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ABSTRACT 

A problem in Fused Deposition Modeling (FDM) additive manufacturing processes with short 

carbon fiber filled suspensions is that the resulting part does not have isotropic properties. 

Nozzles used during processing tend to align fibers in the direction of flow with a very high 

degree of anisotropy. An effort is made here to design a nozzle which promotes a homogenous 

distribution of the carbon fiber orientations throughout the part. This homogeneity results in 

isotropic mechanical properties which can be better-suited for design and analysis. Fiber 

orientation analysis is performed via Autodesk Moldflow Insight 2017 using their injection 

molding simulation workbench. Various iterations of nozzle designs are compared with a 

baseline nozzle design. The nozzle designs are analyzed as an axisymmetric two-dimensional 

cross-section using a modified form of the Folgar-Tucker equations specific to Moldflow. These 

two-dimensional cases are compared to the three-dimensional model which uses the traditional 

Folgar-Tucker equations. The analysis will primarily compare the fiber orientation tensor 

component along the flow of the nozzle since the flow tends to align the fibers in the direction of 

the flow in the convergent and narrow zones of the nozzle. 
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CHAPTER 1 

INTRODUCTION 

In Additive Manufacturing (AM), a part is constructed by only adding material as opposed to 

parts that require machining or similar procedures which remove material. A subset of AM which 

is the focus of the work presented here is Fused Deposition Modeling (FDM). In this process, a 

spool of filament is heated and ran through an extruder where it deposits on a platform. The 

extruder can move as it deposits the melt or the platform can be mobile. This process builds the 

final part layer by layer. The mechanical properties of the part can be adjusted by adding short 

fibers into the filaments, the resulting properties will be dependent on the orientation of these short 

fibers. FDM can be used for many applications such as prototyping and part productions.  

The orientation of short fiber suspensions in FDM tends to lead to parts with aligned fibers near 

the nozzle exit. This results in non-isotropic behavior in the final part. There are certain 

applications where it is advantageous to generate parts with nearly isotropic properties, that is, 

they are independent of how it was manufactured. Production of parts with isotropic properties 

using FDM has many benefits in cost of production, ease of manufacture, and reliability of 

strength. Various modifications to the traditional nozzle designs are used to predict fiber 

orientation while the melt exits the nozzle. Autodesk Moldflow Insight 2017 was used to run the 

injection molding and fiber orientation analysis. These designs are compared to determine which 

nozzle design will lead to a more homogeneous or isotropic distribution of fiber orientation in the 

final part. This homogeneity is preferred for any structural parts with no specific load direction. 
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1.1  Background Information 

These short fiber systems are modeled as an ellipsoid/spheroid suspended in a resin. The first 

instance of this type of analysis was carried out by Einstein [1] in his doctoral thesis where he 

linked the viscosity of a suspension with the density of spherical inclusions in that suspension. 

Einstein found that, as one would think, if the density of the spherical inclusions increased so did 

the viscosity of the suspension. While not directly applicable to short fiber systems, it helped lay 

the groundwork for future work in this field. Einstein was more concerned in determining, 

analytically, the size of atoms using Brownian motion specifically Avogadro’s number. These two 

ideas use the same fundamental procedures and underlying physics. 

Numerical solutions to short fiber suspensions in FDM are based on the motions of rigid 

inclusions/inhomogeneities. The analysis, [2], consists of two separate terms; a hydrodynamic 

term and an interaction term. The hydrodynamic term is predicted from Jeffery’s equation, [3]. 

The interaction term can be accounted for using the Folgar-Tucker equations or a similar model 

which considers the fiber interactions. Folgar and Tucker [4], and the modified versions utilized 

by Autodesk Moldflow [5] are an example of such models. The motion of the fiber due to the flow 

behavior is also important to note since the fluid’s deformation does influence the orientation. 

There are a couple general rules which have been observed as mentioned in Advani and Tucker 

[6] and Moldflow [7, 8].  

1) Shearing flows tend to align fibers in the direction of the flow. (Figure 1) 

2) Stretching flows tend to align fibers in the direction of stretching. (Figure 2) 
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Figure 1: Example of a Simple Shear Flow (Aligning Fibers) 

 

 

Figure 2: Example of a Simple Extensional Flow (Mis-Aligning Fibers) 

The velocity gradient near the boundary of the wall in a shearing flow rotates the fibvers in the 

direction of the flow since each end of the fiber is experiencing different velocities. This difference 

in velocity causes the rotations described in Figure 1. In a similar manner, during an extensional 
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𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐹𝐹𝑦𝑦 𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 
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𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐹𝐹𝑦𝑦 𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 

𝐷𝐷𝐹𝐹𝐷𝐷𝐵𝐵𝐹𝐹𝐷𝐷𝐹𝐹𝐵𝐵 𝑆𝑆𝑆𝑆𝐵𝐵𝑆𝑆𝐹𝐹 

𝐷𝐷𝐹𝐹𝐷𝐷𝐵𝐵𝐹𝐹𝐷𝐷𝐹𝐹𝐵𝐵 𝑆𝑆𝑆𝑆𝐵𝐵𝑆𝑆𝐹𝐹 
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flow, the fibers are also rotated in the direction of the stretching since one side of the fiber is being 

dragged along the stretching motion. This isn’t the case for fibers that are aligned perpendicular to 

the direction of stretching but realistically most, if not all, fibers will not be perfectally aligned like 

this. This misalignment is caused by the stretching of the fluid as again is seen in Figure 2. 

The effects on fiber orientation of the nozzle geometry are mentioned in Heller [9], where it is 

stated that the fiber orientation along the flow direction aligns near unity in the convergent and 

straight zones in the nozzle. This is also demonstrated by the subsequent analyses using the 

traditional nozzle shape. Nixon et al. [10] analyzed the effects of nozzle geometry, volume flow, 

and volume fraction on the fiber orientation tensor component along the flow. They found that 

while the fiber volume fraction and the volume flow rate does influence the increase of alignment 

along the flow prior to reaching the diverging section, it does not significantly affect the alignment 

while the melt is in the diverging zone. Some exploration on the fiber orientation tensor and how 

it is represented in the software is useful to go through especially since there are various ways to 

define this quantity.  

A similar study which was considered by Nixon et al. [10] investigated the effects of three 

parameters on the component of the fiber orientation tensor along the flow. The three parameters 

are the geometry of the nozzle, fiber volume fraction, and volumetric flow. The fiber volume 

fractions which they considered are 0%, 10%, and 20%. The first nozzle geometry parameter 

consisted of a convergent zone which most nozzle extruders have. The second is a straight only 

zone which means that no convergent or divergent zones were in the model. The third is of 

particular interest since it was a 15° diverging nozzle which is also considered in this work. 

However, the model considered here has both a convergent and diverging section. A similar result 

was reached that in the diverging nozzle region the fibers reduce their alignment in the flow 



5 
 

direction. Also, the alignment of the fibers in the flow direction reached a minimum at the center 

of the nozzle and became highly aligned as it neared the boundary edges.  

A greater volumetric flow rate was found to reduce the size of the region in the diverging section 

which has a decreased alignment. It was also indicated that a lower volumetric flow rate results in 

a less aligned state in the diverging section of the nozzle. There was a zone in between the boundary 

and the center of the nozzle which had regions of high alignment. This was attributed, possibly, 

by the interaction of the shear flow at the boundary and the extensional flow at the center of the 

nozzle. This effect was investigated by Vincent and Agassant [11] who found that the after a 

critical angle the flow switches from a shear dominated flow to an extensional dominated flow. 

This results in the reduction of alignment at the center and a highly-aligned state at the boundary. 

The usefulness of a diverging nozzle was recognized as a tool to reduce the alignment of the fibers 

when aligned fibers are not desired. Also, that this could be exploited to generate a custom 

orientation state which has a designed set of properties of the overall composite. The effect of 

diverging nozzle geometries is studied in this work to a greater extent. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1  Fiber Orientation Tensor 
 
The fiber orientation tensor which is denoted by 𝐵𝐵𝑖𝑖𝑖𝑖 is the primary variable of the subsequent 

models. However, a definition of the nature of this tensor is needed first. Einstein index notation 

is used for the expression of the tensors. Consider a short fiber with the following coordinate 

system and shape as shown in Figure 3. The shape of the actual fiber is not ellipsoidal but rather 

cylindrical, however, if the aspect ratio is assumed to be great enough the distinction is not needed.  

  

Figure 3: Fiber Coordinate System Definition 

 The fiber’s first, or primary, axis lies along the length of the fiber. In a suspension, there are 

numerous fibers each with their own primary axes. In a single fiber system, the unit vector of P 

can be written in the following manner in terms of spherical coordinate angles. 

𝑝𝑝1 = cos(θ) (2.1.1) 

𝑝𝑝2 = sin(θ) cos(𝜑𝜑) (2.1.2) 

𝑝𝑝3 = sin(θ) sin(𝜑𝜑) (2.1.3) 

The fiber orientation tensor of this single fiber with respect to the coordinate system shown in 

Figure 3 can be expressed in equation (2.1.4), Folgar and Tucker [4]. 
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𝐵𝐵𝑖𝑖𝑖𝑖 = �
𝑝𝑝1𝑝𝑝1 𝑝𝑝1𝑝𝑝2 𝑝𝑝1𝑝𝑝3
𝑝𝑝2𝑝𝑝1 𝑝𝑝2𝑝𝑝2 𝑝𝑝2𝑝𝑝3
𝑝𝑝3𝑝𝑝1 𝑝𝑝3𝑝𝑝2 𝑝𝑝3𝑝𝑝3

� (2.1.4) 

Or in terms of the angles, 

𝐵𝐵𝑖𝑖𝑖𝑖 = �
cos(θ)2 sin(θ) cos(θ) cos(𝜑𝜑) sin(θ) cos(θ) sin(𝜑𝜑)

sin(θ) cos(θ) cos(𝜑𝜑) [sin(θ) cos(𝜑𝜑)]2 sin(θ)2 cos(𝜑𝜑) sin(𝜑𝜑)
sin(θ) cos(θ) sin(𝜑𝜑) sin(θ)2 cos(𝜑𝜑) sin(𝜑𝜑) [sin(θ) sin(𝜑𝜑)]2

� (2.1.5) 

Properties of the fiber orientation tensor can be seen from the above matrix, two are noted below. 

1. The tensor is symmetric. 

2. The trace of the tensor is equal to unity. 

The second property can be proven easily with the Pythagorean trigonometric identity. 

𝐵𝐵𝑖𝑖𝑖𝑖 = cos(θ)2 + [sin(θ) cos(𝜑𝜑)]2 + [sin(θ) sin(𝜑𝜑)]2 (2.1.6) 

𝐵𝐵𝑖𝑖𝑖𝑖 = cos(θ)2 + sin(θ)2 [cos(𝜑𝜑)2 + sin(𝜑𝜑)2] (2.1.7) 

𝐵𝐵𝑖𝑖𝑖𝑖 = cos(θ)2 + sin(θ)2 = 1 (2.1.8) 

This infers that the fiber orientation tensor only has 5 independent components due to these two 

properties. Consider the case of a fully aligned fiber with the analysis coordinate system, this will 

have both angles equal to zero. The tensor reduces to equation (2.1.9) 

𝐵𝐵𝑖𝑖𝑖𝑖 = �
1 0 0
0 0 0
0 0 0

� (2.1.9) 

In a suspension with numerous fibers, a more useful parameter is the average fiber orientation 

tensor. In a volume, there are N-fibers each with its own fiber orientation tensor relative to the 

global coordinate system. With an N-fiber system, the fiber orientation tensor is the average 

orientation at a particular location. This average can be defined, including a weighting factor, w in 

one way as shown in equation (2.1.10) 



8 
 

𝐵𝐵𝑖𝑖𝑖𝑖 = 〈𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖〉 =
1
𝑁𝑁
�(𝑝𝑝𝑖𝑖)𝑘𝑘(𝑝𝑝𝑖𝑖)𝑘𝑘𝑤𝑤𝑘𝑘

𝑁𝑁

𝑘𝑘=1

 (2.1.10) 

An alternate definition of the average fiber orientation tensor includes the use of a probability 

distribution function, 𝜓𝜓(𝑝𝑝𝑖𝑖). The probability distribution function is defined as the function which 

returns the percentage of the average alignment of the fibers at a specific location. This method 

does not track individual fibers but rather their behavior as a whole system. It is worthwhile to 

explore the properties of this distribution function and is explored in the next section. 

A visual representation of the fiber orientation state described in equation (2.1.9) can be seen 

in Figure 4. As can be seen the fibers are all aligned in the same direction which is expressed in 

the tensor with the one non-zero component. Similar fiber orientation states can be visualized for 

a 2D and 3D random distributions. The 2D random fiber orientation distribution tensor is shown 

in equation (2.1.11) and the 3D random fiber orientation distribution is shown in equation (2.1.12). 

While the visual representations of the 2D and 3D random fiber distributions are shown in Figure 

5 and Figure 6, respectively. 

 

𝐵𝐵𝑖𝑖𝑖𝑖 = �
1/2 0 0

0 1/2 0
0 0 0

� (2.1.11) 

𝐵𝐵𝑖𝑖𝑖𝑖 = �
1/3 0 0

0 1/3 0
0 0 1/3

� (2.1.12) 
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Figure 4: Fully Aligned Fiber Orientation  

 

Figure 5: 2D Random Fiber Orientation 
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Figure 6: 3D Random Fiber Orientation 

 

2.2 Probability Distribution Function 

Here, the probability distribution function 𝜓𝜓(𝑝𝑝𝑖𝑖, 𝑆𝑆), [6], is discussed and how it used in fiber 

orientation prediction is discussed in later sections. The necessity of using a probability function 

comes from the complexities that arise when more concentrated suspensions are considered. In a 

dilute suspension, the behavior of a fiber is a single valued function of its orientation and of the 

characteristics of the flow field. This is because each fiber is sufficiently far from any other fiber. 

