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ABSTRACT
Ensuring a high level of system reliability throughout a product life-cycle is one of
paramount tasks for engineering design, which requires new reliability analysis and design
techniques to effectively address the challenges of system design under time-variant probabilistic
constraints, such as those induced by time-dependent loading condition and system component
deterioration. Extensive reviews on existing literature on reliability analysis and reliability based
design optimization for complex engineered systems have identified important challenge
problems to be addressed in this research, which have been organized into three research thrusts
as follows:


Reliability Analysis using Surrogate Models: In this research thrust, the objective is to

develop a robust approach to approximate static reliability efficiently and accurately based on
surrogate models. Two challenge problems will be addressed: (1) How to evaluate fidelity of
surrogate models and accuracy of reliability approximation based on those models, and (2) How
to efficiently update a surrogate model if it does not meet the accuracy requirement.


Reliability Analysis with Time-variant Probabilistic Constraints. In this research thrust,

the objective is to develop an efficient approach for dynamic reliability analysis considering
time-variant probabilistic constraints. There are two challenges to be addressed: (1) How to
handle the time-dependency of system failure events in dynamic reliability analysis, and (2) How
to improve the efficiency of dynamic reliability analysis.


Reliability Analysis with Multiple System Failure Modes. The objective of this thrust is to

develop a novel system reliability analysis framework to address a grand challenge in design that
multiple system failure modes must be addressed concurrently to ensure a high level of system
reliability.
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CHAPTER 1
INTRODUCTION
1.1

Research Background
With rapid development of technology, engineering systems become more and more

complex and a major concern in practical is to enhance the safety and functionality of complex
engineering system given various sources of uncertainties in nature. As a quantitative measure,
reliability can be defined as the probability that the engineering system or component will
perform a required function for a certain period of time under inherent uncertainties. For
decades, tremendous efforts have been made to develop advanced methods for reliability
approximation and more recently to carry out Reliability-Based Design Optimization (RBDO).
RBDO deals with obtaining optimal designs characterized by a low probability of failure and
there is a trade-off between obtaining higher reliability and lowering cost. Generally, RBDO is
an iterative process that involves reliability analysis and probabilistic sensitivity analysis at each
iteration as shown in Figure 1.1. Characterization of the uncertain variables is the first step for
RBDO. In most engineering applications, the uncertainty is generally characterized using
probability theory and the probability distributions are obtained using statistical models.

Figure 1.1: Reliability Based Design Optimization
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RBDO could be extremely expensive since it requires repeated reliability analysis during
the iterative design process, thus high computational cost becomes a major challenge and
bottleneck for its wide applications. Generic reliability requires tremendous computational cost
since it involving multi-dimensional integration overall the safe region. Employing an efficient
yet accurate reliability analysis method is one of the first critical tasks in applying the RBDO
technique. Although reliability-based design can improve reliability to some degree, most
engineered systems can only be designed with a passive and fixed design capacity-the load level
that the system design can withstand-and, therefore, may become unreliable in the presence of
adverse events during the operation stage due to time-dependent uncertainties and loading
conditions. To maintain the desired level of system reliability under adverse events throughout
the system life cycle, a great deal of system redundancy is designed into most engineered
systems, resulting in a strikingly high life-cycle cost to be incurred in development, operation,
and maintenance processes. As a primary concern in product design is ensuring high system
reliability throughout a product life-cycle, the capability to deal with the time-dependent
probabilistic constraints to carry out time-dependent reliability analysis in RBDO is the second
important task in practical engineering design applications. With an increasing complexity of
engineering systems, system may fail due to different failure modes, thus it is essential important
to evaluate system level reliability efficiently. The third task is to address the dependency of
multiple failure modes for system level reliability assessment and enable the system reliability
based design optimization.
1.2

Research Scope and Objectives
The main objective of this dissertation is to develop advanced methods for static

component reliability analysis, dynamic reliability and system reliability analysis. To accomplish
these objectives, the dissertation is organized in four thrusts. The scope of the work in this
2

dissertation is to address the research challenges in the four thrusts by developing the following
research solutions:
1.2.1

Reliability Analysis using Surrogate Models
The following important research problems must be carefully addressed in the static

reliability analysis: (1) How to evaluate the fidelity of surrogate model and the accuracy of
reliability approximation if Monte Carlo Simulation (MCS) is adopted for reliability calculation?
(2) How to select new samples for updating surrogate model if the fidelity of surrogate model
and the accuracy of reliability approximation do not meet the requirement? The research solution
for the listed challenges is addressed by the following research solutions.
Research Solution 1: A Maximum Confidence Enhancement based Sequential Sampling Scheme
for Simulation-based Design
This research proposes an efficient way to perform static component reliability analysis
based on surrogate model. By building Kriging model for performance function, MCS is able to
be carried out based on the constructed Kriging model to estimate reliability and sensitivity
information of particular design. To improve the fidelity of the Kriging model, a new concept
referred to as cumulative confidence level (CCL) measure is introduced to quantify the accuracy
of reliability estimation when MCS is used to proximate reliability based upon the Kriging
model. A sequential sampling scheme is then developed based on a formulation of
approximating the CCL improvement to update the Kriging model efficiently, in which a sample
that contributes to a maximum CCL improvement will be selected. To employ the developed
MCE-based sequential sampling approach for RBDO, a new smooth design sensitivity analysis
approach is developed which estimates smooth design sensitivities based on Kriging models
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without inducing any extra function evaluations. Thus the efficiency and robustness of the
proposed approach are greatly improved.
1.2.2

Reliability Analysis with Time-variant Probabilistic Constraints
The following important research problems are identified in the dynamic reliability

analysis: (1) How to address the time-dependency of failure events efficiently in dynamic
reliability analysis? (2) How to perform sensitivity-free dynamic reliability analysis accurately in
order to enhance the robustness of dynamic reliability method? The research solutions for the
listed challenges are addressed by the following research solutions.
Research Solution 2a: A Nested Extreme Response Surface Approach for Time-Dependent
Reliability-Based Design Optimization:
This research proposes a new approach, referred to as the nested extreme response
surface (NERS), to efficiently carry out time-dependent reliability analysis and determine the
optimal designs. Instead of discretizing the time valuable, the key for the NERS approach is to
convert the time-dependent reliability analysis to time-independent one through constructing a
kriging based nested time prediction model. The efficient global optimization technique is
integrated with NERS to extract the extreme time responses of limit state functions and an
adaptive response prediction and model maturation mechanism is developed for an optimal
balancing of the model accuracy and the computational efficiency. With the nested response
surface of time, the time-dependent reliability analysis can be converted into the timeindependent one and existing advanced reliability analysis and design methods can be used. The
NERS approach is integrated with RBDO for the design of engineered systems with timedependent probabilistic constraints.
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Research Solution 2b: Confidence-based Meta-Modeling with Sequential Design of Experiment
for Sensitivity-Free Dynamic Reliability:
This research presents a confidence-based meta-modeling with sequential design of
experiments for sensitivity-free dynamic reliability. GP model is constructed for extreme
performance in the probabilistic space and then MCS can be readily employed for dynamic
reliability approximation. A probability-based confidence level is used to measure the accuracy
of the dynamic reliability approximation if MCS is particular employed based on the GP model.
A two-level sequential DOE scheme is developed to update the GP model if the confidence level
is not satisfied. The scheme contains top and bottom level sampling scheme in which top level
locates sample in random space and bottom level selects sample in time space. The dynamic
reliability is approximated once the confidence level is greater than the confidence target. Two
case studies are implemented to demonstrate effectiveness of the proposed approach. The results
show that reliability estimation can be obtained accurately while the computational cost is
reduced significantly. The proposed approach is easy to implement and totally sensitivity-free. In
addition, it can be integrated in dynamic reliability-based design optimization for product design
with time-variant probabilistic constraints.
1.2.3

Reliability Analysis with Multiple System Failure Modes
Most of existing system reliability methods decompose system failure probability into

probabilities of component failure events and their interactions, thus induce high computational
costs in probability analysis for component failure events and their second or higher order joint
failure events. Moreover, significantly large accumulated error could be rendered due to these
probability approximations. For the simulation-based methods, the comprehensive system-level
sampling rule is highly desired to handle multiple failure modes concurrently for efficient system
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reliability assessment. Thus the following important research question must be carefully
addressed: how to address the dependency of multiple failure modes efficiently, so that system
reliability can be obtained and utilized in system reliably based design optimization.

The

research solution for the listed challenge is addressed by the following research solution.
Research Solution 3: Integrated Performance Method for System Reliability Assessment with
Multiple Limit States:
Different with existing methods for system reliability analysis, this solution addresses the
dependency issue of failure events ahead and solve system reliability problem by integrating all
the component level limit states. In this solution, an integrated performance function is
developed to envelope system-level failure events, in which weights are automatically assigned
for each limit state function to filter the non-active limit state functions. The integrated
performance function shows three important properties: (1) there is no error induced if system
reliability analysis is employed based on integrated performance, (2) integrated performance is
smooth overall the sample space “almost everywhere”, and (3) weights used to reflect the
importance of multiple component failure modes can be adaptively learned in the integrated
performance measure. With the weight updating process, priorities can be adaptively placed on
critical failure events during the updating process of surrogate models. Based on the developed
integrated performance measure with these three properties, the maximum confidence
enhancement (MCE) based sequential sampling rule can be adopted to identify the most useful
sample point and improve the accuracy of surrogate models iteratively for system reliability
approximation.
1.3

Dissertation Overview
The dissertation is organized as follows. Chapter 2 presents the literature review on

reliability analysis and design optimization. Chapter 3 presents the developed maximum
6

confidence enhancement method (MCE) for efficient reliability analysis and design optimization.
Chapter 4 presents the proposed nested extreme response surface (NERS) approach for dynamic
reliability assessment and design optimization. Chapter 5 presents the advanced confidencebased meta-modeling method for sensitivity-free dynamic reliability analysis with sequential
design of experiment. Chapter 6 details the integrated performance measure approach for system
reliability analysis while considering multiple failure modes. In chapter 7, conclusions and future
work are discussed.
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CHAPTER 2
LITERATURE REVIEW
2.1

Introduction
This chapter provides the related state of the art techniques of the research problems

within the scope of this dissertation. The literature review is presented in the following four
sections. Section 2.2 presents the state of the static reliability assessment approaches. Section 2.3
presents the literature about time-dependent reliability analysis and Section 2.4 discusses the
system reliability tools. Finally Section 2.5 presents the reliability based design optimization
(RBDO) in literatures.
2.2

