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ABSTRACT 
 
 

In this study, the elastic wave propagation in 3-dimensional periodic lattice structure was 

investigated. The investigation was performed on the three cubic lattice structures (Simple 

Cubic, Body Centered Cubic, and Face Centered Cubic) and the Octet-truss lattice structure due 

to its recorded exemplary mechanical properties. The Finite Element Analysis tool COMSOL 

Multiphysics® was employed in obtaining the planar dispersion property relating the eigen-

frequencies along the wave vector path defined by the symmetry points of the Irreducible 

Brillouin Zone. From the dispersion curve, it was shown that there exist frequency regions with 

no solutions to the wave equation, and thus represents a stop zone for wave propagation. Various 

stop zones termed band gaps were identified intuitively from observing the dispersion relations. 

These band gaps are namely the total band gaps spanning along the entire wave vector path and 

partial band gaps which is limited to a wave direction. It was observed that there exist band gaps 

classified as caused by the structural resonance of a set of struts in the selected lattice structure. 

Also, wave selective band gaps termed polarized band gaps were identified by a careful study of 

the mode shapes enabling the classification of the individual dispersion bands to a wave type 

(longitudinal, flexural, or torsional). Borrowing a leaf from the concept of elastic metamaterials, 

the effect of changing the lattice structure’s standard topology by including locally resonant sub-

structures was also analyzed. It was shown that these sub-structures create a local resonant band 

gap at the tuned frequency which is always bounded by a flat dispersion band on the lower end 

of the stop zone. 
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CHAPTER 1 

 

INTRODUCTION 
 

 

Lattice structures are an innovative class of materials consisting of periodically arranged 

structures. Lattice structures possess a wide range of attractive properties such as high strength 

and stiffness to weight ratio [1][2][3], vibration and acoustic attenuation properties [4][5][6], 

tailorability of effective properties such as the Poisson ratio [7][8] etc. These admirable 

properties make the usage of lattice structures prospective in numerous facets of engineering 

discipline like the aerospace, mechanical and civil engineering fields [9][10][11]. Of interest in 

this study is the use of lattice structure in vibration and acoustic applications. The dynamic 

behavior of lattice structures can be further controlled and enhanced by using concepts from 

elastic and acoustic metamaterials studies [12][13]. Lattice metamaterials in mechanical 

applications are designed to have unusual dynamic properties such as negative mass [14][15], 

negative stiffness [16] or double negativity (of its mass and stiffness) [17][18] at tuned 

frequencies. These negative properties usually translate to the existence of elastic band gaps, 

which are frequency filters that attenuate the propagation of elastic waves. 

Considering the existence of frequency stop bands in their dispersion properties in 

tandem with other mechanical properties they possess, lattice materials have the potential of 

multi-functionality ranging from applications requiring vibration isolation [19], impact 

absorption [20][21][22], acoustic control and a combination of other vibration related 

applications [23][24]. The multi-functionality of lattice materials gives them an edge over 

conventional engineering materials [25][26][27] designed for specific applications. Lattice 

structures with improved properties can be implemented for purposes such as: sacrificial layers 

for energy dissipation and reducing impact effects of high velocities in space exploration [28], 

seismic wave mitigation in civil applications [29], acoustics filtering in mechanical applications 

etc.   
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1.1 Potential use of lattice structures 

Lattice materials can be designed as sacrificial layers responsible for energy dissipation 

as well as ensuring that the cyclic forces transmitted to the main structure are kept at an 

acceptable level or attenuated. Presently of use in sandwich cores are structural foams subjected 

to these blast loads [30]. Compared to lattice materials, structural foams possess irregularities in 

their cell structure and their mechanical and dynamic properties are calculated with an 

approximation based on reviews [31]. The use of lattice materials as substitute for these 

sandwich panels gives a better standard for evaluating the entire structure’s dynamic property. 

The dynamic properties of these lattice structures in isolated regions can be attributed to a set of 

structural components of the lattice. Much research has been carried out in quantifying the quasi-

static load bearing capability of lattice structures as core components for sandwich structures 

[32][33][34]. In addition, all reports conclusively point to the fact that the behavior of the lattice 

structure is predictable: The associated collapse mechanism for lattice geometry is consistent and 

remains unchanged despite the strain rate of tests performed [35][36].  

Space structures are at high risk of impacts by pieces of orbital debris. These impacts 

occur at relatively high speeds and can cause severe damage to the control systems of such 

spacecraft. To minimize such complications and maintain the structural integrity, the possibility 

of such hypervelocity impacts is considered in the design stage of these structures exposed to 

hazardous orbital debris. Presently, in use for shielding spacecraft from severe damage are 

Whipple shield consisting of a thin layer of aluminum sacrificial wall mounted at a distance from 

a rear wall [37]. During a hypervelocity impact, the projectile velocity is greater than the speed 

of sound in the material. This results in the generation of shockwaves propagating along the 

material. These shockwaves are reflected upon hitting a boundary surface. The reflected wave 

superimposed with the incident wave causes local stress concentration exceeding that of the 

material’s strength, which causes crack initiation and possibly instantaneous failure. Lattice 

structures are a good proposal for use as the intermediate materials shielding the rear from the 

front wall since they exhibit frequency stop bands. The frequencies of the shockwaves in the 

elastic stop-bands are attenuated and would have little to no effect in the perforation of the 

structure. 
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Over the last century, protection of civil infrastructures from the hazards of seismic 

waves has been one of the concerns in the field of civil engineering. Design of civil 

infrastructure resistant to seismic induced loads lie on either limiting the structural behavior of 

the infrastructure to its linear elastic regime or using energy damping devices. In other cases, 

isolation devices are designed and used to shift the infrastructure’s fundamental resonance 

frequencies away from those of the spectrum of the energetic seismic waves [38]. Using the 

concept of lattice structure, seismic wave can be controlled from propagating by way of 

interaction with the introduced lattices. The basic concept of the wave manipulation process lies 

in the existence of large directional band gaps of the lattice dispersion property. These band gaps 

forbid the propagation of waves with wavelength of the order of the material periodicity. The 

addition of the locally resonant substructure enables the existence of band gap at sub-wavelength 

dimensions. 

Lattice structures can be used in acoustic applications such as acoustic filters, sound 

insulators/absorbers etc.  In conflict with generic structural members under static loading 

condition the expected mass and elastic stiffness properties are positive. But the opposite is 

noticeable with elastic metamaterials under dynamic loading. These negative properties 

influence the overall behavior forming an acoustic metamaterial capable of acoustic cloaking for 

waves, [39] noise elimination/ filtering and vibration reduction. Acoustic/elastic metamaterials 

with periodic local resonating inclusions in matrix composition with varying topologies are 

termed Phononic Crystals (PC). They exhibit unique physical properties. Of interest to this study 

are their Phononic band gaps in which wave propagation is mitigated. The formation of band 

gaps can be attributed to Bragg-scattering effect or Mie resonance. These effects alter the band 

structure and create a band gap at that frequency region. The Bragg-scattering effect refers to the 

destructive interference between incident and reflected acoustic waves. The Bragg scattering 

effect is created due to the induced periodicity of mechanical properties such as elastic moduli 

and mass densities which attenuate waves by creating so called energy band structures called 

Phononic bands. Many research works geared towards filtering sound waves have been 

conducted. Researchers found that Lamb generated modes could stop bands appearing in the 

dispersion curves. In line with this Cui et al [40] proposed a scatter array of parallel steel tubes 

with narrow slits. The obtained transmission loss through the array showed a significant decrease 

in the noise level across the frequency range considered and were a good experimental match. 
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Other research has been carried out with the aim of increasing the hierarchical order of the 

metamaterials. One of such was performed by Xu et al. [41] for a two-dimensional solid/air 

hierarchical PC.  

Many research works conducted in this field have conclusively agreed to the non-

coherence in predicting the stop-bands of lattice structure [42][43][44][45] without looking in 

depth at their band structures due to the numerous possibilities of changes that can be made to 

the parameters defining the structure. This limitation may inhibit their usage for elastic wave 

control as the presently available method for any intended application remains an iterative study 

of the lattice structure and the inclusions to obtain the deemed optimal solution.  
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CHAPTER 2 

 

LITERATURE REVIEW 
 

 

The following chapter details the concepts and tools used in investigating the dynamic 

response of periodic lattice structures: The structures themselves are defined, their properties 

explained, and the assessment of such properties mentioned. The lattice chosen for this analysis 

are discussed, their reciprocal lattice structure and Brillouin zones obtained. The use of Finite 

Element Method (FEM) as a discretization tool is detailed along with the underlying hypothesis 

suited for lattice structures. The capability of the FEM is expanded by implementing the Bloch-

Floquet periodicity boundary condition. Finally, the dispersion properties of cellular structure 

introduced.  

 Lattice structures 

2.1.1 Introduction 

The concept of lattice from solid state physics refers to the mathematical expression 

defining the arrangement of atoms/molecule/ions of a crystal type. In our study, the Lattice 

structures is considered as consisting of an interconnected network of beams or struts tessellated 

along independent directional vectors [46]. In the Figure 1 below, a generalized picture of a 

lattice structure is displayed. The concept of lattice structure evolves from an understanding of 

the crystal structure; hence, a consideration of crystal structure is paramount. 
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Figure 1: Generalized 3-dimensional lattice structure 

 

2.1.2 Crystal structure  

Crystals are homogeneous, anisotropic bodies in solid state. At the microscopic scale, 

their components are periodically arranged in an orderly fashion. Any crystal structure can be 

identified using its motif and lattice. The motif represents the repetitive structural component 

which is the basic building block [47]. The lattice points are the exact location of its constituent 

building block (motif). Figure 2 shows a crystal structure and its motif and lattice. 

 

 

 

 

 
(a) Crystal Structure (b) The Motif (c) The Lattice 

 

Figure 2: (a) A simple crystal structure (b) the motif (c) the lattice. 

 

From the above crystal structure identified in Figure 2, a lattice is defined as an infinite 

set of orderly arranged points defined by integer sums of a set of linearly independent primitive 

vectors as given in equation (1). All points in a lattice have the same surrounding. Such a lattice 
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description is referred to as a Bravais lattice [48]. In general, an arbitrary point in the lattice can 

be obtained through the linear combination of the primitive lattice vectors as shown equation (1). 

𝑹[𝑛1 𝑛2 𝑛3] = 𝑛1𝒂𝟏 + 𝑛2𝒂𝟐 + 𝑛3𝒂𝟑 𝑛1, 𝑛2, 𝑛3  ∈  ℤ   (1) 

Where 𝑛1, 𝑛2, 𝑛3 are integers and 𝒂𝟏, 𝒂𝟐 and 𝒂𝟑 are the fundamental translations of the 

lattice also referred to as the lattice vectors. The points defined by the fundamental translation 

are designated as the lattice point. The crystal structure is easily represented by a parallelepiped 

defined by the vectors describing the fundamental unit cell. The translational vectors for the 

primitive lattice structure are highlighted in Figure 3. However, of consequential importance is 

the fact that the selection of the primitive lattice vectors for structures in the 𝑛-dimensional 

vector space is not unique. Hence more than one possibility of vector combination is possible 

provided their definition represents each lattice points accurately.  

 
Figure 3: Hexagonal Bravais lattice. 

 

2.1.3 The unit cell 

Given a solid block of infinite dimension and is required to obtain a smaller basic 

building blocks with the only restriction that the smaller blocks be identical, geometrically 

regular and of a single sort. The general result fitting such description of geometrical uniformity 

and completely filling the entire space by joining them together through a translation operation 

along the three spatial directions is a parallelepiped [49]. A parallelepiped is a geometric body, 

bounded by six parallelograms, of which two of each are superimposable and lie in parallel 

𝑎3 

𝑎2 

𝑎1 
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planes. The obtained smaller building block can be termed a Representative Volume Element or 

a unit cell. 

 In like manner, simplifying the study of crystal structures requires the use of the unit cell 

concept. It is defined as the smallest elementary unit for a periodic structure. When tessellated, 

the unit cell reconstructs the entire periodic structure. It can be selected in various ways and in 

general cases are defined by 3 non-coplanar vectors which form the edges of the parallelepiped. 

For ease, the unit cell is preferentially selected to exhibit the symmetry of the lattice. Capturing 

the symmetry of a crystal involves orienting the lattice vectors either parallel to the symmetry 

axes or perpendicular to the symmetry planes as shown in Figure 4. Hence, for simplicity the 

recommended axes should be orthogonal or hexagonal. Therefore, a larger unit cell having more 

than one lattice point better captures the symmetry and such a unit cell is called the conventional 

unit cell. A unit cell containing the equivalent of one lattice point is termed the primitive unit 

cell. 

 

 

Figure 4: A cubic Bravais lattice displaying the orthogonal choice of axes. 

  

Y 

Z 

𝒆𝟏 

 

𝒆𝟐 

 

𝒆𝟑 

X 
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2.1.4 The primitive unit cell  

In contrast to the conventional unit cell, a primitive unit cell is selected such that it 

contains a single lattice point. The primitive unit cell is indeed the smallest unit cell possible. 

There are various ways to select the primitive unit cell, but preference has been given to Wigner-

Seitz unit cell selection as it makes the symmetry of the lattice structure of the space surrounding 

the lone lattice point more glaring. Figure 5 highlights the various possible unit cell selection.  

The Wigner–Seitz unit cell is defined as the set of all points closer to a pre-selected 

lattice point than to other surrounding lattice points. The construction is achieved by the 

following simple steps: 

• Select a lattice point as origin from the set of point in the infinite lattice array. 

• Draw spatial lines from that point to all immediate neighboring points (sometimes the 

next neighboring point) surrounding the selected origin. 

• Obtain perpendicular bisecting planes with the drawn lines from the step above as normal 

lines. 

• The surrounding volumetric space enveloping the chosen origin constitutes the Wigner-

Seitz primitive unit cell. 

 

Figure 5: Selection of a unit cell in 2-dimensonal space. 

  

(a) Conventional unit cell 

(b) Primitive unit cell 

(c) Wigner-Seitz unit 

cell 
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For any primitive unit cell of a lattice structure, the following assumptions hold true: 

• All primitive unit cells are of equal volume 𝑉, given as: 𝑉 = 𝒂𝟏 ∙ (𝒂𝟐 × 𝒂𝟑). 