In a concentrated suspension, multiple fibers can have the same orientation and instead of having 

individual functions for each separate fiber, which is both inefficient and impractical, the use of a 

probability distribution function is used. This function considers the probability of a collection of 

fibers existing at a particular orientation. However, prior to implementing such a function it must 

also be physically meaningful and abide by the behavior of the fibers. Folgar and Tucker imposed 

certain conditions on the admissibility of such a probability distribution function.  
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The first condition is that a fiber oriented at the unit vector �̂�𝑝 is indistinguishable from a fiber 

orientated at unit vector −�̂�𝑝 since there is no distinction on which end of a fiber is the head and 

which one is the tail. This can be expressed succinctly in equation (2.2.1) 

𝜓𝜓(�̂�𝑝, 𝑆𝑆) = 𝜓𝜓(−�̂�𝑝, 𝑆𝑆) (2.2.1) 

The second condition is that since the probability distribution function returns the fraction of 

fibers that are in a particular orientation, �̂�𝑝, when this distribution function is integrated over all 

possible orientations the resulting value must be unity. The integral over all possible orientations 

is equivalent to integrating over the unit sphere, this is also expressed as shown in equation 

(2.2.2). This is known as the normalization condition of the probability distribution function.  

�𝜓𝜓(�̂�𝑝, 𝑆𝑆)𝐵𝐵�̂�𝑝 = 1 (2.2.2) 

The third condition is related to the rate of change of the probability distribution function with 

time. This can be clearly seen by considering the amount of fibers that is found between a small 

perturbation of the unit vector �̂�𝑝. The product of the probability distribution function and the unit 

vector in question returns the fraction of fibers which have that unit vector. Using this idea, 

equation (2.2.3) holds, [4].  

𝜓𝜓(�̂�𝑝 + 𝐵𝐵�̂�𝑝, 𝑆𝑆) − 𝜓𝜓(�̂�𝑝, 𝑆𝑆) = 𝜓𝜓(�̂�𝑝, 𝑆𝑆)𝐵𝐵�̂�𝑝 (2.2.3) 

This expresses the amount of fibers which are found between the orientation vectors �̂�𝑝 and �̂�𝑝 + 𝐵𝐵�̂�𝑝 

at a specific time t. The rotation of the fibers in and out of the perturbation range must also be 

captured by the distribution function and this relation. As the fibers rotate, some will rotate into 

the perturbation range and others will rotate out. This can be expressed in terms of a small-time 

step, dt, with the distribution function in equation (2.2.4). 

𝜓𝜓(�̂�𝑝, 𝑆𝑆 + 𝐵𝐵𝑆𝑆)𝐵𝐵�̂�𝑝 − 𝜓𝜓(�̂�𝑝, 𝑆𝑆)𝐵𝐵�̂�𝑝  (2.2.4) 



12 
 

This can also be expressed using the time rate of change of the fiber unit vector using the chain 

rule. The right-hand side of equation (2.2.5) indicates that the product of the probability 

distribution function and the rate of change in time of the unit vector are both functions of the unit 

vector and time.  

𝜓𝜓𝐵𝐵�̂�𝑝 = 𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
𝐵𝐵𝑆𝑆 = �𝜓𝜓

𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
� (�̂�𝑝, 𝑆𝑆)𝐵𝐵𝑆𝑆 (2.2.5) 

Note that, in the subsequent equations, it is understood that the velocity of the unit vector is a 

function of the unit vector and time. Again, consider the orientations between �̂�𝑝 and �̂�𝑝 + 𝐵𝐵�̂�𝑝 at a 

particular time step dt. If the fibers rotating out of the orientation range is subtracted from the fibers 

rotating into the range, then the same magnitude should return than when considering equation 

(2.2.4) 

�𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
� (�̂�𝑝, 𝑆𝑆)𝐵𝐵𝑆𝑆 − �𝜓𝜓

𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
� (�̂�𝑝 + 𝐵𝐵�̂�𝑝, 𝑆𝑆)𝐵𝐵𝑆𝑆 (2.2.6) 

Since these two statements are illustrating the same quantity, they can be equated. 

𝜓𝜓(�̂�𝑝, 𝑆𝑆 + 𝐵𝐵𝑆𝑆)𝐵𝐵�̂�𝑝 − 𝜓𝜓(�̂�𝑝, 𝑆𝑆)𝐵𝐵�̂�𝑝 =  𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆

(�̂�𝑝, 𝑆𝑆)𝐵𝐵𝑆𝑆 − 𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆

(�̂�𝑝 + 𝐵𝐵�̂�𝑝, 𝑆𝑆)𝐵𝐵𝑆𝑆 (2.2.7) 

The equation can be rearranged to give a familiar result, in this case dividing by the infinitesimal 

time step and unit vector perturbation gives the following, 

𝜓𝜓(�̂�𝑝, 𝑆𝑆 + 𝐵𝐵𝑆𝑆) − 𝜓𝜓(�̂�𝑝, 𝑆𝑆)
𝐵𝐵𝑆𝑆

=
 𝜓𝜓𝐵𝐵�̂�𝑝𝐵𝐵𝑆𝑆 (�̂�𝑝, 𝑆𝑆) − 𝜓𝜓𝐵𝐵�̂�𝑝𝐵𝐵𝑆𝑆 (�̂�𝑝 + 𝐵𝐵�̂�𝑝, 𝑆𝑆)

𝐵𝐵�̂�𝑝
 (2.2.8) 

As the denominators tend to zero, it is recognized that this is the definition of the derivative and 

therefore it can be simplified into the following continuity equation, [12]. 

𝜕𝜕𝜓𝜓
𝜕𝜕𝑆𝑆

= −
𝜕𝜕
𝜕𝜕�̂�𝑝

�𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
� (2.2.9) 
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This equation describes how the probability distribution function changes with time. The challenge 

in this equation is the expression for the time rate of change of the unit vector. Jeffrey [3] proposed 

the following equation in index notation, 

𝐷𝐷𝑝𝑝𝑖𝑖
𝐷𝐷𝑆𝑆

+
1
2
𝜔𝜔𝑖𝑖𝑖𝑖𝑝𝑝𝑖𝑖 =

𝜆𝜆
2
�𝛾𝛾𝚤𝚤𝚤𝚤̇ 𝑝𝑝𝑖𝑖 − 𝛾𝛾𝚤𝚤�̇�𝑘𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝑝𝑝𝑘𝑘� (2.2.10) 

The variables used are defined below: 

• ω𝑖𝑖𝑖𝑖 – vorticity tensor 

• γ𝚤𝚤𝚤𝚤̇  – rate of deformation tensor,  

• 𝜆𝜆 – parameter which measures slenderness of the ellipsoidal fiber cross-section defined 

as 𝜆𝜆 =
𝑎𝑎
𝑏𝑏�
2−1

𝑎𝑎
𝑏𝑏�
2+1

. 

The rate of deformation and vorticity tensors are related to the velocity gradient via equations 

(2.2.11) and (2.2.12). 

γ𝚤𝚤𝚤𝚤̇ = �
𝜕𝜕𝑣𝑣𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

+
𝜕𝜕𝑣𝑣𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

� (2.2.11) 

ω𝑖𝑖𝑖𝑖 = �
𝜕𝜕𝑣𝑣𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

−
𝜕𝜕𝑣𝑣𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

� (2.2.12) 

The velocity gradient is a second order tensor defined as the dyadic product of the nabla and 

velocity vectors, equation (2.2.13). 

∇��⃗ ∙�⃗�𝑣 =  
𝜕𝜕𝑣𝑣𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

 (2.2.13) 

However, Jeffrey’s result does not account for the interaction between fibers in a semi-

concentrated or concentrated suspension. Folgar and Tucker [4] added an extra term to the 

continuity equation of the probability distribution function and this extra term originates from 

interactions of atomic particles on larger molecules. An example of this is water molecules 
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interacting with dust particles in water. This is called Brownian motion and it can be used to 

account for the fiber interaction. The extra term comes in the form of the “Rotary Diffusivity 

Constant”, 𝐷𝐷𝑟𝑟 as shown in equation (2.2.14), [13] 

𝜕𝜕𝜓𝜓
𝜕𝜕𝑆𝑆

= −
𝜕𝜕
𝜕𝜕�̂�𝑝

�𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
� + 𝐷𝐷𝑟𝑟

𝜕𝜕2𝜓𝜓
𝜕𝜕�̂�𝑝2

 (2.2.14) 

This extra term resembles Fick’s second law for diffusivity and it is a simple model to account for 

the random reorientations that occur when fibers interact. Ideally, each fiber will behave as it does 

in a dilute suspension, however. in the presence of other fibers, the individual fiber follows its own 

periodic motion but deviates from it when other fibers disrupt its flow field or collide with it. This 

effect is captured with the rotary diffusivity term and it is analogous to the motion of large 

particulates in a fluid where the fluid molecules influence the motion of the particulates as they 

float in the fluid. The rotary diffusivity constant takes the form, shown in equation (2.2.15) 

𝐷𝐷𝑟𝑟 = 𝐶𝐶𝑙𝑙�̇�𝛾 (2.2.15) 

Where the parameters are defined as: 

 𝐶𝐶𝑙𝑙 – fiber interaction coefficient 

 �̇�𝛾 – determinant of the rate of deformation tensor 

The fiber interaction coefficient is an empirically calculated constant and can be substituted 

into equation (2.2.14). 

𝜕𝜕𝜓𝜓
𝜕𝜕𝑆𝑆

= −
𝜕𝜕
𝜕𝜕�̂�𝑝

�𝜓𝜓
𝐵𝐵�̂�𝑝
𝐵𝐵𝑆𝑆
� + 𝐶𝐶𝑙𝑙�̇�𝛾

𝜕𝜕2𝜓𝜓
𝜕𝜕�̂�𝑝2

 (2.2.16) 

The relationship between this probability distribution function and the second and fourth order 

fiber orientation tensors is given in equations (2.2.17) and (2.2.18). 

𝐵𝐵𝑖𝑖𝑖𝑖 = �𝜓𝜓( �̂�𝑝)𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝐵𝐵�̂�𝑝 (2.2.17) 
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𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 = �𝜓𝜓( �̂�𝑝)𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝑝𝑝𝑘𝑘𝑝𝑝𝑙𝑙𝐵𝐵�̂�𝑝 (2.2.18) 

Where the integral ranges from all possible orientations of the unit vector. While the time rate of 

change of the fiber orientation tensor must be equal to the material derivative of both sides of the 

equality in equation (2.2.19). Also, note that higher order orientation tensors can be constructed 

by adding more terms to the integral equation to match the order that is desired. However, odd 

order tensors yield zero for all components thus these need not be considered.  

𝐷𝐷𝐵𝐵𝑖𝑖𝑖𝑖
𝐷𝐷𝑆𝑆

=
𝐷𝐷
𝐷𝐷𝑆𝑆
�𝜓𝜓( �̂�𝑝)𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝐵𝐵�̂�𝑝 (2.2.19) 

It is this equation that is explored in the subsequent sections and what is employed by most 

commercial software to determine the fiber orientation of various FDM processes such as injection 

and compression molding. The primary software of interest in this work is Autodesk Moldflow 

Insight 2017 which uses a couple different versions of the Folgar-Tucker equations when dealing 

either a full 3D or 2D analysis.  

2.3  Dynamics of the Fiber Orientation Tensor 

After Einstein’s paper, G. B. Jeffrey [3] extended Einstein’s idea to include ellipsoid inclusions 

in a suspending fluid. Jeffrey’s equation in tensor form is shown in equation (2.3.1). This equation 

is generated by considering a second-order Taylor expansion of the time rate of change of the fiber 

orientation tensor. An outline of this method is outlined by Hinch and Leal [14] 

𝐷𝐷𝐵𝐵𝑖𝑖𝑖𝑖
𝐷𝐷𝑆𝑆

= −
1
2
�𝜔𝜔𝑖𝑖𝑘𝑘𝐵𝐵𝑘𝑘𝑖𝑖 − 𝐵𝐵𝑖𝑖𝑘𝑘𝜔𝜔𝑘𝑘𝑖𝑖� +

1
2
𝜆𝜆�𝛾𝛾𝚤𝚤�̇�𝑘𝐵𝐵𝑘𝑘𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑘𝑘𝛾𝛾𝑘𝑘𝚤𝚤̇ − 2𝛾𝛾𝑘𝑘𝑙𝑙̇ 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙� (2.3.1) 

This can also be expressed in terms of the Jaumann derivative, which is the left-hand side of 

equation (2.3.2). 
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𝐷𝐷𝐵𝐵𝑖𝑖𝑖𝑖
𝐷𝐷𝑆𝑆

+
1
2
�𝜔𝜔𝑖𝑖𝑘𝑘𝐵𝐵𝑘𝑘𝑖𝑖 − 𝐵𝐵𝑖𝑖𝑘𝑘𝜔𝜔𝑘𝑘𝑖𝑖� =

1
2
𝜆𝜆�𝛾𝛾𝚤𝚤�̇�𝑘𝐵𝐵𝑘𝑘𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑘𝑘𝛾𝛾𝑘𝑘𝚤𝚤̇ − 2𝛾𝛾𝑘𝑘𝑙𝑙̇ 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙� (2.3.2) 

This form of Jeffrey’s equation is expressed in terms of the orientation tensor, 𝐵𝐵𝑖𝑖𝑖𝑖, originally the 

equations were written in terms of the position vector, 𝑝𝑝𝑖𝑖, as shown in the previous section. In this 

case, the ellipsoid fiber has the first axis along the length of the fiber. It is customary now to use 

the orientation tensor as the primary variable in Jeffrey’s equation since it encapsulates information 

of all the fibers at the cost of the loss of resolution of tracking individual fibers. 

In the above equations, the last term involves a fourth order tensor for the fiber orientation, this 

is approximated using a closure formula. Equation (2.3.3) is an example of a simple closure 

formula is the product of two second order fiber orientation tensors. This is known as the quadratic 

closure formula, [4] 

𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 ≈ 𝐵𝐵𝑖𝑖𝑖𝑖𝐵𝐵𝑘𝑘𝑙𝑙 (2.3.3) 

However, there are many closure formulae that can be utilized ranging from a linear closure to 

a more complex approximation such as orthotropic fitted closure approximation. Some examples 

of different closure formulae are considered by Hinch and Leal [15]. The software used in this 

work utilizes a closure method known as the Orthotropic 3 Fitted closure. These make use of an 

approximate fourth order orientation tensor which has the same principal axes as the second order 

tensor. Further information on this family of closure approximations can be found in Cintra and 

Tucker [16], for this work, the default closure method presented by Autodesk Moldflow which is 

an orthotropic closure will be used.   

Jeffrey’s equation is valid only in the “dilute” regime and it predicts the orientation of the 

ellipsoidal fiber as it evolves in time. This led to what are called “Jeffrey Orbits” which are periodic 

motions that a fiber undergoes as it evolves in time. Jeffrey’s model was a major step in the 
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direction of predicting fiber orientations, however, practical applications of short fiber systems are 

not in the dilute regime, rather in more closely in the concentrated regime. 

