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ABSTRACT 

 

 Plane wave propagation in infinite two dimensional self-similar and non-self-similar 

square periodic lattices have been investigated using Floquet-Bloch Theory. Finite element 

analysis was applied to calculate dispersion properties for different hierarchical lattice structures 

along the irreducible Brillouin zone (IBZ) path. The structural symmetry of square hierarchical 

lattices were exploited. The mechanism for generation of bandgaps were analyzed by studying the 

mode shapes for different characteristic length ratios. The effects of material symmetry for 

symmetric hierarchical lattices were analyzed, the results of which demonstrated that material 

asymmetry generates bandgaps at low frequency ranges. A new technique was also introduced to 

classify P and S waves. By observing the mode shapes of P and S waves, polarized bandgaps were 

identified to selectively suppress individual bands. Changing the material properties of hierarchical 

squares helps engineer individual modes of P to generate directional bandgaps. An extension to 

the proposed concept applied to triangular and hexagonal lattices is also presented.  
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CHAPTER 1 

 

INTRODUCTION 

1.1 Background 

1.1.1 Hierarchical Structures 

Hierarchical structures are structures which have internal structures themselves [1]. 

Hierarchical structures can aid in the synthesis of new microstructures that are tailored for specific 

applications [2]. Such structures give rise to enhanced mechanical and dynamic properties and 

commonly arise in natural (bone [3, 4], wood [3], tooth [5]) as well as man-made structures (Eiffel 

Tower [1]). The Eiffel Tower has three orders of hierarchy with a relative density 1.2× 10−3 times 

that of iron, while the World trade center is a first order structure with a relative density of 5.7×

10−3. Similarly, natural materials like wood and bone are considered cellular solids on the 

macroscopic level but consist of hierarchical organization on the microscopic level. Figure 2 

depicts the hierarchical organization of the cell wall. Thus, hierarchical structures ease 

construction and provide a structural advantage [1]. 

 

Figure 1: Three levels of hierarchy in the Eiffel tower 

 

 

Figure 2: Structure of the cell-wall of softwood tracheid with its hierarchical organization. Taken 

from [3]. 
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Bones are another example of hierarchical structures. Typical bone architecture is complex 

and has seven levels of irregular hierarchy which makes it heterogeneous and anisotropic. This 

irregular structural organization at different levels allows it to perform mechanical and biological 

functions. 

 

Figure 3: Hierarchical organization of bone. Taken from [4]. 

 

1.2  Literature Review 

Researchers demonstrated that hierarchical structures possess excellent mechanical, 

physical and dynamic properties. The overall behavior of the structure is governed by hierarchies 

at different orders of magnification [6]. Banerjee, S et al. [7]and Vigliotti, A et al. [2] demonstrated 

an improvement in strength and stiffness of the structure by nesting multiple hierarchical orders. 

Additionally, researchers have demonstrated the existence of cross-functional properties by 

nesting hierarchy, Meza, L.R et al.[8] demonstrated a ultra-lightweight, high stiffness hierarchical 

nanolattices, Sun, Y et al., [9] proposed a hierarchical tube which possesses a negative Poisson’s 

ratio along with improved stiffness and toughness. A hierarchical cut concept was applied to design 

hyper elastic material along with improved strength [10]. Researchers have investigated different 

structures containing periodically placed hierarchical lattices and demonstrated the existence of 

bandgaps (frequency ranges within which the propagation of elastic waves are prohibited 

irrespective of the propagation direction [11]). An increase in the order of hierarchy improves wave 

damping properties [12] and shifts the existing bandgaps to lower frequency ranges [13]. 

Lattices are periodic structures made by the assembly of beam elements attracted 

researchers due to their high strength and stiffness and also for their multifunctional applications 
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like energy absorption, vibration control and heat insulation [14-16]. Leamy et al. [17] and Phani 

et al. [18] investigated the generation of bandgaps in square lattices. Researchers then modified 

the geometries of square beams to generated bandgaps, Liu et al [11] added auxiliary beams to the 

square lattices to generate local resonance bandgaps, Trainiti, G. et al. [19] imposed undulation to 

generate bandgaps in desired frequency ranges. 

Considering these advantages, researchers have imposed hierarchy on the lattice structures 

[8, 20, 21]. Jenett, B., et al [20] replaced rigid truss structures in aerobrake design with hierarchical 

truss elements to tune strength parameters, lightweight buckling resistant BCC hierarchical lattices 

improved the overall efficiency for the applied stress [21]. Xu et al. [22] replaced cell walls of 

hexagon by struts to increase the width of bandgaps formed at lower frequencies. 

Typically, hierarchical structures are modelled by imposing sub-structures in the cell walls 

or at the edge vortices of the host or primary structures [23-27]. These structures can be classified 

as self-similar [26] and non- self-similar [7] hierarchical structures. If the geometry of primary and 

the sub-structure are the same then they are referred to as self-similar hierarchical structures while, 

if the geometry of the primary and the sub-structure are different then they are referred to as non- 

self-similar hierarchical structures. In-plane [24] and out-of-plane [25] properties of self-similar 

hierarchical honeycombs made by replacing the cell walls of regular hexagon by smaller hexagons 

are investigated to design light weight energy absorption honeycomb material. Mousanezhad, D. 

et al. [26] demonstrated that the hierarchical self-similar hexagonal lattices generates new 

bandgaps and shifts the existing bandgaps to lower frequencies. Further, they added rubber coated 

lead cylinders inside the lattices to tailor the effects of vibration suppression bands [28]. Few 

researchers studied the mechanical properties of non-self-similar hierarchical lattices by replacing 

the cell walls of primary structure with different sub-structures, Sun et al., [27] replace cell walls 

of hexagon with sub-structures to investigate the in-plane properties to design hierarchical 

honeycombs for multiscale applications. 

Chen et al. [23] demonstrated non-self-similar hierarchical structure made by replacing the 

edge vortices of hexagon with circular sub-structure to have improved Young’s modulus [23] and 

fracture strength [23]. Chen et al. [29] designed self-similar and non-self-similar light weight, high 

stiff hierarchical honeycombs to study the wave attenuation properties by replacing cell walls of 

regular hexagon by sub-structures made of hexagon, kagome and triangular lattices. The wave 
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propagation properties of hierarchical lattices made by replacing edge vertex is never been 

exploited  

 

1.3. Objective 

In this research, we study the wave propagation behavior of self-similar and non-self-

similar hierarchical lattices. 2D square hierarchical lattices designed by replacing the edge vertices 

of a square lattices with square, circle, hexagonal and triangular lattices on bandgap formation are 

studied. Wang et al., studied the effects of structural symmetry by exploiting bandgap and 

directional behavior [30, 31]. So far, the effect of similarity of hierarchical sub-structures on the 

band formation has not been studied. In this study the effect of structural symmetry and material 

symmetry are investigated 
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CHAPTER 2  

 

TWO DIMENSIONAL PERIODIC STRUCTURES 

 

2.1 Lattices 

Lattices are symmetric structures with spatial periodicity [32], consist of interconnected 

beams or trusses described by a repeating the unit cell and the associated basis vector defining the 

direction of tessellation [32, 33]. Figure 4 depicts the lattice structure of a 2D square lattice.  

 

Figure 4: Lattice structure of a 2D square lattice 

Mathematically, a lattice is an infinite set of points defined by integer sums of a set of 

linearly independent primitive lattice vectors a⃗  and  b⃗⃗⃗  . 

 R = n1a⃗ + n2b⃗  (1)                                                         

where n1 and n2 are integers. The primitive lattice vectors do not need to be mutually orthogonal 

[32].  

Any periodic structure will have an repeating units which are identical in size, orientation 

and arrangements called as motifs [34].  

Periodic Structure = lattice + repeating motifs 
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Table 1  

 

Periodic structure formed by the addition of lattice points to motifs 

 

Lattice Repeating motifs Periodic structure 

 

 

 

 

Conventionally, In 2D, lattice points are joined to the adjacent lattice points [35] to 

generate five different Bravais lattices by imposing four distinct restrictions to their edge length 

and angle [36] as shown in Table 2. 
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Table 2 

 

 Five different 2D Bravais lattices 

 

Lattice Restrictions 2D Bravais lattice 

Oblique lattice |a| ≠ |b|, γ ≠ 90° 

 

Rectangular lattice |a| ≠ |b|, γ = 90° 

 

Centered rectangular lattice |a| ≠ |b|, γ = 90° 

 

Square lattice |a| = |b|, γ = 90° 

 

Hexagonal lattice |a| = |b|, γ = 120° 
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2.2  Unit Cell, Primitive Unit Cell, Wigner – Seitz Unit Cell 

A unit cell is the smallest repeating unit in a periodic structure. A periodic structure is a 

collection of unit cells stacked next to each other such that they do not overlap [37]. 

