.20 $ 301.80 $ 390.60 

10 0% $ - $ 84 $ 280 $ 364 $ - $ (364) $ - 

Cumulative Totals $ 520.80 $ 840 $ 3,216.30 $ 4,056.30 $ 130.20 $ (3,535.50) $ 390.60 

In this case, the estimated hour of 124 is considered as the whole project horizon. The shop rate of 

$84 per hour leads to the fixed cost of $10,416 as the fixed budget for the scheduling project. After 
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receiving real-time data, the forecasted actual cost at completion (𝐸𝐴𝐶𝑓) is calculated considering 

the scenario that the initial schedule is kept regardless of the changes. The summary of the project 

status at time unit 5 is presented in table 6. 

If we stay with the initial schedule, according to the percentage complete and the potential earliness 

and tardiness costs, the actual cost of the project will be about 7 times more than budget at 

completion, which is more than the rescheduling cost.  

Evaluating the status of the scheduling project at time unit 5 indicates that corrective action is 

required to get back on the track.  

This study proposed two corrective actions: 

a. Modifying Feed rate, Spindle rate and Rapid Rate on the machine by operator.  

b. Rescheduling remaining jobs on remaining machines at time unit 5. 

Feed rate is the speed at which the cutter engages the part. The feed rate can be changed based on 

the type of the tool, type of the material, thickness of the material and type of operation (e.g. 

roughing or finishing). Spindle rate gives the speed of spindle in RPM. Rapid rate is the speed that 

machine moves when it is not cutting (changing tools, changing table angle etc.). It is not 

recommended to run machine on 100% rapid rate for all the time because it wears the machine out 

faster. However, less rapid rate leads to more machining time, which is not efficient.  

The percent complete is determined subjectively by operation manager based on the number of 

completed lines of program code. Operator can increase the percent complete by increasing the 

above rates if needed. However, it is not recommended to run the parts with 100% rates due to the 

high risk of machine breakdown, broken tool and scrap parts, which may lead to further delays.  

The other strategy that needs to be followed is rescheduling the remaining jobs on available 

machines. Considering an hour time for simulation, the new schedule should become available at 

time unit 6. At this moment, jobs 1, 4 and 9 have already started. Also, machines 3, 4 and 6 are 

busy and cannot be counted for rescheduling. Therefore, new schedule is provided for remaining 

jobs and machines. In the new schedule (Figure 4.3), job 10 is assigned to machine 1 while it was 

assigned to machine 5 in the initial schedule. Also, job 3 has moved from machine 1 to machine 

5. In addition, the start times of other jobs are changed to minimize earliness and tardiness costs. 

The baseline of the project gets updated per the new schedule. The next real-time data became 



72 

 

available at the time unit 29, when job 3 was about to be set up on machine 5. Also, at the same 

moment, updated due dates of jobs 7 became available. 

 
Figure 4.3 The updates schedule for remaining jobs and machines 
 

Table 8 summarizes the real-time data at the time. According to the changes, the status of the 

project is investigated assuming no change in the current schedule. The summary of the project 

status at time unit 30 (29 plus an hour for simulation time) is provided in table 9.  

Table 4.7 The inventory / tardiness cost of the jobs after rescheduling considering real-time data 

(times are in hours and costs are in USD) 

J M 
Start 

Time 
Processing Time Completion Time Due Date E T 

Inventory/ 

Penalty Cost 

1 3 6 38.12 44.12 45 0.88 0 $ 30.80 

2 2 22.07 57.93 80 80 0 0 $ - 

3 5 31 35 66 66 0 0 $ - 

4 6 6 55.22 61.22 59 0 2.22 $ 77.70 

5 2 90 33 123 123 0 0 $ - 

6 1 61 55 116 116 0 0 $ - 

7 5 66 64 130 116 0 14 $ 490 

8 3 43 83 126 130 4 0 $ 60 

9 4 5 83 88 85 0 3 $ 135 

10 1 22 39 61 66 5 0 $ 100 

Total Cost $ 893.50 

Again, 𝐸𝐴𝐶𝑓 is calculated based on the percentage complete and actual cost including potential 

earliness and tardiness cost considering updated real-time data.  𝐸𝐴𝐶𝑓 indicates about $1,783 

difference in the forecasted actual cost at completion and budgeted cost which is less than the 

rescheduling cost ($2,000). Hence, no rescheduling is needed at this point and the current schedule 
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should be used until next real-time data become available. The summary of the project status in 

the evaluated time units is presented in table 4.10. 

Table 4.8 Real-time processing times and due date  

Job Machine Real-Time Processing Time (hrs.) Rea-Time Due Date (hrs.) 

J3 M5 37.20 66 

J7 M5 67 (No Change) 110 

As can be seen clearly from the summary table, the rescheduling was needed at the time that the 

first real-time data became available. Therefore, the initial schedule was updated accordingly. 

However, at the second time unit when real-time data became available, the rescheduling was not 

recommended, and it was advised to stick with the updated schedule since the rescheduling cost 

was more than the difference between 𝐵𝐴𝐶 and 𝐸𝐴𝐶𝑓. The same process should be applied every 

time real data become available. Since the objective of this research was to develop a conceptual 

framework that could be used to compare cost of rescheduling with the actual cost provided by the 

scheduling model, the exact approach was used to provide the optimal solution. Sample scenarios 

were limited to small number of machines and jobs to show the rescheduling process due to the 

high computational time.  

Table 4.9 Status of the scheduling project at time unit 30 

Job 
% 

Complete 
EV 

Fixed 

Cost 

ET 

Cost 

Actual 

Cost 
PV CV SV 

1 58% $ 6,059.14 $ 1,344 $30.80 $ 1,374.80 $ 4,658.86 $ 4,684.34 
$ 

1,400.29 

2 12% $ 1,249.92 $ 1,344 $ - $ 1,344 $ 179.80 $ (94.08) 
$ 

1,070.12 

3 0% $ - $ 1,344 
$ 

127.50 
$ 1,471.50 $ - 

$ 

(1,471.50) 
$ - 

4 33% $ 3,462.92 $ 1,344 $ 7.70 $ 1,421.70 $ 3,230.58 $ 2,041.22 $ 232.34 

5 0% $ - $ 1,344 $ - $ 1,344 $ - 
$ 

(1,344.00) 
$ - 

6 0% $ - $ 1,344 $ - $ 1,344 $ - 
$ 

(1,344.00) 
$ - 

7 0% $ - $ 1,344 $420 $ 1,764 $ - 
$ 

(1,764.00) 
$ - 

8 0% $ - $1,344 $ 60 $ 1,404 $- 
$ 

(1,404.00) 
$ - 

9 20% $ 2,110.20 $ 1,344 $135 $ 1,479 $2,288.17 $ 631.20 
$ 

(177.97) 

1

0 
12% $ 1,261.92 $1,344 $ 100 $ 1,444 $ 269.64 $ (182.08) $ 992.28 

Cumulative Totals 
$ 

14,144.11 
$ 13,440 $ 951 $ 14,391 

$ 

10,627.05 
$ (246.90) 

$ 

3,517.05 
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However, this new framework can be applied for the large size problems while heuristic methods 

are used to provide near optimal solution. In order to show the effectiveness of the proposed 

method, the total earliness and tardiness cost provided by the initial schedule is compared with two 

model cases. In the first case, it is assumed that decision makers stayed with the initial schedule 

while processing time and due dates had changed. In the second case, the robust schedule provided 

in chapter 3 has been used for the scheduling purpose. In the last scenario, decision makers decided 

to reschedule (as needed) when updated processing times and due date became available. The 

results are illustrated in Figure 4.4.  

The initial schedule provided the total earliness and tardiness cost of $230. However, because 

of the changes in actual processing times and due dates, the total cost would have increased to 

more than $3,000 if we stayed with the initial schedule. Using the robust schedule can reduce the 

cost to approximately $2,000. Applying our proposed automated scheduling system reduced the 

earliness and tardiness cost to approximately $1,000.  Thus, we could save around 67% of the total 

earliness and tardiness cost in this case by implementing the rescheduling when it was required.  

Table 4.10 Summary of the scheduling project status 

Time 

Unit 
EV PV AC 𝐄𝐀𝐂𝐟 BAC 

𝐄𝐀𝐂𝐟 - 

BAC 

Rescheduling 

Cost 

Resched

uling? 

6 $ 520 $ 130 $ 4,056 $ 813,051 $ 104,390 $ 708,661 $ 2,000 Yes 

30 $ 14,144 $ 10,627 $ 14,391 $ 103,078 $ 101,309 $ 1,769 $ 2,000 No 

 

Figure 4.4. The total earliness and tardiness cost comparison for three different scenarios 
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4.9 Summary and Future Research Directions 

This paper evaluated an automated scheduling concept in uncertain job shop environment using 

Industry 4.0 framework. In this process, the initial schedule was created with the objective of 

minimizing earliness and tardiness. When real-time data becomes available (e.g. processing times 

and due dates in this case), the initial schedule may or may not provide the optimum schedule. 