Static Reliability Analysis
Engineered system degrades over time and fails due to the time-variant uncertain

operational condition and component deterioration, which may lead to catastrophic consequences
such as substantial economic and societal losses. To measure the performance of engineered
systems against potential system failures, reliability is defined as the probability that the system
or component will perform the required function for a given period of time under inherent
uncertainties and certain operation conditions. In the literature, two types of reliability analysis
have been conducted, referred to as static reliability analysis and dynamic reliability analysis,
depending on whether the time-variant characteristics are considered in the reliability analysis
processes.
To conduct static reliability analysis, various numerical methods including both
analytical and simulation based approaches have been developed, such as most probable point
(MPP) based methods [1-3], dimension reduction method (DRM) [4-7], polynomial chaos
expansion (PCE) [8-11] and Kriging based methods [12-15]. Other studies have also been done
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to handle epidemic uncertainty [16-18] in static reliability analysis. In MPP based methods such
as the first order reliability method (FORM), reliability index is calculated as the distance
between the MPP and the origin in the U space by iteratively locating the MPP on the limit state
function. Due to the iterative MPP searching process, sensitivity information of performance
functions with respect to random design variables is required at each iteration in order to
pinpoint the next potential MPP point and carry forward the searching process. However,
accurate sensitivity information of the performance function is usually not readily available in
practical engineering applications. The DRM simplifies a single multi-dimensional integration
for reliability analysis to multiple one-dimensional integrations using an additive decomposition
formula, and then estimates reliability based on estimate statistical moments of the performance
function. Though it is sensitivity-free for reliability analysis, the DRM may lead to significant
error for limit state functions with high nonlinearity. To improve the accuracy of DRM, a
generalized DRM [5] was developed to incorporate higher order terms in Taylor expansion and
decompose N-dimensional integration to multiple at most S-dimension integrations. Ideally,
generalized DRM can improve the accuracy of N-dimensional integration by increasing the
reduced order S under one condition that the accuracy of at most S-dimensional integrations must
be very accurate and is able to be computed analytically. Otherwise, the cumulative error of
multiple low order integrations will be significant and the accuracy of N-dimensional integration
is even decreased with increasing S. It occurs because there are too many low order integration
terms and the sum of errors is significant even if each individual error is negligible. For example,
if N=10 and S=3, there are 10 one-dimensional, 45 two-dimensional, and 120 three-dimensional
integrations that should be evaluated to approximate final ten-dimensional integration. Thus in
practical general cases that the lower order integrations cannot be obtained analytically; the
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generalized DRM may fail to guarantee the accuracy of integration by increasing the number of
S due to the lost control of errors. Another limitation is that generalized DRM requires large
number of numerical integration points that blemishes computational efficiency, for example,
3676 samples are at least evaluated if N=10 and S=3. Moreover, both of DRM methods could
show singularity behavior as the number of integration point is increased, and solving a system
of linear equations in moment-based quadrature rule can be numerically unstable. The PCE
method constructs a stochastic response surface with multi-dimensional polynomials over the
sample space of random variables, updates the stochastic response surface by incorporating more
design samples and then approximates reliability directly using Monte Carlo simulation (MCS)
based on the developed stochastic response surface. The accuracy of the PCE can be improved
by increasing the order of stochastic polynomial terms; however the computational cost is
prohibited high for problems with a large number of random variables. Surrogate models have
also been integrated for reliability analysis to replace the original computational expensive
model, so that the reliability can be approximated based on the constructed surrogate model. For
this type of methods, the major challenges includes proposing appropriate matric to quantify the
accuracy of reliability estimation and developing efficient updating scheme for surrogate models.
2.2.1

First Order Reliability Method
First order reliability method (FORM) transforms the random space to standard normal

space at first, and then tries to obtain the failure point on the limit state with the largest input
probability density, referred as most probable point (MPP). To search MPP in standard normal
space, an optimization algorithm is formed to minimize the distance of a point on the limit state
from the origin of the standard normal space in an iterative manner and expressed as

10

min : u
u

subject to : G( u)  0

(2.1)

where u represents the input in the standard normal space after transformation. One the MPP is
obtained, the probability of failure using FORM can be approximated by the distance of MPP
from the origin of the standard norm space, referred as reliability index, and express as
Pf  (   )

(2.2)

where Ф is the standard normal cumulative density function. Although FORM has shown to be
efficient for reliability analysis, the accuracy will be demolished if highly nonlinear limit state is
involved and also the optimization procedure may suffer convergence issue.
2.2.2 Dimension Reduction Method
DRM employed an addictive decomposition of an N-dimensional response function into
one-dimensional function. Then the original N-dimensional integral of the statistical moment can
be approximated by a number of one-dimensional integrals. In this section, additive
decomposition is introduced at first and then the moment-based quadrature rule is detailed.
For any N-dimensional system response function y(x1,…,xN) having convergent Taylor
series, the statistical moments of system response can be generally computed as

  y m (x)   ...








y m (x)  f x (x)  dx

(2.3)

To obtained the statistical moments, a N-dimensional integration over the entire random input
space should be approximated that can be extremely computational expansive. To alleviate this
difficulty, additive decomposition is adopted in DRM to converts N-dimensional response into a
number of one-dimensional responses, which is expressed as
N

ydr (x)   y (0,..., 0, xi , 0,..., 0)  ( N  1) y(0,..., 0)
i 1
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(2.4)

where ydr(x) is the approximation of original system response y(x). With the additive
decomposition, the original statistic moments of the system response in Eq. (2.3) can be
approximated by




N

  y m (x)    y (0,...,0, xi ,0,...,0)  ( N  1) y(0,...,0) 
 i 1



(2.5)

Thus the N-dimensional integration can be evaluated through a number of onedimensional integrations. In DRM, moment-based quadrature rule [4, 5] is adopted for numerical
integration, in which the integration points and corresponding weights can be obtained by
solving a linear system equation expressed as
  j ,n 1

  j ,n


  j ,2 n 2

  j ,n  2
  j ,n 1

  j ,2 n 3

...
...

( 1) n 1  j ,0   rj ,1    j ,n 

( 1) n 1  j ,1   rj ,2    j ,n 1 

  

  

n 1
( 1)  j ,n 1   rj ,n    j ,2 n 1 

(2.6)

where µj,n is the nth raw moment of jth random input. After obtaining r by solving Eq. (2.6), the
integration points xj,i and corresponding weights wj,i can be obtained by solving nonlinear
equation given by
x nj  rj ,1 x nj 1  rj ,2 x nj 2  ...  (1)n rj ,n  0

2.3

(2.7)

Time-Dependent Reliability Analysis
Compared with the static reliability analysis, performing dynamic reliability analysis is

even more computationally expansive in practical engineering applications because of the timedependency of system failure events. In the literature, two categories of methods: extreme
performance based approaches [19-21] and first-passage based approaches [22-31], have been
developed for dynamic reliability analysis. The extreme performance approaches defines the
failure event according to the extreme value of the performance function, and then characterize
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the distribution of extreme performance in order to approximate the dynamic reliability. Instead
of extreme events, the first-passage approaches focus on the first crossing event that the
performance function exceeds the upper bound or falls below the lower bound of the safety
threshold, and then estimate dynamic reliability by computing the out-crossing rate measure. In
the first category of dynamic reliability methods, the composite limit state (CLS) approach [21]
has also been developed to tackle the time-dependency issue and calculate the cumulative
probability of failure based on MCS. As the CLS converts the continuous time to discrete time
intervals and constructs a composite limit state by combining all instantaneous limit states of
discretized time intervals in a series manner, it is extremely expensive to perform the dynamic
reliability analysis using the CLS, as illustrated by reported case studies [21]. Recently, the
nested extreme response surface method (NERS) [20] utilized the Kriging technique to
efficiently identify the time surface corresponding to the extreme performances, so that dynamic
reliability can be performed by only focusing the extreme events using the existing static
reliability tools such as FORM and MCS. Although NERS can tackle the time-dependent issue
efficiently, the significant error can be induced due to the integrated static reliability tool FORM.
As a representative of the first-passage methods, the PHI2 approach [25] was developed for
dynamic reliability estimation, in which the FORM was utilized to calculate the out-crossing
rate. Although the classical static reliability tool FORM can be integrated with the PHI2 method,
the error could be very significant for two reasons: high nonlinearity of the limit states and
improper time step while discretizing the time variable. Another limitation of PHI2 is that it
requires the accurate sensitivity information of the performance function with respect to the
random variables, which is usually not available in practical engineering applications.
For engineered systems, the system failure events would occur if system performance
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function goes beyond its failure thresholds. Consequently, a limit state function, denoted as
G(x)=0, can be defined which separates the safe and failure events in the probabilistic space. For
static reliability analysis, the probability of failure is defined as
Pf  P(G( x)  0)  



G ( x )0

f x ( x)dx

(2.8)

where fx(x) is the joint probability density function. However, the performance function is also
governed by the time-variant uncertainties such as loading conditions and component
deteriorations. Thus the time-variant limit state function can be generally derived as G(x, t) = 0
by taking the time parameter t into account in reliability analysis. Let tl be the designed system
life time of interest, the probability of failure within the life time [0, tl] is described as

Pf  0, tl   P  t  0, tl  , G  x, t   0 

(2.9)

Thus, the dynamic reliability analysis aims to estimate the Pf in an efficient and accurate manner.
If the CLS is used, the time interval [0, tl] will be discretized to NT time nodes with a
fixed time step t. Let G(x, tn) < 0 (n=1 ,.., NT) denotes the instantaneous limit state at the nth
time node tn, the composite limit state can be defined as the union event of all instantaneous limit
state. The cumulative probability of failure can then be described as

N

Pf (0, tl )  P  G( x, tn )  0 
 n 0


(2.10)

where failure occurs if any of the instantaneous limit states is violated.
In NERS method, dynamic reliability analysis is carry out by only focusing on the worst
scenarios of system inputs and the time surface that lead to extreme response of the system
performance function is particularly studied. Let T(x) denotes the response surface of time
corresponding to the extreme value of the limit state function for input x and expressed as
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T ( x )  t | min G( x, t ), t  0, tl 
t

(2.11)

Therefore, the dynamic probability of failure can be derived as

Pf (0, tl )  Pr G( x, T ( x))  0

(2.12)

To efficiently identify T(x) in NERS, Kriging model is constructed for T(x) and an adaptive
response prediction and model maturation mechanism was developed based on mean square
error to concurrently improve the accuracy and computational efficiency of the NERS approach.
With response surface of time T(x), the dynamic reliability analysis can be converted into the
static reliability analysis and performed using the existing advanced reliability tools such as
FORM and MCS.
For the out-crossing rate based approaches, the probability of failure is approximated
based on the out-crossing rate defined as

P[G  x, t   0  G  x, t  t   0]
t 0
t

v  (t )  lim

(2.13)

Let N(0, tl) denotes the number of out-crossing events within the time interval [0, tl], the
probability of failure can be approximated by

Pf  0, tl   P {G  x,0  0}  {N (0, tl )  0}

(2.14)

The bounds of Pf (0, tl) is expressed as

max  Pf     Pf  0, tl   Pf  0  E[ N  0, tl ]
0 tl

(2.15)

where the mean number of out-crossing events is computed as
tl

E[ N  0, tl ]   v  (t )dt
0

(2.16)

Although these approaches have advanced the performance of dynamic reliability
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assessment, there are still challenges remaining in practical applications and the existing
approaches discussed above have their own limitation. Generally, CLS can obtain accurate
dynamic reliability approximation but may require tremendous computational efforts; NERS is
able to reduce the computational cost significantly while the accuracy of dynamic reliability
approximation can be undermined due to the integrated FORM algorithm; out-crossing rate
based approaches provides a rigorous mathematical derivation of the dynamic reliability while it
also suffers the difficulty of evaluating the out-crossing rates for the general stochastic processes.
2.4

