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ABSTRACT
In this research, model reduction techniques are used to design optimal control strategies
with low sensitivity in order to model uncertainty. The source of uncertainty encountered is the
time delay, and the reduced-order model of a system is obtained with the help of a method
referred to as singular perturbation (SP). Performance sensitivity is reduced by adding a
sensitivity measure to the performance index (PI), which represents the cost to be minimized.
The sensitivity measure used in this paper is defined as a variable given by the partial derivative
of the state with respect to the uncertain item evaluated at the nominal value. This results in an
augmented model that includes the new sensitivity variable, which has the same size as the state
vector of the original system. As a result, the order of the dynamic constraint of the optimization
procedure will be as much as the original plant. Therefore, developing a reduced-order model
and using it in the design procedure will alleviate the problem of large dimensions. The design is
completed based on the reduced-order model. Then, such a design is used to obtain an
approximate design for the full-order system. Numerical examples are presented to illustrate the
effectiveness of the approximate design in reducing performance sensitivity in the full-order
system.

v

TABLE OF CONTENTS
Chapter
1.

INTRODUCTION.................................................................................................................... 1
1.1
1.2

2.

3.3
3.4

3.5
3.6

Linear Time-Invariant System .................................................................................. 21
Block Triangular Forms ............................................................................................ 21
3.2.1 Upper-Block Triangular Form...................................................................... 22
3.2.2 Lower-Block Triangular Form ..................................................................... 24
Statement of Sensitivity Problem ............................................................................. 25
Optimal Control Design ............................................................................................ 27
3.4.1
Linear Quadratic Regulator Design .......................................................... 27
3.4.2
Linear Quadratic Problem ......................................................................... 30
3.4.3
Static Optimization .................................................................................... 32
Controller Design....................................................................................................... 34
3.5.1
Feedback Control ....................................................................................... 34
3.5.1.1 State Feedback Control .............................................................. 34
Optimal Cost for State Feedback .............................................................................. 35

OPTIMAL CONTROL DESIGN OF SYSTEM WITH DELAY....................................... 39
4.1
4.2
4.3
4.4

5.

Mathematical Tools ................................................................................................... 14
Conditions and Limitations ....................................................................................... 14
Singularly Perturbed Model ...................................................................................... 15
Reduced-Order Model ............................................................................................... 16
Objective and Design Specifications ........................................................................ 20

OPTIMAL CONTROL WITH LOW SENSITIVITY TO TIME DELAY ........................ 21
3.1
3.2

4.

Background and Motivation........................................................................................ 1
Literature Survey ......................................................................................................... 2

TIME DELAY SENSITIVITY REDUCTION IN SINGULARLY PERTURBED .............
SYSTEMS .............................................................................................................................. 14
2.1
2.2
2.3
2.4
2.5

3.

Page

Deterministic System................................................................................................. 39
Statement of Sensitivity Problem ............................................................................. 40
Low-Sensitivity State Feedback Gain ...................................................................... 42
Numerical Examples.................................................................................................. 44

SUMMARY, CONCLUSION, AND FUTURE WORK .................................................... 58
5.1
5.2

Summary .................................................................................................................... 58
Conclusion.................................................................................................................. 58

vi

TABLE OF CONTENTS (continued)
Chapter
5.3

Page
Future Work ............................................................................................................... 59

REFERENCES ................................................................................................................................... 60
APPENDIXES .................................................................................................................................... 66

vii

DEDICATION

To my parents, husband, friends, and family for their support

viii

LIST OF FIGURES
Figure

Page

2.1

Original system of singularly perturbed method .................................................................. 16

2.2

Degenerate system of singularly perturbed method ............................................................. 17

3.1

Linear time-invariant system ................................................................................................. 21

3.2

Two-block triangular forms of equations (3.1) and (3.2) [1] .............................................. 23

3.3

Feedback system [1]............................................................................................................... 34

3.4

State feedback control [1] ...................................................................................................... 35

3.5

Optimal state feedback control .............................................................................................. 36

3.6

Response of  when S = 10I ................................................................................................ 38

3.7

Response of  when S = 100I .............................................................................................. 38

4.1

Responses of full-order system with time delay when S = 0 in Example 1 ....................... 46

4.2

Responses of full-order system with time delay when S = 70I in Example 1 .................... 48

4.3

Responses of full-order system with time delay when S = 0 in Example 2 ....................... 50

4.4

Responses of full-order system with time delay when S = 10I in Example 2 .................... 53

4.5

Responses of full-order system with time delay when S = 0 in Example 3 ....................... 55

4.6

Responses of full-order system with time delay when S = 1000I in Example 3 ................ 57

ix

LIST OF ABBREVIATIONS
ARE

Algebraic Riccati Equation

HJB

Hamilton-Jacobi-Bellman

LTI

Linear Time-Invariant

LMI

Linear Matrix Inequality

LQ

Linear Quadratic

LQR

Linear Quadratic Regulator

PI

Performance Index

SFB

State Feedback

SP

Singular Perturbation

SPS

Singular Perturbation System

TTS

Two-Time Scale

x

NOTATIONS
x

Slow-Subsystem State Variable

z

Fast-Subsystem State Variables

𝜀

Small-Number Singular Perturbation

𝑢

System Input

𝑦

System Output

_ _ _

x, z , u

Quasi-Steady-State System Variable

xs , z s , u s

Reduced-Order Slow Model Variable

.

x

First Derivative of x with Respect to Time

x


Partial Derivative of x with Respect to 

x
t

Partial Derivative of x with Respect to t

[A]

Trace of the Matrix



Time Delay

σ

Low Sensitivity

F

Feedback Gain

P

Lagrange Multiplier

𝐾

Riccati Equations Variables

α

Alpha

xi

CHAPTER 1
INTRODUCTION
1.1

Background and Motivation
Singular perturbation (SP) is a mathematical representation that helps to deal with large-

scale systems with two sets of eigenvalues. SP efficiently deals with problems by simplifying
complicated models and providing answers. Therefore, any problem can be solved by
formulating the mathematical model, analyzing it, and then designing a system. These problems
usually occur in all areas of applied mathematics and engineering.
The modeling of many systems calls for a large-scale singular perturbation system (SPS).
Singular perturbation makes many systems practical. The application of an SP model can be seen
almost everywhere the application of SP modeling has made globalization possible. Singularly
perturbation systems usually occur as a result of the presence of intrinsic parameters that are
typically small time constants or mass. The main objective of using SP methodology to analyze a
system is to mitigate the ill-conditioning that occurs from the presence of slow- and fast-moving
modes. One example of a time-dependent dynamic system is electrical robot manipulation,
which consists of a two-time scale (TTS), namely a slow system and a fast system. The
application of an SP model helps in making these two systems independent of each other;
therefore, this dynamical system is simplified by using singular perturbation theory. With a
large-scale system, it is necessary to separate it into slow- and fast-moving subsystems by using
block triangular forms. The system must be guaranteed stable in control design. The full-system
dynamics can be incorporated by designing a model consisting of both a slow and fast subsystem
in which the control designs are first independent and then analyzed together as a whole system.
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1.2

Literature Survey
Researchers have been working on modern control theory techniques for the past 25

