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ABSTRACT

The World Health Organization has estimated a worldwide shortage of around nine million

nurses and midwives by 2030. In the United States, a shortage of registered nurses (RN)s is pre-

dicted to occur in several states by 2030. There is a gowning concern that this shortage may

adversely impact the quality of nursing care and may lead to nurse burnout. To address this con-

cern, hospitals have adopted several staffing strategies to effectively manage their scarce nursing

resources. Traditionally, nurse-to-patient ratios have been used to staff inpatient care units, which

specify the number of patients that can be safely supervised by a nurse. However, patients often

require different levels of care based on the complexity of their medical conditions. Furthermore,

not all care tasks need the support of highly trained RNs and thus, hospitals often employ nursing

teams consisting of care givers at different skill levels for cost-saving purposes. The heterogeneity

in patient mix and nursing skill mix can potentially render ratio-based staffing strategies ineffec-

tive. We propose to incorporate this heterogeneity into staffing decisions using stochastic modeling

approaches. In particular, queueing theory and discrete-event simulation techniques are employed

to investigate the potential impacts of patient acuity and staff heterogeneity on staffing needs of

inpatient units. Moreover, the developed stochastic models are embedded in a multi-criteria opti-

mization (MCO) framework to determine the optimal number of nursing teams and the correspond-

ing staff configurations that yield the desired trade-off between different performance evaluation

criteria measuring staffing cost, timely delivery of care, and nurse burnout. The proposed mod-

els can provide decision makers and staff planners with planning tools for safe and cost-effective

staffing of inpatient care units.
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CHAPTER 1

INTRODUCTION

1.1 Research Background and Motivation

A nationwide shortage of registered nurses (RN)s is predicted to occur in the United States by 2020

[1]. The nursing shortage may give rise to issues such as nurse burnout and poor quality of patient

care. It has been reported that patients with insufficient amount of care have higher mortality rates

when they are cared for by nurses with large patient assignments [2]. Consistent evidence from

observational studies suggests that inadequate nurse staffing in hospitals and heavy nurse workload

threaten patient safety and the quality of care. Low staffing levels in acute care systems also have

caused RNs to leave the profession [3]. In particular, every additional patient assigned to a nurse

leads to a 23 percent increased risk of nurse burnout and a 15 percent increase in job dissatisfaction

[2]. Hence, nursing shortage not only negatively affects patients, but also increases risk of nurse

burnout and job dissatisfaction. It is reported that in the US, more than 40 percent of all nurses

have suffered from burnout with 20 percent of them planning to quit their profession within the

following year [4]. To address these issues, hospitals have adopted staffing practices to effectively

match their nursing staff with the care demand. Moreover, not all care tasks need the support of

highly trained RNs and thus, hospitals often employ nursing teams consisting of care givers at

different skill levels for cost-saving purposes. Highly trained nurses are capable of performing all

types of nursing tasks while lower-skilled staff can only perform limited tasks.

Traditionally, nurse-to-patient ratios have been used to staff inpatient care units, which specify

the number of patients that can be safely supervised by a given nurse. However, patients often re-

quire different levels of care based on the complexity of their medical conditions. This may impact

the staffing needs of the unit potentially rendering a fixed nurse-to-patient ratio ineffective. Addi-

tionally, nurse-to-patient ratios do not take staff heterogeneity into consideration.Thus, the hetero-
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geneity in patient mix and nursing skill mix can potentially render ratio-based staffing strategies in-

effective. This doctoral dissertation aims at incorporating this heterogeneity into staffing decisions

using stochastic modeling approaches. In particular, queueing theory and discrete-event simulation

techniques are used to investigate the potential impacts of patient acuity and staff heterogeneity on

staffing needs of inpatient units. We also develop a multi-criteria optimization (MCO) framework

to study the design of nursing teams with patient assignments.

The organization of this dissertation is as follows: Chapter 2 presents a review of the litera-

ture in nursing skill-mix decisions and proposes the opportunities for Operations Research (OR)

applications. Chapter 3 introduces a queueing theory approach that models an inpatient unit with

heterogeneous patients and homogeneous staff members. Chapter 4 extends the proposed stochas-

tic model to account for staff skill-mix heterogeneity. Chapter 5 extends the skill-mix model to

allow for patient assignment in inpatient units.

1.2 Literature Review

The first chapter is a literature review study of different aspects of nurse staffing and skill-mix

decisions in inpatient care units. Current nursing skill-mix practices are presented. The review

also examines different factors that play a role in skill-mix decisions, namely, financial issues,

shortage of nurses, patient outcomes and quality of care, nurse outcomes, patient satisfaction, and

job satisfaction. Finally, the study investigates the application of OR to staffing and skill-mix

decisions.

Although OR tools have been extensively used in the literature to model inpatient and out-

patient settings, most of the them concentrate on determining the nursing staff levels rather than

finding the best mix of different nursing skill levels. Furthermore, the success of any OR model to

support skill-mix decisions relies on accurate model calibration. The study proposes a possible cal-

ibration approach where the electronic health record (EHR) and the radio frequency identification

(RFID) data are continuously used to calibrate staffing models. Findings of the literature review

outlines gaps and opportunities for OR applications to the nurse staffing and skill-mix decision
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making in inpatient care settings. The literature review study has been presented and published in

the proceedings of the 2018 IISE Annual Conference.

1.3 Accounting for Patient-Mix Heterogeneity

The second chapter of this dissertation focuses on developing, calibrating, and testing a nurse

staffing model that accounts for patient heterogeneity in inpatient units. We start with the het-

erogeneity in patient population only assuming that the nursing team is homogeneous. Due to

the variation in the frequency and duration of nursing care in inpatient care settings, we employ

queueing theory to model an inpatient unit. In particular, we develop a finite-source queueing

model consisted of a fixed set of inpatients with different acuity levels and a fixed set of nurses

with identical skill levels. More formally, acuity is defined as the measurement of the complexity

and severity of the care required by each patient.

We assume that each patient constantly transitions between “stable” and “needy” conditions

during their length of stay. Stable patients are those that are either in a stable condition or in case

of any need, they can be assisted by accompanying family members, and thus do not need any

nursing care. Needy patients are those that are in need of urgent nursing care. Based on the nurse

availability, they will either receive nursing care immediately, or they will have to wait until a

nurse becomes available and can attend to them. Furthermore, it is assumed that there is variation

in the frequency and duration of each nurse encounter and that these values vary across different

patient acuity and staff skill levels. The amount of time each patient spends in the stable state is

exponentially distributed with a rate dependent on the patient’s acuity. The duration of service

from a nurse in needy state is exponentially distributed as well with acuity-dependent service

rates. Once a patient is served, he/she goes back to the stable state. There are multiple identical

nurses in the system who serve needy patients. The objective is to analyze the performance of

the inpatient unit using various performance metrics, such as long-run average waiting times of

patients at each acuity level, probability of excessive delays in providing care to needy patients,

and nurse utilization.

3



The resulting queue is a stochastic model with a large state space. Thus, finding the limiting

probabilities, which are needed to evaluate the performance metrics, is computationally prohibitive

for realistic patient-mix sizes. To overcome this issue, an approximate method has also been

developed to reduce the state space. The approximate method can find the limiting probabilities

for clinically realistic patient-mix scenarios. The use of this method is demonstrated by means of

a numerical example of a medical surgical unit with different patient-mix scenarios. In order to

validate the approximation method, a discrete-event simulation model has been developed. The

statistical comparison between the results obtained by the approximate method and the simulation

model validates the quality of the approximations provided by the approximate method.

The mathematical model described above is used to quantify the trade-off between the staffing

level of an inpatient unit and different performance metrics measuring the timely delivery of care.

In particular, we consider different patient-mix scenarios through varying the number of patients at

each acuity level. We consider each of those scenarios and obtain the trade-off information using

the developed queueing model. The trade-off information obtained by the model provides the deci-

sion maker with valuable information to determine the staffing level that yields the desired trade-off

between the staffing cost and the performance metrics under consideration. The results demon-

strate that patient acuity may greatly impact the staffing needs and that fixed nurse-to-patient ratios

may lead to inadequate staffing levels. We also compare the results obtained by the proposed multi-

class queueing model against the results obtained by a single-class model in which the weighted

averages of arrival and service rates are used, which shows substantial errors in performance mea-

surement when the weighted-average approach is used. This paper has been accepted for publica-

tion in Heath Systems and is now available online at DOI: 10.1080/20476965.2018.1485615.

1.4 Accounting for Skill-Mix Heterogeneity

The literature review study revealed that there is a lack of analytical tools to assist clinicians with

nursing skill-mix decisions in inpatient settings. In the third chapter of this dissertation, we extend

the previous stochastic model to account for skill-mix heterogeneity as well. We aim at finding the

4



optimal skill-mix configurations that minimize staffing costs and excessive delays while limiting

the workload to avoid nurse burnout.

Hospitals often employ nursing staff with different skill levels for cost-saving purposes since

not all care tasks require highly trained RNs. According to the Bureau of Labor Statistics, the

2015 median hourly wage of nursing assistants was 2.6 times less than that of RNs [5]. Aside from

cost-saving purposes, in order to prevent nurse burnout, hospitals have integrated nursing assistants

into their inpatient-care teams, who typically provide basic nursing care and assist patients with

performing their daily living activities. In addition, RNs have varying levels of nursing skill and

experience, thus leading to a heterogeneous skill mix. It has been suggested that the skill-mix

configuration may have a substantial impact on the occurrence of medical errors. In particular, it

is estimated that for every 10 percent increase of experienced RNs in the skill-mix, the chances of

the occurrence of medical errors reduce by 86 percent [6]. The heterogeneity in patient-mix and

nursing skill-mix can potentially render ratio-based staffing strategies ineffective.

A finite-source queueing model with multiple patient classes and server types is developed to

analyze the nursing care delivery while allowing for heterogeneity in both the patient-mix and

staff skill-mix. This is achieved by extending the queueing model developed in Chapter 3 to allow

for incorporating multiple server types. The model accounts for the hierarchy of staff skill levels

in the inpatient unit so that the higher-skilled members can substitute the lower-skilled members,

but not vice-versa. The proposed queueing model is embedded in the MCO framework to obtain

the nursing staff size and configuration that yield the desired trade-off between different criteria

including staffing cost, nurse utilization, and timely delivery of care for a given patient mix.

The MCO framework described above is used to obtain Pareto-optimal skill-mix configurations

that yield the desired trade-off between different performance evaluation criteria. Additionally, we

perform a comprehensive sensitivity analysis on the parameters of the queueing model and quantify

the impact of allowing versus disallowing server substitution on performance metrics. The results

suggest that allowing for server substitution in inpatient settings leads to shorter waiting times for

patients while maintaining the same staffing cost.
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1.5 Designing Nursing Teams with Patient Assignment

In inpatient care units, a group of patients are typically assigned to a nursing team consisting of

different skill levels to receive care. The patient assignment has been ignored in the previous

two versions of the queueing model, where it was assumed that every patient can in principle

receive care from every staff member. In the fifth chapter of this dissertation, we aim at extending

our previous queueing model to allow for multiple nursing teams with potentially different staff

configurations each providing care to an assigned group of heterogeneous patients. This extension

allows us to answer important questions about the inpatient units. We can understand how many

nursing teams are required to provide timely delivery of care to patients and what are the optimal

staff configurations in each nursing team. Besides, the optimal number of patients at each acuity

level to be assigned to each nursing team would be addressed.

Using the new queueing model, we will study the impact of varying the number of nursing

teams and their corresponding staff configurations on the performance of the inpatient unit. Ad-

ditionally, the MCO framework proposed in the previous chapter is extended to accommodate

multiple nursing teams with patient assignments. The framework will be used to analyze and bal-

ance the trade-off between different criteria including staffing cost, nurse utilization, and timely

delivery of care. Since the closed form objective function and constraint are not available in the

proposed MCO problem, derivative-free solution methods should be used to solve this problem.

We employed exhaustive search method for small-sized problems. Simulated Annealing (SA) for

medium-sized problems problems and Surrogate-based optimization for large-sized problems.

Optimal solutions obtained by this model were mainly consisted of two nursing teams. In one

of the nursing teams, a relatively small number of RNs and CNAs are suggested with the assigned

patient mix consisting of lower acuity patients. The other nursing team has relatively large number

of RNs and CNAs where a patient mix with larger number of higher acuity patients were assigned

to that team. We also observe that , for instances exceeding 24 patients, the dimensionality of the

state space of the queueing model renders the objective function evaluations and thus the proposed
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solution method computationally prohibitive.
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CHAPTER 2

A REVIEW OF FACTORS INFLUENCING SKILL-MIX DECISIONS IN NURSING

CARE AND OPPORTUNITIES FOR OPERATIONS RESEARCH APPLICATIONS

Abstract

The global nurse shortage along with rising patient acuity levels have led to an increase in nursing

workload, causing nurse workforce to experience high levels of burnout. There is growing concern

that nurse burnout could adversely impact the quality of nursing care provided. In response to

this concern, hospitals have adopted staffing strategies to manage their scarce nursing resources

more effectively by determining the appropriate staff size and skill-mix required to provide nurs-

ing care to patients. The goal of this study is to conduct a comprehensive review of the literature

on nursing skill-mix strategies and their underlying basis practiced in inpatient care settings. In

particular, we first examine different aspects of nursing skill-mix decisions including financial con-

siderations, nurse staffing shortage, patient outcomes and quality of care, patient satisfaction, and

nurse job satisfaction. We then review the application of operations research (OR) tools, including

mathematical programming, discrete-event simulation, and queueing theory, to nurse staffing and

skill-mix decisions and discuss the gaps and opportunities for future research directions.

2.1 Introduction

The shortage of healthcare workforce has become a serious concern in both developing and devel-

oped countries [7]. The World Health Organization has estimated a worldwide shortage of around

nine million nurses and midwives by 2030 [8]. In the United States, nursing shortage has been

projected for several states by 2025 despite the projected excess of nursing workforce on a na-

tional level [9]. Other studies project a nationwide nursing shortage by 2030 [10, 11]. Nursing

shortage not only negatively affects patient mortality [12], but also leads to nurse burnout and job
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dissatisfaction [2]. To offset this shortage, hospitals have adopted a nursing team strategy, where

teams of nurses and nursing assistants at different skill levels provide nursing care to patients. This

gives rise to the challenge of determining the appropriate staff level and skill-mix for the nursing

teams.

The nursing-team practice was first introduced in the 1940s owing to a war-related RN shortage

leading to the hiring of more support workforce in inpatient units [13]. In particular, the model cat-

egorized nursing care tasks into tasks performed by RNs and auxiliary staff members based on the

task complexity, where RNs performed more complex care tasks and auxiliary staff were assigned

to more routine care tasks. It has been suggested that high-skilled nurses devote a considerable

amount of their time on non-nursing tasks that can be performed by nursing assistants [14]. Thus,

several studies have introduced different skill-mix practices as a mechanism to lower staffing costs

and to save nursing hours for more complex care tasks [15, 16, 17, 18].

OR tools, including mathematical programming, queueing theory, and discrete-even simula-

tion, have been employed to assist with nurse staffing and skill-mix decisions in both inpatient and

outpatient settings [19, 20]. The goal of this paper is to examine the literature on current nursing

skill-mix practices and the influencing factors in inpatient care settings. Also, the current state of

research on OR applications to nurse staffing and skill-mix decisions and opportunities for future

research are investigated. To search the literature, keywords including “skill-mix”, “skill substi-

tution”, “task shifting”, “personnel mix”, “staffing mix”, “task-oriented nursing”, and “staffing

levels” were used along with “nursing”. A pool of 139 papers were selected and reviewed. This

article provides a summary of the conducted literature review.

The rest of this paper is organized as follows: Section 2.2 presents current approaches to de-

termining nursing skill-mix in inpatient units. Section 2.3 discusses different aspects of nursing

skill-mix decisions, namely financial considerations, nursing shortage, patient outcomes and qual-

ity of nursing care, patient satisfaction, and job satisfaction. Section 2.4 reviews analytical tools

proposed in the literature to assess nurse workload and determine the required staff size and skill-

mix. It also presents an envisioned data-driven approach to nurse staffing and skill-mix decisions
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using patient-level and ward-level data. Finally, Section 2.5 summarizes and concludes the paper.

2.2 Current Skill-Mix Practices

Nursing teams in inpatient settings typically consist of three main staff types trained at different

skill levels. These are RNs, licensed practical nurses (LPNs), also known as licensed vocational

nurses (LVNs), and certified nursing assistants (CNAs), also known as patient care assistants

(PCAs) [21]. RNs are responsible for executing the plan of care provided by the medical doctor.

They assign and supervise other nursing staff. LPNs/LVNs also execute nursing and medical plans

determined for each patient under the supervision of RNs. They perform medication administration

and necessary documentation. They also supervise CNAs/PCAs. The last staff type, CNAs/PCAs,

spend more time with patients on the bedside to identify their needs and assist them with activities

of daily living [22].

Several approaches are currently used to identify staff mix and level in inpatient units. These

approaches aim to assess the required nurse workload for a group of patients and assign the appro-

priate staff size at each skill level. Some of the most prevalent practices are “task analysis”, “ac-

tivity sampling”, “self-recording”, “zero-based reprofiling”, “patient classification system”, and

“professional judgment”. In the following, we briefly introduce these practices.

In the “task analysis” approach, the required nursing care for each patient is broken down into

small tasks and the frequency and cost of each task is determined. The required staff for each iden-

tified task will then be calculated in nursing minutes [23]. In the “activity sampling” approach, the

duration of each activity performed by staff at each skill level is observed and recorded. The gath-

ered data will then be analyzed to help make decisions on allocation of activities to different staff

skill levels. After assessing the frequency and duration of each activity, the corresponding staff

level to undertake each activity will be determined [24].“Self-recording” is a similar approach to

“activity sampling” with the only difference being that staff members record the task durations

themselves [25]. The “zero-based reprofiling” approach starts from an initial (current) skill-mix

and iteratively identifies alternative staff-mix configurations that lower the cost [25]. The PCS ap-
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proach classifies patients based on their dependency level on nursing staff [26]. Each dependency

level corresponds to a certain amount of nurse workload. There are two types of PCS models,

namely prototypical and factor classification methods [27]. In the prototypical method, which is

mainly used in outpatient settings, patients are triaged by the caregiver for classification into one

of several predetermined patient classes. In the factor classification method, which is mainly used

in inpatient settings, patients are categorized based on the care tasks to be performed [28]. Lastly,

in the “professional judgment” approach, staff planners evaluate current staff mix and level along

with required nursing care. After reviewing available data, reconfiguration of work to improve

effectiveness will be performed [29].

2.3 Aspects of Skill-Mix Decisions

In this section, we examine different aspects of nursing skill-mix decisions. We start with financial

considerations. Skill-mix practices have been in part introduced to lower staff cost and, in turn,

healthcare expenditures [30]. The reported average wage rate for RNs, LPNs, and CNAs is, re-

spectively, $30 per hour, $25 per hour, and $15 per hour [31]. Hence, utilizing lower-skilled staff

members in combination with higher-skilled ones leads to incremental cost savings on every hour

of nursing care provided to patients. Since staffing cost comprises 44 percent of the total direct

costs of inpatient settings [32], skill-mix practices will help decrease healthcare costs. However,

other studies claim that a higher percentage of RNs will lead to healthcare cost savings through of-

fering shorter length of stay as well as reducing patient mortality rate [33]. However, the evidence

for supporting these claims is scarce [34].

Nursing skill-mix practices are in part motivated by the shortage of skilled staff members.

In particular, the shortage of RNs have encouraged inpatient settings to use lower-skilled staff

members to undertake routine tasks, which were originally carried out by RNs [35]

Another important factor influencing skill-mix decisions is the concern over the patient out-

come and the quality of nursing care delivery. Mortality rate, patient length of stay at hospital, and

medication error are among the most important indicators of the quality of patient care [36]. It is
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suggested that for every 10 percent increase of RNs in the nursing skill-mix, the chance of medi-

cation errors will be decreased by 86 percent [6]. In surgical units, each additional RN per patient

day was associated with 16 percent risk reduction in hospital related mortality rates [37]. Although

several studies argue that a skill-mix rich in RNs will improve patient outcomes and quality of care

[37], there exists a narrow evidence to recommend that a higher percentage of nursing assistants in

the skill-mix is associated with higher adverse outcomes for patients [38]. Moreover, the research

on the association between nursing staff level and patient outcomes in inpatient settings has been

inconclusive [39]. While a number of studies have reported a positive association between higher

nurse staffing levels and lower mortality rates [39], or lower rates of adverse outcomes [40], others

have not observed such relationship [41].

Patient satisfaction and job satisfaction are also known to play a role in skill-mix decisions.

Nursing teams consisting of both RNs and CNAs have been shown to improve the patient satis-

faction [42]. The same study also suggests that RNs report a higher job satisfaction when CNAs

are utilized. Appropriate staff skill-mix has been reported to be one of the major components of

nursing job satisfaction [43]. Study of [44] explored the association between patient satisfaction

and skill-mix in 34 inpatient units. A minimum patient-to-RN ratio of 8 was found necessary in

order to ensure patient satisfaction.

2.4 Analytical Tools for Skill-Mix Decisions and Opportunities for OR Applications

Traditionally, nursing skill-mix decisions have been made based on professional judgment without

any insight from analytical tools. The available literature on skill-mix optimization is mainly

concerned with clinical considerations and recommendations on the appropriate configuration of

healthcare workforce and there exists remarkably very little research on analytical tools to assist

staff planners with determining what may be an optimal staff skill-mix [45]. Relatively recently,

OR tools such as mathematical programming, discrete-event simulation, and queueing theory have

been employed to assist with nurse staffing decisions [20, 19]. However, the majority of the models

focus on finding the nursing staff level ignoring the staff heterogeneity. We provide an overview
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of those studies in this section.

Several studies in the literature employ OR tools to determine nursing staff levels in inpatient

settings assuming only RNs. Study of [46] proposed a finite-source queueing model to deter-

mine the minimum required staffing level for an inpatient unit. Using a two-dimensional quasi

birth-and-death process, [47] modeled the staffing decision in the presence of patient discharge

and while also considering the bed availability. [48] formulated the staffing level decision under

demand uncertainty as the newsvendor problem to minimize the staffing cost. Several simulation

studies have also been conducted in the literature to measure the impact of staffing levels on differ-

ent performance metrics, namely patient waiting time and nurse utilization [49, 50]. In particular,

[51] proposed a discrete-event simulation model coupled with a queuing model to identify nurse

staffing levels for a perianesthesia care unit. Their model allows staff planners to accurately fore-

cast staffing needs of the inpatient unit over time. In particular, using historical patient data, the

simulation model emulates the time-varying patient acuity and the queueing model estimates the

required staffing level over time considering realistic operational settings.

The study by [52] addresses both the staff-level and skill-mix decisions using discrete-event

simulation combined with optimization. In particular, the output of the discrete-event simulation

model was used as input into a stochastic program that recommends the optimal number of staff

at each skill level. The stochastic programming model was used to minimize the cost of using

permanent versus temporary nurses while at the same time satisfying the demand for each skill

level determined by the output of the simulation model. Results obtained from the application of

their simulation model to an inpatient unit show that although the overall size of nursing teams

used in practice appears to be at a satisfactory level, the skill-mix does not correspond to patient

demands and should be optimized. Results from the optimization stage of their study recommends

that it is cost-effective to increase the number of permanent nurses to account for variations in

demand and high expenses of employing temporary nurses.

Proper model calibration is critical to the successful clinical deployment of the above-mentioned

models [53]. EHR data can in principle be used to assess the acuity level and the required nursing
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care for each individual patient. This allows to determine the nurse workload required by a given

patient mix and, in turn, the appropriate staff level and skill-mix. In addition to the patient-level

data, the duration and frequency of nursing tasks performed by different nursing staff for different

patient acuity level are required. However, this may vary across different inpatient settings [54].

Recent advancements in RFID technology have led to the widespread application of this technol-

ogy in hospitals in order to keep track of equipments, patients, and workforce [55]. The RFID data

can be used to estimate duration and frequency of nurse encounters at different patient acuity and

staff skill levels.