• The volume of any parallelepiped constructed by any set of independent lattice vectors of 

the Bravais lattice is not less than 𝑉. 

• The basic vectors can be chosen in multiple ways. 

The construction of the Wigner-Seitz always gives a primitive unit cell. The Wigner-

Seitz primitive unit cell exhibits the highest level of symmetry matching that of the lattice 

structure in both direct and reciprocal space. The direct space, as introduced above is the 

physical space in which lattices exist. The concept of the reciprocal space is introduced to give a 

better insight into the wave propagation behavior of lattice structures. The lattice points of any 

lattice structure can be represented in reciprocal space and most times is a distorted reality of the 

actual lattice but follows a standard transformation procedure. Hence, a consideration of lattice 

structures in reciprocal space termed reciprocal lattice structure is of importance in this study. 

 

2.2 The reciprocal lattice structures 

2.2.1 Introduction 

The reciprocal lattice represents the Fourier transform of a Bravais lattice from real space 

to reciprocal space. This direct lattice is represented as a periodic spatial function in real-space as 

defined in equation (1). The reciprocal lattice therefore is the transformed lattice represented as a 

spatial function in reciprocal space. The interest of reciprocal space is due to its clarity in 

denoting certain important properties, particularly wave behavior and is discussed below. 

2.2.2 Reciprocal space 

The reciprocal space also referred to as the 𝑘-space assists in understanding the crystal 

diffraction phenomena and is the space where reciprocal lattices are represented. Therefore, the 

reciprocal space is a different format of representing same crystal structures with its properties. 

In reciprocal space, the set of imaginary points constructed are oriented to coincide with the 

direction of a normal to the real space planes [50]. Hence, for a 1-dimensional lattice of length 𝐿 

in real space, the magnitude of the reciprocal vector in reciprocal space is 1 𝐿⁄ .  
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Given a unit cell in real space described by the fundamental vectors by 𝒂𝟏 , 𝒂𝟐  and 𝒂𝟑 

defined in equation (2). The reciprocal space can be defined as: 

{
 
 

 
  𝒃𝟏 =

 𝒂𝟐× 𝒂𝟑

 𝑉

𝒃𝟐 =
 𝒂𝟑× 𝒂𝟏

 𝑉

𝒃𝟑 =
 𝒂𝟏× 𝒂𝟐

 𝑉

     (2) 

Where 𝒃𝟏, 𝒃𝟐 and  𝒃𝟑 are reciprocal lattice vectors and 𝑉 is the volume of the crystal in 

real space. But the volume 𝑉 is given as 𝑉 = 𝒂𝟏 ∙ (𝒂𝟐 × 𝒂𝟑). Therefore, we obtain the 

magnitude of the reciprocal lattices as: 

{
 
 

 
  |𝒃𝟏| =

 1

 𝑑100

|𝒃𝟐| =
 1

 𝑑010

|𝒃𝟑| =
 1

 𝑑001

  

The Figure 6 below gives an intuitive display of the magnitude of the reciprocal lattice 

vectors of a triclinic lattice structure. Any reciprocal lattice vector of the triclinic lattice structure 

can be calculated using the above expression and is shown to correspond to the perpendicular of 

the other two lattice vectors in direct space. Therefore, reinforcing the underlying assumption of 

the reciprocal lattice as coinciding with the direction of the normal to the real space plane formed 

by the other two lattice vectors. 

 

 

Figure 6: A triclinic structure highlighting its lattice vectors. 

𝒂𝟏 

𝒂𝟐 

𝒂𝟑 

d100 

d010 

𝐴𝑟𝑒𝑎 = 𝒂𝟏 × 𝒂𝟐 d001 
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From the definition, 𝒃𝒊 is chosen to be mutually perpendicular to both  𝒂𝒋 and 𝒂𝒌 , 

therefore 𝒃𝒊 ∙ 𝒂𝒋 = 𝜹𝒊𝒋. With a generalized lattice structure in considering, an arbitrary point in 

the reciprocal space can be located using the equation (3) below: 

 𝑮[𝑚1,𝑚2,𝑚3] = 𝑚1𝒃𝟏 +𝑚2𝒃𝟐 +𝑚3𝒃𝟑    (3) 

Then, 𝑚1, 𝑚2 and 𝑚3 are integers (as proven in page 117 [47]). This further proves that 

the reciprocal lattice is in fact a lattice as its definition matches that introduced in equation (1) 

for lattices. The concept of reciprocal lattice can also be visualized in terms of Fourier transform 

of the direct lattice. The proof of the Fourier transformation method in defining the reciprocal 

lattice from the direct lattice is provided in [50] though for a 1-dimensional lattice structure. The 

concept from the proof can be extended to grasp the 2-dimensional and 3-dimensional lattice 

space. Conclusively, the Fourier transform is responsible for converting “real space” to 

“reciprocal space” and vice-versa. The transformation is analogous to transforming a signal from 

the frequency domain to the time domain. The reciprocal lattice is a periodic function 

representing direct lattice points in reciprocal space. The reciprocal lattice points therefore 

satisfies the expression 𝑒𝑖𝑮∙𝑹 = 1.  

2.2.3 Reciprocal lattice for 3-dimensional cubic lattice structures 

The cubic lattice structure in 3-dimensional space can be defined using the equation (1) 

above. To this effect, the SCC lattice structure can be considered and defined by its direct lattice 

vectors distinctively oriented along the global axis. Using the equation (4), the primitive 

translation vectors of the SCC lattice structure are given as: 

{

 𝒂𝟏 = 𝑎1 ∙ �̂�
𝒂𝟐 = 𝑎2 ∙ �̂�
𝒂𝟑 = 𝑎3 ∙ �̂�

      (4) 

Where the fundamental vectors defining the primitive direct lattice vectors are 𝒂𝟏 , 

𝒂𝟐  and 𝒂𝟑. In agreement with equation (1), all lattice points on the SCC structure can be defined 

as follows: 

𝑹[𝑛1 𝑛2 𝑛3] = 𝑛1𝑎1 ∙ �̂� + 𝑛2𝑎2 ∙ �̂� + 𝑛3𝑎3 ∙ �̂�.    (5) 
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To obtain the reciprocal unit cell, the equation (5) introduced above is used and requires 

the volume of the direct unit cell calculated. Therefore, the volume of the unit cell is given as:  

𝑉 = |𝒂𝟏 ∙ 𝒂𝟐 × 𝒂𝟑| = |
𝑎1 0 0
0 𝑎2 0
0 0 𝑎3

| = 𝑎1 ∙ 𝑎2 ∙ 𝑎3 

Since the unit cell under consideration is a cube, it is expected that the values of the 

length defining the vectors of the direct lattice be equal (i.e.  𝑎1 = 𝑎2 = 𝑎3 = 𝑎). Therefore, the 

volume of the unit cell is given as 𝑉 = 𝑎3. From equation (3), any point on the reciprocal lattice 

space can be identified using the vector 𝑮[𝑚1,𝑚2,𝑚3] = 𝑚1𝒃𝟏 +𝑚2𝒃𝟐 +𝑚3𝒃𝟑. Where the 

individual vectors are defined by equation (4). Using this convention, the reciprocal lattice vector 

is given as: 

{
 
 

 
 𝒃𝟏 =

 2𝜋∙(𝒂𝟐× 𝒂𝟑)

 𝒂𝟏∙(𝒂𝟐× 𝒂𝟑)
=

 2𝜋∙(𝑎2∙�̂�× 𝑎3∙�̂�)

 𝑎3
=

2𝜋

𝑎
∙ �̂�

𝒃𝟐 =
 2𝜋∙(𝒂𝟑× 𝒂𝟏)

 𝒂𝟏∙(𝒂𝟐× 𝒂𝟑)
=

 2𝜋∙(𝑎2∙�̂�× 𝑎∙�̂�)

 𝑛3
=

2𝜋

𝑎
∙ �̂�

𝒃𝟑 =
 2𝜋∙(𝒂𝟏× 𝒂𝟐)

 𝒂𝟏∙(𝒂𝟐× 𝒂𝟑)
=

 2𝜋∙(𝑎1∙�̂�× 𝑎∙�̂�)

 𝑛3
=

2𝜋

𝑎
∙ �̂�

   (6) 

From the above, any point on the reciprocal lattice structure can be expressed as follows: 

𝑮[𝑚1,𝑚2,𝑚3] =
2𝜋

𝑎⁄ ∙ (𝑚1�̂� + 𝑚2�̂� + 𝑚3�̂�). By observation, the SCC reciprocal lattice structure 

takes same format as the original SCC structure, the difference being their relative volume (a 

scaling effect). From equation (6), we see the volumetric constraint between a direct lattice and 

its reciprocal structure. The Figure 7 shows the SCC direct its and reciprocal lattice structure.  

The calculation of the reciprocal vectors from the direct for the other cubic lattice 

structures follows suit from the above procedure introduced. The properties of the cubic 

structures are summed up in Table 1. The cubic structure has been analyzed in-depth and found 

that the FCC and BCC are mutually reciprocals of each other [51]. Below in Figure 8 is shown 

the Wigner-Seitz primitive reciprocal lattice of the BCC structure besides its original direct 

lattice structure. In like manner, Figure 9 displays the primitive reciprocal lattice of the FCC 

lattice structure alongside its direct lattice structure. 
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Figure 7: The SCC lattice structure in (a) direct space (b) reciprocal space  

 

  

 

Figure 8: The BCC lattice structure in (a) direct space (b) reciprocal space 

 

  
 

Figure 9: The FCC lattice structure in (a) direct space (b) reciprocal space  

𝒂𝟑 

𝒂𝟐 
𝒂𝟏 

𝒃𝟑 

𝒃𝟐 
𝒃𝟏 

𝒂𝟐 
𝒂𝟑 

𝒂𝟏 

𝒃𝟏 

𝒃𝟑 

𝒃𝟐 

𝒂𝟏 

𝒂𝟑 
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𝒃𝟐 
𝒃𝟑 
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Table 1: The direct and reciprocal lattice vectors for the lattice cubic structure  

 

Cubic Lattice Structure Direct lattice Vectors Reciprocal Lattice Vectors 

SCC 𝒂𝟏 = 𝑎1 ∙ �̂� 
𝒃𝟏 =

2𝜋

𝑎
∙ �̂� 

𝒂𝟐 = 𝑎2 ∙ �̂� 
𝒃𝟐 =

2𝜋

𝑎
∙ �̂� 

𝒂𝟑 = 𝑎3 ∙ �̂� 
𝒃𝟑 =

2𝜋

𝑎
∙ �̂� 

BCC 𝒂𝟏 =
𝑎
2⁄ ∙ (−�̂� + �̂� + �̂�) 𝒃𝟏 =

2𝜋
𝑎⁄ ∙ (�̂� + �̂�) 

𝒂𝟐 =
𝑎
2⁄ ∙ (�̂� − �̂� + �̂�) 𝒃𝟐 =

2𝜋
𝑎⁄ ∙ (�̂� + �̂�) 

𝒂𝟑 =
𝑎
2⁄ ∙ (�̂� + �̂� − �̂�) 𝒃𝟑 =

2𝜋
𝑎⁄ ∙ (�̂� + �̂�) 

FCC 𝒂𝟏 =
𝑎
2⁄ ∙ (�̂� + �̂�) 𝒃𝟏 =

2𝜋
𝑎⁄ ∙ (−�̂� + �̂� + �̂�) 

𝒂𝟐 =
𝑎
2⁄ ∙ (�̂� + �̂�) 𝒃𝟐 =

2𝜋
𝑎⁄ ∙ (�̂� − �̂� + �̂�) 

𝒂𝟑 =
𝑎
2⁄ ∙ (�̂� + �̂�) 𝒃𝟑 =

2𝜋
𝑎⁄ ∙ (�̂� + �̂� − �̂�) 

 

 

2.3 The Brillouin zone 

2.3.1 Introduction 

Brillouin zone can be defined as the unit cell of a lattice structure in reciprocal space. The 

concept of Brillouin zone is important because waves in periodic structures remain unchanged 

under specified 𝑘-vector (i.e. 𝒌⃗⃗  ⃗ = �⃗⃗� + �⃗⃗� ) shift operation in its respective space. Hence, the first 

Brillouin zone (matching the unit cell selection introduced earlier) accurately defines the 

dispersion behavior of waves in a periodic structure. To reduce the complexity of analyzing the 

dispersion behavior, preference is given to using the Wigner-Seitz primitive unit cell for its 

obvious advantage of highlighting the symmetry of the crystal structure. Following this 

convention, the first Brillouin zone is defined as the set of all possible 𝑘-vectors with one of the 

reciprocal lattice points as origin [52]. Thus, the Brillouin zone for the lattice structure is the 

smallest volume of space surrounding the origin, which is enclosed by planes.  
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The 2-dimensional lattice is analyzed to give a mental picture of the procedure involved 

in obtaining the Brillouin Zone. The first step to obtaining the Brillouin zone is capturing the 

reciprocal lattice vector of the given lattice structure. The next step is using the Wigner-Seitz 

approach in obtaining the primitive unit cell as given in the earlier subsection 2.1.4. The 

highlighted primitive unit cell in Figure 10 corresponds to the First Brillouin zone.  

 Direct lattice Reciprocal lattice Brillouin zone 
 

 

 

(a) 

 
  

 

 

 

(b) 

 

 
  

Figure 10: The Brillouin zone of a 2-dimensional structure with (a) square lattice arrangement (b) 
hexagonal lattice arrangement. 

 

In 3-dimensional crystal structures, the Brillouin zone is obtained in same manner as 

described above but the geometry is a dimension higher. Hence, the bisectors of the space 

surrounding the lone lattice point are planes. The equation of these perpendicular bisector planes 

𝒈 is derived from the equation (7): 

�⃗⃗� ∙ �⃗⃗� =
1

2
|�⃗⃗� |       (7) 

𝒂𝟏 

𝒂𝟐 

𝒃𝟏 

𝒃𝟐 

𝒂𝟐 

𝒂𝟏 

𝒃𝟏 

𝒃𝟐 
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2.3.2 Brillouin zone for 3-dimensional cubic lattice structure 

The simplest Brillouin zone to visualize is that of the Cubic Crystal structure as shown in 

the Figure 11. The choice of the Wigner-Seitz unit cell for some crystal structure (Orthorhombic, 

tetragonal, hexagonal, cubic space groups) does not exhibit the symmetry of the Bravais lattice in 

the same spatial orientation. However, the Wigner-Seitz unit cell of reciprocal space is retained 

as a standard in defining the Brillouin zones of most crystals except for monoclinic and triclinic 

lattice family. Because of the set-up criteria in constructing the Brillouin zone, no two internal 

points can be identical but points on the surface of the Brillouin Zone may not be equivalent. The 

Figure 11 below shows the obtained Brillion zone for the three cubic lattice structures. 