years. Nyquist and Bode laid the first foundations of the feedback control theory in the 1930s [1].
Kokotović [1] used the singular perturbation theory to find the solution to his problem by
separating large systems into slow- and fast-moving subsystems. This separation helped in
eliminating complexities in the system, thus warranting a more efficient implementation of the
model [1]. A considerable amount of work has been done for a long time on the application of
the SP theory for simplifying large-scale complex systems [2]-[14].
According to Kokotović [1], understanding of the weak or sparse connections and time
scales in singular perturbation using asymptotic time scale methods is the only powerful tool that
will enable easy analysis and the design of greater and large-scale systems in the engineering
field. This concept is extended by Kokotović et al. [15], who explain that one important aspect of
time scale methods is that, by applying the most efficient non-linear models to achieve the full
analysis of larger systems, they do not rely on any linearity. Kokotović et al. [16] highlight the
fact that most singularly perturbed systems or multi-time scale systems originate from the
presence of minute “parasitic” parameters, which are typically small masses or time constants,
the availability of weak coupling, large feedback gains, or multiplying time derivatives in
disguised forms. They explore the core purpose of the singular perturbation approach, which is to
design and analyze a system in order to alleviate any ill-conditioning and high dimensionality
resulting from the poor interaction of fast and the slow dynamic modes. Therefore, the time scale
approach is usually asymptotic, implying that the ratio “e” of both speeds (slow versus fast) is
equal to zero. In essence, any time the ratio “e” is small, the approximation of the system is
obtained from reduced-ordered models due to separate time scales.
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Similarly, Zhang et al. [17] reviewed the singular perturbations and time scales applied in
control applications and theories. They explain that singular perturbations for any approximation
value and stability are the simplest means of simplifying the computations of every optimal
trajectory. They discovered that most modern and classical control schemes rely on singular
perturbation for reduced models that ignore all high-frequency parasitic parameters [18].
According to Chiou [19], the singular perturbation method is the only powerful tool that
easily neutralizes the differential equations required in simulating the dynamics in large-scale
systems. To achieve its effectiveness, SP applies two main time scale systems. Chiou highlights
the fact that the system may be split into two separate subsystems: fast and slow time scales. The
core benefit of using this SP with time delay is that it significantly lowers the overall
computation needed in a system. In essence, the creation of the slow and fast subsystems of
every linear, time-invariant, singularly perturbed system is that it improves the stability of the
overall system.
In promoting stabilization of the overall system, Fridman [20] indicates that a small time
delay in the singularly perturbed system feedback loop has a higher chance of destabilizing it.
Therefore, he suggests the adoption of smaller but enough values of the SP parameters that
would sufficiently offer the necessary conditions for preserving stability of the overall system. In
that case, the effects of small time delays experienced in the feedback loops may be approached
using two main techniques: frequency domain, and direct and natural analysis of the
characteristics equation [20].
In concurrence with the information presented by Fridman [20], Luse introduced the
Lyapunov method, which may be used in promoting effective conditions for stabilizing systems
via linear matrix inequality (LMI) [21]. It is important to note that an approach making use of
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LMIs is more appropriate for the robust stability of systems that suffer from uncertainty or
experience control problems. Both authors approve this method based on the fact that LMI
conditions can easily be verified with the application of the MATLAB LMI toolbox.
Shao and Sawan [22] looked at the element of control and applications of singularly
perturbed systems by analyzing their stabilization and uncertainty. The Lyapunov stability
theorem in collaboration with LMI are used in solving dynamic output feedback, offering a set of
positive definite matrices that provide a sufficient condition for solving and deriving the
stabilization of the singularly perturbed system, keeping in mind parameter uncertainties.
According to Barker [13], a small effect on the time delay in the feedback loop of largescale systems, such as the SP system, may eventually destabilize it. However, to some extent, the
delay is very critical because it improves system stability on the SP parameters. Skinner [23]
highlights those systems that are influenced by small delay changes, including infinitedimensional systems such as neutral-type systems and difference systems that rely on systems of
partial differential equations or unstable difference operators. Therefore, time delays on largescale systems can be approached through the use of three main techniques: direct analysis of
characteristic equations, evaluation of the frequency domain techniques, and the Lyapunov
method of LMIs, though this is mostly suitable for robust large-scale systems with huge
uncertainties and other related control problems [23]. These problems can be solved efficiently
by formulating mathematical models and analysis frameworks while designing original systems
because the challenges experienced always occur in the field of engineering and applied
mathematics [24]. A good example of achieving success in this area is by designing models that
carry both slow and fast subsystems whose internal structure and design follow agile
developmental modeling strategies [25].
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According to Neu [26], real and large-scale systems have two unique types of dynamical
variables and evolve on different system time scales. These systems are referred to as slow-fast
systems, while the rapid-evolving and slow-evolving variables are referred to as fast and slow
variables, respectively. Naturally, the slow-fast systems can efficiently exhibit numerous
dynamical behaviors based on the interaction to which they are exposed by the fast and slow
variables. Furthermore, it is important to note that relaxation oscillation with the fast-movement
processes and the alternating slow-movement processes act like the typical dynamics of a system
that harbors both slow and fast variables [23]. For example, spiking and bursting are considered
true examples of the typical dynamics of systems with slow and fast variables [27]. In this case,
mixed-mode oscillation may be considered a good example of the typical dynamic systems with
one fast and two slower variables. These variables consist of a complicated series of smallamplitude oscillations combined with large-amplitude oscillations [25]. Basically, the small
effects on time delays of large-scale systems have a major influence on the stability experienced
with these systems [28].
It is important to note that time delay in such large-scale systems results from the finite
propagation speed of the system’s signals, actuators, and controllers, which is inevitable in active
control systems. According to Miller et al. [27], small effects on time delay on these large
systems renders them unstable, which has the potential of resulting in complex dynamics such as
periodic oscillation, co-existing motions, chaos in the system guides, or even adverse quasiperiodic motion. However, it is also critical to note that the same small effects on the time delay
of large systems may also be beneficial to some extent. For instance, time delay differences and
feedback may be used to stabilize certain chaotic solution trajectories experienced with the
system. Similarly, they may help in enhancing the stability of the system’s equilibrium points
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[27]. Therefore, regardless of the fact that small effects on time delays may be adverse to the
functionality of large-scale systems, it is also important to understand that they are crucial in
enhancing functionality in the event of a trajectory problem.
Wang et al. [29] highlight the fact that singular perturbation in large-scale systems occurs
due to the availability of small parasitic parameters such as small time delays and small masses.
The core purpose of SP techniques is to alleviate the difficulties caused by high dimensionality
and ill-conditioning that originates from an interaction of the slow and fast dynamic models
highlighted above. Additionally, Barker argues that the stability of large-scale systems is
achieved when perturbed with smaller time delays, if and only if a certain structured singular
value of less than one is used [13].
Furthermore, when looking into the issue of time delay effects, it is important to note that
this has the capability of influencing the structure and functionality of these large-scale systems
by suppressing the bursting oscillations, eventually resulting in more complex changes in the
system functions [27]. Therefore, when considering the three types of oscillations in large-scale
systems, it is important to note the effects of time delay on the transition from the bursting
oscillation to the relaxation oscillation and finally to the chaotic bursting of the larger system.
This is the same information highlighted by Alwan [30], who argues that SP methods remain one
of the most powerful and effective tools for neutralizing differential equations that are required
in simulating the dynamic changes experienced in large-scale systems.
Looking into Rouche’s theory, a good understanding of the significant effects of time
delays on large-scale systems can be achieved by evaluating the perturbation techniques
experienced in every equation [31]. For instance, when the time delay in these large-scale
systems is large and known, then it can be attenuated by effectively propagating the system’s

6

state forward from the actual measurement time [32]. Basically, the core effects of small time
delays on large-scale systems result in either stabilization or destabilization of the overall
functionality of the system. Therefore, in the case of destabilization, engineers can make good
use of LMI because it achieves stability in a more realistic manner, thus saving the large system
from control and uncertainty risks to which it may be exposed. The core reason why numerous
researchers approve limit conditions is because they are easily verifiable through the application
of the MATLAB LMI toolbox [33]. Alternatively, time delays in these large but nonlinear
control systems can be treated through application of the Lyapunov function accompanied by
small-gain arguments [25]. Nevertheless, in case the problem persists, global asymptotic
stabilization of the large system following the smaller effects on time delay may be achieved by
employing an extensive dynamic quantization scheme [34].
Sun et al. [35] presents the notion that a primary pillar of stabilization and stability of any
singularly perturbed system has a well-grounded construction of the fast and slow subsystems.
Basically, anytime the fast and slow subsystems of the linear time-invariant (LTI) singularly
perturbed system are stable, then the stability of the original or large-scale system is also
automatically guaranteed [30]. In this case, to effectively understand the general and in-depth
effects of small time delays on the large-scale system, it is critical to first separate the large-scale
system into slow and fast subsystems, which will make it easy to obtain accurate and composite
results for different system reactions resulting from small time effects [32].
Barker [13] maintains that time delay in large-scale systems may result in instability of
the overall system or even undesirable system responses. Therefore, while looking at the
influence of a small time delay on large-scale systems and also considering stability as a
common concern, it is critical to classify the system as either a delay-independent system or a
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delay-dependent system. Furthermore, it is important to understand that delays in large-scale
systems are proportional to the perturbed parameters but that both the perturbed parameters and
the delays are independent of each other [36]. On the same note, when time delay captures the
whole system and influences both the fast and slow subsystems, the reduction techniques
harbored in singular perturbation do not work because the fast and the slow subsystems or states
cannot be separated [27]. Therefore, while looking at the effect of time delay on large-scale
systems, it would be good to conclude that this results in changes in the large-scale system’s
stability.
As mentioned previously, through a geometric singular perturbation theory, time delay
has shown to suppress the regular bursting oscillation and eventually result in more complex
dynamics in both small and large systems. In this case, the mechanisms involved in the transition
from the bursting oscillation to the normal relaxation and finally to the chaotic bursting are
shielded during this time delay. While highlighting SP, this paper also considers systems such as
armature-controlled direct current motors, direct-drive robots, flexible space structures, flexible
joint robots, and high-gain control systems. Therefore, while evaluating the SP with time delay,
the core focus is on the construction of slow and fast subsystems.
In most systems, optimal control is very crucial in determining the time delay. According
to Inoue et al. [37], sensitivity approaches decrease effective computation efforts with the goal of
preserving good system performance. This is mostly in optimal and sub-optimal control
syntheses for linear systems experiencing time delay. Looking at this issue of sensitivity, optimal
control for minimum energy problems is used to compensate for any undesired effects caused by
small time delays. In this case, the central purpose of the sensitivity synthesis of optimal control
is achieved by combined systems that consist of the model neglecting the time delay and the
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sensitivity models with respect to controls. Inoue et al. [37] also suggest that it is important to
ensure optimal control with zero-sensitive terminal constraints, which is achieved by a linear
system. The optimal control is evenly expanded through a Maclaurin series in relation to time
delay on the sub-optimal control. Therefore, Inoue, et al. believes that inclusion of sensitivity in
systems is more advantageous because it increases the performance as well as stability in both
linear and non-linear systems [37].
Similarly, Stavroulakis and Sarachik [38] highlight the fact that when no sensitivity is
well thought out and related to the inversion of the output and input of the matrix, the Riccati
formulation is achieved. This formulation reflects the notion that coefficient matrices actively
fulfill certain commutative conditions on the system’s transformed space.Therefore, lowsensitivity feedback gains are uesd for the deterministic and stochastic control systems. By
exploring these problems, a compensator is applied, confirming that it can be cast into an
instantaneous feedback form [38]. The explorations by Stavroulakis and Sarachik [38], Inoue et
al. [37], and Dontchev and Veliov [39], highlight the notion that typical optimal control
problems have the continuity of marginal functions, and the optimal controls of systems are
explored. Therefore, the behavioral structure controls and determines the fastness and slowness
of systems. When dealing with such behavior systems, it is essential to evaluate the direct
velocity feedback controls that occur on large-space structures.
According to Balas [40], the construction and operation of very large-space structures
pose new and challenging problems related to control structures. Fabrics are mechanically
flexible due to their large size, low natural dumping availability, and low rigidity because they
are lightweight construction materials. In such cases, active vibration suppression becomes very
essential to the operation and construction of large-space structures [40]. To ensure the
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satisfactory performance of such large systems, the design must be taken into account when
controlling the system. Therefore, the flexibility of systems control the problem of spillover into
the uncontrolled modes in the system [41].
Furthermore, according to Stavroulakis [42], an “observer” can be used in the
implementation of low sensitive control of distributed parameter systems. The core aim is to
ensure that the sensitivity and variables involved the observer. Also, construction of the observer
may efficiently work in promoting the sensitivity of the system, which directly amplifies the
functionality and performance of the system [42]. Nevertheless, it is critical to consider classical
order-reduction techniques in slow-fast systems that are based on singular perturbation. Here, the
lack of a normally hyperbolic critical manifold affects the efficiency and stability of the systems.
Following this challenge, Jardón-Kojakhmetov and Scherpen [43] show that the better composite
design of controllers must be done in order to stabilize the non-hyperbolic manifold.
However, there is a need to consider other alternatives that do not employ sensitivity
function generators or require a state of vector augmentation. As highlighted by Sesak and
Higgins [44], there are new approaches to parameter-desensitized optimal controls. Their
suggested model is based on a forced singular perturbation model reduction, which is entirely
different from the standard desensitization techniques because it removes all realization
challenges that result in the optimized problem channels. Such alternatives, including wind
power turbines, are highlighted and explored by Kassem et al. [45] where dynamic modeling and
power controls are driven. Naturally robust structural designs offer a quantifiable, efficient, and
reliable platform for making products and processes more insensitive to the sources of variability
[45].
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Kang [46] presents information that robust designs may be achieved at various levels of
the system’s structural design, such as tolerance design, parameter design, and concept design.
The robust parameter design is attained using structural optimization techniques. However, it is
essential to highlight that robust design optimization challenges can be solved through the use of
mathematical programming algorithms. Therefore, the perturbation-based stochastic finite
element analysis is applied in evaluating the mean values in the system and the variances of
structural responses in robust design challenges. Additionally, sensitivity analysis for structural
performance functions is nurtured based on the perturbation-based stochastic predetermined
element analysis. While designing such systems, the sensitivity information applied in gradientbased optimization algorithms can also be used in solving robust design optimization challenges
[47].
Conversely, it is critical to assess how optimal control theories can be utilized in solving
major societal problems, such as the increase in cancer cases. Burden et al. [48] explore how
mathematical models can be utilized in the elimination of tumor cells, cytokine interleukin-2
cells, and immune-effector cells. According to their research, this is achieved only if the design
of the control functions is done to maximize the concentration of interleukin-2 and immuneeffector cells in order to minimize the tumor cells. Through this experiment, it becomes clear that
optimal control exists for any problem that is highlighted in a system. Nevertheless, the
introduction of delays within systems may bring about effectiveness in the control of cancer
cells. For this reason, time delay and sensitivity in singular perturbation systems must be kept in
mind in order to achieve the entire efficiency and performance of any structure or system aimed
at solving a given problem.
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Finally, Hwang et al. [49], while considering time delays due to vibrations of systems
under a load, determined that those appropriate structural designs may help in improving
robustness by reducing the vibration displacement. Therefore, models of both large and small
systems must consider the Taguchi concept of robustness in order to enhance the performance of
their operations. An excellent example of this idea can be traced in real mirrors in automobiles,
machines, and engines. This is because, the Taguchi concept works by adding the variance
effects on the cost functions, which effectively reduces the optimization design challenges [49].
Consequently, as highlighted by Taguchi [50], the quality of design is required for ensuring the
efficiency of engineering products by optimizing the value and minimizing the cost. In
conclusion, composite control methods can be used in synthesizing the observer-based state and
controller feedback in stabilizing singularly perturbed time delay systems.
In this dissertation, the effect of small time delays on large-scale systems is considered.
Chapter 1 presents the background and motivation behind a singularly perturbed system and
reviews the effect of a small time delay. Chapter 2 presents the idea of SP with time delay
described by a model of a linear time-invariant system. Chapter 3 presents the approach to define
a new function that combines the original cost and condition in a single formula. When the cost
function is minimized, then the condition is automatically satisfied. Chapter 4 describes the
methodology of a control strategy used to minimize such an effect by formulating an optimal
control problem where the performance index (PI) includes a sensitivity function that reflects the
effects of time delay. The procedure cited by Stavroulakis and Sarachik [38] is used to compute
the feedback gain of the system. The methodology in this dissertation also includes computation
of the set of equations similar to the Lyapunov function, and results are obtained using
MATLAB programming language. Description of the research results obtained using the
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developed methodology are also presented. Chapter 5 presents the conclusions of this
dissertation including limitations of the methodology and future work. The dissertation ends with
a list of references and the appendix.
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CHAPTER 2
TIME DELAY SENSITIVITY REDUCTION IN SINGLUARLY PERTURBED
SYSTEMS
In state-space equations, the time delay is an uncertainty parameter  , which is assessed
at the minimum value 0 . This process may change the behavioral response of the system and
make the system design invalid. Hence, the objective of this research is to reduce the effect of
time delay on the system. However, it is not easy to apply this to a higher-order system because
the slow subsystem has two states, 𝑥 and 𝜎, which complicate the design. In order to avoid this,
the higher-order system is converted by using a technique known as singular perturbation. The
SP theory, cited by Stavroulakis and Sarachik [38] is implemented here, and finally, a reducedorder model is converted to a large-scale system to obtain the desired system response.
2.1