System Reliability Analysis
Performing system reliability analysis is generally more technique difficult in practical

engineering applications. Most existing methods can only approximate system reliability by
providing its upper and lower bounds. As a bound-based method, the first-order bound method
[32, 33] which was first particularly proposed for serial and parallel system calculates an upper
and lower system reliability bounds by the reliabilities of all the components. In detail, the upper
bound is approximated by treating all the system failure events as perfectly dependent events
while the lower bound can be computed with the assumption that the system failure events are
mutually exclusive. Due to the strict assumptions, the first-order bound method suffers the
limitation that the approximated bounds of system reliability are usually too loose, and thus the
ability of applying the first-order bound method in practical is undermined. To overcome this
weakness, the second-order system reliability bound method [34, 35] was developed to provide
more accurate system reliability bounds by taking the interaction of any two components into
account. Generally, second-order system reliability bound method can give much tighter system
reliability bounds than first-order system reliability bound method; however, it still just give a
approximated bounds of system reliability and also requires the accurate probabilities of second-
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order joint safety events. Other than second-order system reliability bound method, a linear
programming (LP) method [36, 37] was adopted to get optimal system reliability bounds based
on available information. In detail, it divides sample space into mutually exclusive and
collectively exhaustive (MECE) events so that system event can be represented by a linear
combination of MECE events, then the probability of all MECE events are required to form
system reliability. The major difficulty of applying LP method for system reliability analysis is
to obtain probability of all MECE events accurately given dependency of failure events. It is also
computational expensive to analyze reliability for all the MECE events since it is increased
exponentially with number of components. More studies on the bound-based method for system
reliability analysis can be found in Refs [38-40]. Another alternative way for system reliability
analysis is sampling-based methods [41, 42], in which surrogate models are constructed for
individual limit states and MCS can be used as reliability tool for system reliability prediction
based on the surrogate models. Recently, complementary intersection method (CIM) [43, 44]
was developed to approximate series system reliability by an explicit formula that lays within the
second-order system reliability bounds. In CIM, the complementary intersection event was
proposed to represent any second-order joint safety events so that the probability of second-order
joint safety events can be computed by performing reliability analysis for CIM events and firstorder safety events. Generally, CIM can achieve better accuracy compared with second-order
bound method; nevertheless it also suffers limitations that it is relative computational expansive
to perform reliability analysis for all the CIM and first-order safety events and that error may
also been induced by formulating the explicit formula for system reliability.
All the existing system reliability methods decompose system failure event into
component events and its interactions. These methods involve reliability assessments of each
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component and even the second-order joint safety events, and thus increase the computational
cost significantly. In addition, error can be induced by omitting the high-order interaction events.
2.5

Reliability-Based Design Optimization
In practical engineering design, various methods [45-54] have been developed to

systematically treat uncertainties in engineering analysis and more recently to carry out
Reliability-Based Design Optimization (RBDO). In RBDO, reliability is defined as the
probability that a system performance (e.g., fatigue, corrosion, and fracture) meets its marginal
value while taking into account various uncertainties involved in system design, manufacturing
and operations. By successfully solving RBDO problems, optimal system designs that lead to
minimum design cost while maintaining desired system reliability levels can be obtained. RBDO
technique has been applied to many engineering applications to obtain optimal designs [55-59].
RBDO could be extremely expensive since it requires repeated reliability analysis during the
iterative design process, thus high computational cost becomes a major challenge and bottleneck
for its wide applications. In RBDO, there are two major tasks that need to be addressed:
reliability analysis and design sensitivity analysis. In the literature, great efforts and
improvements have been made to improve RBDO in terms of accuracy and efficiency from
various aspects. Different optimization strategies [60-62] including both double loop and
decoupled approaches have been used to solve RBDO problems. For RBDO problems with lack
of data, the Bayesian approach has been investigated for the reliability modeling and Bayesian
Reliability-Based Design Optimization (Bayesian RBDO) methodologies [63-66] have been
proposed to deal with engineering design problems, which involve both aleatory and epistemic
uncertainties. Also some studies [20, 67, 68] have developed dynamic reliability analysis
methods and eventually resulted in optimal designs considering time-dependent uncertainties,
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which can minimize the life cycle cost and maintain desired dynamic reliability level within lifecycle.
Employing an efficient yet accurate reliability analysis method is one of the most critical
tasks in applying the RBDO technique as discussed above. To improve the performance of
reliability analysis, various methods, including both analytical and simulation based approaches,
have been developed. Surrogate models such as Kriging have also been used widely in reliability
analysis and design applications [69-72]. In recent study [70], surrogate models have been
integrated with the performance measure approach (PMA) in a sequential optimization and
reliability analysis (SORA) framework to reduce the computational cost in which PMA is
performed for reliability analysis based on surrogate models. A sequential sampling strategy,
which is similar with the expected improvement criteria in efficient global optimization
technique [73], has been proposed to improve computational efficiency of Kriging models
development. Another relatively blunt way to utilize Kriging models in RBDO is to construct
Kriging models for performance functions and then estimate the reliability by directly sampling
method such as MCS based on the validated Kriging models, referred to as sampling-based
RBDO. As a representative, dynamic Kriging method [69] has been developed for samplingbased RBDO, in which the order of polynomial term in Kriging models is optimized during
design iterations. Although this approach takes the advantage of direct MCS for reliability
analysis, how to improve the fidelity of the Kriging models for reliability analysis is still a
challenging task.
Another task of RBDO is to compute the sensitivity information of reliability with
respect to design variables. For analytical methods, finite different method (FDM) is usually
employed to estimate the stochastic sensitivity of reliability for RBDO, in which an appropriate
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perturbation size should always be determined in order to achieve good design sensitivity
estimation. However, high computational cost is still a big challenge due to iteratively reliability
analysis for perturbed designs. For simulation based methods, the score function can be used to
derive the stochastic sensitivity of reliability with respect to design variables without inducing
any extra computational cost. However, the obtained sensitivity information is usually not
smooth within the design space, as the sensitivity will become zero whenever the reliability of a
particular design approaches one. Due to the non-smoothness of the sensitivity, RBDO might
take much longer iterations to converge and thus requires more computational efforts.
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CHAPTER 3
A MAXIMUM CONFIDENCE ENHANCEMENT BASED SEQUENTIAL SAMPLING
SCHEME FOR SIMULATION-BASED DESIGN
3.1

Introduction
This chapter presents a maximum confidence enhancement based sequential sampling

approach for simulation-based design under uncertainty. In the proposed approach, the ordinary
Kriging method is adopted to construct surrogate models for all constraints and thus Monte Carlo
simulation (MCS) is able to be used to estimate reliability and its sensitivity with respect to
design variables. A cumulative confidence level is defined to quantify the accuracy of reliability
estimation using MCS based on the Kriging models. To improve the efficiency of proposed
approach, a maximum confidence enhancement based sequential sampling scheme is developed
to update the Kriging models based on the maximum improvement of the defined cumulative
confidence level, in which a sample that produces the largest improvement of the cumulative
confidence level is selected to update the surrogate model. Moreover, a new design sensitivity
estimation approach based upon constructed Kriging models is developed to estimate the
reliability sensitivity information with respect to design variables without incurring any extra
function evaluations. This enables to compute smooth sensitivity values and thus greatly
enhances the efficiency and robustness of the design optimization process. Two case studies are
used to demonstrate the proposed methodology.
3.2

Maximum Confidence Enhancement Based Sequential Sampling
This section presents a sequential sampling approach for reliability analysis using

Kriging models. Subsection 3.2.1 overviews reliability analysis using Kriging models.
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Subsection 3.2.2 introduces the CCL measure for accuracy of reliability approximation while
subsection 3.2.3 details the MCE based sequential sampling approach.
3.2.1

Kriging Surrogate Model for Reliability Analysis
For time invariant reliability analysis, the performance function G(x) is used where the

vector x represents random input variables with a joint probability density function fx(x). The
probability of failure is then defined as
Pf  P(G(x)  0)  



G ( x )0

f x (x)dx

(3.1)

It is extremely difficult to evaluate Pf directly using Eq. (3.1) as it requires numerical evaluation
of multidimensional integration over failure region. Let Ωf ={x | G(x)<0} denotes the failure
region, thus the probability of failure can be expressed as
Pf  Pr(x  f )   I f (x) f x (x)dx  E[ I f (x)]
R

(3.2)

where Pr(.) represents a probability measure; E[.] denotes the expectation operator; If (x) is an
indicator function and defined as
 1,
I f (x)  
0,

x  f
otherwise

(3.3)

According to Eq.(3.2), the probability of failure at a particular design point can be calculated
using statistical sampling methods such as MCS, although in general direct sampling is
computationally prohibited due to a large number of function evaluations required. To alleviate
this difficulty, Kriging technique can be generally used to develop a surrogate model so that the
MCS can be used to estimate true reliability.
Kriging [74,75] is a nonparametric interpolation model in which the training sample
points are involved in approximating the model parameters and forecasting the unknown
response of a new point. Considering a performance function with k random input variables, a
22

Kriging model can be developed with n sample points denoted by D = [X, G], X=(x1,…,xn), G
=(G(x1),…,G(xn)). In the Kriging model, performance function is assumed to be generated from
the model
(3.4)

GK (x)  f (x)  S (x)

where f(x) is a polynomial term of x that interpolates the input sample points; S(x) is a Gaussian
stochastic process with zero mean and variance GK(x) represents the estimation of
performance function at point x. According to [76], the polynomial term f(x) can be substituted
by a constant value , the mean response. Thus, the Kriging model in Eq. (3.4) can be expressed
as
GK (x)    S (x)

(3.5)

In Kriging model, the covariance function of S(x) is given by

Cov[S (xi ), S (x j )]   2R(xi , x j )

(3.6)

where R(xi, xj) represents the (i, j) entry of an n×n symmetric correlation matrix. R(xi, xj) in the
correlation matrix is defined by the distance between two sample points xi and xj , which is
expressed as
k

d (xi , x j )   a p | xip  x jp | p
b

(3.7)

p 1

where xi and xj denote two sample points; ap and bp are parameters of the Kriging model. With
d(xi, xj) shown in Eq. (3.7), R(xi, xj) can be obtained as

R(xi , x j )  exp  d (xi , x j )

(3.8)

With n observations D = [X, G], the log likelihood function can be given as
1
1

Likelihood   n ln(2 )  n ln  2  ln R 
(G  A )T R 1 (G  A ) 
2
2
2

23

(3.9)

where and can be solved in closed form as:
1

   AT R 1A  AT R 1G

2 

(G  A )T R 1 (G  A )
n

(3.10)
(3.11)

where A is an n×1 unit vector. By substituting Eqs. (3.10) and (3.11) into Eq. (3.9), the
likelihood function is transformed to a concentrated likelihood function which depends only
upon the parameters ap and bp for any p within [1, k]. Then ap and bp can be obtained through
maximizing the concentrated likelihood function and thereafter the correlation matrix R can be
computed. With the Kriging model, the response for any given new point x’ can be estimated as