Conventionally, unit cells are chosen to have orthogonal axes. For a periodic structure, a unit cell 

with minimum area and has a single lattice point is called as primitive unit cell. 

Wigner – Seitz unit cell is a type of primitive unit cell defined as the space enclosed all 

points in space which are closer to this particular lattice point than to any other lattice point [38, 

39].  

(a) (b) 

  

 

Figure 5: (a), Unit cell, (b), types of unit cells. 

 

 A Wigner – Seitz unit cell is constructed as follows: 

 Draw lines connecting the neighboring lattice from to the origin of the lattice points 

selected from infinite lattice points.   

 

 

Figure 6: Lines connecting origin to neighboring points 
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 Draw perpendicular bisectors to the connecting lines. 

 

 

Figure 7: Perpendicular bisector to the connecting lines 

 The enclosed area inside the hexagon is the Wigner – Seitz unit cell 

 

 

Figure 8: Wigner – Seitz unit cell 

2.3  The Wavenumber and Wave Vector 

Frequency is defined as the number of cycles per unit time. Similarly, wavenumber, also 

called as spatial frequency, is defined as number of cycles per unit length. For a plane wave, a 

vector which is perpendicular to the wave front and indicates the direction of wave propagation 

then it is called as wave vector. Its magnitude is the wavenumber defined by k = 2𝜋/λ, where λ is 

the wave length in the medium.  
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Figure 9: (a), Frequency, (b), spatial frequency or wavenumber, (c), wave vector 

 

2.4  The Reciprocal Lattice 

A Bravais lattice after the Fourier transformation is called as reciprocal lattice. A system 

which is periodic in real space with periodicity L will be periodic in reciprocal space with 

periodicity 2𝜋/L. The values of k which differ by multiples of 2𝜋/L are physically equivalent.  

In 2D, if point R, given by R =  n1a⃗ + n2b⃗ , in a direct lattice and the point G =  n1a∗⃗⃗  ⃗ +

n2b∗⃗⃗⃗⃗  is in the reciprocal lattice only if 

 ei R∙G = 1 

 

(2)                                                         

where a⃗  and b⃗  are primitive lattice vectors in direct space, a∗⃗⃗  ⃗ and b∗⃗⃗⃗⃗  are primitive lattice vectors 

in reciprocal space, and integers are n1 and n2. 

Direct lattice vectors and reciprocal lattice vectors are related using the relation 

 a⃗  ∙  a∗⃗⃗  ⃗  = 2π δij 
(3)                                                         

where δij is Kronecker delta 
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One constructs reciprocal vectors based on the above equation as follows: 

 

a∗⃗⃗  ⃗ = 2π ∙  
b⃗ × n⃗ 

|a⃗ × b⃗ |
 

 

(4)                                                         

 

b∗⃗⃗⃗⃗ = 2π ∙  
n⃗ × a 

|a⃗ × b⃗ |
 

(5)                                                         

where n⃗  is the unit normal vector to the plane. 

The length of reciprocal lattice vectors are [34] 

 
a∗⃗⃗  ⃗ =  

2π

a⃗ ∙ sin ∠ (a⃗ , b⃗ )
 

 

(6)                                                         

 
b∗⃗⃗⃗⃗ =  

2π

b⃗ ∙ sin ∠ (a⃗ , b⃗ )
 

(7)                                                         

 

The following properties describe reciprocal space: 

 A reciprocal lattice is a lattice of reciprocal space, 

 A reciprocal of a reciprocal lattice is a direct lattice. 

 Vectors in a direct lattice have dimensions (length) and vectors in a reciprocal lattice have 

dimensions (1/length) [36]. 

 The direct lattice and reciprocal lattice lie on the same surface plane [34]. 

 The primitive lattice vector a∗⃗⃗  ⃗ is perpendicular to b⃗  and b∗⃗⃗⃗⃗  is perpendicular to a⃗  [34]. 
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Table 3 

 

 Direct and reciprocal lattice vectors for three different lattices. L denotes lattice constant. Taken 

from [18]. 

 

Topology Direct lattice vectors Reciprocal lattice vectors 

Square lattice 

a⃗ = L i  a∗⃗⃗  ⃗ = 
1

L
 i  

b⃗ =  L j  b∗⃗⃗⃗⃗   = 
1

L
  j  

Hexagonal lattice 

a⃗  = √3 L (
1

2
i + 

√3

2
 j ) a∗⃗⃗  ⃗ = 

1

√3L
 (i +

1

√3
 j ) 

b⃗  = √3 L (−
1

2
i + 

√3

2
 j ) b∗⃗⃗⃗⃗  = 

1

√3L
 (− i +

1

√3
 j ) 

Triangular lattice 

a⃗ = L i  a∗⃗⃗  ⃗ = 
1

L
 (i −

1

√3
 j ) 

b⃗  = L (
1

2
i + 

√3

2
 j ) b∗⃗⃗⃗⃗   = 

1

L
 (

2

√3
 j ) 

Rectangular Lattice 

a⃗  = L1 i  a∗⃗⃗  ⃗ = 
1

L1
 i  

b⃗  = L2  j  b∗⃗⃗⃗⃗   = 
1

L2
  j  

 

2.5  The Brillouin Zone and Irreducible Brillouin Zone 

Brillouin zone is defined as Wigner – Seitz primitive cell in the reciprocal lattice [34]. The 

irreducible Brillouin zone is the smallest region in the first brillouin zone that entire region can be 

obtained using symmetry operations [22]. The Brillouin zones and irreducible Brillouin zones for 

square and hexagonal lattices are compared in Table 4. 
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Table 4 

 

 Brillouin zone and irreducible Brillouin zone for square and hexagonal lattices 

 

Topology Square lattice Hexagonal lattice 

Direct lattice 

  

Reciprocal lattice 

  

Brillouin zone 
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 Table 4 (continued)  

Irreducible Brillouin zone 
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CHAPTER 3 

 

BAND DIAGRAM 

 

The wave propagation behavior of a periodic structure can be visualized by plotting the 

relationship between the temporal and spatial frequencies. These plots are commonly referred to 

as band diagrams. A system with N degrees of freedom results in N number of bands. Each band 

represents a different mode of wave propagation.  

 

3.1 1D Monoatomic Chain 

Consider a chain of identical atoms of mass m connected to each other with springs of 

stiffness K, and a lattice length a, as shown in Figure 10. 

 

Figure 10: Monoatomic mass-spring chain model 

 

Applying Newton’s second law to the nth atom, we get  

 mün = K(un+1 − un) + K(un−1 − un) (8)                                                         

where un is the displacement of nth atom. 

Assume this displacement to be of the form be:  

 
un = A eiωt−ik⃗⃗ na (9)                                                         

where k⃗  is the wave vector, ω is the frequency in rad/s and t is time in seconds. Plugging equation 

(9) into equation (8), we obtain 
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−mω2A eiωt−ik⃗⃗ na  = KAeiωt [e−ik⃗⃗ a(n+1) + e−ik⃗⃗ a(n−1) − 2e−ik⃗⃗ an] (10)                                                         

 

Solving equation (10), we obtain 

 

ω = 2 √
K

m
|sin (

k⃗ a

m
)| 

(11)                                                         

Thus equation (11) is the relation between a frequency ω and a wave vector k⃗ , which is known as 

a dispersion relation. This is represented in Figure 11. 

 

Figure 11: Dispersion relation for 1D monoatomic chain [40] 

 

3.2  1D Diatomic Chain 

Consider a chain of identical atoms of identical mass m1 = m2 = m connected to each other 

with two different spring constants K1and K2 and a lattice length ‘a’ in Figure 12.  

 

 

Figure 12: Diatomic mass-spring chain model 
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Applying Newton’s second law to the nth atom, we get 

 mün,x = K2(un,y − un,x) + K1(un−1,y − un,x) (12)                                                         

 mün,y = K1(un+1,x − un,y) + K2(un,x − un,y) (13)                                                         

where unx and uny are the displacements of masses m1 & m2 in the nth atom. 

Assume this displacements to be of the form be:  

 
un,x = Ax e

iωt−ik⃗⃗ na (14)                                                         

 un,y = Ay e
iωt−ik⃗⃗ na (15)                                                         

Plugging in equation (14) and equation (15) into equation (12) and equation (13), we obtain  

−mω2Ax e
iωt−ik⃗⃗ na  = K2Aye

iωt−ik⃗⃗ na + K1Aye
iωt−ik⃗⃗ (n−1)a − (K1 + K2)Axe

iωt−ik⃗⃗ na  (16)                                                         

−mω2Ay e
iωt−ik⃗⃗ na  = K1Axe

iωt−ik⃗⃗ (n+1)a + K1Axe
iωt−ik⃗⃗ na − (K1 + K2)Aye

iωt−ik⃗⃗ na  (17)                                                         

 

Solving equation (16) and equation (17), we obtain 

 

mω2 (
Ax

Ay
) = (

K1 + K2 −K2 − K1e
ik⃗⃗ a

−K2 − K1e
−ik⃗⃗ a K1 + K2

)(
Ax

Ay
) 

(18)                                                         

 

The solution of this diatomic chain is: 

 

ω = √(
K1 + K2

m
± 

1

m
 √(K1

2 + K2
2 + 2K1K2cos (ka))) 

(19)                                                         

 

Figure 13 illustrates that, if stiffness if K1 and K2 are not equal, the frequency of the 

dispersion provides two solution. There is a special band in the dispersion region called the 

bandgap where the system doesn’t have a solution. The waves excited at any frequency within the 

bandgap region will propagate inside the medium. In case of stiffness being equal equation (19) 
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will be simplified to equation (11), which demonstrates that no bandgaps exist, as one can verify 

from Figure 11.  