Mathematical Tools
The MATLAB software program was used for mathematical analysis in this research.

The mathematical model was developed by converting a current transfer function into a statespace representation and then solved to determine the performance and cost function of the
system.
2.2

Conditions and Limitations
The time delay poses the biggest challenge in this research because of the following

issues. First, the singular perturbation ε is a large-scale perturbation and hence not easy to
implement. Therefore, it is necessary to develop a reduced model. Second, the effect on system
performance can pose a large problem on economic safety; for example, when there is a delay in
the system, the delay in relaying a message can create a safety or economic problem. Hence, the
idea behind this research is to overcome this challenge by developing a reduced model that can
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diminish the effect of the time delay. Limitations exist if the singular perturbation 𝜀 <<1 is small
and the delay is small.
2.3

Singularly Perturbed Model
Consider the idea of a singular perturbation described by a linear time-invariant system

modeled by the following [1]:
𝑥̇ (t) = 𝐴1 x(t-μ) + 𝐴2 z(t) + 𝐵1 u(t),
ε 𝑧̇ (t) = 𝐴3 𝑥(t-μ) +𝐴4 z(t) + 𝐵2u(t),

x ϵ 𝑅𝑛 , u ϵ 𝑅𝑟 ,

(2.1)

z ϵ 𝑅𝑚

(2.2)

y(t) = 𝐶1 x(t) + 𝐶2 z(t)

(2.3)

where x(t) and z(t) are n- and m-dimensional state vectors; u ϵ 𝑅 𝑟 is the control input vector; y(t)
is the control output; and A1 , A2 , A3 , A4 , C1 , and C2 are matrix parameters with appropriate
dimensions. The state vector 𝑥̇ is more dominant than ε 𝑧̇ in the given model, because it is a
slow-response transient, and since ε 𝑧̇ is a fast-response transient, it has a weak effect on the
subsystem. By using the SP method, it can be assumed that the value of the SP coefficient 𝜀 is
small enough to obtain the reduced-order model. Here, 𝜇 is the time delay.
The performance index in equations (2.1), (2.2), and (2.3) can be calculated by


1
J (t )    xT (t )Qx(t )  uT (t ) Ru (t )   T (t ) S (t ) dt.
20

(2.4)

where S , Q  0 , and R  0. Figure 2.1 shows the original system of the singularly perturbed
method.
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Figure 2.1. Original system of singularly perturbed mothed.
2.4

Reduced-Order Model
In order to reduce the model, it is necessary to first separate the two-time scale model in

the system, represented previously in equations (2.1) and (2.2), into slow and fast subsystems. In
the slow subsystem, there is a time delay on x, and 𝜇 must be small enough. The quasi-steady_

_

_

state variables of the model are assumed to be x , z , and u . The slow subsystem can be written
_

_

_

as x s  x , u s  u , and y s  y . The degenerate system of the singularly perturbed method is
shown in Figure 2.2.
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Figure 2.2. Degenerate system of singularly perturbed method.
Reducing equations (2.1) and (2.2) yields
.
_

_

_

_

x  A1 x(t   )  A2 z (t )  B1 u (t)
.
_

_

_

(2.5)

_

 z  A3 x(t   )  A4 z (t )  B2 u (t )

(2.6)

The matrix A and B must be in standard form as

 A1
A  A
 3
 

A2 
 B1

B
and

B
A4 
 2

 

where A is the state matrix, and B is the input matrix.
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(2.7)

The fast subsystem is considered to reach steady state; hence, 𝑧̇ = 0. To solve for z in
equation (2.6) in order to obtain the reduced system, the singular perturbation is set to 0, or ε = 0.
This means that the fast modes are infinitely fast under the condition, and there is only the slow
part of each variable. The singular perturbation model has been further solved to obtain a
reduced-order model as shown in the steps below:
_

_

_

0  A3 x(t   )  A4 z  B2 u .
_

_

_

A4 z (t )  [ A3 x(t   ) B2 u (t)]
_

_

(2.8)

_

z (t )   A41[ A3 x(t   )  B2 u (t)].
In addition, 𝐴4 must be non-singular. Then it is assumed that the matrix 𝐴4 is
asymptotically stable, which means the fast part is stable; therefore, its transient response can be
_

ignored. Now, substituting z into equation (2.5) yields
.
_

_

_

_

_

x  A1 x(t   )  A2 [ A41 ( A3 x(t   )  B2 u (t)]  B1 u (t )
.
_

_

_

_

_

x  A1 x(t   )  A2 A41 A3 x(t   )  A2 A41B2 u (t )  B1 u (t )

(2.9)
(2.10)

The system below is reduced to equation (2.11) as
.
_

_

_

x  ( A1  A2 A41 A3 ) x(t   )  ( A2 A41B2  B1 ) u (t ).

(2.11)

and
_

.
_

_

(2.12)

y  C1 x  C2 z
_

_

_

_

y  C1 x(t )  C2 A41 A3 x(t   )  C2 A41B2 u (t )
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(2.13)

_

_

 (C1  C2 A41 A3 ) x(t )  C2 A41B2 ) u (t )

(2.14)

The slow subsystem for the reduced order is given as
.s

^

^

x  A x s (t   )  B u s (t )
^

(2.15)

^

y s  C x s (t )  Du s (t).

(2.16)

where
^

(2.17)

A  A1  A2 A41 A3
^

(2.18)

B   A2 A41B2  B1
^

(2.19)

C  C1  C2 A41 A3
^

(2.20)

D  C2 A41B2

Hence, the reduced system is of the order n, and m + n is the order of the full-order system.
Equations (2.17) to (2.20) can be solved to obtain the reduced-order system.
_

_ _

A feedback control given by the equation u   F x(t ) can be applied to the slow
subsystem in this model to enhance the subsystem performance. The analysis of the full-system
behavior of the derived model is described later on in Chapter 4.
The system dimension must retained by amplifying the controller gain with zeros, i.e., the
full-system behavior is analyzed by using feedback gain, F ∈ ℝ𝑟 , as shown in equation (2.21).
_
_ x
_
 
u  F    [ F
z
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 x

0]  
z

(2.21)

2.5

Objective and Design Specifications
The objective of this dissertation is to design the large-scale system to reduce the effect

of time delay in the slow subsystem, for example, aircraft and chemical systems, by introducing
sensitivity function in optimal control design. The developed system will be stable and optimized
for state feedback (SFB) controllers. The SFB controllers should be able to stabilize the system.
The proposed method will use the singular perturbation approach to reduce the order of the
original model in order for it to be applied to large-scale systems.
The major challenge in achieving the desired objective in this problem is discussed in
section 2.3. The proposed method will use a model reduction technique to design an optimal
control strategy with low sensitivity in order to model uncertainty. The procedure will use a SP
method to reduce the order of the large-scale system, in turn reducing the risk that affects the
time delay in order to obtain the objective here. The key idea in the SP method is to obtain the
reduced order of the system and in turn reduce the effect in time delay for the slow subsystem by
setting different values of  . To find the optimal feedback, the analyses from Kokotović [1] and
Stavroulakis and Sarachik [38] are used. Then the state feedback is substituted to obtain the fullorder system with an uncertainty response to observe the effect of the small time delay with help
of the graphical data obtained using MATLAB programming.
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CHAPTER 3
OPTIMAL CONTROL WITH LOW SENSITIVITY TO TIME DELAY
3.1

Linear Time-Invariant System
A linear time-invariant system is a class of systems used in signals and systems that are

both linear and time-invariant. This system occurs where the input and output do not change over
time, but rather are independent of time. A circuit is a convenient example to explain such a
system, since the resistor value stays the same. There is no change in the initial and final values
over time, which means the input shifts to the output by the same amount. An LTI system is
shown in Figure 3.1.