Therefore, the rescheduling may be required. However, the rescheduling process is costly since it 

requires system, human resource and equipment to accommodate updated schedule and transport 

materials throughout the facility (as needed). Also, managers try to minimize schedule changes 

since they may lead to chaos and confusion. As a result, the criteria should be defined to help 

decision maker find out if rescheduling is needed. In this paper, the project management concept 

and earned value analysis has been used to forecast the cost of rescheduling project. Then, the 

forecasted cost of project was compared to the initial budget. If the difference is more than the 

rescheduling cost, rescheduling is recommended to process remaining jobs. In addition, the new 

rescheduling algorithm was proposed to reschedule remaining jobs on machines as needed. The 

exact model and MILP have been used in this paper.  The data given from local job shop has been 

used to validate the proposed rescheduling methods. Multiple scenarios have been evaluated and 

the result shows approximately 50% and 42% improvement in cost compared to deterministic 

schedule and robust schedule respectively. It should be mentioned that, the robust schedule may 

vary based on the level of decision maker’s conservativeness. As future research directions, 

rescheduling cost can be considered as a variable in the objective function dependent on the 

material, people, and transportation rather than the fixed scheduling cost. Similar model can be 

used to identify how rescheduling of one machine can affect the schedule of other machines when 

each job has to be done on multiple machines. Though this paper considered that the set of jobs is 

known at the time when scheduling project is defined, the new job arrival(s) can be considered as 

another future research direction. In addition, job shop scheduling problems are not only about 

scheduling of the jobs on the machines Assignment of the tasks such as deburring based on 

operators’ skills or assignment of the CNC program to programmer based on the knowledge and 

capacity can also be considered in the job shop scheduling problem. Other consideration may 

include concurrent process parameter optimization model (Gupta, Gopalakrishnan, Chaudhari, & 

Jalali, 2011) which may lead to system level optimization.  
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Chapter 5: An enhanced Genetic Algorithm approach for unrelated parallel machine 

scheduling problem in the job shop environment 

(Submitting to Journal of Industrial Engineering International) 

Abstract - This study presents an enhanced genetic algorithm (E-GA) to minimize earliness and 

tardiness costs in the job shop environment with unrelated parallel machine scheduling problem. 

Performance of basic GA is highly dependent on the GA operators such as population size, 

crossover rate, mutation rate and initial solution. The proposed method uses design of experiment 

concept while optimizing the GA operators. It improves the initial solution using a hybrid dispatch 

rule through strategic combination of construction and improvement heuristics. The model was 

validated with case studies from local job shop. The results indicate that the proposed model 

provides a schedule with lower cost and reduced computational time compared to existing dispatch 

rules in the literature (e.g. SPT, LPT, etc.) and existing algorithms (OptQuest).  

5.1. Introduction 

Scheduling is defined as decision-making process which involves allocation of resources to the 

operations. Proper schedule can help industries reduce their cost and time and improve their 

customer satisfaction, which are most desirable goals in modern industries. There are multiple 

types of scheduling problem in a manufacturing system. One of the most difficult problems in this 

area is the Job Shop Scheduling Problem (JSSP) in which multiple jobs should be processed on 

different machines. In this problem, the best sequence of the jobs on the machines should be 

provided which optimizes the given performance measurement (Pezzella, Morganti, & Ciaschetti, 

2008). There are numerous performance measures in JSSP such as minimizing makespan, 

earliness, tardiness, mean flow time, etc. A list of performance indicators is proposed in the study 

by Sharma and Jain (2016).  

Job shop scheduling problem (JSSP) can be solved using exact methods, hybrid methods and 

heuristic or meta-heuristic (Sharma & Jain, 2016). Exact methods such as Mixed Integer Linear 

Programing (MILP), Dynamic Programing (DP) and Branch and Bound (B&B) are more suitable 

for small-size problems. JSSP is a non-deterministic polynomial-time (NP-hard) problem(Garey, 

Johnson, & Sethi, 1976). Therefore, these methods are unable to provide the optimal solution for 

large-size problems in a timely manner(Garey et al., 1976; Zhu & Wilhelm, 2006). Hybrid methods 

combine exact and heuristic methods to improve the solution approach. For large size problems, 

heuristic and meta-heuristic methods are used to provide the near optimal solution in a reasonable 
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computational time (Lenstra & Rinnooy Kan, 1979). Xie, Liang, Kunkun, Xinyu and Haoran 

(2019) classified the meta-heuristic methods into two main categories: population-based meta-

heuristics and single solution-based meta-heuristics. Genetic algorithm (GA) is probably the most 

common population-based meta-heuristic while Simulated Annealing (SA) is one of the popular 

methods in single solution-based meta-heuristic category.  

GA has been used widely for job shop scheduling problems, with either single or multiple 

objectives. Chen, Wu, Chen and Chen (2012) developed a GA scheduling algorithm to optimize 

multi objective problem including minimizing makespan, total machine idle time and total 

tardiness. Türkylmaz and Bulkan (2015) proposed a new algorithm by combining the GA and 

variable neighborhood search (VNS) to minimize total tardiness in JSSP. Parallel executed VNS 

is used to improve the computational time. Omar, Baharum and Abu Hasan (2005) used GA to 

minimize the makespan in JSSP. In their crossover and mutation process, they used the critical 

block neighborhood and measured distance to evaluate the schedule. The study by  Liu, Hu, Hu, 

Zhao and Wang (2015) combined GA with particle swarm optimization (PSO) to develop the 

hybrid algorithm called hybrid PSO-GA algorithm (HPGA). In this algorithm, PSO is redefined 

and modified by introducing genetic operators, i.e. crossover and mutation, to update the particles 

in the population. This algorithm was applied to the machinery company with an objective of 

minimizing machine’s makespan and job’s tardiness. The result from the proposed algorithm was 

compared with GA, PSO and SA. The results indicated improved quality of the schedule as well 

as faster convergence.  

One of the common objectives in JSSP is minimizing the earliness and/or tardiness cost. In 

this problem, it is assumed that customer requires the jobs neither early nor late. Completing jobs 

before their due dates may lead to inventory cost while shipping the parts after due date causes 

potential penalty costs and customer dissatisfaction. Therefore, a schedule is needed to ship the 

part with minimum deviation from the due date. Few studies have used the GA to minimize 

earliness and tardiness costs in scheduling problems (Rohaninejad et al., 2017; Tari & Niari, 2018). 

The study by Yazdani et al. (2017) considers the problem of scheduling as set of jobs in the job 

shop environment with an objective of minimizing the sum of maximum earliness and tadiness. 

They proposed an effective meta-heuristic algorithm based upon imperialist competive algorithm 

that significantly ourperformed available algorithms in the literature.  Rey, Bekrar, Trentesaux and 
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Zhou (2015) studied just-in-time production and provided a model with the objective of minimum 

mean-square due date deviation (MSD), earliness costs (inventory) and tardiness costs 

(backlogging). They proposed two meta-heuristic algorithms as Genetic Algorithms (GA) and 

Particle Swarm Optimization (PSO) and compared the results using three benchmarks. The results 

indicate that the performance of GA and PSO was similar while each one has its own advantages 

and disadvantages. 

The performance of the evolutionary optimization algorithms highly depends on the value of 

its parameters. Also, the best setting of the parameters differs from one type of optimization 

problem to the other. In other words, the best set of parameters to solve an optimization problem 

with the objective of minimizing makespan in the flow shop is not necessarily the best set for 

solving the optimization problem of minimizing tardiness and earliness in the job shop. Therefore, 

proper parameter tuning of an algorithm should be considered for each specific optimization 

problem. There are numerous studies in the literature regarding tuning of parameters in 

evolutionary algorithms (Á. E. Eiben, Hinterding, & Michalewicz, 1999; Nannen, Smit, & Eiben, 

2008; Nobile et al., 2018; Smit & Eiben, 2009; Stützle & López-Ibáñez, 2019). GA is one of the 

common evolutionary algorithms which grabs scholars’ attention in tuning its parameters in order 

to improve the efficiency and effectiveness of the algorithms (A. E. Eiben, Michalewicz, 

Schoenauer, & Smith, 2007; Huang, Li, & Yao, 2019; Kramer, 2017; Pavón, Díaz, Laza, & Luzón, 

2009). In terms of JSSP, there are few studies that investigate the parameter tuning of the GA to 

enhance their solutions. Arin, Rabadi and Unal (2011) provided comparative studies on design of 

experiment (DOE) for tuning of the genetic algorithm parameters in scheduling problem. They 

considered single machine scheduling problem with the objective of minimizing weighted 

tardiness. They used multiple design of experiment methods to tune the parameters effectively. 