In the diluted regime, the fibers can be said to not interact with each other so only one fiber 

needs to be modeled. However, in the concentrated regime, one cannot ignore the presence of the 

other fibers. Most practical composites exist in the concentrated regime of fiber volume fractions 

around 20% or greater. In this regime fibers interact with each other hence the model goes beyond 

the scope of Jeffrey’s equation. This necessitated the effort for a model which accounts for these 

interactions.  

The Folgar-Tucker equations account for the fiber to fiber interactions and are shown in 

equation (2.3.4), [17].  

𝐷𝐷𝐵𝐵𝑖𝑖𝑖𝑖
𝐷𝐷𝑆𝑆

= −
1
2 �
𝜔𝜔𝑖𝑖𝑘𝑘𝐵𝐵𝑘𝑘𝑖𝑖 − 𝐵𝐵𝑖𝑖𝑘𝑘𝜔𝜔𝑘𝑘𝑖𝑖�+

1
2
𝜆𝜆�𝛾𝛾𝚤𝚤�̇�𝑘𝐵𝐵𝑘𝑘𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑘𝑘𝛾𝛾𝑘𝑘𝚤𝚤̇ − 2𝛾𝛾𝑘𝑘𝑙𝑙̇ 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙�+ 2𝐶𝐶𝐿𝐿�̇�𝛾(𝛿𝛿𝑖𝑖𝑖𝑖 − 𝛼𝛼𝐵𝐵𝑖𝑖𝑖𝑖) (2.3.4) 

The 𝐶𝐶𝐿𝐿 is defined as the fiber-to-fiber interaction coefficient which is usually around the order     

10-2. The α in the interaction term denotes the dimensionality of the tensor equation. If 𝛼𝛼 = 2 then 

the equations are for a 2-dimensional analysis and if 𝛼𝛼 = 3, the equations represent a 3-

dimensional analysis which the Kronecker delta takes the appropriate value for its trace.  

The Folgar-Tucker equations remain to be the standard for 3D analyses in many commercial 

solvers such as Moldflow. Autodesk Moldflow [5] has an additional model which is based on the 

Folgar-Tucker equations to account for out-of-plane effects in a thin mold, this model is shown in 

equation (2.3.5). 

𝐷𝐷𝐵𝐵𝑖𝑖𝑖𝑖
𝐷𝐷𝑆𝑆

= −
1
2
�𝜔𝜔𝑖𝑖𝑘𝑘𝐵𝐵𝑘𝑘𝑖𝑖 − 𝐵𝐵𝑖𝑖𝑘𝑘𝜔𝜔𝑘𝑘𝑖𝑖�+

1
2
𝜆𝜆�𝛾𝛾𝚤𝚤�̇�𝑘𝐵𝐵𝑘𝑘𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑘𝑘𝛾𝛾𝑘𝑘𝚤𝚤̇ − 2𝛾𝛾𝑘𝑘𝑙𝑙̇ 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙�+ 2𝐶𝐶𝐿𝐿�̇�𝛾(𝛿𝛿𝑖𝑖𝑖𝑖 − (2 + 𝐷𝐷𝑧𝑧)𝐵𝐵𝑖𝑖𝑖𝑖) (2.3.5) 

Where the 𝛼𝛼 is replaced with (2+Dz) and Dz is known as the thickness moment of interaction 

coefficient. This coefficient represents the out-of-plane effects due to the fiber interactions. Also, 

it can be seen if Dz takes the values of zero or one, it will return the Folgar-Tucker equations for a 
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2D or 3D analysis, respectively. These equations are used in Moldflow’s Midplane and Dual-

Domain analyses which are 2D models. These models will be further explained in a later section. 

The thickness moment of interaction coefficient is usually of the same order as the fiber 

interaction coefficient. Thicker parts, greater than 2.5mm typically, are modeled with a unit value 

for Dz. This is due to the thickness of the part which is considered to be great enough for the fibers 

to rotate freely in and out of the thickness direction. In thin molds, the out of plane components 

will be restricted by the mold boundaries. In this manner, it can be seen that between the two 

extremes, the analysis will be a semi 2D/3D analysis which is represented by Dz. Further 

information on this coefficient can be found in Autodesk Moldflow’s [5] supporting data webpage. 

There are additional models for the time rate of change of the fiber orientation tensor since this is 

still an active field of research. Examples of other models can be seen in [18] 

2.4  Dynamics of the Fibers 

 There are a couple of rules to keep in mind when short fibers are in a flow. Consider the case 

of a fiber in a shearing flow, this kind of flow tends to align the fibers in the direction of the flow. 

In the case of a stretching flow, the fibers align in the direction of stretching. Generally, in any 

stretching flow, the fibers rotate quickly towards the direction of greatest stretching. Radial flows 

have the fluid motion outward from a point source while the direction of greatest stretching is 

perpendicular to the flow and the corresponding fibers align in this perpendicular direction. 

 While there are many factors that affect the dynamics of the fiber orientation tensor, e.g. Non-

Newtonian fluid effects, fiber stiffness, flow field non-linearity, etc., the most significant effect is 

the presence and interaction of the other fibers. This is especially true in a concentrated suspension; 

the rotation of the fiber will be dependent on fiber-fiber collisions and the flow field. This fiber 

interaction is responsible for the modification of Jeffrey’s equation to expand it into the domain of 
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concentrated regimes. The method of determining whether a suspension is dilute, semi-

concentrated, or concentrated is dependent on the volume fraction, fiber length, and fiber diameter 

Folgar and Tucker [4]. The fiber aspect ratio, r, can be expressed as a function of the fiber length 

and diameter as shown in equation (2.4.1) 

𝐹𝐹 =
𝐿𝐿
𝐷𝐷

 (2.4.1) 

Now a suspension is said to be dilute if the fiber volume fraction, 𝑉𝑉𝑓𝑓, satisfies equation (2.4.2). 

𝑉𝑉𝑓𝑓 ≪
1
𝐹𝐹2

 (2.4.2) 

 As an example, for a suspension with a fiber with the average fiber aspect ratio of 100, to be 

considered dilute, the fiber volume fraction should be less than 1%. The semi-concentrated and 

concentrated regimes can be defined in a similar manner according to equation (2.4.3) and equation 

(2.4.4), respectively. 

1
𝐹𝐹2
≪ 𝑉𝑉𝑓𝑓 ≪

1
𝐹𝐹

 (2.4.3) 

𝑉𝑉𝑓𝑓 >
1
𝐹𝐹

 (2.4.4) 

The semi-concentrated regime does not have many fibers colliding, however, the perturbations of 

the flow field due to the adjacent fibers have a noticeable effect on the fiber orientation. As can be 

expected, in the concentrated regime, the fibers are always colliding/touching. The average fiber 

to fiber spacing can be said to be on the order of the fiber diameter. Even though most of the 

models which have been discussed, besides the Folgar-Tucker model, do not account for the 

concentrated regime; many commercial short fiber composites are manufactured with concentrated 

suspensions.  
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2.5  Orientation Averaging and its Effect on Moduli 

 The fiber orientation tensor and its dynamics were discussed in the previous sections and now 

it is appropriate to discuss how they affect the mechanical properties of the part. The probability 

distribution function, 𝜓𝜓(�⃗�𝑝), which is used in the definition of the fiber orientation tensor can also 

be used to determine the mechanical properties of the part. This is done by first calculating the 

properties of a fully unidirectional suspension, that is when the fiber orientation tensor has the 

form of equation (2.1.9). This serves as a base for the stiffness (or compliance) and the true 

orientation state, when the fiber orientation tensor has a more general form, is used to average the 

unidirectional properties, [19]. Since the more conventional methods of determining stiffness 

values all use this form as a base, it is noteworthy to spend some time discussing Eshelby’s 

elliptical inclusion in an infinite space and its solution. 

2.6  Eshelby’s Model 

 Eshelby [20] introduced his method of determining the elastic field of an ellipsoidal inclusion 

in 1957. This method considered an inclusion in an infinite homogenous elastic matrix or medium. 

However, the inclusion was of the same material as the surrounding matrix which is usually not 

the case in suspensions with inclusions such as fibers. The overall methodology of the solution 

applies to other materials thus it is an acceptable model. He differentiates between an inclusion 

and an inhomogeneity by the material of the ellipsoid. If it is of the same material as the 

surrounding matrix then it is an inclusion, otherwise, it is labeled as an inhomogeneity. Another 

note is that the shape of the inclusion/inhomogeneity need not be ellipsoidal or spheroidal but can 

be of arbitrary shape. However, the approximations used for the short cylindrical carbon fibers are 

from the ellipsoid/spheroid and therefore is the only shape considered in this work. If other shapes 

are desired then [20] has the required integrals for the components of the Eshelby tensor which 
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may not be analytically solvable for an arbitrary shape. In this scheme, a numerical integration will 

have to be employed.  

 Eshelby’s method can be separated into three steps. The first step is shown in Figure 7 and 

consists of cutting out a section of the matrix into an arbitrary shape. Different shapes and their 

effects on the Hill and Eshelby tensors are investigated by Parnell [21]. The ellipsoid will then 

undergo an eigenstrain, that is a stress-free transformation strain such as a thermal expansion or 

plastic strain. At this stage, the stress and strain state in the matrix and inclusion can be expressed 

as shown in equations (2.6.1) and (2.6.2), [22]. 

 

Figure 7: Eshelby First Step, Removing Inclusion 

𝜀𝜀𝑖𝑖𝑖𝑖0 = 0          𝜎𝜎𝑖𝑖𝑖𝑖0 = 0 (2.6.1) 

𝜀𝜀𝑖𝑖𝑖𝑖1 = 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇           𝜎𝜎𝑖𝑖𝑖𝑖1 = 0 (2.6.2) 

 The 0 subscript indicates matrix properties and 1 indicates the ellipsoid/inclusion properties. 

The second step consists of applying a traction to the ellipsoid such that the resulting strain is zero, 

this is equivalent to reverting the transformed ellipsoid back to its original shape prior to applying 

the eigenstrain. This will introduce a stress into the ellipsoid due to the applied traction. Again, the 
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stress-strain state of the matrix and ellipsoid are shown in equations (2.6.3) and (2.6.4). The second 

step can be seen in Figure 8. 

 

Figure 8: Eshelby Second Step, Apply Traction 

𝜀𝜀𝑖𝑖𝑖𝑖0 = 0          𝜎𝜎𝑖𝑖𝑖𝑖0 = 0 (2.6.3) 

𝜀𝜀𝑖𝑖𝑖𝑖1 = 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 + 𝜀𝜀𝑖𝑖𝑖𝑖𝑡𝑡𝑟𝑟 = 0         𝜎𝜎𝑖𝑖𝑖𝑖1 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 𝜀𝜀𝑘𝑘𝑙𝑙𝑡𝑡𝑟𝑟 = −𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇  (2.6.4) 

Note that the strain resulting from the applied traction cancels out the eigenstrain in the ellipsoid 

and there is now a constant stress. The matrix is still unaffected since no action has been performed 

on it. 

 The third step consists of placing the ellipsoid back into the matrix since it has the same shape 

that it had prior to the procedure. However, the traction on the surface will be removed, or 

equivalently an opposite but equal traction can be applied to negate it. This will introduce a strain 

that is constrained due to the presence of the matrix, this constrained strain will exist in both the 

matrix and ellipsoid due to the equal reaction of the traction. Looking at the stress-strain state again 

shows the following in equations (2.6.5) and (2.6.6). This step can be seen in Figure 9. 
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Figure 9: Eshelby Third Step, Reinsert Inclusion 

𝜀𝜀𝑖𝑖𝑖𝑖0 = 𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶           𝜎𝜎𝑖𝑖𝑖𝑖0 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶  (2.6.5) 

𝜀𝜀𝑖𝑖𝑖𝑖1 = 𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶           𝜎𝜎𝑖𝑖𝑖𝑖1 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 (𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) (2.6.6) 

 Application of the elastic constants for the ellipsoid to model the inclusion with the same 

material of the matrix and carrying out the elliptic integrals of the Eshelby tensor components, 

Eshelby [20] was able to find the following. 

• The elastic field far from the ellipsoid 

• The strain and stress components at a point just outside of the ellipsoid boundary 

• The matrix and ellipsoid total strain energy 

 Eshelby found that there is a relationship between the constrained strain that now exists in the 

matrix and ellipsoid and the applied stress free transformation strain (eigenstrain). This relation 

can be expressed as a linear combination via a fourth order tensor as shown in equation (2.6.7). 

𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶 = 𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇  (2.6.7) 

This equation shows that the constrained strain is related to the eigenstrain in a similar manner to 

the generalized Hooke’s Law. The fourth order tensor 𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 is known as the Eshelby tensor and it 

encodes information about the shape of the inclusion, an ellipse in this example, and Poisson’s 
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ratio of the matrix if considering an isotropic matrix. Determination of the Eshelby tensor can be 

found in Eshelby [20]. 

 As described before, Eshelby carried out this procedure initially for the case of an ellipsoidal 

inclusion which had the same material properties as the surrounding matrix, however, it can be 

extended to represent inhomogeneities with varying properties from the matrix material. In the 

case of an elliptical inhomogeneity, a comparison is made to the elliptical inclusion. Since these 

two cases have different elastic properties, the eigenstrain will be different as to generate the same 

inclusion stress. This is expressed below in equation (2.6.8) 

𝜎𝜎𝑖𝑖𝑖𝑖
(1) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 (𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇0) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(1) (𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇1) (2.6.8) 

The T0 superscript indicates the eigenstrain of the inclusion and the T1 superscript indicates the 

eigenstrain of the inhomogeneity. This expression can be solved for the relationship between the 

eigenstrains using equation (2.6.9). 

𝜎𝜎𝑖𝑖𝑖𝑖
(1) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 �𝑆𝑆𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 − 𝐼𝐼𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘�𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇0 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(1) (𝑆𝑆𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇0 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇1) (2.6.9) 

Where 𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 is the fourth order identity tensor which is related to the kronecker delta by means of 

equation (2.6.10). 

𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 =
1
2

(𝛿𝛿𝑖𝑖𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙 + 𝛿𝛿𝑖𝑖𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘) (2.6.10) 

After some tensor manipulation, the following expression can be used to relate the inclusion and 

inhomogeneity eigenstrains, as shown in equation (2.6.11) 

𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇0 = ���𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
(1) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0 �𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘 + 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘0 �

−1
𝐶𝐶𝑘𝑘𝑘𝑘𝑘𝑘𝑙𝑙

(1) � 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇1 (2.6.11) 

At this stage if a global average strain is applied over the composite system, 𝜀𝜀�̅�𝑖𝑖𝑖, then the resulting 

stress in the inclusion/inhomogeneity equality is shown in equation (2.6.12).  
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𝜎𝜎𝑖𝑖𝑖𝑖
(1) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 (𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇0) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(1) (𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇1) (2.6.12) 

 The Mori-Tanaka [23] equivalency principal states that an eigenstrain can be selected, since it 

was an arbitrary selection in the first place, such that 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇1 vanishes which simplifies the above 

equation into equation (2.6.13) 

𝜎𝜎𝑖𝑖𝑖𝑖
(1) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 (𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(1) (𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 ) (2.6.13) 

Note now that the eigenstrain in the inclusion has been replaced with a T superscript only. Again, 

it is of interest to solve for the eigenstrain, 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 , by simplifying and isolating this term. 

𝜎𝜎𝑖𝑖𝑖𝑖
(1) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 (𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 )− 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 =  𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(1) (𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 ) (2.6.14) 

�𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(1) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 �(𝜀𝜀�̅�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 ) = −𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇  (2.6.15) 

In the inhomogeneity, the average strain is defined as the applied uniform strain plus the 

concentrated strain as shown in (2.6.16) 

𝜀𝜀�̅�𝑖𝑖𝑖
(1) = 𝜀𝜀�̅�𝑖𝑖𝑖 + 𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶  (2.6.16) 

Pre-multiply (2.6.15) by (𝐶𝐶𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖0 )−1 and substitute (2.6.16) to yield equation (2.6.17). 

(𝐶𝐶𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖0 )−1�𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 �𝜀𝜀�̅�𝑘𝑙𝑙
(1) = −(𝐶𝐶𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖0 )−1𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 = 𝐼𝐼𝑟𝑟𝑟𝑟𝑘𝑘𝑙𝑙𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 = 𝜀𝜀𝑟𝑟𝑟𝑟𝑇𝑇  (2.6.17) 

Equation (2.6.16) can be used with (2.6.7) and rearranged to express the eigenstrain in terms of 

the inhomogeneity and applied uniform strain, shown in equation (2.6.18). 

𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 = 𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙−1 (𝜀𝜀�̅�𝑘𝑙𝑙
(1) − 𝜀𝜀�̅�𝑖𝑖𝑖) (2.6.18) 

Now, equation (2.6.17) can be rewritten in terms of the uniform strain and the average strain in the 

inhomogeneity only. 

𝜀𝜀𝑟𝑟𝑟𝑟𝑇𝑇 = 𝑆𝑆𝑟𝑟𝑟𝑟𝑘𝑘𝑙𝑙−1 (𝜀𝜀�̅�𝑘𝑙𝑙
(1) − 𝜀𝜀�̅�𝑘𝑙𝑙) = (𝐶𝐶𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖0 )−1�𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 �𝜀𝜀�̅�𝑘𝑙𝑙

(1) (2.6.19) 

𝜀𝜀�̅�𝑘𝑘𝑘 = �𝐼𝐼𝑘𝑘𝑘𝑘𝑘𝑘𝑙𝑙 + 𝑆𝑆𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟(𝐶𝐶𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖0 )−1�𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 ��𝜀𝜀�̅�𝑖𝑖𝑖
(1) (2.6.20) 
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The tensor in the brackets is defined to be the inverse of Eshelby’s strain concentration tensor, 

𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸 . The Eshelby strain concentration tensor relates the global average strain to the uniform strain 

that results from the inhomogeneous ellipsoid and is shown in equation (2.6.22).  

𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸 = �𝐼𝐼𝑘𝑘𝑘𝑘𝑘𝑘𝑙𝑙 + 𝑆𝑆𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟(𝐶𝐶𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖0 )−1�𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙1 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 ��
−1

 (2.6.21) 

𝜀𝜀�̅�𝑖𝑖𝑖
(1) = 𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸 𝜀𝜀�̅�𝑘𝑙𝑙 (2.6.22) 

The Eshelby strain concentration tensor can be used to find the stiffness of the suspension. 

2.7  Effective Stiffness Tensor from Eshelby’s Model 

The effective stiffness tensor of a short fiber composite can be determined from the following 

rationale. The effective stiffness tensor relates to the uniform global stress to the uniform global 

strain as shown in equation (2.7.1). 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 𝜀𝜀�̅�𝑘𝑙𝑙 (2.7.1) 

This uniform global stress, which can be said to equal the volume average stress, can also be 

expressed via a summation of the matrix and inhomogeneity contributions of the stress, Hill [24]. 

Again, note that the 0 superscript indicates the matrix properties and 1 indicates the inhomogeneity 

properties. 

𝜎𝜎�𝑖𝑖𝑖𝑖 = �𝑉𝑉(𝑟𝑟)𝜎𝜎�𝑖𝑖𝑖𝑖
(𝑟𝑟)

1

𝑟𝑟=0

= 𝑉𝑉(0)𝜎𝜎�𝑖𝑖𝑖𝑖
(0) + 𝑉𝑉(1)𝜎𝜎�𝑖𝑖𝑖𝑖

(1) (2.7.2) 

Where 𝑉𝑉(1) indicates the volume fraction of the inhomogeneity phase and 𝜎𝜎�𝑖𝑖𝑖𝑖
(1) is the average stress 

in the inhomogeneity phase. Now, the stress in each of the phases can be expressed as a function 

of the strain and stiffness tensor of each respective phase. This is shown in equation (2.7.3) 

𝜎𝜎�𝑖𝑖𝑖𝑖 = �𝑉𝑉(𝑟𝑟)𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟) 𝜀𝜀�̅�𝑘𝑙𝑙

(𝑟𝑟)
1

𝑟𝑟=0

= 𝑉𝑉(0)𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀�̅�𝑘𝑙𝑙

(0) + 𝑉𝑉(1)𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(1) 𝜀𝜀�̅�𝑘𝑙𝑙

(1) (2.7.3) 
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The average strain in the composite, 𝜀𝜀�̅�𝑖𝑖𝑖 , can be said to be equal to the volume average strain in the 

composite. This is expressed in equation (2.7.4). 

𝜀𝜀�̅�𝑖𝑖𝑖 = �𝑉𝑉(𝑟𝑟)𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟)

1

𝑟𝑟=0

= 𝑉𝑉(0)𝜀𝜀�̅�𝑖𝑖𝑖
(0) + 𝑉𝑉(1)𝜀𝜀�̅�𝑖𝑖𝑖

(1) (2.7.4) 

Also, note that the volume fractions must equal unity if there are no voids present in the system. 

�𝑉𝑉(𝑟𝑟)
1

𝑟𝑟=0

= 𝑉𝑉(0) + 𝑉𝑉(1) = 1 (2.7.5) 

Using these expressions, the average strain in the matrix can be expressed in equation (2.7.6) 

𝑉𝑉(0)𝜀𝜀�̅�𝑖𝑖𝑖
(0) = 𝜀𝜀�̅�𝑖𝑖𝑖 − 𝑉𝑉(1)𝜀𝜀�̅�𝑖𝑖𝑖

(1) (2.7.6) 

Substitute this back into the stress expression in equation (2.7.3) and simplify into equation (2.7.9). 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝑉𝑉(0)𝜀𝜀�̅�𝑘𝑙𝑙

(0) + 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(1) 𝑉𝑉(1)𝜀𝜀�̅�𝑘𝑙𝑙

(1) (2.7.7) 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) �𝜀𝜀�̅�𝑘𝑙𝑙 − 𝑉𝑉(1)𝜀𝜀�̅�𝑘𝑙𝑙

(1)� + 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(1) 𝑉𝑉(1)𝜀𝜀�̅�𝑘𝑙𝑙

(1) (2.7.8) 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀�̅�𝑘𝑙𝑙 + 𝑉𝑉(1)(𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(1) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) )𝜀𝜀�̅�𝑘𝑙𝑙

(1) (2.7.9) 

The average strain in the inhomogeneity can be related to the global average strain via equation 

(2.6.22). This will enable the global average strain to be factored out of the equation as shown in 

equation (2.7.11). 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀�̅�𝑘𝑙𝑙 + 𝑉𝑉(1)�𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(1) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
(0) �𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸 𝜀𝜀�̅�𝑘𝑙𝑙 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 𝜀𝜀�̅�𝑘𝑙𝑙 (2.7.10) 

𝜎𝜎�𝑖𝑖𝑖𝑖 = �𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) + 𝑉𝑉(1)�𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(1) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
(0) �𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸 � 𝜀𝜀�̅�𝑘𝑙𝑙 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 𝜀𝜀�̅�𝑘𝑙𝑙 (2.7.11) 

Comparing equations (2.7.1) and (2.7.11), the effective stiffness tensor of the composite system 

can then be expressed as equation (2.7.12). 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) + 𝑉𝑉(1)�𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(1) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
(0) �𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸  (2.7.12) 
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Where 𝑉𝑉(1) is the volume fraction of the inhomogeneities, in this case ellipsoid fibers, in the 

suspension. Although any value of the volume fraction may be used in (2.7.12), it is important to 

note that this is only valid for suspensions that are very dilute, around one percent fiber volume 

fraction. This is due to the assumptions made by Eshelby. When the fiber volume fraction 

increases, the strain fields of the nearby inclusions begin to interact. This interaction is not 

accounted for in this model, however, it is still an analytical model which can yield limiting values 

for the stiffness.   

Equation (2.7.12) may be extended to account for multiple orientations/materials of the 

ellipsoids, or short fibers in our real case, by means of superposing them into the equation. In this 

case, the summation is extended to the nth phase. 

𝜎𝜎�𝑖𝑖𝑖𝑖 = �𝑉𝑉(𝑟𝑟)𝜎𝜎�𝑖𝑖𝑖𝑖
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=0

 (2.7.13) 

�𝑉𝑉(𝑟𝑟)
𝑖𝑖

𝑟𝑟=0

= 1 (2.7.14) 

𝜀𝜀�̅�𝑖𝑖𝑖 = �𝑉𝑉(𝑟𝑟)𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=0

= 𝑉𝑉(0)𝜀𝜀�̅�𝑖𝑖𝑖
(0) + �𝑉𝑉(𝑟𝑟)𝐴𝐴𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟) 𝜀𝜀�̅�𝑘𝑙𝑙

𝑖𝑖

𝑟𝑟=1

 (2.7.15) 

Using the above equations, the effective stiffness tensor can be written as shown in equation 

(2.7.16). 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) + �𝑉𝑉(𝑟𝑟)�𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(𝑟𝑟) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
(0) �𝐴𝐴𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟)
𝑖𝑖

𝑟𝑟=0

 (2.7.16) 

The Eshelby strain concentration tensor can be rotated to account for any other angles other than 

the fibers aligned unidirectionally. Eshelby adopted the convention of the fibers aligned in the 3 

direction, this can be seen by his definition of the Eshelby tensor component expressions. This 

rotation can be carried out for any angle using tensor transformation laws for a fourth order tensor.  
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𝐴𝐴𝑖𝑖′𝑖𝑖′𝑘𝑘′𝑙𝑙′𝐸𝐸 = 𝑄𝑄𝑖𝑖′𝑖𝑖𝑄𝑄𝑖𝑖′𝑖𝑖𝑄𝑄𝑘𝑘′𝑘𝑘𝑄𝑄𝑙𝑙′𝑙𝑙𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐸𝐸  (2.7.17) 

Where the second order transformation tensors, 𝑄𝑄𝑖𝑖′𝑖𝑖, relate the primed coordinates to the 

unprimed coordinates. The transformation tensors can be constructed using the direction cosines 

of the new coordinates system to the ones used by the strain concentration tensor originally. As a 

small example consider the case when the total fiber volume fraction is separated into three equal 

phases in the following manner:  

𝑉𝑉(0) + 𝑉𝑉(𝜃𝜃1) + 𝑉𝑉(𝜃𝜃2) + 𝑉𝑉(𝜃𝜃3) = 1 (2.7.18) 

In this case, the fibers are oriented in three different angles from each other. Utilizing equation 

(2.7.16), the expression for the stiffness of this system is obtained by rotating the strain 

concentration matrix using the three angles and superposing them 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) + �𝑉𝑉(𝑟𝑟)�𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(𝑟𝑟) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
(0) �𝐴𝐴𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟)
3

𝑟𝑟=0

 (2.7.19) 

If each of the phases consists of a different material then this could be reflected by substituting 

that stiffness tensor in the 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟)  term. While this is a very useful expression, it does come with 

some caveats: 

• As mentioned before, this is appropriate in very dilute suspensions 

• Knowledge of the fiber volume fraction for each angle that a fiber is oriented. 

While the first point is accepted, it does serve as a comparison to the numerical results since it 

is an analytical solution. However, it can be expanded to account for a more concentrated regime. 

This method is known as the Mori-Tanaka model which is discussed in the next section. The 

second point also presents a challenge due to the large numbers of fibers. 
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2.8  The Mori-Tanaka Model 

 The Mori-Tanaka model is based on Eshelby’s model with a change to the strain concentration 

tensor, [25]. The integrations carried out with the ellipsoids in the Eshelby model lead to an exact 

result however when dealing with short cylindrical fibers, these integrations need to be evaluated 

numerically. If the matrix properties are not isotropic then the components of the Eshelby tensor 

will have to be recalculated as such. The model begins by first by considering equations (2.8.1) 

and (2.8.2) to write the relationship between the average fiber strain to the uniform global strain. 

One thing to note that this resembles (2.6.22) however, the strain concentration tensor here is not 

equal to the Eshelby strain concentration tensor. 

𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟) = 𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟) 𝜀𝜀�̅�𝑘𝑙𝑙 (2.8.1) 

Due to the increase in concentration, it can no longer be assumed that the average matrix strain 

is equal to the uniform global strain. Thus, a similar relation to (2.8.1) is expressed for the 

relationship between the average matrix strain and the average fiber strain.  

𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟) = �̂�𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟) 𝜀𝜀�̅�𝑘𝑙𝑙
(0) (2.8.2) 

If the suspension is dilute enough, then the uniform global strain equals the average matrix strain. 

The uniform global strain and the volume average strain are assumed to be equal which means that 

equation (2.8.3) still holds. 