Figure 3.1. Linear time-invariant system.
3.2

Block Triangular Forms
As explained in Chapter 2, the singular perturbation method consist of two parts—slow

and fast—and these parts are separated by a method referred to as a block triangular form. To
explain further, consider a two-time scale, zero-input linear system:
𝑥̇ = 𝐴11 x + 𝐴21 z,

x(𝑡0 ) = 𝑥 0

(3.1)

𝜀𝑧 ̇ = 𝐴21 x + 𝐴22 z,

z(𝑡0 ) = 𝑧 0

(3.2)

As shown in the work of Kokotović [1], the model shown in equations (3.1) and (3.2) can be
transformed to an upper-block triangular form, as shown later in equation (3.6), and to a lowerblock triangular form, as shown later in equation (3.7), in order to find the block-diagonal form,
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as shown later in equation (3.8). The existing equation derived from the singular perturbation and
model reduction is compounded. Using the state transformation in equations (3.1) and (3.2) will
result in equation (3.3):

 (t )   I n   HL  H   x(t ) 
 x(t ) 
 T 1 

 (t )   



L
I m   z(t ) 

 
 z (t ) 

(3.3)

Then, imposing the requirement that m  n matrix L and n  m matrix H satisfy the following
algebraic equations yields

R  L,    A21  A22 L   LA11   LA12 L  0

(3.4)

S  H ,      A11  A12 L  H  H  A22   LA12   A12  0

(3.5)

Hence, the transformation depends on L and H , by eliminating the upper-block triangular forms
and lower-block triangular forms. Then the block-diagonal form is obtained, as shown later in
equation (3.8).
3.2.1

Upper-Block Triangular Form
In block triangular forms, there are two different forms of the system: actuator and

sensor. As shown in Figure 3.2, the actuator forms the fast block and has a new variable called  ,
and the slow block has the original variable x . In the sensor form, the slow block has a new state
variable called  , and the fast block has the original variable z.
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Figure 3.2. Two-block triangular forms of equations (3.1) and (3.2) [1].
To avoid repeating, the actuator form will be dealt with here to obtain the result of the
change variable as

 (t )  z(t )  L( ) x(t).

(3.6)

0   x(t ) 
 x(t )   I n
 (t )    L( ) I   z (t ) 

 

m

(3.7)

The similarity transformation is

Equations (3.1) and (3.2) are transformed into

 . 
 x(t )    A11  A12 L
 .   R( L,  )
  (t ) 

A12
  x(t ) 
A22   LA12   (t ) 

(3.8)

From section 3.2, R( L,  )  0 , and the upper triangular form is obtained as
 . 
 x(t )    A11  A12 L
 .  
0
  (t ) 

A12
  x(t ) 
A22   LA12   (t ) 

(3.9)

The resultant equation (3.9) is of the upper-block triangular form and is represented as
the actuator form shown in Figure 3.2(a). The system represented in equations (3.1) and (3.2) has
been partially decoupled to result in a separate fast subsystem represented in equation (3.9) as
.

  (t )  ( A22   LA12 ) (t )
23

(3.10)

Using the fast time scale  , equation (3.10) can be rewritten as

d ( )
 ( A22   LA12 ) ( ),
d

(3.11)

The initial conditions are described as

3.2.2

 (t )  z(t )  L( ) x(t )

(3.12)

 (0)  z 0  Lx0 .

(3.13)

Lower-Block Triangular Form
Subsequently, equations (3.1) and (3.2) will be transformed into a lower-block triangular

form by changing the variables to fully separate the slow and fast subsystems.
Let

 (t )  x(t )   M ( ) z(t )

(3.14)

where M ( ) is chosen to satisfy the algebraic equation

A12  MA22   A11M   MA21M  0

(3.15)

Then, the system in equations (3.1) and (3.2) is modified to obtain equation (3.16):

 . 
     A11  MA21
 .  
A21
 z 

  
A22   A21M   z 
0

(3.16)

Equation (3.16) can be completely separated to fast and slow states of the system given in
equations (3.1) and (3.2) by doing one more change of variable. Using the actuator form in
equation (3.9), the change of variable is

 (t )  x(t )   H (t )

(3.17)

Using the results in equation (3.3), the block-diagonal form will be obtained as

 . 
  (t )    A11  A12 L
 .  
0
 (t ) 
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0
  (t ) 
A22   LA12   (t ) 

(3.18)

3.3

Statement of Sensitivity Problem
In the problem here, we propose to include a time delay in the system, and hence we

define the sensitivity variable which is defined as the rate of change with respect to time delay.
Then the augmented model is comprised of the original system, and the sensitivity function will
be added to the quadratic cost functional equation. The proposed model was presented previously
in equations (2.1) and (2.2) in Chapter 2 to minimize the cost.
.

x(t )  A1 x(t   )  A2 z (t )  B1u (t )
.

 z (t )  A3 x(t   )  A4 z (t )  B2u(t )
Define 𝜎 as
x(t ,  )  x(t ,  )  x(t )

(3.19)

x(t ,  )   (t ).

(3.20)

which can be approximated by

x(t ,  )
 (t ) 


 0

.

 x(t ,  )
 (t ) 

.

,

 0

(3.21)

Then


x(t ,  )  Ax(t   ,  )  Bu (t ).
t

(3.22)

Differentiating with respect to  at   0 yields
.
 
x
d
 (t ) 
x(t ,  )  0   A x(t , 0) 
(t , 0)  0.
 t

dt

.

  A x(t ,0)  A (t )  0.
since
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(3.23)

(3.24)


Bu (t )  0  0


(3.25)

Therefore,
.

.

 (t )  A (t )  A x(t )

(3.26)

 A1 (t)  A1 (A1 ) x(t)  A1B1u(t).
 A1 (t)  A1 (A1 ) x(t)  A1B1 Fx.

(3.27)

 A1 (t)  A1 (A1  B1 F ) x(t).
Equation. (3.28) is obtained to calculate the low sensitivity,  (t ) , as
.

 (t )  A1 (t )  A1 ( A1  B1F ) x(t ).

(3.28)

since

 (0)  0
Now it is necessary to introduce the third equation (3.28) in addition to equations (2.1)
and (2.2) to obtain the following:
.

x(t )  A1 x(t   )  A2 z (t )  B1u (t ).
.

 z (t )  A3 x(t   )  A4 z (t )  B2u (t ).
.

 (t )  A1 (t )  A1 ( A1  B1F ) x(t ).
Here, 𝜎 is included in a quadratic cost functional in order to minimize the following cost. Hence,
the quadratic performance index for the model in equation (3.28) is

J (t ) 



1
xT Qx  u T Ru   T S dt.
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where S , Q  0 , and R  0.
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(3.29)

3.4

Optimal Control Design
Optimization is a procedure in optimal control theory that is used to improve the

performance index, or cost, by maximizing the performance factors or minimizing a cost
function. The linear quadratic (LQ) problem with quadratic cost function [1] can be used to
optimize the system’s PI.
3.4.1

Linear Quadratic Regulator Design
The linear quadratic regulator (LQR) design is for a linear system model as
.

x(t )  Ax(t )  Bu (t ).

(3.30)

and a quadratic cost function in the form of
tf

1
1
J (t )  xT (t f ) Sx(t f )    xT (t )Qx(t )  u T (t ) Ru (t ) dt.
2
20

(3.31)

where Q, R, and S are symmetric.
It is necessary to find the optimal values of u(t), x(t), and, such that the cost J, given by
equation (3.31), is minimized, provided that the model equation given by equation (3.30) is
satisfied:
tf

.
1
1
J  xT (t f )Sx(t f )   [ ( xT Qx  uT Ru )  pT ( Ax  Bu  x)]dt
2
2
0


(3.32)

where P is a vector with the same dimension as x. This is called the Lagrange multiplier:
tf

.
1
1
1
J  xT (t f )Sx(t f )   [ xT Qx  uT Ru  pT Ax  pT Bu  pT x]dt
2
2
2
0


(3.33)

Integration is applied by adding parts to the last term:
tf


0

.

tf

.

p xdt  p (t f ) x(t f )  p (0) x(0)   xT p dt
T

T

T

0
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(3.34)

By using equations (3.33) and (3.34), it is possible to obtain equations (3.35) to (3.38):








J  J1  J 2  J 3


J1 

(3.35)

1 T
x (t f )Sx(t f )  pT (t f ) x(t f )  pT (0) x(0).
2

(3.36)

tf

.
1
J 2   [ xT Qx  pT Ax  xT p]dt
2
0


(3.37)

tf

1
J 3   [ uT Ru  pT Bu ]dt
2
0


(3.38)

Note that equations (3.35), (3.36), and (3.38) are uncoupled with respect to x(t f ) , x, and u,






*

*

respectively. Now, J1 , J 2 , and J 3 must be minimized independently. The results are x(t ), u (t ) ,
*

and x(t ) in terms of p(t )


 J1
0
x(t f )

(3.39)

0  Sx(t f )  P(t f )

(3.40)



J
0 2
x

(3.41)
.

0  Qx  AT P  P

(3.42)



J
0 3
u

(3.43)

0  Ru  BT P

(3.44)

Since equation (3.42) is linear, the relationship between P and x can be expressed as
P(t )  K (t ) x(t )
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(3.45)

Then K(t) is a matrix with dimensions n  n . Note the following:
P(t f )  K (t f ) x(t f )

(3.46)

Furthermore,
.

.

.

.

.