 

(a) (b) (c) 

 
 

 

Figure 11: The first Brillouin zone for the (a) SCC (b) BCC (c) FCC lattice structures. 

 

2.3.3 Irreducible Brillouin Zone 

To further reduce the required data of interest for the wave propagation behavior of 

lattices, the Irreducible Brillouin Zone (IBZ) was introduced. The IBZ is a portion of the 

Brillouin Zone capable of replicating the selected reciprocal unit cell by symmetry operations 

about certain points or planes (usually mirror and rotation operations in no specific order). The 

IBZ is usually highlighted with its points of symmetry. The points of symmetry are found by 

evaluating the coordinates of the center of each face and vertex using equation (7) for each of the 

planes that meet at that vertex under the relevant point group and seeing if these points exhibit 

extra symmetry operations lacking in other neighboring points. Invariably, identifying the points 

of symmetry of a Brillouin Zone leads to the IBZ of the structure [48]. The Figure 12 shows the 

IBZ of the cubic lattice structures 

𝒌𝒛 

𝒌𝒙 
𝒌𝒚 

𝒌𝒛 
𝒌𝒛 

𝒌𝒙 

𝒌𝒚 𝒌𝒙 

𝒌𝒚 
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(a) (b) (c) 

 
   

Figure 12: The Irreducible Brillouin Zone of the (a) SCC (b) BCC (c) FCC lattice structures. 

 

2.4 Finite element analysis for 3-dimensional lattice structures 

2.4.1 Introduction 

The FEM has been extensively used in obtaining results especially for vibration and wave 

propagation problems. The reliability of the FEM is due to its comparatively accurate results 

with analytical solutions. Also, FEM unlike analytical methods can accommodate complex 

geometries while efficiently using its numerical algorithm to obtain the results for these 

structural systems. The FEM numerically solves the physics problems defined by Partial 

differential Equations (PDE). The FEM formulation for these governing PDEs results in a piece-

wise continuous algebraic equation for each discretized zone called Finite Element (FE). The 

algebraic expressions are assembled into a larger matrix field with consideration to the interplay 

of boundary conditions and its work compliment. The work compliments of displacement and 

rotation boundary conditions are force and moment respectively. This newly obtained large field 

matrix model approximates the entire complex geometry. The results obtained from solving the 

assembled algebraic equation are approximate values for the unknowns at the given points 

(called Nodes) on the considered domain. The variational method is used to approximate the best 

solution within the limits of minimizing the computational error function.  

2.4.2 Finite Element Method 

The FE method introduced above is used to solve for the modal analysis of selected 

lattice structures. The variational principle is obtained from Hamilton’s simplification of 

𝒃𝟑 

𝒃𝟏 

𝒃𝟐 

𝒃𝟑 

𝒃𝟏 𝒃𝟐 𝒃𝟐 𝒃𝟏 

𝒃𝟑 
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D’Alembert’s principle. D’Alembert’s principle converts a dynamic problem into an equivalent 

problem of static equilibrium [32]. The virtual work of the body forces on the system is given as: 

𝛿𝒲𝑏 =∑ ∫ 𝜌𝑜𝑏𝑖𝛿𝑞𝑖𝑑𝑉
𝑜

𝑉0

−∑ ∫ 𝜌𝑜�̈�𝑖𝛿𝑞𝑖𝑑𝑉
𝑜

𝑉0𝑖𝑖

 

Where the kinetic energy of the system due to virtual work can be defined as 𝛿𝑇 =

∑ ∫ 𝜌𝑜�̇�𝑖𝛿𝑞𝑖𝑑𝑉
𝑜

𝑉0𝑖 .The principle of virtual work can be simplified by summing up the work due 

to the body forces, kinetic energy, potential energy and applied loads and equating to their sum 

to zero. Hamilton’s [52] simplification of this equation is obtained by integrating and considering 

only the extreme values not possessing any variation. The equation is given as: 

𝛿 ∫ [𝒯 − (𝒰 + 𝒱)]
𝑡2

𝑡1
𝑑𝑡 = 0           (8) 

Where 𝑇 is the Kinetic Energy and is given as   𝑇 = 1

2
∑ ∫ 𝜌𝑜�̇�𝑖�̇�𝑖𝑑𝑉

𝑜
𝑉0𝑖 , 𝒰 the strain 

energy given as 𝛿𝒰 = ∑ ∫ 𝜎𝑖𝑗𝛿𝜖𝑖𝑗𝑉𝑖,𝑗  and 𝒱 is the potential of the applied loads. The Hamilton’s 

integral is then converted into differential equations of motion, thus making the application of 

the FEM procedure possible. The displacements of the nodal points are approximated using the 

Ritz weak formulation. The generalized coordinates of displacement given by 𝑞 =

𝑞(𝑞1, 𝑞2, … , 𝑞𝑁 ) are approximated using the format: 

𝑞 =∑𝑞𝑗 ∙ 𝜓𝑗

𝑁

𝑗=1

 

Substituting this into equation (20), the equation is further simplified to give: 

𝑑

𝑑𝑡
(
𝑑𝐿

𝑑�̇�
) −

𝑑𝐿

𝑑𝑞
= 𝑓𝑟 

Where 𝐿 is the Lagrangian obtained as ℒ = 𝒯 − 𝒰 +𝒲  and �̇� = ∑ 𝜕𝑞

𝜕𝑞𝑗
∙𝑁

𝑗=1 𝑞�̇�. When 

assembled, the equation of the structure for the unit cell takes the format of the famous FE 

equation (9): 
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𝑀�̈� + 𝐾𝑞 = 𝑓      (9) 

Where 𝑀 is the mass matrix, 𝐾 the stiffness matrix, 𝑞 is the vector of the generalized 

coordinates (displacements and rotations where applicable) and 𝑓 the vector of the applied forces 

on the generalized coordinate points.  

2.4.3 Modal analysis 

Modal analysis procedure gives the dynamic response of structures in the frequency 

domain. The response of structures is qualified by a normalized deformation pattern termed 

mode shape. Therefore, modal analysis is performed to find the deformation shapes and 

frequencies at which the structure response will be significantly amplify to the effect of an 

oscillating disturbance. In formulating the problem set for the modal analysis, the procedures 

stated above is used with the equation (9) simplified. The assumption for the simplification is 

based on the generalized coordinates undergoing a harmonic response defined by the expression 

𝑞𝑖 = 𝑞𝑖 ∙ 𝑒
𝑖𝜔𝑡. The force vector of equation (9) is set to a zero vector as the modal analysis is a 

free response analysis. Equation (9) is therefore simplified to give:(−𝜔2𝑀+𝐾)𝑞𝑖 ∙ 𝑒
𝑖𝜔𝑡 = 0, 

obtaining a set of polynomial equation solely dependent on the generalized coordinate 𝑞𝑖. The 

non-trivial solution for the frequency values is described in equation (10) 

 (−𝜔2𝑀+𝐾) = 0.      (10) 

However, formulation of the problem set defining the periodic lattice structure is 

incomplete without restraining the values of the selected generalized coordinates 𝑞 by defining 

the boundary condition. Therefore, a discussion of the periodic boundary condition is necessary. 

  

2.5 Periodic boundary condition 

2.5.1 Introduction 

The periodic boundary condition plays a vital role in significantly reducing the simulation 

requirements for lattice structure. The reduction in simulation of lattice structures is tackled by 

considering only a unit cell. The unit cell can represent the entire infinite lattice structure by 

mathematically imposing the periodic boundary condition. The periodic boundary condition 
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relates the displacement of a source boundary to the displacement of the destination boundary of 

the unit cell as defined in the equation (11) below. 

𝑞𝑑(𝒓) = 𝑞𝑠(𝒓) ∙ 𝑒
𝑖∙𝒌∙𝒓        (11) 

Where 𝒓 represents a vector in spatial coordinate,  𝒌 represents the wave vector and 𝑞𝑑 

& 𝑞𝑠 represents the displacement of the destination and source respectively. The periodic 

boundary condition for lattice structure was formulated by Floquet [53] for 1-D structures and 

supplemented by Bloch for higher dimensions [54]. The Bloch-Floquet periodic boundary 

conditional formulation is an extension of the Schrodinger’s equation for periodic potential [55]. 

This periodic boundary condition is applicable for any lattice structure irrespective of its 

dimension of representation.  

2.5.2 Bloch-Floquet periodic boundary condition 

The Bloch theorem for the problem set although being 3-dimensional, is analogous to that 

for the one-dimensional system, the difference being the wave vectors. Bloch theorem for a 3-

dimensional lattice structure can be expressed by expanding equation (11) above.  

𝑞𝑑(𝒓) = 𝑞𝑠(𝒓) ∙ exp(𝒌𝟏 ∙ 𝒂𝟏 + 𝒌𝟐 ∙ 𝒂𝟐 + 𝒌𝟑 ∙ 𝒂𝟑) 

The wave vector is represented as 𝒌𝒂 = 𝜹𝒂 + 𝑖𝝁𝒂 an evanescent complex number with 

𝜹𝒂 being the imaginary part denoting non-propagation and 𝝁𝒂 the real part where waves 

propagation is realizable.  As earlier introduced in section 2.3, the reciprocal lattice vector is 

defined such that the expression 𝒌𝒊 ∙ 𝒂𝒋 = 2𝜋𝛿𝑖𝑗  holds true. To give a better understanding of the 

periodic boundary condition as implemented in 3-dimensional lattices, the Wigner-Seitz unit cell 

of the SCC lattice structure is selected. The displacements of importance namely; displacement 

of the directional source  𝑞𝑠, destination and 𝑞𝑑, and internal nodes 𝑞𝑖𝑛𝑡 of the unit cell are 

displayed in Figure 13. The wave propagation properties of the entire periodic structure can now 

be fully defined by the analysis of the primitive unit cell. 
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Figure 13: A 3-dimensional lattice frame structure with highlighted displacement of the periodic 
boundaries 

 

 The above equation of the periodic boundary condition can be implemented in tandem 

with the FEM formulation. This reduces the number of polynomial equations to be solved for. 

The simplified generalized coordinate 𝒒𝒊∗, through a transformation operation takes the form of a 

vector matrix with 2 embedded vectors as shown below: 

𝒒𝒊 = 𝑻𝒒𝒊
∗ 

Where the transformation matrix 𝑻 is a 3x2 matrix, 𝒒𝒊∗ is the simplified vector of the 

generalized coordinates.  

𝑻 = [
𝐼 0

exp(2𝜋𝒌𝒊) 𝐼 0
0 𝐼

] 

𝒒𝒊
∗ = [𝑞𝑠

∗ 𝑞𝑖𝑛𝑡
∗ ]𝑇  

𝒒𝒊 = [𝑞𝑠 𝑞𝑑 𝑞𝑖𝑛𝑡]𝑇.  

After the implementation of the transformation operation, the equation (10) can be 

rewritten as 

𝑞𝑑𝑧(𝒓) = 𝑞𝑠𝑧(𝒓) ∙ 𝑒
𝑖∙𝒌𝑧∙𝑟𝑧 

 

𝑞𝑧𝑠(𝒓) 

 

𝑍

Z 

𝑋 

𝑌 
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(−𝜔2𝑀∗ + 𝐾∗) = 0 

Where 𝑀∗ = 𝑇𝐻𝑀𝑇, 𝐾∗ = 𝑇𝐻𝐾𝑇 and the superscript 𝐻 denotes Hermitian transpose 

operation on a matrix. The possible unknown values to be solved for are the wave vectors 𝑘1, 𝑘2 

and 𝑘3,which are complex valued, and the frequency 𝜔, which is also complex due to the 

restriction imposed by the Hermitian operation. Only one unknown is permitted for a solution to 

be provided at a point, hence three values are always defined. For this study, the wave vectors 

are defined by the sweeping along the IBZ symmetry points. The relation between the wave 

vector and frequency is of importance in understanding the wave behavior of structures, hence, a 

discussion of this is important and considered in the next subsection. 

2.6 Dispersion property 

The dispersion property of lattice structure is briefly introduced here. The dispersion 

property of a material is defined as the relationship between the spatial and actual frequency of a 

material. The dispersion property can be visualized in a dispersion curve diagram. The axes of 

the planar dispersion diagram are the spatial frequency in the abscissa and the frequency at the 

ordinate. the spatial frequency is selected along a path defined by the symmetry points of the 

IBZ. The actual dispersion relationship is one dimension higher than the represented dimension 

of the material under consideration. For example, the dispersion property of a 2-dimensional 

material is represented by a 3-dimensional plot. To help understand the dispersion property and 

possible phenomena encountered, a 2-dimensional lattice structure is considered and discussed. 

2.6.1 Dispersion behavior of a 2-dimensional lattice 

The wave propagation behavior of a 2-dimensional triangular lattice was studied by Phani 

et al. [56] using varying geometries. In their report, the aspect ratio of each connecting strut was 

changed to observe its effect on the band gap formation and overall the wave propagation 

behavior. From the study conducted, the width as well as the position of the band gap changed 

highlighting the dependence of the dispersion property on the lattice geometry. The Figure 14 

shows the dispersion curves for the triangular lattice structure from Phani et al. [56]. 
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Figure 14: Dispersion curves for a 2-dimensional triangular lattice, from Phani et al. [56]. 

 
The dispersion curve on the left is for the individual slenderness ratio of 0.1 and that on 

the right for the aspect ratio of 0.02. From the dispersion curve, the total band gaps are 

highlighted. Also present but not highlighted are partial band gaps along the different wave 

vector directions. From the dispersion curve the most fundamental phenomenon of the wave 

propagation behavior of materials can be observed. Of interest in this study for higher 

dimensional lattice structure is the concept of band gap formation, individual bands and their 

respective modal deformation. 