𝜀𝜀�̅�𝑖𝑖𝑖 = �𝑉𝑉(𝑟𝑟)𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=0

 (2.8.3) 

Using this rule of mixtures, the strain can be expanded to express the average strain in the fiber 

in terms of the average strain in the matrix. Using equation (2.8.2), the right-hand side of the 

equation can be expressed in terms of the average strain in the matrix only. 
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𝜀𝜀�̅�𝑖𝑖𝑖 = 𝑉𝑉(0)𝜀𝜀�̅�𝑖𝑖𝑖
(0) + �𝑉𝑉(𝑟𝑟)𝜀𝜀�̅�𝑖𝑖𝑖

(𝑟𝑟)
𝑖𝑖

𝑟𝑟=1

= 𝑉𝑉(0)𝜀𝜀�̅�𝑖𝑖𝑖
(0) + �𝑉𝑉(𝑟𝑟)�̂�𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟) 𝜀𝜀�̅�𝑘𝑙𝑙
(0)

𝑖𝑖

𝑟𝑟=1

 (2.8.4) 

The average strain in the matrix can be factored out and represented in terms of the average fiber 

strain by inverting equation (2.8.2). 

𝜀𝜀�̅�𝑖𝑖𝑖 = �𝑉𝑉(0)𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 + �𝑉𝑉(𝑟𝑟)�̂�𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=1

� 𝜀𝜀�̅�𝑘𝑙𝑙
(0) (2.8.5) 

𝜀𝜀�̅�𝑖𝑖𝑖 = �𝑉𝑉(0)𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 + �𝑉𝑉(𝑟𝑟)�̂�𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=1

� �̂�𝐴𝑘𝑘𝑙𝑙𝑖𝑖𝑖𝑖−1 𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟)  (2.8.6) 

Inverting equation (2.8.6) yields equation (2.8.1) which then relates the strain concentration 

tensors assumed in the beginning of this section.  

𝜀𝜀�̅�𝑖𝑖𝑖
(𝑟𝑟) = �̂�𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟) �𝑉𝑉(0)𝐼𝐼𝑘𝑘𝑙𝑙𝑖𝑖𝑖𝑖 + �𝑉𝑉(𝑟𝑟)�̂�𝐴𝑘𝑘𝑙𝑙𝑖𝑖𝑖𝑖
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=1

�
−1

𝜀𝜀�̅�𝑖𝑖𝑖 (2.8.7) 

𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟) = �̂�𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(𝑟𝑟) �𝑉𝑉(0)𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 + �𝑉𝑉(𝑟𝑟)�̂�𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=1

�
−1

 (2.8.8) 

Benveniste made the critical assumption that the strain concentration tensor in (2.8.2) is equal 

to the Eshelby strain concentration tensor which implies that the strain concentration tensor which 

relates the average strain in the fiber and the global strain has the relation shown in equation (2.8.9). 

𝐴𝐴𝑀𝑀𝑇𝑇𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟) = 𝐴𝐴𝐸𝐸𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

(𝑟𝑟) �𝑉𝑉(0)𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 + �𝑉𝑉(𝑟𝑟)𝐴𝐴𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟)

𝑖𝑖

𝑟𝑟=1

�
−1

 (2.8.9) 

This has the implication that the relation between the average strains in the matrix and the fiber in 

this model is the same as the average strain and global strain in (2.6.22) from Eshelby’s model. 

This may be referred to as the Mori-Tanaka strain concentration tensor. While this may not be true 

since the latter assumes a dilute suspension, it gives acceptable results in experimentation. 
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 Stiffness calculations can be carried out in a similar manner as (2.7.11) or if there are multiple 

phases (2.7.15), the only difference is that the Eshelby strain concentration tensor is replaced by 

the Mori-Tanaka strain concentration tensor in (2.7.15). While this expression of the stiffness 

tensor is valid in more concentrated suspensions than Eshelby’s model, the issue remains that the 

orientation of the fibers and the volume fraction of those fibers are required for evaluation of the 

strain concentration tensor. When the fibers are oriented randomly or near random, it can be 

difficult to ascertain what volume fraction are at which orientation. The method of orientation 

averaging is used in this case where use of the second order fiber orientation tensor is used since 

it captures the percentage of the fibers in a certain orientation. Autodesk Moldflow’s use of the 

Mori-Tanaka model is primarily for suspension which has a non-isotropic matrix, Moldflow [26]. 

If the matrix is isotropic then the analysis makes use of the Tandon-Weng model. 

2.9  The Tandon-Weng Model 

The Tandon and Weng [27] model is used by default by Autodesk Moldflow [28] when the 

properties of the matrix are isotropic, so it is of interest to review this model. This model predicts 

the elastic moduli in the longitudinal and transverse directions when, as stated before, the matrix 

is isotropic. Although the matrix properties need not be isotropic for this model. The model begins 

by relating two bodies under the same applied stress at the boundary. The first model has aligned 

unidirectional spheroidal inclusions that are imbedded in an infinite, elastic matrix. The second 

model is a “comparison composite” which has an identical shape to the first model. The following 

are defined for the matrix, inclusions, and the comparison composite. A drawing of the models can 

be seen in Figure 10. Even though this model was done with spheroidal inclusions, the results are 

the same as the ellipsoids if the parameters of the ellipsoid and spheroid match. 

• 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0)  ~ Stiffness tensor of the matrix 
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• 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟)  ~ Stiffness tensor of the inclusion 

• 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒  ~ Stiffness tensor of the comparison composite 

The resulting assumed strains from both models are given by the usual generalized Hooke’s Law. 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 𝜀𝜀�̅�𝑘𝑙𝑙 (2.9.1) 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀𝑘𝑘𝑙𝑙

(0) (2.9.2) 

Where the following stress and strains are: 

• 𝜎𝜎�𝑖𝑖𝑖𝑖 ~ Uniform stress due to tractions applied at the boundary 

• 𝜀𝜀�̅�𝑖𝑖𝑖 ~ Uniform strain resulting from the uniform stress in the comparison model 

• 𝜀𝜀𝑖𝑖𝑖𝑖
(0) ~ Uniform strain in the matrix with no inclusions 

 

Figure 10: Tandon-Weng Models 
Since 𝜀𝜀𝑖𝑖𝑖𝑖

(0) does not consider the inclusions, it needs not be equal to the strain in the matrix with 

the inclusions. The inclusions perturb the strain field in the matrix in the vicinity of an inclusion. 

This perturbation of the strain can be associated with a perturbed stress in the matrix through the 

stiffness of the matrix. The tilde indicates the perturbed stress and strain. 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀�̃�𝑘𝑙𝑙 (2.9.3) 
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The total average strain near an inclusion then can be written as a sum of the uniform and perturbed 

values, [23]. 

𝜎𝜎�𝑖𝑖𝑖𝑖 + 𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙0 (𝜀𝜀𝑘𝑘𝑙𝑙0 + 𝜀𝜀�̃�𝑘𝑙𝑙) (2.9.4) 

At this point, Eshelby’s solution for the ellipsoidal inclusion can relate the strain in the matrix 

to the inclusion as discussed in the previous section. The introduction of the constrained strain 

from the inclusions, 𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶 , and the strain in the matrix from the stress-free transformation, 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 , from 

the Eshelby model yields the constitutive equation for the inclusions. This is shown in equation 

(2.9.5). 

𝜎𝜎�𝑖𝑖𝑖𝑖 + 𝜎𝜎�𝑖𝑖𝑖𝑖 + 𝜎𝜎𝑖𝑖𝑖𝑖𝐶𝐶 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) (𝜀𝜀𝑘𝑘𝑙𝑙

(0) + 𝜀𝜀�̃�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) (2.9.5) 

Equivalently, the constitutive equation for the inclusion can be expressed with respect to the 

inclusion/inhomogeneity stiffness tensor via Eshelby’s analysis as shown in equation (2.9.6). 

𝜎𝜎�𝑖𝑖𝑖𝑖 + 𝜎𝜎�𝑖𝑖𝑖𝑖 + 𝜎𝜎𝑖𝑖𝑖𝑖𝐶𝐶 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟) (𝜀𝜀𝑘𝑘𝑙𝑙

(0) + 𝜀𝜀�̃�𝑘𝑙𝑙 +  𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 ) (2.9.6) 

The relation between the two strains introduced in (2.6.7) is used herein. The average stress, 𝜎𝜎�𝑖𝑖𝑖𝑖, 

is true over the volume thus it can be inferred that over the volume, the other stresses vanish.  

𝜎𝜎�𝑖𝑖𝑖𝑖 + 𝑉𝑉𝑓𝑓𝜎𝜎𝑖𝑖𝑖𝑖𝐶𝐶 = 0 (2.9.7) 

Equation (2.9.4) can be substituted into (2.9.5) to simplify the expression for the stress due to the 

constrained strain. 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) (𝜀𝜀𝑘𝑘𝑙𝑙

(0) + 𝜀𝜀�̃�𝑘𝑙𝑙) + 𝜎𝜎𝑖𝑖𝑖𝑖𝐶𝐶 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) (𝜀𝜀𝑘𝑘𝑙𝑙

(0) + 𝜀𝜀�̃�𝑘𝑙𝑙 + 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) (2.9.8) 

𝜎𝜎𝑖𝑖𝑖𝑖𝐶𝐶 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) ( 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) (2.9.9) 

Both equations (2.9.3) and (2.9.9) can be substituted into (2.9.7) to express it in terms of strain 

only for any 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) . 
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𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀�̃�𝑘𝑙𝑙 + 𝑉𝑉𝑓𝑓𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(0) ( 𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) = 0 (2.9.10) 

The perturbed strain is related to the constrained and transformation strain as shown below. 

𝜀𝜀�̃�𝑖𝑖𝑖 = −𝑉𝑉𝑓𝑓( 𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶 − 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 ) (2.9.11) 

Now, it is noteworthy to return to equation (2.9.1) which expresses the volume average strain 

in the comparison composite. This volume average includes the effects of the matrix and the 

inclusions which can be broken down into the strains as shown in (2.9.12). 

𝜀𝜀�̅�𝑖𝑖𝑖 = 𝜀𝜀𝑖𝑖𝑖𝑖
(0) + 𝜀𝜀�̃�𝑖𝑖𝑖 + 𝑉𝑉𝑓𝑓𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶  (2.9.12) 

The perturbed strain in the matrix can be substituted from (2.9.11) to simplify the expression. 

𝜀𝜀�̅�𝑖𝑖𝑖 = 𝜀𝜀𝑖𝑖𝑖𝑖
(0) − 𝑉𝑉𝑓𝑓( 𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶 − 𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 ) + 𝑉𝑉𝑓𝑓𝜀𝜀𝑖𝑖𝑖𝑖𝐶𝐶  (2.9.13) 

𝜀𝜀�̅�𝑖𝑖𝑖 = 𝜀𝜀𝑖𝑖𝑖𝑖
(0) + 𝑉𝑉𝑓𝑓𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇  (2.9.14) 

The stiffness of the comparison composite can be determined by equating equations (2.9.5) and 

(2.9.6) and using (2.6.22), (2.9.11), and (2.9.14). 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) (𝜀𝜀𝑘𝑘𝑙𝑙

(0) + 𝜀𝜀�̃�𝑘𝑙𝑙 +  𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 − 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇 ) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟) (𝜀𝜀𝑘𝑘𝑙𝑙

(0) + 𝜀𝜀�̃�𝑘𝑙𝑙 +  𝜀𝜀𝑘𝑘𝑙𝑙𝐶𝐶 ) (2.9.15) 

After some work, this equation can be simplified to relate the uniform strain in the matrix with no 

inclusions and the stress-free transformation strain in the matrix. 

�𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(𝑟𝑟) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) �𝜀𝜀𝑘𝑘𝑘𝑘
(0) + ��𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(𝑟𝑟) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) ���1− 𝑉𝑉𝑓𝑓�𝑆𝑆𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 + 𝑉𝑉𝑓𝑓𝐼𝐼𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘�+ 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) � 𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇 = 0 (2.9.16) 

This equation can be simplified further if we define the tensors in equations (2.9.17) and (2.9.18). 

𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 = �𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(𝑟𝑟) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

(0) � (2.9.17) 

𝐷𝐷𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 = �1 − 𝑉𝑉𝑓𝑓�𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 + 𝑉𝑉𝑓𝑓𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 (2.9.18) 

Equation (2.9.16) can be rewritten to equation (2.9.19) with use of equations (2.9.17) and (2.9.18). 

𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝜀𝜀𝑘𝑘𝑘𝑘
(0) = −�𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐷𝐷𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 + 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) �𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇  (2.9.19) 
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The preceding equation can be solved for the uniform strain in the matrix excluding the 

inclusions by multiplying both sides by the inverse of 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘. 

𝐵𝐵𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖−1 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝜀𝜀𝑘𝑘𝑘𝑘
(0) = −𝐵𝐵𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖−1 �𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝐷𝐷𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 + 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) �𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇  (2.9.20) 

𝐼𝐼𝑟𝑟𝑟𝑟𝑘𝑘𝑘𝑘𝜀𝜀𝑘𝑘𝑘𝑘
(0) = −�𝐼𝐼𝑟𝑟𝑟𝑟𝑘𝑘𝑙𝑙𝐷𝐷𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 + 𝐵𝐵𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖−1 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) �𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇  (2.9.21) 

𝜀𝜀𝑟𝑟𝑟𝑟
(0) = −�𝐷𝐷𝑟𝑟𝑟𝑟𝑘𝑘𝑘𝑘 + 𝐵𝐵𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖−1 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) �𝜀𝜀𝑘𝑘𝑘𝑘𝑇𝑇  (2.9.22) 

Expressing equation (2.9.22) back in its original definitions, equation (2.9.23) results. 

𝜀𝜀𝑖𝑖𝑖𝑖
(0) = �−�1− 𝑉𝑉𝑓𝑓�𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 − 𝑉𝑉𝑓𝑓𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 − �𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

𝑓𝑓 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(0) �

−1
𝐶𝐶𝑘𝑘𝑘𝑘𝑘𝑘𝑙𝑙

(0) � 𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇  (2.9.23) 

The tensor in brackets in the equation above is similar to the strain concentration tensors used in 

the previous sections. The tensor will be labeled as such as indicated in equation (2.9.25). 

𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑇𝑇𝑇𝑇 = �−�1 − 𝑉𝑉𝑓𝑓�𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 − 𝑉𝑉𝑓𝑓𝐼𝐼𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 − �𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(𝑟𝑟) − 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(0) �
−1
𝐶𝐶𝑘𝑘𝑘𝑘𝑘𝑘𝑙𝑙

(0) �
−1

 (2.9.24) 

𝜀𝜀𝑖𝑖𝑖𝑖
(0) = �𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑇𝑇𝑇𝑇 �

−1
𝜀𝜀𝑘𝑘𝑙𝑙𝑇𝑇    and   𝜀𝜀𝑖𝑖𝑖𝑖𝑇𝑇 = 𝐴𝐴𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑇𝑇𝑇𝑇 𝜀𝜀𝑘𝑘𝑙𝑙

(0) (2.9.25) 

This stiffness tensor for the comparison composite can be found by considering equations (2.9.1), 

(2.9.2), and (2.9.25). 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 𝜀𝜀�̅�𝑘𝑙𝑙 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙
(0) 𝜀𝜀𝑘𝑘𝑙𝑙

(0) (2.9.26) 

The volume average strain in the comparison material, as developed in equation (2.9.14), can 

be expressed in terms of the uniform strain in the matrix excluding the inclusions. 

𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 (𝜀𝜀𝑘𝑘𝑙𝑙
(0) + 𝑉𝑉𝑓𝑓𝐴𝐴𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇 𝜀𝜀𝑘𝑘𝑘𝑘

(0)) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(0) 𝜀𝜀𝑘𝑘𝑘𝑘

(0) (2.9.27) 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 (𝐼𝐼𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘𝜀𝜀𝑘𝑘𝑘𝑘
(0) + 𝑉𝑉𝑓𝑓𝐴𝐴𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇 𝜀𝜀𝑘𝑘𝑘𝑘

(0)) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(0) 𝜀𝜀𝑘𝑘𝑘𝑘

(0) (2.9.28) 

This equation must hold for any uniform strain, 𝜀𝜀𝑖𝑖𝑖𝑖
(0), which leads to equation (2.9.30) for the 

stiffness tensor of the comparison composite. 
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𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 (𝐼𝐼𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 + 𝑉𝑉𝑓𝑓𝐴𝐴𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇 ) = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(0)  (2.9.29) 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝑒𝑒 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(0) �𝐼𝐼𝑘𝑘𝑙𝑙𝑘𝑘𝑘𝑘 + 𝑉𝑉𝑓𝑓𝐴𝐴𝑘𝑘𝑘𝑘𝑘𝑘𝑙𝑙𝑇𝑇𝑇𝑇 �

−1
 (2.9.30) 

Equation (2.9.30) expresses the stiffness of the comparison composite which includes the 

unidirectional spheroidal inclusions. If the matrix properties are isotropic then the expression for 

the stiffness in (2.9.30) can be simplified into the following equations.  

𝐸𝐸11 = 𝐸𝐸0 �
𝐴𝐴

𝐴𝐴 + 𝑉𝑉𝑓𝑓(𝐴𝐴1 + 2𝜈𝜈0𝐴𝐴2)� (2.9.31) 

𝐸𝐸22 = 𝐸𝐸0 �
2𝐴𝐴

2𝐴𝐴 + 𝑉𝑉𝑓𝑓(−2𝜈𝜈0𝐴𝐴3 + (1− 𝜈𝜈0)𝐴𝐴4 + (1 + 𝜈𝜈0)𝐴𝐴5𝐴𝐴)� (2.9.32) 

Where the definition of 𝐴𝐴, 𝐴𝐴1, 𝐴𝐴2, 𝐴𝐴3, 𝐴𝐴4, and 𝐴𝐴5 can be found in Tandon and Weng [27]. If the 

fibers are not unidirectional, then the properties can be averaged with the fiber orientation tensor. 

This orientation averaging is discussed in the next section. While in the previous sections, the 

average stiffness tensor for the composite was expressed as a sum over how many different 

orientations each set of inclusions/inhomogeneities had, it is more customary to calculate the 

unidirectional properties and average them with the orientation tensor for short fiber composites. 

2.10  Orientation Averaging Method for Determining Stiffness Properties 

The stiffness tensor for a suspension with unidirectional short fibers can be determined using 

one of the methods described in the previous section. In practical short fiber suspensions, the fibers 

are not aligned in one direction like the models assume. In this case, the material properties for the 

composite must account for the variance in the orientation. This is done with a method known as 

orientation averaging, [29]. The methodology is discussed in this section and is what Moldflow 

uses to determine the effective modulus values in a suspension with a general fiber orientation 

tensor.  
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Consider a unidirectional short fiber composite, the resulting stiffness tensor will be 

transversely isotropic with the direction of the short fibers as the symmetry axis. The average of 

the stiffness tensor is defined in equation (2.10.1) 

〈𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙〉 = �𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝜓𝜓(�⃗�𝑝)𝐵𝐵�⃗�𝑝 (2.10.1) 

Where the integral is carried out over all possible orientations. The symmetries of the transversely 

isotropic stiffness tensor simplify the expression in equation (2.10.2). 

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙(�⃗�𝑝) = 𝐵𝐵1𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝑝𝑝𝑘𝑘𝑝𝑝𝑙𝑙 + 𝐵𝐵2�𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖𝛿𝛿𝑘𝑘𝑙𝑙 + 𝑝𝑝𝑘𝑘𝑝𝑝𝑙𝑙𝛿𝛿𝑖𝑖𝑖𝑖�

+ 𝐵𝐵3�𝑝𝑝𝑖𝑖𝑝𝑝𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙 + 𝑝𝑝𝑖𝑖𝑝𝑝𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘 + 𝑝𝑝𝑖𝑖𝑝𝑝𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘 + 𝑝𝑝𝑖𝑖𝑝𝑝𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙� + 𝐵𝐵4𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑘𝑘𝑙𝑙

+ 𝐵𝐵5�𝛿𝛿𝑖𝑖𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙 + 𝛿𝛿𝑖𝑖𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘� 

(2.10.2) 

This equation can be simplified by using the definition of the fiber orientation tensor if the average 

of the stiffness tensor is taken as shown in equation (2.10.3). 

〈𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙〉 = 𝐵𝐵1𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 + 𝐵𝐵2�𝐵𝐵𝑖𝑖𝑖𝑖𝛿𝛿𝑘𝑘𝑙𝑙 + 𝐵𝐵𝑘𝑘𝑙𝑙𝛿𝛿𝑖𝑖𝑖𝑖� + 𝐵𝐵3�𝐵𝐵𝑖𝑖𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙 + 𝐵𝐵𝑖𝑖𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘 + 𝐵𝐵𝑖𝑖𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘 + 𝐵𝐵𝑖𝑖𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙�

+ 𝐵𝐵4𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑘𝑘𝑙𝑙 + 𝐵𝐵5�𝛿𝛿𝑖𝑖𝑘𝑘𝛿𝛿𝑖𝑖𝑙𝑙 + 𝛿𝛿𝑖𝑖𝑙𝑙𝛿𝛿𝑖𝑖𝑘𝑘� 
(2.10.3) 

As can be seen in equation (2.10.3), the orientation average of the fourth order stiffness tensor 

can be determined by using only the second and fourth orientation tensors. This means that no 

higher orders of the orientation tensors need to be used, e.g. the sixth order orientation tensor. This 

isn’t the case when dealing with the equations for the rate of change of the second order orientation 

tensor which requires use of the fourth order orientation tensor for its evaluation. In equation 

(2.10.3), the fourth order orientation is used and since Moldflow only determines the second order 

orientation tensor, a closure formula will have to be used. As mentioned before, Moldflow uses by 

default an orthotropic fitted closure formula for determination of 𝐵𝐵𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙. The invariants, 𝐵𝐵𝑖𝑖, are 
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determined by the five independent properties of the transversely isotropic unidirectional short 

fiber composite. These are listed below in equations (2.10.4) through (2.10.8). 

𝐵𝐵1 = 𝐶𝐶1111 + 𝐶𝐶2222 − 2𝐶𝐶1122 − 4𝐶𝐶1212 (2.10.4) 

𝐵𝐵2 = 𝐶𝐶1122 − 𝐶𝐶2233 (2.10.5) 

𝐵𝐵3 = 𝐶𝐶1212 +
1
2

(𝐶𝐶2233 − 𝐶𝐶2222)  (2.10.6) 

𝐵𝐵4 = 𝐶𝐶2233 (2.10.7) 

𝐵𝐵5 =
1
2

(𝐶𝐶2222 − 𝐶𝐶2233) (2.10.8) 

These equations determine the orientation average of the short fiber composite. In order to 

determine the average longitudinal and transverse moduli, the compliance tensor can be used by 

inverting the resulting orientation averaged stiffness tensor.  

 𝑆𝑆𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙−1  (2.10.9) 

The average moduli values are determined by equation (2.10.10). 

𝐸𝐸1 =
1

𝑆𝑆1111
     𝐸𝐸2 =

1
𝑆𝑆2222

 (2.10.10) 

2.11  Experimental Determination of Fiber Orientation 

Once the part is printed, it must be tested to determine the orientation of the fibers. This can be 

done in various ways which can be dependent on the suspension materials themselves. An example 

of this would be using a transparent matrix for the suspension. This would have the advantage of 

being able to see the fibers in their current state. The orientation of the fibers of this transparent 

system can be obtained by taking at least two views of the fibers to determine the two angles, 𝜑𝜑 

and 𝜃𝜃.  However, this method loses its utility when considering a concentrated suspension since it 

will become difficult to distinguish the ends of each fiber from one another.  
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The matrix need not be the only aspect of the suspension to be transparent if glass fibers are 

used then the refraction properties of these fibers can also determine the fiber orientation. This is 

best utilized when testing for fiber orientation unless the application of the part requires glass 

fibers. The carbon fibers used in the body of this work do not possess the adequate refraction 

properties to determine the fiber orientation in this manner. Other methods need to be employed if 

the interest lies in measuring the fiber orientation in the carbon fiber suspensions. These methods 

are briefly discussed next. 

2.11.1  Computed Tomography (CT) Scanning  

This method is a non-intrusive method which leaves the specimen intact which may be a 

requirement if destroying the part is not an option. It will not determine the orientation tensor 

unambiguously since it does not possess the resolution needed. It can, however, detect changes in 

the orientation tensor throughout a part which may be sufficient information to determine the 

isotropy of the part. If there exist large gradients in orientation then that would be evidence of 

anisotropy. This is better suited for small parts which can fit in these machines however for larger 

parts then the possibility exists that the scanner may not be able to capture the entire domain of the 

fibers. More information on this method of experimentally determining the fiber orientation can 

be found in works by Advani and Tucker [6] and Bay and Tucker [30].  

2.11.2  Optical Microscopy 

 This method works by polishing a specimen and optically determining the fiber orientation in 

a planar state. First, the specimen would have to be polished down to a plane of interest and put 

under a microscope to view the actual fibers themselves. The fibers are cut by the plane and the 

resulting shapes in that plane will be a combination of circles and ellipses. If the fiber is in the 
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shape of a circle, then the fiber is aligned in a direction that is normal to the plane. The ellipse 

shapes indicate that the fiber is not aligned to the plane and instead is at an angle to that plane. 

This angle can be determined by the shape of the ellipse, the more distorted the ellipse is, the 

greater misalignment from the observation plane. The two orientation angles, 𝜑𝜑 and 𝜃𝜃, are then 

determined by the angle of the ellipse in the plane of observation and the lengths of the major and 

minor axes.  

 A disadvantage of this type of measurement is the inability to determine whether a fiber is either 

oriented at an angle of 𝜑𝜑 or 𝜑𝜑 + 𝜋𝜋. This leads to some ambiguity in the calculated fiber orientation 

tensor components. Primarily this ambiguity lies in the off diagonal components of the fiber 

orientation tensor. This is due to the definition of the off diagonal terms which indicate the level 

of misalignment from the principal directions. If two fibers cannot be distinguished from 𝜑𝜑 and 

𝜑𝜑 + 𝜋𝜋 then the amount of misalignment from the principal directions may be skewed.  

 Determination of the angles 𝜑𝜑 and 𝜃𝜃 requires that the polished section of the specimen be 

subject to some imaging technique to determine positions and lengths of the fibers, diameters, 

major/minor axes, and positions of the centers of the ellipses/circles, Advani and Tucker [6].  

2.11.3  Determination of 𝝋𝝋 and 𝜽𝜽 From Optical Microscopy 

Consider the example when the cross-section resulting from a fiber intersected by a plane be an 

ellipse of the shape shown in Figure 11. Define the following parameters for the major and minor 

axes of the cross-section. 

• M ~ Major axis length 

• m ~ Minor axis length 

• L2 ~ Ellipse length along the 2 axis 

• L3 ~ Ellipse length along the 3 axis 
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Figure 11: Ellipse from Fiber Cross-Section Using Optical Microscopy 

The angles 𝜑𝜑 and 𝜃𝜃 can be determined from these parameters using equations (2.11.1) and (2.11.2). 

cos(𝜃𝜃) =
𝐷𝐷
𝑀𝑀

 (2.11.1) 

tan(𝜑𝜑) =
𝐿𝐿3
𝐿𝐿2

 (2.11.2) 

 
This requires imaging the cross-section with enough resolution to capture the lengths described 

above with sufficient accuracy to determine the unit vector components defined in equations 

(2.1.1), (2.1.2), and (2.1.3). 

𝑝𝑝1 = cos(θ) (2.1.1) 

𝑝𝑝2 = sin(θ) cos(𝜑𝜑) (2.1.2) 

𝑝𝑝3 = sin(θ) sin(𝜑𝜑) (2.1.3) 

The fiber orientation tensor can be built for each entry as shown in equation (2.1.4). 
 

𝑀𝑀 
𝐷𝐷 

𝜑𝜑 𝐿𝐿2 

𝐿𝐿3 
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𝐵𝐵𝑖𝑖𝑖𝑖 = �
𝑝𝑝1𝑝𝑝1 𝑝𝑝1𝑝𝑝2 𝑝𝑝1𝑝𝑝3
𝑝𝑝2𝑝𝑝1 𝑝𝑝2𝑝𝑝2 𝑝𝑝2𝑝𝑝3
𝑝𝑝3𝑝𝑝1 𝑝𝑝3𝑝𝑝2 𝑝𝑝3𝑝𝑝3

� (2.1.4) 

The average orientation tensor can be determined using the orientation tensor of each fiber and the 

number of fibers included in the section. This is equivalent to also taking the area average for 2D 

or volume average for 3D of the orientation tensor. However, as mentioned before leads to some 

ambiguity in the fiber orientation tensor specifically in the off diagonal out of plane components. 

Here these would be 𝐵𝐵12 and 𝐵𝐵13 which illustrate the misalignment of the fiber principal directions 

involving the out of plane axis. There is also another issue when dealing with this type of 

microscopy, there exists a bias towards fibers which are aligned or close to being aligned with the 

normal of the sectioning plane. This is because fibers aligned with this axis have a greater chance 

of being detected. 