P  K xK x

(3.47)

P  K x  K [ Ax  Bu ]
Now, from equation (3.44),
u   R1BT P

(3.48)

u   R1BT Kx

(3.49)

And using equation (3.45),

Applying equation (3.49) to equation (3.47) yields
.

.

P  K x  K [ Ax  Bu ]
.

 K x  KAx  KBR 1BT Kx

(3.50)

However, also from equation (3.42),
.

P  Qx  AT P
 Qx  AT Kx

(3.51)

Finally, from equations (3.50) and (3.51),
.

K x  KA  KBR 1BT Kx  Qx  AT Kx

(3.52)

This must be satisfied for all x. Therefore, the following is necessary:
.

K  KA  KBR 1BT K  Q  AT K

or

.

 K  KA  AT K  Q  KBR 1BT K .
From equation (3.40),
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(3.53)
(3.54)

P(t f )  Sx(t f )

(3.55)

P(t f )  K (t f ) x(t f )

(3.56)

K (t f )  S

(3.57)

and from equation (3.46),

Therefore,

Equation (3.56) is a matrix differential equation. Using the boundary condition equation (3.57), it
is solved to obtain K. Then equation (3.56) is known as the Riccati equation.
If the problem here is solved by using the LQR design, then the solution will look like
this: u(t )   F1 x  F2 , where x is the state feedback, and  is a sensitivity function. This is not
a good solution because  is not in the system; only x is in the system, as described in Chapter 2.
The theoretical use of  is fine, but  is not a physical quantity in the system but rather a
mathematical parameter that was introduced in order to represent the sensitivity function.
To solve the problem here, it is necessary to begin with an assumption of static
optimization, and then the existence of the solution must be shown using numerical algorithms
and simulation.
3.4.2

Linear Quadratic Problem
This section includes details about the design strategy to optimize controls for linear

systems. This problem is referred to as a linear quadratic problem. The methodological technique
for control design is developed and presented for two cases; first, an open-loop controller, and
second, a closed-loop controller.
The system shown in equation (3.58) is the linear system with a quadratic cost function
representing the special case of this general optimization process:
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.

x(t )  Ax(t)  Bu (t)

(3.58)

The performance index is
tf

1
1
J (t )  xT Sx    xT Qx  uT Ru dt
2
20

(3.59)

and the Hamiltonian is given by
.
1
H  [ xT Qx  uT Ru ]  PT x
2

H (u* ) 

(3.60)

1 T
1
x Qx  uT Ru  Px*T ( Ax  Bu )
2
2

(3.61)

Minimization of u is given by the partial derivative of H with respect to u:

0

H
 Ru  BPx*
u

(3.62)

The optimal control input is obtained as
u*   R 1BT Px*

(3.63)

Substituting equation (3.63) into equation (3.61) yields the optimal Hamiltonian:

H* 

1 T
1
x Qx  Px*T BR 1BT Px*  Px*T Ax
2
2

(3.64)

For a linear system and a quadratic cost function,
J x*  K (t) x(t)

J (t) 

1 T
x (t) K (t) x(t)
2

(3.65)
(3.66)

where K(t) is an unknown symmetric. Then,
0  J t*  H *

Equation (3.67) is the Hamilton-Jacobi-Bellman (HJB) equation, which can be written as

31

(3.67)

.

 K  Q  KBR 1BT K  KA  AT K

(3.68)

which is known as the Riccati equation. The solution for K in the above system is used to
calculate the optimal value for feedback gain and thus the control input u and optimal cost. When
the system’s total cost is considered, the steady-state representation of equation (3.68) is called
the Algebraic Riccati equation (ARE), which is of the form

0  Q  KBR1BT K  KA  AT K

(3.69)

The solution K calculated from equation (3.68) is to be used in equation (3.71) to solve the total
cost of the system:

J

1 T
x (0) Kx(0)
2

(3.70)

Finally, as specified earlier in Section 3.1.1, the problem here can be solved using static
optimization. The Hamiltonian will be solved using the approach given in Section 3.4.3 from the
model shown in equation (3.1).
3.4.3

Static Optimization
A general state feedback gain controller of the system equation (3.58) is

u   Fx

(3.71)

where F is the constant feedback gain. Using the feedback gain in the performance index for the
model shown in equation (3.59),
tf

1
1
J (t )  xT Sx    xT Qx  ( Fx)T R( Fx) dt
2
20

(3.72)

where Q≫ 0 and R > 0, using ( Fx)T  xT F T .
Now, applying the Hamiltonian function yields
.
1
H  [ xT Qx  uT Ru ]  pT x .
2
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(3.73)

1
 [ xT Qx  xT F T RFx]  pT [A BF]x.
2

(3.74)

1 T
x [Q  F T RF ]x  pT [A BF]x.
2

(3.75)


where

QC  Q  F T RF

(3.76)

The condition of optimality is used to minimize 𝐻:
.

p

H
.
x

(3.77)

 [Q  F T RF ]x  [ A  BF ]T p.

(3.78)

p  Kx

(3.79)

P  K x  K ( A  BF ) x.

(3.80)

K ( A  BF ) x  [Q FT RF ]x  ( A  BF )T Kx.

(3.81)

K ( A  BF ) x  ( A  BF )T Kx  [Q FT RF ]x  0.

(3.82)

Assume that

where K is constant. Then
.

.

which yields the Lyapunov equation as

K ( A  BF )  ( A  BF )T K  [Q FT RF ]  0.

(3.83)

Now, replacing the optimal value yields
F  R1BT K .

(3.84)

KA  KBR1BT K  AT K  K T BR1BT K  Q  K T BR1RR1BT K  0

(3.85)

KA  KBR1BT K  AT K  K T BR1BT K  Q  K T BR1BT K  0

(3.86)
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Since Q and R are symmetric, K  K T , where K must satisfy the Riccati equation:

KA  AT K  Q  KBR1BT K  0
3.5

Controller Design

3.5.1

Feedback Control

(3.87)

The two different types of feedback control are state feedback and output feedback.
Feedback control can be implemented for any given mathematical model, in which any change in
the input signal must have an effect on the given system. When the input signal impacts the
system state, it is known as state feedback control, and when the input signal impacts the system
output, it is known as output feedback control. The controllability matrix, PC , as defined in
equation (3.88), should have the full rank to determine controllability of a given system:

PC  [B
3.5.1.1

AB

A2 B

A3 B

An1B]

(3.88)

State Feedback Control
When the system is controlled by multiplying a few of the states with the feedback gain

F , this is known as state feedback control. Assume that F is the feedback gain for the system,

as shown in the Figure (3.3).

Figure 3.3. Feedback system [1].
The state feedback control for this system is represented by
u(t )   F (t ) x(t )
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(3.89)

The equation for the closed-loop system that includes the controller is
.

x  AC x

(3.90)

Hence, the system matrix AC can be shown as

AC  A  BF .

(3.91)

The SFB gain of the controller can then be calculated. The SFB control is shown in
Figure 3.4.

Figure 3.4. State feedback control [1].
3.6

Optimal Cost for State Feedback
The linear time invariant state-variable model is considered as follows:
.

x(t )  Ax(t )  Bu (t )

(3.92)

y(t )  Cx(t )

(3.93)

With x(t )  R n , the feedback gain is given by
u   Fx(t)

(3.94)

1
J (t)   ( xT (t )Qx(t )  uT (t ) Ru (t ))dt
2t

(3.95)

The performance index is given by
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Substituting the feedback gain on equation (3.92) yields the closed-loop system:
.

x  Ax  B( FCx)  ( A  BFC ) x  AC x

J (t ) 



1
( x(t )Qx(t ))dt
2 t

(3.96)
(3.97)

where

QC  Q  CT F T RFC

(3.98)

After selecting a positive semi-definite P, the static minimization is obtained as
J (t) 

1 T
1
x (0) Px(0)  tr{P }
2
2

(3.99)

The state feedback system with optimal control is shown in Figure 3.5.

Figure 3.5 .Optimal state feedback control.
P≥ 0 is the solution of the Lyapunov equation

0  ACT P  PAC  QC

(3.100)

  x(0) xT (0)

(3.101)

where  is the identity and defined by
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The Lyapunov equation (3.100) is a condition for equation (3.99) and is mentioned as K:

k  ACT P  PAC  QC

(3.102)

Introducing the Lagrangian multiplier S to the Hamiltonian ℋ in equation (3.103) satisfies the
Lyapunov equation (3.102) and allows the PI to be minimized in equation (3.99).
H  tr[P ]  tr[k S ]

(3.103)

To obtain optimization, the partial derivatives of H with respect to P, S, and F are set to
zero:
0

H
 ACT P  PAC  QC
S

(3.104)

H
 AC S  SACT  
P

(3.105)

0

The feedback gain F is solved with equation (3.106):
0

H
 2 RFCSC T  2 BT PSC T  F  R 1BT PSC T (CSC T )1
F

(3.106)

Supposing that R is a positive definite and CS𝐶 𝑇 is nonsingular, then equations (3.104),
(3.105), and (3.106) must be solved numerically. The first step is to assume an initial value of
feedback gain and then solve equations (3.104) and (3.105) with respect to P and S. Now the
feedback gain in equation (3.106) is solved by using the values of P and S to calculate F. The
solution for F will be obtained by an iterative method, starting with the initial guess for F and
then repeating several iterations by using updated values of 𝐴𝑐 and 𝑄𝑐 until a convergence
criterion is reached.
Software and Equipment Needed
All the equations will be solved using the MATLAB version R2011b [52].
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Evaluation Criteria
The aim here is to calculate the response when 𝜇 = 0, which is the nominal model, with
the response for different values of 𝜇 for the same modeling design used for minimizing the cost.
Doing this will facilitate an understanding of the effect of 𝜇 on the design implemented. It will
also be possible to determine the range of 𝜇 for which the design is acceptable. Further
conclusions can be made after implementing and solving this methodology. Figures 3.6 and 3.7
show the responses of  when S = 10I and S = 100I, respectively.