Due to the high degree of variability in nursing care tasks and patient needs, queueing theory

and discrete-event simulation are excellent tools to model and analyze staffing decisions. In par-

ticular, the nursing care provided in an inpatient unit can be modeled as a finite-source queueing

system with multiple classes of patients corresponding to different acuity levels. Additionally, the

heterogeneity in nursing staff type and skill level can be incorporated into the queueing model

using multiple server types. The queueing model can be used to evaluate the adequacy of dif-

ferent nursing staff levels and configurations for a given patient mix using several performance

metrics. More specifically, the impact of staff level and skill-mix on key factors such as nurse

burnout and timely delivery of nursing care can be quantified using performance metrics such as

staff utilization, average waiting times, and the probability of excessive delay. The queueing model

can be coupled with discrete-event simulation to allow for a higher degree of modeling flexibility.

Additionally, the queueing model can be embedded in a multi-criteria optimization framework to

determine staff configurations that achieve a desired trade-off between staffing cost and different

performance metrics. The patient-acuity and nurse-encounter data are needed to calibrate such

queueing models.

2.5 Conclusion

Nursing skill-mix decisions in inpatient settings are multifaceted. Several factors, namely staffing

cost, RN shortage, patient outcomes and the quality of nursing care delivery, patient satisfaction,
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and nursing job satisfaction may play a role. OR tools have been used to determine the appropriate

nursing staff level. However, the literature on the application of OR tools to skill-mix decisions

is scarce. To date, no skill-mix model has been proposed that can address all aspects discussed

above. Additionally, extensive research is needed to determine the effects of staffing skill-mix on

different patient- and workforce-related outcomes. A successful skill-mix model not only can help

reduce staffing cost and nurse burnout, but also can lead to an increased patient satisfaction through

improving timeliness of nursing care delivery. New staffing strategies combining analytics and

stochastic modeling can be envisioned in which EHR and RFID data are used to inform models that

predict patient demand over time and determine appropriate staff level and skill-mix accordingly.

Moreover, these strategies can be automated to minimize the unnecessary human interaction.
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CHAPTER 3

ACCOUNTING FOR PATIENT HETEROGENEITY IN NURSE STAFFING USING A

QUEUEING-THEORY APPROACH

Abstract

Evidence from observational studies suggests that inadequate nurse staffing in hospitals and heavy

nurse workload may compromise patient safety and quality of care. There are recommended min-

imum nurse-to-patient ratios for different types of inpatient care settings. However, nursing-care

intensity may vary across different patients within an inpatient unit depending on the severity of

their medical condition, potentially rendering fixed nurse-to-patient ratios ineffective. This study

aims at developing nurse-staffing strategies that explicitly account for patient heterogeneity. Us-

ing queueing theory, we develop a stochastic framework to model direct nursing care provided in

inpatient-care units. The stochastic model is then used to measure different performance metrics

that evaluate the efficiency and timeliness of inpatient-care delivery. The trade-off between those

performance metrics and the nursing staff level is quantified, which can assist clinicians with deter-

mining minimum nursing staff levels that ensure timely delivery of nursing care to a given patient

mix.

3.1 Introduction

Several studies have projected a nationwide nurse shortage in the United States, which is mainly

attributed to the aging population, increased access to care due to recent healthcare reforms, and

an aging nursing workforce [10, 11]. There is a strong association between inadequate nurse

staffing levels and patient mortality [12]. Every additional nurse per patient is associated with a

reduction of hospital-related mortality by 9 and 16 percent in intensive-care and surgical units,

respectively [56]. Insufficient nursing staff not only negatively impacts the nursing care quality,
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but also increases nurse burnout and reduces job satisfaction [2]. Low nurse staffing levels in acute

care hospitals have caused nurses to leave the profession [3]. In particular, every additional patient

assigned to a nurse leads to a 23 percent increased risk of nurse burnout and a 15 percent increase

in job dissatisfaction [2]. To address these challenges, hospitals have adopted staffing strategies to

better match their nursing care needs with available nursing resources [57].

Nurse staffing strategies in inpatient care units can be broadly divided into two main categories.

The first category contains those approaches that employ recommended minimum nurse-to-patient

ratios, which are defined as the number of patients that may be safely supervised by one nurse

in a health care unit [58]. In 2003, the state of California passed Assembly Bill 394, mandating

minimum nurse-to-patient ratios in acute care hospitals. Examples of some of the state-imposed

ratios are 1:1 in operating rooms or 1:4 in intermediate care units [59]. Observational studies

suggest that although minimum nurse-to-patient ratios safeguard against nurse burnout to some

extent, they do not guarantee any enhancement in the quality of care and often lead to an increase

in care costs [60]. The second category consists of staffing approaches that are based on a more

accurate assessment of the severity of care needed for each individual patient. The underlying

premise is that patients may require different levels of nursing care depending on the severity of

their medical condition, which is known as acuity [61]. More formally, acuity is defined as the

measurement of the complexity and severity of care required by each patient to receive a safe

nursing care [62].

Although acuity-based staffing appears to be more grounded than ratio-based staffing, its suc-

cessful implementation depends on the identification of staffing needs of each acuity level. To that

end, several time studies have been conducted to assess the nurse workload intensity and variability

when caring for patients at different acuity levels [63, 64, 65]. Nursing care tasks in inpatient care

units are classified as belonging to direct or indirect care tasks. Examples of direct nursing care

activities include, among others, bedside procedures, vital signs assessment, medication adminis-

tration, wound management, patient education, and help with activities of daily living. Examples

of indirect nursing care tasks include, among others, chart review, communication with care team,
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and documentation [66]. Time studies of direct and indirect nursing care in inpatient units show

that only 30–55 percent of the nursing time is spent on direct care activities [66]. Hence, when

developing nurse staffing strategies, it is important to account for the time spent on indirect care

activities as well.

Operations research techniques have been extensively used to study nurse staffing decisions in

inpatient care units. In particular, due to the probabilistic nature of nursing services in health care

settings, queueing theory can be considered a proper candidate for modeling and analyzing nurse

staffing decision [67]. [46] proposed a finite-source multi-server queueing model (M/M/s//n) to

examine the inefficiencies of mandated nurse-to-patient ratios suggested by California legislation.

The model aims at determining the minimum staffing level required to limit the probability of

delay in providing nursing care under a desired threshold. They showed that the ratio policies

cannot guarantee reliable performance across different unit sizes. Moreover, [47] modeled the

staffing decision in the presence of patient discharge using a two-dimensional quasi birth-and-death

process to account for the bed availability as well. Their results also show that staffing policies

based on minimum nurse-to-patient ratios cannot achieve satisfactory performance and will lead

to inadequate staffing levels. [48] modeled the nurse staffing problem under demand uncertainty

as the newsvendor problem in order to minimize the staffing cost associated with meeting a target

nurse-to-patient ratio.

Discrete-event simulation techniques have also been used to study the nurse staffing problem

in emergency departments. In particular, simulation has been used to assess the impact of nurse

staffing levels and schedule on different performance metrics including patient waiting time, pa-

tient queue length, and nurse utilization [68, 49, 50]. [52] employ discrete-event simulation and

stochastic programming to determine the optimal staff size and nursing skill-mix. In their study, a

simulation model is used to evaluate possible scenarios that serve as input to a stochastic program.

The above-mentioned studies on queueing-theory approaches to nurse staffing decisions do not

explicitly take into account patient heterogeneity. More specifically, the main model derivation in

[46] is based on a homogeneous patient population. An approximate extension is also offered in
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that study to accommodate patient heterogeneity by considering the weighed average of the patient

load at two different acuity levels assuming varying arrival rates and identical service rates. How-

ever, the approximation yields errors of up to 33 percent when applied to patient mixes of relatively

smaller sizes (around 10 patients), as reported in the study. In this study, we extend the previously

developed queueing-theory approach by [46] to explicitly account for a heterogeneous patient pop-

ulation. To that end, we model the inpatient care unit as a multi-class finite-source queueing model

in which the patient population consists of different classes of patients with varying acuity levels.

We employ an exact method from the literature to obtain the limiting probabilities associated with

the queueing model for a given patient mix. However, it is computationally prohibitive to apply

this exact method to clinically realistic scenarios due to the large number of states that need to be

considered. To overcome this issue, we develop and test an approximate method with a signifi-

cantly smaller number of states to obtain the limiting probabilities. These probabilities are then

used to compute different performance metrics assessing the efficiency and timeliness of nursing

care delivery to different patient acuity levels. These metrics include average nurse utilization

(ANU), average queue length (AQL), average wait time in queue (AWTQ) as well as the proba-

bility of excessive delay in care delivery. In particular, we propose exact and heuristic approaches

to obtain the probability of excessive delay per acuity level.

The multi-class finite-source queueing model is used to study the effectiveness of ratio-based

staffing of inpatient care units. Moreover, it is used to quantify the trade-off between the nurse

staffing size and performance metrics under different inpatient-mix scenarios. As a proof-of-

concept demonstration, we apply our staffing model to a medical-surgical unit studied in the liter-

ature.

The rest of this paper is organized as follows: Section 3.2 presents the stochastic framework

used to model the inpatient care unit as a multi-class finite-source queueing model. It also dis-

cusses exact and approximate methods to obtain the steady-state probabilities associated with the

queueing model as well as the performance metrics used to assess the efficiency and timely deliv-

ery of nursing care. Section 3.3 provides a numerical example of employing the queueing model
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to assist with nurse staffing using a time study of a medical-surgical unit reported in the literature.

Section 3.4 concludes the paper by discussing key findings of the study as well as opportunities for

future work.

3.2 Finite-source Queueing Model

In this section, we describe a multi-class finite-source queueing model to analyze an inpatient

care unit with a heterogeneous patient population with varying acuity types. First, we provide an

overview of finite-source queueing models and their variants, and then develop the queueing model

for the inpatient care unit.

Finite-source queueing models are closed-loop systems consisting of at least one finite input

source, where customers are generated from and return to once their service is completed, and at

least one server, which provides service to customers [69]. Finite-source queueing models may

have a single or multiple classes of customers depending on whether there is heterogeneity in

the customer population. Analysis of single-class finite-source queueing models with exponential

inter-arrival and service times using global balance equations can be found in standard queueing-

theory textbooks [70, 69]. In multi-class finite-source queueing models, there are multiple cus-

tomer types with varying arrival and service rates. These queueing systems are more difficult to

analyze compared to infinite-source queues due to the dependence of the customers’ arrival rate

on the number of customers awaiting/receiving service. The complexity of the analysis increases

as the number of classes increases [71]. Hence, in contrast to infinite-source queues, there are

no closed-form solutions for multi-class finite-source queues. However, there are exact solution

approaches to obtain the steady-state probabilities [72].

Among different service disciplines, first-come, first served (FCFS) discipline is the most com-

mon service rule in which the customer with the maximum waiting time will be selected for ser-

vice. On the other hand, some queueing systems may have priority service rules, known as priority

queues, in which customers will be selected for service based on their priority class [73]. Prior-

ity queues may have a preemptive discipline, where upon the arrival of a high-priority customer,
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the service of a low-priority customer will be interrupted and then resumed again once the high-

priority customer is served. [71] studied a multi-class finite-source queueing model with a single

server and a non-preemptive priority discipline. They developed a recursive algorithm in order

to approximate the AWTQ for each priority class. The expected number of customers in service

as well as the server utilization can also be obtained using their algorithm. In this paper, we will

model inpatient care units as multi-class finite-source queueing systems considering both FCFS

and non-preemptive priority-queue disciplines.

3.2.1 State Definition and Transitions

We consider a care unit staffed with a fixed number of nurses, denoted by S, providing nursing

care to a collection of patients with varying acuity types, indexed by i ∈ I . In particular, we let

Mi (i ∈ I) represent the number of acuity-i patients in the unit. Adopting the modeling approach

proposed in [46], we assume that at each point in time a given patient is in either a “stable” or

“needy” state. Stable patients are those who are either in a stable medical condition or, in the case

of any need, can be assisted by accompanying family members and thus do not need any immediate

nursing care. Needy patients are those who are in need of urgent nursing care and will either receive

nursing care immediately or will have to wait until a nurse becomes idle and can attend to them.

Each patient continuously transitions between stable and needy states during his/her length of stay

in the inpatient care unit. Each patient’s transition from the stable into the needy state triggers a

nurse encounter, which involves performing some direct care activities by the nurse in order to

address the patient’s need. Upon completion of the nurse encounter, the patient transitions back to

the stable condition. The frequency and duration of nurse encounters vary across different acuity

levels and involve uncertainty. In particular, we model the occurrences of nurse encounters for

an acuity-i patient using a Poisson process with a rate of λi (encounters per hour) and model the

duration of each nurse encounter using an exponential random variable with a rate of µi (hour

inverse). The exponential distribution assumption has been previously used in stochastic modeling

of nursing care [46, 47, 74]. This is primarily motivated by mathematical tractability as well as the
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high degree of variability in nursing care tasks and patient needs [46].

Here, we first characterize the above-mentioned queueing model by specifying the states and

the corresponding transition rates. Then we develop exact and approximate methods to obtain the

limiting probabilities of the queueing model. Using the limiting probabilities, we calculate several

performance metrics to measure the efficiency and timeliness of care delivery at different nursing

staff levels.

Under a FCFS queue discipline, the state of the queueing model above can be described by

the number of patients of each acuity type that are in the queue and in service as well as the order

of acuity types in the queue. Note that the queue-order information is required to determine state

transitions [75]. Let K represent the index set of all possible states. We use the triplet (Nk,Rk,Ok)

to describe state k ∈ K, where Nk = (Nki : i ∈ I) represents the number of needy patients of

each acuity type, Rk = (Rki : i ∈ I) represents the number of needy patients of each acuity type

receiving nursing care (in service), and Ok is an ordered sequence of acuity types of needy patients

in the queue. Additionally, we let Ok(1) represent the front element of the ordered sequence Ok,

which specifies the acuity type of the needy patient at the front of the queue at state k. We define

two operators ⊕ and 	 for inserting a new element at the end of the sequence and removing the

front element of the sequence, respectively. Note that for those states k ∈ K in which there are

fewer number of needy patients than the number of nurses, that is,
∑

i∈I Nki ≤ S, the queue is

empty, and thus Ok is an empty sequence.

Next, we consider transitions to and from each of the states k ∈ K, which can be broadly

divided into two main categories: Category 1 contains those transitions that occur whenever a

stable patient becomes needy, while Category 2 involves transitions that are due to the completion

of nurse encounters. Transition rates in the first and second categories depend on the number of

stable patients and the number of needy patients receiving nursing care at different acuity levels,

respectively. In the following, we formally describe the transitions in each category.

To characterize transitions in Category 1, consider state k with state description (Nk,Rk,Ok)

in which there are at least as many needy patients as the number of nurses, that is,
∑

i∈I Nki ≥
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S. If an acuity-i stable patient becomes needy, then the system transitions to state k′ with state

description (Nk′ ,Rk′ ,Ok′), where the number of acuity-i needy patients increases by one, that is,

Nk′j =


Nkj + 1 j = i

Nkj j 6= i

. Moreover, the new ordered sequence isOk′ = Ok⊕i because an acuity-

i needy patient joins the queue. The number of needy patients receiving nursing care remains

unchanged, that is, Rk′i = Rki (i ∈ I). In contrast, if there are fewer needy patients than the

number of nurses at state k, that is,
∑

i∈I Nki < S, then upon a Category-1 transition, the new

needy patient will immediately receive nursing care. In that case, the model transitions to state k′,

where Nk′ is defined similar to the previous case. Additionally, the number of needy patients of

each acuity type in service is updated as Rk′j =


Rkj + 1 j = i

Rkj j 6= i

, and Ok′ = Ok = ∅. Finally,

the Category-1 transition rate from state k to k′ depends on the number of acuity-i stable patients

at state k and can be expressed as

qkk′ = (Mi −Nki)λi. (3.1)

We next characterize transitions in Category 2, which occur whenever a nurse encounter is

completed. We start by considering the case in which there are fewer needy patients than nurses

at state k, and thus the queue is empty (i.e., Ok = ∅). In that case, when the nurse encounter is

completed, the corresponding acuity-i patient becomes stable, and thus the model transitions to

state k′ with Nk′j =


Nkj − 1 j = i

Nkj j 6= i

, Rk′j =


Rkj − 1 j = i

Rkj j 6= i

, and Ok′ = ∅. In contrast,

for the case in which the queue is not empty, upon completion of the nurse encounter, the system

transitions to state k′, in which Nk′ is defined similar to the previous case. However, in this case,

the needy patient at the front of the queue (i.e., Ok(1)) leaves the queue to receive nursing care, and

thus Ok′ = Ok 	 Ok(1). Rk′ depends on the acuity type of Ok(1). More specifically, if the patient

at the front of the queue has the same acuity type as the needy patient whose nurse encounter has
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just been completed, then Rk′i = Rki (i ∈ I); otherwise,

Rk′j =


Rki − 1 j = i

Rkj + 1 j = Ok(1)

Rkj j 6= Ok(1)

Finally, the Category-2 transition rate from state k to k′ depends on the number of acuity-i needy

patients receiving nursing care at state k and thus can be expressed as

qkk′ = Rkiµi. (3.2)

3.2.2 Limiting Probabilities

In order to assess the performance of the inpatient care unit under different nursing staff levels, we

use a collection of performance metrics, evaluated based on the assumption that the system oper-

ates in its steady-state. This requires obtaining the limiting probabilities for the queueing model

described in Section 4.2.1. Here, we first briefly discuss the exact method originally developed by

[76] to obtain limiting probabilities for multi-class finite-source queueing models. However, this

method is only applicable to queueing systems with a limited number of customers and class types.

Hence, we develop an approximate method to estimate the steady-state probabilities for clinically

realistic scenarios. We consider two different queueing disciplines: FCFS and the non-preemptive

priority queue.

Exact solution method

An exact method has been developed and tested by [76] to obtain the steady-state probabilities

of a multi-class finite-source queueing model under a FCFS queue discipline. They apply their

method to the machine-repair problem with a finite population of heterogeneous machines and

homogeneous repair servers, assuming Markovian break-downs and repairs. The method explic-
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itly enumerates all possible states using a systematic approach in which each state is generated

and stored as a number in the base (n + 1)-numeral system, where n is the number of machine

(customer) types. It then specifies all possible transitions and the corresponding transition rates

between the enumerated states to form the transition-rate matrix Q. The steady-state probabilities

are obtained by solving the system of equations Qπ = 0 and π>e = 1, where π is the vector of

steady-state probabilities and e is the vector of ones. We apply this method to our queueing model

of the inpatient care unit by generating all possible states inK and specifying all Category-1 and -2

transition rates between them, as described in equations (3.1) and (4.2). The transition-rate matrix

Q is

[Q]kk′ =


qkk′ k 6= k′

−
∑

k 6=k′ qkk′ k = k′
(3.3)

where qkk′ = 0 for every pair of states k,k′ ∈ K that do not have a Category-1 or 2 transition

between them.

Approximate solution method

The exact method described in Section 4.2.2 does not scale well with an increasing number of

patients and acuity types. This is mainly attributed to the incorporation of the order of patient

types awaiting nursing care into the state description, which leads to a large number of pos-

sible states (i.e., large cardinality of set K). Note that for given N and R vectors, there are( ∑
i∈I Ni−

∑
i∈I Ri

N1−R1,N2−R2,...,N|I|−R|I|

)
possible ordered sequences, each corresponding to a distinct state. To

alliterative the computational burden, we develop an approximate method where the number of

possible states is reduced through grouping states that only differ in the order of the needy patients

in the queue. In other words, the approximate method reduces the set of possible states from K

to K̃ by projecting the three-dimensional state space (Nk,Rk,Ok) k ∈ K onto a two-dimensional

state space (Nk,Rk) k ∈ K̃.

Although the state-grouping strategy reduces the number of states to be considered, it renders
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the identification of Category-2 transitions (i.e., transitions due to nurse-encounter completions)

impossible due to the lack of the queue-order information and, in particular, the acuity type at

the front of the queue. More specifically, consider state k ∈ K̃ with state description (Nk,Rk) in

which there are more needy patients than nurses (i.e.,
∑

i∈I Nki > S). If the nurse encounter of an

acuity-i needy patient is completed, then a Category-2 transition occurs. However, since the order

of needy patients in the queue is unknown, it is not possible to determine the exact destination state

for the transition. To overcome this issue, we consider all possible destination states and divide the

transition rate described in equation (4.2) between those states. In particular, let Dk ⊆ K̃ be the

set of all possible destination states for a Category-2 transition originating from state k. Compared

to state k, Dk consists of all states in which there are exactly one fewer acuity-i needy patient and

one additional acuity-i′ needy patient in service for some i′ ∈ I . More formally, destination state

k′ ∈ Dk has a state description (Nk′ ,Rk′) characterized by

Nk′j =


Nki − 1 j = i

Nki j 6= i

, Rk′j =


Rkj j 6= i′

Rkj + 1 j = i′
(3.4)

for some i′ ∈ I . In the absence of the queue-order information, in order to distribute the transition

rate between possible destination states in Dk, we consider the likelihood of transitioning from

state k to each of the destination states k′ ∈ Dk. To this end, we assume that the likelihood of

having an acuity-i′ needy patient at the front of the queue is proportional to the number of needy

patients of that acuity type in queue, which is Nki′ − Rki′ . In other words, we use the number

of needy patients of each acuity type in the queue as a surrogate for the likelihood of having that

acuity type at the front of the queue. This leads to the following transition rate from state k to each

of possible destination states k′ ∈ Dk:

q̃kk′ =
Nki′ −Rki′∑
j∈I Nkj −Rkj

Rkiµi. (3.5)

We note that Category-1 transitions (i.e. transitions due to stable patients becoming needy) are
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identical in the exact and approximate methods due to their independence from the queue order.

To find the approximate vector of steady-state probabilities, denoted by π̃, the transition rates

described in (3.1) and (4.6) are used to form the transition-rate matrix Q̃ and the system of linear

equations Q̃π̃ = 0 and e>π̃ = 1 are solved for vector π̃.

Limiting probabilities under a priority-queue discipline

We next discuss our queueing model under a non-preemptive priority queue discipline correspond-

ing to scenarios in which higher-acuity patients have priority over lower-acuity ones in receiving

nursing care. In contrast to the FCFS queue discipline, in case of priority queues, the knowledge

of the queue order is not required to determine Category-2 transitions. Therefore, the state of the

queueing model can be sufficiently described using (Nk,Rk) k ∈ K̃. Category-1 transitions are

similar to the FCFS queue discipline, as explained in Section 4.2.1. Category-2 transitions are

characterized using the knowledge of the number of patients of each acuity type in queue, that is,

Nki − Rki (i ∈ I). In particular, upon completion of a nurse encounter, the system transitions to

state k′ ∈ K̃ with state description (Nk′ ,Rk′) where Nk′ and Rk′ are defined similar to (3.4) with

i′ = max {j ∈ I : Nkj −Rkj > 0} representing the highest acuity level with at least one needy

patient in queue. The corresponding transition rate is obtained using equation (4.2). Hence, the

exact steady-state probabilities can be obtained similar to the FCFS queue discipline.

Given the steady-state probabilities of our finite-source queueing model, in the next section we

study the limiting behavior of a collection of performance metrics that assess the efficiency and

timeliness of care delivery in the unit.

3.2.3 Performance Metrics

In this section, we describe different performance metrics used to evaluate the adequacy of different

nursing staff levels in the inpatient care unit, including metrics for timely delivery of care and nurse

utilization. Timely delivery of care is quantified using average waiting time and queue length for

needy patients of different acuity types as well as the probability of excessive delay in providing
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nursing care. Here, we first obtain the closed-form expressions for those performance metrics

under a FCFS queue discipline. Then we discuss the extension of those metrics to the approximate

queueing model as well as priority queues.