 

Figure 13: Dispersion relation for 1D diatomic chain [40] 

 

The bandgap formation is a product of either local resonance or by Bragg scattering effects. 

Bandgaps induced by multiple scattering and interference effects occurring due to periodicity of 

the structure, are referred to as Bragg bandgaps. These bandgaps exists at frequencies matching 

the wavelength of the periodic structure and solely depend on the spatial scale of periodicity. Local 

resonance bandgaps are exploited by tailoring the structural resonance of the structures or by 

adding additional substructures to the host structure. Local resonance bandgaps which have flat 

bands at the lowest bands of the complete bandgaps signifies zero group velocity. Flat bands are 

linked to the local resonance of the conventional unit cells and are independent of spatial 

periodicity [11].  

 

3.3  Bloch Theory and Finite Element Analysis 

Bloch theory describes the wave propagation behavior in a periodic structure. It states that: 

the amplitude of a lattice point occurring from cell to cell in a periodic structure does not depend 

on cell location [22]. This signifies that, only a unit cell is modelled to explore the wave 

propagation characteristics of infinite periodic lattices. This relates the displacements in source 

and destination using equation (20). 
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ud(r) = us(r)  ∙  e

(i ∙ k ⃗⃗⃗  ∙ r⃗⃗ ) (20)                                                         

where r  denotes the location vector of a point in a unit cell, k⃗  is the wave vector and us & ud are 

displacements in source and destination respectively.  

For two-dimensional lattices, the following equations are utilized  

 k⃗ =  kx ∙  i +  ky ∙  j  (21)                                                         

 r =  Lx ∙  i +  Ly ∙  j  (22)                                                         

 

Substituting equation (21) and equation (22) into equation (20) to get Bloch theorem for 2D 

lattices. 

 ud(r) = us(r)  ∙  e
(i ∙[kx∙ Lx+ ky∙ Ly])

 (23)                                                         

 

 

Figure 14: 2D lattice structure with Bloch periodic boundary conditions 

 

The above periodic boundary condition can be applied to finite element modelling. The standard 

finite element procedure for the unit cells equation of motion ia as follows [18]. 

 Mü + Ku = f (24)                                                         

where M and K are mass and stiffness matrix of the unit cell, respectively, and u and f represent 

nodal displacement and force vectors. In the analysis of free wave motion, f = 0. The generalized 

nodal displacements are [41]:. 
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 u =  { u0 u1 u2 ui }
T (25)                                                         

 According to Bloch’s theorem the periodic boundary condition for displacement can be written in 

matrix form as [41]:. 

 u =  A ur (26)                                                         

where ur = { u0  ui }
T. Substituting Equation (14) into Equation (12) and the problem is reduced 

to an eigenvalue problem described by 

 [−ω2Mr + Kr]ur  = 0   (27)                                                         

where Mr and Kr are reduced mass and stiffness matrices. ω is the frequency of the plane wave in 

rad/s. The wave vector is swept along the high symmetry points of the irreducible Brillouin zone. 

 

3.4  2D Lattice Structures 

 The wave propagation behavior of 2D lattices has been studied by Phani et al. [18]. They 

changed the slenderness ratio of each lattice to observe its effects on bandgap formation. Liu et al. 

[11] studied the behavior of 2D square lattices for different slenderness ratios. 

 

Figure 15: Band structures of two-dimensional square lattice materials: (a), slenderness ratio 20, 

(b), slenderness ratio 50. Taken from [11] 

In Figure 15, the dispersion curve on the left side represents a slenderness ratio of 20, while 

on the right side represents a slenderness ratio of 50. It is evident that the dispersion diagram is 

influenced by the slenderness ratio, and the wave vector space IBZ is sufficient to extract 

information about the dispersion diagram. 
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CHAPTER 4 

 

METHODOLOGY 

 

 In this chapter, the methodology used to determine the elastic wave propagation of two 

dimensional square hierarchical lattices are discussed. Bloch periodic boundary conditions were 

applied to solve the numerical analysis.  

 

4.1 Finite Element Formulation 

 Numerical simulations were performed using COMSOL Multiphysics. A 2D beam element 

was chosen for the study and each unit cell was modelled using Timoshenko beam element. These 

beam elements constitute three degrees of freedom in each node, two translations (u,v) in the x,y 

plane, and a rotation θ in the z-axis. Eigen frequency analysis was performed to study the 

dispersion behavior. 

 Bloch – Floquet periodic boundary condition is manually implemented using linear 

extrusion operator (a linear extrusion coupling operator maps an expression defined on a source to 

an expression that can be evaluated in the destination) .and pointwise constraint (a local constraint 

operator which adds constrains to a node). Since Floquet boundary condition is complex, a 

complex matrix is required to solve the Eigenvalue problem described in section 3.3.Thus, a 

Hermitian matrix (a complex square matrix) symmetry is chosen from Eigenvalue solver setting. 

The dispersion relation can be obtained by sweeping the wave vector k⃗  along irreducible Brillouin 

zone. The wave vectors kx
⃗⃗⃗⃗  and ky

⃗⃗⃗⃗  are defined and looped to match the path selected according to 

the IBZ depicted in Figure 18. 
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Figure 16: Linear extrusion is applied in a square lattice 

 

 

Figure 17: Pointwise constraint applied in a square lattice in node 5 (destination) 

  

From Table 5, the points 0,1,2,3 represent the coordinates of Γ, X, M, Γ. One can observe 

that if k = 0, the value of the equation k* 2π/3l0, will be 0 (value of Γ), but if k = 1, then the value 

will be 2π/3l0(value of X), thus, the wave is travelling from to 0 to 2π/3l0for 0 to 1. This method 

will be applied to other high symmetry points to loop selected IBZ. The equations for kx
⃗⃗⃗⃗  and ky

⃗⃗⃗⃗  

are ‘if’ looped in COMSOL to follow the selected IBZ. 



23 
 

 

 

 

 

 

 

 

 

Figure 18: IBZ defined for a hexagon 

 

Table 5 

 

IBZ looping for a hexagon 

 

 

 

 Since the above method is newly formulated, it is necessary to verify before implementing 

the models. To do this, the previous model from [26] was designed and the results were verified 

for accuracy. The equations in Table 6 were applied in pointwise constraint and the dispersion 

relation was obtained by performing Eigen frequency analysis. 

    

X direction 0- 2π/3l0 2π/3l0- 2π/3l0 2π/3l0-0 

kx k* 2π/3l0 2π/3l0 (3-k)* 2π/3l0 

Y direction 0-0 0- 2√3π/9l0 2√3π/9l0-0 

ky 0 (k-1)* 2√3π/9l0 (3-k)* 2√3π/9l0 

0 1 

2 

3 kx 

ky 

0 1 2 3 

Γ (0, 0) Γ (0, 0) X (2π/3𝑙0, 0) M (2π/3𝑙0,2√3π/9𝑙0) 

IBZ 
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Figure 19: Coordinates of hexagon with unit side length 

 

 Udst
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =Usrc

⃗⃗ ⃗⃗ ⃗⃗  ⃗ exp(-i*k⃗ ∗ r ) 
 

(28)                                                         

 k⃗  = kx ∗ i + ky ∗ j  (29)                                                         

 r  = (xdst − xsrc)  ∗ i + (ydst − ysrc) ∗ j  (30)                                                         

 r  1=(0.75-(-0.75))* i  + (-0.43-0.43)* j  = 1.50*i -0.86*j  (31)                                                         

 r  2 = (0.75-(-0.75))* i  + (0.43-(-0.43))* j  = 1.50*i +0.86*j  (32)                                                         

 

Table 6 

 

Equation to be given in pointwise constraint - hexagon 

 

Source Displacement in x Displacement in y Rotation in z 

1 u-linext1(u)*exp(-i* 

(1.50*kx-0.86 ky)) 

v-linext1(v)*exp(-i* 

(1.50*kx-0.86 ky)) 

 

thz-linext1(thz)*exp(-i* 

(1.50*kx-0.86 ky)) 

2 u-linext2(u)*exp(-i* 

(1.50*kx-0.86 ky)) 

v-linext2(v)*exp(-i* 

(1.50*kx-0.86 ky)) 

 

thz-linext2(thz)*exp(-i* 

(1.50*kx-0.86 ky)) 

 

Destination 2 

(0.75, 0.43) 

Destination 1 

(0.75, -0.43) 

Source 2 

(-0.75,- 0.43) 

Source 1 

(-0.75, 0.43) 

(0,0) 
(0.5,0) 



25 
 

(a) (b) 

  

Figure 20: Dispersion diagram: (a), result from [26], (b), result from COMSOL 

 

4.2 The Unit Cell 

The hierarchical lattices are modelled by replacing edge vertices of a square lattice (host 

structure) with sub-structures like square, circle, hexagon and triangle as shown in Table7(b)- (e). 