The results showed that D-optimal and Signal-to-noise (S/N) ratio designs provided the best 

parameter setting. Wang et al. (2017) also used GA to solve JSSP. To enhance the solution quality 

of the GA, they used DOE method to identify the parameters with the highest impact on the 

problem. Then, they established the approximation model and optimized it to get the optimal 

solution. The study by Mobin, Mousavi, Komaki and Tavana (2018) proposed an approach for 

parameter tuning in the evolutionary algorithm which simultanously optimizes all performance 

metrics of evolutionary optimization algorithm. They used DOE to find the significant parameters 

of the evolutionary algorithms, as well as an approximate equation for each parameter metric. They 
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considered two multi-objective evolutionary algorithms: multi objective particle swarm 

optimization algorithm (MOPSO)  and fast non-dominated sorting genetic algorithm (NSGA-III). 

They validated their approach by optimizing performance in solving single machine scheduling 

problem to minimize makespan, total completion time and total tardiness time.  

To the best of author’s knowledge,  there is no study regarding the tuning of the GA algorithms 

in unrelated parallel machine scheduling problem with the objective of minimizing total earliness 

and tardiness costs considering maximum allowable tardiness. This paper provide the enhanced 

genetic algorithm to solve the unrelated parallel machine scheduling problem in job shop 

environment and compares the results with OptQuest solving engine which integrates Tabu Search, 

Neural Networks, Scatter Search and Linear/Integer Programming into a single combined method. 

Design of experiment has been used to identify the best set of GA parameters (e.g. population size, 

crossover probability and mutation probability) in order to improve the efficiency and 

effectiveness of the proposed GA. Also, this research combined construction and improvement 

heuristics to provide better initial solution which helps the GA to converge to the near optimal 

solution faster.  

The rest of the paper is organized as follow. Section 5.2 provides a brief description of genetic 

algorithm in job shop scheduling problem. Section 5.3 explains the design of experiment and 

parameter tuning. Case study and numerical results are provided in section 5.4 followed by the 

conclusion and future research directions in the last section. 

5.2. Genetic algorithm in unrelated parallel machine scheduling problem 

GA is classified as the evolutionary algorithm which is based on the process of natural genetic 

evolution. The original study on natural evolution was investigated by Darwin in 1859. In his 

study, he claimed that natural populations evolve based on the process of natural selection per 

“survival of the fittest”.  

The idea of using GA in optimization problems to find an optimal or near optimal solution was 

first proposed by Holland in early 1970s (Taylor, 1994) which was then expanded by Goldberg in 

late 1980s (Goldberg, 1989). The process of natural genetic evolution begins with identifying the 

fittest individuals from the population. Then, next generation will be created by producing 

offspring based on the characteristics of the parents. The offspring from the fit parents will have 

better fitness than their parents and consequently better chance of survival. The algorithm keeps 
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creating new generation, until a generation with the fittest individual will be found. The GA 

includes five main phases as initial population, fitness function, selection, crossover and mutation. 

The pseudo code of the general GA can be explained as shown in table 5.1 (Nasr, El-Shorbagy, 

El-Desoky, Hendawy, & Mousa, 2015). 

Table 5.1 The pseudo code of the general GA 

1. Generate an initial population 

2. Evaluate the chromosome (solutions) with the fitness function 

3. Rank the solution based on their fitness function 

4. Generate a new population by selecting the parent from the initial population and recombine them by 

crossover and mutation operators 

5. Evaluate a new population with a fitness function 

6. Create a new generation from the best of old population and new population 

7. Repeat steps 2 to 6 until the satisfactory solution has been found (the stopping criteria has been met) 

For unrelated parallel machine scheduling problem, the initial population in the assignment 

includes the assignment of the jobs to the machines with their sequence on that particular machine. 

The initial population plays a critical role in determining the quality of the solution, in addition to 

computational time. In this paper, at first, the initial solution has been generated randomly. Then, 

a hybrid dispatch rule has been proposed to improve the initial solution and consequently the 

efficiency and effectiveness of the algorithm. Fitness function is basically the same with the 

objective function in the mathematical modeling (e.g. makespan, earliness, tardiness etc.).  In this 

paper, the total earliness cost (inventory cost) and tardiness cost (penalty cost) has been used as 

the fitness function. There are multiple techniques for selection in unrelated parallel machine job 

shop scheduling problem: roulette wheel selection, rank selection, steady state selection, stochastic 

universal sampling etc. are frequently used techniques for selection (Nasr et al., 2015). In this 

paper, we used a stead state approach. This means that only one solution is replaced at a time 

instead of the entire generation. When a new solution is to be generated, two parents are selected 

from the current population (solutions that have high fitness function values are more likely to be 

selected as parents). The crossover operator has a great effect on the performance of the GA. The 

role of crossover operator is combing the features of the two chromosomes at the same time to 

generate offspring. There are multiple crossover operator presented in the literature (e.g. order 

crossover, cycle crossover, position-based crossover etc.)(R. Cheng, Gen, & Tsujimura, 1999). In 

this paper, we have used a uniform crossover routine (two children are created by randomly 

selecting genes to be in one group or another). This operator chooses genes randomly from one 

parent, find their position in the other parent, and copies remaining genes into the second parent 
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in the same order as they look in the first parent. By applying uniform crossover, we avoid biasing 

the search with the irrelevant position of the variables which may happen in the single-point or 

double-point crossovers. The last GA operator is mutation, which is used to make slight changes 

on chromosomes to keep diversity of the population. Soni and Kumar (2014) provided different 

types of mutation operators as inversion, insertion, shift mutation, etc. In this paper, a random 

number between 0 and 1 is provided for each of the variables. If the variable gets a number that is 

less than or equal to the mutation rate, that variable is mutated.  

5.3. Proposed approach 

As mentioned earlier, the proposed model of this study is formulated as the mixed integer linear 

programing (MILP) which is suitable for small-size problems. The objective of the model is to 

minimize earliness and tardiness costs subject to job assignment, machine assignment and 

sequencing constraints. The exact method (branch and bound) has been proposed to solve the 

scheduling problem. The details of the model and corresponding assumptions are provided 

in(Kianpour et al., 2019). Since the model is categorized as an NP-hard problem, it cannot solve 

medium size or large size problems in a timely manner.   Consequently, we proposed an enhanced 

heuristic algorithm (GA) to solve the large scale problems. The heuristic algorithms can be 

classified into construction and improvement heuristics. In construction heuristics, we start without 

the schedule and start to add one job at a time. In improvement heuristics, we start with the initial 

schedule and try to find better schedule. Dispatching rules are examples of the construction 

heuristics while local search methods such as simulated annealing, Tabu search and GA are 

examples of the improvement heuristics. Also, the literature review indicates that there are multiple 

factors that can affect the performance of the GA algorithm in terms of the quality of the solution 

and the computational time. These factors include but are not limited to population size, crossover 

probability, mutation rate and the quality of the initial solution. In this paper we combined the 

construction heuristics and improvement heuristics to improve the quality of the initial solution. 

Also, we have tuned the GA operators using design of experiment to get to the near optimal 

solution in less time.  

5.3.1 Hybrid dispatch rule to generate the initial solution 

The first step in implementing the GA algorithm is generating an initial population. Studies show 

that good initial solutions help GA to get to the good solution faster (Brucker, 2007; Zitzler, Deb, 

& Thiele, 2000). Also, if the initial solution is not good or large enough, then GA would have 
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difficulty to find a good solution (Lobo & Lima, 2005).  The random generation of the initial 

solution will affect the search space and selection process, which consequently increases the 

problem difficulty. In this research, we proposed the hybrid dispatching rule to provide the initial 

solution. In the job shop environment, there are multiple ways to dispatch the jobs on the machines. 

Jobs can be assigned based on their due dates, processing time or their arrival time to the shop. A 

sample list of dispatching rules in the job shop environment is presented in (Shahzad & Mebarki, 

2016). In this study we combined the shortest processing time (SPC) with highest penalty cost to 

dispatch jobs on the machines. In this method, we assigned the jobs on the machines based on their 

processing time and maximum earliness and tardiness unit cost. For instance, if we have 10 jobs 

to be assigned to 6 machines. We assign the job with the maximum earliness/tardiness unit cost to 

the machine with the minimum processing time. We continue this cycle until all machines have at 

least one job to process. Then, we start to assign the second round of jobs to the machines following 

the same rule. We continue this process until all jobs have been assigned. 