2.6.2 Band gap formation 

Elastic/ acoustic band gaps are frequency filter regions where there are no solutions to the 

wave equation. The band gap formation mechanism attributed in most wave attenuation studies 

are either of Phononic effects or Local Resonant (LR) mechanism. Phononic band gaps are 

associated with the concept of Phononic crystals which are novel synthetic periodic materials for 

controlling and manipulating the propagation of elastic (or acoustic) waves. The LR band gaps 

are from the concept of Acoustic/elastic metamaterials with periodic stacked local resonators 

usually embedded in matrix composition with varying topologies. The formation of Phononic 

band gaps is due to the Bragg-scattering effect. This effect alters the band structure and creates a 

band gap at that frequency region. The Bragg-scattering effect refers to the destructive 

interference between incident and reflected acoustic waves. The Bragg scattering effect is 

created due to the induced periodicity of mechanical properties such as elastic moduli and mass 
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densities which attenuate waves by creating so called energy band structures called Phononic 

bands. The Phononic band gap exists at frequencies matching the wavelength of the periodic 

structure i.e. the larger the structural dimension the lower the stop-band frequency vice versa. 

For elastic waves, the frequencies of concern are usually of low values. Therefore, relying on the 

Phononic stop-bands for mitigating vibrational disturbance becomes impractical in most cases. 

Hence, the LR stop-bands are explored.  

Studies have pointed to the fact that the stiffness and density mismatch of structures 

improves significantly the dynamic properties of structures. However, a conflicting criterion 

remains the effective control of stiffness and vibration characteristics while remaining 

lightweight. In general, stiffer structures are more susceptible to vibration. A proposed solution is 

isolating the stiffness-bearing (main load bearing structure) component from the vibration 

attenuation component (auxiliary structure) by introducing local resonators [57][58][59]. These 

local resonators introduced can be tuned to have various natural frequencies as well as other 

interesting parameters, consequently improving the structure’s overall dynamic properties. The 

LR stop bands are created at the desired tuned frequency. These stop bands rely on the 

interaction and interference of the introduced locally resonant sub-structure on the dispersion 

relation of the original lattice structure [60]. As shown in Figure 15, the locally resonant 

substructure can come in varying forms. The stop band formation is a result of mass and stiffness 

mismatch of the substructure from the original lattice structure.  

 

  
Figure 15: Locally resonant substructures implemented in elastic/ acoustic metamaterials. (a) 

Embedded lead inclusion as presented by Lui et al [57] (b) Embedding isolated Locally Resonant 
substructures as a spring mass as presented by Sharma et al [58] 
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Foam core 

Resonators 
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The band gaps formed as a result of embedded resonating auxiliary substructures are 

independent of the geometry of the structure. The local resonance effect on any structure is 

characterized by a flat dispersion band spanning the length of the IBZ path selected for the wave 

vector which is at the tuned frequency of the LR. The flat bands in most cases have a series 

compressed bands surrounding it hence changing the dispersion property around the tuned 

frequency. The width of the LR band gap is dictated by the relative geometry of the main 

structure to the auxiliary LR structure. 
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CHAPTER 3 

 

OBJECTIVE 
 

 

It is evident from the literature review that lattice structures possess a plethora of 

attractive properties enabling their mechanical application for static and dynamic loading 

conditions. This has sparked several investigative studies on the dynamic properties of lattices. 

The research conducted here is geared toward providing a better understanding of elastic wave 

propagation in 3-dimensional cubic lattice structures and by extension their responses under 

dynamic loads such as impact having a spectrum of wave frequencies and amplitude. The elastic 

wave propagation is represented by a planar dispersion curve relating the frequencies to the wave 

vector obtained along the IBZ path of the reciprocal lattice. In this study, the properties of wave 

attenuation are being tackled at the basic sub-structural unit cell level. More importantly, this 

study is aimed at identifying frequency regions for cubic lattice structures’ potential use as filters 

in vibration applications. Their band gaps formation mechanism is carefully identified by paying 

close attention to the individual dispersion band and their associated mode shapes present in the 

dispersion plots. Based on the understanding from the individual dispersion bands, all possible 

band gaps are classified, their formation mechanism identified and trends enabling their potential 

manipulation captured. This process helps in defining a method for predicting and fine-tuning 

their capability to suit various vibration/ acoustic applications.  
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CHAPTER 4 

 

METHODOLOGY 
 
 

In this chapter, the methodology used to obtain the wave propagation behavior of the 3-

dimensional lattice structures is discussed. The concept of periodic lattice structures introduced 

in chapter 2 will be used as the basic structure for the numerical analysis. This chapter will 

discuss various design variables of the lattice structures and will then construct an eigenvalue 

problem through Finite Element Analysis. By selecting the wave numbers and wave path 

highlighted from the IBZ, the eigenvalue problem will be solved to find the eigenfrequencies and 

mode shapes of the wave propagating through the corresponding lattice structures using the 

software package COMSOL Multiphysics. 

 Finite Element formulation 

The FEM modeling is used to numerically obtain and investigate the dispersive properties 

of the 3-dimensional lattice structure. It also allows the exploration of the wave propagation 

characteristics despite the complexity of its geometry. The Finite Element modeling reported 

here is computed with the aid of the software COMSOL Multiphysics, and by specifying the 

Bloch -Floquet periodic boundary condition.  

 Modal analysis and Bloch’s formulation 

The modal analysis is performed as described in section 2.4.3 with the aid of COMSOL 

Multiphysics. The modal analysis gives the dispersion property of the lattice structure obtaining 

the eigen-frequencies corresponding to the wave number combination along the IBZ. The steps 

involve defining the physics employed, the study and the Periodic Boundary condition set-up. 

The physics employed was the Solid Mechanics module obtainable in the COMSOL 

Multiphysics software package. The defining equation for the physics is dependent on the study. 

The study employed is the inbuilt Eigen-frequency study. The periodic boundary condition is 

implemented on the external surface of the lattice structure in the direction of the 3-perpendicular 

coordinate axes. The 𝑘𝑥, 𝑘𝑦 and 𝑘𝑧 are defined and looped in such a manner that they properly 

match the values for the path selected according to the IBZ. The surfaces to which the Bloch-
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Floquet periodic boundary condition are applied is highlighted in Figure 20. The Eigenvalues 

and consequently the eigenfrequencies are obtained numerically from the equation (12) above 

and stored for processing. The stored data also contains the associated mode shape for each 

individually calculated eigen-value at a given combination of k-vectors.  These mode shapes are 

used to understand the wave type by referring and comparing the relative modal deformation to 

the expected behavior of the waves. 

 Dispersion properties 

The dispersion curves of the propagating waves are plotted by considering the 

relationship between the eigen-frequencies against the wave numbers. The wave numbers are the 

input introduced to the system in the periodic boundary condition with the aid of the Finite 

Element software package COMSOL, and the eigen-frequencies and mode shapes are the output. 

The 3-dimensional lattice has three reciprocal basis vectors 𝒆𝟏, 𝒆𝟐 and 𝒆𝟑. Therefore, the 

dispersion curves are expected to be accurately represented by four parameters (i.e. the 3−𝑘 

vectors and eigenfrequency) and thus in 4-dimensional space. However, the introduction of the 

IBZ simplifies the representation of the dispersion behavior to a planar 2-dimensional plot with 

the selected wave vector laid on a path in the abscissa axis and frequencies on the ordinate axis, 

as supposed to the 𝑘𝑥 , 𝑘𝑦 and 𝑘𝑧 having their own axis. The IBZ path is introduced in sub-section 

2.3.3. The chosen path of the wave vectors on the abscissa is dependent on individual preference 

but here, we follow a path depicting a proper transition from one vector to another along the IBZ 

and a jump when the connecting path isn’t realizable. The dispersion curves for the four lattice 

structures of interest are presented in chapters 5 and 6. The vector path selected in accordance 

with section 2.6 is used for a sweep of the 𝑘-values along the corresponding IBZ path.  

 Analysis set-up 

Harnessing results from the unit cell through modal analysis requires a prior model and 

analysis configuration set-up on COMSOL Multiphysics. The following section describes the 

settings as well as the methodology followed throughout the study in implementing the 

geometry, the boundary conditions and the modal analysis.  
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4.4.1 The unit cell’s geometry 

The unit cell is selected as the materials basic building block hence should accurately 

represent the entire material along with its symmetry and omitting the possibilities of having 

smaller iterative features. Representing the unit cell calls for a look at the overall material and 

isolating the RVE. With the periodicity of lattice structures and developed Bloch-Floquet 

theorem, the use of the unit cell concept is possible. Not only does it simplify the study and 

decreases file size and computation time, but it also allows a basic approach in building the 

geometry of the model. The following Figures 16 – 19 summarizes the different unit cells used 

throughout the investigation. The following sub-section summarizes the details of the geometry, 

the boundary conditions as well as the study set-up. 

The SCC unit cell is defined as a starting point and is highlighted in Figure 16. The 

geometry’s dimensions are parametric under COMSOL and constrained for the SCC structure. 

From this initial model, the mass is extracted and defined as a main criterion for the next lattice 

structures. The SCC lattice structure is distinguished by its corner lattice points connecting 3 

beams together. The beams of the SCC structure are made identical to retain the 3-dimensional 

symmetry of the structure and hence unchanging reciprocal lattice structure and corresponding 

IBZ. Subsequent lattice structures are defined by setting the mass of the SCC lattice structure as 

a base while retaining similar dimensions of beams of same orientation of the considered lattice 

structures. The simplest format obtainable is making the mass of other structures twice that of the 

SCC structure creating a base for comparison. 

 

Figure 16: The SCC unit cell  
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The BCC lattice structure is defined as the SCC unit cell with internal diagonally oriented 

beams having 4 lattice points, hence, the internal beams cross each other at the lattice point 

located at the volumetric center of the cube. The BCC lattice structure used for this study is 

shown in Figure 17 below. Defining the added beams, the dimensions are all constrained except 

for the radius. The mass of the BCC is defined as double of the SCC. The surrounding external 

SCC embedded in the BCC has exactly same dimension as the SCC used. Hence to follow suit, 

the radius of the added internal beams is calculated with this convention. 

 

Figure 17: The BCC unit cell 

 

The FCC cell is defined as the SCC cell with diagonally placed beams on all faces. The 

total mass of this structure is double of the SCC making the radius of the diagonally face 

oriented a derived parameter to keep with this convention. The diagonally placed beams intersect 

at the lattice point on the centroid of the cube’s face they are oriented hence both beams have 3 

lattice points defining their orientation at any given time, 2 of which are distinct and corner 

lattice points and a shared lattice point as shown in Figure 18. 
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Figure 18: The FCC unit cell  

 

The Octet-truss cell though not classified as a cubic lattice structure is selected and used 

in this study. The selection is primarily because of its exemplary strength and stiffness to weight 

ratio in comparison with other lattice structures. The Octet-truss shares same common lattice 

points as the FCC lattice structure differing only in selected beam orientation. The Octet truss is 

defined as a combination of the FCC face-oriented beams and the internal structure of an octet. 

The internal octet structure comprises of beams having 2 lattice points defining their orientation. 

They are oriented from the intersecting lattice points of the FCC to its closest neighboring 

intersecting lattice point. As criteria for keeping the unit cell in same convention as the previous 

model, the mass of the Octet is also twice that of the SCC. The lengths of the unit cell are 

restricted by the chosen volume of the initial cell hence the only parameter that can be redefined 

is the radius of the beams. The external face oriented cross beam from the FCC structure is 

obtained from the previous FCC model having a mass equivalent to that of the SCC. The sum 

mass of the Octet beams is also equivalent to the SCC structure hence their radius is calculated 

on this basis. The Octet-truss lattice structure is presented in Figure 19. The dimensions and 

main properties used in defining the selected unit cells for this study are summarized in the Table 

2.  
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Figure 19: The Octet-truss unit cell 

 

Table 2: Dimensions of the selected unit cells. 

 

Unit cell Length of Ext. 

beams 

Radius of beams No of 

Ext. 

beams 

Length of internal 

beams 

SCC 𝐿1 = 50𝑚𝑚 𝑟1 = 0.04 ∙ 𝐿1 - - 

BCC 𝐿1 = 50𝑚𝑚 𝑟1 = 0.04 ∙ 𝐿1 
𝑟𝑏𝑐𝑐 = √

√3
4
⁄ ∙ 𝑟1 

4 𝐿𝑏𝑐𝑐 = √3 ∙ 𝐿1 

FCC 𝐿1 = 50𝑚𝑚 𝑟1 = 0.04 ∙ 𝐿1 
𝑟𝑓𝑐𝑐 = √

1
√2
⁄ ∙ 𝑟1 6 𝐿𝑓𝑐𝑐 = √2 ∙ 𝐿1 

Octet-Truss 𝐿𝑓 = √2 ∙ 𝐿1 𝑟𝑓𝑐𝑐 = √
1
√2
⁄ ∙ 𝑟1 𝑟𝑡𝑟𝑢𝑠𝑠 = √

1
√2
⁄ ∙ 𝑟1 12 

𝐿𝑡𝑢𝑠𝑠 =
√2

2
⁄ ∙ 𝐿1 

 

4.4.2 Assumptions  

For the sake of simplification and ease of computation, the following assumptions were 

adopted: 

• The selected material properties are isotropic and homogenous.  

• The beams have constant and continuous cross section with no flaws or discontinuities.  

• The joint points don’t introduce any residual stress or contact intricacies. 
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•  The dimensions of the unit cell were selected to have frequencies and band gaps at lower 

attainable ranges. 

•  The beams of the selected unit cell have a circular cross-sectional area possessing 

infinite symmetry, hence easing the simulation as the orientation of the beams structure 

can be generalized. 

 

4.4.3 Material information: 

The unit cells of the following study are made of easily obtainable and 3D-printable plastic 

materials. The Table 3 summarizes its properties. The plastic material is assumed to be elastic 

and less prone to crumbling thereby making it good for the application as the simulation is 

considered up to the third modal shape of the individual beams assuming a fixed-fixed 

configuration. Buckling of the lattice structure is assumed to be less probable. 