We considered four first order hierarchical lattices for this study, one self-similar hierarchical 

lattice called as square in a square hierarchical lattice (SSHL) (shown in Table 7(b)) and three non-

self-similar hierarchical lattices called as circle in a square hierarchical lattice (CSHL), hexagon 

in a square hierarchical lattice (HSHL) and triangle in a square hierarchical lattice (TSHL) (shown 

in Table7(c)-(e)). 

 

  

Square lattice

Self-similar 
hierarchical square 

lattice

Square in a square 
hierarchical lattice

(SSHL)

Non-self-similar 
hierarchical square 

lattice

Circle in a square 
hierarchical lattice

(CSHL)

Hexagon in a square 
hierarchical lattice

(HSHL)

Triangle in a square 
hierarchical lattice

(TSHL)
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The structural organization of hierarchical lattices are characterized by two parameters, the 

characteristic length ratio [26, 42] Υ =  r/L, which is the ratio of the edge length of the sub-

structure to the edge length of the host structure, and the relative density ρ0 = 
ρc

ρs
 is the ratio of 

density of the cellular structure to the density of the solid, where ‘L’ is the side length of the host 

structure and ‘r’ is the edge side length or radius of the sub-structure, ‘t’ is the thickness of the 

beam, which is assumed to be uniform through the structure. Relative densities for all the lattices 

are tabulated in Table 8. 

 

Table 7 

 

Unit cells and their respective irreducible Brillouin zones 

 

Lattice Unit cell Respective IBZ 

 

  

(a) Squre lattice 

 
  

(b) square in a square hierarchical lattice 
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Table 7 (continued) 

 

 

 
 

 

 

(c) Circle in a square hierarchical lattice 

 
 

 

(d) Hexagon in a square hierarchical lattice 

 
 

 

(e) Triangle in a square hierarchical lattice 

 

4.3  Self-Similar and Non-Self-Similar Hierarchical Structures 

If geometry of the host structure and the sub-structures same then they are called as self-

similar hierarchical structures. Koch and Sierpinski structures are examples of self-similar 

structures. But, when the geometry of the host structure and the sub-structures are different then 

they are referred to as non-self-similar hierarchical structures. 
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Figure 21 displays first order hierarchical lattices in which square and circular sub-

structures are embedded on to the host structure (square lattice). In Figure 21(a) both the host 

structure and the sub-structure are composed of square geometry, and hence called as self-similar 

hierarchical structure while in Figure 21(b) the host structure is a square and the sub-structure is a 

circle. Thus, structures of both the orders have different geometry hence called non-self-similar 

hierarchical structures. 

 

(a) 

 

 

(b) 

 

 

Figure 21: Hierarchical lattices (a), self-similar hierarchical lattice, (b), non-self-similar 

hierarchical lattice 
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Table 8 

 

Relative densities for different square hierarchical lattice structures 

 

Lattice Relative density ρ0 

Square 
2t

L
 

Square in a square 
2t(L + r)

L2 − r2
 

Circle in a square 
2t(L − 2r + πr)

L2 − πr2
 

Hexagon in a square 

t(2L + (4 − √3)r)

L2 −
3√3
2 r2

 

Triangle in a square 
t(2L +

(5 − √3)
2 r)

L2 −
√3
4 r2

 

 

4.4  Structural Symmetry 

 The geometry of the host structure remains the same (square lattice), hence the symmetry 

of the lattices are determined by the geometry of the sub-structures. Square lattice, SSHL, CSHL 

are symmetric on the x-axis, y-axis and rotational about 45 degree; HSHL is symmetric along the 

x-and y-axis, and TSHL is symmetric on the y- axis. 

 

Structural 
symmetry

X-axis, Y-axis 
and rotation 

about 45

SSHL

CSHL

X-axis, Y-axis HSHL

Y-axis TSHL
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 Dispersions are plotted for the first twenty five Eigen frequencies. The characteristic length 

ratio γ and relative density ρ0 are kept at a constant value of 0.25 and 8%. The thickness of 

Timoshenko beam elements were calculated from the respective relative density formulations. 

These structures were then modeled using aluminum with Young’s modulus E = 70 Gpa, Poisson’s 

ratio = 0.33, density 𝜌 = 2700Kg/m3. The normalized frequency in the dispersion diagram Ω = 

f [Hz]
f0 [Hz]⁄  is the ratio of frequency of dispersion to the frequency of first P mode obtained by 

imposing the boundary condition shown in Figure 22. The boundary condition has fixed-fixed on 

the x-axis and roller in the y-axis. 

(a) (b) 

  

Figure 22: Normalization (a), boundary condition applied for normalization, (b), mode shape of 

Eigen frequency used for normalization 

 

4.5 Material Symmetry 

 So far, band structure based on material symmetry has not been researched. To understand 

material symmetry, a structural symmetric hierarchical lattice is imposed by different material 

properties at different sections. In this study Poisson’s ratio 0.33, γ = 0.25 and ρ0 8% are kept 

constant and Young’s Modulus E and Density ρ are varied at different sections of SSHL. Initial 

values of Young’s Modulus E and Density ρ are 70 Gpa and 2700Kg/m3.   

 Band diagrams were investigated for two different configurations: configuration 1 - 

characterized by material properties of E and ρ in the first section of the diagonal (marked in red); 

and 2E and 2ρ in the second section of the diagonal (marked in black) as shown in Figure 23(a). 

Configuration 2 - characterized by material properties of E and ρ in first section (marked in red); 

2E and 2ρ in second section (marked in grey); 3E and 3ρ in third section (marked in black) and by 

4E and 4ρ in fourth section (marked in blue) as shown in Figure 23(b).  
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(a) (b) 

 

 

Figure 23: Material symmetry (a), configuration 1 - change in material properties in one diagonal 

of SSHL, (b), configuration 2 - change in material properties in two diagonals of SSHL 

 

4.6 Polarized Bandgaps  

4.6.1 Modal Participation Factors 

  During wave propagation structures excite at different frequencies. The effective modal 

mass provides a method for predicting the wave direction of propagation.  

The following equation governs the discrete dynamic of the system 

 Mü + Ku = F (33)                                                         

where 

M is the mass matrix 

K is the stiffness matrix 

ü is the acceleration vector 

u is the displacement vector 

F is the forcing function or base excitation function 
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The solution for equation (33) can be in terms of Eigenvalues and Eigen vectors. The Eigen vectors 

represent modes. Let Φ be the Eigen vector matrix. 

The generalized mass matrix m̂ in given by: 

 m̂ = ΦTM Φ (34)                                                         

Let r  be the vector which represents the displacement of the mass resulting from application of 

static displacement and L⃗  be the coefficient vector. 

 L⃗  = ΦTM r  (35)                                                         

The modal participation factor matrix Γi for mode ‘i’ is defined as 

 Γi = 
L⃗⃗ i

m̂ ii

 
(36)                                                         

If m̂ ii = 1, the Eigen vectors are normalized with respect to the mass matrix. 

 

Polarized bands are classified as P waves (displacement of the medium and propagation of 

waves are in the same direction) and S waves (displacement of the medium and propagation of 

waves are in different directions). Polarized bands are plotted for Γ – X direction. Cross over 

regions within the dispersion diagram make it difficult to differentiate P and S waves. To 

differentiate between P and S waves, a new term called as α is introduced, α is the relation between 

the direction in which the structure displace (i.e., Eigen vector) and the direction of wave 

propagation (i.e., k ⃗⃗  vector): 
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α= 
(Pfx kx

⃗⃗ ⃗⃗  )+(Pfy Ky⃗⃗ ⃗⃗  ⃗)

√Pf2x Pf2y √K2
x

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  k2
y

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
     ⇒     α = {

1        P waves
0        S waves

    and   0 ≤ α ≤ 1 

where Pfx and Pfy are participation factors in the x and y directions. COMSOL calculates 

the mass normalized modal participation factors using the procedure in section 4.6.1. kx
⃗⃗⃗⃗  and ky

⃗⃗⃗⃗  

are k ⃗⃗  vectors in the x and y directions, kx
⃗⃗⃗⃗ = 1 and ky

⃗⃗⃗⃗ = 0 are the values for a wave travelling in Γ – 

X direction. α = 1 implies that the displacement of structure is along the wave direction. 