5.3.2 Identifying the Best Set of the GA Parameters 

Generating the new population in GA algorithm is highly dependent on the GA operators such as 

population size, crossover rate and mutation rate. Suitable parameter setting affects the 

performance of the algorithm. Selecting an appropriate parameter tuning technique should be 

considered for each specific optimization problem. There are various ways in the literature to 

identify the best parameter setting for GA algorithm such as one-factor-at-a-time (OFAT) (Daniel, 

1994). But the disadvantage of such methods is that they don’t consider the interaction between 

parameters which may change the whole solution process. To overcome this drawback, design of 

experiment (DOE) has been widely used to consider interaction of parameters (Kramer, Gloger, & 

Goebels, 2007; G. Li et al., 2009). The DOE process includes identifying the key parameters, 

transforming the input parameters if needed to find the best combination of them, analyzing the 

best relationship between input parameters and responses, constructing the emprical formula and 

developing approximation model. Once the significant factors have been identified and the 

approximation model has been built , the next step is to determine the best setting of these 

parameters to achieve the desired objective. The detailed introduction on design of experiment is 

provided in (Goupy & Creighton, 2007). In this paper, we used DOE approach to identify the 

significant parameters on the performance of the GA and optimized those parameters with the 

objective of minimizing the total cost and computational time simultaneously.  
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5.4. Case studies from local job shop 

In this section, we first optimize the GA operators (e.g. population size, crossover rate and 

mutation rate) using DOE. Then, we propose the improved initial solution for the GA using hybrid 

dispatching rule and compare results with the known dispatching rules in the literature. Finally, 

we compare our enhanced GA with Opt-Quest algorithm which is a powerful search engine that 

integrates Tabu Search, Neural Network, Scatter Search, and Linear/Integer Programing into a 

single composite method. In this paper, the GA algorithm is coded by visual basic language in 

Excel platform and the Evolver solver is used to solve the problem. The stoppage criteria for GA 

algorithm is defined as no more than 0.01% difference between two consecutive optimal solutions 

for 50,000 trials.  All computations are carried out on an Intel ® Core ™ 3.20 GHz with 8.00 GB 

RAM.  

5.4.1 Optimizing GA Operators using DOE 

In order to optimize the GA, six different problem sizes with random combinations of jobs and 

machines have been considered. The details of the problems are provided in table 5.2.  

Table 5.2 Problem sizes for GA operator’s optimization 

No. # of Jobs # of Machines 

1 9 Jobs 5 Machines 

2 10 Jobs 2 Machines 

3 18 Jobs 7 Machines 

4 25 Jobs 10 Machines 

5 31 Jobs 13 Machines 

6 40 Jobs 20 Machines 

The processing times of the jobs on the machines, due dates of each job along with unit inventory 

cost and penalty cost are different for each problem size. Two level factorial design has been used 

to run the experiment in which population size, crossover rate and mutation rates are factors while 

each factor gets minimum and maximum value. The response parameters in this experiment are 

total cost and computation time. The details of the factors and their levels are presented in the 

following table (table 5.3). 

Table 5.3 List of factors and their levels  

Factor Min Level Max Level 

A: Population Size 500 2,000 

B: Crossover Rate 0.25 0.75 

C: Mutation Rate 0.05 0.2 
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With the number of levels as (L), number of factors as (F) and number of runs as (R), the total 

number of experiments (Ext) for each problem size is calculated as follow: 

𝐸𝑥𝑡 = 𝐿𝐹 × 𝑅            (5.1) 

𝐸𝑥𝑡 = 23 × 5 = 40 

Each experiment has been run five (5) times; therefore the total number of experiment for each 

problem size is 40. In this step, the initial solution for the GA is provided randomly. The details of 

the experiments for each problem size is provided in Appendix 5.1. In the first step of the GA 

operators’ optimization, we need to identify if the residuals are randomly and normally distributed 

around zero. If not, then the transformation is required to achieve normality prior to using some 

form of the general linear model. In this paper, the normal plot of the residuals is used to test the 

normality of the data. The residuals versus predicted responses values is used to indicate any 

existence of the any pattern in data. Finally, Box-Cox plot is used to identify which transformation 

type is needed (e.g. square root, natural log, inverse, power, etc.). In this study, only main factors 

and two-factor interactions have been selected to approximate the model (A, B, C, AB, AC and BC). 

ANOVA is used to assess the significance of the each factor and their interactions (p-value less 

than 0.0500 indicates that the factor effect is significant). Then, we calculate the model coefficients 

and finally the approximation model is built to be used in the optimization process. A summary of 

the DOE process for the studied problem sizes is presented in table 5.3. The problem number 3 in 

table 2 (10 jobs and 2 machines) provide the same cost as the exact model regardless of the 

population size, crossover rate and mutation rate. The GA operators in this case only affect the 

computational time and convergence process to get to the optimal solution. In table 3, we evaluate 

the cost model and the computational time model separately in terms of transformation type, 

significant factor, positive and negative factors. Positive factors actually have negative effect on 

the cost and computational time while negative factors in fact, have positive effect on the total cost 

and computational time. For instance, in the case of 40 jobs and 20 machines, mutation rate (factor 

C) and population size (factor A) are considered as the positive factors. In other words, the increase 

in mutation rate and population size will increase the total cost which is against the objective of 

this optimization problem. Therefore, they affect the objective function negatively.  In this case, 

the effect of C is more significant than A. 
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Table 5.3 The summary of the DOE analysis 

Problem Size R Transformation Significant Factors Positive Factors Negative Factors 

𝟗 × 𝟓 Cost - - C-AB-A-AC B, BC 

Time Natural Log A A-AC-C-B AB-BC 

𝟏𝟎 × 𝟐 Cost Inverse - - - 

Time Natural Log - AC-A-BC B-C-AB 

𝟏𝟖 × 𝟕 Cost - - AB-A-C-BC B-AC 

Time Natural Log A A-B-C AB-BC-AC 

𝟐𝟓 × 𝟏𝟎 Cost - C-B-A C-A-BC-AC B-AB 

Time Natural Log C B-A-AC-AB C-BC 

𝟑𝟏 × 𝟏𝟑 Cost Inverse C-B-A B-AC-AB C-A-BC 

Time - C A-B-AC C-BC-AB 

𝟒𝟎 × 𝟐𝟎 Cost Natural Log C-A-B C-A-BC B-AC-AB 

Time Square Root C C-BC B-AC-A-AB 

The general structure of approximation model is presented as follow:  

M = ε + α × A + β × B + γ × C + ρ × AB + σ × AC + δ × BC                                                   (5.2) 

Where M can be either cost or time. Based on the type of the transformation, M can be different. 

For instance, in the case of 40 jobs and 20 machines, M equals to ln (cost) since the natural log 

transformation has been used for normalization. The coefficients (e.g. α, β, γ, ρ, σ and δ) are 

determined based on the experimental data. (A, B, C, AB, AC and BC) represent the main factors 

and interactions.  

In the optimization process, we search for the combination of factor levels that simultaneously 

satisfy the criteria placed on each of the factors or responses. The approximation model provided 

by the analysis is used to include a response in the optimization criteria. In this process, the desired 

goal for each factor or response should be selected. The options for desired goals include 

maximize, minimize, target, within range, none (for responses only) and set to exact value (factors 

only). Each of the parameters, either factors or responses, should have minimum or maximum 

level. Also, if we have a factor which is more important than the other ones, we can assign higher 

weight to that factor. The goals are integrated into an overall desirability function. The objective 

of the program is to maximize this function by beginning from the random starting point and 

proceeding up the steepest slope to the maximum. In the numerical optimization process, the 

factors (population size, crossover rate and mutation rate) are set in range (they can get any value 

between their maximum and minimum level). The responses (total cost and computational time) 

are set to minimize. Figures 1-3 show the optimization results for problem No. 3. Figures 5.1.a, 
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5.1.b and 5.1.c evaluate the effect of population size on desirability, cost and computational time 

respectively. The increase in population size from 500 to 2,000 reduces the desirability of the 

optimization process from 60% to less than 40%. Also, increasing the population size reduces the 

probability of getting the near optimal solution. When the population size is 500, the value for 

minimum cost is approximately $14,500, while this number increases to $15,500 when population 

size is 2,000. The same trend is observed for computational time. When population size is 500, it 

takes approximately 250 second to solve the problem. This computational time doubles by 

increasing the population size from 500 to 2,000. On the contrary with the general belief, this result 

indicates that providing large population size does not necessary lead GA to one good solution and 

smaller population size can provide better solution in less time.  

 

Figure 5.1 (a) Population Size vs. Desirability; (b) Population Size vs. Cost ($); and (c) Population 

Size vs. Time (Sec) 

 

Figure 5.2 (a) Crossover Rate vs. Desirability; (b) Crossover Rate vs. Cost ($); and (c) Crossover 

Rate vs. Time (Sec) 
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However, the disadvantage of the smaller population size is that the algorithm might be more easily 

get trapped in local optimal. To overcome this issue, the other GA operators (crossover rate and 

mutation rate) should be optimized to help algorithm with exploration and exploitation process. 

Therefore, the population size of 500 will be the best population size for this problem. Crossover 

rate does not affect the desirability significantly. However, increasing the crossover rate from 0.25 

to 0.75 results in improvement in desirability (figure 5.2.a). Also, increasing the crossover rate 

helps GA find the better near optimal solution (figure 5.2.b). The increase in the crossover rate 

will increase the computational time slightly (figure 5.2.c). However, the main objective of this 

problem is reducing cost. Therefore, the slight increase in computational time can be ignored. 