 

Table 3: Mechanical material Properties of material used 

 

Material Properties Values 

Density 𝜌 = 1200 
𝑘𝑔

𝑚3⁄  

Elastic Modulus 𝐸 = 3.29 𝐺𝑃𝑎 

Poisson’s ratio 𝜈 = 0.49 

 

 

4.4.4 The periodic boundary condition  

In this study, we consistently make use of the periodic boundary condition to reduce the 

simulation of a structure filling the entire space by using its unit cell. In COMSOL Multiphysics, 

the periodic boundary condition are easily implemented using the easy to automate Periodic 

Boundary condition defined by the Floquet-Bloch formulation. The required input being the 

surfaces on which this condition would be implemented as well as a definition for the 

components of the wave vector (𝑘𝑥 , 𝑘𝑦 & 𝑘𝑧). The Figure 20 shows the periodic boundary 

condition as implemented on some lattice configuration.  
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(a) (b) (c) 

   

 

Figure 20: Application of the periodic boundary condition on highlighted surfaces (a) along the 
X-direction on the SCC lattice structure (a) along the Y-direction on the BCC lattice structure(a) along the 

Z-direction on the FCC lattice structure.  

 

 

4.4.5 Mesh  

The mesh size defined for the problem set is essential to the accuracy of the obtained 

result. In general, refining the mesh increases the accuracy but with a traded off in computational 

time required as well as capacity. Hence, the need to define a mesh size with favorable 

convergence within an acceptable computational time requirement and computers capacity. The 

number of elements each unit cell is discretized into is represented in Table 4. The preprocessing 

capacity of COMSOL is implemented in discretizing the unit cell being analyzed. The symmetry 

of the unit cell is considered and applied in formulating the mesh process. This enables the 

proper implementation of the Periodic Boundary condition as the meshed face on the unit cell is 

directly constrained to that on the opposite side. To reduce computation time the mesh is refined 

such that it can accurately simulate the 3rd modal shape of a beam fixed at both ends. Each 

external beam was discretized into 20 elements along its length and 8 across its complete circular 

cross section.  

  

𝑧 

𝑦 
𝑥 
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Table 4: Mesh quality for the selected unit cells  

 

Mesh SCC BCC FCC Octet-truss 

Domain Element 2750 3014 4586 8759 

Boundary Element 2712 5008 5222 6632 

Edge Element 696 1824 1728 1896 

 

For sake of consistency, all elements used were mechanical 3-dimensional solids of the 

class tetrahedron with quadratic serendipity formulation (i.e. containing 10 nodal points). Each 

10-noded tetrahedral element possesses at every of its node three global translational degrees of 

freedom (u, v and w displacements). As shown in Figure 21, the mesh size is kept consistent at 

most locations except at lattice points where there are connected beams.  

 

 

 

 

 

 

 

 

(a) (b) 

  

 

 

 

 

(c) (d) 

  

 

Figure 21: Discretization of the (a) SCC (a) BCC (c) FCC (d) Octet-truss lattice structures 
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4.4.6 The time domain solution setup  

The time domain simulation is performed for our structure with the aim of verifying the 

systems response to disturbance. From the dispersion curves, a few band gaps are highlighted 

and thus easily conceivable their classification as non-propagating zone. On the contrary, 

polarized band gaps exists and are not identifiable from the dispersion curves without 

considering the mode shapes. To this effect, the time domain simulation is deemed important. 

The geometric setup for the time domain simulation is as show in Figure 22. A direction 

is selected (x-direction in our case) in which 200-unit cells are tessellated. The resulting structure 

is cantilevered in that direction at one end. An underlying assumption here is that the selected 

geometry with 200-unit cell sufficiently represents infinite periodicity in that direction. This 

means that in the structure, there are no unnecessary reflections of waves due to the boundary 

constraint. To avoid reflection of propagating waves, the simulation is considered to a time less 

than it takes the incident wave to travel through the entire structure before hitting the boundary 

and reflecting back. The Bloch-Floquet periodic boundary condition is used on the sides of the 

structure therefore gives it a sense of periodicity in those directions. Thus, the geometry, as 

defined by the actual setup and boundary condition, is infinite in two direction and quasi-infinite 

in the third as it contains only 200-unit cells.  

The disturbance sent is in form of a simple sinusoidal displacement 𝐴𝑠𝑖𝑛(𝜔𝑡) at the free 

end of the structure. The selection of a sinusoidal displacement as opposed to force disturbance is 

due to the ease of accurately obtaining the coefficient of decay of the disturbance. The force 

disturbance gives a diverse range of frequency response along the infinitely periodic structure. 

The displacements are given to isolating the flexural and longitudinal wave incident disturbance. 

With this comes the complexity of varying the time steps and time permitted for such a 

simulation to accurately capture the phenomenon. As expected, the flexural waves take a longer 

time to propagate hence requiring a longer time of simulation as compared to the longitudinal. 

The minimum time required for a longitudinal wave to travel from the point of initiation to the 

end of the structure is approximated as follows: 

𝑡 = √
𝐸∙𝐼2

𝐿∙𝐴
      (13) 
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To properly define the disturbance, the frequency values are inputted. The frequencies of 

interest are selected to verify the correctness of the assumption of our polarization band gap 

classification based on merely observing the modal deformation. Therefore, their selection is at 

values identified with expected propagation of all wave forms and of a specific polarized band 

gap. The selected simulation time for the wave problem was changed with regards to the induced 

disturbance types. For longitudinal waves, the formula from equation (13) was implemented. For 

the flexural wave, a multiple of that value was used to enable the correct and complete 

observance of the propagation (from start to end points). 

 

 

  

 

Figure 22: Geometrical set-up of 200 unit cell for the transient analysis 
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disturbance 
initiation 
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CHAPTER 5 

 

RESULTS AND DISCUSSION 
 

 

The obtained solutions of the eigen-value problems introduced in the previous chapter is 

concisely represented by the dispersion curves and gives a meaningful insight on the expected 

dynamic behavior of these structures over the wave numbers obtained from the IBZ. A close 

look at the associated mode shape of each individual dispersion band distinguishes the modes of 

wave propagation (be it longitudinal, flexural, torsional or a combination). Based on the 

individual dispersion band, polarized band gaps were identified. To ascertain the accuracy of the 

polarized band gaps identified and by extension the classified bands, a time domain simulation is 

performed on the SCC structure at frequencies with such band gaps. The conclusion from such 

time simulation by extension is assumed to satisfy the behavior of the polarized band gaps 

identified in other lattice structures. 

 Dispersion behavior for the Simple Cubic (SCC) lattice Structure 

The SCC structure has six directional vector paths defining the wave vector k, obtained 

from the IBZ. Results of the dispersion analysis are shown in Figure 23. The results are 

processed over the perimeter of the IBZ for all the wave dispersion bands up to 6.2 𝑘𝐻𝑧 which 

encompasses the first ten dispersion bands. For comparison, the dispersion plot for the SCC 

structure is made with the frequencies normalized to the frequency of one of the SCC strut’s 

natural frequency of vibration (2.48 𝑘𝐻𝑧) matching in a fixed-fixed boundary condition.  

5.1.1 Discussion on band gaps 

Here, the existence of numerous band gaps from the dispersion curve in Figure 23 is 

noticeable. Thus, if our system is tuned to these frequency ranges at the directions and 

combination of the wave vector, the response is undisturbed as any waves propagating through 

the periodic structure destructively decays. There are identifiable band gaps where no solution 

for the eigenvalue problem is obtainable in real space. As seen in Figure 23, no total band gaps 
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exist across the IBZ contour but there are numerous other band gaps within the selected range. 

The stop-bands highlighted are the partial/ directional band gaps. 

 

 

Figure 23: Dispersion curve of the SCC lattice structure 

 

The partial/directional band gaps are identified for the wave vectors. In the direction of 

the 𝛤 − 𝑋 wave, within the range of normalized frequency 𝛺 = 1.00 − 1.21, there exists a 

clearly defined directional band gap stopping all forms of waves from propagating. Along the 

direction 𝛤 − 𝑅, a stop band of range from 𝛺 = 1.00 − 1.38 exists. In the wave vector direction 

defined by the symmetry points 𝑅 − 𝑀, there exists two stop-band regions of ranges 𝛺 = 0 −

0.08 and 𝛺 = 1 − 1.21. Lastly, along the direction 𝑀 − 𝑅 the partial band gap is within the 

range 𝛺 = 0 − 0.33. All the types of waves propagating in the above identified wave vector path 

at the stated frequencies are expected to be attenuated due to complex destructive interference. 

The Polarized bands not highlighted are identified by accurately differentiating and classifying 

each band based on its unique modal deformation pattern. These modal deformation patterns tell 

much about the peculiarity of the waves represented in the sense of its propagation properties, be 

it longitudinal, flexural, and torsional or a combination type. Hence, the band gaps are identified 
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as the region bordering two waves of a specific type. The polarized bands gaps are presented in 

Figure 25 along the reciprocal lattice symmetry points 𝛤 − 𝑋. 

5.1.2 Classifying the Individual bands along the 𝒙 direction:  

To understand the individual bands and the wave type present, a study of the wave vector 

along the symmetry points 𝛤 − 𝑋 is performed. A closer look into the dispersion curve 

highlighted in Figure 24 shows that the directional band gap within the range of values  𝛺 = 1 −

1.21 is bounded by a flat band spanning throughout the selected wave vector direction. The 

documented frequency of this dispersion band corresponds approximately to the LR mode of a 

beam in bending of length 𝐿1 fixed at both ends as represented in equation (14). Its value 

corresponding to the analytical solution of this problem set from the Euler-Bernoulli formulation 

as presented in Figure 25. The dispersion band at the beam’s resonance frequency has a zero-

group velocity of all its associated beam members. This is evident by the straight lower 

dispersion band bordering the band gap. This band gap is attributed to the structural resonance of 

a set of struts in the lattice structure. Therefore, the band gap is formed as a result of the energy 

of the active frequency zone being used up to accommodate the structural resonance of the 

comprising struts. 

Identifying the various dispersion bands can be done by a careful study of the obtained 

mode shapes. The wave direction of interest for our analysis as indicated above was the 𝛤 − 𝑋 

direction. The first two modes are clearly identified as propagating flexural waves. The next 

identifiable band is the longitudinal, and it peaks at  𝛺 = 1.00 almost matching the structural 

resonant mode of the individual beams constituting the lattice structure. This is expected since 

longitudinal waves travel the fastest along a structure hence its group velocity is higher and so 

should the slope of its inclination. The mode shapes representative of this discussion is given in 

Figure 26. At higher frequencies, the bands obtainable are rarely of a specific type but a 

combination of one of two. If the deformation pattern of a band points to the fact that the wave 

propagation is of a combination type, more information is required to accurately tell which mode 

dominates and hence the classification is termed a “specific” dominant mode. 
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Figure 24: Dispersion curve along the wave direction 𝛤 − 𝑋 of the SCC lattice structure  

𝑓 =
⍺2

2∙𝜋∙𝑙
∙ √

𝐸∙𝐼

𝜌∙𝐴𝑙4
      [14] 

For ⍺ ≈ 4.73 (for 𝑛 = 1) 

 

 

Figure 25: Diagram of beam with both ends fixed 

 

The flexural waves were identified by the motion of flexural displacement of the beam 

members oriented parallel to the considered direction of the wave. i.e. the flexural wave of X 

oriented members for the X-direction of wave propagation. The flexural waves identified were 

characterized by two overlapping bands which signifies the presence of two dimensions 
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perpendicular to the considered disturbance propagation. However, the longitudinal waves are 

identified as flexural displacements of members oriented perpendicular to the disturbance 

direction specifically; the flexural displacements of Y and Z oriented beam members. The band 

representative of the structural resonance mode comprised of a standing wave of the X oriented 

members mimicking a longitudinal wave propagation but with an inherent 90° phase shift. 

(a) 

 

(b) 

 
©

(c) 

 

(

(d) 

 
 

Figure 26: Selected mode shapes of the SCC lattice structure (a) 1st flexural wave (b) 2nd flexural 
wave (c) 1st longitudinal mode (d) structural resonance mode. 

 

By the above identification criteria, the first 3 dispersion bands identified above as two 

overlapping flexural bands and a longitudinal wave peaking at 𝛺 = 1.00. The next identifiable 

band is flexural starting at 𝛺 = 1.00 possesses a negative slope to 𝛺 = 0.72, hence its negative 

group velocity. This negative-sloped flexural band can be identified as a continuation of the first 

lower flexural band. This band sees a jump in frequency thus the existence of a polarized flexural 

band gap due to Phononic effects. This negative sloped dispersion band has two overlapping 

bands and their mode shapes clearly shows waves propagation of the X oriented members. The 

next identifiable dispersion band is the flat band explained above as the structural resonance 

band of individual constitutive beams. The mode shape resembles that of a longitudinal mode but 

non-synchronous (with a 90𝑜 phase shift). The next band is flexural in nature and starts at 𝛺 =
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1.38 sloping downwards to 𝛺 = 1.16, thus having a negative group-velocity. Also, the next with 

a significantly higher group velocity is the second longitudinal dispersion band. The other modes 

identified are a combination type and classified based on the dominating mode which are flexural 

and comprising of two overlapping bands. With the individual bands classified, the polarized 

bands highlighted in Figure 27 are frequency regions bound by two or more bands of same wave 

type. 

 
 

 

 

Figure 27: Dispersion curve of the SCC along the wave direction Г − 𝑋 with identified (a) 
longitudinal and (b) flexural polarized band gaps. 

 

5.1.3 Conclusion  

Provided the beams defining the SCC structure remains the same (symmetry preserved), 

the dispersion curve for regular SCC structures wouldn’t deviate from the results presented 

above. The difference could be a result of the aspect ratio of each individual beam member, 

which acts as a scaling factor for the dispersion curve.  With such a design restriction defining 

the dispersion relationship, the structural resonance of a single beam structure can serve as the 

benchmark/ principle design parameter, and on a larger scale, the dispersion attenuation capacity 
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of the SCC lattice structure. Therefore, this beam’s frequency value aids in selecting the tuned 

design of our SCC lattice structure knowing that the dispersion behavior can be easily 

reconstructed. New in the study of waves in lattice structure is the concept of band gaps 

formation due to the structural resonance of component struts. 