The dispersion curves in Γ – X direction follow two analytical expressions. They are related 

to different dispersion bands:  

  

 ωP = Cpk (37)                                                         

 ωS = CSk (38)                                                         

where Cp and CSare the velocities corresponding to P and S waves [42]:  

 

Cp = √
E

2 ∗ ρ
 

(39)                                                         

 

CS = √
E

ρ
 

(40)                                                         
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4.6.2 Bandgap Tuning 

  Material properties of the sub-structure (marked in blue) are varied, while the material 

properties of host structure (marked in black) are kept constant. Bandgap tuning is performed for 

two different configurations, in configuration 1- Young’s modulus is changed, while density and 

Poisson’s ratio are kept constant; in configuration 2 - density is changed, while Young’s modulus 

and Poisson’s ratio are kept constant. Young’s modulus and density are normalized by the material 

properties of aluminum, thus value 1 demonstrates SSHL with homogenized material properties. 

 

 

Figure 24: Change in material properties in sub-structure of SSHL. 
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CHAPTER 5 

 

RESULTS AND DISCUSSION 

 

5.1 Band Diagram Structural Symmetry 

5.1.1  Band Diagram Square Lattice 

 In Figure 25, no full bandgaps in square lattices but with few directional bandgaps can be 

obsreved. Γ- X direction defines a wave travelling in x direction and X –M direction defines a 

wave travelling in y direction. The directional bandgaps of a square lattice are tabulated in Table 

9.  

 

Table 9 

 

Directional bandgaps - square lattice 

 

Directional Bandgaps 
Frequency ranges 

Γ- X direction 

Frequency ranges 

X – M direction 

First bandgap 10.00 – 11.30 8.00 – 8.85 

Second bandgap 12.50 – 14.00 11.80 – 12.10 

Third bandgap 20.90 – 22.00 27.90 – 28.10 

Fourth bandgap 31.00 – 31.50  
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Figure 25: Dispersion curve - Square lattice 

 

5.1.2  Band Diagram SSHL  

 

 

Figure 26: Dispersion curve - SSHL 

 

 SSHL is a self-similar hierarchical lattice with three directional paths. In Figure 26, one 

can observe six full bandgaps: First, at a normalized frequency Ω = 4.93-5.46 between 10th and 

11th bands; the second bandgap, at Ω = 6.14-8.86 between 12th and 13th bands; the third bandgap, 

at Ω = 9.44-10.47 between 14th and 15th bands; the fourth bandgap, at Ω = 12.02-12.88 between 

16th and 17th bands; the fifth bandgap, at Ω = 13.41-16.84 between 18th and 19th bands; and the 
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sixth bandgap, at Ω = 17.44-18.25 between the 20th and 21st bands.  Directional bandgaps are 

displayed in Table 10. Compared to the square lattice, the number of directional bandgaps in the 

Γ-X direction is increased, while the number of directional bandgaps in the X-M direction remain 

the same.  

 

 

Table 10 

 

Directional bandgaps - SSHL 

 

Directional bandgaps 
Frequency ranges 

Γ- X direction 

Frequency ranges 

X – M direction 

First bandgap 1.00 – 1.20 3.80 – 4.00 

Second bandgap 4.93 – 5.60 17.40 – 18.40 

Third bandgap 5.95 – 8.86 20.50 – 20.60 

Fourth bandgap 11.40 – 11.50  

Fifth bandgap 13.30 – 16.90  

 

5.1.3 Band Diagram CSHL  

 CSHL is a non-self-similar hierarchical lattice with three directional wave vector paths. In 

Figure 27, one can observe five full bandgaps: the first bandgap, at Ω = 2.37-3.26 between 8th and 

9th bands; the second bandgap, at Ω = 3.4 - 4 between 10th and 11th bands; a small third bandgap, 

at Ω = 6.5 – 6.55 between 14th and 15th bands; the fourth bandgap, at Ω = 7.6 - 8 between 17th and 

18th bands; and the fifth bandgap, at Ω = 9.8 – 10.1 between the 21st and 22nd bands. The directional 

bandgaps for CSHL are depicted in Table 11. . Compared to square and SSHL lattices, the number 

of directional bandgaps in both the Γ - X and X – M directions have increased. 
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Figure 27: Dispersion curve - CSHL 

 

Table 11 

 

Directional bandgaps - CSHL 

 

Directional bandgaps 
Frequency ranges 

Γ- X direction 

Frequency ranges 

X – M direction 

First bandgap 1.00 – 1.25 0.55 – 0.75 

Second bandgap 1.30 – 1.40 0.80 – 0.98 

Third bandgap 3.40 – 4.20 5.30 – 5.35 

Fourth bandgap 4.90 – 5.00 6.50 – 6.55 

Fifth bandgap 5.40 – 6.60 9.8 0– 10.20 

Sixth bandgap 7.25 – 8.00 12.05 – 12.10 

Seventh bandgap 12.10 – 12.15  

 

5.1.4  Band Diagram HSHL  

 HSHL is a non-self-similar hierarchical lattice with four directional wave vector paths. In 

Figure 28, one can observe eight full bandgaps: a thin first bandgap, at Ω =1.58-1.67 between the 

7th and 8th bands; the second bandgap, at Ω = 2.31-2.62 between 8th and 9th bands; the third 

bandgap, at Ω = 3.02-3.86 between 10th and 11th bands; the fourth bandgap, at Ω = 4.29-4.65 

between the 12th and 13th bands; the fifth bandgap, at Ω = 5.17-6.41 between the 15th and 16th 

bands; the sixth bandgap, at Ω = 6.90-7.81 17th and 18th bands, the seventh bandgap, at Ω = 8.71-
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9.33 between the 19th and 20th bands; and the eight band bandgap, at Ω = 10.50-10.75 between the 

22nd  and 23rd band. Directional bandgaps for HSHL are depicted in Table 12 . 

 

 

Figure 28: Dispersion curve – HSHL 

 

Table 12 

 

Directional bandgaps - HSHL 

 

Directional bandgaps 
Frequency ranges 

Γ- X direction 

Frequency ranges 

X – M direction 

First bandgap 1.45 – 1.55 0.75 – 0.85 

Second bandgap 2.00 – 2.65 0.95 – 0.98 

Third bandgap 2.70 – 3.00 3.00 – 3.86 

Fourth bandgap 4.80 – 4.85 4.10 – 4.15 

Fifth bandgap 5.00 – 5.05 5.00 – 5.05 

Sixth bandgap 6.95 – 7.81 5.17 – 6.65 

Seventh bandgap 8.10 – 8.25 6.80 – 7.81 

Eight bandgap 8.50 – 8.55 8.15 – 8.55 

Ninth bandgap 9.50 – 9.55 9.90 – 9.95   

Tenth bandgap 10.45 – 11.10 11.80 – 11.98 

Eleventh bandgap 12.90 – 13.00 11.50 – 13.00 
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5.1.5  Band Diagram TSHL  

 TSHL is a non-self-similar hierarchical lattice with five wave vector paths. In Figure 29 

one can observe eight full bandgaps: the first bandgap, at Ω =5.46-6.57 between the 9th and 10th 

bands; the second bandgap, at Ω = 7.03-7.37 between the 10th and 11th bands; the third bandgap, 

at Ω = 11.41-12.26 between the 14th and 15th bands; the fourth bandgap, at Ω = 12.26-13.76 

between the 15th and 16th bands; the fifth bandgap, at Ω = 14.46-15.38 between the 16th and 17th 

bands; the sixth bandgap, at Ω = 15.97-17.03 between the 17th and 18th  bands; the seventh 

bandgap, at Ω = 20.80-21.40 between the 21st and 22th band; and eighth bandgap at Ω = 23.83-

24.97 between the 24th and 25th bands. Directional bandgaps for TSHL are shown in Table 13. Due 

to change in the wave vector path, the Y – M direction defines a wave travelling in the x direction 

and the Γ – Y direction defines a wave travelling in the y direction.  

 

 

Figure 29: Dispersion curve – TSHL 
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Table 13 

 

Directional bandgaps - TSHL 

 

Directional bandgaps 
Frequency ranges 

Y - M direction 

Frequency ranges 

Γ – Y direction 

First bandgap 2.50 – 2.55 3.97 – 4.85 

Second bandgap 7.02 – 7.85 7.02 – 7.40 

Third bandgap 7.95 – 8.10 9.85 – 10.05 

Fourth bandgap 8.95 – 9.85 10.65 – 11.20 

Fifth bandgap 15.97 – 17.90 11.41 – 12.35 

Sixth bandgap 20.80 – 21.45 14.03 – 15.95 

Seventh bandgap 23.75 – 25.00 19.40 – 20.25 

Eight bandgap  20.85 – 21.98 

Ninth bandgap  25.95 – 26.05   

 

5.1.6 Discussion  

From Figure 25, Square lattice shows no bandgaps but few directional bandgaps. 