Therefore, the crossover rate of 0.75 has been selected as the optimal crossover rate.   

 

Figure 5.3 (a) Mutation Rate vs. Desirability; (b) Mutation Rate vs. Cost ($); and (c) Mutation 

Rate vs. Time (Sec)

Mutation rate does not affect the desirability considerably. The increase in mutation rate from 0.05 

to 0.2 will lead to small reduction in desirability (figure 5.3.a). However, smaller mutation rate 

(0.05) helps GA to find the better schedule compared to the larger mutation rate (0.2) as can be 

seen in figure 5.3.b. The goal of mutation is to explore the promising region provided by the 

crossover operator. Therefore, large mutation can act against crossover operator and push the 

algorithm away from concentrated point provided by crossover to search other spaces. Also, the 

increase in mutation rate has no significant change in the computational time (figure 5.3. a).  As a 

result, the mutation rate of 0.05 has been considered as the optimal level for this problem. The 

same analysis has been done for problem sizes No. 4, 5 and 6 in table 2 and the results are 

summarized in table 5.4.   
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Table 5.4 Optimal GA operators for minimizing the total cost and computational time

Problem Size Desirability Optimal Population Size Optimal Crossover Rate Optimal Mutation Rate 

𝟏𝟎 × 𝟐 64% 500 0.75 0.2 

𝟗 × 𝟓 64% 500 0.25 0.2 

𝟏𝟖 × 𝟕 64% 500 0.75 0.05 

𝟐𝟓 × 𝟏𝟎 58% 500 075 0.19 

𝟑𝟏 × 𝟏𝟑 57% 500 0.75 0.19 

𝟒𝟎 × 𝟐𝟎 52% 500 0.75 0.14 

Until this point, we optimized the GA operators to minimize total cost and computational time 

simultaneously. However, the primary objective of this study is minimizing total cost. Therefore, 

the numerical optimization has been implemented to optimize the GA operators with the single 

objective of total cost. The results is provided is provided in table 5.5. The problem with 10 jobs 

and 2 machines is excluded from the study since it provided the same total cost (equal to the cost 

provided by exact method) in all scenarios.  

Table 5.5 Optimal GA operators for minimizing the total cost 

Problem Size Desirability Optimal Population Size Optimal Crossover Rate Optimal Mutation Rate 

𝟗 × 𝟓 71% 2000 0.75 0.2 

𝟏𝟖 × 𝟕 65% 500 0.75 0.05 

𝟐𝟓 × 𝟏𝟎 80% 500 075 0.05 

𝟑𝟏 × 𝟏𝟑 69% 500 0.75 0.05 

𝟒𝟎 × 𝟐𝟎 82% 500 0.75 0.05 

Based on the results in tables 4.4 and 5.5, the population size of the 500, crossover rate of the 0.75 

and mutation rate of the 0.05 has been selected to solve the scheduling problem in this paper.  

5.4.2 Improving initial solution for the GA by proposing hybrid dispatch rule 

In this section, we combined the shortest processing time with the maximum penalty or inventory 

cost (as applicable for late and early jobs respectively) to provide the hybrid dispatch rule which 

is used as initial solution in the GA. The algorithm to determine initial solution is proposed as 

follow: 

• Step 1 - Rank the jobs based on their maximum tardiness cost or earliness cost. 

• Step 2 - Pick the job with the highest ranking and assign it to the machine with the least 

processing time (note: if the machine with the least processing time has already been 

assigned, pick the second machine with the least processing time). 

• Step 3 - Continue the process until all machines have one job. 

• Step 4 - Assign the next round of the jobs to the machines following the same rule until all 

jobs are assigned to the machines.  
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Figure 5.4. The summary of the hybrid dispatch rule algorithm 

Consider the problem with 31 jobs and 13 machines. The processing times of the jobs on the 

machines along with their inventory and penalty costs are provided in appendix 5.2. In the first 

step, we rank the jobs based on their maximum earliness (inventory) cost or tardiness (penalty) 

cost. The ranking is presented in table 5. Then, we need to follow the rest of the steps. The 

assignment of the jobs on the machines based on the proposed method is presented in table 5.7. 

Table 5.7 represents the initial solution for GA while using optimized operators given in the 

previous section. Same concept has been applied for the other problem sizes. The proposed hybrid 

dispatch rule was compared with other dispatch rules in literature such as shortest processing time 

(SPT), longest processing time (LPT), with biggest weight (WI), earliest release date (ERD) and 

earliest due date (EDD). 

Table 5.6 The ranking of the jobs  

Rank Job Rank Job Rank Job Rank Job 

1 4 10 25 19 19 28 6 

2 7 11 2 20 9 29 31 

3 20 12 10 21 27 30 26 

4 12 13 1 22 28 31 30 

5 17 14 22 23 29   

6 18 15 5 24 3   

7 24 16 21 25 8   

8 13 17 11 26 14   

9 23 18 16 27 15   
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The biggest weight in this study is the maximum of either inventory or penalty unit cost of the job. 

Each approach was run five (5) times and results are compared in terms of the mean optimal cost, 

percentage cost deviation and mean computational time. 

Table 5.7 Assignment of the jobs on the machines 

Machine Sequence 1 Sequence 2 Sequence 3 

1 J20 J16 J31 

2 J13 J21 J30 

3 J25 J28 - 

4 J1 J3 J26 

5 J12 J8 J15 

6 J10 J11 - 

7 J2 J19 - 

8 J17 J5 - 

9 J4 J14 - 

10 J24 J27 - 

11 J23 J9 - 

12 J18 J22 J6 

13 J7 J29 - 

The percentage cost deviation is the average of absolute difference between the results of each run 

with the minimum cost provided by the GA in that particular problem size.  

In this process, the proposed model was compared with the cases with random initial solution (RI) 

and random operators (RO), RI and best operators (BO), SPT, LPT, WI, ERD and EDD. Figures 

5.5to 5.7 evaluate the five (5) different problem sizes in terms of mean of the minimum cost, %Cost 

deviation and computational time.  Figure 4 compares the optimal total cost provided by the 

schedule from the proposed model with the cost of the schedules provided by other dispatch rules 

in the literature. In all the studied problem sizes, the proposed model provided the schedule with 

the least earliness and tardiness costs compared to the other methods. Shortest processing time 

(SPT) ranked second in 80% of the studied problems since it is used in development of the 

proposed hybrid method.  As we expected, the random initial solution with random operators (RI-

RO) provided the worst optimal cost in 60% of the cases. This method provides almost the same 

cost with random initial-optimized (best) operators (RI-BO) in two smaller size problems.  There 

was no significant difference between the costs provided by ERD and EDD, which are slightly 

better than the costs provided by WI. One key performance indicator for heuristic algorithms is 

the deviation of the results provided in different runs. Less deviation shows that the difference of 

the results provided by solving the same problem is negligible, so it would not be necessary to run 

the algorithm for multiple times. Based on figure 5.6, the proposed algorithm provides results with 
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about 1% average cost deviation (with no deviation for small size problems) which is at least five 

time lower than %cost deviation of the other methods. 

 

 

Figure 5.5 Comparison of the minimum cost provided by the proposed method with others 

This allows decision makers to run the algorithms fewer times since they are confident that they 

would get almost same schedule every time they run the algorithms. 

 

Figure 5.6 Comparison of the % cost deviation provided by the proposed method with others 
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Although reducing the computational time is not the primary objective of this paper, the results 

indicate that the proposed method provides better solution with lower computational time.    

 

Figure 5.7 Comparison of the computational time provided by the proposed method with others 

Although reducing the computational time is not the primary objective of this paper, the results 

indicate that the proposed method provides better solution with lower computational time. On 

average, computational time of the proposed methods is 70% less than the computational time 

provided by all the other methods.  

In general, the results show that the initial solution improves the efficiency and effectiveness of 

the GA drastically. Also, the optimized population size helps GA to search for the solution in 

smaller area which reduces the computational time required to find the near optimal solution. 

Moreover, the optimized crossover and mutation rate helps convergence of the algorithms, which 

leads to improvement in the quality of the solution and reduction in computational time.  

5.4.2 Comparing proposed E-GA with OptQuest 

In this section, the performance of enhanced GA method (E-GA) is compared with OptQuest 

which is a unique set of powerful algorithms and sophisticated analysis techniques. In the first 

step, cost of the schedule provided by E-GA method is compared with the cost from OptQuest in 

two cases. In the first case, we use the proposed hybrid dispatch rule to provide the initial solution 

for the OptQuest algorithm (P-OptQuest). In the second case, the initial solution is selected 

randomly (R-OptQuest). Comparative results are illustrated in figure 5.8.  
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Figure 5.8 Comparison of the minimum cost provided by E-GA and OptQuest 

The results show that E-GA and OptQuest perform the same for the small size problem (9J-5M). 