 It is not hard to see why this is the case, if a fiber is aligned or nearly aligned with the normal 

of the sectioning plane then the projection on that normal is greater as well. This translates into 

more of the fiber available for the sectioning plane to intersect than a fiber who is transverse or 

nearly transverse to the normal of the sectioning plane. The projections of these transverse or 

nearly transverse fibers are nearly zero so there is less probability that the sectioning plane will 

intersect them. In order to clear up this bias, there would have to be multiple sections along a 

specimen.  

 If the purpose of the specimen is to determine the fiber orientation tensor then this multiple 

sectioning and imaging process would be an acceptable method since the end result will be the full 

orientation tensor, with the ambiguity in the off diagonal terms described above, but the specimen 

will be no more. This does require a greater amount of labor and time since the specimen is 

continuously polished and imaged. This method of microscopy would be implemented to test the 

fiber orientation of the custom nozzles presented.  
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 Once these images of the sections are obtained, the task of analyzing and interpreting it remains. 

It would be preferable for some software to do the measuring of the required positions and lengths 

due to the sheer number of the fibers that would have to be considered. An example of such a 

software is ImageJ which can be found at  https://imagej.nih.gov/ij/download.html.  

 

  

https://imagej.nih.gov/ij/download.html
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CHAPTER 3 

EXPERIMENTATION 
 
 The analysis and modeling was done in Autodesk Moldflow Insight 2017. Before introducing 

the models used for the analysis, an overview of the analysis types of the software should be 

discussed. The geometry of the nozzle and the variations considered are also defined in this 

chapter. 

3.1 Nozzle Geometry 

The geometry of the internal nozzle component which was modeled for the analysis is shown in 

the following figures. Figure 12 is the assembly of the full nozzle components, however only the 

indicated part is of interest in this analysis. Figure 13 and Figure 14 indicate the location and the 

cross-section of the assembly and nozzle. The internal nozzle geometry labeled as Detail B is 

shown in Figure 15. The nozzle presented is the Lulzbot Budaschnozzle 1.1. 

 

Figure 12: Nozzle Assembly 
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Figure 13: Nozzle Cross-Section Definition 

 

Figure 14: Nozzle Detail View 
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Figure 15: Moldflow Baseline Model Dimensions, mm 

 

3.2 3D and 2D Analyses 

 3D analysis of thermoplastic injection molding in Moldflow does not report intermediate steps 

of fiber orientation as the mold is filled, it only reports the frozen state of the fiber orientation. 

This means that the 3D analysis only checks the final values of the fiber orientation tensor when 

the mold is filled. However, the 2D analysis does report the intermediate values of the fiber 

orientation tensor for each node as the mold is filled. Since the primary concern in this paper is the 

state of the orientation tensor at the nozzle exit and its vicinity, most of the analysis was done in 

the 2D space. This condition holds due to the axisymmetry of the nozzle shape and injection 

location, it is noted that the initial state of the fibers entering the mold may not be in an 

axisymmetric state however, this is neglected and assumed to be true for computational efficiency.  

3.3 Dual Domain 

This is, as mentioned before, a two-dimensional analysis intended for thin molds. The main 

advantage of using this analysis type is that the model does not need to be decomposed into a 

midplane mesh nor does it need to be meshed using tetra elements. This mesh type is represented 
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using a 2D mesh on all the faces of the 3D part. This results in a shell type structure thus the 

analysis simulates the flow on both the top and bottom parts of the mold. The Dual Domain 

equation of motion for the fiber orientation was mentioned in the previous section and is used to 

determine the fiber orientation at every node for every time step.  

3.4 Nozzle Mesh Models 

The baseline nozzle geometry, as defined in Section 2.1, was meshed as both a 3D and 2D mesh. 

An additional area to model the melt exiting the nozzle was added. This extrudate area of the mesh 

accounts for the melt as it exits the nozzle which is the focus of the study. The size is rather 

arbitrary if it is much larger than the nozzle exit area and far away from any boundaries of the 

mesh to avoid any wall effects. Any data represented in the extrudate area is not representative of 

the actual physics of the problem since it does not account for the cooling which occurs when the 

melt exits the nozzle. 

The other nozzle geometries considered are a set of diverging nozzles. These are similar to the 

baseline model except they have a diverging section of equal length of the straight portion of the 

baseline but flares out at various angles. The 3D baseline and 2D baseline, 15°, 22.5°, 45°, 60° 

nozzle models are shown in Figure 16, Figure 17, Figure 18, Figure 19, Figure 20, Figure 21, and 

Figure 22, respectively.  

In addition to the models described above, three additional models, one for the 15° and two for 

the 45° nozzle model were considered. The S45° model reduces the length of the straight and 

diverging section by a factor of two. This model can be seen in Figure 22. The other two models 

remove the straight section and considers only the diverging section. These models are the O15° 

and O45° models and can be seen in Figure 23 and Figure 24, respectively. These variant models 
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were considered because it is of interest to see the effect, if any, the straight segment has on the 

overall geometry of the nozzle. 

The material which was used in these models is a material in the Moldflow library known as 

Thermocormp RC004SXS made by SABIC Innovative Plastics US, LLC. This has a 20% carbon 

fiber filled content which is a representative material of short fiber filled composites. The material 

was chosen since it included short carbon fibers in an isotropic matrix. The simulation is run at an 

average volumetric flow rate of 0.5 𝑐𝑐𝐷𝐷3/𝐹𝐹. 

 

Figure 16: Baseline Nozzle 3D Model 
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Figure 17: Baseline Nozzle 2D Model 

 
 

Figure 18: 15° Diverging Nozzle 2D Model 
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Figure 19: 22.5° Diverging Nozzle 2D Model 

 

 
 

Figure 20: 45° Diverging Nozzle 2D Model 



52 
 

 

 
 

Figure 21: 60 ° Diverging Nozzle 2D Model 

 

 
 

Figure 22: S45° Diverging Nozzle Model 
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Figure 23: O15° Diverging Nozzle 2D Model 

 

 
 

Figure 24: O45° Diverging Nozzle Model 
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Each of the models’ relevant statistics is shown in Table 1. 

Table 1: Mesh Models Statistics 

      Aspect Ratio Coefficients 

Model Elements Nodes Max Min Avg C_L D_z 

3D (Tetra) 

Baseline 1,098,496 192,778 21.27 1.06 2.47 0.0019 N/A 

2D (Tria) 

Baseline 53,058 26,531 3.2 1.16 1.48 0.0019 1 

15° 57.606 28,805 3.24 1.16 1.47 0.0019 1 

22.5° 57,638 28,821 3.67 1.16 1.48 0.0019 1 

45° 58,872 29,438 3.09 1.16 1.48 0.0019 1 

60° 59,560 29,782 3.68 1.15 1.47 0.0019 1 

S45° 56,550 28,227 3.73 1.16 1.48 0.0019 1 

O15° 56.544 28,274 4.16 1.16 1.48 0.0019 1 

O45° 57,584 28,794 3.06 1.16 1.47 0.0019 1 
 

3.5 Model Validation 

Accurate use of the 2D model can be considered once it has been validated to the 3D model. 

This is done by comparing the final orientation values of the 2D model to the frozen state at the 

central cross-section of the 3D model. This will validate that the Dual Domain model is 

representative of the 3D model. This is necessary because the software does not represent 

intermediate values for the fiber orientation tensor while the Dual Domain models reports out these 

values. An additional benefit is for the reduced computational time. The frozen orientation at the 

central cross-section of the 3D model is shown in Figure 25 and the fiber orientation as the melt 

fills the 2D model is shown in Figure 26 and Figure 27. They are similar in shape of the flow, 

however, in the Dual Domain analysis there is an extra parameter which is to be set. Figure 26 
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shows the fiber orientation when the Dz parameter is set to zero and likewise Figure 27 shows the 

fiber orientation when Dz is equal to unity. 

The case when Dz is equal to unity is a more appropriate representation of the melt physics since 

the governing equations are indistinguishable from the 3D case. Therefore, the case when Dz is 

unity will be used for the subsequent model used for analysis to simulate a 3D analysis in the 2D 

simulation. In the subsequent figures the red color corresponds to a fiber orientation tensor value 

of near one and the blue indicates a value near zero. The orientation tensor component in the 

subsequent figures are for the vertical z-direction where a value of one indicates that the fiber is 

fully aligned with the z-axis. While a value of zero indicates that the fiber is perpendicular to the 

z-axis. 

 

Figure 25: Baseline Nozzle 3D Model Solution, azz, Final Frozen State 
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Figure 26: Baseline Nozzle 2D Model Solution Dz = 0, azz 

 

 

Figure 27: Baseline Nozzle 2D Model Solution Dz = 1, azz 
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CHAPTER 4 

RESULTS 

The addition of the diverging section reduces the alignment of the fibers as they exit the nozzle. 

As stated before, the goal of the nozzle would be to lay down a random orientation of the fiber, 

i.e. only non-zero fiber orientation tensor values of 1/3 are along the diagonal of the tensor. The 

analysis was performed for the cases when the diverging section angle to the vertical is 15°, 22.5°, 

45°, and 60°. The results from these simulations are discussed in the upcoming section.  

It should be noted that these results are only valid for conditions at the exit of the nozzle. The 

following are some limitations and/or effects not considered in these results. 

1. Cooling after the exit of the nozzle, this will cause the melt to harden which will also 

affect the fibers.  

2. The turning of the melt as it is deposited into the platform since the extruder is travelling 

transverse to the flow. 

3. The effects of depositing subsequent layers on top of each other. 

4. The speed of the extruder as it moves across the platform depositing material. 

4.1 Diverging Nozzle Models Simulation Results 

The analysis was identical to the baseline Dual Domain model and the plot of the fiber orientation 

component parallel to the flow for the 15°, 22.5°, 45°,  and 60° diverging nozzles is shown in 

Figure 28, Figure 29, Figure 30, and Figure 31, respectively. One thing to note is the behavior of 

the orientation tensor component as it exits the nozzle. The diverging section reduced alignment 
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along the flow direction as expected. The amount of misalignment from the vertical, z-axis, was 

dependent as the angle of the diverging section increased. However, the fibers in the center section 

tend to align transversely to the flow as they exit the nozzle as the angle increases. This reduction 

in orientation is due to the stretching that is occurring transverse to the flow direction. 

In addition to the standard models described above for the 15° and 45° diverging nozzle models, 

three more results are presented for a short straight and diverging section for the 45° model and a 

diverging section only for the 15° and 45° diverging nozzle models. These are shown in Figure 32, 

Figure 33, and Figure 34, respectively. The S45 ° model compares similarly to the 45° model with 

some differences near the boundaries and a reduction in alignment at the center section. This 

reduction is small and can be attributed to the reduction of the straight segment which tends to 

align the fiber in the direction of the flow. The O45° model displays a slight oscillation in the 

orientation distribution along the thickness. The alignment in the center is increased from the other 

two 45° models considers. It is unclear what causes this rebound in alignment, it may be due to the 

interaction of the dominant shear flow at the wall and the dominant stretching flow that is occurring 

at the center. This effect was investigated by Vincent and Agassant [11]. 

The O15° model fared similary to the 15° model with more variation in the orientation 

components, however, both models showed potential to generate a random planar distribution at 

the center. A caveat to this is that it restricts rotation in the out of plane direction which will not 

be the case in the full 3D problem. It is noteworthy that a random distribution can be achieved with 

the addition of a diverging nozzle albeit only in the 2D case considered here. A more detailed 

description of these effects is shown in the following section where the distribution along the exit 

of the nozzle is investigated.  
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Figure 28: 15° Diverging Nozzle 2D Model Solution Dz = 1, αzz 

 

Figure 29: 22.5° Diverging Nozzle 2D Model Solution Dz = 1, αzz 
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Figure 30: 45° Diverging Nozzle 2D Model Solution Dz = 1, αzz 

 

Figure 31: 60° Diverging Nozzle 2D Model Solution Dz = 1, αzz 
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Figure 32: S45° Diverging Nozzle 2D Model Solution Dz = 1, αzz 

 

Figure 33: O15° Diverging Nozzle 2D Model Solution Dz = 1, αzz 
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Figure 34: O45° Diverging Nozzle 2D Model Solution Dz = 1, αzz 

4.2 Variation of Orientation Tensor Along the Flow 

 The variation of the tensor component along the flow direction, 𝐵𝐵𝑧𝑧𝑧𝑧, at the nozzle exit for each 

nozzle model is examined to determine what effects the diverging nozzle has on the orientation 

component. The elements along the nozzle exit for the baseline model is shown in  

Figure 35 and these elements were examined as the melt exited the nozzle. The value of the 𝐵𝐵𝑧𝑧𝑧𝑧 

tensor component across the thickness elements is shown in Figure 36. Recall that a value of 𝐵𝐵𝑧𝑧𝑧𝑧 =

1 corresponds to full alignment in the flow direction, while 𝐵𝐵𝑧𝑧𝑧𝑧 = 0 corresponds to zero alignment 

in the flow direction. A 3D isotropic material will have 𝐵𝐵𝑥𝑥𝑥𝑥 = 𝐵𝐵𝑦𝑦𝑦𝑦 = 𝐵𝐵𝑧𝑧𝑧𝑧 = 1/3, while a 2D 

isotopic material will have 𝐵𝐵𝑦𝑦𝑦𝑦 = 𝐵𝐵𝑧𝑧𝑧𝑧 = 1/2 where x is the out of plane direction. As can be seen 

in the figure, the fibers are aligned in the flow direction at the boundary and reaches a minimum 

at the center of the nozzle. This demonstrates the principle that shearing flows at the boundary 
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align the fibers and the stretching flows at the center align the fibers transverse to the flow since 

that is the direction of greatest stretching.  