Figure 3.7 Response of  when S = 100I

Figure 3.6 Response of  when S = 10I
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CHAPTER 4
OPTIMAL CONTROL DESIGN OF SYSTEM WITH DELAY
4.1

Deterministic System
In this section, the sensitivity function has been derived using the methodology presented
^

by Athans and Falb [51]. The optimal control, u (t ) , in a linear regulator problem with quadratic
cost criterion is presented. Let K ( x, t ) represent the optimal control in the feedback
configuration. Then performing linear transformation on the state of the system will provide the
optimal control as
^

^

^

u (t)  K (x, t )  F(t).x(t).
^

(4.1)

^

where F (t ) is the gain matrix, and x(t ) is the state of the system. Using the relations given in the
work of Stavroulakis and Sarachik [38], a step-by-step procedure has been described to derive
^

the sensitivity function, x(t ) , which can be said to be a function of the parameter variable  ,
given as
^

^

x(t )   (t , x0 ,  )

(4.2)

And the sensitivity variable is given by
^

 (t , x 0 ,  )
 (t ) 


(4.3)

where  has a nominal value 0 , and the quadratic performance index is defined by the relation
given by


^
^
^
1  ^

J ( x0 , u )    xT (t )Q x(t )  u T (t ) R u (t )   T (t ) S  (t ) dt
2 0

^

^
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(4.4)

^

As shown previously in Section 3.4.1, u (t ) is given by
^

^

u(t )  F1 x(t )  F2 (t )

(4.5)

It is also known that  (t ) is not a good solution, so equation (4.5) must be forced with x(t). The
system here is given as
^
.

^ ^

^

x  A x(t   )  B u (t ).

(4.6)

where   0 . Then
^
.

^ ^

^ ^

x(t )  A x(t)  B u (t ).

(4.7)

Consider the equation for  (t ) as derived earlier in Section 3.3:
.

4.2

^

 (t )   A1 ( A1  B1 F) x(t)  A1  (t )

(4.8)

 (0)  0

(4.9)

Statement of Sensitivity Problem
^

Define u (t ) with the state feedback of the system and control function can be defined as
in equation (4.10). Consider the system given by equation (4.7) and performance index given by
equation (4.4) to find u(t) as
^

^ ^

u (t )  F x(t )

(4.10)

such that  can be expressed as
^

^

 (t , x0 , 0   )   (t , x0 , 0 )   (t )  0(  )
where  is evaluated at a nominal value, 0 .
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(4.11)

Rewriting equations (4.7) and (4.8) with respect to equation (4.10) yields the following
system:
^
.

^

^

^

^

(4.12)

x(t )  ( A B F ) x(t )
.

^

^

 (t )   A1 ( A1  B1 F ) x(t)  A1  (t ).
^

(4.13)

^

 A1  (t )  A1 ( A1  B1 F ) x(t).

(4.14)

where equations (4.12) and (4.14) are evaluated with  having a nominal value  0 , and
therefore the time delay  has been dropped. Since  (0)  0 ,
t

^

^

 (t )   exp[ A1 (t   )]( A1 ( A1  B1 F ) x( )d

(4.15)

0

Also,
^

^

^ ^

^

(4.16)

x(t )  exp[(A BF) t]x 0

where

^

^

(4.17)

x(0)  x0
Using equation (4.16) in equation (4.15) yields
t

^

^

^ ^

^

 (t )   exp[ A1 (t   )]( A1 ( A1  B1 F ) exp[( A B F ) ]x 0 d

(4.18)

0

Substituting equations (4.15) and (4.16) in the performance index yields





^
^
^ ^
^
^
^ ^
^
 ^T

T
T
 x0 exp[(A  B F) t](Q  F R F ) exp[( A B F )t ] x0




t
^
^
^
^
1
dt
J ( x0 , F )      x0T exp[( A1 )T  ]( A1T ( A1T  B1T F T )

2 0 0


^
t

^
^ ^
exp[ A1 (t   )]( A1 (A1  B1 F) 
 exp[(A  B F)T (t   )]d  s 

^
^ ^
^


0 exp(A  B F) ] x d
0
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(4.19)

4.3

Low-Sensitivity State Feedback Gain
^

In this section, the performance index is independent of the initial state x0 and can be
^

eliminated in the equation by using an average weighted scheme over some set x0 of initial
states, thereby resulting in
^

^

^

^

^

J1 ( F )   J1 ( x0 , F ) w( x0 )d x0

(4.20)

^

x0

where w (.) is defined as a normalized non-negative scalar weighting function:
^

^

 w( x0 )d x0  1.

(4.21)

^

x0
^

Hence, J1 ( F ) can be derived as


^
^
^ ^
^
^
^ ^
1
J1 ( F )  trac[  {exp[( A B F )t ](Q  F T R F ) exp[( A B F )t ]
2
0
^

^

^

^ ^

^

^ ^

  exp[ A1 ]( A1T ( A1T  B1T F T ) exp[(A  B F)T (t   ) d 

(4.22)

0

t

^

S  exp[ A1 (t   )( A1 (A1  B1 F) exp(A  B F) ]d  }dt]
0

where
^

^

^

^

   x0 x0T w( x0 )d x0 .

(4.23)

x0

Consider a closed-loop system equation given by
^
.

^

^ ^

^

x(t )  ( A B F ) x(t ).

(4.24)

where
^

^

^ ^

AC  ( A B F )

42

(4.25)

^

^

Assuming that F exists, giving asymptotic stability to the matrix AC requires the following
essential criteria that 𝐹 must satisfy:
^

 J1 F

(4.26)

0

^

F

As described in the work of Stavroulakis and Sarachik [38],
^

J1 ( F )
^

F

^

^

^

 R F T  BT ( HT  E1 )  B T E2

(4.27)

From equation (4.27), the matrices H , T , E1 , and E2 are given as follows:
^

^

^

^

ACT H  H AC  (Q  F T R F ).

(4.28)

^

^

AC T  T ACT   

(4.29)

E1  H1T  L12 N1  L21 N T 1  L22 N2

(4.30)

^

^

^T

^

ACT H1  H1 AC  (L12 A   A

L21 ).



(4.32)

E2  L21T  L22 N1
^T

^

^

T

AC L12  L12 AC   AC L22
^ T

^

(4.31)

(4.33)

^

AC L21  L21 AC   L22 AC 

(4.34)

(4.35)
^

N1  ( AC  T)  T
^

^

T

^

(4.36)
^

T

N2  (( AC  T)  T AC  )  T  ( AC (T AC  )  T )  T
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(4.37)

^

^

^

 ( A B F )
A 

^

(4.38)
 0

As is known for matrix z , the solution of the matrix equation is given.
^

^

T

AC [z] T  [z] T AC   z

(4.39)

^

Solving for F in equation (4.27) will yield
^

^

^

F   R 1[ BT ( HT  E1 )  B T E2 ][T ]1

(4.40)

It must be noted that when S  0 , equation (4.40) becomes
^

^

F   R 1[ BT HT ][T]1

(4.41)

These equations are applied in MATLAB code, as shown in appendixs, and the result here is the
standard Riccati equation for a linear regulator with a quadratic cost function. Therefore, the
^

value of F is obtained by using this approach with the reduced-order model. Subsequently, this
will be used to obtain the full-order feedback gain value, and finally the plot of the response of
the system is achieved by obtaining the feedback gain of the large-scale system.
4.4

Numerical Examples
In this section, the proposed methodologies of the model order reduction are applied to

the system with uncertainty.
Example 1
Consider a full-order system with time delay given by
.
 2 2
0 
1
x(t )  
x(t   )    z (t )    u (t )

0 0
1 
1
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(4.42)

.

 z (t )  0 3 x(t   )   4 z (t )  1 u(t )

(4.43)

From equations (4.42) and (4.43),

1
 2 2 0 


A   0 0 1  and B  1
 0 3 4 
1
In this example, a singular perturbation method is used to reduce the order of the system, and
then a basic approach is followed to obtain the value of the feedback gain. When 𝑆 = 0, the
value of the feedback gain is the same as that of the standard LQR problem. This is because
under this condition, the third term in the cost function is set to zero and leads to the standard
solution. On the other hand, when S is increased to 10, 70, 100, or 1000, the value of the
feedback gain converges to a value that is different from the standard problem due to the
presence of the sensitivity issue (time delay). By increasing the matrix S, the sensitivity variable

 is decreased. Then, the responses of the full-order system are plotted for different values of
time delay and compared with the nominal value.
The reduced-order parameters are obtained as follows:
^
2 
 2
A

 0 0.75
^
 1 
B

1.25

When S  0 ,

(4.44)

(4.45)

-2.0168 -2.7719
AC  

-0.0210 -1.7149 

(4.46)

 0.5526 -0.2217 
T 

-0.2217 0.2943 

(4.47)

45

 0.2499 -0.1865
H 

-0.1865 0.7667 
L22  L21  L12  H1  E1  E2  0
 0.2362
N1  
-0.0942
 0.1399
N 21  
 -0.0272
 0.1399
N 22  
 -0.0137
 0.2797
N2  
 0.0408

-0.0107 
0.0650 

-0.0137 
0.0145 
-0.0272
0.0145 
0.0408
0.0289 

(4.48)
(4.49)
(4.50)
(4.51)
(4.52)

𝐹̂ = 𝐿𝑄𝑅 F  0.0168 0.7719

(4.53)

F  -0.0168 -0.7719 0

(4.54)

Figure 4.1 shows the responses of a full-order system with time delay when S  0 in Example 1.

Figure 4.1. Responses of full-order system with time delay when S  0 in Example 1.
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When S  70I ,

 0.7756 5.8363
AC  

 1.5305 5.5454

(4.55)

 0.4665 0.0237 
T 

0.0237 0.0967 

(4.56)

 0.4005 0.6135
H 

 0.6135 2.0628 

(4.57)

 19.3841 13.0452
L22  

 13.0452 20.0412 

(4.58)

 10.1847 3.1475
L21  

 11.8605 6.9005 

(4.59)

10.1847 11.8605
L12  

 3.1475 6.9005 

(4.60)

0.2225
N1  
0.0368

0.0721
0.0216 

(4.61)

0.1252 0.0289
N 21  

0.0388 0.0108

(4.62)

0.1252 0.0388
N 22  

0.0289 0.0108

(4.63)

 0.2503 0.0677 
N2  

0.0677 0.0216 

(4.64)

 11.2049 7.6307 
H1  

 7.6307 7.8292 

(4.65)

 12.8854 1.3425 
E1  

 7.8721 0.2392

(4.66)

47

 8.5103 1.0523 
E2  

 7.5354 0.1215

(4.67)

Using equation (4.53) as a guess value in order to obtain fewer iterations yields
^

F  [5.6891 11.2742]

(4.68)

F   5.6891 11.2742 0

(4.69)

Figure 4.2 shows the responses of a full-order system plotted for different values of the
time delay when S  70 in Example 1 and then compared with the nominal value  0 . It is evident
from Figures 4.1 and 4.2 that when S is increased, the curves get closer to the nominal value,
which indicates that the effect sensitivity is reduced.