However, E-GA provides better solution (schedule with minimum cost) for other problem sizes. 

The study shows that the schedule provided by E-GA can reduce the total cost up to 15% and 46% 

compared to P-OptQuest and R-OptQuest respectively. 

 

Figure 5.9 Comparison of the % cost deviation provided by E-GA and OptQuest 

In terms of % cost deviation, both E-GA and P-OptQuest provide zero deviation for the small size 

problem. For the rest of the problem sizes, E-GA provides lower deviation compared to P-
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OptQuest and R-OptQuest (average deviation of 1.21% for E-GA compared to 1.97% and 6.53% 

for P-OptQuest and R-OptQuest respectively). Figure 5.10 shows that P-OptQuest converges faster 

compared to E-GA in 80% of the studied problems. However, the solution quality provided by the 

E-GA is better (schedule with lower earliness and tardiness costs). 

 

Figure 5.10 Comparison of the computational time provided by E-GA and OptQuest 

 

Figure 5.11 Comparison of the computational time provided by the E-GA and P-OptQuest 

In order to compare the computational time performance between E-GA and P-OptQuest, the 

analysis has been implemented to identify how long it would take for E-GA to provide the same 

cost provided by P-OptQuest. The small size problem and the problem with 25 jobs and 10 

machines are excluded since the difference for the small size problem is negligible and E-GA 
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provides best schedule in less time for 25J-10M problem. For other problems, the analysis results 

are illustrated in figure 5.10. Figure 5.11 compares how long it would take for E-GA and P-

OptQuest to provide the schedule with the costs of $13,408, $11,326 and $18,382 provided by 

OptQuest for problems sizes 18J-7M, 31J-13M and 40J-20M respectively. The results indicate that 

for problem size 18J-7M, it takes 56% less time for E-GA to provide the schedule with the cost of 

$13,408. This number is 85% and 6% for 31J-13M and 40J-20M problems respectively. 

Since the primary objective of this research is to minimize the total cost rather that 

computational time, E-GA is deemed most effective since it provides the schedule lowest total 

earliness and tardiness costs. 

5.5 Summary and Future Research Directions 

This paper developed an enhanced GA method to solve the unrelated parallel machines job shop 

scheduling problem. In the first step, the numerical optimization method is used to tune GA 

operators (population size, crossover rate and mutation rate) using design of experiment (DOE) 

methodology. In the second step, the construction heuristics based on dispatch rules were 

combined with improvement heuristics. The hybrid dispatch rule was proposed to provide initial 

solution for GA, in order to help efficiency and effectiveness of the algorithm’s convergence. In 

the last step, the solution provided by E-GA was compared with OptQuest, which is one of the 

most powerful heuristic solvers. The method was implemented on data obtained from the local job 

shop. With a hybrid dispatch rule for the initial solution, the proposed E-GA works better in finding 

the near optimal solution compared to other dispatch rules (on average, the solution provided by 

hybrid dispatch rule leads to the schedule with 17% lower cost compared to other dispatch rules). 

Although OptQuest provides the results slightly faster, the quality of the solution provided by the 

proposed E-GA is better. Also, it is identified that on average, E-GA would provide the same 

results which had been provided by OptQuest in 49% less time. The results provided by E-GA 

deviates 60% less than the results provided by P-OptQuest. Therefore, the proposed E-GA is 

recommended to solve the unrelated parallel machine scheduling problem. As a future research 

direction, uncertainty may be incorporated before solving the problem using E-GA or similar 

heuristic method.  Most of the jobs in the job shop under consideration are completed by only one 

machine. However, production cells including multiple machines (with known processing 

sequence) may be considered as future research opportunity.
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Chapter 6: Conclusion and Future Research Directions 

This research studies earliness/tardiness scheduling problem in the job shop environment. The 

case, which is studied, produces aerospace parts for Original Equipment Manufacturers (OEMs). 

Since OEMs cannot stop their assembly lines for waiting on parts, the suppliers (e.g. job shops) 

should keep their pace with OEMs. Late shipments may lead to extensive penalty costs. On the 

other hand, producing the parts earlier than the due dates leads to inventory costs. Therefore, job 

shops should pursue proper scheduling method to avoid those earliness and tardiness costs.  

Motivated by the practical scheduling problems in job shops, this study develops and evaluates 

unrelated parallel machine scheduling models. In the first step, predictive scheduling approach 

was assessed which considered the maximum allowable tardiness. In other words, this section 

evaluated how the sequence of jobs on machines would be affected in the case that a job is not 

needed after certain threshold. Although machine scheduling problem is NP-hard with high 

computational time for the exact solution, the first section provided a simplified MILP 

deterministic model which can be applied practically in the job shops and similar environments. 

The production in job shop environment is affected drastically by the skills of operators and 

the tools which are used for machining. Therefore, in the second step, setup times based on 

operator’s skills and tool price have been taken into account. In addition, it has been identified that 

processing time, setup times and tool price are not deterministic, and would be affected due to the 

reasons such as machine breakdown, operators’ skills, accuracy and tightness of the needed 

tolerance etc. Hence, this section assumed that those input parameters (i.e. processing and setup 

times, and tool price) are uncertain. There are multiple proactive scheduling approaches to deal 

with uncertainties. This research provided the robust optimization formulation since (1) it does not 

need the probability distribution of uncertain data and (2) it does not increase the size of the 

problem (linear problem remains linear) which keep the computational time reasonable. Multiple 

performance measurements have been used to evaluate the performance of proposed robust model. 

Also, performance of the robust model is highly dependent on the robust optimization parameters 

(e.g. budget of uncertainty and uncertainty set). This research evaluated the effect of these 

parameters on the solution provided by the robust model using design of experiment (DOE) 

concept. The results showed that application of a robust model significantly reduces cost in an 

uncertain manufacturing environment.  
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Industry 4.0 concept has been incorporated into the third step of this research. Over the years, 

technological developments, along with new opportunities to monitor and control industrial 

operations, have helped decision makers to make intelligent decisions. In the manufacturing 

environment, the real-time data provided by ERP systems or sensors can help operation managers 

run the operations in an efficient and effective manner. This research considered two real-time 

data updates available for decision making: (1) processing time of the jobs on the machines 

provided by built-in sensors on the machines and (2) due date which are constantly updated in the 

ERP system. Using data from a case study, it has been identified that in more than 50% of the 

instances, the processing time provided in the planning stage is different from the actual processing 

time on the machine. Also, in at least 40% of the instances, the due dates get changed by the 

customer in downstream supply chain. This study proposed a dynamic rescheduling model using 

real-time data available through Industry 4.0 system. In addition, we used the project management 

concept (earned value analysis in particular) to define criteria for rescheduling. Forecasted cost at 

completion is used to decide whether the schedule is changed or not. The model was implemented 

using real case data provided by the local job shop.  

The unrelated parallel machine job shop scheduling problem is considered as the NP-hard problem. 

Therefore, exact method may not solve large size problems in a timely manner. In fifth chapter of 

this research, we proposed an enhanced heuristic based on the GA algorithm to improve solution 

quality as well as reduce computational time. Performance of basic GA depends on multiple factors 

such as initial solutions and GA operators (e.g. population size, crossover rate and mutation rate). 

In this study, we used design of experiment (DOE) concept to identify the optimized set of 

parameters. Also, we combined construction and improvement heuristics to propose a hybrid 

dispatch rules and provide good initial solution for the E-GA. The results of the study indicated 

that the proposed model provides schedule with the least cost faster compared to existing models 

in the literature.  

The future research direction for this study is classified into three main categories as the type of 

scheduling problem, the type of solution algorithm and additional job shop related objectives and 

constraints. In terms of proactive scheduling, we proposed the robust optimization model. 

However, comparison of the robust model with stochastic scheduling can be explored to enhance 

solution approach to such problems. In addition, approximation algorithm can be used to solve the 
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same problem and compare results in terms of efficiency and effectiveness of the solution. Last 

but not the least, other objectives and constraints in the job shop environment (e.g. task assignment 

in the administrative side of production such as design, programing, labor scheduling) may be 

considered to incorporate system level optimization. 
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APPENDIX 

Appendix 4.1 

The machine cost includes machine purchase cost, expected lifetime maintenance cost and 

expected hours of operating life. The details of labor cost are provided in in table 4.1.1 

Table 4.1.1 Machine cost calculation 

Machine Machine Purchase 

Cost 

Expected Lifetime   

Maintenance Cost 

Expected Hours of 

Operating Life 

Machining 

Cost 

1 $ 350,000 $ 52,500 20,880 $ 19.28 

2 $ 250,000 $ 37,500 20,880 $ 13.77 

3 $ 350,000 $ 52,500 20,880 $ 19.28 

4 $ 250,000 $ 37,500 20,880 $ 13.77 

5 $ 350,000 $ 52,500 20,880 $ 19.28 

6 $ 250,000 $ 37,500 20,880 $ 13.77 

Average $ 16.52 

The labor cost includes total annual labor cost, taxes, benefits, paid time-off, total annual hours of 

working and break and training times. The details are provided in table 4.1.2. 