GK (x')    rT R 1 (G  A )

(3.12)

where r is the correlation vector between x’ and the sampled points x1 ~ xn. The mean square
error e(x’) can be computed by

(1  AT R 1r )2 
e(x ')   2 1  rT R 1r 
AT R 1A 


(3.13)

Thus, the estimation at new sample point x’ using the Kriging model can be treated as a random
variable that follows normal distribution with mean GK(x’) and variance e(x’).
3.2.2

Cumulative Confidence Level of Reliability Estimation
Assuming that n samples are generated within the design space using Latin hypercube

sampling, and evaluated for a performance function, G(x), a Kriging model can be developed as
discussed in subsection 3.2.1. Let M and D represent the Kriging model and the training data set.
With the Kriging model M, MCS can be used directly for reliability analysis. To calculate
reliability using MCS based on the model M, N samples are generated according to the
randomness of input variables. Let Xm denotes N samples, in which xm,i represents the ith sample

24

(i=1,…, N). According subsection 3.2.1, the estimated response of performance function G(xm,i)
is a normally distributed variable given by G(xm,i) ~ N (Gk(xm,i), e(xm,i)). Thus the sample xm,i can
be bluntly classified as failure (“1”) or safe (“0”) by
Gk (x m,i )  0

 1,
I f ( x m ,i )  
0,

(3.14)

otherwise

The confidence level of the classification for the sample point xm,i can be conveniently
estimated by the probability that G(xm,i) is larger than zero if Gk(xm,i) is positive, or the
probability that G(xm,i) is less than zero if Gk(xm,i) is negative, which can be expressed as
 Pr(G (x m ,i )  0),
CL(x m ,i )  
 Pr(G (x m ,i )  0),

Gk (x m ,i )  0
Gk (x m ,i )  0

=(

Gk (x m ,i )
e(x m ,i )

)

(3.15)

where  is standard normal cumulative distribution function; |.| is the absolute operator. Note
that CL(.) is a positive value within [0.5, 1]. After estimating the responses for all N samples in
MCS based on the model M, the reliability is then calculated by
N

R  1  Pf  1 

I
i 1

f

(x m,i )

N

(3.16)

Due to the reliability prediction error induced by Kriging model M, a cumulative confidence
level (CCL) of the reliability estimation can be defined as
N

CCL(M, X m ) 

 CL(x
i 1

m ,i

)

N

(3.17)

where CL(xm,i) represents the confidence level of the classification for sample xm,i. It is worth to
notice that CCL(M,Xm) will always be within the range (0.5, 1].
3.2.3

MCE-based Sequential Sampling Scheme
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As MCS is employed for reliability analysis based on a Kriging model for any particular
design during the iterative RBDO process, the Kriging model should be accurately developed to
represent the performance function. In section 3.2.2, a CCL measure is introduced to qualify the
accuracy of reliability estimation from MCS if Kriging model is adopted for estimation of
performance function. The insight of the developed sequential sampling method is to select new
sample that can maximize the enhancement of the cumulative confidence level for reliability
estimation.
For a given sample x* within Xm, the evaluated performance value is denoted as G*, and
then the improvement of CCL can be defined as

I (x*)  CCL(M*, Xm )  CCL(M, Xm )

(3.18)

where M* is the updated Kriging model that is built using updated data set D* by adding new
sample point (x*, G*); M is the original Kriging model built upon the sample set D. With the
defined CCL improvement, a sample point that maximizes the CCL improvement should be
selected as new sample point in the updating process. However, we can hardly know the true
CCL improvement of x* in Eq. (3.18) if the true performance value G* is not available. Thus,
this paper proposes a new criterion for the estimation of the CCL improvement for any given
new sample x*, referred to as estimated improvement (EI) sampling criterion, that is defined by

EI (x*)  (1  CL(x*))  f x (x*)  e(x*)

(3.19)

where fx(x*) is the probability density function value of input at the sample point x*; CL(x*)
denotes the confidence of classification at x* using current Kriging model; e(x*) is the mean
square error of the prediction by current Kriging model at x*. As shown in Eq. (3.19), the
estimated improvement sampling criterion is composed with three parts: the first term, (1CL(x*)), represents the potential prediction confidence level improvement if the sample x* is
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evaluated; the second term is the probability density function value at x* and the multiplication
of the first and second term represents how likely we can obtain the potential improvement (1CL(x*)). It is also known that the accuracy of Kriging model near x* will be improved if current
Kriging model is updated by adding and evaluating x* as a new input sample, thus the third term
e(x*)0.5 is added to consider this effect since the bigger is the estimation variance at x* the larger
improvement can be projected.
Table 3.1: Procedure of the MCE-based Sequential Sampling Scheme
Steps
Step 1:

Procedure
Identify initial date set D; initialize the confidence target CCLT; generate N samples
Xm according the input randomness;

Step 2:

Develop a Kriging model M using existing data set D;

Step 3:

Compute the reliability R and confidence level CCL(M, Xm);

Step 4:

Compare CCL(M, Xm) with CCL :
If CCL(M, Xm) >CCL , stop.
Otherwise, go to Step 5.

Step 5

Compute EI(Xm) and obtain x* that has Max(EI(Xm)). Evaluate G(x*) and update D
by adding new data (x*, G(x*)); go to Step 2;

Starting from the initial sample set D, an initial Kriging model M can be built and the
MCS with N samples Xm can be employed based on model M, then the reliability R and the
cumulative confidence level of reliability estimation CCL(M, Xm) can be calculated using
Eqs.(3.16) and (3.17) respectively. The estimated improvements EI(Xm) are computed for all the
samples Xm, and the sample x* with the largest estimated CCL improvement, Max(EI(Xm)), will
27

be selected as a new sample to update the Kriging model M. This updating process is repeated
until the termination rule is satisfied. Then the updated model M will be used for reliability
estimation. The Kriging model is considered to be a valid one if the cumulative confidence level,
CCL, is greater than a confidence level target, CCLT. Table 3.1 summarizes the procedure of the
developed MCE-based sequential sampling scheme. Noted that the developed MCE-based
sequential sampling approach updates constraints separately and thus may be inefficient, if there
are a large number of constraints and meanwhile the computational times for evaluation of one
constraint and evaluation of multiple constraints are identical for some design applications, such
as those using computer simulations.
3.3

RBDO Using MCE-Based Sequential Sampling Scheme
This section presents the sampling-based RBDO using the developed MCE-based

sequential sampling approach. Subsection 3.3.1 overviews the RBDO formulation, while
subsection 3.3.2 presents the developed smooth design sensitivity analysis approach. The overall
procedure of using sequential sampling approach is summarized in subsection 3.3.3.
3.3.1

RBDO Formulation
Reliability based design optimization (RBDO) aims to find optimum system designs that

compromise between cost and reliability by taking into account of system input uncertainties. In
general, RBDO can be formulated as:
Minimize :

Cost (d)

subject to : Pr(Gi (x, d)  0)  1   (  ti ), i  1,...., nc

(3.20)

d L  d  d U , d  R nd and x  R nr

where Pr(Gi(x,d) < 0) is the probability of failure; t is the target reliability index; Cost(d) is the
objective function; d is design vector including the mean values of random design variables x
and deterministic design variables; nc, nd, and nr are the numbers of probabilistic constraints,
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design variables, and random variables respectively. The objective here is to minimize the cost
Cost (d) while maintaining the target reliability level being satisfied.
3.3.2

Stochastic Sensitivity Analysis using Kriging
Design sensitivity information of reliability with respect to random design variables is

essential in the iterative design process, as it not only affects the efficiency but also determines
the convergence of the design process to an optimum design. In RBDO while finite different
method (FDM) is adopted for design sensitivity analysis, reliability analysis needs to be
performed nd times for the perturbed design points where nd is number of design variables.
For design sensitivity analysis using sampling based methods, taking the partial
derivative of probability of failure with respect to the ith design variable di yields

Pf
di




di

I

f

(x) f x (x)dx

(3.21)

R nr

According to the Leibniz’s rule of differentiation [50], the differential and integral operators in
the Eq. (3.21) can be interchanged and thus yields
Pf
di




f

( x)

 ln f x (x)
 ln f x ( x)
f x (x) dx  E[ I f ( x)
]
di
di

R nr

I

f

f x (x)
dx
di

I

R nr

( x)

(3.22)

Although the analytical form for the sensitivity of reliability can be derived, it cannot be used to
compute the sensitivity when all the samples in MCS are identified as safe. If If equals to 0 for all
the N samples, Eq. (3.22) becomes

Pf
di




di



R

I f (x) f x (x)dx  I f (x) 

nr


di



R

f x (x)dx  0

(3.23)

nr

However, the true sensitivity of reliability may be a small value instead of zero. Zero estimation
of the sensitivity based on MCS samples may not lead to a divergence of the RBDO process; but
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it could result in substantially more design iterations since the new design point in the
subsequent design iteration will be affected by this sensitivity estimation. This is especially true
for a high reliability target scenario in RBDO, as the sensitivity estimated using the MCS
samples based on Eq. (3.22) will frequently be zero. In same extreme cases, the non-smooth
sensitivity estimation will substantially increase the total number of design iterations, and could
also make the RBDO process fail to converge to the optimum design. To alleviate such a
difficulty, this paper presents a new way to calculate smooth sensitivity of reliability without
extra computational cost. Defined as the integration of probability density function of system
input variables over the safe region (G(x)>0), the reliability has a monotonically one-to-one
mapping relationship to the ratio of the mean and the variance of the performance function,
which can be expressed as

R  Pr(G (x)  0)  


 G ( x) f

X



G ( x ) 0

f x (x)dx  (

G ( x )
G ( x )
)
 G (x)
 G (x)

(x)dx

(3.24)

R nr

 (G(x)  

G (x)

) 2 f X (x)dx

R nr

where µG(x) and σG(x) are the mean and variance of performance function G(x) given the random
input x. It is should be noticed that the failure probability is computed by the integration of
probability density function overall the failure region, and can be determined by the randomness
properties of input x and performance function G(x). Thus the probability of failure is a function
of the design variable d. In this equation, the approximate equality should be equality if the
random response G(x) follows the Gaussian distribution given the randomness of input x. The
sensitivity of reliability with respect to the design variable d can then be approximated as
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R
  G(x)
d
 G(x)

(3.25)

Note that the right part of Eq.(3.25) only provides an estimated sensitivity vector that is
proportional to the true design sensitivity. Thus the sensitivity information in Eq.(3.25) can be
normalized and derived as


R
 a    G(x) 
d
 G(x) 



  G(x) 
 G(x) 

(3.26)

where a is a proportional coefficient; ||.|| is norm operation. To calculate the sensitivity of
reliability, the derivative term in the right hand side of Eq. (26) can be derived as
  G ( x ) 
  G ( x )  G ( x )
1
1

 G ( x ) 
 