Figure 4.2. Responses of full-order system with time delay when S  70I in Example 1.
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Example 2
Consider the following:

 1 3 0 0 
 3 1 0 0 
,
A
 0 0 5 0 


 0 0 0 5

1
1
B 
1
 
1

Then the reduced-order parameters are obtained as follows:

 1 3 0 
A   3 1 0 
 0 0 5

(4.70)

1
B  1
1

(4.71)

 1.4279 2.6227 0.0893 
AC   3.4279 1.3773 0.0893
 0.4279 0.3773 5.0893

(4.72)

 0.3225 0.0159 0.0258
T   0.0159 0.4033 0.0102 
 0.0258 0.0102 0.1012

(4.73)

 0.4418 0.0111 0.0028 
H   0.0111 0.3955 0.0070 
 0.0028 0.0070 0.0992

(4.74)

^

^

When S  0 ,

L22  L21  L12  H1  E1  E2  0
 0.1024 0.4055 0.0024
N1   0.3744 0.1684 0.0476 
 0.0375 0.0283 0.0521 
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(4.75)

 0.4100 0.0245 0.0450
N 21   0.0351 0.5450 0.0429 
 0.0508 0.0167 0.0318

(4.76)

 0.4100 0.0351 0.0508 
N 22   0.0245 0.5450 0.0167 
 0.0450 0.0429 0.0318

(4.77)

 0.8200 0.0597 0.0958
N 2   0.0597 1.0900 0.0596 
 0.0958 0.0596 0.0636 

(4.78)

𝐹̂ = LQR F   0.4279 0.3773 0.0893

(4.79)

F   0.4279 0.3773 0.0893 0

(4.80)

Figure 4.3 shows responses of a full-order system with time delay when S  0 in Example 2.

Figure 4.3. Responses of full-order system with time delay when S  0 in Example 2.
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When S  10I ,
 5.0049 1.1510 0.0171 
AC   7.0049 2.8490 0.0171 
 4.0049 1.8490 4.9829

(4.81)

 0.0905 0.0405 0.0305 
T   0.0405 0.2750 0.0167 
 0.0305 0.0167 0.1310

(4.82)

 1.2682 0.3240 0.0243 
H   0.3240 0.9249 0.0285 
 0.0243 0.0285 0.1002

(4.83)

 2.3870 0.8702 0.2124
L22   0.8702 1.5762 0.2662 
 0.2124 0.2662 1.0018 

(4.84)

 0.8950 1.3847 0.0974
L21   0.2588 0.6393 0.3006 
 0.2261 0.1058 0.5014 

(4.85)

 0.8950 0.2588 0.2261 
L12   1.3847 0.6393 0.1058 
 0.0974 0.3006 0.5014

(4.86)

 0.0130 0.1050 0.0087 
N1   0.0343 0.1138 0.0658 
 0.0225 0.0365 0.0767 

(4.87)

 0.0258 0.0149 0.0075
N 21   0.0457 0.1125 0.0383
 0.0160 0.0085 0.0566

(4.88)

 0.0258 0.0457 0.0160
N 22   0.0149 0.1125 0.0085 
 0.0075 0.0383 0.0566 

(4.89)

51

 0.0515 0.0607 0.0235
N 2   0.0607 0.2249 0.0468
 0.0235 0.0468 0.1132 
 1.9851 1.0335 0.2557 
H1   1.0335 1.4102 0.2238 
 0.2557 0.2238 0.5014
 0.5919 0.8842 0.2208
E1   0.3381 1.1689 0.1727 
 0.0580 0.2119 0.3052
 0.1461 0.7729 0.0449 
E2   0.0554 0.4314 0.1897 
 0.0659 0.0003 0.1669 

(4.90)

(4.91)

(4.92)

(4.93)

Using equation (4.79) as a guess value in order to obtain fewer iterations yields
^

F   3.9995 1.8412 0.0181

(4.94)

F   3.9995 1.8412 0.0181 0

(4.95)

Figure 4.4 shows the responses of a full-order system with time delay when S  10I in Example 2.
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Figure 4.4. Responses of full-order system with time delay when S  10I in Example 2.
Example 3
Consider the following:

 2 2 0 
1


A   0 0 1  , B  1
 0 9 8
1
Then the reduced-order parameters are obtained as follows:
^
 2.0000 2.0000
A
1.1250
 0

^
1.0000
B

1.1250

(4.96)

(4.97)

When S = 0,

 2.0586 2.5293
AC  

 0.0659 1.7205

53

(4.98)

 0.4991 0.2086 
T 

 0.2086 0.2986 

(4.99)

 0.2491 0.1694
H 

 0.1694 0.6210 

(4.100)

𝐿22=𝐿21=𝐿12 = 𝐻1 = 𝐸1 = 𝐸2 = 0

 0.2379 0.0239 
N1  

 0.1336 0.1006 

(4.101)

 0.1505 0.0327 
N 21  

 0.0431 0.0344 

(4.102)

 0.1505 0.0431 
N 22  

 0.0327 0.0344 

(4.103)

 0.3010 0.0758 
N2  

 0.0758 0.0687 

(4.104)

𝐹̂ = LQR F   0.0586

0.5293

F   0.0586 0.5293 0

(4.105)

(4.106)

Figure 4.5 shows the responses of a full-order system with time delay when S  0 in Example 3.
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Figure 4.5. Responses of full-order system with time delay when S  0 in Example 3.
When S = 1000I,

 1.2037 15.6339
AC  

 0.8959 16.4631 

(4.107)

 0.4596 0.0034 
T 

 0.0034 0.0302 

(4.108)

 0.2744 0.5434 
H 

 0.5434 6.1918 

(4.109)

 255.7695 214.4703
L22  

 214.4703 234.0386 

(4.110)

128.4230 93.1636 
L21  

 132.7408 102.2321

(4.111)
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128.4230 132.7408
L12  

 93.1636 102.2321

(4.112)

 0.2290 0.0132 
N1  

 0.0099 0.0017 

(4.113)

 0.1158 0.0063
N 21  

 0.0068 0.0004

(4.114)

 0.1158 0.0068
N 22  

 0.0063 0.0004

(4.115)

 0.2315 0.0132 
N2  

 0.0132 0.0008

(4.116)

129.0006 113.3777 
H1  

 113.3777 103.3351

(4.117)

172.3397 1.9172 
E1  

 148.4043 1.3279

(4.118)

115.7844 0.2358 
E2  

 108.1483 1.1008

(4.119)

Using equation (4.105) as a guess value in order to obtain fewer iterations yields
^

F   11.4926 21.7811

(4.120)

F   11.4926 21.7811 0

(4.121)

Figure 4.6 shows the responses of a full-order system with time delay when S = 1000I in
Example 3.
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Figure 4.6. Responses of full-order system with time delay when S  1000I in Example 3.
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CHAPTER 5
SUMMARY, CONCLUSION, AND FUTURE WORK
5.1

Summary
A large-scale system consumes more computational time than a small-scale system and

becomes difficult to reuse in the design procedure. Hence, the proposed method in this research
is applied to large-scale systems in order to analyze their uncertainties. Singular perturbation
allows a system to be separated into two parts, namely, a fast subsystem and a slow subsystem.
Here, the fast part is neglected and only the slow part is solved, which seems to be dominant in
most cases. There are different types of uncertainties in a system, including time delay and
parameter uncertainty. In this research, the time delay is considered the system uncertainty.
The problem here is solved to obtain the optimal feedback gain for meeting optimal
control strategies. In order to do this, a sensitivity variable is introduced in the last term to
analyze the system along with uncertainty. The responses are plotted to observe the function
effect of sensitivity.
5.2

Conclusion
This research proposes a methodology for a model order reduction technique, referred to

as singular perturbation, for systems with a time delay. To investigate the time delay, a
performance sensitivity measure in the cost function was introduced to achieve the optimal
control strategies, and in the cost equation, the weighting matrix S represents its emphasis on
reducing the sensitivity variable. During this process, the number of states became double that of
the original system, and an alternative, singular perturbation, was used to reduce the system
complexity. A basic approach was used to obtain “the value of feedback”, and an approximation
of the full-order system was acquired. Finally, the response was plotted. It was proven that by
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increasing the value of S, the performance sensitivity was reduced, which means that the
response gets closer to the original nominal response, and the effect of time delay is reduced
further.
5.3

Future Work
This research involved a single delay term, but the same procedure for the system could

be followed using two different time delay terms. Moreover, there are other sources of
uncertainties, such as parameter uncertainty and nonlinearities in the linearization of nonlinear
systems. Therefore, further research could involve parameter uncertainty in order to observe the
effect of this uncertainty on the system response. This work could also be extended to other types
of systems such as discrete-time systems, stochastic systems, and time-varying systems.
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APPENDIX A
MATLAB CODE FOR REDUCED-ORDER MODEL OF EAMPLE 1

clear all;
clc;
A=[-2 -2 0; 0 0 1; 0 -3 -4];
B=[1; 1;1 ];
A1=[-2 -2; 0 0];
A2=[0 ; 1];
A3=[0 -3];
A4=[-4];
B1=[1;1];
B2=[1];
A_h=(A1-(A2*(inv(A4))*A3));
disp('A_h');
disp(A_h);
B_h=((-A2*(inv(A4))*B2)+B1);
disp('B_h');
disp(B_h);
C_h=[1 0 0; 0 1 0; 0 0 1];
x0=[ 1 ;1;1];
B0=[0; 0; 0];
BU=[0; 0];
C=[1 0; 0 1];
Q=[1 0;0 1];
sigma=[1 0; 0 1];
R= 1;
D=[0];

[F,S,E]= lqr(A_h,B_h,Q,R);
disp('F');
disp(F);
disp('S');
disp(S);
disp('E');
disp(E);
F=-F;
disp('LQR F');
disp(F);