Table 4.1.2 Labor cost calculation 

Labor 
Total Annual 

Labor Cost 
Taxes Benefit 

Paid 

Time Off 

Total Annual 

Hours 

Worked 

Break and 

Training 

Hours 

Rate 

($/hour) 

1 $ 70,000 $ 18,900 $ 21,000 $ 1,680 2,610 391.5 $ 50.30 

2 $ 60,000 $ 16,200 $ 18,000 $ 1,140 2,610 391.5 $ 42.97 

3 $ 45,000 $ 12,150 $ 13,500 $ 900 2,610 391.5 $ 32.25 

4 $ 45,000 $ 12,150 $ 13,500 $ 900 2,610 391.5 $ 32.25 

5 $ 45,000 $ 12,150 $ 13,500 $ 900 2,610 391.5 $ 32.25 

6 $ 45,000 $ 12,150 $ 13,500 $ 900 2,610 391.5 $ 32.25 

Average $ 37.05 

Twenty percent overheard and thirty percent mark-up has been added on top of the machine plus 

labor cost. Therefore, the shop hourly rate is calculated as follow: 

Table 4.1.3 Shop hourly rate calculation 

Item Cost 

Machine Rate $ 16.52 

Labor Rate $ 37.05 

Overhead (20%) $ 10.71 

Markup (30%) $ 19.28 

Shop Rate $ 83.56 (rounded to $84) 
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Appendix 5.1 

Table 5.1.1 The experiment design for the problem with 9 jobs and 5 Machines 

Std Run Population Size Crossover Mutation Cost ($) Time (Sec.) 

1 24 500 0.25 0.05 $        3,175 13 

2 16 500 0.25 0.05 $        3,465 29 

3 13 500 0.25 0.05 $        3,175 18 

4 36 500 0.25 0.05 $        3,175 139 

5 27 500 0.25 0.05 $        3,175 10 

6 26 2,000 0.25 0.05 $        3,465 80 

7 8 2,000 0.25 0.05 $        3,175 84 

8 9 2,000 0.25 0.05 $        3,175 42 

9 7 2,000 0.25 0.05 $        3,465 37 

10 18 2,000 0.25 0.05 $        3,465 21 

11 30 500 0.75 0.05 $        3,465 16 

12 1 500 0.75 0.05 $        3,040 33 

13 29 500 0.75 0.05 $        3,465 20 

14 11 500 0.75 0.05 $        3,465 65 

15 12 500 0.75 0.05 $        3,625 117 

16 20 2,000 0.75 0.05 $        3,465 34 

17 39 2,000 0.75 0.05 $        3,040 40 

18 3 2,000 0.75 0.05 $        3,040 231 

19 35 2,000 0.75 0.05 $        3,465 45 

20 38 2,000 0.75 0.05 $        3,175 55 

21 2 500 0.25 0.2 $        3,465 20 

22 28 500 0.25 0.2 $        3,175 5 

23 10 500 0.25 0.2 $        3,175 38 

24 32 500 0.25 0.2 $        3,175 44 

25 25 500 0.25 0.2 $        3,175 51 

26 19 2,000 0.25 0.2 $        3,040 225 

27 15 2,000 0.25 0.2 $        3,495 42 

28 31 2,000 0.25 0.2 $        3,040 229 

29 4 2,000 0.25 0.2 $        3,040 285 

30 5 2,000 0.25 0.2 $        3,175 143 

31 14 500 0.75 0.2 $        3,485 61 

32 33 500 0.75 0.2 $        3,040 50 

33 22 500 0.75 0.2 $        3,465 41 

34 37 500 0.75 0.2 $        3,175 12 

35 40 500 0.75 0.2 $        3,175 44 

36 17 2,000 0.75 0.2 $        3,465 177 

37 34 2,000 0.75 0.2 $        3,040 67 

38 21 2,000 0.75 0.2 $        3,175 33 

39 23 2,000 0.75 0.2 $        3,465 91 

40 6 2,000 0.75 0.2 $        3,040 206 
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Table 5.1.2 The experiment design for the problem with 18 jobs and 7 Machines 

Std Run Population Size Crossover Mutation Cost ($) Time (Sec.) 

1 24 500 0.25 0.05 $          32,481 234 

2 16 500 0.25 0.05 $          31,111 698 

3 13 500 0.25 0.05 $          29,008 944 

4 36 500 0.25 0.05 $          30,517 1,439 

5 27 500 0.25 0.05 $          30,705 539 

6 26 2,000 0.25 0.05 $          31,452 175 

7 8 2,000 0.25 0.05 $          33,551 1,156 

8 9 2,000 0.25 0.05 $          33,616 480 

9 7 2,000 0.25 0.05 $          36,414 389 

10 18 2,000 0.25 0.05 $          32,220 1,188 

11 30 500 0.75 0.05 $          30,103 939 

12 1 500 0.75 0.05 $          27,471 1,445 

13 29 500 0.75 0.05 $          28,488 2,012 

14 11 500 0.75 0.05 $          30,412 1,129 

15 12 500 0.75 0.05 $          29,286 338 

16 20 2,000 0.75 0.05 $          28,759 1,159 

17 39 2,000 0.75 0.05 $          31,838 1,147 

18 3 2,000 0.75 0.05 $          26,515 1,728 

19 35 2,000 0.75 0.05 $          31,201 1,221 

20 38 2,000 0.75 0.05 $          28,629 1,739 

21 2 500 0.25 0.2 $          30,643 563 

22 28 500 0.25 0.2 $          35,881 211 

23 10 500 0.25 0.2 $          34,813 473 

24 32 500 0.25 0.2 $          34,549 540 

25 25 500 0.25 0.2 $          32,385 328 

26 19 2,000 0.25 0.2 $          32,058 902 

27 15 2,000 0.25 0.2 $          37,119 456 

28 31 2,000 0.25 0.2 $          36,854 253 

29 4 2,000 0.25 0.2 $          37,806 532 

30 5 2,000 0.25 0.2 $          31,227 1,254 

31 14 500 0.75 0.2 $          33,730 220 

32 33 500 0.75 0.2 $          31,794 784 

33 22 500 0.75 0.2 $          29,933 285 

34 37 500 0.75 0.2 $          32,438 228 

35 40 500 0.75 0.2 $          32,418 788 

36 17 2,000 0.75 0.2 $          31,513 934 

37 34 2,000 0.75 0.2 $          30,238 1,190 

38 21 2,000 0.75 0.2 $          35,644 413 

39 23 2,000 0.75 0.2 $          34,314 628 

40 6 2,000 0.75 0.2 $          38,003 411 
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Table 5.1.3 The experiment design for the problem with 25 jobs and 10 Machines 

Std Run Population Size Crossover Mutation Cost ($) Time (Sec.) 

1 24 500 0.25 0.05 $        32,481 234 

2 16 500 0.25 0.05 $        31,111 698 

3 13 500 0.25 0.05 $        29,008 944 

4 36 500 0.25 0.05 $        30,517 1,439 

5 27 500 0.25 0.05 $        30,705 539 

6 26 2,000 0.25 0.05 $        31,452 175 

7 8 2,000 0.25 0.05 $        33,551 1,156 

8 9 2,000 0.25 0.05 $        33,616 480 

9 7 2,000 0.25 0.05 $        36,414 389 

10 18 2,000 0.25 0.05 $        32,220 1,188 

11 30 500 0.75 0.05 $        30,103 939 

12 1 500 0.75 0.05 $        27,471 1,445 

13 29 500 0.75 0.05 $        28,488 2,012 

14 11 500 0.75 0.05 $        30,412 1,129 

15 12 500 0.75 0.05 $        29,286 338 

16 20 2,000 0.75 0.05 $        28,759 1,159 

17 39 2,000 0.75 0.05 $        31,838 1,147 

18 3 2,000 0.75 0.05 $        26,515 1,728 

19 35 2,000 0.75 0.05 $        31,201 1,221 

20 38 2,000 0.75 0.05 $        28,629 1,739 

21 2 500 0.25 0.2 $        30,643 563 

22 28 500 0.25 0.2 $        35,881 211 

23 10 500 0.25 0.2 $        34,813 473 

24 32 500 0.25 0.2 $        34,549 540 

25 25 500 0.25 0.2 $        32,385 328 

26 19 2,000 0.25 0.2 $        32,058 902 

27 15 2,000 0.25 0.2 $        37,119 456 

28 31 2,000 0.25 0.2 $        36,854 253 

29 4 2,000 0.25 0.2 $        37,806 532 

30 5 2,000 0.25 0.2 $        31,227 1,254 

31 14 500 0.75 0.2 $        33,730 220 

32 33 500 0.75 0.2 $        31,794 784 

33 22 500 0.75 0.2 $        29,933 285 

34 37 500 0.75 0.2 $        32,438 228 

35 40 500 0.75 0.2 $        32,418 788 

36 17 2,000 0.75 0.2 $        31,513 934 

37 34 2,000 0.75 0.2 $        30,238 1,190 

38 21 2,000 0.75 0.2 $        35,644 413 

39 23 2,000 0.75 0.2 $        34,314 628 

40 6 2,000 0.75 0.2 $        38,003 411 
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Table 5.1.4 The experiment design for the problem with 31 jobs and 13 Machines 

Std Run Population Size Crossover Mutation Cost ($) Time (Sec.) 