2
d   G ( x ) 
d
 G(x)
 G(x)
d

(3.27)

The derivative of µG(x) and σG(x) with respect to d can be estimated as
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  G ( x ) 
nr
 1
 R
N
d
d

N



 GK ( x m ,i ) 

i 1

d
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(3.28)

  G ( x ) 
  G ( x ) 
 GK ( x m ,i ) 
2  G ( x )  
 2  GK ( x m ,i )  
 2  G ( x )  
]
d
d
d
To calculate the sensitivity of reliability appropriately, the proportional coefficient a should be
determined. In this paper, a is set to one initially at the first iteration and will be updated based
on the reliabilities of current and previous designs. Let Ri and Ri+1 represent the reliabilities for
the ith and (i+1)th iterations respectively, di and di+1 be the designs at the ith and (i+1)th iterations,
and SRi denote the sensitivity of reliability calculated using Eq.(3.26) at the ith iteration. Also let
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ai and ai+1 be the proportional coefficients for ith and (i+1)th iterations. With these notations, the
proportional coefficient ai+1 can be updated by
ai 1

Ri 1  Ri

,

  (di 1  di )  ( SRi ) '

ai ,


if Ri 1  Ri  Ca

(3.29)

otherwise

where Ca is a threshold within 10-1 to 10-4. In this study, Ca is set to 10-3 for all case studies.
3.3.3

Numerical Procedure
For an engineering design application, the first step of employing the developed MCE-

based sequential sampling scheme is to build an initial Kriging model for every performance
function. In this study, a set of initial samples are generated and evaluated to build an initial low
fidelity global Kriging model for each performance function. For a performance function Gi(x)
(i=1,…nc), Latin hypercube can be used to generate n number of initial samples xj (j=1,…,n) in
the predefined design space. To balance the accuracy and efficiency, 10*(nd-1) samples are
suggested as initial sample size n. Since the same procedure of the proposed MCE-based
sampling approach for each performance function will be used, Gi(x) is denoted in general as
G(x) in the rest of paper. The performance values of G(x) of n initial samples are evaluated, then
the data D=[X, G] is obtained and used to construct a Kriging model M as discussed in
subsection 3.2.1. Before RBDO, deterministic design optimization, as shown in Eq. (3.30), is
first solved to derive a deterministic optimum design that satisfies the deterministic constraints
while the cost is minimized. The samples evaluated during the deterministic design optimization
process are combined with initial samples together for the updating of the initial Kriging model
M.

Minimize :

Cost (d)

subject to : Gi (d)  0, i  1,...., nc
L

U

d  d  d , dR
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nd

(3.30)

In the next step, RBDO will be performed using the latest Kriging model. Starting with
the deterministic optimum obtained from the deterministic optimization as an initial design, the
cost function and the sensitivity of cost with respect to design variables are computed first; then
developed MCE-based sequential sampling approach is used to estimate the reliabilities and
sensitivities for all limit states. The cost function, reliabilities and corresponding design
sensitivities will be provided to an optimizer to generate a new design point or otherwise
determine the optimum if converged. In this study, double loop optimization strategy has been
employed to search the optimum solutions while the sequential quadratic programming (SQP)
technique [77] is used as the optimizer. The SQP is a technique to solve nonlinear constraint
programming problems and it requires the cost function value, constraints and design
sensitivities to determine the new design point for the next design iteration until the design
process converges to an optimum. The iterative design process will be repeated until an optimum
design is achieved. Figure 3.1 shows the flowchart of sampling-based RBDO using the
developed MCE-based sequential sampling scheme.
Probabilistic Design Opt.

Update New
Design

Sequential Sampling Approach

Deterministic Optimum
Design

Initialize
Data D1,… Dn

Cost/Sensitivity Analysis

Kriging Model
M1,…,Mn

Reliability/Sensitivity
Analysis

Compute Confidence
Level CCL1,...CCLn

Design Optimizaiton
No

CCLi>CCLT
Yes

Converged？

add (x*, Gi(x*))
to Di

Evaluate Gi(x*)
No
Find x* with Max
Estimated
Improvement

Compute Reliability
Using MCS

Yes
Probabilistic Optimum
Design

Estimate Sensitivity

Figure 3.1: Flowchart of MCE-based sequential sampling scheme for RBDO
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3.4

Case Studies
In this section, two case studies, a mathematical design example and a side crash design

application, are used to demonstrate the sampling-based RBDO using the developed MCE-based
sequential sampling approach.
3.4.1

Case Study I: A Mathematical Problem
The first case study considers the following mathematical design optimization problem

with two random design variables X1 and X2. Both random variables are normally distributed as:
X1~Normal () and X2~Normal (), where the design variable d = [d1, d2] T =
[(X1), (X2)]T. The RBDO problem is formulated as

Minimize :

Cost  10  d1  d 2

subject to:

Pf [Gi ( X )  0]  1  Rt , i  1 ~ 3
0  d1 & d 2  10
G1  X 12 X 2 / 20  1

(3.31)

G2  ( X 1  X 2  5) 2 / 30  ( X 1  X 2  12) 2 / 120  1
G3  80 / ( X 12  8 X 2  5)  1
The target reliability level is set to Rt = 0.99865; the proposed approach will be tested by
setting a cumulative confidence level target of CCLT=0.998. Figure 3.2 shows the contours of
the limit state functions in the design space. The deterministic design optimization process starts
with an initial design di = [5, 5]. To construct the surrogate model for constraints, one Kriging
model is built for each constraint with nine initial samples which are generated in the design
space using the grid sampling technique. Following the procedure outlined in subsection 3.3.3,
the deterministic optimum design is obtained as dd = [8.6296, 1.3202] and the four samples
added during deterministic optimization process are also utilized with initial samples to construct
Kriging model for each constraint. Three Kriging models M1, M2 and M3 are developed using
the 13 sets of samples. By setting dd as the initial design for RBDO, the probabilistic optimum
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design is obtained after nine iterations. During the RBDO process, two and six samples are
selected for the updating of Kriging models M2 and M3 respectively; and there is no need to
update M1. All the evaluations of the performance functions are shown in Table 3.2.
Table 3.2: Samples Evaluations during the RBDO Process
G1

Constraints

G2

G3

X1

X2

X1

X2

X1

X2

0

0

0

0

0

0

0

5

0

5

0

5

0

10

0

10

0

10

5

0

5

0

5

0

5

5

5

5

5

5

5

10

5

10

5

10

10

0

10

0

10

0

10

5

10

5

10

5

10

10

10

10

10

10

6

4

6

4

6

4

8.5772

1.8076

8.5772

1.8076

8.5772

1.8076

8.6052

1.3546

8.6052

1.3546

8.6052

1.3546

8.6271

1.3218

8.6271

1.3218

8.6271

1.3218

-

-

9.0278

1.0671

9.0504

1.4270

-

-

7.1939

2.0777

8.8486

0.9340

Updated Samples

-

-

-

-

8.7661

1.0287

During RBDO

-

-

-

-

8.2208

2.1191

-

-

-

-

7.8892

2.9451

-

-

-

-

7.5455

3.3852

Design Variables

Initial samples

Samples During the
Deterministic
Optimization

During the RBDO process, the design history of reliabilities of three constraints, cost
function values, iterative design points and sensitivity coefficients are detailed in Table 3.3. As
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shown in the Figure 3.3, the estimated limit state using updated Kriging models are also
compared with true limit states as shown previously in Figure 3.1. It shows that the accuracy of
Kriging models are guaranteed especially in the area near the optimum design, which indicates
that the developed MCE-based sequential sampling scheme ensures that the Kriging models will
be updated only in the critical area of interest as needed.

Figure 3.2: Limit State Functions

Figure 3.3: Estimated Limit State Using Kriging Models
The overall design optimization process including both deterministic optimization and the
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RBDO is shown in Figure 3.4, in which black cycles are initial samples used for constructing the
initial Kriging models; black pentagrams represent new samples added during the deterministic
design process; green stars, red squares and blue triangles are new samples employed for the
updating of Kriging models M1 and M2 and M3 during the RBDO process; black plus denotes the
iterative design during RBDO. It shows that the most new samples added during RBDO are
located near limit state function. This is because the first term in Eq. (3.19) will be maximum 0.5
if the estimated mean in Eq. (3.15) is zero. Thus, maximizing the estimated improvement in Eq.
(3.19) will automatically push the new samples to be selected for the updating of the Kriging
model toward the limit state functions.

Figure 3.4: Overall Process of Design Optimization
The MCS is employed to verify the accuracy of the proposed approach at the optimum
design point. As the results shown in Table 3.4, the proposed approach is also compared with
other existing methods such as the first order reliability method (FORM) and constraint
boundary sampling method [72] (CBS). With 106 samples, the MCS provides the reliabilities of
optimum designs obtained through different algorithms. It is observed that the proposed MCEbased sequential sampling approach generates accurate optimum design and outperforms other
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existing methods.
Table 3.3: RBDO Design History
Design Variables

Reliabilities

Sensitivity Coefficients

Cost

Iter.

X1

X2

R1

R2

R3

a1

a2

a3

Cost

0

8.6271

1.3217

0.9999

0.5057

0.4904

1

1.0000

1.0000

2.6946

1

8.233

1.7633

1

0.7057

0.6838

1

0.4057

0.3805

3.5303

2

7.5342

2.4488

1

0.9269

0.9221

1

0.3064

0.2880

4.9147

3

7.2188

2.6874

1

0.9587

0.9748

1

0.1358

0.1983

5.4686

4

7.0402

2.8827

1

0.984

0.9841

1

0.0860

0.0773

5.8425

5

6.8306

3.0318

1

0.9912

0.9932

1

0.0423

0.0484

6.2012

6

6.6743

3.1593

1

0.9952

0.9963

1

0.0227

0.0275

6.4851

7

6.544

3.2648

1

0.9973

0.998

1

0.0138

0.0199

6.7208

8

6.4793

3.3260

1

0.9981

0.9987

1

0.0138

0.0199

6.8467

9

6.4686

3.3466

1

0.9984

0.9987

1

0.0138

0.0199

6.8780

Table 3.4: Comparison of the Results for Case Study I
Optimum

MCS
R1

R2

R3

Cost

Number of
Evaluations

FORM

(6.400, 3.442)

1

0.9988

0.9986

7.0422

402

CBS

(5.858, 3.423)

1

0.9957

1

7.5645

99

MCE

(6.4686, 3.3466)

1

0.9975

0.9984

6.8780
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3.4.2

Case Study II: Vehicle Side Crash
According to safety regulation of vehicle side impact, vehicle design must meet internal

and regulated side impact requirements. One widely used side impact protection guideline is the
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European Enhanced Vehicle-Safety Committee (EEVC) side impact procedure which is adopted
in this study. In EEVC, the dummy’s responses are the main metric in side impact analysis,
which include Head Injury Criterion (HIC), abdomen load, pubic symphysis force, VC’s
(viscous criteria), and rib deflections (upper, middle and lower), the velocity of the B-pillar at the
middle point and the velocity of the front door at the B-pillar are another two concerns in side
impact analysis. The objective of this study is to reduce the total weight while maintaining or
improving the performance of vehicle in side impact.
Table 3.5: Properties of Design and Random Parameters of Vehicle Side Impact
Random Variables

Distr.