Introduction of hierarchy has created multiple bandgaps, all hierarchical lattices display bandgaps, 

but the frequency at which they occur, the width of the bandgaps, and the location of individual 

bands depends on hierarchy.  

Two parameters are discussed in this section, (a) number of bandgaps and (b) width of 

bandgaps. Figures 25- 29, demonstrate that the larger the structural asymmetry higher the number 

of bandgaps generated: TSHL, has eight bandgaps, HSHL, seven bandgaps, SSHL, six bandgaps 

and CSHL, five bandgaps. An increase in structural asymmetry uncouples bands (the condition 

where two bands where independent and never intersect or crossover each other) and results in the 

creation multiple small full bandgaps and directional bandgaps. Figures 25- 29 also demonstrate 

that TSHL and HSHL (asymmetric structures) have a higher number of bandgaps with lesser width 

while, SSHL and CSHL (symmetric structures) have a lesser number of bandgaps with larger 

width. 
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 The first verification of the above discussion is demonstrated in Figure 30. Information 

about full bandgaps for different values of Υ are mapped. The width of full bandgaps are marked 

as vertical lines. These plots are obtained by keeping constant values of ρ0 and L, and by varying 

Υ within the normalized frequency range of 0-15. For a considered Υ, HSHL and TSHL has higher 

number of bandgaps and also bandgaps start to display at lower frequencies, while SSHL and 

CSHL has a lesser number of bandgaps but width of the bandgaps are larger for SSHL and CSHL 

and smaller for HSHL and TSHL. This provides an additional proof to the previous stated claim. 

 

(a) (b) 

  
(c) (d) 

  
Figure 30: Width of bandgaps for different Υ (a), SSHL, (b), CSHL, (c), HSHL, (d), TSHL 
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5.2 Band Diagram Material Symmetry  

From Figure 31(a), one can observe that SSHL lattices have full and directional bandgaps 

(marked in blue in). The coupled bands in Figure 31(a) (marked in red circle) at high symmetry 

point X decouple to display additional directional bandgaps (marked in grey color) in Figure 31(b); 

The coupled bands (marked in red circles) shown in Figure 31(b) at high symmetry point M stops 

the generation of full bandgaps, but for change of material in two diagonal, these bands decouples 

to generate three full bandgaps and also generates additional directional bandgaps. Thus, material 

asymmetry uncouple bands to generate additional full and directional bandgaps. One can observe, 

that through the increase in material asymmetry more bands uncouple, which results in the 

generation many small bandgaps. Thus, material asymmetry in a symmetric hierarchical lattice 

have generated additional small bandgaps due to material asymmetry and also retained the wide 

bandgaps generated due to structural symmetry. 

(a) 

 
Figure 31: Dispersion curves - material Symmetry (a), SSHL no material change, (b), 

SSHL material change in one diagonal section, (c), SSHL material change in 

two diagonal sections 
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(b) 

 
(c) 

 
 

Figure 31(continued) 

5.3 Mechanism – Band Diagram 

Bandgap mechanism helps us to explain how different bands couple or decouple to 

generate bandgaps. Points considered are responsible for appearance and disappearance of 

bandgaps.  

From Figure 32, for Υ = 0 (square lattice) modes at points A1 & A2 vibrates at Ω = 11.70 

& 11.75 (Figure 32 (a)) and for Υ = 0.05 (SSHL) the same modes vibrates at Ω =10.9 & 11.3 

(Figure 32 (b)), due to the difference in frequencies between A1 and A2 for increase in Υ from 0 to 

0.05 a directional bandgap A is generated. Similarly, modes at points C1, C2, C3 & C4 in Υ = 0.09 

vibrates at Ω =29.48, 29.49, 29.54, 29.55 (Figure 32(c)), and for increase in Υ from 0.09 to 0.1, 

the same modes vibrates at frequencies Ω 27.87, 29.43, 29.48, 28.02, thus, the difference in 

frequencies between C1and C2, C3 and C4 generates a full bandgap C (Figure 32(d)). Similar 
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mechanism generates full bandgaps D and E (Figure 32(e)-(f)). Modes at points D1′ and D2′ in Υ 

= 0.13 vibrates at Ω = 18.45 and 18.62 (Figure 32(g)), the same modes vibrates at Ω 18.34, 18.37 

when Υ is increased to 0.14 (Figure 32(h)). Thus, for increase in Υ, modes at points D1′ and D2′ 

vibrates at a closer frequency, which tends to reduce the width of the bandgap and for further 

increase in Υ to 0.15, bandgap D is completely vanishes (Figure 32(i)). Modes at points F1 & F2 in 

Υ = 0.14 vibrates at Ω 13.26 & 13.30 (Figure 32(h)), while the same modes vibrate at Ω 12.28 & 

13.2 in Υ = 0.15 (Figure 32(i)). The frequency difference between the two modes have created a 

full bandgap F at Υ = 0.15. Mode shapes of all points marked are in appendix A. 

The width of the bands (dotted) displayed in Figure 32(c)-(i) are increasing and decreasing 

at high symmetry point X for changes in characteristic length ratio. Changes in width of those 

bands at X helps in opening and closing of directional bandgaps (grey) and complete bandgaps 

(blue) in that region  

 One can observe in Table 14, that the shape of the modes (for same points) remains the 

unchanged for change in Υ but the frequencies at which they vibrate changes. For a change in Υ, 

the size of sub-structure in SSHL changes, this results in variations of stiffness and masses of the 

structure, because the frequency depends on stiffness and masses, change in stiffness and masses 

of the structure varies the frequencies at which they vibrate but not the shape of the modes. 

 

(a) Υ = 0 (b) Υ = 0.05 

 
 

Figure 32: Bandgap mechanism (a), Υ = 0, (b), Υ = 0.05, (c), Υ = 0.09, (d), Υ = 0.1, (e), Υ = 

0.11, (f), Υ = 0.12, (g), Υ = 0.13, (h), Υ = 0.14, (i), Υ = 0.15 
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(c) Υ = 0.09 (d) Υ = 0.10 

  
(e) Υ = 0.11 (f) Υ = 0.12 

  
 

(g) Υ = 0.13 (h) Υ = 0.14 

  
Figure 32 (continued) 
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(i) Υ = 0.15  

 

 

Figure 32 (continued) 

 

Table 14 

 

Bandgap mechanism - mode shapes of different points 

 

Points Mode shapes 

 Υ = 0 Υ = 0.05 

A1 

  

A2 

  

  



48 
 

 
Table 14 (continued) 

 
 

 Υ = 0.09 Υ = 0.1 

C1 

  

C2 

  

C3 

  

C4 
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Table 14 (continued) 

 
 

 Υ = 0.13 Υ = 0.14 

D1′ 

  

D2′ 

  

 Υ = 0.14 Υ = 0.15 

F1 

  

F2 
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CHAPTER 6 

 

POLARIZED BANDGAPS AND BANDGAP TUNING 

 

6.1  P Polarized Bandgaps 

Figure 33 and Figure 34 displays the band structure of a square lattice and SSHL (Γ – X 

direction) with additional information on α. Bands marked in red diamond represent P waves, and 

grey diamond represent S waves.  

The dotted lines in Figure 35 serve as an additional proof for classification of P and S 

bands. P waves, the fast travelling wave inside the medium, have a higher group velocity, thus the 

line with the highest inclination represents the slope of P waves (blue dotted line), while S waves, 

the slow travelling wave have lesser group velocity, and thus the line with less inclination 

represents(red dotted line) S waves. By comparing Figure 33 and Figure 35 both the waves follow 

their corresponding slopes.  

  

  

Figure 33: P polarized bandgaps of a square lattice 
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Figure 34: P polarized bandgaps of a SSHL 

 

  

Figure 35: Dispersion curve marked with P and S bands in square lattice expressed by equations 

(39-40)  

From Figure 33, at Ω = 1, we observe a P polarized bandgap in square lattice which then 

changes to full directional bandgap in SSHL (Figure 34). These bandgaps are generated due to 

structural resonance, the flatness in third band (first P mode band) represents that the structure is 

experiencing structural resonance. The regions in blue represents blue in Figure 36 represents zero 

displacement, which means the structure is experiencing resonance, also we observe, both the 

structures experience structural resonance in the horizontal part of the beam, but, in SSHL along 

with horizontal part of the beam, the sub-structure  experiences structural resonance. Due to this P 
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polarized bandgap in square lattice is change to full directional bandgaps in SSHL. Generation of 

the second P polarized bandgap in the square lattice is also caused by structural resonance, but not 

in SSHL. The profiles of PA and PB (Figure 33) demonstrates they are Bragg type profiles. PA and 

PB modes can be tuned to create a Bragg type bandgap. 