 

 

Figure 35: Elements Across the Thickness for the Baseline Model 

𝑦𝑦 

0 D 
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Figure 36: Baseline Nozzle Variation of azz Components at Nozzle Exit 

 

Similar graphs are shown for the 15°, 22.5°, 45°, 60°, S45°, O15°, and O45° nozzles in Figure 

37, Figure 38, Figure 39, Figure 40, Figure 41, Figure 42, and Figure 43, respectively. As can be 

seen, the orientation tensor component along the flow, 𝐵𝐵𝑧𝑧𝑧𝑧, at the boundary decreases as the angle 

of the diverging nozzle increases as expected. However, all the models considered reach a similar 

minimum. This is due to the stretching flows that are present at the center of the nozzle exit away 

from the boundaries. The effect of nozzle geometry on the boundary is pronounced, with no 

modification the value of alignment at the boundary is near unity while the value for the 60° nozzle 

is near 0.25. The 15° nozzle model randomizes the fibers in the center section while the 45° nozzle 

models randomizes the fibers at the boundaries for the planar case considered here. This is seen 

by the tensor component values near 0.5 but it is not a perfect random distribution.  
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The fiber orientation tensor for the element at the boundary for each nozzle model is shown in 

Table 2. The off axis non-zero value indicates the amount of misalignment from the principal axes 

of the fibers. The fibers align along the boundary which implies this is related to the angle of the 

divergent nozzle. Since this is a 2D analysis in the yz-plane the x-axis is a principal axis, hence 

the zeroes on the off diagonals for the first entry. The misalignment of the principal axis is near 

45° for the 45° nozzle model and decreases for all other models considered. The results for the two 

additional variants for the 45° diverging nozzle model are also shown and they are identical to the 

results at the boundary for the standard 45° model. This is to be expected since at the boundary, 

the fibers align at the edge of the 45° inclination.  

Further exploration of the three variant models is considered in the next section. The other two 

diagonal components of the fiber orientation tensor (𝐵𝐵𝑥𝑥𝑥𝑥 and 𝐵𝐵𝑦𝑦𝑦𝑦) are also shown in the figures 

below. Note that 𝐵𝐵𝑥𝑥𝑥𝑥 is near zero in all the models, this is due to the 2D analysis. The 𝐵𝐵𝑦𝑦𝑦𝑦 changes 

in an opposing manner to the 𝐵𝐵𝑧𝑧𝑧𝑧 component since 𝐵𝐵𝑥𝑥𝑥𝑥 remains a near constant low value. Due to 

the divergent nozzle exit it can be see that 𝐵𝐵𝑦𝑦𝑦𝑦 is greater than the 𝐵𝐵𝑧𝑧𝑧𝑧 component which would 

result in stiffer properties transverse to the flow. 

Table 3 shows the fiber orientation tensor for the element closest to the center of the nozzle 

exit. The 45° nozzle models have a similar result at the center of the nozzle, however, the value 

for the component along the flow is about 22% for the 45° and S45° models but 38% for the O45° 

model. While this does not represent a random distribution at the center, one thing to keep in mind 

is that the fibers are restricted from moving in the out of plane direction. This implies that any 

decrease in orientation in the flow direction would go entirely into the transverse direction. If the 

symmetry of the nozzle induces an even distribution of the fiber orientation tensor in both 
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transverse directions to the flow then the 45° nozzle model would lead close to random distribution 

of the fibers. 

The 15° nozzle models have an approximate random planar distribution at the center of the 

nozzle with the O15° model faring better. The caveat to this result is that there may be no 

expectation that this would extend in to the 3D regime. The ability of the fibers to rotate into the 

out of plane direction may not keep the random distribution that was nearly achieved in the 2D 

case. This divergent nozzle angle leads to good results in the planar case which may be more easily 

employed for a thin mold to generate a random distribution in the plane of the thin part.  
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Table 2: Boundary Elements Orientation Tensor 

 𝒂𝒂𝒙𝒙𝒙𝒙 𝒂𝒂𝒚𝒚𝒚𝒚 𝒂𝒂𝒛𝒛𝒛𝒛 𝒂𝒂𝒙𝒙𝒚𝒚 𝒂𝒂𝒙𝒙𝒛𝒛 𝒂𝒂𝒚𝒚𝒛𝒛 

Baseline 0.026 0.026 0.948 0 0 0 

15° 0.026 0.088 0.886 0 0 0.231 

22.5° 0.026 0.161 0.813 0 0 0.326 

45° 0.026 0.487 0.487 0 0 0.461 

60° 0.022 0.508 0.470 -0.039 -0.013 -0.088 

S45° 0.026 0.487 0.487 0 0 0.461 

O15° 0.026 0.088 0.886 0 0 0.231 

O45° 0.026 0.487 0.487 0 0 0.461 

 

Table 3: Center of Nozzle Elements Orientation Tensor 

 𝒂𝒂𝒙𝒙𝒙𝒙 𝒂𝒂𝒚𝒚𝒚𝒚 𝒂𝒂𝒛𝒛𝒛𝒛 𝒂𝒂𝒙𝒙𝒚𝒚 𝒂𝒂𝒙𝒙𝒛𝒛 𝒂𝒂𝒚𝒚𝒛𝒛 

Baseline 0.034 0.220 0.746 0.001 -0.024 0.004 

15° 0.034 0.572 0.394 0.001 -0.026 0.036 

22.5° 0.015 0.753 0.232 0 -0.018 0.047 

45° 0.018 0.754 0.228 -0.001 -0.023 -0.009 

60° 0.015 0.737 0.248 0 -0.023 0.012 

S45° 0.022 0.758 0.220 0 -0.022 0.044 

O15° 0.040 0.432 0.528 -0.004 -0.028 -0.012 

O45° 0.020 0.604 0.376 0.001 -0.029 -0.012 
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Figure 37: 15° Nozzle Variation of azz Components at Nozzle Exit 

 

Figure 38: 22.5° Nozzle Variation of azz Components at Nozzle Exit 
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Figure 39: 45° Nozzle Variation of azz Component at Nozzle Exit 

 

Figure 40: 60° Nozzle Variation of azz Component at Nozzle Exit 
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Figure 41: S45° Nozzle Variation of azz Component at Nozzle Exit 

 

Figure 42: O15° Nozzle Variation of azz Components at Nozzle Exit 
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Figure 43: O45° Nozzle Variation of azz Component at Nozzle Exit 
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4.3 Averaged Tensile Moduli Comparisons 

The tensile moduli values of the printed part are dependent on the orientation state of the fibers. 

These values increase as the alignment increases in a particular direction. The following figures 

illustrate the averaged tensile modulus of the part in the frozen orientation state. This is a key 

difference from the orientation of the fibers as they exit the nozzle. In the frozen state, the part is 

filled and the fibers are locked into their final position. If this was a true injection molding 

simulation this would be the scenario which is of interest. Since this injection molding simulation 

is being used to simulate the melt exiting the nozzle, it is not appropriate to compare the fiber 

orientation tensor given in the previous section to the figures in this section. Also since Moldflow 

outputs the averaged moduli values in the principal directions only, these are not the properties in 

the global directions which the rest of the analysis used. The comparison of these moduli values 

can still give some insight into the effects of the nozzle geometry even though the values may not 

be representative. The baseline first and second principal direction tensile moduli are shown in 

Figure 44 and Figure 45, respectively. Similar tensile moduli figures are shown for the S45°, O15°. 

and O45° models in Figure 46, Figure 47, Figure 50, Figure 51, Figure 48, and Figure 49, 

respectively.  

The angle increase of the nozzle angle decreases the value of the first principal tensile modulus 

which is to be expected since the alignment decreases. The second principal tensile modulus 

increases as the first decreases and this is reflected in the subsequent figures. The value of the 

moduli was also observed at the nozzle exit similarly to the orientation components. These figures 

are shown for the S45°, O15°. and O45° models in Figure 52, Figure 53, Figure 54, and Figure 55, 

respectively. The baseline model shows the most variation across the nozzle exit. Since these 
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represent the frozen fiber orientation state values of the moduli, it does not display the high 

alignment of the fibers as they exit the nozzle as was shown in Figure 36. 

The S45° and O45° models’ distribution along the nozzle exit shows a section where the moduli 

values remain constant along the thickness. While not isotropic, it shows that the values can remain 

constant in both directions excluding at the boundary since the boundary condition of fibers 

aligning along the edges was used in the models. The O15° variation along the nozzle exit has the 

most isotropic distribution of the moduli values since they take a near equal value at the section of 

the nozzle. This supports the assertion that this would be a good choice of nozzle design for thin 

parts.  

The moduli values for the flow and transverse directions are calculated using the orientation 

averaging method however, estimation of Poisson’s ratio and the shear modulus are determined 

using the Halpin-Tsai method by default which is a semi-empirical method. This was introduced 

by Halpin [31]. These properties were not of interest in this work but it is beneficial to understand 

which methods Moldflow uses to generate certain elastic properties.  
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Figure 44: Baseline Tensile Modulus in the First Principal Direction 

 

 
 

Figure 45: Baseline Tensile Modulus in the Second Principal Direction 
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Figure 46: S45° Tensile Modulus in the First Principal Direction 

 

 
 

Figure 47: S45° Tensile Modulus in the Second Principal Direction 
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Figure 48: O15° Tensile Modulus in the First Principal Direction 

 

 
 

Figure 49: O15° Tensile Modulus in the Second Principal Direction 

4.115 

10.03 

7.334 

21.69 
GPa 

GPa 



77 
 

 

 
 

Figure 50: O45° Tensile Modulus in the First Principal Direction 

 

 
 

Figure 51: O45° Tensile Modulus in the Second Principal Direction 
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Figure 52: Baseline Model Variation of Principal Tensile Moduli at Nozzle Exit 

 
 

 
Figure 53: S45° Model Variation of Principal Tensile Moduli at Nozzle Exit 

0
2
4
6
8

10
12
14
16
18
20
22
24

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Te
ns

ile
 M

od
ul

us
, G

Pa
 

y/D 

Baseline Model Averaged Tensile Modulus in Principal 
Directions

E1p E2p

0
2
4
6
8

10
12
14
16
18
20
22
24

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Te
ns

ile
 M

od
ul

us
, G

Pa

y/D

S45 Degree Model Averaged Tensile Modulus in Principal 
Directions

E1p E2p



79 
 

 
Figure 54: O15° Model Variation of Principal Tensile Moduli at Nozzle Exit 

 

 
Figure 55: O45° Model Variation of Principal Tensile Moduli at Nozzle Exit 

 

0
2
4
6
8

10
12
14
16
18
20
22
24

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Te
ns

ile
 M

od
ul

us
, G

pa

y/D

O15 Degree Model Averaged Tensile Modulus in Principal 
Directions

E1p E2p

0
2
4
6
8

10
12
14
16
18
20
22
24

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Te
ns

ile
 M

od
ul

us
, G

Pa

y/D

O45 Degree Model Tensile Modulus in the Principal 
Directions

E1P E2P



80 
 

4.4 15° and 45° Diverging Nozzle Models Comparisons 

Both the 15° and 45° diverging nozzle models shows potential to generate the desired 

orientation at the exit of the nozzle. In the 15° diverging nozzle the fibers oriented in a nearly 

planar random state which would be ideal for thin mold parts however if we are to consider a full 

arbitrary 3D part, this may not be the most suitable choice. If the production of a thin part is the 

focus then this would be the nozzle model of choice. There is a case to be made for the 45° 

diverging nozzle model to generate a 3D random orientation state. 

In the 45° diverging nozzle model, it is uniform and constant along the diameter of the nozzle, 

the only disadvantage is that it would likely not generate a pure random orientation state. However, 

it does show that it leads to a decreased alignment with respect to the baseline model. The 

disadvantage to using the 45° model would be that the printer would have to calibrated to account 

for the extra height of the nozzle that is added from the divergent zone. This is avoided when using 

either the S45° or O45° models since these models use the original height of the nozzle. Between 

the two models, the O45° model would be easier to machine since there isn’t a concern about 

having to stop halfway up the straight section. Another reason for moving forward with this nozzle 

is that the fiber orientation variation, as shown in Figure 43, is less aligned in the flow direction 

than the baseline model. However, this model does show that the alignment increases in the 

transverse to the flow direction. This has the implication of the mechanical properties transverse 

to the flow is greater than the flow direction. Obviously, this is not isotropic however it is not as 

pronounced as it would be in the baseline model.  

There exists some uncertainty in this analysis that it assumes a random orientation state at the 

injection location at the top of the nozzle model, this is likely to not be the case when dealing with 

the actual suspension. However, for the sake of the analysis and modeling this was implemented 
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to investigate the behavior of the dynamics of the fiber orientation tensor at the nozzle exit. The 

second uncertainty is that analysis also considered an axisymmetric flow and geometry which 

justified the use of the 2D analysis hence the out of plane component of the fiber orientation tensor 

will be zero or close to zero. This is not the case in a 3D representation of the fiber orientation 

tensor. Due to the limitation of the software which does not report the fiber orientation tensor 

components at each time step and only reports the final orientation state, the 2D was used since it 

does report the intermediate values.  

The next step would be to build the nozzle and attach it to the printer. The drawings for the 

S45°, O15°, and O45° are shown in Figure 56, Figure 57, and Figure 58, respectively. While there 

are thee nozzle models drafted, the S45° will be machined and tested. 

 

 

Figure 56: S45° Model Interior Dimensions, mm 
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Figure 57: O15° Model Interior Dimensions, mm 

 

Figure 58: O45° Model Interior Dimensions, mm 
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 
 

The orientation of short fiber suspensions in Fused Deposition Modeling (FDM), as discussed 

here, tends to lead to parts with aligned fibers near the nozzle exit. This results in non-isotropic 

behavior in the final part. The addition of a diverging nozzle, in the simulations, did result in the 

decrease of alignment along the flow when compared to the traditional nozzle designs. In the case 

of the 2D flow, the 15° nozzle yielded a near random planar distribution as the melt exited the 

nozzle. This was substantiated for the averaged tensile moduli in the frozen orientation state which 

also had near equal values for the two principal directions. While this holds for the 2D case, this 

may not hold for the 3D case. In this case, the 45° nozzle models have a potential to create a similar 

random distribution. The component along the flow reduced to near 30% which is near the 33% 

for a random orientation state in 3D. This assumes, however, that the other two directions will 

decrease symmetrically. This assumption is valid if the problem is axisymmetric in both the fluid 

flow and the initial orientation state of the fibers at the inlet.  

Further work in this topic would be the manufacturing of parts using the nozzle designs 

presented. If both 2D and 3D orientation states are of interest, then both a thin part and a thick part 

can be printed using the nozzle designs presented in this work. After the printing, determining the 

fiber orientation state of the resulting part would also be needed. This would require a comparison 

with the same parts manufactured using the baseline design. The orientation state of the fibers 

could be determined using many methods such as the optical microscopy mentioned in this work.  

Note that the print diameter of the nozzle was increased in the designs presented which will in 

turn reduce the print resolution. An area of improvement can be to design a nozzle with the same 

print resolution as a traditional nozzle with the same randomizing effects of the diverging nozzles. 
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