We start by considering the number of acuity-i needy patients in queue, which we denote by

L
(q)
i (i ∈ I). At state k ∈ K with state description (Nk,Rk,Ok), there are Nki−Rki acuity-i needy

patients waiting for nursing care. Hence, the average queue length of acuity-i needy patients over

all possible states k ∈ K can be obtained as

E
[
L

(q)
i

]
=
∑
k∈K

(Nki −Rki)πk (3.6)

in which E[·] represents the expected value. In order to calculate the average waiting time in queue

for acuity-i needy patients, denoted by E
[
W

(q)
i

]
, we first find the effective arrival rate of acuity-i

needy patients. At state k ∈ K, there are Mi−Nki acuity-i stable patients that may become needy

with a rate of λi. Hence, the effective arrival rate of acuity-i needy patients in state k ∈ K, denoted

by λ(eff)
ki , can be obtained as

λ
(eff)
ki = (Mi −Nki)λi. (3.7)

Averaging over all states k ∈ K, the effective arrival rate of acuity-i needy patients can be ex-

pressed as
∑

k∈K λ
(eff)
ki πk. Applying Little’s law [77] yields

E
[
W

(q)
i

]
=

E
[
L

(q)
i

]
∑

k∈K λ
(eff)
ki πk

. (3.8)

The nurse utilization in state k can be obtained as the ratio of total number of needy patients

receiving nursing care (i.e.,
∑

i∈I Rki) to total number of available nurses S. Thus, the average

nurse utilization, denoted by E[U ], can be obtained by averaging this ratio over all possible states

28



k ∈ K as

E[U ] =
∑
k∈K

(
1

S

∑
i∈I

Rki

)
πk. (3.9)

Next, we derive the probability of excessive delay in delivering nursing care to patients. In

particular, we let ti (i ∈ I) denote the threshold beyond which the waiting time of acuity-i needy

patient is considered to be excessively long. The probability of excessive delay for acuity-i needy

patients is then expressed as p
(
W

(q)
i > ti

)
. To obtain this probability, we first consider the waiting

time of an arriving acuity-i needy patient when the queueing model is in state k ∈ K, which is

denoted by W (q)
i|k . In particular, there are

∑
i∈I Nki needy patients at state k, who are either in

service or waiting for their nursing care. It is easy to see that under a FCFS queue discipline, the

newly arriving needy patient has to wait for

n = max

(∑
i∈I

Nki − S + 1,0

)
(3.10)

patients to complete their nursing care before she/he can start receiving care. We break the total

waiting time down into time intervals between consecutive nursing-care completions for those n

patients. We start by considering the time interval between the arrival of the new needy patient

and the first nursing care completion. In particular, at state k, Rki patients of acuity type i are

simultaneously receiving nursing care with an exponentially distributed duration with rate µi. The

shortest nursing care completion among those Rki patients is exponentially distributed with a rate

of µiRki. Additionally, we can obtain the probability that the first nursing care completion is of

each acuity type using functions ξi : R|I| → R (i ∈ I) defined as

ξi (Rk) =
µiRki∑
i′∈I µi′Rki′

i ∈ I. (3.11)

Next, we characterize the time between subsequent nursing care completions. To that end, we

keep track of the changes in the number of needy patients of different acuity types in service, which
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we call acuity-type distribution in service, after each of the nursing care completions. Figure 3.1

shows a scenario tree enumerating all possible changes in the acuity-type distribution in service

through n nursing care completions. Consider an intermediate node of this scenario tree R(m)
v that

corresponds to a possible acuity-type distribution in service after them-th nursing care completion.

The time spent at this node until the next nursing care completion is exponentially distributed with

rate ρ(m)
v =

∑
i∈I R

(m)
vi µi. Upon leaving node R(m)

v , the acuity-type distribution in service may

transition to each of the possible distributions in the immediate child nodes. In particular, the

probability that the (m + 1)-th nursing care completion is of acuity type i ∈ I is calculated using

ξi

(
R

(m)
v

)
(i ∈ I), as shown in (3.11). Thus, the transition rate to each child node is obtained as

ρ
(m)
v ξi

(
R

(m)
v

)
(i ∈ I). Therefore, the sequence of nursing care completions can be modeled as

transitions of a continuous-time Markov chain (CTMC) between the nodes of the scenario tree. The

total waiting time of an acuity-i needy patient that joins the queue at state k (i.e., W (q)
i|k ) can then

be modeled as the time to absorption for a CTMC that starts from the root node and is absorbed at

any of the leaf nodes of the scenario tree, as shown in Figure 3.1. It is well-known that the time to

absorption for a CTMC has a Phase-type probability distribution [78]. Thus, using the Phase-type

cumulative distribution function, the probability of excessive delay for an acuity-i needy patient

that joins the queue at state k can be obtained as

p
(
W

(q)
i|k > ti

)
= αetiΘk1

in which α = (1,0, . . . ,0), 1 is a column vector of ones, and Θk is the transition-rate submatrix of

the CTMC, which includes only the transitions between intermediate nodes of the scenario tree.

Finally, etiΘk represents the matrix exponential of tiΘk.

To determine p
(
W

(q)
i > ti

)
, we need to consider the proportion of acuity-i needy patients

that join the queue when the queue model is at state k ∈ K. This is because the “Poisson Ar-

rivals See Time Averages” (PASTA) rule does not apply here due to the finite patient popula-

tion. We use the effective arrival rates described in (3.7) to calculate the proportion of patients

as λ(eff)
ik πk/

(∑
k′∈K λ

(eff)
ik′ πk′

)
. The probability of excessive delay for acuity-i needy patients can
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then be obtained by averaging over all states k ∈ K as

p
(
W

(q)
i > ti

)
=
∑
k∈K

p
(
W

(q)
i|k > ti

) λ
(eff)
ik πk∑

k′∈K λ
(eff)
ik′ πk′

. (3.12)

We next discuss how to estimate the probability of excessive delay under a FCFS queue dis-

cipline when the approximate method is used. It is not possible to construct the scenario tree, as

shown in Figure 3.1, in the case of the approximate model because the knowledge of the order of

patients in the queue is not available. Under the FCFS queue discipline, an acuity-i needy patient

that joins the queue in state k, has to wait for the completion of n nurse encounters, as described

in (4.18). Since there are S nurses that provide care in parallel, we approximate each nursing

care completion time as the minimum between S exponentially distributed service times with an

identical rate of

µ̂ =
∑
i∈I

Nikµi∑
i′∈I Ni′k

.

In other words, µ̂ is obtained as the weighted average of service rates across all acuity types,

where the weights are the proportion of needy patients of each acuity type at state k. Hence, the

approximate waiting time of an acuity-i needy patient that joins the queue in state k, denoted by

W̃
(q)
i|k , is the sum of n independent and identically distributed exponential random variables with

rate Sµ̂, and thus has an Erlang probability distribution. Therefore, we approximate the probability

of excessive delay for acuity-i needy patients as

p
(
W

(q)
i > ti

)
≈
∑
k∈K̃

p
(
W̃

(q)
i|k > ti

) λ
(eff)
ik πk∑

k′∈K̃ λ
(eff)
ik′ πk′

. (3.13)

Finally, we highlight that neither the exact nor the approximate methods for calculating the

probability of excessive delay are applicable to priority queues. This is because under a priority-

queue discipline, the waiting time of a newly arriving acuity-i needy patient not only depends on

the needy patients that are already in queue but also on the stable patients of higher acuity types

who will become needy during the wait time. Although those patients are not in the queue at state
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k, they still have priority in receiving care, and thus will add to the waiting time. We will use the

discrete-event simulation model described in Section 3.3 to estimate the probability of excessive

delay for priority queues.
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Figure 3.1: Scenario tree of all possible nursing care completions prior to the start of nursing care
for the newly arriving needy patient. Total waiting time for the patient can be modeled as the time

to absorption for a CTMC that starts from the root and is absorbed at a leaf node

3.3 Numerical Results

In this section, we report on a proof-of-concept application of our stochastic framework to a

medical-surgical care unit studied in the literature. We consider three acuity levels of mild, mod-

erate, and severe to describe the patient medical condition. [65] provides a time study of the direct

nursing care activities performed in a surgical unit at different patient dependency (acuity) lev-

els. We have used this study to calibrate our queueing model and, in particular, to estimate the

frequency and duration of nursing encounters per acuity type.

To study the impact of patient heterogeneity on staffing needs of the unit, we generate several

patient-mix scenarios by varying the number of patients of each acuity type while keeping the total

number of patients the same. In order to test the performance of the exact method discussed in
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Section 4.2.2, we consider patient-mix scenarios with eight patients belonging to two acuity levels:

mild and severe. This is because the exact method can only handle a small number of patients

due to its computational complexity. However, to test the approximate method, we increase the

total number of patients to twenty, belonging to three different acuity levels, to capture clinically

reasonable scenarios. The exact and approximate methods are both implemented in MATLAB R©

(The MathWorks Inc., Natick, MA).

In order to validate the results obtained by the approximate method, we also develop a discrete-

event simulation model of the multi-class finite-source queueing model using the AnyLogic R© sim-

ulation software (The AnyLogic Company, St. Petersburg, Russia).

In the following, we first motivate the choice of the inpatient care unit used for the proof-

of-concept study by providing a brief overview of medical-surgical units. We then describe the

calibration steps taken to find the parameter values of the multi-class finite-source queueing system.

We report the results obtained by the queueing model for the medical-surgical unit under FCFS and

priority-queue disciplines. Finally, we test the validity of the approximate method by comparing

the approximated performance metrics against the exact and simulation results.

Medical-surgical units are the most common inpatient care units and comprise, on the average,

25–30 percent of the capital cost and physical area of the hospital [79]. These units serve patients

with various acuity levels whose medical conditions need constant monitoring or are recovering

from surgical procedures [80]. Caregivers in these units prepare patients for surgical procedures

and deliver necessary care until they are discharged. A minimum nurse-to-patient ratio of 1:5 has

been recommended by the California Nurses Association for these units [81]. However, the patient

heterogeneity in these units may potentially compromise the effectiveness of staffing strategies

based on the recommended ratio, and thus are considered to be an appropriate candidate for our

study.
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3.3.1 Analysis of Exact Method

We run our exact method on five patient-mix scenarios with a total of eight patients at either mild

or severe acuity levels, with no patient at moderate acuity level, as shown in Table 3.1.

Table 3.1: Patient-mix scenarios for exact method

Scenario index Mild Moderate Severe
Mix 1 8 0 0
Mix 2 6 0 2
Mix 3 4 0 4
Mix 4 2 0 6
Mix 5 0 0 8

These patient-mix scenarios are indexed such that the larger the index, the larger the extent

of anticipated nursing care. Table 3.2 shows the arrival and service rates of direct nursing care

provided to different acuity levels, which is obtained based on the time-study report in [65]. Addi-

tionally, a threshold of ti = 0.25 (hour) was used to obtain excessive delay probabilities.

In the following, we report on the results of the exact method when applied to the patient-mix

scenarios specified in Table 3.1. Furthermore, to investigate the need for an explicit incorporation

of patient heterogeneity, we compare the results obtained by our multi-class finite-source queueing

model against those obtained from a single-class model with a homogeneous patient population,

where weighted averages of acuity-dependent arrival and service rates are used.

Using the exact method, we first calculate the limiting probabilities of the multi-class finite-

source queueing model for the surgical unit under the FCFS queue discipline. We then calculate

the performance measures for each patient acuity type at different staff level to quantify the trade-

off between each performance metric value and the number of nurses used, as shown in Figure

3.2. One can observe that there is a sharp drop in AQL, AWTQ, and excessive delay probability

as the number of nurses increases. Additionally, a comparison of different patient-mix scenarios

in this figure shows that an increase in the number of severe patients, and thus the total nursing

care load, leads to a shift in the corresponding trade-off curve. Figure 3.2(g) shows the trade-off

between the number of nurses and the average nurse utilization. Note that the utilization rates are
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obtained considering only the direct nursing care. To incorporate the indirect nursing care, we

calculate the indirect care workload per nurse at each staff size by considering a fixed overhead

time per patient and subtract that from the total nurse availability. This yields an upper bound

on (direct) nurse utilization beyond which the workload is considered to be excessive, potentially

leading to nurse burnout. It is easy to see that the patient-mix scenario has a large effect on nurse

utilization. Overall, the figure shows the large dependence of performance measures on the patient-

mix scenario.

In the following, we report on the results of the exact method when applied to the patient-mix

scenarios specified in Table 3.1. Furthermore, to investigate the need for an explicit incorporation

of patient heterogeneity, we compare the results obtained by our multi-class finite-source queueing

model against those obtained from a single-class model with a homogeneous patient population,

where weighted averages of acuity-dependent arrival and service rates are used.

Using the exact method, we first calculate the limiting probabilities of the multi-class finite-

source queueing model for the surgical unit under the FCFS queue discipline. We then calculate

the performance measures for each patient acuity type at different staff level to quantify the trade-

off between each performance metric value and the number of nurses used, as shown in Figure

3.2. One can observe that there is a sharp drop in AQL, AWTQ, and excessive delay probability

as the number of nurses increases. Additionally, a comparison of different patient-mix scenarios

in this figure shows that an increase in the number of severe patients, and thus the total nursing

care load, leads to a shift in the corresponding trade-off curve. Figure 3.2(g) shows the trade-off

between the number of nurses and the average nurse utilization. Note that the utilization rates are

obtained considering only the direct nursing care. To incorporate the indirect nursing care, we

calculate the indirect care workload per nurse at each staff size by considering a fixed overhead

time per patient and subtract that from the total nurse availability. This yields an upper bound

on (direct) nurse utilization beyond which the workload is considered to be excessive, potentially

leading to nurse burnout. It is easy to see that the patient-mix scenario has a large effect on nurse

utilization. Overall, the figure shows the large dependence of performance measures on the patient-

35



mix scenario.

Table 3.2: Arrival and service rates of three acuity levels obtained from [65]

Acuity level λ (encounter/hour) µ (1/hour)
Mild 0.61 9.37

Moderate 1.07 3.98
Severe 1.25 3.17
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Figure 3.2: Trade-off curves between staff level and performance measures of mild (first row) and severe
(second row) acuity patients as well as nurse utilization (bottom row) obtained using exact method under

FCFS queue discipline

3.3.2 Analysis of Approximate Method

To test the approximate method, we consider a surgical unit with twenty patients at mild, medium,

or severe acuity levels. We consider six patient-mix scenarios with a varying number of patients
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at different acuity levels, as shown in Table 3.3. These patient-mix scenarios are generated by

starting with the lowest workload scenario in which the acuity level of all patients is mild and

progressively increasing the required workload by sequentially decreasing the number of mild-

acuity patients and increasing the number of moderate and severe-acuity patients. Similar to the

case of exact method, these scenarios are indexed such that the higher the index value, the larger

the extent of nursing care needed. Also, the arrival and service rates are set to those reported in

Table 3.2.

Table 3.3: Patient-mix scenarios for approximate method.

Scenario index Mild Moderate Severe
Mix 1 20 0 0
Mix 2 15 5 0
Mix 3 10 5 5
Mix 4 5 10 5
Mix 5 5 5 10
Mix 6 0 0 20

Using the approximate method, the limiting probabilities were obtained at different staffing

levels (1–5 nurses), which, in turn, were used to evaluate the performance measures for each

patient acuity level. Two different queue disciplines, FCFS and non-preemptive priority queues,

were considered. Below, we report the results obtained under each queue discipline.

Performance measures under FCFS queue discipline

Performance measures associated with different acuity levels under a FCFS queue discipline are

shown in Figure 3.3. This figure shows the trade-off curves between the number of nurses and

different performance metrics per acuity level under different patient-mix scenarios. The trade-off

curves associated with patient-mix scenarios that have a light workload (scenarios with smaller

index values) dominate those with heavy workload (scenarios with larger index values). There is a

large performance variation among different mix scenarios particularly when the staff size is small.

However, similar to the exact method, the AQL for mild-acuity patients appears to be an exception

to this observation, as shown by patient-mix scenarios 3–5 in Figure 3.3(a). This can be explained

37



by the fewer mild-acuity patients in those mix scenarios, and thus shorter queues. On the other

hand, if there are only mild-acuity patients in the unit, as in the case of patient-mix scenario 1, then

the effective service rate is higher, leading to a relatively shorter queue.

According to the California bill, the recommended minimum nurse-to-patient ratio for a medical-

surgical unit is 1:5, suggesting a staff level of at least four nurses for the unit in this study. While

this staff level seems to be reasonable under patient-mix scenarios 1–3, it may be insufficient un-

der patient-mix scenarios 4–6, leading to chances of excessive delay of at least 20 percent. Figure

3.3(j) shows the average nurse utilization under different patient-mix scenarios. The shaded area

shows the region with excessive nurse workload considering both direct and indirect nursing care.

A fixed minimum nurse-to-patient ratio of 1:5 will lead to under-staffing in almost all patient-mix

scenarios.

We note that the exact method is computationally prohibitive for patient-mix scenarios exceed-

ing 10 patients. For instance, if we were to study Mix 3 in Table 3.3 using the exact method, then we

would need to consider as many as 750,431 distinct states for which obtaining the transition rates

and steady-state probabilities would be computationally prohibitive. However, the approximate

method consolidates these states down to 1,021 states, which allows us to obtain the corresponding

limiting probabilities in less than a second.

We performed sensitivity analysis on the probability of excessive delay using different thresh-

old values. Figure 3.4 shows the probability of excessive delay under different threshold values

for severe acuity patients in patient mix 3. One can observe that when more than one nurse is em-

ployed, an additional nurse substantially reduces the probability of excessive delay (by 50 percent

or more) particularly at larger threshold values.

We also performed sensitivity analysis on the size of the patient mix. To that end, we considered

patient-mix scenarios consisting of 60% mild-acuity, 30% moderate-acuity, and 10% severe-acuity

patients and progressively increased the total number of patients in the mix. Results are shown in

Table 3.4. The minimum recommended staff level for each patient-mix size is determined such

that the ANU for direct nursing care is below the excessive workload threshold (See Section 3.3.1
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Figure 3.3: Performance measures of mild (first row), moderate (second row), and severe (third row)

acuity patients as well as average nurse utilization (bottom row) under FCFS queue discipline
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Figure 3.4: Excessive delay probability associated with different threshold values for severe
acuity patients in scenario mix 3 obtained using the approximate method

for information on how excessive workload is calculated). Associated with the minimum recom-

mended staff level, the maximum AWTQ and the maximum excessive delay probability across the

three patient-acuity levels are also reported in the table. The last column in the table shows the

runtime of the approximate method for each patient-mix size. The approximate method can solve

cases with as many as 60 patients in a computational time comparable to that of the simulation

model.

Table 3.4: Performance of the approximate method for different patient-mix sizes

No. of Patients Min. Staff Level ANU (%) AWTQ Excess. Delay Runtime (sec)
Recommended (sec) Prob. (%) Approx. Method

20 6 41 4 2.3 0.05
25 8 40 4 0.93 0.2
30 9 42 < 1 0.56 0.9
35 11 42 < 1 0.15 2.1
40 12 45 < 1 0.17 6.2
45 14 55 < 1 0.54 14.2
50 15 57 < 1 0.73 43.7
55 17 55 < 1 0.37 85.6
60 18 57 < 1 0.45 243.7

Performance measures under non-preemptive priority-queue discipline

Figure 3.5 illustrates the trade-off between nurse staff levels and different performance metrics un-

der a priority-queue discipline. As can be seen in Figure 3.5(a), the AQL for patient-mix scenarios

4 and 5 is the same as the total number of mild-acuity patients in the patient mix if there are only
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one or two nurses. This is also the case for patient-mix scenario 3 with one nurse. Also, Figure

3.5(b) shows that the corresponding AWTQ for those patients approaches infinity. This suggests

that under certain patient-mix scenarios with an insufficient level of nursing staff, the mild-acuity

needy patients will be completely blocked by higher acuity patients and thus will never receive

nursing care. Note that this extreme case may not necessarily occur in practice because nurses

may be able to mitigate any delays by accelerating the service rate [82].

Comparing Figures 3.3 and 3.5 for mild-acuity patients, one can see that the trade-off curves

under FCFS and priority-queue disciplines are identical for patient-mix scenario 1 since there is

only a single acuity type in this scenario. However, the trade-off curves for mild-acuity patients

deteriorate under patient-mix scenarios 2–6 when the queue discipline is changed to a priority

queue. This is because under a priority-queue discipline, moderate- and severe-acuity patients

have priority over mild-acuity patients in receiving nursing care. This can also be seen in the case

of moderate-acuity patients when comparing Figures 3.3 and 3.5. In particular, when only one

nurse is used the AWTQ of these patients is extremely long and approaches infinity in patient-mix

scenarios 4 and 5, respectively. Finally, under a priority-queue discipline, the trade-off curves

corresponding to severe-acuity patients remain unchanged in patient-mix scenario 6, since this

mix consists of only severe-acuity patients. However, for the remaining patient-mix scenarios, the

trade-off curves dominate those of the FCFS queue discipline, owing to the priority of severe-acuity

patients in receiving nursing care.

We note that under the priory-queue discipline, the excessive delay probabilities cannot be

estimated using the approximate method discussed in Section 4.2.3. Hence, we use the simulation

model to quantify the trade-off between excessive delay probabilities and nursing staff levels, as

shown in Figures 3.5(c), 3.5(f), and 3.5(i). One can observe a large variation in excessive delay

probability across different patient-mix scenarios. Figure 3.5(j) shows the average nurse utilization

at different staff sizes under the priority-queue discipline. In particular, these values are identical

to those obtained under a FCFS queue discipline (Figure 3.3(j)). This can be justified by noting

that the queue discipline changes the order according to which needy patients of different acuity

41



levels receive nursing care and does not alter the total nursing care delivered. Therefore, in contrast

to patient-related performance metrics, the average nurse utilization, which is a resource-related

performance metric, does not change when using the priority-queue discipline.
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Figure 3.5: Performance measures of mild (first row), moderate (second row), and severe (third row)

acuity patients as well as average nurse utilization (bottom row) under priority-queue discipline
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Validation of approximate method

To evaluate the accuracy of the approximate method, we apply the approximate method to patient-

mix scenarios 2-4 specified in Table 3.1 and compare the resulting performance metrics values

against those obtained by the exact method, as reported in Section 3.3.1. The relative differences

(in percentage) are reported in Table 3.5, which shows a discrepancy of at most 3 percent.

Table 3.5: Relative difference (in percentage) between results obtained by exact and approximate
methods for patient-mix scenarios 2-4 under FCFS queue discipline.

Patient Mix No. of Nurses
AQL AWTQ Excess. Delay Prob.

ANU
Mild Acuity Severe Acuity Mild Acuity Severe Acuity Mild Acuity Severe Acuity

mix 2

1 1 1 2 2 2 2 <1
2 <1 1 1 2 2 1 <1
3 <1 <1 1 1 2 3 <1
4 <1 <1 1 1 1 2 <1

mix 3

1 1 <1 1 1 1 2 <1
2 1 <1 2 2 3 2 <1
3 <1 <1 2 1 2 1 <1
4 <1 <1 1 2 2 2 <1

mix 4

1 1 <1 1 2 1 1 <1
2 1 <1 1 1 2 3 <1
3 <1 <1 1 1 1 2 <1
4 1 <1 2 2 2 3 <1

Also, to evaluate the accuracy of the approximate method under clinically realistic scenarios

with larger number of patients, we run the simulation model for patient-mix scenarios 2–4 specified

in Table 3.3 to calculate a 95 percent confidence interval (CI) on different performance metrics.

The simulation run length, warm-up period, and number of replications were set to 10 years, 500

hours, and 30 replications, respectively. On the average, it takes around 233 seconds to run the

simulation model for each scenario with 30 replications.

We compare the value of each performance metric obtained by the approximate method in Sec-

tions 3.3.2–3.3.2 against the associated CI calculated using simulation. To that end, we calculate

the z-score of the value obtained by the approximate method using the mean and standard deviation

provided by the simulation results, where a z-score between -2 to 2 suggests that the approximated

performance metric falls within the CI. Table 3.6 reports the simulation CIs and z-score values for

patient-mix scenarios 2–4 under FCFS queue discipline. All of the instances have a z-score value

below -2 or above 2, suggesting the robust performance of the proposed approximate method.

Table 3.7 shows the comparison between the results obtained by the approximate method and
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Table 3.6: 95% CI for performance metrics calculated using simulation and the corresponding
z-scores of the approximate method under FCFS queue discipline.