SD

dL

d

dU

x1(B-pillar inner)

Normal

0.030

0.500

d1

1.500

x2(B-pillar reinforce)

Normal

0.030

0.500

d2

1.500

x3(Floor side inner)

Normal

0.030

0.500

d3

1.500

x4(Cross member)

Normal

0.030

0.500

d4

1.500

x5(Door beam)

Normal

0.030

0.500

d5

1.500

x6(Door belt line)

Normal

0.030

0.500

d6

1.500

x7(Roof rail)

Normal

0.030

0.500

d7

1.500

x8(Mat. B-pilar inner)

Normal

0.006

0.192

d8

0.345

x9(Mat. floor side inner)

Normal

0.006

0.192

d9

0.345

x10(Barrier height)

Normal

10

-

0

-

x11(Barrier hitting)

Normal

10

-

0

-

In the vehicle side crash design case study, there are totally eleven random variables
including nine design variables and two random parameters. As shown in Table 3.5, the design
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variables are the thickness (d1~d7) and material properties of critical parts (d8, d9) and two nondesign random parameters namely barrier height and hitting position varying from -30mm to
30mm according to the physical test. All the random variables are assumed to be normal
distributed. The RBDO of vehicle side impact design can be formulated as follows:

Minimize : Cost (d)
subject to: Pf [Gi (x)  0]  1  Rt , i  1 ~ 10

(3.32)

d L  d  dU , d  R9 and x  R11
The objective function Cost(d) is defined by the weight as a function of design variables
expressed by

Cost(d) =1.98+ 4.90d1 + 6.67d2 + 6.98d3 + 4.01d4 +1.78d5 + 2.73d7

(3.33)

The constraints G1~G10 are abdomen load (G1), rib deflection (G2~G4), VC (G5~G7), pubic
symphysis force (G8), velocity of the B-pillar (G9) and the velocity of the front door (G10). More
detail information regarding these limit states can be found in the references [58].
To solve the RBDO problem, n=100 initial samples are generated by Latin hypercube
sampling and evaluated for all ten performance functions respectively. An initial data sets D
based on the initial samples and evaluated responses of each performance function, are used to
build initial Kriging models M1~M10 for ten performance functions. By performing the
deterministic design optimization problem, the deterministic optimum is obtained as
dd=[0.5000,1.2257,0.5000,1.2071,0.5000,1.4893,0.5000,0.3450,0.3000]. The proposed approach
will be employed by setting the target reliability level as Rt = 0.9 and cumulative confidence
level target as CCLT=0.8. Following the procedure outlined in subsection 3.3.3, an optimum
solution is achieved after 12 design iterations. The RBDO cost and design history for the vehicle
side impact design application are detailed in Table 3.6.
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Table 3.6: Cost and Design History for Vehicle Side Impact
Iter.

Cost

d1

d2

d3

d4

d5

d6

d7

d8

d9

1

23.1911

0.5

1.2257

0.5

1.2071

0.5

1.4893

0.5

0.345

0.3

2

23.6586

0.5054

1.2515

0.5

1.2434 0.5693

1.5

0.5

0.345

0.2192

3

24.1296

0.5

1.2847

0.5

1.279

0.6444

1.5

0.5

0.345

0.192

4

24.3706

0.5

1.3083

0.5

1.31

0.6212 1.4093

0.5

0.345

0.1971

5

24.3497

0.5

1.3035

0.5

1.3318 0.5786 1.4255

0.5

0.345

0.1946

6

24.3481

0.5

1.3062

0.5

1.3351

1.4807

0.5

0.345

0.192

7

24.3478

0.5

1.3071

0.5

1.3315 0.5647

1.5

0.5

0.345

0.1924

8

24.3481

0.5

1.3075

0.5

1.3291 0.5688

1.5

0.5

0.345

0.1929

9

24.3429

0.5

1.3078

0.5

1.3273 0.5689

1.5

0.5

0.345

0.1933

10

24.3378

0.5

1.3079

0.5

1.3254 0.5698

1.5

0.5

0.345

0.1938

11

24.3347

0.5

1.308

0.5

1.3238 0.5711

1.5

0.5

0.345

0.1943

Opt.

24.3294

0.5

1.308

0.5

1.3224 0.5715

1.5

0.5

0.345

0.1951

0.56

The history for reliability of ten probabilistic constraints is shown in Table 3.7. To verify
the reliabilities of optimum design, MCS with 106 samples are employed as the reference to
calculate reliabilities as shown in the last row of Table 3.7. For the optimum design, the
probabilistic constraints G4, G8 and G10 are active and all others are inactive, and the reliabilities
history of three active constrains is also shown in Figure 3.5. Total numbers of function
evaluations are 2144 with 188, 191, 192, 284, 188, 188, 188, 279, 202, and 244 for the ten
performance functions G1 to G10 respectively. For non-active constrains, much less function
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evaluations are required, mainly because more efforts will be automatically allocated to the
critical constraints during the RBDO process by the developed sequential sampling approach.
Table 3.7: Reliability History of the Probabilistic Constraints
Iter.

G1

G2

G3

G4

G5

G6

G7

G8

G9

G10

1

1

0.9846

0.994

0.4831

1

1

1

0.2611

0.9868

0.598

2

1

1

0.9983

0.6705

1

1

1

0.5901

0.991

0.8846

3

1

1

1

0.8044

1

1

1

0.7759

0.9935

0.9935

4

1

1

0.9994

0.9112

1

1

1

0.8624

0.9974

0.9441

5

1

1

0.9997

0.8932

1

1

1

0.8918

0.9983

0.8805

6

1

1

0.9998

0.8946

1

1

1

0.9085

0.9967

0.8761

7

1

1

0.9997

0.8956

1

1

1

0.9079

0.9958

0.8951

8

1

1

0.9997

0.8969

1

1

1

0.907

0.9959

0.9005

9

1

1

0.9997

0.8979

1

1

1

0.9073

0.9957

0.8995

10

1

1

0.9996

0.898

1

1

1

0.9058

0.9954

0.8989

11

1

1

0.9996

0.899

1

1

1

0.9053

0.9954

0.9006

12

1

1

0.9996

0.8996

1

1

1

0.9031

0.9949

0.9011

MCS

1

1

0.9988

0.8974

1

1

1

0.9003

0.9919

0.8783

For the comparison study, FORM is also employed to solve the RBDO problem for side
crash case study. The optimum design is obtained after five iterations as dopt =[0.5, 1.3091, 0.5,
1.2327, 0.5425, 1.5, 0.5, 0.345, 0.1920]. To achieve the optimum design using FORM, the
performance functions are evaluated to obtain the MPP in the U-space and the total numbers of
function evaluations are 3492 with 252, 240, 240, 240, 252, 240, 240, 348, 240 and 1200 for the
ten performance functions G1 to G10 respectively. The cost at the optimum design dopt is 23.9258
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while the true reliabilities verified using the MCS with 106 samples are 1, 1, 0.9989, 0.9003, 1, 1,
1, 0.5840, 0.9884, 0.8033 for G1 to G10 respectively. For the CBS approach, the strategy is to
build a global high fidelity Kriging model by sequentially allocating samples on the constraint
boundaries and then use the developed model to carry out RBDO using the FORM method.
However, developing a high fidelity Kriging model suffers from the curse of dimensionality. In
CBS method, a 2-level orthogonal array for 11 random variables will be evaluated for all 10
performance functions, the total number of function evaluations will be 10 times 211, which is
more than 20,000. Thus due to the curse of dimensionality, the CBS method is generally not
suitable to perform RBDO for a high dimensional design problem, as the number of function
evaluations will increase rapidly with the increase of total number of random variables.

Figure 3.5: Reliabilities of Vehicle during RBDO
3.5

Conclusion
This chapter presented a maximum confidence enhancement (MCE) based sequential

sampling approach for simulation-based design under uncertainty. By building Kriging model for
performance function, MCS is able to be carried out based on the constructed Kriging model to
estimate reliability and sensitivity information of particular design. To improve the fidelity of the
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Kriging model, a new concept referred to as cumulative confidence level (CCL) measure is
introduced to quantify the accuracy of reliability estimation when MCS is used to proximate
reliability based upon the Kriging model. A sequential sampling scheme is then developed based
on a formulation of approximating the CCL improvement to update the Kriging model efficiently,
in which a sample that contributes to a maximum CCL improvement will be selected. To employ
the developed MCE-based sequential sampling approach for RBDO, a new smooth design
sensitivity analysis approach is developed which estimates smooth design sensitivities based on
Kriging models without inducing any extra function evaluations. Thus the efficiency and
robustness of the proposed approach are greatly improved. Two design case studies indicate that
the proposed approach outperforms other existing approaches by obtaining the accurate optimum
designs more efficiently.
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CHAPTER 4
A NESTED EXTREME RESPONSE SURFACE APPROACH FOR TIME-DEPENDENT
RELIABILITY-BASED DESIGN OPTIMIZATION
4.1

Introduction
A primary concern in practical engineering design is ensuring high system reliability

throughout a product life-cycle subject to time-variant operating conditions and component
deteriorations. Thus, the capability to deal with time-dependent probabilistic constraints in
reliability-based design optimization is of vital importance in practical engineering design
applications. This chapter presents a nested extreme response surface (NERS) approach to
efficiently carry out time-dependent reliability analysis and determine the optimal designs. The
NERS employs kriging model to build a nested response surface of time corresponding to the
extreme value of the limit state function. The efficient global optimization technique is integrated
with the NERS to extract the extreme time responses of the limit state function for any given
system design. An adaptive response prediction and model maturation mechanism is developed
based on mean square error (MSE) to concurrently improve the accuracy and computational
efficiency of the proposed approach. With the nested response surface of time, the timedependent reliability analysis can be converted into the time-independent reliability analysis and
existing advanced reliability analysis and design methods can be used. The NERS is compared
with existing time-dependent reliability analysis approaches and integrated with RBDO for
engineered system design with time-dependent probabilistic constraints. Two case studies are
used to demonstrate the efficacy of the proposed NERS approach.
4.2

Concept of Nested Time Prediction Model
For a given system, the performance function G(X, t) may change in different manner

over time due to time-dependent loading conditions as well as component deteriorations. Figure
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4.1 shows the random realizations of two different types of system responses, in which red and
blue lines represent monotonically and non-monotonically increasing of the performance. If the
performance G(X,t) increases (decreases) monotonically over time and thus the extreme response
will generally occur at the time interval boundary where the probability of failure will also
approach its maximum value. For this type of time-dependent reliability constraints, the RBDO
only needs to be carried out at the time interval boundary and the optimum design can guarantee
the reliability requirements being satisfied over the entire time domain of interest. However, the
situation is more complicated when the system response G(X, t) is a non-monotonic function. It
is critical that the reliability analysis is carried out at the instantaneous time when the extreme
response of the performance function is obtained.