 

(a) (b) 

  
Figure 36: Mode shapes structural resonance of first P mode at X in (a), square lattice, (b), SSHL 

 

6.2 Mode Identification 

Two types of P modes and S modes were found by investigating the mode shape of a unit 

cell: PA and PB for P waves and SA and SB for S waves. For a periodic system, the modal frequencies 

of the unit cells at high symmetry points will match modal frequencies of the unit cells with 

appropriate boundary conditions and those frequencies are defined as bounding frequencies [43, 

44]. Bounding frequencies correspond to the four boundary conditions listed in Table 15.  
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Table 15 

 

Boundary conditions and corresponding mode shapes  

 

P 

mode 

Boundary 

condition at X Mode shape 

S 

mode 

Boundary 

condition at X Mode shape 

PA 

 
 

SA 

  

PB 

  

SB 

 
 

 

 PA mode has a pin – pin boundary condition in the horizontal and roller boundary condition 

in the vertical, PB mode has free boundary conditions in the horizontal and pin – pin boundary 

conditions in vertical. SA mode has roller boundary condition in horizontal and pin – pin boundary 

condition in vertical, SB mode has pin – pin boundary conditions in the horizontal and free 

boundary conditions in the vertical. 
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6.2.1 S Polarized Bandgaps 

 

Figure 37: SA polarized bandgaps of square lattice 

 

 

Figure 38:  SA polarized bandgaps of SSHL 

 

The PB mode (marked as PB in Figure 33 and Figure 34) is not consistent throughout the 

band, these bands follow a PA type mode shape before the high symmetry point X. Thus, all P 

modes are assumed to follow the PA mode shape. This type of change was not observed in SA and 

SB modes (marked in blue and black boxes at high symmetry point X shown in Figure 37- Figure 

40). Thus, polarized bandgaps are now classified as P, SA, and SB bandgaps. Ma, G., et al. [45] 

stated that in regime of dispersion, structures can only withstand a certain type of waves and forbid 

other waves. Based on mode classifications regions where P, SA, and SB waves propagate are 
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marked in Figure 37- Figure 40, and it was also we observed that the superposition of P and S 

mode polarized bandgaps creates a total bandgap [46]. 

 

 

Figure 39:  SB polarized bandgaps of square lattice 

 

 

Figure 40: SB polarized bandgaps of SSHL 

  



56 
 

 

6.3 Bandgap Tuning 

Changing the material properties of an sub-structure of SSHL results in wider dispersion 

properties. One can engineer the Eigen frequencies of individual modes to generate wider 

directional bandgaps. 

6.3.1 Tuning P Modes 

Figure 41 shows the ability to engineer the width of P modes by changing material 

properties of the sub-structure. By changing the material properties, bands PA & PB (represented 

in Figure 34) can be tailored to create P polarized bandgaps. We observe, width of the bands are 

almost zero at one, but it increases as the difference in material properties increases. Change in 

density of the sub-structure creates a wider P polarized bandgap than change in Young’s modulus. 

 

(a) (b) 

  

Figure 41: Tuning Eigen frequencies of P modes for changes in material properties in sub-

structure, (a), Young's Modulus, (b), density 
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6.3.2 Design flexibility for tuning bandgaps 

Information about width of bandgaps for different material properties in sub-structure are 

provided by bandgap maps in Figure 42. The bandgaps that originates at homogenized material 

property (i.e., value 1) are considered and followed for different material properties. Additional 

bandgaps formed at different normalized values are not included in the plots. 

In a normalized Young’s modulus, the first bandgap generates at 1.25 and its width increases 

as the Young’s modulus (i.e. stiffness) decreases, while with a normalized density, it generates at 

0.75 and the width increases for increase in density (i.e. mass). The width of the first bandgap is 

wider if sub-structure is less stiff than high dense. The same occurs with the fourth and sixth 

bandgaps but the width is wider for sub-structure with higher density. The fifth and sixth bandgaps 

become wider as the normalized Young’s modulus increases or density decreases, which is the 

exact opposite of first and fourth bandgaps. The first and fourth bandgaps needs to have a lower 

Young’s modulus or higher density while fourth and fifth bandgaps needs to have a higher Young’s 

modulus or lower density in the sub-structure to open wider bandgaps.  

 

(a) (b) 

  
Figure 42: Bandgap maps on changes in material properties in sub-structure, (a), Young’s 

modulus, (b), density 
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CHAPTER 7 

 

EXTENSION TO TRIANGULAR AND HEXAGONAL LATTICES 

  

The idea of self-similar and non-self-similar hierarchy is extended to other lattices, such as 

triangular and hexagonal lattices. The sketch of the unit cell and the corresponding irreducible 

Brillouin zone are shown in Table 16. The edge vertices of triangular and hexagonal lattices are 

replaced by a hexagon, triangle, circle, and square sub-structures. These replaced lattices forms 

self-similar and non-self-similar hierarchical lattices.  

Dispersion curves are calculated using the same formulation introduced in the previous 

chapters. 25 dispersion bands were calculated for constant characteristic length ratio of 0.25 and 

relative density of 8%. The relative density for different hierarchical lattices are tabulated in Table 

17. The frequencies in the dispersion diagram are normalized with the first natural frequency of a 

fixed-fixed beam with length L and thickness t. 

 

Table 16 

 

Unit cells and their respective irreducible Brillouin zone 

 

Lattice Unit cell Irreducible Brillouin zone 

Triangle 
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Table 16 (continued) 

  

Triangle in a triangle 

 
 

Circle in a triangle 

  

Hexagon in a triangle 

  

Square in a triangle 
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Table 16 (continued) 

  

Hexagon 

 

 

Hexagon in a hexagon 

 
 

Circle in a hexagon 

  

Triangle in a hexagon 
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Table 16 (continued) 

  

Square in a hexagon 
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Table 17 

 

Relative densities for different hierarchical lattice structures 

 

Lattice Relative density ρ0 

Triangle 
2√3t

L
 

Triangle in triangle 

t [
3L
2 − (

6 + 3√3
8 ) r]

3

√8
(2L2 − r2)

 

Circle in triangle  
t [

3L
2 + (

π
10 − 3) r]

√3
4 L2 −

πr2

20

 

Square in triangle 
2t[3L + 0.19]

3√3L2 − 0.12
 

Hexagon in triangle 

3Lt
2

√3
4

(L2 − 3r2)

 

Hexagon 
2t

√3L
 

Hexagon in hexagon 
2t[L + 2r]

√3(L2 − 2r2)
 

Circle in hexagon  

t[3L + (4π − 6)r]

3√3
2 L2 − 2πr2

 

Square in triangle 
2t[3L + 0.7]

3√3L2 − 0.28
 

Triangle in hexagon 
t[3L + (6 − 2√3)r]

3√3L2 − 0.195
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7.1 Band Diagram Base Lattices  

 For a triangular lattice the full bandgap exists between the third and fourth bands at Ω = 1. 

One can observe that the lower band of first bandgap (3rd band) is flat, and the mode shape at Ω = 

1 at high symmetry point X (Figure 43(b)) confirms that the horizontal beam is experiencing 

resonance, which signifies the bandgap is formed by structural resonance. A zero directional 

bandgap in the Γ – X direction was observed, but higher number of directional bandgaps in the X 

– M direction.  

 

(a) (b) 

 
 

Figure 43: (a), Dispersion curve - Triangular lattice (b), mode shape: Ω = 1 at X 

 

 For a hexagonal lattice: the first bandgap, at Ω = 2 exists between the sixth and seventh 

bands; the second bandgap, at Ω = 10; and the third, at Ω =11.5. It was observed from modes 

shapes (not depicted) that the structure did not experience resonance; thus the bandgaps formed 

are Bragg type bandgaps. It is evident from Figure 44(a) at Ω = 1 that, the horizontal section is 

experiencing structural resonance to generate a directional bandgap.  
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(a) (b) 

 

 

Figure 44: (a), Dispersion curve - Hexagonal lattice (b), mode shape: Ω = 1 at X 

 

 According to Wang, P. et al. [47] in a higtly connected lattice, the beams themselves act as 

mechanical resonators, enabling the generation of locally resonant bandgaps. In Figure 43(a) and 

Figure 44(a) one can observe that the bands of the triangular lattice are flat, which means structure 

is experiencing resonance, while in the hexagonal lattice the bands are not flat. The flatness in the 

bands of triangular lattice is due to its connectivity. The triangular lattice exhibits the highest 

connectivity (6) while the hexagon has a connectivity value of 3.  

7.2 Band Diagram Self Similar Hierarchical Lattices  

  Triangle in a triangle hierarchical lattice (TTHL) and hexagon in a hexagonal hierarchical 

lattice (HHHL) are self-similar hierarchical lattices.  