# Nurses Sim.
AQL AWTQ Excess. Delay Prob.

ANU
Mild Moderate Severe Mild Moderate Severe Mild Moderate Severe

m
ix

2

1
CI [6.8397,6.8501] [2.6487,2.6523] N/A [1.4650,1.4682] [1.3251,1.3281] N/A [0.9778,0.9782] [0.9738,0.9744] N/A [0.9987,0.9988]

z-score 0.17 -0.25 N/A -0.36 -0.42 N/A 0.31 -0.77 N/A -0.11

2
CI [1.6487,1.6546] [0.6654,0.6683] N/A [0.2136,0.2144] [0.1815,0.1822] N/A [0.3134,0.3147] [0.2689,0.2702] N/A [0.8670,0.8674]

z-score 0.18 -0.23 N/A 0.73 -0.61 N/A 0.34 -0.44 N/A 0.07

3
CI [0.3319,0.3342] [0.1267,0.1279] N/A [0.0395,0.0396] [0.0370,0.0374] N/A [0.0307,0.03074] [0.01992,0.01993] N/A [0.6425,0.6431]

z-score 0.15 -0.12 N/A 0.72 -0.83 N/A -0.55 0.61 N/A 0.02

4
CI [0.0670,0.0683] [0.0243,0.0263] N/A [0.0077,0.0078] [0.0057,0.0058] N/A [0.00174,0.00176] [0.00091,0.00093] N/A [0.4916,0.4920]

z-score 0.29 0.17 N/A 0.54 -0.64 N/A 0.36 0.75 N/A -0.02

5
CI [0.0123,0.0127] [0.0039,0.0041] N/A [0.0014,0.0015] [0.00094,0.00095] N/A [0.000073,0.000074] [0.0000304,0.0000306] N/A [0.3946,0.3951]

z-score 0.28 0.22 N/A 0.16 0.24 N/A 0.89 0.63 N/A -0.11

m
ix

3

1
CI [6.1181,6.1245] [3.4332,3.4368] [3.4714,3.4738] [2.7468,2.7524] [2.6045,2.6097] [2.5272,2.5322] [0.9997,0.9998] [0.99968,0.99969] [0.9997,0.99978] [0.9993,0.9994]

z-score 0.23 0.28 0.22 0.74 -0.61 0.95 0.63 -0.49 -0.31 0.08

2
CI [3.072,3.0168] [1.8357,1.8401] [1.8686,1.8728] [0.7542,0.7560] [0.6899,0.6917] [0.6608,0.6626] [0.8513,0.8525] [0.8196,0.8208] [0.8096,0.8108] [0.9915,0.9917]

z-score 0.15 0.16 -0.28 0.62 0.59 0.52 -0.52 0.34 0.78 0

3
CI [1.0457,1.061] [0.6587,0.6613] [0.6588,0.6612] [0.1996,0.2004] [0.1786,0.1793] [0.1697,0.1703] [0.2992,0.3008] [0.2526,0.2536] [0.2383,0.2397] [0.8958,8962]

z-score 0.34 0.23 0.24 0.83 0.51 0.63 -0.85 -0.56 0.26 0.04

4
CI [0.309,0.311] [0.1893,0.1907] [0.1793,0.1807] [0.0549,0.0551] [0.0467,0.0477] [0.0419,0.0421] [0.0517,0.0523] [0.0388,0.0392] [0.0347,0.0353] [0.7407,0.7413]

z-score 0.16 0.21 0.15 0.32 0.36 0.71 -0.86 -0.65 -0.54 0.11

5
CI [0.0854,0.0864] [0.0497,0.0503] [0.0472,0.0478] [0.0148,0.0151] [0.0119,0.0121] [0.0107,0.0111] [0.0061,0.0063] [0.0038,0.0041] 0.0033,0.0035] [0.6107,0.6111]

z-score -0.17 -0.11 -0.28 0.46 -0.77 -0.83 -0.52 0.41 -0.22 0.09

m
ix

4

1
CI [3.347,3.3514] [7.4177,7.4216] [3.7524,3.7552] [3.5556,3.5624] [3.4076,3.4104] [3.3438,3.3504] [1,1] [1,1] [1,1] [1,1]

z-score 0.24 0.38 -0.17 0.79 0.72 0.61 -0.01 -0.01 -0.01 0

2
CI [2.0138,2.0172] [4.8181,4.8239] [2.4484,2.4516] [1.1688,1.1712] [1.108,1.1101] [1.1073,1.1076] [0.9788,0.9792] [0.9648,0.9652] [0.9633,0.9637] [0.9993,0.9994]

z-score 0.23 0.14 0.17 0.76 -0.65 0.31 -0.87 0.85 0.63 0.01

3
CI [0.9629,0.9652] [2.4202,2.425] [1.233,1.235] [0.4129,0.4137] [0.3761,0.3767] [0.3676,0.3684] [0.6289,0.6321] [0.5825,0.5836] [0.5695,0.5706] [0.9726,0.9728]

z-score -0.15 0.12 -0.26 0.43 0.52 -0.55 0.53 0.66 -0.35 0.13

4
CI [0.3602,0.3631] [0.9205,0.9251] [0.4635,0.4662] [0.1353,0.1358] [0.1195,0.1197] [0.1135,0.1197] [0.1998,0.1995] [0.1671,0.1681] [0.1581,0.1585] [0.8723,0.8727]

z-score 0.62 0.27 -0.37 0.63 0.81 0.15 0.72 -0.65 0.82 -0.12

5
CI [0.1208,0.1215] [0.3035,0.3056] [0.1494,0.1507] [0.0429,0.0431] [0.0367,0.0369] [0.0343,0.344] [0.0362,0.0364] [0.0291,0.0294] [0.0288,0.0292] [0.7439,0.7455]

z-score -0.16 0.21 -0.29 0.54 0.67 0.57 0.75 -0.81 -0.61 0.16

the simulation under priority-queue discipline. As discussed in Section 3.2.2, the approximate

method provides the exact limiting probabilities and, in turn, performance metrics values, under the

priority-queue discipline. Note that under a priority-queue discipline, the probability of excessive

delay cannot be calculated using the approximate method and thus is not reported here. No CI

exists for those instances in which the AWTQ approaches infinity and thus, are marked by “NAN”.

3.3.3 The need for explicit incorporation of patient heterogeneity

For comparison purposes, we evaluate the performance measures using a single patient class with

weighted averages of arrival and service rates for patient-mix scenarios 2-4 of Table 3.1 under

the FCFS queue discipline. Table 3.8 shows the relative difference (in percentage) between the

obtained results and those of the multi-class model using our exact method. Additionally, the

approximate method was used to perform a similar comparison for large patient-mix scenarios of

Table 3.3. The results of the second comparison are reported in Table 3.9. Both comparisons show

that the incorporation of patient heterogeneity through using a single patient class with weighted

averages of arrival and service rates leads to inaccurate performance evaluations. In particular,
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Table 3.7: 95% CI for performance metrics calculated using simulation and the corresponding
z-scores of the approximate for different patient-mix scenarios and staff levels under

priority-queue discipline

# Nurses Sim.
AQL AWTQ

ANU
Mild Moderate Severe Mild Moderate Severe

m
ix

2

1
CI [11.5860,11.6293] [1.2641,1.2731] N/A [5.9048,6.0029] [0.3988,0.3992] N/A [0.9994,0.9995]

z-score -0.07 0.13 N/A -0.25 0.32 N/A -0.08

2
CI [2.5990,2.6010] [0.3238,0.3274] N/A [0.3648,0.3691] [0.0746,0.0753] N/A [0.8741,0.8745]

z-score -0.16 0.23 N/A -0.22 0.94 N/A -0.11

3
CI [0.4305,0.4396] [0.0789,0.0801] N/A [0.0511,0.0515] [0.0185,0.0187] N/A [0.6437,0.6445]

z-score -0.19 -0.11 N/A 0.25 0.63 N/A 0.01

4
CI [0.0719,0.0731] [0.0171,0.0175] N/A [0.0091,0.0095] [0.0042,0.0043] N/A [0.4926,0.4928]

z-score 0.18 -0.14 N/A -0.46 -0.48 N/A -0.06

5
CI [0.0135,0.014] [0.0032,0.0033] N/A [0.0012,0.00125] [0.00075,0.00076] N/A [0.3939,0.3955]

z-score 0.29 0.64 N/A 0.73 0.66 N/A 0.12

m
ix

3

1
CI [9.9753,9.9789] [4.4123,4.4259] [1.8958,1.907] NAN [9.0321,9.0431] [0.6849,0.6852] [1,1]

z-score 0.31 0.11 0.28 N/A 0.26 0.81 0

2
CI [7.5613,7.5962] [1.9599,1.9728] [0.7553,0.7605] [5.4572,5.4915] [0.6946,0.7034] [0.1897,0.1969] [0.9953,0.9957]

z-score 0.01 -0.07 0.04 0.61 0.46 0.22 0.11

3
CI [2.3837,2.4187] [0.6150,0.6233] [0.3133,0.3167] [0.5318,0.5412] [0.1647,0.1656] [0.0691,0.0697] [0.9032,0.9045]

z-score 0.02 0.24 0.18 0.71 0.52 0.63 0.09

4
CI [0.5512,0.5593] [0.1735,0.1757] [0.1088,0.1099] [0.0915,0.0925] [0.0396,0.0401] [0.0242,0.0245] [0.7449,0.7456]

z-score 0.21 0.27 0.15 0.81 0.43 0.22 0.11

5
CI [0.1232,0.1263] [0.0446,0.0457] [0.0314,0.0322] [0.0236,0.0239] [0.0096,0.0098] [0.0073,0.0075] [0.6111,0.6117]

z-score 0.06 0.01 0.06 0.64 0.41 0.76 0.09

m
ix

4

1
CI [4.9995,5.0002] [9.3995,9.4115] [1.8858,1.9115] NAN [18.8476,19.0994] [0.6805,0.6825] [1,1]

z-score -0.23 0.17 0.14 N/A 0.13 0.51 0

2
CI [4.8618,4.8714] [6.1652,6.1922] [0.8123,0.8166] NAN [1.9165,1.9169] [0.2087,0.2101] [0.9997,0.9998]

z-score 0.13 0.19 0.13 N/A 0.83 0.81 -0.01

3
CI [2.9602,2.9857] [2.8088,2.8321] [0.4412,0.4442] [2.5545,2.5645] [0.4494,0.4548] [0.0962,0.0968] [0.9765,0.9777]

z-score 0.16 -0.03 0.21 0.17 0.27 0.43 0.13

4
CI [0.9321,0.9422] [1.0064,1.0144] [0.2122,0.2139] [0.4094,0.4139] [0.1299,0.1320] [0.0459,0.0464] [0.8754,0.8776]

z-score 0.13 0.13 0.16 -0.94 0.18 0.62 0.05

5
CI [0.2461,0.2516] [0.3181,0.3228] [0.0841,0.0842] [0.08746,0.0888] [0.0308,0.0309] [0.0191,0.0193] [0.7459,0.7469]

z-score 0.15 -0.14 0.16 0.38 -0.81 0.63 0.12

the weighted average approach underestimates the nurse utilization in all cases considered, thus

providing an inaccurate assessment of the nurse workload. The comparison suggests the need for

an explicit incorporation of patient heterogeneity into the queueing model by considering distinct

patient classes corresponding to different acuity types.

Table 3.8: Relative difference (in percentage) between results obtained by the exact method when
using distinct patient classes versus a single patient class (with weighted average rates) for

patient-mix scenarios 2-4 under FCFS queue discipline

Patient Mix # Nurses
AQL AWTQ Excess. Delay Prob.

ANU
Mild Acuity Severe Acuity Mild Acuity Severe Acuity Mild Acuity Severe Acuity

mix 2

1 -25.8 71.1 -58.0 -36.1 -19.7 28.9 -25.5
2 -38.8 67.9 -62.8 -36.1 -84.0 -29.0 -22.6
3 -34.6 55.8 -60.0 13.7 -88.8 -35.6 -23.1
4 -28.9 36.1 -56.4 47.2 -91.4 60.9 -23.1

mix 3

1 34.6 15.6 -57.8 -47.0 -14.8 -10.8 -10.4
2 -19.5 -11.5 -68.9 -52.5 -81.9 -68.4 -22.6
3 -27.0 -15.8 -74.3 -48.3 -93.7 -80.2 -24.6
4 -33.3 20.7 -76.4 -33.6 -96.8 -73.1 -24.8

mix 4

1 58.8 23.8 -43.2 -33.8 -25.3 -23.9 -12.5
2 17.7 -22.3 -57.4 -44.8 -61.0 -48.5 -12.9
3 12.6 -30.3 -66.5 -47.6 -82.8 -69.5 -16.6
4 68.2 -30.5 -72.8 -47.3 -80.8 -77.4 -17.9
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Table 3.9: Relative difference (in percentage) between results obtained by the approximate
method when using distinct patient classes versus a single patient class (with weighted average

rates) for patient-mix scenarios 2-4 under FCFS queue discipline

Patient Mix # Nurses
AQL AWTQ Excess. Delay Prob.

ANU
Mild Moderate Severe Mild Moderate Severe Mild Moderate Severe

mix 2
4 -33.8 48.9 N/A -57.3 -40.2 N/A -84.6 -89.5 N/A -15.8
5 -37.5 62.3 N/A -59.6 -39.5 N/A -70.4 -74.5 N/A -16.3
6 -40.8 46.6 N/A -61.7 -37.6 N/A -62.8 -76.2 N/A -16.4

mix 3
5 -33.7 14.4 20.2 -75.7 -69.2 -65.6 -94.2 -91.2 -89.4 -21.4
6 -42.3 16.1 14.7 -78.1 -78.8 -67.7 -26.8 -94.4 -93.2 -21.8
7 -49.2 36.7 -10.2 -81.3 -72.8 -68.5 -98.1 -96.7 -34.3 -21.9

mix 4
6 44.1 -18.7 68.6 -66.9 -59.6 -55.6 -88.3 -83.3 -80.3 -14.4
7 27.4 -24.8 -58.9 -70.8 -62.5 -57.4 -62.4 -68.1 -75.3 -14.6
8 49.6 -30.4 -50.9 -24.4 -34.8 -59.6 -64.8 -41.1 -78.6 -14.8

3.4 Conclusion

We studied the nurse staffing decisions in inpatient units in the presence of patient heterogeneity.

In particular, patients may require different levels of nursing care depending on the severity of

their medical condition, which is characterized using patient acuity. Most of the staffing strategies

currently used are driven by minimum nurse-to-patient ratios. However, despite their simplicity,

these strategies may lead to over- or under-staffing due to the variation in patient acuity at a given

inpatient unit. To address this issue, we extend the stochastic nurse staffing model previously

developed by [46] to explicitly incorporate patient acuity. This is achieved by developing a multi-

class finite-source queueing model in which each class represents patients at a particular acuity

level.

We used different performance metrics, namely, average waiting time of needy patients, av-

erage queue length of needy patients, nurse utilization, and probability of excessive delay in care

delivery, to assess the appropriateness of different nurse-staffing levels. We tested our stochastic

framework on a surgical unit with 20 patients. We considered three acuity levels of mild, moderate,

and severe and evaluated multiple patient mix scenarios with varying number of patients at each

acuity level. Results demonstrate that all performance metrics depend on the patient-mix scenario

and improve as the number of nurses increases. Depending on the patient-mix scenario, a varying

number of nurses are needed to cover both direct and indirect nursing care while avoiding the risk

of nurse burnout. Our study results suggest that traditional minimum nurse-to-patient ratios may
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lead to inadequate staffing levels under some patient-mix scenarios. This may cause unacceptable

delays in providing nursing care to patients, thus impacting the quality of care. Additionally, if un-

accounted for, patient heterogeneity may impact the average nurse utilization, potentially leading

to nurse burnout. Finally, the inaccurate performance approximations obtained from considering a

single patient class with weighted average arrival and service rates show that an explicit incorpo-

ration of multiple patient classes may be required to accurately account for patient heterogeneity.

Switching from a FCFS queue discipline to a priority-queue discipline leads to significant im-

provement in timely delivery of care for higher-acuity patients, which comes at the expense of

delaying care delivery to lower-acuity patients. In particular, low-acuity patients may be com-

pletely blocked from receiving any nursing if the staff level is low and the patient mix contains a

relatively large number of high-acuity patients. However, this is rarely the case in practice because

nurses often speed up the care delivery. Nevertheless, this may still compromise the quality of

nursing care and may lead to nurse burnout.

The proposed queueing framework allows us to quantify the trade-off between different perfor-

mance metrics measuring timely delivery of nursing care and the staff size. The trade-off informa-

tion provides the decision maker with valuable information to determine the staff level that yields

the desired trade-off between the staffing cost and different performance metrics. Moreover, the

queueing model can be used to determine the minimum required staff level for a given patient mix

such that the resulting nurse utilization for direct care is below the excessive workload threshold.

The exact method developed by [76] was used to obtain the limiting probabilities for the de-

veloped multi-class finite-source queueing model. However, the exact method does not scale well

with the problem size. Therefore, we developed an approximate method to obtain the limiting

probabilities for clinically realistic scenarios, where the underlying premise is to reduce the state

space dimensionality by consolidating similar states that only differ in the queue order. A discrete-

event simulation model was developed and used to validate the performance of the approximate

method. Results show that the approximate method provides fast and accurate estimations of per-

formance measures under the FCFS queue discipline. Additionally, this method provides the exact
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limiting probabilities and thus an accurate performance evaluation (with the exception of excessive

delay probability) in case of the priority-queue discipline.

Despite the greater degree of modeling flexibility offered by discrete-event simulation, its appli-

cation often requires special software packages that may not be accessible to all practitioners. Also,

for the patient-mix scenarios tested in this study, the simulation runs with 30 replications take, on

the average, 233 seconds to converge, which is significantly longer than the worst-case runtime of

the approximate method (order of seconds). Finally, in contrast to queueing models, discrete-event

simulation models can only provide limited information on steady-state probabilities. These prob-

abilities can, in principle, be exploited to derive application-specific performance metrics other

than the ones commonly used to gain additional insights into the system behavior. Therefore,

the approximate method developed in this study for multi-class finite-source queueing models can

complement the discrete-event simulation approach by addressing the above-mentioned shortcom-

ings.

This study is an initial step toward developing a stochastic framework to incorporate patient

heterogeneity into staffing decisions in inpatient-care units. However, there are some limitations

that need to be addressed in future studies. First, the model discussed in this work ignores pa-

tient assignment in the unit and assumes that any available nurse can attend to a needy patient.

In clinical practice, a group of patients are often assigned to a nurse, and while nurses may help

with other patient groups in the unit, they are primarily responsible for their own group. This can

be addressed by considering a multi-class queueing network consisting of finite-source queueing

subsystems that operate in parallel. Second, the proposed queueing model assumes that the distri-

bution of care demand for each acuity level is stationary. However, the demand for nursing care

may be different during day and night shifts, and thus the recommended staff level may vary ac-

cordingly. In that case, the queueing model may be used to recommend shift-based staff levels.

This requires parameter calibration for each shift type separately, where the frequency and duration

of nurse encounters observed during each shift type is used to estimate shift-dependent arrival and

service rates per acuity level. Additionally, the patient mix itself may vary over time. A possible
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approach to account for an evolving patient mix is to determine appropriate staff levels per plan-

ning period. In that case, the length of each planning period must be chosen such that the patient

mix remains unchanged throughout the period, while allowing the queueing system to reach steady

state. Third, some direct care tasks may be predictable in time such as regular medication and ward

rounds. The predictable tasks can be easily accommodated in the discrete-event simulation model;

however, it may be more difficult to explicitly account for them in the queueing model. They can

still be implicitly accounted for in a similar fashion to indirect care tasks by adjusting the nurse

availability accordingly. Finally, in order to prevent nurse burnout and reduce staffing costs, hos-

pitals have integrated nursing assistants into their inpatient-care teams, who provide basic care and

help patients perform daily living tasks. Additionally, there may be varying levels of nursing skills

and experience among registered nurses. As part of future research, we plan to incorporate the

nursing staff heterogeneity into our stochastic framework. This will allow us to not only deter-

mine the optimal staff levels for a given patient mix but also to find the appropriate skill mix that

minimizes staffing costs while ensuring timely delivery of care.
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CHAPTER 4

NURSING SKILL-MIX OPTIMIZATION IN INPATIENT CARE UNITS USING A

QUEUEING THEORY APPROACH

Abstract

Identifying safe approaches to nurse staffing in inpatient units is a major challenge for health-

care providers. The national nurse shortage along with rising patient acuity levels have led to an

increase in nurse workload, causing healthcare workforce to experience high levels of burnout.

There is growing concern that nurse burnout could adversely impact the quality of care provided.

To address this concern, nurse-to-patient ratios have been used to staff inpatient care units. How-

ever, patients often require different levels of care based on the complexity and severity of their

medical conditions. Furthermore, not all care tasks require highly trained registered nurses and

thus hospitals often employ nursing staff with different skill levels for cost-saving purposes. The

heterogeneity in patient-mix and nursing skill-mix can potentially render ratio-based staffing strate-

gies ineffective. This study aims at developing a mathematical framework to assist clinicians with

the operational decision on the optimal nursing staff size and configuration that can safely pro-

vide nursing care to an inpatient unit while accounting for the aforementioned heterogeneity. In

particular, queueing theory and discrete-event simulation (DES) techniques are used to model the

nursing care delivery in order to evaluate performance metrics measuring nurse burnout and timely

delivery of care. Using this mathematical model, a multi-criteria optimization (MCO) framework

has been developed to obtain nursing staff size and configuration that yield the desired trade-off

between different criteria including staffing cost, nurse utilization, and timely delivery of care for

a given patient mix.
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4.1 Introduction

A shortage of registered nurses (RN)s has been anticipated to spread along the United States be-

tween 2009 and 2030 [83]. Given the aging of both the nursing staff members and the US popu-

lation, the long-term consequences of RN shortage in inpatient settings are extremely troubling to

nursing managers and policy makers [84]. Shortage of nurse assistants has also been reported in

the literature [85], [86]. There is strong evidence suggesting that the national nurse shortage may

have direct effects on patient care quality [29], patient mortality [12] as well as the nurse burnout

and nurse job dissatisfaction [2]. Consequently, the lack of qualified and skillful health person-

nel, including RNs, has become one of the major obstacles in reaching health system effectiveness

[87]. Since shortage of RNs are likely to continue and staffing on the other hand tends to use fewer

RNs, it is essential to study how well staff members can be allocated to patients. To address these

challenges, a nursing team strategy have been adopted by inpatient settings where teams including

nurses and nursing assistants at different expertise and skill levels deliver nursing care to patients.

To that end, coming up with the right staff level and skill-mix for the nursing teams is a challenging

task to perform.

The idea of nursing team was originally presented in the 1940s due to a war-related shortage of

RNs [13]. This shortage then gave rise to hiring more number of support staff member in hospital

care models. In particular, nursing care tasks were classified based on their complexity. RNs

were responsible for performing more complicated care tasks whereas nursing assistants performed

more routine ones. It has been argued that high-skilled nurses dedicate a substantial amount of their

time on non-nursing tasks that can be taken over by auxiliary staff [14]. To that end, many studies

in the literature have presented different practices for skill-mix decision making as a means to save

nursing hours for more complicated care tasks and to decrease staffing costs [15, 16, 17, 18].

In inpatient settings, nursing teams typically consist of three main staff types trained at different

skill levels. These staff types are RNs, licensed practical nurses (LPNs), also known as licensed

vocational nurses (LVNs), and certified nursing assistants (CNAs), also known as patient care
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assistants (PCA) [21]. RNs execute the care plan provided by the medical doctor. They administer

and supervise other staff members. LPNs/LVNs work under the supervision of RNs and they per-

form nursing and medical plans specified for each patient. Providing supervision to CNAs/PCAs,

performing medication administration and documentation are their other responsibilities. The last

category of staff members are CNAs/PCAs that spend most of their time on the patients’ bedside

to identify and assist them with their needs [22].