 Dispersion behavior for the Body Centered Cubic (BCC) lattice Structure 

Similar to the SCC, the dispersion property of the BCC lattice can be represented by six-

directional vector path laid along the abscissa axis. The dispersion curve to the eigenvalue 

problem is shown in Figure 28 below. Using the same convention from sub-section 5.2.1, the 

dispersion curve is shown for eigen-frequencies up to 6.20 𝑘𝐻𝑧 normalized by same structural 

resonance frequency (i.e.  2.48 𝑘𝐻𝑧) 

5.2.1 Discussion of band gaps 

The BCC unit cell possesses periodicity in all 3 directions. Therefore, it is expected that 

the periodicity of the structure induces destructive interference of waves propagating at certain 

frequencies along specific directions and existence of Phononic band gaps. Looking at the 

dispersion property from Figure 28, a variety of band gaps is observed. Here, a total band gap is 

identified and ranges from 𝛺 = 1.05 − 1.31. The total stop band in some direction combines 

with directional band widening out at those locations. 

The group velocity along each direction is carefully examined and it is noticed that just as 

in the case of the SCC base structure, there clusters of flat bands possessing zero-group velocity. 

At the normalized frequency of 𝛺 = 1.00, there is a very narrow band gap created and is 

attributed to the SCC base structural resonance. Above this normalized frequency, there are in 

existence also a cluster of bands and a wide band gap placed above this band cluster. The lower 

band bordering this stop band consists of a cluster of nearly flat bands signifying the contribution 

of a set of strut’s structural resonance effect. Since the bands are placed at a different frequency 

from that in SCC lattice structure; consideration is given to the internal structures as possible 

contributors. The structural resonance of the BCC internal beams is calculated and gives an exact 

match with that of the flat zones identified with frequency 𝛺 = 1.05. Therefore, the wide band 

gap is formed as a result of the structural resonance of the SCC lattice structure in combination 

with that of the internal BCC lattice beams of frequency placed slightly higher.  
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Figure 28: Dispersion curve of the BCC lattice structure 

 

Also, the numerous directional band gaps are noticeable, and the most pronounced ones 

lie along the 𝐻 − 𝑃 between  𝛺 = 0 − 0.51 , 𝛺 = 0.93 − 0.99 and 𝛺 = 1.31 − 1.72. Moreover, 

in the wave direction 𝑃 − 𝑁, there exist directional band gaps stopping all form of wave from 

propagating spanning the range 𝛺 = 0 − 0.51, 𝛺 = 0.55 − 0.63, 𝛺 = 0.71−0.91 and 𝛺 =

1.19 − 1.64. Bands located at frequencies higher than 𝛺 = 1.62 constitute a combination of 

wave forms. Therefore, to properly understand the bands, the mode deformation is carefully 

viewed. The classification of the modes is based on the dominating wave type present for that 

dispersion band. With the individual bands classified, polarized band gaps can be identified. The 

polarized bands though not highlighted here are identified in the next section. The classification 
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process follows same standard format introduced earlier. The polarized band gaps depicted in 

Figure 30 are for the longitudinal and flexural wave type. 

5.2.2 Classifying the individual bands along the 𝒙 direction 

The dispersion property of the direction 𝛤 − 𝐻 is oddly shaped in comparison with the 

direction  𝛤 − 𝑋 of the SCC selected previously as shown in Figure 29. The direction 𝛤 − 𝐻 is 

symmetrical at half the symmetry point of the chosen wave vector direction. This can be 

attributed to the fact that the vector path along the direction 𝛤 − 𝐻 spans twice the value of 𝑘𝑥. 

Considering each band in the dispersion curve with their associated modal deformation, a better 

understanding of their wave type is obtained. The global mode shape of the unit cell is shown in 

Figure 30.  

 
 

Figure 29: Dispersion curve along the wave direction 𝛤 −𝑀 of the BCC lattice structure. 
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As highlighted in Figure 29, the first band with two overlapping modes is clearly 

identified as propagating flexural waves. Longitudinal waves travel the fastest along a structure; 

with a higher group velocity denoted by the slope of its inclination, hence its placement as the 

second identifiable mode. In harmony with the SCC dispersion curve, the first longitudinal wave 

peaks art same frequency as it is a contribution of the SCC base structure in our lattice. The first 

dispersion band identified as the flexural modes are contributed from the internal BCC structural 

beams making up the lattice structure. The mode shapes of the dispersion bands aiding in the 

classification of the bands are highlighted in Figure 30. 

 

 

(a) 

 

(b) 

 
©

(c) 

 

(

(d) 

 
 

Figure 30: Selected mode shapes of the BCC lattice structure (a) 1st flexural wave (b) 2nd flexural 
wave (c) 1st longitudinal (d) structural resonance mode. 

 

Polarized band gap exists and, as was highlighted in the section 4.2.2, relies on careful 

study of the associated eigenvectors deformation depicted by the mode shapes. The mode shape 

deformation pattern gives an insight about the peculiarity of the waves represented in the sense 

of its propagation properties. Compared to the SCC where each member is oriented strictly in the 
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orthogonal directions, the BCC possesses additional internal beam structures with skewed 

orientation, hence the difficulty in defining the modes with certainty. To read their deformation 

correctly, the same standard as previously introduced is adopted for the external beams in this 

classification and the internal structure following suit. The polarized band gaps for the 

longitudinal and flexural waves are highlighted in the Figure 31. 

 

  

Figure 31: Dispersion curve of the BCC along the wave direction 𝛤 − 𝐻. with identified (a) longitudinal 
and (b) flexural polarized band gaps 

 

The various modes were identified by the relative motion of the members to the wave 

direction as was described in section 5.2.1. It is anticipated that two matching bands for flexural 

waves signifying the presence of two dimensions perpendicular to the considered disturbance 

propagation should be present. The longitudinal waves are identified as flexural displacements of 

its members oriented perpendicular to the disturbance direction i.e. the flexural displacements of 
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Y and Z oriented beam members. The first three modes are easy to identify as they are purely of 

a wave type. At higher frequencies, the dispersion bands are a combination of various waves 

propagating. The polarized band gaps highlighted in the Figure 31 above show separately the 

longitudinal and flexural polarized bands. The lower flexural wave polarized stop-band is 

bounded by flexural waves identified as continuation bands separated by a jump in frequency 

and different signs of group velocity.  

5.2.3 Conclusion 

Deriving a generalized a law defining the band gap formation of this structure is difficult, 

as there are many variables in play. This is because the added structure has its own length and 

possibility of choosing its dimensions, while maintaining the symmetry of the entire lattices 

structure. However, constraining the values of the added beam structure with that of the SCC 

structure, a trend is noticeable. Provided the relative slenderness ratios of the comprising beam 

sets are kept constant, the dispersion curve looks practically the same, just scaled up or down. 

Upholding this restriction in defining the dispersion relationship, the structural resonance 

of a beam structure can serve as the principle design parameter, and at large the dispersion 

attenuation capacity of the BCC structure.  For design purposes, the dispersion curve can be 

scaled for its perceived suitable application and the lattice structure derived in reversal form, 

keeping the mass of the BCC lattice structure twice that of the external SCC structure. From the 

dispersion curve, the total band gap identified is bounded by a nearly flat band with the mode 

shape point to the structural resonance of a combination of the BCC internal beams. The 

resonance frequency matches that of a standing wave of the identified internal beams. Hence, the 

band gap formation is attributed to the structural resonance of the lattice structure. The structural 

resonance band gap is formed as a result of the energy present in that frequency region being 

expended in sustaining the structural resonance of the comprising beams. The width of the 

structural band gap is a result of the interaction and combination of the nearly matching 

resonance frequencies of the two different beam sets. The partial band gap from the SCC base 

structure identified in the previous section is now converted into a total band gap though narrow 

in width.  
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 Dispersion behavior for the Face Centered Cubic (FCC) lattice Structure  

The Face Centered Cubic (FCC) lattice structure dispersion properties can be studied on 

the existing 10 directional wave vector path corresponding to the boundaries of its acceptable 

IBZ. The dispersion curve from the analysis is presented in Figure 32 and considered for all 

bands up to 6.2 𝑘𝐻𝑧. In line with the previous models, the frequency values are normalized with 

respect to the frequency of a fixed-fixed strut from the SCC base structure. 

5.3.1 Discussion of band gaps 

The dispersion curve of the FCC lattice structure selected with the parameters as listed in 

subsection 4.4.1 possesses stop-bands of different classes. These band gaps as conventional stop-

bands are defined by their attenuation properties of disturbances tuned at these frequency ranges 

and wave vector direction. The dispersion curve of the FCC lattice structure differs by far from 

the SCC lattice structure along the same direction of wave vector. This difference is a result of 

the mass doubling due to the added structural possessing a different set of resonant frequencies, 

thus influencing the overall structure’s dispersion property. Constructive effects of the added 

structural component to the overall dispersion property are observed in regions were pass-bands 

are created and destructive effects in regions where band gaps formed. 

The total band gaps are highlighted in Figure 32, with numerous other partial band gaps 

within the selected frequency region. Polarized stop-bands also exist, which are not directly 

identifiable from looking at the dispersion curve. Over the range of frequencies  𝛺 = 0.44 −

0.51, there is a total band gap which is as a result of Bragg scattering effects. The mode shape as 

seen in Figure 34 shows the deformation pattern of the structure at its resonance frequency as 

well as different modes peculiar to a wave type. There are several directional band gaps present 

from the normalized frequency range of  𝛺 = 0 − 1.00 mitigating all wave forms. Along the 

paths defined by the points 𝐿 − 𝑈 −𝑊 − 𝐿 − 𝐾/𝑈 − 𝑋 and 𝑊 −𝐾, the band gap observed 

spans the range of approximately 0 − 0.85. Also, at higher frequencies, the existence of 

directional band gaps is also seen along this path. Some of these partial band gaps add up to the 

total band gap to give a wider stop band at those frequencies along the direction identified above. 

The added structural component from the SCC basic structure introduces other modes and 

doubles the mass of the structure.  
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Figure 32: Dispersion curve of the FCC lattice structure  

 

5.3.2 Classifying the individual bands along the 𝒙 direction 

The direction 𝛤 − 𝑋 corresponds to twice the same direction of the SCC as shown in 

Figure 33 and the dispersion diagram as in the case of the BCC lattice structure is symmetrical at 

half the symmetry point of the chosen wave vector direction. This can be attributed to the fact 

that the vector path along the direction 𝛤 − 𝑋 spans twice the value of 𝑘𝑥. Considering each band 

in the dispersion curve with their associated modal deformation, a better understanding of their 

wave type is obtained. With the individual dispersion bands classified opens the discussion of the 

polarized band gaps present. This classification, as with the previous sub-sections, relies on 

considering the mode shape deformation.  
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Figure 33: Dispersion curve along the wave direction  𝛤 − 𝑋 of the FCC lattice structure  

 

The modes identified along each individual band gives needed information that is 

processed, and patterns identified to classify the associated wave direction. The mode shapes of a 

few dispersion bands at a vector point are presented in Figure 34. The first mode highlighted 

corresponds with that of a flexural wave and has two overlapping band structures. From the 

dispersion curve along the wave vector direction 𝛤 − 𝑋, a complete directional band gap is 

noticed at the range of values from 𝛺 = 0.86 − 0.91. The next identifiable dispersion band 

corresponds to a longitudinal wave peaking at the partial band gap lower dispersion band.  
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(a) 

 

(b) 

 
©

(c) 

 

(

(d) 

 

 

Figure 34: Selected mode shapes of the FCC lattice structure (a) 1st flexural wave (b) 2nd flexural 
wave (c) 1st longitudinal wave (d) 2nd longitudinal wave 

 

The flexural waves were identified by the motion of flexural displacement of the beam 

members lying on planes parallel to the considered direction of wave. i.e. the flexural wave of X 

oriented members including their cross beams on the faces parallel to the X-direction of wave 

propagation. As with our usual convention, two matching bands for flexural waves exist 

signifying the presence of two perpendicular dimensions to the considered incidence of 

disturbance. The longitudinal waves are identified as flexural displacements of member’s lying 

on planes with its normal matching the direction of disturbance. By the above identification 

criteria, the dispersion bands within the frequency range captured in Figure 33 were identified. 

Among the identified dispersion bands are a set of two overlapping flexural bands with peaks at 

a lower frequency than the longitudinal wave peaking at 𝛺 = 0.86. The next dispersion band is 

of a flexural having two overlapping bands with flat bands at the lower 𝑘𝑥 values then sloping 

upwards to 𝛺 = 1.18. Subsequent modes are identified to belong to flexural with two 

overlapping bands, longitudinal and combination dispersion bands. The other modes identified as 

a combination type, are classified based on the dominating mode. 
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Figure 35: Dispersion curve of FCC along the wave direction Г − Х with identified (a) longitudinal and 
(b) flexural polarized band gaps 

 

5.3.3 Conclusion 

Conclusively, the dispersion bands have no defined trend especially at higher order 

modes and frequencies owing to the multiple variables defining the structures overall response. 

These variables are: the lattice structures different beam elements with varying orientation and 

connectivity. Their design and subsequently dispersion behavior differ from that of the SCC 

lattice structure as the added structure has its own dimensions constrained by the former and 

unique boundaries on the lattice points of beam connectivity on the faces. All these increases the 

complexity of the problem set. 
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 However, if the added beam structures on the faces are kept such that it maintains the 3-

dimensional symmetry of the entire lattices structure, we have a starting point for formulating a 

restriction on the parameters. However, constraining the values of the additional beam structures 

to that of the basic SCC structure, a trend is noticeable. Provided the ratio of cross-sectional area 

documented in Table 2 are kept constant, the dispersion remains same. With this as a guiding 

restriction, in defining the dispersion relationship, the structural resonance of a beam structure 

can serve as the benchmark/ principle design parameter and at large the dispersion attenuation 

capacity of the FCC structure in selecting the entire design knowing that the dispersion behavior 

can be easily reconstructed.  

 Dispersion behavior for the Octet-truss lattice structure  

The dispersion properties of the Octet-truss lattice structure, just like the FCC lattice 

structure, can be examined on the existing ten-directional wave vector path laid along the 

abscissa axis. The similarity in analysis is primarily because both lattice systems have the same 

lattice points, hence same IBZ. The difference as highlighted earlier lies in their beam’s 

orientation connecting the lattice points together. In line with previous analysis of the dispersion 

properties, the dispersion curve is presented in Figure 36 and considered for all existing modes 

up to 6.2 𝑘𝐻𝑧 normalized with the same value introduced in section 5.1. 