1 24 500 0.25 0.05 $32,481 234 

2 16 500 0.25 0.05 $31,111 698 

3 13 500 0.25 0.05 $29,008 944 

4 36 500 0.25 0.05 $30,517 1,439 

5 27 500 0.25 0.05 $30,705 539 

6 26 2,000 0.25 0.05 $31,452 175 

7 8 2,000 0.25 0.05 $33,551 1,156 

8 9 2,000 0.25 0.05 $33,616 480 

9 7 2,000 0.25 0.05 $36,414 389 

10 18 2,000 0.25 0.05 $32,220 1,188 

11 30 500 0.75 0.05 $30,103 939 

12 1 500 0.75 0.05 $27,471 1,445 

13 29 500 0.75 0.05 $28,488 2,012 

14 11 500 0.75 0.05 $30,412 1,129 

15 12 500 0.75 0.05 $29,286 338 

16 20 2,000 0.75 0.05 $28,759 1,159 

17 39 2,000 0.75 0.05 $31,838 1,147 

18 3 2,000 0.75 0.05 $26,515 1,728 

19 35 2,000 0.75 0.05 $31,201 1,221 

20 38 2,000 0.75 0.05 $28,629 1,739 

21 2 500 0.25 0.2 $30,643 563 

22 28 500 0.25 0.2 $35,881 211 

23 10 500 0.25 0.2 $34,813 473 

24 32 500 0.25 0.2 $34,549 540 

25 25 500 0.25 0.2 $32,385 328 

26 19 2,000 0.25 0.2 $32,058 902 

27 15 2,000 0.25 0.2 $37,119 456 

28 31 2,000 0.25 0.2 $36,854 253 

29 4 2,000 0.25 0.2 $37,806 532 

30 5 2,000 0.25 0.2 $31,227 1,254 

31 14 500 0.75 0.2 $33,730 220 

32 33 500 0.75 0.2 $31,794 784 

33 22 500 0.75 0.2 $29,933 285 

34 37 500 0.75 0.2 $32,438 228 

35 40 500 0.75 0.2 $32,418 788 

36 17 2,000 0.75 0.2 $31,513 934 

37 34 2,000 0.75 0.2 $30,238 1,190 

38 21 2,000 0.75 0.2 $35,644 413 

39 23 2,000 0.75 0.2 $34,314 628 

40 6 2,000 0.75 0.2 $38,003 411 
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Table 5.1.5 The experiment design for the problem with 40 jobs and 20 Machines 

Std Run Population Size Crossover Mutation Cost ($) Time (Sec.) 

1 24 500 0.25 0.05 $        23,348 7,291 

2 16 500 0.25 0.05 $        24,099 5,843 

3 13 500 0.25 0.05 $        22,378 7,916 

4 36 500 0.25 0.05 $        24,408 6,359 

5 27 500 0.25 0.05 $        27,553 2,219 

6 26 2,000 0.25 0.05 $        29,375 4,195 

7 8 2,000 0.25 0.05 $        28,767 4,692 

8 9 2,000 0.25 0.05 $        32,863 1,952 

9 7 2,000 0.25 0.05 $        29,102 5,311 

10 18 2,000 0.25 0.05 $        30,361 5,675 

11 30 500 0.75 0.05 $        26,172 3,800 

12 1 500 0.75 0.05 $        21,077 8,606 

13 29 500 0.75 0.05 $        23,273 8,677 

14 11 500 0.75 0.05 $        25,229 3,924 

15 12 500 0.75 0.05 $        25,622 5,987 

16 20 2,000 0.75 0.05 $        24,199 7,319 

17 39 2,000 0.75 0.05 $        25,891 5,542 

18 3 2,000 0.75 0.05 $        25,625 9,976 

19 35 2,000 0.75 0.05 $        24,682 8,798 

20 38 2,000 0.75 0.05 $        25,636 6,230 

21 2 500 0.25 0.2 $        30,248 4,954 

22 28 500 0.25 0.2 $        33,593 926 

23 10 500 0.25 0.2 $        34,648 385 

24 32 500 0.25 0.2 $        33,845 866 

25 25 500 0.25 0.2 $        30,250 1,753 

26 19 2,000 0.25 0.2 $        28,431 4,027 

27 15 2,000 0.25 0.2 $        37,579 950 

28 31 2,000 0.25 0.2 $        35,874 879 

29 4 2,000 0.25 0.2 $        34,344 2,111 

30 5 2,000 0.25 0.2 $        24,510 6,410 

31 14 500 0.75 0.2 $        30,614 1,494 

32 33 500 0.75 0.2 $        27,942 1,099 

33 22 500 0.75 0.2 $        30,577 2,665 

34 37 500 0.75 0.2 $        29,486 5,564 

35 40 500 0.75 0.2 $        30,512 1,215 

36 17 2,000 0.75 0.2 $        34,381 3,059 

37 34 2,000 0.75 0.2 $        30,405 3,935 

38 21 2,000 0.75 0.2 $        32,845 2,036 

39 23 2,000 0.75 0.2 $        33,336 1,921 

40 6 2,000 0.75 0.2 $        32,938 2,301 
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Appendix 5.2 

Table 5.2.1 The processing time of the jobs on the machines along with their inventory and penalty 

costs (31J-13M) 

Job 

ID  

M

1 

M

2 

M

3 

M

4 
M5 

M

6 

M

7 

M

8 

M

9 

M 

10 

M 

11 

M 

12 

M 

13 

Inventory 

Cost ($) 

Penalty 

Cost ($) 

1 99 99 51 63 74 59 68 62 85 80 94 69 71 5 24 

2 84 98 78 72 53 59 52 95 93 87 92 69 86 9 25 

3 91 70 71 65 80 89 80 50 86 94 59 56 90 15 19 

4 57 92 95 92 70 99 78 63 51 60 57 67 51 5 30 

5 82 90 77 57 95 95 96 54 78 98 60 54 63 11 23 

6 67 64 56 53 71 91 89 77 61 92 82 52 78 5 18 

7 78 78 74 77 99 82 67 78 78 80 74 65 57 8 30 

8 
10

0 

10

0 
90 86 72 57 

10

0 
62 94 58 57 56 54 5 19 

9 82 63 61 72 87 95 83 84 99 77 61 50 73 6 20 

10 94 66 54 91 91 81 54 79 99 69 88 94 75 15 25 

11 94 99 65 57 84 55 56 53 69 65 78 61 83 8 21 

12 86 89 56 69 51 59 89 94 86 68 99 65 72 13 29 

13 89 60 78 76 90 78 85 61 82 56 95 93 79 9 27 

14 88 67 62 72 84 85 78 64 50 98 64 90 60 15 19 

15 51 92 78 90 50 70 62 70 70 67 70 80 100 13 19 

16 57 62 94 68 82 81 72 96 68 94 96 77 85 5 21 

17 70 79 88 93 55 93 96 67 72 71 77 99 80 10 29 

18 86 80 71 79 85 87 95 54 74 89 94 65 90 13 29 

19 85 96 75 55 95 66 54 50 94 81 93 51 81 5 21 

20 50 69 85 82 57 65 97 58 84 57 83 77 83 14 30 

21 98 56 93 98 82 68 99 67 89 91 67 83 58 7 22 

22 66 74 70 61 92 60 60 70 72 66 94 50 51 11 24 

23 77 90 93 77 81 75 77 69 87 74 65 84 71 13 26 

24 93 73 89 100 81 69 81 55 74 52 70 55 97 7 29 

25 79 50 72 75 78 94 97 94 85 67 99 66 86 7 26 

26 72 65 65 52 84 71 73 80 84 59 70 92 66 11 16 

27 68 92 86 78 91 75 68 67 82 52 76 87 65 12 20 

28 86 58 51 88 82 88 53 81 51 73 91 80 51 6 20 

29 70 91 63 82 65 95 76 61 63 89 57 58 51 12 20 

30 79 51 84 59 67 93 85 79 67 89 59 83 57 14 16 

31 50 77 81 62 72 72 80 52 63 80 89 100 77 11 18 

 

 