In order to determine staff mix and staff level, several different approaches and practices are

currently being used by inpatient settings. The goal of these practices is to measure the nursing

workload and to allocate the appropriate staff size at each skill level namely, “task analysis”, “ac-

tivity sampling”, “self-recording”, “zero-based reprofiling”, “patient classification system (PCS)”,

and “professional judgment”. In the following, we describe these approaches. Although these ap-

proaches are being used in different healthcare units, there exist no single accurate way that can

determine the right size and mix of the staff members [25]. Each of the above –mentioned options

have their strengths and weaknesses.

There are different factors that influence skill-mix decisions including financial considerations,

nurse staffing shortage, patient outcomes and quality of care, patient satisfaction, and nurse job

satisfaction. All of these aspects are affecting nursing skill-mix decisions in helthcare units. How-

ever, there does not exist one quantitative study that can take into account the staffing cost, timely

delivery of care which affects quality of patient care and patient satisfaction, and nurse burnout

which affects nurse staffing shortage and nurse job satisfaction.

The available literature on skill-mix optimization is mainly concerned with clinical consider-

ations and recommendations on the appropriate configuration of healthcare workforce and there

exists remarkably very little research on OR tools to assist staff planners with determining what

may be an optimal staff skill-mix [45].The literature on skill-mix optimization shows that there

exists a lack of research on OR tools to assist staff planners with determining what may be an

optimal staff skill-mix. Current skill-mix models are merely considerations and recommendations

on the appropriate configuration of healthcare staff while ignoring the variability in demand and
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service of different inpatients.

Several studies in the literature have used OR tools to determine nurse staffing levels in in-

patient units while assuming only RNs in their workforce structure. Study of [46] proposed a

finite-source queueing model to determine the minimum staffing levels of the inpatient unit. Using

a two-dimensional quasi birth-and-death process, [47] modeled the staffing decision in the pres-

ence of patient discharge and while also considering the bed availability. [48] formulated the nurse

staffing levels of an inpatient unit under demand uncertainty as the news-vendor problem to min-

imize the staffing cost. There are other simulation studied in the literature that are proposed to

measure the impact of staffing levels on different performance metrics namely patient waiting time

and nurse utilization [49, 50]. Study of [51] proposed a DES model along with a queuing model in

order to project nurse staffing levels and incorporated the dynamics of allocating nurses to patients.

The authors demonstrated that using a queueing model along with a DES will yield an accurate

estimation of staffing levels. They argued that using their proposed model with workforce assign-

ment models will lead to a robust prediction of staffing levels at different number and acuity levels

of patients. Their analysis provided a precise staffing level through projecting patient population

under realistic scenarios. Historical patient data was used as input to the DES model and simulated

how patients move through preoperative care. As the next step, they proposed a DES model with

a queueing model that correctly estimated staffing levels under realistic operating settings.

The study by [52] addresses both staff level and skill-mix decisions using a combination of

discrete-event simulation and optimization. Output of their DES model was used as input into a

stochastic program that recommends the optimal number of staff at each skill level. The stochastic

programming model was used to minimize the cost of using permanent versus temporary nurses

while at the same time satisfying the demand for each skill level determined by the output of the

simulation model. Results obtained from the application of their simulation model to an inpa-

tient unit show that although the overall size of nursing teams used in practice appears to be at a

satisfactory level, the skill-mix does not correspond to patient demands and should be optimized.

Results from the optimization stage of their study recommend that it is cost-effective to increase the
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number of permanent nurses to account for variations in demand and high expenses of employing

temporary nurses.

Even though existing approaches and tools might be computationally effective, they eventually

yield schedules that are not fully aligned to meet the requirements of the inpatients and as a result,

skill-mix as well as the size of nursing teams need to be predicted more precisely [52]. Finding a

one size fits all approach to nursing would not be possible if we do not take into consideration the

specific characteristics of patients and nurses as well as the differences in working situations [33].

As was previously discussed, the heterogeneity in patient mix and nursing skill mix in inpatient

units can potentially render current staffing strategies ineffective. It is evident that determining the

right skill-mix and defining roles of healthcare staff will continue to present a major challenge to

healthcare managers and decision makers [88]. Consequently, obtaining the optimal configuration

of healthcare staff members in order to achieve maximum efficiency in care settings and at the

same time a high quality patient care still needs to be figured out [89].

In our previous paper, we only considered the patient-mix heterogeneity assuming that nurses

are homogeneous. In this paper, we propose to develop nurse staffing strategies that account for

both patient-mix and staff skill-mix heterogeneity. We model inpatient care units as a finite-source

queueing system having multiple patient types and multiple staff skill levels under FCFS queue

discipline. In particular, we develop a mathematical model of an inpatient care unit to analyze the

performance of different staff levels and skill-mix configurations. The model is then used to iden-

tify appropriate staffing strategies that yield the desired tradeoff between staffing costs and different

performance metrics measuring the timely delivery of care and staff utilization. We then propose a

multi-criteria optimization problem to come up with the Pareto-optimal skill mix solutions. Since

different skill levels have different wage rates, we can find the optimal staff configuration that

minimize staffing costs and nurse burnout while ensuring timely delivery of nursing care to needy

patients. Based on different performance metrics in mind, the staff planners can use these Pareto

curves to decide what staff size and skill level to use. Additionally, our proposed queuing model

as well as our solution approach are applicable to other similar queuing systems with multiple
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customer types and multiple server types.

The rest of this paper is organized as follows: Section 4.2 presents the methodology that we

proposed for considering patient mix and skill mix heterogeneity into staffing decisions. It also

discusses exact and approximate solution methods to obtain the steady-state probabilities associ-

ated with the queueing model as well as the performance metrics used to assess the efficiency and

timely delivery of nursing care. Section 4.3 provides the skill-mix optimization framework that

we proposed for helping staff planners as to what proportion of nursing staff should be assigned to

RNs and CNAs in order to provide cost-effective and yet timely delivery of nursing care while at

the same time minimize nurse burnout. In Section 4.4 we provide numerical results of the queueing

model using a time study of a medical-surgical inpatient unit reported in the literature. Section 4.5

concludes the paper by discussing key findings of the study as well as future research directions.

4.2 Methodology

In this section, we discuss the methodology we used to analyze an inpatient care unit with a hetero-

geneous patient population with varying acuity types and a heterogeneous nursing skill mix. The

severity of each patient’s condition is specified using an acuity type (e.g., low, medium, and high).

To model the care needs of patients, we adopt a previously developed probabilistic approach in

which it is assumed that patients constantly transition between two states of “stable” and “needy”

during their stay in the unit [90]. Stable patients are those that are either in a stable condition or

in case of any need, can be assisted by accompanying family members, and thus do not need any

nursing care. Needy patients are those that are in need of urgent nursing care. Based on the nurse

availability, needy patients will either receive nursing care immediately, or will have to wait until a

nurse becomes available and can attend to them. Furthermore, it is assumed that there is variation

in the frequency and duration of each nurse encounter and that the parameters of corresponding

probability distributions vary across different acuity types.

In our proposed framework, staff members have varying levels of nursing skill and experience,

thus leading to a heterogeneous skill mix. We assume that there is a hierarchy of nursing skill
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levels where higher-skilled members are capable of doing all the nursing interventions. As nursing

skill levels get lower, capabilities of the nurses also become more limited. This means that, nursing

care tasks that are assigned to a lower-skilled staff member can be performed by a higher-skilled

staff member, but this is not valid vice versa. Our goal is to find the optimal staff configurations

for a given patient mix scenario to minimize the staffing cost and nurse burnout, while ensuring

timely deliver of care to needy patients.

To model staffing decisions in inpatient care units, several sources of uncertainty need to be

taken into consideration including the frequency and duration of nursing care tasks. While some

nursing care tasks such as medication administration does not involve much uncertainty, several

others, including response to patient calls and wound management are probabilistic in nature.

Thus, queuing theory is considered an appropriate modeling approach. Queuing theory is the

mathematical study of queuing systems consisting of customers (e.g., patients) waiting to receive

service by servers (e.g., nurses) [91, 72].

We develop a finite-source queuing model of an inpatient unit with a heterogeneous set of

patients and a nursing team consisting of staff members with different skill levels. In our proposed

queueing model, customers are patients and servers are nurses. This study is an extension to a

previously proposed queuing model that only allowed for a homogeneous staff team consisting

of only RNs. The preliminary results of the previous study demonstrated that the heterogeneity

in patient mix greatly impacts the staffing needs and that traditional ratio-based staffing strategies

often lead to inadequate staffing levels. We develop both exact and approximate methods to solve

our proposed queueing model. Several different performance metrics will be used to assess the

performance of the inpatient unit under study. These performance metrics are average length of the

queue, average waiting time in queue, probability of excessive delay, and average nurse utilization.

The proposed model-driven staffing strategies provide a more accurate assessment of staffing

needs of an inpatient unit, thereby improving the timeliness and efficiency of nursing care. More-

over, the proposed queuing model and solution methods can be applied to other similar queuing

systems, namely systems with a finite population of heterogeneous customers served by multiple
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types of interactive servers.

4.2.1 Defining States and Transitions in the Proposed Queueing Model

In this model, we assume an inpatient care unit with a fixed number of patients having varying

acuity types, indexed by i ∈ I and a fixed number of staff members having different skill levels

indexed by j ∈ J , providing nursing care to patients. The indices are chosen to reflect the nurs-

ing skill levels such that the larger the index value, the higher the skill level. In particular, we

let M = (M1,M2, · · ·M|I|) represent the vector of number of patients at each acuity level and

S = (S1, S2, · · ·S|J |) represent the number of staff members at each skill level in the unit. Each

patient’s transition from the stable into the needy state triggers a nurse encounter, which involves

performing some direct care activities by nursing staff members with different skill levels in order

to address the patient’s need. Given the heterogeneity in staff skill levels, each nurse encounter

may require a specific staff skill level depending on the nature of the nursing care task to be per-

formed. Some nurse encounters involve basic nursing care interventions that can be performed

by any nursing staff member regardless of their skill level whereas, others may entail complicated

care tasks which require the attention of higher nursing skill levels. We assume that simple care

tasks can be in principle performed by idle higher-skilled staff members if lower-skilled staff mem-

bers are unavailable. This will provide shorter waiting time for those needy patients requiring the

lower-skilled staff members. The nurse encounters involve uncertainty and vary depending on the

acuity level of patients.

In particular, we model the occurrences of nurse encounters for acuity type i as a Poisson

process with rate λi (encounters per hour). Each nurse encounter for acuity type i requires the

j-th nursing skill level with probability pij . Thinning out the original Poisson process tells us that

the occurrences of nurse encounters that requiters the attention of staff skill level j is a Poisson

process with rate pijλi. We model the duration of each nurse encounter using an exponential

random variable with rate µij (hour inverse). The exponential distribution assumption has been

previously used in stochastic modeling of nursing care [46, 47, 74]. The assumption is primarily
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motivated by the mathematical tractability and the high level of variability in nursing care tasks

and patient demands [46].

In order to characterize our queueing model, we first specify the states of the system. Under

FCFS queue discipline, the state of the queueing model above can be described by the number

of patients of each acuity type in the queue and in service for each staff skill type as well as the

order of acuity types in the queue of the staff skill members. Next, we consider transitions to

and from each of the states k ∈ K, to characterize the above-mentioned queueing model. Upon

completion of the staff encounter, the patient transitions back to the stable condition. We use K

to represent the index set of all possible states. We use
(
Nk,Rk,Ok

)
to describe state k ∈ K,

where Nk
ij(i ∈ I, j ∈ J) represents the number of needy patients of acuity i requiring nursing

care at skill level j, Rk
ij(i ∈ I, j ∈ J) represents the number of needy patients of acuity i that are

receiving nursing care (from a nurse at skill level j), and Ok
j is an ordered sequence of acuity types

of needy patients in the queue awaiting nursing skill level j. Two operators⊕ and	 are defined to

insert a new element at the end of the sequence and to remove the front element of the sequence,

respectively. For state k ∈ K in which the total number of needy patients requiring skill level j

is smaller than the number of nurses at that skill level that is,
∑

i∈I N
k
ij ≤ Sj , the queue is empty,

and thus Ok
j is an empty sequence.

We next describe the transitions between the states of the queueing model. A transition occurs

whenever a stable patient becomes needy or a nurse encounter is completed. For the case that

a stable patient becomes needy, the transition rate depends on the number of stable patients of

each acuity type in that state. To characterize this type of transitions, consider state k with state

description
(
Nk
j ,R

k
j ,O

k
j

)
in which there are at least as many needy patients as the number of nurses,

that is,
∑

i∈I N
k
ij ≥ Sj . If an acuity-i stable patient becomes needy, then the system transitions to

state k′ with state description
(
Nk′
j ,R

k′
j ,O

k′
j

)
, where the number of acuity-i needy patients increases

by one, that is, Nk′

jl =


Nk
jl + 1 l = i

Nk
jl l 6= i

. Moreover, the new ordered sequence is Ok′
j = Ok

j ⊕ i

because an acuity-i needy patient joins the queue at skill level j. The number of needy patients
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receiving nursing care from skill type j remains unchanged, that is, Rk′
ij = Rk

ij (i ∈ I, j ∈ J).

However, if there are fewer needy patients than nurses at state k, that is,
∑

i∈I N
k
ij < Sj , then

upon a type-1 transition, the new needy patient will immediately receive nursing care. In that case,

the model transitions to state k′, where Nk′
ij is defined similar to the previous case. Additionally,

the number of needy patients of each acuity type in service of each staff member is updated as

Rk′

jl =


Rk
jl + 1 l = i

Rk
jl l 6= i

, and Ok′
j = Ok

j = ∅.

In our proposed queueing model, basic care tasks that are performed by low skilled members

can in principle be performed by high skilled members. However, the converse is not true: compli-

cated care tasks can only be performed by high skilled staff members. Consequently, some of the

transitions require server substitution as depicted in Figure 4.1. As Figure 4.1a shows, type I server

substitution happens when all lower-skilled nurses are busy and at least one higher-skilled nurse is

idle. In such cases, the needy patient will not join the queue of the lower-skilled nurse and instead,

will receive service from a higher-skilled nurse right away. The condition for type I server substi-

tution is that the queue of the lower and higher-skilled staff members are empty (Ok
j = ∅, j ∈ J)

while the service of the lower-skilled member is full. The transition rate from state k to destination

state k′ can be expressed as

qkk′ =
(
Mi −Nk

ij

)
pijλi (4.1)

Higher-skilled staff 

Lower-skilled staff 

Stable Queue Service 

Occupied Vacant 

Needy 

(a) type I

Higher-skilled staff 

Lower-skilled staff 

Stable Queue Service 

Occupied Vacant 

Needy 

(b) type II

Figure 4.1: Server substitution scenarios

We next characterize transitions due to completion of a nurse encounter. We start by consid-
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ering the case in which there are fewer needy patients than nurses at skill level j at state k, and

thus the queue of each staff skill type is empty (i.e., Ok
j = ∅). In that case, when a nurse encounter

is completed, the corresponding acuity-i patient becomes stable, and thus the model transitions

to state k′ with Nk′

jl =


Nk
jl − 1 l = i

Nk
jl l 6= i

, Rk′

jl =


Rk
jl − 1 l = i

Rk
jl l 6= i

, and Ok′
j = ∅. However, if

the queue is not empty, upon completion of the nurse encounter, the system transitions to state

k′, in which Nk′
j is defined similar to the previous case. However, in this case, the needy pa-

tient at the front of each queue (i.e., Ok
j (1)) leaves the queue to receive nursing care, and thus

Ok′
j = Ok

j 	Ok
j (1). Rk′

j depends on the acuity type of Ok
j (1). If the patient at the front of the queue

of each staff skill level has the same acuity type as the needy patient whose nurse encounter has

just been completed, then Rk′
ij = Rk

ij (i ∈ I, j ∈ J); otherwise,

Rk′

jl =


Rk
jl − 1 l = i

Rk
jl + 1 l = Ok

j (1)

Rk
jl l 6= Ok

j (1)

Type 2 server substitution happens whenever the lower-skilled staff member is busy and at

least one of the higher-skilled nurses becomes idle as depicted in Figure 4.1b. This will lead to

a transition where a needy patient waiting to receive nursing care at a lower skill level switches

to an idle higher-skilled nurse for receiving care. Suppose that the queue of the higher-skilled

nurse is empty and the service is full. On the other hand, the queue of the lower-skilled nurse

contains at least one needy patient. In such states, there will be a server substitution from Ok
ij to

Rk
ij′ , (∀j < j′, j,j′ ∈ J). If upon completion of a higher-skilled nurse encounter one of those

higher-skilled members becomes idle, a needy patient waiting in the queue of the lower-skilled

member will switch to the higher-skilled member to receive the required service. We can show

that Ok
j = Ok

j 	 Ok
j (1), Rk′

ij = Rk
ij , R

k′

j′l =


Rk
j′l + 1 l = i

Rk
j′l l 6= i

(∀j < j′, j,j′ ∈ J). The
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condition for type II server substitution is that the queue of the higher-skilled staff members is

empty (Ok
j′ = ∅, ∀j < j′, j,j′ ∈ J) while the queue of the lower-skilled staff members is not

empty (Ok
j 6= ∅,∀j < j′ j ∈ J).

Finally, in the case that a nurse encounter is completed, the transition rate depends on the num-

ber of needy patients receiving nursing care at each acuity and nursing skill levels. The transition

rate from state k to k′ (where state k’ differs from state k in that it has one less patient in the service

part) can be expressed as

qkk′ = Rk
ijµij (4.2)

4.2.2 Steady-state Probabilities

Several performance metrics can be used to evaluate the performance of a given staff configuration

assuming that the queueing system operates in its steady-state. In this section, we discuss an exact

method to obtain the steady-state probabilities. However, due to the dimensionality of the state

space that renders our exact method intractable for larger scenarios, we also develop an approxi-

mate method to estimate the steady-state probabilities. In this study, we consider FCFS queueing

discipline.

Exact solution method

We adopt and extend the method originally proposed in [76] to enumerate all possible states of

a finite-source queuing model with heterogeneous customers and homogeneous servers. In [76],

each state of the queuing model is represented as a number in base I + 1-numeral system where

I is the number of customer types. We extend this to our model where we have heterogeneous

customers (patients) and heterogeneous servers (staff members). In this case, for each server type

j in each state we have numbers in base I + 1 in the corresponding needy part plus the stable part

and in total, we would have J + 1 set of numbers in base I + 1. To enumerate all possible states of

the queueing model, we generate all such numbers and remove those that correspond to infeasible
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states (such as the states where the queue is full while the service is empty) as well as those that

correspond to the same states as previously generated ones (such as the states where the number

and order of patients of each acuity type ). Then, we specify all possible transitions between

those states and the corresponding transition rates to form the transition-rate matrix Q. Solving the

system of equations Qπ = 0 and π>e = 1, where π is the vector of steady-state probabilities and

e is the vector of ones yields the steady-state probabilities [76]. The transition-rate matrix Q is

[Q]kk
′
=


qkk

′
k 6= k′

−
∑

k 6=k′ q
kk′ k = k′

(4.3)

For every pair of states k,k′ ∈ K that there does not exist a possible transition between them, we

will have qkk′ = 0.

Approximate Solution Method

In case of clinically realistic scenarios, enumerating all the ordering of patients in each staff skill

level in our proposed exact method will lead to a huge system of equations which is impossible to

solve. We also develop an approximate solution to overcome this shortcoming. We group those

states that have the same number of needy patients of each acuity level in the queue of each service

type. With the use of our approximation scheme, we reduce the set of feasible states from K to

K̃ by projecting three-dimensional state space
(
Nk
j ,R

k
j ,O

k
j

)
k ∈ K onto two-dimensional state

spaces
(
Nk
j ,R

k
j

)
k ∈ K̃.

After reducing the order of needy patients in the queue of each service type, transitions due

to nurse-encounter completions cannot be identified since the knowledge of the patient acuity

type at the front of the queue is not available anymore. To obtain the transitions which happen

when stable patients become needy, there will be no difference between the exact and approximate

model. The reason would be the fact that the queue order information is not needed for this type

of transition. Similar to the exact method, in cases where the lower-skilled service is occupied and

yet the higher-skilled servers are idle, patients needing the lower-skilled servers will transition to
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the higher-acuity server to get their required service.

In order to determine the transitions that take place after a nurse encounter completion, since

the queue order information is not available, we consider all possible destination states and divide

the transition rate between those states. After each service completion, a transition from the service

part to the stable part will take place. In that case, we will transition to a state where there is one

fewer acuity-i needy patient and for some i′ ∈ I where patients are waiting in the queue there

will be one additional acuity-i′ needy patient in service. However, in situations where service

completion of the patients in service of the higher-skilled server happens before that of the lower-

skilled staff members, a case II server substitution will happen. Since one needy patient is making

a transition to the service of the higher-skilled nurse, there will be one additional needy patient in

the service of the higher-skilled nurse which is,

Nk′

jll
=


Nk
jll
− 1 l = i

Nk
jll

l 6= i

, Rk′

jll
= Rk

jll
, ∀j′; jl < j′, jl ∈ J (4.4)

Rk′

jul =


Rk
jul

+ 1 l = i

Rk
jul

l 6= i

∀j′; ju > j′, ju ∈ J (4.5)

Now, to distribute the transition rate between all possible destinations state we consider the

probability of transitioning from each of the states k to each of the destination states. Similar to

what we did previously in the homogeneous server case, we assume that the likelihood of having

an acuity-i needy patient at the front of the queue would be proportional to the number of needy

patients of that acuity level in the queue of each service type, which is Nk
i′j −Rk

i′j j ∈ J .

In other words, the number of each acuity level needy patient in the queue of each service type

will be used as a surrogate for the likelihood of having that acuity level at the front of the queue of
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each service type. Therefore, transition rate from state k to each of possible destination states q̃kk′

will look like:

q̃kk
′
=

Nk
i′j′ −Rk

i′j′∑
l∈I N

k
ij −Rk

ij

Rk
ijµij (4.6)

After forming the transition-rate matrix Q̃ and solving the system of linear equations Q̃π̃ = 0

and e>π̃ = 1, π̃ vector will be obtained which will help us in calculating different performance

metrics.

As was mentioned earlier, the dimensionality of the state space in the queueing model renders

the exact calculation of limiting probabilities computationally prohibitive for clinically realistic

scenarios. For scenarios with no patient heterogeneity, where all patients have the same acuity type,

the approximate method would have no gain compared to the exact method. Table 4.1 compares

the number of states associated with the exact and approximate methods for J = |2| and J = |3|

service types respectively.

Table 4.1: Comparison of number of states

Service Type Patient Mix Scenarios Exact Approximate Ratio
20-0-0 212 212 100%

J = |2| 15-5-0 1,295,387 7,338 0.5%
10-5-5 2,931,546,987 147,589 0.005%
20-0-0 1,373 1,373 100%

J = |3| 15-5-0 10,986,711 140,882 1.28%
10-5-5 26,115,041,668 7,083,843 0.02%

4.2.3 Performance Metrics

After obtaining the limiting probabilities, we can calculate a variety of performance measures for

evaluating the adequacy of different nursing staff levels in the inpatient care unit. The perfor-

mance measures considered in this study are staffing cost, timely delivery of nursing care and

nurse burnout. Timely delivery of nursing care is calculated using average queue length, average

waiting time in queue, and the probability of excessive delay in providing care. Nurse burnout is

measured using nurse utilization. In this section, we first obtain the closed-form expressions for
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the above-mentioned performance metrics under a FCFS queue discipline.