5.4.1 Discussion of band gaps 

In comparison with dispersion curves earlier considered, there are several observable 

band gaps for the selected Octet-truss structure. The difference in the beam’s orientation and 

connectivity introduces other modes defining the disparity in the dispersion curve along the 

directions for both Octet-truss and FCC lattice structures. The range of normalized frequencies 

𝛺 = 1.35 − 1.72 a total band gap exists. The lower bands bordering the band gap region are flat 

and form a cluster of many dispersion bands. The presence of this zero-velocity dispersion band 

signifies structural resonant modes. The band gap formed therefore is a structural resonant band 

gap at the resonant frequency of the beam components of the lattice structure. The energy in the 

system is used up in sustaining the resonance mode hence the band gap. The clustered dispersion 

bands close to the resonance frequency are caused by the destructive interference of the vibration 

of the individual beams constituting the Octet-truss unit cell. The mode shape as seen in Figure 
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38 shows the deformation pattern of the structure at the structural frequency. Also highlighted in 

the Figure 38 are the mode shapes beneficial in identifying the individual bands. 

 
 

 
Figure 36: Dispersion curve of the Octet-truss lattice structure 

 

 The dispersion curve of the Octet-truss lattice structure differs by far from the FCC 

lattice structure along the wave vector directions. A possible factor for this difference is the 

differing beam orientation. The SCC external structure on the FCC lattice is discarded and 

replaced by internal beam octet assembly. The internal octet structure’s orientation, length and 

cross-sectional properties create a set of dispersion properties influencing the overall structure’s 

dispersion property. There are several directional band gaps below the total band gap mitigating 

all wave forms. Along the direction paths 𝐿 − 𝑈 −𝑊 − 𝐿 − 𝐾/𝑈 − 𝑋 and 𝑊 −𝐾 the band gap 

observed spans the range of approximately 𝛺 = 0 − 0.71. Also, at higher frequencies, the 

existence of directional band gaps is also seen. Some of which adds up to the total band gap to 
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give a wider stop band at those frequencies in the direction identified above. Aside from the 

bands clearly visualized, there are also polarized band gaps. As with the previous subsections, 

identifying the mode specific wave bounding the polarized bands is by studying the deformation 

of the eigen-mode shapes. The modes identified at along each individual band gives needed 

information that should be processed, and patterns identified to classify the associated wave 

direction. Figure 38 shows the dispersion curve of the 𝛤 − 𝑋 direction with which detailed 

identification of the modes are considered enabling the polarized longitudinal and flexural band 

gaps identification. 

5.4.2 Classifying the individual bands along the 𝒙 direction 

Asides from the bands clearly visualized, there are also polarized band gaps. As with the 

previous subsections, identifying the mode specific wave bounding the polarized bands is by 

studying the deformation of the eigen-mode shapes. The modes identified for each individual 

band gives needed information that should be processed, and patterns identified to classify the 

associated wave direction. Figure 38 shows the dispersion curve of the 𝛤 − 𝑋 direction with 

which detailed identification of the modes are considered enabling the polarized longitudinal and 

flexural band gaps identification. 

The first dispersion curve with two overlapping bands is a flexural wave band. The next 

is a longitudinal wave band. The first two dispersion bands look identical to that of the FCC 

lattice structure but peaks at different frequencies. The next four bands are identified as flexural 

with a minimal slope and comprise of a set of two overlapping bands. Progressive identification 

of the various dispersion bands by careful study of the deformation mode gives an insight on the 

peculiarity of the wave. The wave direction of focus for our classification is the 𝛤 − 𝑋 direction. 

The flexural waves were identified by the motion of flexural displacement of the beam members 

oriented parallel to the considered direction of wave. i.e. the flexural wave of X oriented 

members including their cross beams on the faces parallel to the X-direction of wave 

propagation. As with our usual convention, ецщ matching bands for flexural waves exists 

signifying the presence of ецщ perpendicular dimensions to the considered incidence of 

disturbance. However, the longitudinal waves are identified as flexural displacements of 

members oriented perpendicular to the disturbance direction of both the composing SCC basic 

structure plus the additional cross members and the faces. 



 

59 
 

 
 

Figure 37: Dispersion curve along the wave direction  𝛤 − 𝑋 of the FCC lattice structure 

 

(a) 

 

(b) 
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Figure 38: Selected mode shapes of the Octet-truss lattice structure (a) 1st flexural wave (b) 2nd 
flexural wave (c) 1st longitudinal wave (d) structural resonance mode 
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The first few modes are easy to identify as they are purely of a wave type. But with 

higher frequencies and dispersion bands, the dispersion bands are a combination of various wave 

propagation and identifying them are solely based on the concept of dominance of a mode 

displacement of the structure. Conclusively, the dispersion bands have no trend especially at 

higher order modes and frequencies owing to the multiple variables defining the structures 

overall response. These variables are: the lattice structures different beam elements with varying 

orientation and connectivity. Their design and subsequently dispersion behavior differ from that 

of the SCC lattice structure as the added structure has its own dimensions constrained by the 

former and unique boundaries on the lattice points of beam connectivity on the faces. All these 

increases the complexity of the problem set. However, since the added beam structures on the 

faces should be kept such that it maintains the 3-dimensional symmetry of the entire lattices 

structure, we have a starting point for formulating a restriction on the parameters.  

  
 

 

Figure 39: Dispersion curve along the wave direction  𝛤 − 𝑋 with identified (a) longitudinal and 
(b) flexural polarized band gaps 

 

Wave vector 𝑘 Г X 

N
or

m
al

iz
ed

 fr
eq

ue
nc

y 
Ω

 

0 

0.5 

1.0 

1.5 

2.0 

Wave vector 𝑘 Г X 

N
or

m
al

iz
ed

 fr
eq

ue
nc

y 
Ω

 

0 

0.5 

1.0 

1.5 

2.0 



 

61 
 

5.4.3 Conclusion 

Constraining the values of the additional beam structures to that with that of the basic 

structure, a trend in noticeable. Provided the aspect ratio of the comprising beam sets are kept 

constant as documented in Table 2, the dispersion behavior remains same. With this as a guiding 

restriction, in defining the dispersion relationship, the structural resonance of a beam structure 

can serve as the benchmark/ principle design parameter and at large the dispersion attenuation 

capacity of the FCC structure in selecting the entire design knowing that the dispersion behavior 

can be easily reconstructed. 

 Time domain simulation of the Simple Cubic (SCC) lattice structure  

The time domain simulation is performed on the configuration as highlighted in Figure 

22. The time domain simulation is performed to verify the polarized band gaps identified. The 

verification process is limited to the wave direction 𝛤 − 𝑋 for frequencies of interest. The 

frequencies of interest are 1000𝐻𝑧 (𝛺 = 0.40), 2750𝐻𝑧(𝛺 = 1.11) and 3800𝐻𝑧(𝛺 = 1.54) 

respectively. From Figure 27, it is observed that within the range of frequencies 500 − 1800𝐻𝑧 

(𝑖. 𝑒 𝛺 = 0.20 − 0.73) only longitudinal waves propagate, and a polarized flexural band gap 

exists. The range of 2475 − 3095𝐻𝑧 (𝑖. 𝑒 𝛺 = 1.0 − 1.25) is characterized by a directional 

band gap for all waves along the wave vector direction Г − 𝑋 . Above 3090𝐻𝑧(𝛺 = 1.25), both 

waves propagate. Subsequent polarized bands exist, and their concept remains the same, the 

difference being the fact that they are bounded by higher modes. The various band gaps can be 

identified to be a result of Bragg’s scattering or structural resonant bands. This is seen by the 

continuous alternation and matching of phase velocities of the various flexural wave’s bands (for 

Braggs) and flat band bounding the structural resonant band. The Figures 40 to 42 below 

displays the wave patterns at points on the periodic structures 10-unit cells apart from each other 

and their responses to the induced excitation match our expected results.  

The flexural waves are seen to have a decay in their magnitude as we go from one 

selected point to another. This decay is not due to destructive interference but can be safely 

attributed to our model’s transverse stiffness owing to its infinite nature in the directions of 

disturbance application. The flexural waves as expected still propagate in the regions we 

identified in the subsection 5.3.2 as pass bands. The region identified as stop bands for flexural 

waves are clearly depicted as the observed disturbance on the selected points distance from the 
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application location. The longitudinal wave in same manner decays in magnitude in the 

frequency regions identified as stop bands and propagates in the pass band regions as highlighted 

in Figures 40-42 showing the longitudinal polarized band gaps.  

5.5.1 Frequency of 1000 Hz (𝜴 = 𝟎. 𝟒𝟎) 

As a starting point, the longitudinal wave exciting the system is considered. At 

1000𝐻𝑧(𝛺 = 0.40) for the longitudinal waves, the response of 4 points along the chosen system 

is represented. The time chosen for the total simulation is  6 × 10−3𝑠 in accordance to the 

calculated value using the formula in equation (13). The selected total time of simulation enables 

highlighting several cycles of the wave form. In same manner, for the flexural wave propagation 

at this frequency, the simulation time retains the value form earlier. The Figure 40 depicts the 

response of the 4 points to the sinusoidal excitation tuned at 1000𝐻𝑧 (𝛺 = 0.40) of the 

configuration. The response of the system for the longitudinal wave disturbance indicates no 

attenuation of the disturbance. On the contrary, for the flexural wave, there are barely any 

noticeable vibrational responses of the points away from the disturbance. This confirms the fact 

that points positioned at multiples of the lattice structure away are isolated from propagation of 

flexural waves. Therefore, validating the correctness of the polarized flexural band gap 

highlighted in Figure 40. 

 

  
 

 

Figure 40: Displacement due to (a) longitudinal (b) flexural wave at 1000Hz (𝛺 = 0.40) 
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5.5.2 Frequency of 2750Hz (𝜴 = 𝟏. 𝟏𝟏) 

The longitudinal and flexural wave responses are obtained in same manner and are 

recorded with the same total time of simulation adopted earlier. The time steps however were 

recorded to represent with reasonable accuracy the excitation frequency (minimum of 5 points 

for a complete cycle). The response to the sinusoidal wave tuned at 2750𝐻𝑧 (𝛺 = 1.11) of the 

selected 4 points in the configuration is shown in Figure 41. The response of the system to the 

longitudinal wave disturbance shows a destructive decay of its amplitude along the lattice 

structure. For the case of the flexural, there is no noticeable decay of the disturbance as it travels 

along the structure. Conclusively, we can say that at a distance multiple of the unit cell of our 

lattice structure, the longitudinal as well as flexural waves are attenuated isolating the 

disturbance. Thus, ascertaining the appropriateness of the mitigated zone for longitudinal and 

flexural waves denoted by the directional band gap highlighted in dispersion curve along the 𝛤 −

𝑋 direction of the SCC lattice structure in Figure 41. 

 

  
 

 

Figure 41: Displacement due to (a) longitudinal (b) flexural wave at 2750Hz (𝛺 = 1.11)  

 

5.5.3 Frequency of 3800Hz (𝜴 = 𝟏. 𝟓𝟒) 

The response of our SCC structure to the excitation at 3800𝐻𝑧( 𝛺 = 1.54) is depicted in 

Figure 42. The response of the system to the longitudinal wave disturbance shows decay in 
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amplitude along the lattice structure. For the flexural disturbance, there is no noticeable 

amplitude decay of the induced disturbance. Conclusively, we can say that the longitudinal 

waves are attenuated in this frequency region. This certifies the appropriateness of the polarized 

band for longitudinal waves highlighted in subsection 5.2.2. 

 

 
 

 

 

Figure 42: Displacement due to (a) longitudinal (b) flexural wave at 3800Hz (𝛺 = 1.54) 
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CHAPTER 6 
 

LATTICE STRUCTURES WITH EMBEDDED RESONATORS 
 
 

 Introduction 

Extending the study carried out in the previous chapter to get better dispersion properties 

and tuned band gaps, embedded resonators as substructures are added to the lattice structures. 

The resonating inclusions added are selected such that the overall dynamic behaviors of the 

structure are not entirely changed but rather influenced at a targeted frequency zone. By doing 

so, the resonating structures do not affect the mechanical properties of the structure and the 

symmetry of the lattice structure is retained. The locally resonating inclusions are simple 

cantilevered beams [60]. Junyi et al in the study of the mechanical and dispersion properties of 

cubic lattice structures used cantilevered resonating beams which are adopted here in this study 

[61]. The natural frequencies of resonance of the locally resonant substructure are easy to 

calculate. The resonance phenomenon causes a significant change to the dispersion curves, and 

the mass increment due to the locally resonant substructure is expected to reduce the dispersion 

frequencies. At the natural resonant frequencies of the locally resonant substructure, the potential 

of forming band gaps exist as the interference of these added substructures widens and distorts 

the individual bands at the tuned region. The width of the formed band gap is dependent on 

several factors, most notable of which is the geometrical factor. Many research studies in the 

field of elastic metamaterials have effectively used this effect in demonstrating unique properties 

obtainable for such designed material. Lui et al [57] showed the possibility of using inclusions to 

attain band gaps at frequencies much lower than those due to Phononic effects by embedding 

heavy lead balls cushioned with soft rubber in a silicon matrix. 

The dispersion curves obtained using the same format as introduced previously gives an 

insight to the expected dynamic behavior of these structures over the wave path from the IBZ. 

The newly formed stop bands are of LR nature and the mode shape of surrounding bands points 

to the influence of the substructure as primary cause of such band gaps. To keep the earlier 

adopted convention enabling easy comparison, the locally resonant substructure is chosen to be 

cantilevered beams with masses at the end. The cross-sectional areas of these beams are kept 
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constant and its total mass same as that of the earlier selected SCC base lattice structure. Thus, 

the variables defining each locally resonant substructure are lengths, orientation, position and 

mass embedded at the resonators end. The Table 6 displays the chosen parameters defining the 

resonator, position with respect to the unit cell and orientation. The dispersion plots are obtained 

by normalizing the frequency value using the value from section 5.1. 