  TTHL was observed to have two full bandgaps at normalized central frequencies Ω = 3 

and 11.5. The full bandgap at Ω = 1 observed in triangular lattice is missing in TTHL. There are 

two potential reasons for the absence of a bandgap, (a) the connectivity[47], connectivity is lesser 

for TTHL than the triangular lattice (b) thickness of the beam element. According to Phani, et al. 

[18] the location and creation of bandgaps depends on its slenderness ratio, which is directly related 

to the thickness of the beam element.  

  HHHL has six bandgaps observed at normalized central frequency Ω = 1.7, 5.5, 8.5, 9.5, 

10 and 12. By observing the mode of fifth band at high symmetry point X in Figure 46(a), we see 
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that the horizontal part of the beam is experiencing structural resonance (show in Figure 46(b)), 

this structural resonance did not contribute to a full bandgap. However, it has generated a 

directional bandgap in both the Γ – X and X – M directions. This could result in a full bandgap, if 

the fifth and sixth bands after high symmetry point M decouples.  

 Figure 45 and Figure 46(a) depict TTHL has bandgaps with lesser width, while HHHL has 

two wider bandgaps at a normalized central frequencies of Ω = 5.5 and 12. The dispersion response 

of HHHL corresponds with SSHL (in section 5.1.6) that structural symmetric hierarchical lattice 

have wider bandgaps. However, this statement does not hold true for TTHL.  

 

 

Figure 45: Dispersion diagram - TTHL 
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(a) (b) 

 

 

Figure 46: (a), Dispersion diagram - HHHL, (b), structural resonance 

 

Although, TTHL is composed of triangular segments inside a triangle the overall geometry 

resembles the shape of hexagonal lattice interconnected with the triangular lattice as displayed in 

Figure 47(a).in Figure 47(b) one can observe a hexagonal lattice connected with a hexagonal 

lattice. Thus TTHL is indirectly a structural asymmetric hierarchical lattice.  

 

(a) (b) 

  
Figure 47: Array (a), TTHL, (b), HHHL 
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7.3 Band Diagram Non Self Similar Hierarchical Lattices  

 The dispersion responses for different non self-similar hierarchical lattices are discussed in 

this section. Circle in triangular hierarchical lattice (CTHL), hexagon in triangular hierarchical 

lattice (HTHL), and square in triangular hierarchical lattice (STHL) are non-self-similar 

hierarchical lattices with a triangular basis while, circle in hexagonal hierarchical lattice (CHHL), 

triangle in hexagonal hierarchical lattice (THHL), and square in hexagonal hierarchical lattice 

(SHHL) are non-self-similar hierarchical lattices with a hexagonal basis. 

 

7.3.1 Band Diagram CTHL and CHHL 

 CTHL has three bandgaps at a normalized central frequencies Ω = 3.5, 9 and 13. By 

observing the mode shape of the lower band of first bandgap at high symmetry point X, it can be 

observed that the horizontal part and the sub-structure are experiencing resonance, thus, the 

bandgap is a resonance bandgap.  

 

(a) (b) 

 

 

Figure 48: (a), Dispersion diagram - CTHL, (b), mode shape of lower band of first bandgap at X 

 

 CHHL has six bandgaps observed at a normalized central frequency of Ω = 1.5, 5.5, 6.5, 

9, 10.5 and 13.5. By observing the mode shape at the high symmetry point X, the 5th band exhibits 

structural resonance which generates directional bandgaps in the Γ – X and X – M directions but 
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prohibits a full bandgap due to coupling of the fifth and sixth bands; the lower and upper bands of 

first bandgap are same for HHHL and CHHL, which means the same mechanism is responsible 

for the creation of bandgaps. 

(a) (b) 

  

 

  

Figure 49: (a), Dispersion diagram - CHHL, (b), structural resonance at X by fifth band 

 

7.3.2 Band Diagram STHL and SHHL 

 Asymmetry in sub-structure made both STHL and SHHL follow different wave vector 

paths than the conventional path depicted in Table 16. STHL has one full bandgap at normalized 

central frequency Ω = 15.5. The mode shape at high symmetry point X for upper and lower bands 

of full bandgaps are dominated by P wave modes and they did not experience structural resonance; 

thus, the bandgap is a Bragg type bandgap.  

 In Figure 51(a), SHHL exhibits two full bandgaps observed at normalized central 

frequency Ω = 7 and 11. By observing mode shapes at high symmetry point X, the upper and lower 

bands of first bandgap do not experience resonance, and thus the band gap is a Bragg type bandgap. 

The fourth band is experiencing resonance, and this resonance mode results in directional bandgap 

in Γ- X – M – Γ directions, which would have been a full bandgap in the conventional wave vector 

path, similarly, the lower band of second bandgap is experiencing resonance, and thus the bandgap 

generated due to structural resonance 
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Figure 50: Dispersion diagram - STHL 

 

(a) (b) 

  

 

  

Figure 51: (a), Dispersion diagram - SHHL, (b), First resonance mode 
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7.3.3 Band Diagram HTHL and THHL 

 HTHL exhibits four different bandgaps which were observed at normalized central 

frequencies Ω = 3.5, 11.5, 22, and 32. By observing mode shapes at high symmetry point X, lowest 

band of first, second and fourth bandgaps follow the same shape with higher order modes which 

means the unit cell follows the same boundary condition. Hence that boundary condition is 

responsible for the generation of these bandgaps.  

 

  

Figure 52: Dispersion diagram - HTHL 

 

  In Figure 53, THHL exhibits five full bandgaps at normalized central frequencies Ω = 1.7, 

2.8, 7.2, 10.5, and 14.2. The mode shape at X, of the lowest band of the first bandgap is 

experiencing structural resonance, and thus the bandgap is generated due to structural resonance.  
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(a) (b) 

  

 

  

Figure 53: (a), Dispersion diagram - THHL (b), first resonance mode 
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CHAPTER 8 

 

CONCLUSION 

 The elastic wave properties of self-similar and non-self-similar hierarchical lattices are 

explored by applying the Floquet – Bloch principle with the aid of FEA software COMSOL 

Multiphysics. The relation between frequency and wave vector were obtained by solving the 

Eigenvalue problem. All beams were composed of 2D Timoshenko beam elements. Band diagrams 

are made available for the study purpose. The Effects of structural and material symmetry in the 

generation of bandgaps have been discussed, and the mechanism for the generation of bandgaps 

was studied. The participation factor was used to differentiate P and S waves, the bounding 

frequency and boundary condition of the unit cell at high symmetry point X helped to differentiate 

different types of P and S waves. In addition, the effects of material properties and geometric 

properties were investigated, and the ability to tune P modes by changing the material properties 

of sub-structure of SSHL are discussed. 

In concludes, no complete bandgap was observed in the square lattice, but the introduction 

of hierarchy generates bandgaps both in self-similar and non-self-similar hierarchical lattices. 

Structural symmetry in first order hierarchical lattices play a vital role in bandgap formation. 

Structural symmetric hierarchical lattices (SSHL and CSHL) display wider bandgaps than 

asymmetric hierarchical lattices (HSHL and TSHL). As asymmetry increases, the width of the 

bandgaps decreases but the number of bandgaps increases and bandgaps starts appearing at lower 

frequencies. 

Material asymmetry uncoupled the coupled bands and results in the generation of 

bandgaps. Material asymmetry generated additional narrow bandgaps at lower frequencies while 

retaining wider bandgaps generated due to structural symmetry  

Change in characteristic length ratio of SSHL results in variation of the mass and stiffness 

of the structure. This variation shifts modal vibration frequencies to couple or decouple depending 

on the specific characteristic length ratio. This modal decoupling results in generation of wave-

attenuation bandgaps.  
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New method was introduced to predict the polarization bands. The unit cells boundary 

conditions and modal participation factor were used for band identification. It was observed that 

addition of structural hierarchy causes generation of polarized bandgaps within which certain 

wave-types do not propagate. It was demonstrated that change in material properties of sub-

structure of SSHL helps to engineer the width of P polarized bandgap. Changes in density of sub-

structure creates wider P polarized bandgaps for PA and PB bands. The first and fourth bandgaps 

become wider when sub-structure have low stiffness or high density, while the fifth and sixth 

bandgaps become wider for high stiffness or lower density. 

 Furthermore the concept was applied to triangular and hexagonal lattices. Self-similar 

TTHL did not generate wider bandgaps while HHHL generates wider bandgaps like SSHL. 

However, both the lattices do generate a higher number of directional bandgaps in X –M direction. 

The existence of hierarchy is generally favorable for generating bandgaps.  

 The present work focused on understanding the dispersion properties of hierarchical 

lattices. Because the study concentrated on studying the characteristics of SSHL, it is 

recommended that future studies analyze other hierarchical lattices. Local resonators[11] or 

additional masses[28] can be added to generate local resonance bandgaps. Finite hierarchical 

lattices will be studied for real life applications. 
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