S_n= [0 0; 0 0];
U=0;
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U1=0.1;
U2=0.2;
U3=0.3;
U4=0.4;
AU= (-A_h);
I=[ 1 0; 0 1];

for i= 1:50
Fold= F;
A_c=(A_h+(B_h*F*C));
disp('A_c');
disp(A_c);
T=lyap(A_c,sigma);disp('T'); disp(T);
H= lyap(A_c',(Q+(C'*F'*R*F*C)));
disp('H'); disp(H);
L22=lyap(A_c',S_n); disp('L22'); disp(L22);
L21=lyap(A_c',(L22*AU));disp('L21');disp(L21);
L12=lyap(A_c',(AU'*L22));disp('L12');disp(L12);
N1=lyap(A_c,(AU*T));disp('N1');disp(N1);
N21=lyap(A_c,(G1*AU'));disp('N21'); disp(N21);
N22=lyap(A_c,(AU*N1'));disp('N22'); disp(N22);
N2=N21+N22; disp('N2');disp(N2);
H1= lyap(A_c',((L12*AU)+(AU'*L21)));
disp('H1');
disp(H1);
E1=((H1*T)+(L12*N1)+(L21*N1')+(L22*N2));
disp('E1');
disp(E1);
E2=((L21*T)+(L22*N1));
disp('E2');
disp(E2);
F= -[inv(R)*[(B_h'*((H*T)+E1))+(BU'*E2)]*[C']*[inv(C*T*C')]];
disp('New F');
disp(F);
Error=(F - Fold);
NE= (Error* Error');
NF= (F * F');
Percentage= ((NE/NF)*100);
disp('Percentage');
disp(Percentage);
if( Percentage<=0.05)
break;
else
continue;
end
end
Fb=[F 0 ];
disp('Fb');
disp(Fb);
A_C=((A+(B*Fb))- (A*U));
disp('A_c');
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disp(A_C);
E=eig(A_C);
disp('E');
disp(E);
A_c1= ((A+(B*Fb))- (A*U1));
disp('A_c1');
disp(A_c1);
E1=eig(A_c1);
disp('E1');
disp(E1);
A_c2=((A+(B*Fb))- (A*U2));
disp('A_c2');
disp(A_c2);
E2=eig(A_c2);
disp('E2');
disp(E2);
A_c3=((A+(B*Fb))- (A*U3));
disp('A_c3');
disp(A_c3);
E3=eig(A_c3);
disp('E3');
disp(E3);
A_c4=((A+(B*Fb))- (A*U4));
disp('A_c4');
disp(A_c4);
E4=eig(A_c4);
disp('E4');
disp(E4);

sys= ss(A_C, B0,C_h,D);
sys1= ss(A_c1, B0, C_h, D);
sys2=ss(A_c2,B0,C_h,D);
sys3=ss(A_c3,B0,C_h,D);
sys4=ss(A_c3,B0,C_h,D);
initial(sys, sys1,sys2,sys3,sys4, x0);
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APPENDIX B
MATLAB CODE FOR REDUCED-ORDER MODEL OF EXAMPLE 2
clear all;
clc;
A=[-1 3 0 0; -3 -1 0 0; 0 0 -5 0;0 0 0 -5];
B=[1; 1;1;1 ];
A1=[-1 3 0;-3 -1 0;0 0 -5];
A2=[0; 0; 0];
A3=[0 0 0];
A4=[-5];
B1=[1;1;1];
B2=[1];
A_h=(A1-(A2*(inv(A4))*A3));
disp('A_h');
disp(A_h);
B_h=((-A2*(inv(A4))*B2)+B1);
disp('B_h');
disp(B_h);
C_h=[1 0 0 0; 0 1 0 0; 0 0 1 0; 0 0 0 1];
x0=[ 1 ;1;1;1];
B0=[0; 0; 0; 0];
BU=[0; 0; 0];
C=[1 0 0; 0 1 0; 0 0 1];
Q=[1 0 0;0 1 0; 0 0 1];
sigma=[1 0 0; 0 1 0; 0 0 1];
R= 1;
D=[0];

[F,S,E]= lqr(A_h,B_h,Q,R);
disp('F');
disp(F);
disp('S');
disp(S);
disp('E');
disp(E);
F=-F;
disp('LQR F');
disp(F);

S_n= [0 0 0; 0 0 0; 0 0 0];
U=0;
U1=0.1;
U2=0.2;
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U3=0.3;
U4=0.4;
AU= (-A_h);
I=[ 1 0 0; 0 1 0; 0 0 1];

for i= 1:50
Fold= F;
A_c=(A_h+(B_h*F*C));
disp('A_c');
disp(A_c);
T=lyap(A_c,sigma);disp('T'); disp(T);
H= lyap(A_c',(Q+(C'*F'*R*F*C)));
disp('H'); disp(H);
L22=lyap(A_c',S_n); disp('L22'); disp(L22);
L21=lyap(A_c',(L22*AU));disp('L21');disp(L21);
L12=lyap(A_c',(AU'*L22));disp('L12');disp(L12);
N1=lyap(A_c,(AU*T));disp('N1');disp(N1);
N21=lyap(A_c,(G1*AU'));disp('N21'); disp(N21);
N22=lyap(A_c,(AU*N1'));disp('N22'); disp(N22);
N2=N21+N22; disp('N2');disp(N2);
H1= lyap(A_c',((L12*AU)+(AU'*L21)));
disp('H1');
disp(H1);
E1=((H1*T)+(L12*N1)+(L21*N1')+(L22*N2));
disp('E1');
disp(E1);
E2=((L21*T)+(L22*N1));
disp('E2');
disp(E2);
F= -[inv(R)*[(B_h'*((H*T)+E1))+(BU'*E2)]*[C']*[inv(C*T*C')]];
disp('New F');
disp(F);
Error=(F - Fold);
NE= (Error* Error');
NF= (F * F');
Percentage= ((NE/NF)*100);
disp('Percentage');
disp(Percentage);
if( Percentage<=0.05)
break;
else
continue;
end
end
Fb=[F 0 ];
disp('Fb');
disp(Fb);
A_C=((A+(B*Fb))- (A*U));
disp('A_c');
disp(A_C);
E=eig(A_C);
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disp('E');
disp(E);
A_c1= ((A+(B*Fb))- (A*U1));
disp('A_c1');
disp(A_c1);
E1=eig(A_c1);
disp('E1');
disp(E1);
A_c2=((A+(B*Fb))- (A*U2));
disp('A_c2');
disp(A_c2);
E2=eig(A_c2);
disp('E2');
disp(E2);
A_c3=((A+(B*Fb))- (A*U3));
disp('A_c3');
disp(A_c3);
E3=eig(A_c3);
disp('E3');
disp(E3);
A_c4=((A+(B*Fb))- (A*U4));
disp('A_c4');
disp(A_c4);
E4=eig(A_c4);
disp('E4');
disp(E4);

sys= ss(A_C, B0,C_h,D);
sys1= ss(A_c1, B0, C_h, D);
sys2=ss(A_c2,B0,C_h,D);
sys3=ss(A_c3,B0,C_h,D);
sys4=ss(A_c3,B0,C_h,D);
initial(sys, sys1,sys2,sys3,sys4, x0);
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APPENDIX C
MATLAB CODE FOR REDUCED-ORDER MODEL OF EXAMPLE 3
clear all;
clc;
A=[-2 -2 0; 0 0 1; 0 -9 -8];
B=[1; 1;1 ];
A1=[-2 -2; 0 0];
A2=[0; 1];
A3=[0 -9];
A4=[-8];
B1=[1;1];
B2=[1];
A_h=(A1-(A2*(inv(A4))*A3));
disp('A_h');
disp(A_h);
B_h=((-A2*(inv(A4))*B2)+B1);
disp('B_h');
disp(B_h);
C_h=[1 0 0; 0 1 0; 0 0 1];
x0=[ 1 ;1;1];
B0=[0; 0; 0];
BU=[0; 0];
C=[1 0 ; 0 1];
Q=[1 0 ; 0 1];
sigma=[1 0;0 1];
R= 1;
D=[0];

[F,S,E]= lqr(A_h,B_h,Q,R);
disp('F');
disp(F);
disp('S');
disp(S);
disp('E');
disp(E);
F=-F;
disp('LQR F');
disp(F);
S_n= [ 0 0; 0 0];
U=0;
U1=0.1;
U2=0.2;
U3=0.3;
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U4=0.4;
AU= (-A_h);
I=[ 1 0; 0 1];

for i= 1:50
Fold= F;
A_c=(A_h+(B_h*F*C));
disp('A_c');
disp(A_c);
T=lyap(A_c,sigma);disp('T'); disp(T);
H= lyap(A_c',(Q+(C'*F'*R*F*C)));
disp('H'); disp(H);
L22=lyap(A_c',S_n); disp('L22'); disp(L22);
L21=lyap(A_c',(L22*AU));disp('L21');disp(L21);
L12=lyap(A_c',(AU'*L22));disp('L12');disp(L12);
N1=lyap(A_c,(AU*T));disp('N1');disp(N1);
N21=lyap(A_c,(G1*AU'));disp('N21'); disp(N21);
N22=lyap(A_c,(AU*N1'));disp('N22'); disp(N22);
N2=N21+N22; disp('N2');disp(N2);
H1= lyap(A_c',((L12*AU)+(AU'*L21)));
disp('H1');
disp(H1);
E1=((H1*T)+(L12*N1)+(L21*N1')+(L22*N2));
disp('E1');
disp(E1);
E2=((L21*T)+(L22*N1));
disp('E2');
disp(E2);
F= -[inv(R)*[(B_h'*((H*T)+E1))+(BU'*E2)]*[C']*[inv(C*T*C')]];
disp('New F');
disp(F);
Error=(F - Fold);
NE= (Error* Error');
NF= (F * F');
Percentage= ((NE/NF)*100);
disp('Percentage');
disp(Percentage);
if( Percentage<=0.05)
break;
else
continue;
end
end
Fb=[F 0 ];
disp('Fb');
disp(Fb);
A_C=((A+(B*Fb))- (A*U));
disp('A_c');
disp(A_C);
E=eig(A_C);
disp('E');

74

disp(E);
A_c1= ((A+(B*Fb))- (A*U1));
disp('A_c1');
disp(A_c1);
E1=eig(A_c1);
disp('E1');
disp(E1);
A_c2=((A+(B*Fb))- (A*U2));
disp('A_c2');
disp(A_c2);
E2=eig(A_c2);
disp('E2');
disp(E2);
A_c3=((A+(B*Fb))- (A*U3));
disp('A_c3');
disp(A_c3);
E3=eig(A_c3);
disp('E3');
disp(E3);
A_c4=((A+(B*Fb))- (A*U4));
disp('A_c4');
disp(A_c4);
E4=eig(A_c4);
disp('E4');
disp(E4);

sys= ss(A_C, B0,C_h,D);
sys1= ss(A_c1, B0, C_h, D);
sys2=ss(A_c2,B0,C_h,D);
sys3=ss(A_c3,B0,C_h,D);
sys4=ss(A_c3,B0,C_h,D);
initial(sys, sys1,sys2,sys3,sys4, x0);
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