We start by considering the average number of acuity-i needy patients in queue of each service

type j, which we denote by E
[
L

(q)
ij

]
(i ∈ I, j ∈ J). At state k ∈ K with state description(

Nk
j ,R

k
j ,O

k
j

)
, there are Nk

ij − Rk
ij acuity-i needy patients waiting for nursing care from skill level

j. In the equation below, E[·] denotes the expected value. Therefore, the average queue length of

acuity-i needy patients over all possible states k ∈ K can be obtained as

E
[
L

(q)
ij

]
=
∑
k∈K

(
Nk
ij −Rk

ij

)
πk, i ∈ I, j ∈ J (4.7)

In order to calculate the average waiting time in queue for acuity-i needy patients, denoted

by (E
[
W

(q)
ij

]
), first we need to find the effective arrival rate of acuity-i needy patients for each

service type. At state k ∈ K, there are Mi −
∑

j N
k
ij acuity-i stable patients that may become

needy. However, since we have different nursing skill levels, we have to take into account the

server substitution that happens between different service types in each state. We categorize the

effective arrival rates into three different groups. The first category would be related to those states

where there is no server substitution. The effective arrival rate of acuity-i needy patients for each

service type-j in state k ∈ K, denoted by λk(eff)
ij , can be obtained as

λ
k(eff)
ij =

(
Mi −

∑
j

Nk
ij

)
Pijλi, i ∈ I, j ∈ J (4.8)

The second category is related to class I server substitution as was shown in Figure 4.1a. For

those states, arrivals of patients from both low and high skill levels will be directed to the high-

skilled nurses. Consequently, no needy patient would make a transition to the queue of the lower-

skilled nurse since at least one higher-skilled nurse is idle and can provide service to those patients.

For server type j, any server type j′ such that j < j′ is a higher skilled server than j. As a result,
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in this case we will:

λ
k(eff)
ij′ =

(
Mi −

∑
j

Nk
ij

)
(pij′λi + pijλi) i ∈ I, j < j′ j′,j ∈ J (4.9)

λ
k(eff)
ij = 0 j < j′, i ∈ I, j ∈ J (4.10)

The third category is related to class II server substitution as was shown in Figure 4.1b. In this

case, effective arrival rate to the queue of the lower-skilled nurse would be as usual whereas for the

higher-skilled nurse not only stable patients may arrive to their queue, but also patients currently

waiting in queue of the lower-skilled nurse would switch to their service provided that the higher-

skilled nurse becomes idle before that of the lower-skilled nurse. The effective arrival rates to the

queue of both lower and higher-skilled nurses are shown below.

λ
k(eff)
ij =

(
Mi −

∑
j

Nk
ij′

)
(pij′λi) + min(µij′ + µi′j) i ∈ Rk

ij, i
′ ∈ Rk

ij′ , j < j′ j,j′ ∈ J

(4.11)

λ
k(eff)
ij =

(
Mi −

∑
j

Nk
ij

)
(pijλi) j < j′, i ∈ I, j,j′ ∈ J (4.12)

In order to come up with the the overal effective arrival rate, we take the average over all states

k ∈ K which can be expressed as
∑
k∈K

λ
k(eff)
ij πk. Applying the Little’s law yields

E
[
W

(q)
ij

]
=

E
[
L

(q)
j

]
∑

k∈K λ
k(eff)
ij πk

i ∈ I, j ∈ J (4.13)

To calculate the nurse utilization at skill-level j in state k, we use the ratio of total number of

needy patients receiving nursing care from each server type j to total number of available nurses
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of the corresponding type j ∈ J . Thus, averaging this ratio over all possible states k ∈ K yields

the average nurse utilization for each skill level j ∈ J , denoted by E[Uj].

E[Uj] =
∑
k∈K

(
1

Sj

∑
i∈I

Rk
ij

)
πk j ∈ J (4.14)

Another metric that we come up with is the rate of server substitution that is taking place among

different nursing skill levels. This metric shows the rate of using a higher-skilled nurse to provide a

lower-skilled nursing task due to the unavailability of the lower-skilled staff member. We show this

metric by γ which shows the rate in which patients switch from the lower-skilled staff members to

the higher-skilled ones. This rate of server substitution can be obtained as follows where C is a set

of all states that involve both type I and II server substitution. The rate of Class I server substitution

(γ1) will be:

γ1 =
∑
k′∈C

(Mi −
∑
j

Nk
ij)pijλiπk′ j < j′, i ∈ I j,j′ ∈ J, (4.15)

The rate of Class II server substitution (γ2) will be:

γ2 =
∑
k′∈C

(Mi −
∑
j

Nk
ij)µij′πk′ j < j′, i ∈ I j,j′ ∈ J (4.16)

The overall rate of server substitution would be the summation of these two server substitution

rates over all states that involve server substitution.

γ = γ1 + γ2 (4.17)

Next, we derive the probability of excessive delay in delivering nursing care to patients for the
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exact method. We let ti (i ∈ I) denote the threshold beyond which the acuity-i needy patient’s

waiting time is considered to be excessively long. In order to obtain this probability, first we

consider the waiting time of an arriving acuity-i needy patient to service type j when the queueing

model is in state k ∈ K, which is denoted by W (q)
ij|k. For the higher-skilled members, there will be∑

i∈I
Nk
ij needy patients at state k, who are either receiving service or waiting to receive their required

nursing care. It is easy to see that under a FCFS queue discipline, the newly arriving needy patient

has to wait for

n = max

(∑
i∈I

Nk
ij′ − Sj′ + 1,0

)
∀j < j′, j,j′ ∈ J (4.18)

patients to complete their nursing care before she/he can start receiving care. For those n patients,

we break the total waiting time down into time intervals between consecutive nursing-care com-

pletions. In particular, at state k, Rk
ij patients of acuity type i are simultaneously receiving nursing

care from skill level j with an exponentially distributed duration with rate µij . The shortest nursing

care completion among those Rk
ij patients is exponentially distributed with a rate of µiRk

ij .

Next, we characterize the time between subsequent nursing care completions. To that end, we

keep track of the changes in the number of needy patients of different acuity types in service type j,

which we call acuity-type distribution in service, after each of the nursing care completions. As was

previously discussed in the first paper, the sequence of nursing care completions can be modeled as

transitions of a continuous-time Markov chain (CTMC) between the nodes of the scenario tree. The

total waiting time of an acuity-i needy patient that joins the queue at state k (i.e., W (q)
ij|k) can then

be modeled as the time to absorption for a CTMC that starts from the root node and is absorbed at

any of the leaf nodes of the scenario tree. It is well-known that the time to absorption for a CTMC

has a Phase-type probability distribution [78]. Thus, using the Phase-type cumulative distribution

function, the probability of excessive delay for an acuity-i needy patient that joins the queue of the

higher-skilled nurse at state k can be obtained as
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p
(
W

(q)
ij|k > ti

)
= αetiΘk1

in which α = (1,0, . . . ,0), 1 is a column vector of ones, and Θk is the transition-rate submatrix of

the CTMC, which includes only the transitions between intermediate nodes of the scenario tree.

Finally, etiΘk represents the matrix exponential of tiΘk.

Now, in order to determine p
(
W

(q)
i > ti

)
, we need to consider the proportion of acuity-i

needy patients that join the queue when the queue model is at state k ∈ K. The reason is because

the “Poisson Arrivals See Time Averages” (PASTA) rule does not apply here due to the finite

patient population. We use the effective arrival rates to calculate the proportion of patients as

λ
(eff)k
ij πk/

(∑
k′∈K λ

(eff)k′

ij πk′
)

. The probability of excessive delay for acuity-i needy patients can

then be obtained by averaging over all states k ∈ K as

p
(
W

(q)
ij > ti

)
=
∑
k∈K

p
(
W

(q)
ij|k > ti

) λ
(eff)k
ij πk∑

k′∈K λ
(eff)k′

ij πk′
. (4.19)

For the higher-skilled members we can build the scenario tree the same way we built in our

first paper. A scenario tree enumerats all possible changes in the acuity-type distribution in service

through n nursing care completions where each route from leaf node to the root node is a sequence

of each acuity type finishes service until it is the new patient’s turn. Summing over all routes will

yield the total waiting time of the newly arriving acuity i patient.

However, in order to come up with the probability of excessive delay for the lower-skilled

staff members, we need to account for class I and class II server substitution. When building the

scenario tree for these lower-skilled members, the scenario tree will have an additional branch for

those states that a server substitution takes place. Obviously, this means that first, there should be

no needy patient waiting in the queue of the higher-skilled nurse and second, at least one needy

patient is waiting in the queue of the lower-skilled nurse. In this case, for building the scenario

tree we also have to consider the situation where the service completion of the higher-skilled nurse

happens to be earlier than the lower-skilled nurse and as a result, needy patient waiting in the queue
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of the lower-skilled nurse makes a transition to the empty service slot of the higher-skilled nurse.

It should be noted that when at least one needy patient is waiting in the queue of the higher-skilled

nurse, this extra branch will not be needed anymore. The reason would be the fact that higher-

skilled nurses can only provide service to the patients needing lower-skilled nurse if there exists

no patient needing them.

In order to estimate the probability of excessive delay for the approximate solution method,

since the information of the queue order is not known anymore, we cannot build the scenario tree

like what we had in the exact method. In this method, we approximate the probability of excessive

delay. This requires approximating the probability of excessive waiting time per state. To calculate

this, since there are Sj nurses of each skill level j that provide care in parallel, we approximate each

nursing care completion time as the minimum between Sj exponentially distributed service times

having rate (µj). Hence, the approximate waiting time of an acuity-i needy patient that joins the

queue in state k, denoted by W̃ (q)
ij|k, would be the sum of n independent and identically distributed

exponential random variables W̃ (q)
ij|k ≈

|Rj |+1∑
n=1

Xn where Xn ∼ Exp(Sjµj + γ) having an Erlang

probability distribution
M−Sj+1∑
n=1

Xn ∼ Gamma(|Rj|+ 1,Sjµj + γ).

In the following, we present a MCO problem that suggests the Pareto-optimal skill-mix solu-

tions in the inpatient unit under study.

4.3 Skill-Mix Optimization

In this section, we present the MCO framework to obtain nursing staff size and configurations

that yield the desired trade-off between different criteria including staffing cost, nurse utilization,

and timely delivery of care for a given patient mix. The solution to the multi-criteria optimization

problem yields Pareto-optimal staff configurations. These are configurations for which we cannot

improve any criterion unless some other criterion deteriorates. The set of Pareto-optimal staff

configurations can be used to characterize the trade-off between nurse burnout, staffing cost and

timely delivery of care. In particular, we formulate a bi-criteria optimization problem with the
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objectives of minimizing the staffing cost and the probability of excessive delay while limiting the

nurse utilization below excessive workload threshold.

Let F : R|S| → R be a function that measures the staffing cost, and Gj : R|S|×|M | → R be a

function that measures the probability of excessive delay for delivering nursing care at skill level

j ∈ J . Also, let Hj : R|S|×|M | → R be a function that measures the nurse utilization at skill level

j ∈ J . The MCO problem can then be formulated in terms of the number of nurses at each skill

level in the staff configuration (i.e., vector S) as follows:

min

{
F (S),max

j∈J
Gj(S,M)

}
(4.20)

subject to:

Hj(S,M) =
∑

k∈K(S,M)

(
1

Sj

∑
i∈I

Rk
ijπ

k

)
∀j (4.21)

F (S) =
∑
j∈J

CjSj (4.22)

Gj(S,M) = max
i∈I

 ∑
k∈K(S,M)

p
(
W

(q)
ij|k > tij

) λ
k(eff)
ij πk∑

k′∈K(S,M) λ
k′(eff)
ij πk′

 ∀j (4.23)

Hj(S,M) ≤ 1− αj ×

∑
i∈I
Mi

Sj
∀j (4.24)

Sj ∈ Z+ ∀j (4.25)
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In the formulation above, the objective function minimizes the staffing cost and the excessive

delay probability across all acuity types and staff levels. Equation 4.21 calculates the maximum

of the average nurse utilizations across all staff skill levels. Equations 4.22 and 4.23 calculate the

staffing cost and the maximum probability of excessive delay for all patient acuity types and all

staff levels where Cj is the hourly pay rate at skill level j ∈ J . Equation 4.24 ensures that the

maximum average nurse utilization is limited below the target utilization where αj is the indirect

workload per patient for staff type j ∈ J . Lastly, Equation 4.25 ensures that the decision variables

have integer values. Because of the small size of the problem, we perform an exhaustive search to

find the set of Pareto-optimal staff configurations.

4.4 Numerical Results

In this section, we provide a proof-of-concept example to demonstrate how the model can be

applied to an inpatient unit in order to assist with skill-mix decisions for a given patient mix. We

consider three acuity levels of mild, moderate, and severe to describe the patient medical condition.

[65] provides a time study of the direct nursing care activities performed in a surgical unit at

different patient dependency (acuity) levels. We have used this study to calibrate our queueing

model and, in particular, to estimate the frequency and duration of nursing encounters per acuity

type and staff skill type.

To study the impact of patient-mix and skill-mix heterogeneity on staffing needs of the unit,

we generate several patient-mix scenarios by varying the number of patients of each acuity type

while keeping the total number of patients the same. In order to test the performance of the exact

method discussed in Section 4.2.2, we consider patient-mix scenarios with ten patients belonging

to three acuity levels: mild, moderate and severe and staff members consisting of RNs and CNAs.

However, to test the approximate method, we increase the total number of patients to twenty,

belonging to three different acuity levels, to capture clinically reasonable scenarios.

The exact and approximate methods are both implemented in MATLAB R© (The MathWorks

72



Inc., Natick, MA). In order to validate the results obtained by the approximate method, we also

develop a discrete-event simulation model of the multi-class finite-source queueing model using

the AnyLogic R© simulation software (The AnyLogic Company, St. Petersburg, Russia). We have

provided the details of the simulation model in our first paper.

Using the study of [65], we determined the arrival and service rates for all three acuity level

patients and two server types (RN and CNA). Table 4.2 shows these rates for the inpatient unit un-

der study as well as the threshold values for probability of excessive delay. Finally, we considered

hourly wage rates of 30$ and 15$ for RN and CNA, respectively [31].

Table 4.2: Input parameter values for different acuity levels and server types

Acuity Level λRN (encounter/hour) µRN (1/hour) λCNA (encounter/hour) µCNA (1/hour) Threshold(min)
Mild 0.53 18.51 0.21 6.25 5

Moderate 0.61 4.76 0.39 2.93 3
Severe 0.69 3.45 0.63 2.63 1

4.4.1 Analysis of Exact Method

To analyze our proposed exact method, we consider a patient-mix scenario of (N1,N2,N3) =

(4,3,3) as is shown in Figure 4.3 where there are 4 mild, 3 moderate and 3 severe acuity level

patients. Our proposed exact method is computationally prohibitive for patient-mix scenarios ex-

ceeding 10 patients. We run our optimization problem for this patient-mix scenario. Figure 4.2

shows the Pareto-optimal skill-mix solutions for this patient mix. Given that we consider the hourly

wage rate of 30 ($/hr) and 20 ($/hr) for RN and CNA respectively, we can observe that the cost of

each point will show the number of each staff skill level to employ in the inpatient unit.

After obtaining the Pareto-optimal skill-mix solutions for the exact method, we run our queue-

ing model to calculate the performance measures for each patient acuity type and each staff size

to quantify the trade-off between each performance metric value and the obtained Pareto-optimal

skill-mix solutions, as shown in Figure 4.3. We can observe that there is a sharp drop in AWTQ,

and excessive delay probability as the number of staff skill levels increases. Additionally, a com-

parison of different patient-mix scenarios in this figure shows that as the acuity level of patients

73



75 90 105 120 135

24

18

12

6

Cost($/hr)

M
ax

.E
xc

es
si

ve
D

el
ay

Pr
ob

.(
%

)

Non-dominated

Figure 4.2: Pareto-optimal skill mix solutions (exact method)

gets higher, total nursing care load will be higher correspondingly. Figure 4.3c shows the average

RN utilization for different skill-mix scenarios. As the figure shows, increasing the number of RNs

leads to a decrease in the average RN utilization. Besides, increasing the number of CNAs also

leads to a decrease in the average RN utilization
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Figure 4.3: Performance metrics of the exact method for RN

4.4.2 Analysis of Approximate Method

To analyze the proposed approximate method, the input parameters were used based on Table

4.2. Here, we consider a patient-mix scenario with 5 mild, 5 moderate, and 5 sever patients

(N1,N2,N3) = (5,5,5). We also consider all possible staff configurations consisting of RN’s and
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CNA’s with a maximum total of 10 staff members. We perform an exhaustive search on all possi-

ble staff configurations to identify all Pareto-optimal solutions. Figure 4.4 shows Pareto-optimal

solutions associated with the formulation. We can observe that by increasing the cost values, the

excessive delay probability decreases correspondingly.
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Figure 4.4: Pareto-optimal skill mix solutions (approximate method)

4.5 Sensitivity Analysis

In this section, we provide the sensitivity analysis of the obtained results to changes in the model

parameters. Due to the evolution of the patient mix, staff skill levels and the uncertainty in es-

timation of the model parameters (frequency and duration of encounters), we investigate the ef-

fects of changes in model parameters on output of the proposed framework. First, we compare

our proposed approximate method where we allow for server substitution against a model where

we limit the server substitution. Then, we address the impacts of patient-mix heterogeneity on

Pareto-optimal skill mix solutions to obtain the trade-off curve variations for different patient mix

scenarios. Then, in order to investigate the impact of changes in arrival rate and service rate of

both RN and CNA, we performed our analysis on a fixed patient-mix scenario of (5,5,5). Lastly,

we investigate the effects of changes in the threshold value of the excessive delay probability.
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4.5.1 Comparing Server Substitution and Non Server Substitution Approximate Methods

As discussed in Section 4.2, patients in need of lower skilled nurses may receive care from a higher

skilled nurse if all lower skilled nurses are busy and at least one higher skilled nurse is idle. In the

proposed queueing framework, this is termed as server substitution. We compared our approximate

method that allows for server substitution against the case in which higher and lower skilled nurses

operate independently and no server substitution takes place. Figure 4.5 shows the Pareto surface

for both the server substitution and no server substitution approximate methods. The case that

does not allow for server substitution will lead to employing more number of CNAs to maintain

the same excessive delay probability level. This is because when server substitution is not allowed,

patients who are in need of CNAs cannot instead receive care from RNs if all CNAs are busy. At

the minimum cost of 120 ($/hr) in the substitution case, the maximum excessive delay probability

is 5.3 percent; whereas in the no server substitution case at the same cost, the excessive delay

probability exceeds 9 percent which is almost twice as the substitution case.
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Figure 4.5: Comparing Pareto surfaces when allowing and disallowing for server substitution

We compared the Pareto-optimal configurations for both server substitution and non server

substitution scenarios as in shown in Table 4.3. We can observe that in this example, allowing

for server substitution will cause the hospital to employ 66 percent RNs and 34 percent of CNAs.

However, disallowing for server substitution will cause the hospital unit to employ 39 percent of

RNs and 61 percent of CNAs. Moreover, disallowing for server substitution will lead to higher
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probability of excessive delay. Our study results suggest that inadequate number of RNs in the

staffing levels of inpatient units may cause unacceptable delays in providing nursing care to pa-

tients, thus impacting the quality of care. Our study results supports the findings of [39, 92, 93,

94, 95, 96, 97, 98, 99, 100, 101] that a higher proportion of hours of care delivered by RNs as well

as a greater number of hours of nursing care by RNs per day are associated with better quality of

patient care and lower adverse patient outcomes [102, 103, 104, 105, 106, 40].

Table 4.3: Comparing Pareto points when allowing and disallowing for server substitution
Substitution No substitution

(3,2) (2,3)
(4,1) (2,4)
(4,2) (3,4)
(4,3) (3,5)
(5,2) (3,6)
(5,3) (4,6)
(5,4) (4,7)
(6,3) (5,7)
(6,4) (5,8)
(7,3)
(8,2)

In Section 4.2.3, we discussed how we can calculate the rate of server substitution (1/hr) that

takes place between different staff skill levels. For the patient mix of (5,5,5), we compared the

rate of server substitution for Pareto-optimal skill-mix solution as is depicted in Figure 4.6. For

instance, for skill-mix configuration of (3,2) the rate of server substitution is 1.94, which shows the

number of patients who switch from the low to high staff skill level in a given hour. Results show

that staff configurations with a larger number of CNAs have a smaller rate of server substitution.

4.5.2 Impact of Patient-mix Heterogeneity

In order to investigate the effect of patient mix heterogeneity on Pareto-optimal skill mix solutions,

we run the optimization problem for different patient mix scenarios for a total of 15 patients. We

observe that as the number of higher acuity patients increases in the patient mix, cost values as

well as the probability of excessive delay increases respectively.

We perform an analysis to investigate the impact of patient mix heterogeneity on the probability

of excessive delay through increasing the number of acuity 3 level patients. For a skill mix config-
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uration of 3 RNs and 2 CNAs, we compare the percentages of excessive delay probability as we

increase acuity 3 patients by one starting from (5,5,5) patient mix scenario. Figure 4.7a shows the

percentages of excessive delay probability for 5 scenarios where we increase the number of acuity

3 patients from 5 to 10 while keeping the other two acuity levels at 5. We can observe that, for

each acuity 3 level patient that we add, the excessive delay probability for all 3 acuity level patients

increases correspondingly. Besides, the higher the acuity level of patients, the higher the excessive

delay probability will get which shows the ineffectiveness of the minimum nurse-to-patient ratios.

As the figure shows, increasing the number of patients do not dramatically change the excessive

delay probability related to patients requiring CNAs.

In order to investigate the impacts of patient mix heterogeneity on the average RN utilization,

we compared the average RN utilization values for different patient mix scenarios while adding

one acuity level at each time. Figure 4.7b shows this comparison which shows that as the number

of higher acuity level patients increases in the patient mix, the average RN utilization increases

correspondingly.
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Figure 4.7: Comparison of the marginal change of patient scenarios on performance metrics

4.5.3 Impact of Changes in Encounter Rate

In order to investigate the effects of changes in the encounter rate of different staff skill levels,

we analyzed different scenarios while keeping all other model parameters unchanged. We varied

the encounter rates both for RN and CNA ranging from 50% to 150% by 10% incremental step

as is shown in Figure 4.8. Figure 4.8a shows the excessive delay probabilities for different RN

encounter rates for a fixed skill level consisting of 3 RNs and 2 CNAs and Figure 4.8b shows the

same analysis on the changes in CNA encounter rates. We can observe that the excessive delay

probability changes as the encounter rates changes. More specifically, by increasing the RN and

CNA encounter rates, excessive delay probability increases correspondingly.

4.5.4 Impact of Changes in Service Rate

In order to investigate the effects of changes in service rate for both staff skill levels, we performed

a similar analysis on the service rates of both RN’s and CNA’s. We varied the service rates both

for RN and CNA ranging from 50% to 150% by 10% incremental step as is shown in Figure 4.9.

Figure 4.9a shows the impact of changes in RN service rate and Figure 4.9b shows the impact of
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Figure 4.8: Impact of changes in encounter rates

changes in CNA service rates. We can observe that increasing the service rate both for RN and

CNA will cause the excessive delay probability to decrease.
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Figure 4.9: Impact of changes in service rates

4.5.5 Impact of Changes of the Threshold on Excessive Delay Probability

In order to investigate the effects of changes in the threshold value on excessive delay probability

of all acuity level patients and all skill staff members, we run our queueing model for different

threshold values for the patient-mix scenario of (5,5,5) and staff mix of 1 RN and 1 CNA as is

shown in Figure 4.10. We varied the threshold values as shown in Table 4.2. As the Figure shows,
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by increasing the threshold values, the probability of excessive delay decreases respectively. Based

on these figures, it can be observed that higher excessive delay probabilities are associated with

smaller threshold values. Moreover, we can observe that the rate of decrease in excessive delay

probability as we increase the threshold values is higher for RNs compared to CNAs.
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Figure 4.10: Impact of different threshold values on excess. delay prob.

4.6 Discussion

While many studies have put forward qualitative arguments about the effects of nursing skill mix

on patient outcome, nurse burnout and staffing cost, quantitative studies about the effects of both

patient-mix and skill-mix heterogeneity as well as the analyses of their influence on nurse staffing

decisions have been lacking. We studied the nurse staffing decisions in inpatient units in the pres-

ence of both patient-mix heterogeneity and skill-mix heterogeneity.