System Performance

Extreme

NonMonotonic
Time

Figure 4.1: Time–Dependent Performance Function
The time that leads to the extreme response of the system performance function varies
with different design X and thus a response surface of the time with respect to system design
variables can be determined as



T  f ( X ) : min G( x, t ), x  X
t
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(4.1)

Figure 4.2: Global Extreme Response Surface of Time
Take a time-dependent limit state function G(X, t) = x12x2 - 5x1t +(x2+1) t2-20 as an
example, for any given design X: {x1ϵ [0, 5], x2 ϵ [0, 5]}, there is an instantaneous time T: {t ϵ [0,
25]} that minimize G(X, t). To find out this correspondence, we let the derivative of G with
respect to t equal to zero and obtain the function relationship between t and X, that minimize the
G(X, t) as T = 5x1/(2x2+2). Figure 4.2 shows this functional relationship, where X1 and X2 are two
design variables and z-axis represents time t. As shown in the figure, the extreme response of
time varies with design variables X1 and X2. For example, for a particular realization of system
design, x1 = 4, x2 = 1, the system approaches the maximum response at time t = 5; while for
another particular realization of system design where x1= 5, x2=0, the system reaches its
maximum response at time t = 12.5. The response surface of the time T here is defined as the
nested time prediction model in NERS. Input of NTPM is design variables and parameters of
interest, which can either be random or deterministic variables, whereas the output is the time
when the system response approaches its extreme value. With the NTPM, the time-dependent
reliability analysis problem can be converted to time-independent one and thus existing advanced
reliability analysis approach, such as First-/Second- order reliability method (FORM/SORM) and
dimension reduction methods, can be conveniently used. In RBDO with time-dependent
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probabilistic constraints, NTPM can be completely nested in the design process to convert the
time-dependent reliability analysis into time-independent one by estimating the extreme time
responses for any given system designs.
Although the NTPM facilitates the time-dependent reliability analysis, developing a high
fidelity time prediction model in an efficient way can be very challenging. First, analytical forms
of time-dependent limit states are usually not available in practical design applications, and
consequently the NTPM must be developed based on limited samples; Second, as the samples
for developing the NTPM require the extreme time responses over the design space, thus it is of
vital importance that the extreme time responses can be efficiently extracted to make the design
process computationally affordable; Third, the NTPM must be adaptive in performing two
different roles: making predictions of extreme time responses for reliability analysis and
including extra sample points to maturate the model itself at necessary regions during the
iterative design process. The following section presents the NERS methodology that addresses
the aforementioned three challenges.
4.3

Nested Extreme Response Surface Approach
This section presents the proposed NERS approach for time-dependent reliability analysis.

Subsection 4.3.1 details the NERS approach for efficiently constructing the NTPM, followed by
a mathematic example in subsection 4.3.2.
4.3.1

NERS Methodology
In this subsection, we introduce a new approach to tackle time-dependent reliability

analysis and design problems, namely nested extreme response surface (NERS) approach. The
key of this approach is to effectively build the NTPM in design space of interest, which can be
used to predict the time when the system response approaches its extreme value. The NERS
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constitutes three major techniques within three consecutive steps: (1) efficient global
optimization (EGO) for extreme time response identification; (2) constructs a kriging based
NTPM model; and (3) adaptive time response prediction and model maturation. The first step,
EGO is employed to efficiently extract certain amount of extreme time response samples, which
will be used for the development of the NTPM in the second step. Once the kriging based NTPM
model for extreme time responses is established, the adaptive response prediction and model
maturation mechanism is used to assure the prediction accuracy and efficiency through
autonomously enrolling new sample points when needed during the analysis process. The NERS
methodology is outlined in the flowchart shown in Fig. 4.3 and the three aforementioned key
techniques are explained in detail in the rest of this section.
Step1: Extreme Time Response
Identification
N Initial Design
Samples

Extreme Event
Extraction Using EGO

New Design Sample

Step3: Adaptive Model Maturation

Step2: Build NTPM

Time-dependent
Reliability Analysis

Given Design Inputs

Data Sets

Predicate Extreme
Time Using NTPM
Maximize Likelihood
Function

Yes

Validation

Time-independent
Reliability Analysis

No

Nested Time Prediction
Model (NTPM)

Add Design Inputs as
New Design Sample

Time-dependent
Reliability

Figure 4.3: Flowchart of the NERS Approach for Reliability Analysis
4.3.1.1 Efficient Global Optimization for Extreme Time Response Identification
For reliability analysis with time-dependent system responses, it is critical to efficiently
compute the extreme responses of the limit state function and effectively locate the
corresponding time when the system response approaches its extreme value. For a given system
design, the response of the limit state function is time-dependent and could be either monotonic
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or non-monotonic one-dimensional function with respect to time. In this paper the EGO
technique is employed to efficiently locate the extreme system response and the corresponding
time when the extreme response is approached, mainly because it is capable of searching the
global optimum when dealing with non- monotonic limit state functions and meanwhile assures
excellent computational efficiency.
In order to find the global optimum time that leads to the extreme response of the limit
state function, the EGO technique generates a one-dimensional stochastic process model based
on existing sample responses over time. Stochastic process models have been widely used for
function approximation and more information can be found in references [78-81]. In this study,
the response of the limit state function over time for a particular design point is expressed by a
one-dimensional stochastic process model in EGO with a constant global mean as
(4.2)

F (t )    e(t )

where  is the global model representing the function mean and e(t) is error term which follows
a zero mean Gaussian distribution N(0, ). The correlation between errors at different time ti
and tj is given by



Corr  e(ti ), e(t j )   exp a ti  t j

b



(4.3)

where a and b are unknown model hyper parameters. Based on a set of initial samples, F(t1),
F(t2), …, F(tk), an initial stochastic process model of F(t) can always be constructed by
maximizing the likelihood function

 ( F   ) ' Rc 1 (Y   ) 
LF 
exp  

1/2
2 2
(2 )n /2 ( 2 ) Rc


1

(4.4)

where F=(F(t1), F(t2)…,F(tk)) denotes the sample responses of the limit state function and Rc is
Gaussian correlation matrix whose (i, j) is given by Eq. (4.3). After developing the initial one50

dimensional stochastic process model, EGO updates this model iteratively through continuously
searching the most useful sample point that ensures a maximum improvement for the accuracy
until the convergence criteria is satisfied. To update the stochastic process model, the EGO
employs the expected improvement metric to quantify the potential contribution of a new sample
point to the existing response surface and the sample point that gives the largest expected
improvement value will be chosen at next iteration. In what follows, the expected improvement
metric will be introduced briefly and the procedure of employing the EGO technique for extreme
time response identification will be summarized. A mathematic example is employed to
demonstrate the extreme time response identification using the EGO technique.
Considering a continuous function F(t) over time t that represents a limit state function
over time for a given system design point in the design space, here we employ expected
improvement metric to determine its global minimum. Due to limited samples of F(t), the initial
stochastic process model may introduce large model uncertainties and consequently the function
approximation, denoted by f(t), could be substantially biased compared with the real function
F(t). Due to the uncertainty involved in this model, in EGO the function approximation of f(t) at
time t is treated as a normal random variable whose mean and standard deviation are computed
by approximated response, Fr(t) and its standard error, e(t) from the stochastic process model.
With these notations, the improvement at time t can be defined as

I (t )  max( Fmin  f (t ),0)

(4.5)

where Fmin indicates approximated global minimum value at the current EGO iteration. By
integrating the expectation of right part of Eq. (4.5), the expected improvement at any given time
t can be presented as
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E[ I (t )]  E[max( Fmin  f , 0)]
 F  F (t ) 
 F  F (t ) 
=  F min  Fr (t )    min r   e(t )  min r 
e(t )
e(t )





(4.6)

where and (.) are the cumulative distribution function and the probability density function
for the standard Gaussian distribution respectively.
Table 4.1: The Procedure of EGO for Extreme Time Response Identification
Steps

Procedure

Step 1:

Identify a set of initial sample times, t1, t2, …, tk, and evaluate the response of
the limited state function F(t1), F(t2), …, F(tk);

Step 2:

Develop a stochastic process model for F(t) with existing sample points,
determine the global minimum approximation, Fmin, and the corresponding
time, tm;

Step 3:

Determine the time ti with a maximum expected improvements max {E(I(t))}
;

Step 4:

Compare max {E(I(t))} with Ic :
If max {E(I(t))} <= Ic , STOP and Report tm and Fmin;
Else, Go to Step 5;

Step 5:

Evaluate the response at ti, and repeat Step 2 to Step 4.

As larger expected improvement at time t means that the probability of achieving a better
global minimum approximation is higher, thus a new sample should be evaluated at the
particular time ti where the maximum expected improvement value is obtained to update the
stochastic process model. With the updated model, a new global minimum approximation for the
F(t) can be obtained. The same process can be repeated iteratively through evaluating new
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sample at the time ti that provides the maximum expected improvement value and updating
stochastic process model for new global minimum approximation, until the maximum expected
improvement is small enough and less than a critical value Ic (in this study, Ic = |Fmin|%, which is
1% of the absolute value of the current best global minimum approximation). Briefly, the
procedure of employing the EGO technique for the extreme time response identification can be
summarized as the following five steps as shown in Table 4.1.

Figure 4.4: Realization of the Mathematic Example
A mathematic example is employed here to demonstrate accuracy and efficacy of the
EGO for the extraction of the extreme responses of the limit state function. Assume that timedependent limit state function for a particular point of the design space is provided by

F (t )  1.0417t 5 13.25t 4  59.792t 3 112.75t 2  75.167t

(4.7)

The objective here is to identify the extreme response of F(t) (the global minimum) and pinpoint
the corresponding time t within the time interval [0, 5]. Figure 4.4 shows the limit state function
with respect to time, in which the global minimum occurs at time t = 4.515 with F(4.515) = 7.4964, whereas the local minimum is located at t = 1.957 with F(1.957) = -1.0176.
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Follow the procedures outlined in Table 4.1, the performance function is first evaluated at
initial samples t1 ~ t5: [0, 1, 2, 2.5, 5] and the obtained limit state function values are F(t1) ~ F(t5) :
[0, 10, -0.996, 1.630, 5.148]. With these initial sample points, a one-dimensional stochastic
process model can be built to approximate the limit state function F(t) and the global optimum
can be approximated as F(2) = -0.9960. As indicated by STEP 3 in the Table 4.1, the expected
improvement is calculated based on Eq. (4.6) throughout the time interval [0, 5] and the
maximum expected improvement can be obtained as max {E(I(ti))} = 7.2744 where ti = 3.4690.
As max {E(I(ti))} > Ic, where Ic = 0.00996 here, the limit state function will be evaluated at the
new sample point ti = 3.4690 which results in F(3.4690) = 4.4920. Figure 4.5(a) shows the above
discussed the first EGO iteration for the extreme response identification in which the solid line
represents the current realization of stochastic process model for F(t) and the dash line indicates
the curve of the expected improvements over t. In next iteration, by adding a new sample point to
those existing ones at t1 ~ t5, a new stochastic process model with better accuracy can be built for
the approximation of F(t) over time and the identification of the extreme response of the limit
state function (global minimum).