Table 5: Parameter of the selected resonators. 

 

Unit cell Length of Resonant 

beams 

Radius of Resonant 

beams 

No of Resonant. 

beams 

Position 

SCC 𝐿𝑟𝑒𝑠 = 0.25 ∙ 𝐿1 𝑟𝑟𝑒𝑠 = 0.02 ∙ 𝐿1 8 Corner points 

BCC 𝐿𝑟𝑒𝑠 = 0.25 ∙ 𝐿1 𝑟𝑟𝑒𝑠 = 0.02 ∙ 𝐿1 6 Center points 

FCC 𝐿𝑟𝑒𝑠 = 0.25 ∙ 𝐿1 𝑟𝑟𝑒𝑠 = 0.02 ∙ 𝐿1 8 Corner points 

Octet-Truss 𝐿𝑟𝑒𝑠 = 0.25 ∙ 𝐿1 𝑟𝑟𝑒𝑠 = 0.02 ∙ 𝐿1 6 Face points 

 

 Dispersion curve for SCC with resonators 

The dispersion curve is plotted in same format as in section 5.2. As expected, the 

frequencies see a dramatic drop and many more modes are included within the set range of 0 −

6.2 𝑘𝐻𝑧 (𝛺 = 0 − 2.5). Around the natural frequency of the locally resonant substructure, there 

is a high concentration of bands surrounding the lower band bordering the stop-band region. As 

depicted in Figure 43, the dispersion curve for a resonating substructure tuned at 0.80 𝑘𝐻𝑧(𝛺 =

0.32) gives a total band gap with its lower band matching exactly the resonance frequency. The 

lower band is seen to be a perfectly flat band commeasuring the assumption held previously by 

conclusively identifying flat bands as resonating bands. The nearly flat bands close to the tuned 

frequency of the resonant substructure are of a combination type but dominated by the 

resonators. While those around the frequency of the tuned resonator are solely modes of the 

resonators reacting. The frequency of the resonator is that of a cantilevered Euler-Bernoulli beam 

(as shown in Figure 44) is calculated using the equation (14) with ⍺ ≈ 2.73. In comparison with 

the dispersion property of the SCC lattice structure without resonators, Figure 43 follows the 

same pattern at frequencies far from the tuned frequencies. As expected, a resonating beam of 
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such has infinite amount of resonance frequencies usually a multiple of the lowest obtainable 

frequency. Thus, it is not surprising to have other flat bands at 𝛺 = 0.32 and one with a very 

wide band gap formed at 𝛺 = 3.22. For analysis sake and consistency with the previous chapter, 

the observation is kept up to 𝛺 = 2.5.  

    
 

 

Figure 43: Dispersion curve of SCC lattice structure with embedded resonators 

 

 

For ⍺ ≈ 2.73 (for 𝑛 = 1) 

Figure 44: Diagram of a cantilevered beam. 
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At frequencies up to the resonance frequencies of the added substructure, the dispersion 

curve looks as though the original up to the flat band was suppressed. At 𝛺 = 0.32, there are 

eight suppressed bands each forming along a straight line. At frequencies above the band gap 

𝛺 = 0.38, the dispersion curve continues as though uninterrupted with the start values in all 

directions higher than previously. The tuning of the local resonator to 𝛺 = 0.32 creates a band 

gap at that zone where pass-bands existed previously. In regions where band gaps existed prior to 

the introduction of the locally resonant substructure, the band gaps of the added substructure 

distort the dispersion behavior splitting in two the previously existing stop band. As shown in the 

directions 𝑅 − 𝑋/𝑀 − 𝑅, this phenomenon is prevalent, and the previous band gap is now 

divided in two regions. But its total frequency range of stop-bands remains the same. Hence, the 

shift in the dispersion bands. This shift in start and end points of the directional band gap is 

believed not to be caused by the added mass and the notion easily discarded. This phenomenon 

can be attributed to the local resonance substructure’s vibration properties and not the mass 

doubling. The mode shapes of the unit cell in the region of the band gap are highlighted as 

shown in Figure 45. The local resonators are seen to create the bands, and observation of the 

modal deformation shows that these bands are without the input of the lattice structure itself. 

 

(a) 

 

(b) 

 
Figure 45: Selected mode shapes of the SCC lattice structure with embedded resonators (a) local-resonant 

mode (b) flexural mode 
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 Dispersion curve for BCC with resonators 

The dispersion curve for the BCC lattice structure with resonators is represented in same 

manner as in section 5.3. The dispersion curve retains same vector path as the symmetry of the 

structure is retained by the selection of the inclusion to uphold this set out standard. The 

dispersion curve in comparison with that from section 5.3 without the locally resonant inclusion 

differs significantly especially around the region of the tuned natural frequency of the resonators. 

As dispersion frequencies see a dramatic drop, many more modes can be found within the set 

range of frequencies up to the region of the natural frequency of the locally resonant 

substructure. The different lattice structure exhibit different characteristics and band gap 

formation at same tuned resonant frequency of the inclusion. In Figure 46 the dispersion curve 

for a resonating substructure tuned at 𝛺 = 0.32 gives a total band gap with its lower bounding 

band matching exactly the resonance frequency. The lower band is seen to be a possess zero 

velocity complimenting the assumption held previously by identifying flat bands as resonating 

bands. Comparing the dispersion property of same BCC lattice structure without resonators, 

Figure 46 follows same pattern at frequencies far from the tuned frequencies, As expected, a 

resonating beam of such has infinite amount of resonance frequencies usually a multiple of the 

lowest obtainable value.  

A glance at the dispersion curve, we notice the similarity to the original dispersion cure 

without the included resonators up to the first cluster of suppressed bands. At the tuned 

resonance frequency of the added substructure, there are several suppressed bands each lining 

along parallel straight lines. The dispersion curve continues uninterrupted above the stop-band 

with the start values of all individual bands truncated by the LR band gap higher than previously. 

The distribution of the dispersion bands is almost identical away the tuned frequency region. The 

inclusion distorts the already existing band gaps, splitting the region. As shown in the directions 

𝑃 − 𝐻/𝑁 − 𝑃 this phenomenon is noticed, and the previous single band gap is now segmented 

into two regions. However, its total frequency range of stop-bands remains same. Hence the shift 

in the dispersion bands. This phenomenon can be attributed to the local resonance substructure’s 

vibration properties and not the additional mass. At higher frequencies, the distortion of the 

dispersion property is also noticeable as they are closer to the other higher natural frequency of 

the embedded resonator. The mode shapes of the unit cell in the region of the band gap is shown 
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in Figure 47. The local-resonators are seen to deflect thus creating the flat bands, and observation 

shows that these bands are without the input of the lattice structure beams. 

 
 

 
Figure 46: Dispersion curve of BCC lattice structure with embedded resonators 

 

  
Figure 47: Selected mode shapes of the BCC lattice structure with embedded resonators (a) local-

resonant mode (b) local-resonant mode 
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 Dispersion curve for FCC with resonators 

The dispersion curve is for the FCC lattice structure with embedded resonators is 

formulated in same manner as in section 5.2.3 due to the unchanging lattice symmetry. 

Comparing the new dispersion property with that obtained in sub-section 5.2.3 without the 

locally resonant inclusion, minor differences are observed especially around the region of the 

cantilevered beam’s tuned natural frequency clustered to form a nearly flat-band. Within the 

same range of frequencies, there are many more eigen-frequencies observed. The inclusion also 

creates a larger total band gap spanning the region 𝛺 = 1.37 − 1.57 at a higher resonance 

frequency. This total band gap is as a result of destructive interference extending the previously 

partial stop-band to a total one. From Figure 48, it is observed that the dispersion curve for a 

resonating substructure tuned at 𝛺 = 0.32 gives a total band gap with its lower bounding band 

matching exactly the resonance frequency. The lower band is seen to possess zero velocity 

complimenting the assumption held previously by identifying flat bands as resonating bands. 

    
 

 

Figure 48: Dispersion curve of the FCC lattice structure without embedded resonators 
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At the tuned resonance frequency of the added substructure, 𝛺 = 0.32 there are many 

bands clustered and suppressed bands each lining along parallel straight lines. However, in 

contrary with the previous trends notice in the earlier discussed lattice structures, the dispersion 

curve differs below the local resonance frequency. This is attributed to the fact that the 

inclusion’s tuned frequency lies close to an already existing flat band hence disrupting the curve 

to create a larger frequency band. At frequencies above the LR band gap, the dispersion curve is 

also greatly interrupted. The mass inclusion makes the FCC structure now 3 times that of the 

originally selected SCC structure without the embedded resonators and as such an anticipated 

frequency drop. The mode shapes of the unit cell in the region of the band gap are highlighted as 

shown in Figure 49. The local resonators are seen to deflect thus creating the flat bands, and 

observation shows that these bands are without the input of the original structure. 

(a) 

 

(b) 

 
Figure 49: Selected mode shapes of the FCC lattice Structure with embedded resonators (a) local-

resonant mode (b) local-resonant with flexural mode 

 

 Dispersion curve for Octet-truss with resonators 

The dispersion curve for the Octet Truss lattice structure with embedded resonators is 

plotted in the Figure 50. The dispersion curve around the tuned frequency sees a dramatic change 

and a cluster of modes around that frequency. Asides from creating total band gaps at the tuned 

frequency, the resonator plays a role in opening other partial band gaps. In comparison with the 

dispersion property of the SCC lattice structure without resonators, Figure 50 follows same 

pattern at frequencies far from the tuned frequencies. As expected, a resonating beam of such has 
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infinite amount of resonance frequencies usually a multiple of the lowest obtainable. Thus, it is 

not surprising to have other flat bands at 6.5. At frequencies up to the resonance frequencies of 

the added substructure, the dispersion curve looks as though the original up to the flat band were 

suppressed. At the normalized frequency of 𝛺 = 0.32, there are many suppressed bands each 

forming along a straight line. The dispersion curve continues uninterrupted at much higher 

frequencies before reaching the frequency value matching another mode of the embedded 

resonator. The mode shapes of the unit cell in the region of the band gap are highlighted as 

shown in Figure 50. The local-resonators are seen to deflect thus creating the flat bands, and 

observation shows that these bands are without the input of the original lattice structure. 

     
 

 

Figure 50: Dispersion curve of the Octet-truss lattice structure without embedded resonators 

 

Along the direction 𝛤 − 𝑋 opens several directional band gaps at higher frequencies must 

of which do not converge into total bandgaps. Some modes and their associated frequencies are 

isolated from the influence of the added LR substructure and hence their modal deformation has 
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little to no traces of the cantilevered beams participating. These are seen from the dispersion 

band as matching exactly with that of the SCC dispersion without the added local resonators.  

 

(a) 

 

                           (b) 

 
Figure 51: Selected mode shapes of the Octet-truss lattice structure with embedded resonators (a) 

local-resonant mode (b) local-resonant mode 

 

 Conclusion 

In compliance with the above observation for the 4 different lattice structures, it is 

evident that the locally resonant substructure embedded creates a stop band. Therefore, having 

the resonating structures tuned to a frequency creates a total band gaps in that regions. Of 

significance is that the band gap created can be located at a frequency zone far lower than that 

caused by the Phononic effect. However, this comes with a significant mass penalty. The width 

of the band gaps created due to the local resonators on the overall dispersion property is 

dependent on an interplay of the selected geometry of the overhanging resonator. The regions 

surrounding such tuned frequency experience a significant cluster of the dispersion bands most 

of which flat denoting the local resonance effect. Dispersion bands previously passing through 

this newly formed locally resonant band gaps are abruptly truncated and improperly scaled 

around that region. In most cases, the region of the dispersion curve closer to the band gaps are 

scaled with a smaller factor and those farther away from the region experience a 1:1 scaling. The 

induced locally resonant band gap when located close to previously directional band gaps could 
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affect it in various ways. The effect could be constructive or destructive. Nevertheless, the 

previously existing directional band gap is split into two regions. 
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CHAPTER 7 
 

CONCLUSION AND FUTURE STUDY 
 

 Conclusion  

To provide a frame work for the understanding of the dispersion properties and individual 

bands, a study of the cubic lattice structure was conducted. The lattice structures used for this 

study were selected using a uniform standard to assist in comparing their properties. The Elastic 

wave propagation of these cubic lattice structures summarized by their dispersion curves were 

obtained with the aid of by the FEA tool COMSOL Multiphysics®.  Analyzing the dispersion 

curve for the individual lattices involved identifying frequency filter regions and the wave type 

associated with the individual bands. The frequency filter regions identified were partial and total 

band gaps. Their formation was attributed to Phononic effects and structural resonance. The 

Phononic band gap is as a result of the periodicity of the structure. The structural resonance 

frequency is as a result of a set of resonating structural components which uses up the energy in 

the system creating a no solution zone. The structural resonant band gap gives a flat band at the 

lower band of the band gap region. The concept of structural resonance band gap is novel to the 

study of elastic wave propagation in lattice structure. The wave type associated to the individual 

dispersion bands, were found using the mode shape deformation. Based on this classification, 

polarized band gaps were identified for longitudinal as well as flexural waves. The polarized 

band gaps were verified for the SCC lattice structure. 

The next step involved extending the concept of elastic metamaterials to this study. This 

was achieved by adding resonators with predefined natural frequencies and observing their effect 

to the model. Consistent with our restriction on mass, the locally resonant substructure was tuned 

at 0.8 𝑘𝐻𝑧 possessing same mass as the SCC basic structure. The dispersion properties were 

obtained in same manner. Studying the modes surrounding the induced locally resonant band 

gap, it was observed that at the tuned frequency of the resonators, a cluster of flat bands are 

noticed. These mode shape clearly identifies those flat bands as caused solely by the resonators, 

hence, confirming the standard of classifying flat bands as resonant modes.  
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 Future study 

The present work builds a framework for understanding the classification process for the 

dispersion properties of a 3-deimensional periodic lattice structure maintaining symmetry of the 

IBZ. Further investigation considering other wave vector direction is necessary. As noticed on 

most dispersion plots, there are reasonable lower band gaps in other direction. Tuning our system 

by way of design to always respond to any disturbance in those direction would be useful for 

numerous applications without the additional weight of the local resonators. The expected 

outcome would be having a set-principle for defining designs of lattices and automating the 

process based on the structure’s application requirement. 
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