It has been stated that in the US, most of the nurses working in inpatient units are RNs. Avail-

able evidence suggested that patients in hospitals that use more unlicensed or vocational nurses

may experience more adverse outcomes [107], [108]. Our study findings support the claim that

decreasing the percentage of practical nurses or CNAs and increasing the number of RNs in the

configuration of hospital workforce not only may be a more cost-effective measure, but also could

be more effective than merely increasing hours of nursing care per patient day [109].
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We compared our optimization model where we allow for server substitution with a model

where we do not allow for server substitution where staff skill levels work independently. We

observed that for the same cost values, the probability of excessive delay of patients were higher

compared to our model that allows for server substitution. Moreover, disallowing server substitu-

tion suggested to use more number of staff members since RNs are not helping patients requiring

low-skilled staff members. Our study results suggest that inadequate number of RNs in the staffing

levels of inpatient units may cause unacceptable delays in providing nursing care to patients, thus

impacting the quality of care. We investigated the impact of server substitution. The results demon-

strate the fact that for the same cost values, the model where we allow for server substitution leads

to smaller probability of excessive delay. This means that, increasing the number of RNs in the

skill mix of hospitals not only leads to smaller cost values, but also will cause patients to wait

shorter to receive their required care.

Next, we considered the impact of patient-mix heterogeneity. We used different patient acu-

ity levels and staff skill levels. Results demonstrate that all performance metrics depend on the

patient-mix and staff skill-mix scenarios and improve as the number of staff members (staffing

cost) increases. The more high-acuity level patients we have in the hospital patient mix, the higher

the average nurse utilization for all skill levels will become which, will potentially lead to nurse

burnout. Besides, the excessive delay probability increases as the patient mix becomes more com-

plex. The reason is the fact that high acuity level patients have more serious concerns and conse-

quently, it takes more time for staff members to deliver nursing care to them. This leads to higher

probability of excessive delay as the patient mix gets more complex.

Next, we investigated the impact of changes in encounter and service rates of both staff skill

levels. We observed that by increasing the RN and CNA encounter rates, the average staffing cost

as well as the average excessive delay probability increases among the Pareto-optimal skill-mix

solutions. This means that as patients generate more demands and nurses become busier, more

number of staff members will be needed to deliver nursing care and patients on the other hand

have to wait longer in order to receive their required care. We performed the similar analysis on
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the service rates as well. We observed that increasing the service rates of RNs and CNAs will

lead to a decreased probability of excessive delay among patients. The reason for such a decrease

in patients’ waiting time would be the fact that staff members become idle more frequently and

patients will have to wait less to receive their required care.

We also investigated the effect of different threshold values on the excessive delay probability.

Higher threshold values were associated with smaller excessive delay probabilities. As the thresh-

old value for which patients should wait to receive their required care decreases, the probability of

patients’ waiting time will increase respectively.

Our proposed model can be used by hospitals to help guide their staffing decisions. However,

there are some limitations that need to be addressed in future studies. First, the proposed ququeing

model assumes that the distribution of care demand for each acuity level patient and each staff skill

level is stationary. However, in reality, the demand for each nursing care varies during each shift.

Especially during the night, the demand is significantly lower. To model an evolving patient mix,

one possible approach would be to study the transient behavior of finite-source queues. Next, our

proposed model ignores nurse-to-patient assignment which is being performed in many hospitals.

In clinical practice, a nurse is often assigned to a group of patients. This can be addressed by

considering a multi-class queueing network comprising of finite-source queueing subsystems that

function in parallel.

4.7 Conclusion

Since nurses are known to be the main hospital caregivers, the effective utilization of their energy

and time is crucial to the future of inpatient units. This study aims at developing model-driven

staffing strategies for team-based care delivery in inpatient care settings. In this study, we de-

veloped a finite-source queueing model with multiple patient classes and multiple server types

to model staffing decisions in inpatient care settings. We proposed both exact and approximate

methods to evaluate the performance metrics of the proposed queueing model. It was shown that

patient acuity and skill-mix heterogeneity may greatly impact the staffing needs of inpatient units
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and that fixed nurse-to-patient ratios may lead to inadequate staffing levels. The proposed model

provides hospital managers and decision makers with planning tools for safe and cost-effective

staffing of inpatient care units. To that end, we formulated a multi-criteria optimization problem

that minimize staffing cost and nurse utilization while restricting the probability of excessive delay

to be less than a threshold value. This way, we can ensure that for all Pareto-optimal skill mix

solutions, nurses will not experience high levels of burnout and we can incorporate the trade-off

between cost and excessive delay probability. We performed an exhaustive search and we deter-

mined the optimal staff configurations that minimize staffing cost and nurse burnout while ensures

timely delivery of care to patients. Having all Pareto-optimal skill mix configurations, we can then

quantify the impact of patient acuity and skill mix heterogeneity on staffing needs of an inpatient

unit. The trade-off information obtained by the model provides the decision maker with valuable

information to determine the staffing configurations that yields the desired trade-off between the

staffing cost and the performance metrics under consideration.

As was previously discussed, inpatient settings follow different objectives simultaneously.

They want to provide excellent service to their patients, maintain nurse retention, while at the

same time minimize staffing costs. Achieving such a goal requires a good balance between pa-

tient requirements and staff skill levels [110]. In order to devise a strategy for identifying current

challenges and issues in nurse staffing levels while considering heterogeneity both in patients and

in staff skill levels, our stochastic model can be of a great help. It can help decision makers and

healthcare managers in deciding as to what staff configuration to pick in order to achieve their

desired performance objectives.

As a future step, we want to consider an evolving patient mix into our staffing decisions. In

this study we assumed that system operates in steady-state however, in reality patient mix may vary

from day to day or from shift to shift. We want to look at an evolving patient mix by looking at the

transient behavior of finite-source queues. One approach used by hospitals to handle the issue of

nursing shortage and enhance the quality of care is through balancing the nursing workload, which

can be done through nurse assignment. The process of assigning nurses to patients is complex
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and balancing the nurse workloads is a challenging task to perform since patients are different

in terms of severity and complexity of care they need. Our goal is to propose a model for nurse

assignment in inpatient units. Besides, proper model calibration would be beneficial which can be

achieved through combining predictive analytics and stochastic modeling. Using different types

of data which is being gathered in some inpatient units namely, Electronic Heath Record (EHR)

and Radio Frequency Identification (RFID) data, the stochastic models can be calibrated so that

the models can be successfully deployed in inpatient settings [111].
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CHAPTER 5

OPTIMIZATION OF NURSING TEAMS WITH PATIENT ASSIGNMENT USING A

QUEUEING THEORY APPROACH

Abstract

Inpatient units are typically staffed with nursing teams that consist of nurses at different skill lev-

els. Each nursing team provides care to a group of assigned patients with different acuity levels.

Determining the appropriate number of nursing teams and their skill-mix configurations as well

as assigning an appropriate patient-mix to each team are challenging operational decisions that

health-care administrators need to make while taking into account several important factors in-

cluding staffing costs, quality of care, and nurse burnout. This research aims at developing staffing

models to determine appropriate staff levels and skill mix for the nursing teams by explicitly in-

corporating the patient assignment decision. In particular, queueing theory and multi-criteria op-

timization (MCO) are combined to find the optimal skill-mix configurations of the nursing teams

and the corresponding patient assignments that minimize staffing costs and nurse burnout while en-

suring timely delivery of nursing care. This leads to a challenging optimization problem, where the

objective function evaluations involve solving a multi-class multi-server-type finite source queue

for each nursing team and its corresponding patient-mix assignment. Derivative-free optimiza-

tion approaches, namely, exhaustive search for small instances, simulated annealing for medium-

sized instances, and surrogate-based optimization for large instances are developed and tested on

a medical-surgical inpatient unit example.

5.1 Introduction

During the previous decade, nursing shortage has been one major issue in the US healthcare system

[112]. By 2020, the nursing care demand is expected to grow by 40 percent whereas, the number
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of RNs is expected to increase by only 6 percent [113]. It is evident in the literature that nursing

shortage directly affects patient care [2], [114]. Study of [2] found that patient mortality and

adverse patient outcomes were lower in surgical units where nurses did not have heavy workloads.

However, given the current nursing shortage, reliance on higher staffing levels is not a reasonable

solution in the near future. As a consequence of the nursing shortage, another issue influencing the

effectiveness and performance of healthcare settings is known as nursing turnover [2]. The cost of

losing one nurse has been reported to be equal to twice the nurses’ annual income [115]. Therefore,

appropriate staffing models are needed that can enable hospitals to effectively use their limited

resources while at the same time not compromising the quality of patient care. Healthcare settings

are accountable for presenting managers with the tools and resources they require to provide safe

and high-quality patient care while at the same time ensures nurse’s job satisfaction.

One way to handle the issue of nursing shortage and enhance the quality of care is through

balancing the nursing workload or reducing the nurses’ excessive workload. Modern patient clas-

sification systems divide patients into groups, and each of the groups is allocated to a nurse [116].

Assigning the right nurse to the right patient in the right setting leads to positive safety and quality

results [117]. A balanced patient assignment also increases nurse job satisfaction in their daily ef-

forts [118]. Assignment of patients to nurses is a mandatory routine in nearly every hospital across

the globe, and it is executed daily for every shift by the charged nurse throughout the entire year

[114].

Patient care is classified into two types of direct care and indirect care. The total workload

is defined as the total amount of time a nurse devotes to care for all of her patients in a specific

period of time, which consists of both direct and indirect care tasks. In reality, when a nurses is

confronted with excess workload, they should seek assistance from other nurses or delay some of

their workload [114]. Since patients have different severity and complexity in terms of the care

they need, and also staff members have different skill levels, assigning the right number and mix

of nurses to the right mix of patients can help reduce excessive workload [114]. To date, in patient

assignment, acuity has been the focus of balancing workload [119]. However, [120, 121] claim
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that to estimate the nursing workload, using merely patient acuity is not sufficient. [119] has noted

that other than patient acuity, there are other measures to help with having a successful nurse-to-

patient assignment namely, nurse preferences and total shift distance traveled for delivering care

to patients. However, many of these measures are conflicting. [122] argues that expertise of staff

members is a critical factor to the successful patient assignment model and the delivery of safe

nursing care. [123] suggested that the location of nurses’ assigned patient room has a direct impact

on the nurses’ physical efforts required during a shift. Due to the high degree of complexity and

variation in patient conditions, the process of assigning nurses to patients is complex and balancing

the nurse workloads is a challenging task to perform [124]. [125] claimed that there is a need for a

method for matching patient requirements to staff capabilities based on evidence and relevant data.

Currently in many hospitals, patient assignments are merely based on the professional and

personal judgment of the charge nurses rather than on evidence supported patient acuity tools

[126]. However, this method is ineffective in a sense that nurses are not able to equally distribute

time among all the patients assigned. In some other hospitals, patient assignment is essentially

performed based on patient acuity. It is projected that implementing patient acuity tools in patient

assignments improves well-balanced nursing workloads and allows for more equitable shift assign-

ments while it also promotes nursing job satisfaction [126]. To consider acuity in patient assign-

ments, direct-care nurses calculate the total acuity scores as well as the acuity category scores for

each patient near the end of their shift. Then, the charge nurses design nurse-patient assignments

by considering both the category score and the total acuity score for each patient, with the goal of

keeping category scores balanced across all nurses. In this procedure, all categories of patient acu-

ity namely, medications, therapeutic/ psychosocial interventions, patient education, and complex

procedures are populated by the RN and the corresponding score is calculated [126]. Based on the

score calculated from each category, the RN generates a final number (1- 60) that corresponds to

the patient’s acuity score. At the end of each shift prior to shift change, charge nurses collect the

data on patient acuity and use this data to make nursing shift assignments. Charge nurses also con-

sider other characteristics namely, the geographic location of patient rooms, the need for continuity
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of patient care, and congruency between nurses’ skill levels and patient requirements [127].

Despite the significance of the patient assignment process, it is the least studied subject of the

other nurse planning stages namely, nurse budgeting, nurse scheduling and nurse staffing [112]. In

most of the service settings, staff members are allocated to specific tasks for fixed intervals. Most

of the research studies in the literature has focused on optimizing the number and type of staff

members assigned to each shift and the optimization of the shifts’ timing [128, 129, 130]. [124]

proposed a mathematical programming approach in order to achieve a better workload balance

based on acuity in a neonatal intensive care unit. They described that a nursery may include either

one large room or multiple rooms, which they denoted as zones, which are separated by aisles,

walls, or floors. In their proposed model, the objective function was the minimization of sum of

the range of acuities over all available zones. Using a zone-based heuristic that assigns nurses to

the zones, they calculate patient assignments within each zone. This model ignores uncertainty,

which is the main downside considering the variability and in inpatient units. [131] proposed an

integer programing model for nurse-to-patient assignment in several scenarios with the objective

of minimizing excessive workload of nurses. Their model was a deterministic since they assumed

that nurses know ahead of time the number of patients as well as the workload required for each of

them.

[114] proposed an optimization model of assigning nurses to patients in a hospital unit. Their

goal was to minimize excessive workload on the nurses, which leads to an enhanced quality of

patient care, an increased quality of nursing care, as well as a reduced burden of nursing shortage.

[132] developed a data-integrated simulation model to evaluate patient assignments that employ

patterns in a real data set in order to balance nursing workload. The authors suggest that their

simulation model can help decision makers in efficient patient assignments based on the dynamics

learned from the system itself. The authors did not quantify the indirect care tasks and as a result,

they did not represent the indirect work in their simulation. They used the amount of time spent in

the patient’s room to represent perceived workload, then each established a computer program to

allocate the patients into equal groups. Before each shift, the results of the simulation model can
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help the charge nurse in determining appropriate nurse-to-patient assignments. In case the direct

care time and the balance in nursing workloads are not satisfactory, an agency nurse will be hired

for that shift to help the nurses. Their proposed computer programs then were compared against

heuristic, cluster, and random assignments. In the heuristic assignment, when the number of nurses

splits into the number of patients uniformly, all of the nurses get the same number of patients.

Arbitrarily, the patient with the highest expected direct care time is assigned to a nurse and the

one with the second highest expected direct care time is then assigned to the second nurse. This

process continues until one patient is assigned to each nurse. In the second round of assignments,

the patient with the lowest expected direct care time is assigned to the first nurse and the one

with the second lowest expected direct care time is assigned to the second nurse. This process is

repeated until all the patients are assigned to the nurses. In the clustered assignment, patients are

assigned according to location in such a way that patients in neighboring rooms are assigned to the

same nurse.

In the random assignment, equal number of patients are randomly assigned to nurses [133].

[134] proposed a two-stage stochastic integer programming model for nurse assignment with a

recourse penalty function that minimizes excessive workload of nurses. The first stage of their

model was used to assign each nurse to patients and the second stage was used to balance the

nursing workloads. To solve the problem, a Benders’ decomposition approach is developed, and a

greedy algorithm is used to solve the recourse subproblem. To evaluate and improve nurse patient

assignments, [133] proposed a simulation-based optimization model. They developed two dif-

ferent policies to make patient assignments for newly admitted patients during a shift. A heuristic

policy allocates a newly-admitted patient to the nurse who has performed the least amount of direct

care among all the nurses. Another policy, a partially-optimized policy, minimizes the difference

in workload among nurses for the entire shift by estimating the assigned direct care from the sim-

ulation model. The simulation model help charge nurses make better decisions through simulating

different new patient assignment policies and quantifying the workload measures from them. They

concluded that the partially-optimized policy led to better results compared to the heuristic policy.
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[135] proposed an integrated nurse staffing and assignment decision support system by introduc-

ing binary variables. They proposed a stochastic integer programming model to minimize excess

workload on nurses and staffing cost.

Study of [136] showed that patient classification systems do not precisely capture workload.

They conducted a survey to capture nurses’ insight of workload in oncology and surgery settings.

Using the ratings obtained from the survey study, they calculated a workload score for each of

the nurses given a set of patient acuity indicators. They concluded that their proposed assignment

model achieved a balanced assignment compared to the assignment based merely on the acuity

level of patients. Using workload scoring metrics, [137] presented a methodology for the develop-

ment of balanced nurse-to-patient assignments on a hospital setting. They used work measurement

techniques to identify the components of workload and correlation analysis to surrogate measures

that best denote the workload components. Using analytic hierarchy process (AHP) they resolved

inconsistencies across the perceived significance and intensity of the workload measures. They

also proposed a mathematical programming model and used the resulting scoring metrics to create

balanced workload assignments. [138] studied the benefits of a partially flexible design for service

settings that have multiple customer classes and staff members working in shifts in an emergency

department. They assumed that the number and schedule of servers per each shift is available and

emphasized on the dynamic assignment of servers to different areas in a service setting at the be-

ginning of each shift. They concluded that reassigning servers at the beginning of shifts presents a

partial flexibility which, can reduce the expected cost of the system by 20 to 50 percent.

The above-mentioned studies on patient assignment do not explicitly calculate the optimal

number of nursing teams while taking into account the heterogeneity in patient-mix and staff skill-

mix. In this chapter, we extend our skill-mix model to account for patient assignment in inpatient

settings. In the following, we discuss the modeling framework for the design of nursing teams

considering patient assignment.
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5.2 Modeling Framework

Previously, we proposed an optimization framework that was suggesting the Pareto-optimal skill-

mix configurations to employ in the inpatient unit while accounting for patient-mix and staff skill-

mix heterogeneity. In this model, we aim to find the optimal number of nursing teams denoted

by R as well as the number of each staff skill level in each of those R teams which is denoted

by (Srj : r ∈ R, j ∈ J). The next step would be to assign different acuity level patients to those

teams denoted by (Xri : r ∈ R, i ∈ I). Figure 5.1 shows the design of nursing teams with patient

assignment in inpatient units.
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Figure 5.1: Designing nursing teams with patient assignment

We extend our previous skill-mix optimization framework to account for patient assignments.

We aim to find the optimal number of nursing teams as well as the optimal configuration of staff

skill levels in each nursing team. We also find the optimal number of each patient type to be

assigned to each nursing team. The goal of this model is to minimize the staffing cost and the

probability of excessive delay while ensuring that the nursing workloads are limited to a desired

threshold for all nursing teams.

In this model, we useK(X,S) to denote the state space of the system under patient assignments

X and staff configurations S. We represent the steady-state probabilities of nursing team r ∈ R

using the vector πr =
(
πkr : k ∈ K(X,S)

)
. The steady-state probabilities are needed to assess the

long-run values of the performance metrics, which can be obtained using the methods discussed in
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Section 4.2.2 in Chapter 3. We use W (q)
rij|k to show the waiting time in queue of patient type i ∈ I

awaiting service type j ∈ J from nursing team r ∈ R when the system is in state K(X,S). Also,

tij denotes the threshold value beyond which the waiting time of patient type i ∈ I in service j ∈ J

is considered to be excessively long. Ωk
rij denotes the proportion of type i ∈ I patients that join

the queue of server type j ∈ J from nursing team r ∈ R when the system is in state k ∈ K(X,S).

Staffing cost is denoted by function F (S) and functionGrj(X,S) is used to represent the excessive

delay probabilities for server type j ∈ J in nursing team r ∈ R . Hrj(X,S) denotes the utilization

of server type j ∈ J in team r ∈ R. Finally, Cj represents the hourly wage rate of server type

j ∈ J .

min

{
F (S), max

r∈R,j∈J
Grj(X,S)

}
(5.1)

subject to:

Grj(X,S) =
∑

k∈K(X,S)

p
(
W

(q)
rij|k > tij

)
Ωk
r ∀r, j (5.2)

F (S) =
∑
r∈R

∑
j∈J

CjSrj (5.3)

Hrj(X,S) =
∑

k∈K(X,S)

(
1

Srj

∑
i∈I

Rk
rijπ

k
r

)
∀r, j (5.4)

Hrj(X,S) ≤ 1− αj ×

∑
i∈I
Xri

Srj
∀r, j (5.5)
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R∑
r=1

Xri = Mi ∀i (5.6)

Srj, Xri ∈ Z+ ∀r,i,j (5.7)

In the formulation above, Equation 5.1 shows the objective function that minimizes the staffing

cost and the excessive delay probabilities among all patient types and nurse types. Equation 5.2

calculates the probability of excessive delay among all staff levels in each nursing team. Equation

5.3 calculates the staffing cost. Equation 5.4 calculates the utilization of each staff skill level j in

each nursing team r. Equation 5.5 limits the utilization of staff members to be less or equal to the

target utilization where αj denotes the indirect care workload per patient for server type j ∈ J .

Equation 5.6 ensures that all patients are assigned to a nursing team. Lastly, Equation 5.7 ensures

that the decision variables have integer values.

5.3 Solution Approach

In this section we discuss different solution approaches to solve our proposed skill-mix optimiza-

tion model with patient assignment. Depending on the size of the problem, different solution

approaches have been used.

5.3.1 Exhaustive Search

In order to find the optimal solution to our proposed model, we start with performing exhaustive

search to solve small-sized instances. In this method, we enumerate all different team configura-

tions and the corresponding patient-mix assignments ranging between one to four nursing teams.

The queueing model in Chapter 4 is used to evaluate the performance of each nursing team with the

specified configuration and the assigned patient mix, and the the solution with minimum objective

function value is then selected. However, exhaustive search is computationally prohibitive for clin-
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ically relevant scenarios. Using the exhaustive search technique, we can solve instances with up to

15 patients in a reasonable computational time (6 hours). Therefore, other solution approaches are

needed to solve clinically realistic scenarios in a timely manner.

5.3.2 Simulated Annealing

For larger instances, we use Simulated Annealing (SA) to find the optimal solution. SA is a

metaheuristic to approximate the global optimum of a given function in a solution space. More

specifically, it is a probabilistic method to approximate global optimization of a discrete search

space [139]. Although it is unlikely that SA finds the global optimal solution, it can often find

near-optimal solutions. In SA algorithm, the idea is to keep generating new solutions from the old

ones with the objective of minimizing the cost function. SA algorithm perturbs the design in a

random manner. Each new solution is vector of number of teams, configuration of the staff skill

levels as well as the patients at each acuity level assigned to each of the teams.

In order to solve our proposed MCO problem, we develop a SA algorithm to find the optimal

number of teams as well as the optimal configuration of staff skill levels in each team. It also finds

the optimal patient mix assigned to each of the nursing teams. We embed our MCMSTFSQ model

into the MCO model to evaluate the performance metrics for each nursing team. The SA frame-

work takes an initial random solution and calculates the cost function for the obtained solution

using Algorithm 1. The algorithm then generates new solutions using a generator function that

each time changes an element of the solution vector (X) randomly in a way that it slightly differs

from the previous solution vector. In order to make sure that the obtained solution vector is integer,

we round down the modified vector X. However, sometimes it is likely that even by rounding down

we get the same solution. In these situations, we round up the solution and get a new solution to

be evaluated by the cost function.

In order to validate the results obtained from the SA algorithm, we compared the results of

the exhaustive search method to the SA for small instances. We observed a match between the

results obtained from the exhaustive search and SA method. Using the SA algorithm, we can
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solve instances up to 21 patients with a computational time of up to 8 hours. To implement the

SA algorithm, the “ANNEAL” Matlab Toolbox was used [139]. The initial and final temperatures

used were T0 = 800 and TF =10−8, respectively. The cooling schedule parameter α was set to

0.8.

Algorithm 1 Crealculate Cost Function
1: Receive the solution vector X and input data;
2: Check X to ensure that the total number of nurses assigned to teams is not more than Smax;
3: Check X to ensure that the total number of patients assigned to teams equals the input patient

mix;
4: Solve the queueing model in Chapter 4 for each nursing team with the skill-mix and patient-

mix configurations specified in X;
5: Calculate Hrj(X,S) and Grj(X,S) for each team using equations 5.2 and 5.4 respectively;

6: if Hrj(X,S) > 1− αj ×
∑
i∈I

Xri

Srj
then

7: Set the constraint violation as V = Hrj(X,S)− (1− αj ×
∑
i∈I

Xri

Srj
) ;

8: end if
9: Determine F1 =

∑
CiSi; F2 = mean(Grj(X,S));

10: CF ←β1 ·F1+β2 ·F2;
11: if constraint violation is nonzero then
12: CF ← CF + 10000 · V ;
13: end if
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Algorithm 2 Simulated Annealing Algorithm
1: Initialize Smax, P, teammax, λ, µ, solution vector x;
2: Set SA control parameters, T0, TF , α, maxit, maxsubit;
3: while iter ≤ maxit do
4: Set subit = 1;
5: while subit ≤ maxsubit do
6: Create new solution x∗ in the neighborhood of x by slightly perturbing x;
7: Evaluate f(x∗);
8: if f(x∗) ≤ f(x) then
9: x← x∗;

10: else
11: ∆← f(x∗)−f(x)

f(x)
;

12: Pr ← exp(−∆/T );
13: Generate random number rn ∈ (0,1)
14: if rn ≤ Pr then;
15: x← x∗;
16: end if
17: end if
18: Update best solution ever found;
19: subit← subit +1;
20: end while
21: iter← iter + 1;
22: Reduce the temperature using T ← α · T ;
23: end while

5.3.3 Surrogate-based Optimization

Surrogate models also known as response surfaces or metamodels are used during the optimization

phase to approximate a computationally expensive objective function to help guide the search for

improved solutions [140]. Using the surrogate model instead of the exact evaluation of the queue-

ing model can dramatically decrease the computational time. This means that, the computationally

expensive objective function is evaluated only at carefully selected points [141]. Algorithm 3

shows the surrogate modeling algorithm.
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Algorithm 3 Surrogate Model Algorithm
1: Choose an initial experimental design (symmetric Latin hypercube design);
2: Evaluate the objective function at the point chosen in initial experimental design;
3: Fit the appropriate surrogate model to the data (mixture surrogate model);
4: Use the surrogate model to choose the new evaluation points using different criteria
5: Minimum point of the surrogate model as sample point (SURFmin)
6: Perform the expensive function evaluation at the chosen points;
7: if Stopping criteria is reached then
8: Save the results;
9: else Go to line 3

10: end if

Surrogate-based optimization method is shown in Algorithm 3. In Step 1, the algorithm gen-

erates an initial experimental design while it is important to ensure that the number of selected

points suffices to fit the selected surrogate model. Then in Step 2, the expensive function evalua-

tion will be done at the selected design points. In Step 3, a response surface model will be then

fitted to the generated points and this fitted model will be used to forecast the objective function

values at unsampled points in the variable domain. This is done to learn at which point the next

function evaluation should be done. Using the new data point, the surrogate model will be up-

dated. In every iteration one or more points are chosen to perform the costly objective function

evaluation. Step 4 is a crucial step to surrogate optimization, which is used to predict the objective

function value at unsampled points in the variable domain. According to the obtained predictions

and in order to perform the next expensive function evaluation, a criterion is used to determine the

most promising point(s). Then in Step 5, using the new data points, the expensive function will

be evaluated and the new data is added to the set of already evaluated points. These steps will be

iterated until the stopping criterion has been satisfied. If this criterion is not reached in Step 6, the

surrogate model will be updated with the new data. Maximum number of allowed function evalu-

ations and maximum allowed CPU time are mostly used stopping criteria [141]. In comparison to

population-based algorithms, the surrogate-based optimization method needs considerably fewer

function evaluations and thus is more appropriate for problems where the function evaluation is

computationally expensive [142, 143, 144, 145, 146].
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Surrogate models are either interpolating (radial basis functions (RBF) and kriging)[142] or

non interpolating (polynomial regression models and multivariate adaptive regression splines (MARS))

[143]. In general, it is not clear which surrogate model type best suits a given problem, and in prac-

tice due to the computational cost of doing function evaluations, it is not feasible to try different

algorithms. Therefore, mixture surrogate models that utilize weighted combinations of two or

more models have been developed with the goal of preventing the choice of poorly fitted models

[147]. Depending on the models being combined together, ensembles of surrogate models may be

either interpolating or non-interpolating. Numerical experiments conducted in the literature have

shown that in many cases, a mixture model which combines RBF with non-interpolating mod-

els perform better than the individual models. In this problem, we use a mixture surrogate model

(MIX-RcM), which is a mixture of cubic RBF and MARS (multivariate adaptive regression spline)

models [141].

To ensure that sufficient data are attained and an efficient surrogate model can be built, the

sampling points must be chosen to provide as much useful information on the response surface

as possible. In order to choose an initial experimental design, different options are available. A

design of experiments strategy will be initiated, which covers several different concepts namely,

Latin hypercube design (LHD), a symmetric Latin hypercube design (SLHD) [148], and a design

that uses a subset of the corner points of the hypercube defined by variable’s upper and lower

bounds as well as the center point of the hypercube [148]. Before the start of the evaluation it is

not possible to determine which strategy is the best choice. However, according to [149], LHD is

often times appropriate. LHD is the approach of generating random samples of parameter values

[150]. In statistical sampling, a square grid which contains sample positions is known as a Latin

square if (and only if) there is only one sample in each row and each column. The generalization

of this notion to an arbitrary number of dimensions is known as Latin hypercube whereby each

one sample is the only sample in each axis-aligned hyperplane comprising it [151]. In LHD, it

is important to decide how many sample points to use and for each sample point it is necessary

to remember in which row and column the sample point was taken [152]. This sampling method

99



is typically used to save computer processing time since it can significantly decrease the number

of runs necessary to attain a reasonably correct result. SLHD is a special type of LHD, which

has some good built-in properties with regard to the optimality of the design. The symmetry of a

SLHD provides some orthogonal properties [153]. Usually, the optimal designs are considered to

have good space filling properties, and a good space filling design probably contains some degree

of symmetry. Compared to LHDs, SLHDs are statistically significantly better options with respect

to the minimum distance criteria [148]. A primary motivation of using the SLHD is to reduce the

searching time.

Different methods can be used for selecting the sampling points in each loop. In general, either

a randomized sampling technique or the constructed response surface can be considered [154].

There are two different strategies which can be used within randomized method. The first method

is local search in which the best solution found so far is perturbed. This method is most suitable

for problems where only a single minimum is present in the response surface. Another strategy is

global search where the solver still perturbs the best points found so far, but also chooses a number

of uniformly-distributed points in the whole design space. In order to find the best solution as the

optimization progresses the perturbation will be decreased. In the selection of candidate points,

two criteria of distance and response surface are used. The distance criterion is based upon the

distance to already evaluated points. However, the other criterion is based on the value predicted

by the surrogate model. A weighted sum of both criteria will be assigned to each point as a score.

In order to pick a point close to the expected minimum, a large weight will be put on the response

surface criterion. However, in order to select points in unexplored areas, a large weight must be

put on the distance criterion [155].

During the optimization, information from the computationally inexpensive surrogate model is

used to direct the search for promising points in the variable domain. This will lead to evaluating

the expensive objective function only at wisely picked points. Therefore, the total required func-

tion evaluations to find the near optimal solutions will be dramatically decreased which leads to a

reduced optimization time [141]. In the cases that the cost of function evaluations is large and the
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computation time for a single function evaluation is very low (in the order of ms), the surrogate

model approach should not be used. The reason is that with respect to the computational cost, up-

dating the surrogate model in each iteration of the algorithm becomes a computationally dominant

task [142].

MATSuMoTo toolbox

To implement the surrogate modeling framework, The MATLAB Surrogate Model Toolbox (MAT-

SuMoTo) is used. MATSuMoTo allows for continuous, mixed-integer, or pure integer variables

[141]. MATSuMoTo offers different choices for surrogate models, strategies for initial experimen-

tal design as well as the sampling strategy. MATSuMoTo allows the user to choose from a vide

variety of surrogate models and surrogate model ensembles, initial experimental design strategies,

and sampling strategies. MATSuMoTo can do numerous function evaluations synchronously, and

therefore, in each iteration more than one point can be selected for evaluation. MATSuMoTo it-

erates through selection of the sample points as well as updating of the response surface. If in a

given number of consecutive trials MATSuMoTo cannot improve the best point found so far, the

algorithm will resume from scratch. This means that, MATSuMoTo restarts from generating a new

initial experimental design. As such, the points that have been sampled before will not be con-

sidered when fitting the surrogate model. This is done in order to avoid getting stuck in the same

local minimum [141]. It is important to note that the resulting optimal designs depend largely on

the starting designs used in the algorithm [148]. Therefore, the algorithm should be repeated with

several different random starting designs.

5.4 Numerical Results

In this section, we report the numerical results obtained from applying three different solution

methods discussed in Section 5.3 to the example of medical-surgical inpatient unit introduced in

Chapter 4. The model parameters associated with nurse encounter duration and frequency are the

same as those used in Chapter 4 (Table 4.2). We considered a maximum of four nursing teams
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and different patient-mix scenarios ranging from (3,3,3) to (8,8,8). Additionally, we assumed that

each team consists of at least 1 RN and 1 CNA.

5.4.1 Exhaustive Search

For small-sized instances, we can use exhaustive search to obtain the optimal number of nursing

teams, their skill-mix configurations, and the corresponding patient assignments. To that end, for

a given patient mix, a maximum number of staff members and a maximum number of teams, we

evaluate the queueing model for all the possible configurations and obtain the optimal solution to

the proposed MCO problem. Note that exhaustive search is computationally prohibitive for cases

exceeding 15 patients. Table 5.1 shows the numerical results of the exhaustive search method as

well as the CPU time to solve each of the scenarios.

Table 5.1: Numerical Results of the Exhaustive Search Method

Patient-mix RN,CNA P1,P2,P3 ANU Excess. Delay Prob. Staffing Cost ($/h) Composite Cost Function CPU Time (sec)
(3,3,3) 1,1 2,1,1 (0.18,0.38) (0.12,0.03) 105 109 85

1,2 1,2,2 (0.24,0.37) (0.17,0.015)

(4,4,4) 2,3 4,4,2 (0.17,0.42) (0.024,0.002) 150 152 480
1,1 0,0,2 (0.17,0.32) (0.08,0)

(5,5,5) 1,2 0,5,0 (0.23,0.37) (0.15,0.013) 165 167 21684
2,3 5,0,5 (0.18,0.43) (0.027,0.002)

5.4.2 Simulated Annealing

Based on the computational results, the SA algorithm can be used to solve instances with up

to 21 patients. We also applied the SA algorithm to small instances that can be solved using

exhaustive search to evaluate its performance. In particular, SA provides the optimal solution for

those instances found by the exhaustive search method. The numerical results of SA is shown in

Table 5.2.

5.4.3 Surrogate-based Optimization

In the surrogate-based optimization framework, we used the weighted sum of cubic RBF and

MARS models as the mixture surrogate model and the candidate point sampling (CAND) method
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Table 5.2: Numerical Results of the SA Method
Patient-mix RN,CNA P1,P2,P3 ANU Excessive Delay Prob. Staffing Cost ($/h) Composite Cost Function CPU Time (sec)
(3,3,3) 1,1 2,1,1 (0.18,0.38) (0.12,0.03) 105 109 197

1,2 1,2,2 (0.24,0.37) (0.17,0.015)

(4,4,4) 2,3 4,4,2 (0.17,0.42) (0.024,0.002) 150 152 760
1,1 0,0,2 (0.17,0.32) (0.08,0)

(5,5,5) 1,2 0,5,0 (0.23,0.37) (0.15,0.013) 165 167 7579
2,3 5,0,5 (0.18,0.43) (0.027,0.002)

(6,6,6) 2,3 2,1,5 (0.14,0.38) (0.003,0) 210 211 10688
2,3 4,5,1 (0.20,0.443) (0.015,0.004)

(7,7,7) 3,3 2,3,5 (0.17,0.48) (0.006,0.009) 255 256 28503
2,4 5,4,2 (0.15,0.35) (0.017,0.004)

as the sampling strategy, which is mainly used for optimization models with integer variables.

The SLHD was used as the initial design. The maximum number of function evaluations was set

to 300. The surrogate-based optimization method was able to solve instances up to 24 patients.

The dimensionality of the state space of the queueing model for instances exceeding 24 patients

renders the objective function evaluations computationally prohibitive. Table 5.3 shows the results

we obtained from the surrogate-based optimization method.

Table 5.3: Numerical Results of the Surrogate-based Optimization Method
Patient-mix RN,CNA P1,P2,P3 ANU Excessive Delay Prob. Staffing Cost Cost Function Constraint Violation CPU Time (sec)
(6,6,6) 2,3 1,6,6 (0.42,0.60) (0.18,0.05) 150 182 0.7 4380

1,1 5,0,0 (0.05,0.29) (0.0095,0.0031)

(7,7,7) 2,3 7,0,7 (0.30,0.54) (0.08,0.01) 195 213 0.59 14883
2,2 0,7,0 (0.19,0.47) (0.02,0.006)

(8,8,8) 2,3 2,6,4 (0.32,0.54) (0.10,0.02) 210 232 1.8 71692
3,1 6,2,4 (0.30,0.64) (0.02,0.01)

5.4.4 Sensitivity Analysis

Given the performance and practical considerations, we picked the SA method to perform the

sensitivity analysis. We performed sensitivity analysis on the patient-mix scenarios as well as the

weight factors in the cost function. We considered the maximum excessive delay probability as F2.

Table 5.4 shows the sensitivity analysis of the patient-mix scenarios. For a total of 15 patients, we

run the model for different patient-mix scenarios. The results demonstrate that, by increasing the

number of higher acuity level patients, the staffing cost increases accordingly. The reason is that

the model tends to employ higher number of RNs and CNAs to accommodate the burden of care
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which exists due to the presence of more patients with more complicated care needs. In addition,

the optimal number of nursing teams depends on the patient mix. A higher heterogeneity in the

patient mix results in two nursing teams, whereas one nursing team appears to be sufficient for

patient mixes with lower heterogeneity.

Table 5.4: Sensitivity Analysis on the Patient-mix Scenarios
Patient-mix RN,CNA # of teams P1,P2,P3 ANU Excessive Delay Prob. Staffing Cost Cost Function
[15,0,0] 3,3 1 15,0,0 (0.14,0,05) (0,0) 135 135
[10,5,0] 2,3 2 6,5,0 (0.13,0.41) (0.009,0.0007) 150 150.45

1,1 4,0,0 (0.04,0.25) (0.006,0.0014)

[5,10,0] 1,2 2 4,1,0 (0.06,0.23) (0.03,0.0004) 165 166.84
2,3 1,9,0 (0.21,0.47) (0.19036,0.004)

[5,5,5] 3,1 2 4,2,3 (0.23,0.58) (0.009,0.005) 165 167
1,1 1,3,2 (0.1846,0.57) (0.36,0.18)

[0,10,5] 4,4 1 0,10,5 (0.32,0.42) (0.0076,0.0014) 180 180.38
[0,0,15] 4,5 1 0,0,15 (0.34,0.45) (0.013,0.001) 195 195.66

We also performed a sensitivity analysis on the objective function weight factor. Table 5.5

shows the results we obtained from this analysis for the patient-mix scenario of (5,5,5). We used

different weight factors for F2 while F1 does not have a weight factor. By varying the weight factor,

we effectively obtain different Pareto-optimal solutions to the bi-criteria optimization problem. As

the table shows, using a weight factor of 50 for F2 in the cost function leads to having a more

balanced utilization among all staff skill levels. Besides, increasing the weight factor for F2 leads

to a higher staffing cost since the model tends to use higher number of staff members to bring the

excessive delay probability down to smaller values.

Table 5.5: Sensitivity Analysis on the Cost Function Weight Factor
F2 Weight Factor RN,CNA P1,P2,P3 ANU Excessive Delay Prob. F1 F2 Cost Function

0 1,2 3,1,1 (0.12,0.28) (0.07,0.002) 165 0.076 165
2,3 2,4,4 (0.24,0.47) (0.058,0.008)

5 1,2 3,1,1 (0.12,0.28) (0.07,0.002) 165 0.076 165.4
2,3 2,4,4 (0.24,0.47) (0.06,0.008)

50 1,2 3,1,1 (0.12,0.28) (0.07,0.002) 165 0.076 168.8
2,3 2,4,4 (0.24,0.47) (0.06,0.008)

500 2,2 2,0,4 (0.15,0.39) (0.017,0.0018) 195 0.071 203.65
2,3 3,5,1 (0.15,0.39) (0.017,0.0012)

1000 2,3 3,5,1 (0.15,0.39) (0.017,0.0018) 195 0.071 212.31
2,2 2,0,4 (0.15,0.40) (0.017,0.0012)

5000 2,3 3,5,1 (0.15,0.39) (0.017,0.0018) 195 0.071 282
2,2 2,0,4 (0.15,0.40) (0.017,0.0012)

50000 2,3 3,5,1 (0.15,0.39) (0.017,0.0018) 195 0.071 3780
2,2 2,0,4 (0.15,0.40) (0.017,0.0012)
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5.5 Discussion

The design of nursing teams with patient-mix assignment for inpatient units gives rise to a challeng-

ing optimization problem that requires queueing model evaluations for individual nursing teams.

To solve the optimization problem, we employed three different solution methods, namely, exhaus-

tive search, SA, and surrogate-based optimization. Each method is suited for a range of patient-mix

sizes. In particular, the computational experiments show that exhaustive search can handle patient-

mix instances up to 15 patients. SA can solve instances with up to 21 patients, and surrogate-based

optimization is intended for larger instances. However, it appears that even surrogate-based opti-

mization may be computationally prohibitive for patient-mix instances exceeding 24 patients.

The optimal solutions obtained for the patient-mix scenarios considered in the study mainly

consist of two nursing teams. One nursing team has a relatively small number of RNs and CNAs

with an assigned patient mix consisting of lower acuity patients. The other nursing team has a

relatively larger number of RNs and CNAs providing care to an assigned patient mix with larger

number of higher acuity patients. In other words, the solution suggests that a small and a large

nursing team should be used, where a relatively lower acuity patient mix is assigned to the small

nursing team, while the remaining higher acuity patients are assigned to the larger nursing team.

We also performed a sensitivity analysis on the objective function weight factor as well as the

patient-mix scenario. Increasing the F2 weight factor causes the model to employ higher number

of nurses as the excessive delay probability will become more important than the staffing cost.

Additionally, increasing the number of higher acuity level patients in the patient-mix scenarios

leads to higher staffing cost to provide care to those patients who have more complex needs.

5.6 Conclusion

In this chapter, we extended our skill-mix optimization pproblem to account for patient assignment.

Using our proposed model, we can optimize nursing teams while accounting for multiple nursing

teams with patient-mix assignment. We used different solution approaches to solve the model.
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For small-sized problems (up to 15 patients) we used an exhaustive search approach to obtain

the optimal solution. However, this method is computationally prohibitive for larger patient-mix

scenarios exceeding 15 patients. We used SA in order to solve the model with medium-sized

patient-mix scenarios ranging between 15 to 21 patients. In particular, for patient-mix scenarios

with 21 patients or fewer, the SA algorithm terminates within the maximum time limit. To solve

larger instances, we can use surrogate model to find near optimal solutions for up to 24 patients.
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CHAPTER 6

CONCLUSION AND FUTURE RESEARCH

In this dissertation, we investigated the impact of heterogeneity in patient population and staff

skill levels on the staffing decisions for inpatient units. A comprehensive literature review study

revealed that OR tools have not been adequately employed for nursing skill-mix optimization in

inpatient settings. Additionally, the patient-mix heterogeneity has not been explicitly accounted

for in the queueing models developed for nurse staffing in the literature. Therefore, in this dis-

sertation, we focused on investigating the impact of heterogeneity on staffing needs of inpatient

units. A stochastic modeling framework was presented to quantify the impact of patient-mix het-

erogeneity and staff-mix heterogeneity on staffing needs of inpatient settings. As the first step, we

proposed a multi-class finite-source queueing theory model to evaluate the performance of an in-

patient unit with multiple classes of patients staffed with nurses with the same skill level. Different

performance metrics including, average queue length, average waiting time in queue, average nurse

utilization and probability of excessive delay were used to assess the performance of the proposed

queueing model. We considered both FCFS and non-preemptive priority queue disciplines. Using

the proposed model, the optimal number of staff members for different patient-mix scenarios can

be calculated to ensure that nurses are not experiencing high levels of burout while at the same

time patients are receiving a timely delivery of nursing care.

Next, we extended our proposed stochastic model to account for staff heterogeneity by devel-

oping a multi-class multi-server-type finite source queueing model. We performed our analysis on

the multi-class multi server-type finite-source Queueing model, which can be used to evaluate the

performance of an inpatient unit staffed with a given skill-mix. A MCO framework was devel-

oped to quantify the trade-off between all performance metrics of interest. In particular, the set

of Pareto-optimal skill-mix configurations was obtained through enumerating all possible config-

urations and evaluating the corresponding queueing model. The trade-off information can assist
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staff planners and hospital managers to not only come up with the optimal staffing levels, but also

identify the staffing mix to address their intended performance measures.

The next extension was to investigate the design of nursing teams with patient assignment.

For a given patient mix, the proposed model suggests the optimal number of nursing teams to be

employed in the inpatient setting taking into account three important objectives of staffing cost,

nurse burnout and timely delivery of care to patients. Moreover, the optimal configuration of skill

levels in each of the nursing teams will be obtained. In order to account for patient assignment,

the optimal number of patients at each acuity level to each of the nursing teams will be obtained.

To that end, the multi-class multi-server-type finite source queueing model was embedded in an

assignment-type optimization model to find the optimal nursing teams, the skill-mix configura-

tions, and the patient-mix assigned to each team.

To solve the proposed model, three solution methods were developed and tested. More specif-

ically, for small-sized instances, exhaustive search was used to find the optimal solution. For

medium-sized cases, a SA algorithm was developed. Finally, because the queueing model evalua-

tions are computationally very expensive for large instances, surrogate optimization was employed.

The first solution approach was the exhaustive search technique to find the solution to the proposed

model. Using this method, all possible feasible configurations were obtained and the configuration

with the minimum cost function was considered as the optimal solution to the assignment problem.

However, this method was computationally prohibitive for scenarios exceeding 15 patients. To that

end, we also proposed a SA approach to find the optimal solution. By performing a randomized

search, the SA algorithm was able to suggest the optimal solution for up to 21 patients. For the

proof of concept demonstration, we solved a numerical example of an inpatient unit to determine

optimal number of nursing teams and their configurations with patient assignment. The optimal

patient mix to be assigned to each of the nursing teams was obtained. To validate the results of the

proposed SA algorithm, we compared the results against the exhaustive search method which we

observed a perfect match between the two results. Finally, we used surrogate based optimization

to solve larger instances. Using this method, we were able to find near optimal solutions.
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As part of future research, we plan to address the limitations of the proposed modeling frame-

work. Currently, solving instances beyond 24 patients is computationally prohibitive even when

using our approximate queueing model. We plan to investigate the application of other approx-

imation techniques available in the literature for queueing systems such as diffusion and fluid

approximations in order to solve larger queues. Diffusion approximation is a technique in which a

complicated stochastic process is replaced by an appropriate diffusion process [156].

Another future research direction would be to account for an evolving patient mix since in

inpatient settings, patient mix varies over time. In this dissertation, we assumed that the patient

mix is fixed. However, the patient mix may change from shift to shift or from day to day. We can

study the transient behavior of finite source queues in order to analyze the queueing system with

an evolving patient mix. Another approach to accommodate an evolving patient mix is through

determining the appropriate staff levels per planning period. In that situation, the length of each

planning period must be determined in such a way that the patient mix remains unchanged through-

out that period of time, while allowing the queueing system to reach its steady state. The queueing

model can be used to recommend shift-based staff levels. To that end, the model would require

parameter calibration for each shift type separately, where the frequency and duration of nurse

encounters observed during each shift type is used to estimate shift-dependent arrival and service

rates for different patient acuity levels.

To clinically deploy the proposed queueing models, appropriate model calibration techniques

are needed to estimate nursing workload and frequency at each acuity level. This can be achieved

using EHR and RFID data to inform models that predict patient demand over time and determine

appropriate staff levels and skill mix accordingly. EHR data can in principle be useful in assessing

the acuity level of the patients as well as the required amount of nursing care for each individual

patient. The RFID data can be used to estimate duration and frequency of nurse encounters at

different patient acuity and staff skill levels. In order to employ healthcare data and extract useful

information out of it, data mining techniques can be used. There exists an overwhelming amount

of raw healthcare data to be cleaned and structured using data mining tools. As the next step,
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statistical analysis can be employed in order to use the cleaned data. This future research direction

will be pursued through establishing research partnership with hospitals willing to provide access

to these data sources.
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