Figure 4.5(a): The 1st EGO Iteration for Extreme Response Identification
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Figure 4.5(b): The 9th EGO Iteration for the Extreme Response Identification

Table 4.2: The EGO Iterative Process for Extreme Response Identification
Iteration

New Sample Point, t

Approximated Global Minimum

Max E(I(t))

t

F(t)

tm

Fmin

0

-

-

-

2

-0.9960

1

7.2744

3.4690

4.4920

2.0270

-1.0095

2

4.2218

4.2380

-5.4296

2.0310

-1.0142

3

5.0961

2.9750

4.9142

4.2390

-5.4296

4

3.0597

1.5410

1.2229

4.2330

-5.4311

5

2.3107

0.4570

15.9532

4.2300

-5.4328

6

7.3982

4.5880

-7.2951

4.2400

-5.4297

7

6.1716

3.8640

0.1126

4.4760

-8.3044

8

0.8090

2.2450

-0.1444

4.4800

-8.2346

9

0.0347

4.5160

-7.4964

4.5160

-7.4967
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The procedures shown in Table 4.1 can be repeated until the convergence criterion is
satisfied and the extreme response of the limit state function is identified with a desired accuracy
level. Figure 4.5(b) shows the final EGO iteration (the 9th iteration) for the extreme response
identification in which clearly the expected improvement of including a new sample point for the
response surface is small enough and the convergence criterion is satisfied. Table 4.2 details all
the EGO iterations for the extreme response identification of this mathematical example. As
shown in this table, the accuracy of estimated global minimum is improved after involving new
sample during EGO process, thus the minimum Fmin=-7.4967 in iteration 9 is more accurate than
the result Fmin=-8.2346 in iteration 8.
4.3.1.2 Kriging based Nested Time Prediction Model
This section presents the procedure of developing a nested time prediction model (NTPM)
using kriging. After repeating the EGO process for different system sample points in the design
space, a set of data can be obtained including initial sample points in the design space, X, and the
corresponding times, T, when the system responses approach their extreme values at these
sample points. To build the NTPM in NERS, design points are randomly generated in the design
space based on the random properties of the design variables. To balance the accuracy and
efficiency of NTPM, initially 10*(n-1) samples are suggested to build the kriging based NTPM
for n dimensional problems (n>1). The accuracy and the efficiency of the NTPM will be
guaranteed by an adaptive response prediction and model maturation (ARPMM) mechanism that
will be detailed in the next subsection. The objective here is to develop a prediction model to
estimate the time that leads to the extreme performances of the limit state function for any given
system design in the design space. For this purpose, kriging technique is employed and a kriging
model is constructed base on the sample dataset obtained during the EGO process. In this study,
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Kriging is used due to its good performance on modeling nonlinear relationship between the
extreme time responses with respect to system design variables.
Kriging is considered to be powerful and flexible for developing surrogate models among
many widely used metalmodeling techniques. One of the distinctive advantages of Kriging is that
it can provide not only the prediction of extreme time responses at any design points, but also the
uncertainties such as the mean square errors associated with the prediction. Considering a limit
state function with nd random input variables, a kriging time prediction model can be developed
with n sample points denoted by (xi, ti), in which xi = (xi1….xind) (i = 1…n) are sample inputs and
ti is the time when the limit state function approaches the extreme value for given x i. In the
kriging model, time responses are assumed to be generated from the model:
t (x)  f (x)  S (x)

(4.8)

where f(x), as a polynomial term of x, is the global model that represents the function mean; S(x)
is a Gaussian stochastic process with zero mean and variance  A constant global mean for f(x)
is usually sufficient in most engineering problems, it is also much less expensive and
computationally more convenient by assuming so. Thus in this study, we use a constant global
mean  for the polynomial term f(x) and accordingly the kriging time prediction model in Eq.
(4.8) can be expressed as
t (x)    S (x)

(4.9)

In this kriging model, the covariance function of S(x) is given by

Cov[S (xi ), S (x j )]   2 Rc (x i , x j )

(4.10)

where Rc(xi, xj) represents an n×n symmetric correlation matrix and the (i, j) entry of this
correlation matrix is a function of the spatial distance between two sample points xi and xj ,
which is expressed as
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d (x i , x j )   p 1 a p | x ip  x pj |
nd

bp

(4.11)

where xi and xj denote two sample points and |•| is the absolute value operator; ap and bp are
hyper-parameters of the kriging model that need to be determined. In this equation, ap is a
positive weight factor related to each design variable and bp is non-negative power factor with a
value usually within the range [0, 2]. With d (xi, xj) shown in Eq. (4.11), Rc (xi, xj) can be
obtained based on the Gaussian spatial correlation function accordingly as
Rc (x i , x j )  exp d (x i , x j ) 

(4.12)

Note that other than the most commonly used Gaussian function, there are other options
to define the correlation matrix Rc(xi, xj) and derive the covariance function S(x). With n number
of sample points (xi, ti) (i=1,…,n)for the kriging time prediction model, the likelihood function of
the model hyper parameters can be given as

1
1

Likelihood   n ln(2 )  n ln  2  ln Rc  2 (t  A )T Rc 1 (t  A ) 
2
2


(4.13)

In this equation, we can solve for the values of andby maximizing the likelihood function in
closed form as:
   AT Rc 1 A

1

AT Rc 1t

(t  A )T Rc 1 (t  A )
 
n
2

(4.14)

(4.15)

where A is a matrix of basis functions for the global model. In this study, A is as an n×1 unit
vector since only the constant global mean  is considered for the polynomial term f(x).
Substituting Eqs. (4.14) and (4.15) into Eq. (4.13), the likelihood function is transformed to a
concentrated likelihood function which depends only upon the hyper parameters ap and bp for
any p within [1, nd]. Then ap and bp can be obtained through maximizing the concentrated
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likelihood function and thereafter the correlation matrix Rc can be computed. With the kriging
time prediction model, the extreme time response for any given new point x’ can be estimated as

t (x')    rT (x') Rc 1 (t  A )

(4.16)

where r(x’) is the correlation vector between x’ and the sampled points x1 ~ xn, in which the ith
element of r is given by ri(x’) = Rc(x’, xi).
4.3.1.3 Adaptive Response Prediction and Model Maturation
The model prediction accuracy is of vital importance while employing the nested time
prediction model for design. Thus, a mechanism for model maturation during the design process
is needed, which will automatically enroll new sample points to improve the accuracy of the
nested time prediction model when the accuracy condition is not satisfied. This paper develops
an adaptive response prediction and model maturation (ARPMM) mechanism based on the mean
square error, e(x), of the current best prediction. Figure 6 shows the flowchart of the developed
mechanism.
Time-dependent
Reliability Analysis

New Design Point

Data Set D

Estimated Time of
Extreme Response t(x)

Nest Time Prediction
Model (NTPM) T(x)

Extreme Event
Extraction Using EGO

Time-independent
Tools, e.g. FORM

Mean Square Error
(MSE) e(x)

Add Current Design
Point

Time-dependent
Reliability

Yes

x< t

No

Figure 4.6: Flowchart of the ARPMM Mechanism
Before predicting the time response of a new design point x using the latest update of the
NTPM, we employ the ARPMM mechanism by first calculating the mean square error e(x) of
current the best prediction as
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(1  AT R 1r )2 
e( x)   2 1  r T R 1r 
AT R 1 A 


(4.17)

To reduce the numerical error, we suggest the relative MSE as a prediction performance measure
for the NTPM, which is given by`
 ( x) 

e( x )



(4.18)

Table 4.3: The Procedure of ARPMM Mechanism for NTPM
Steps
Step 1:

Procedure
Identify initial design points X, and extract the time responses T when the limited
state function approaches its extreme values ; obtain date set D = [X, T];

Step 2:

Develop a kriging based model NTPM using existing data set D;

Step 3:

For a new design point x, calculate xusing the latest NTPM;

Step 4:

Compare xwith t :
If x< t , Estimate t’(x) at new point x and return to reliability analysis
process ;
Else, Calculate the time t’ of extreme response using EGO and add (x, t’) to
D, go to Step 2;

The prediction of a time response t’ using NTPM for a new design point x is accepted
only if the relative error x is less than a user-defined threshold t. For the balance of a smooth
design process and a desired prediction accuracy, we suggest a value of t within 10-2 ~ 10-3.
Once the prediction on this particular design point x is accepted, the time response t’ of extreme
performance is estimated by Eq. (4.16) and returned to time-dependent reliability analysis
process. If the relative error is large than the threshold, x will be enrolled as a new sample input
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and the EGO process as discussed in subsection A will be employed to extract the true time
response when the limit state function approaches its extreme performance for x. With the new
design point x and the true time response for x, the NTPM will be updated. The procedure of
ARPMM mechanism of NTPM is provided in Table 4.3. Through the developed ARPMM
mechanism, the NTPM can be updated adaptively during the time-dependent reliability analysis
process to guarantee accuracy and simultaneously maintain efficiency. Note that the ARPMM
mechanism automates the improvement of the kriging model during the design process, under
rare cases the stability issues induced by singular matrices may occur when several design points
located closely together are used to seed the kriging model. It is suggested that an extra step
could be included in the ARPMM process by checking the singularity after adding new sample
points for the prediction accuracy improvement of the kriging model.
4.3.2 Example of Reliability Analysis Using NERS
A mathematical example is employed in this subsection to demonstrate the timedependent reliability analysis using the proposed NERS approach. For simplicity, FORM is used
as the time-independent reliability analysis tool for the NERS approach in this study.
A time dependent limit state function G(X, t) is given by

G  X , t   X12 X 2 -5 X1t +  X 2  1 t 2  20

(4.19)

where t represents the time variable varying within [0, 5]. X1 and X2 are normally distributed
random variables: X1 ~ Normal (3.5, 0.32) and X2 ~ Normal (3.5, 0.32). Figure 4.7 shows the
failure surface of the instantaneous time dependent limit states changing with the time interval [0,
5], in which limit state functions at different time nodes equal to zero. As a benchmark solution,
we employed MCS to calculate the reliability and 0.8160 is obtained. In MCS, 100,000 samples
are generated first for each input variable, and the time variable is then discretized evenly into
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100 time nodes within the interval [0 5]. The limit state function are evaluated for all sample
points at each time node and the reliability is then estimated by counting the number of safe
samples accordingly. One sample point is considered as a safe sample if the minimum of the
limit state function values over the 100 time nodes is larger than zero. In what follows, we first
carry out the reliability analysis for this case study using the proposed NERS approach and then
we compare the NERS results with PHI2 method and composite limit state method for the same
example to demonstrate its efficacy.

Figure 4.7: Instantaneous Limit States for Time Interval [0, 5]
4.3.2.1 NERS Approach for Reliability Analysis
The NERS approach which converts the time-dependent reliability analysis to timeindependent one starts from the development of the NTPM. As shown in Table 4.4, an initial set
of 10 design points are randomly generated in the design space based on the random properties
of the design variables X1 and X2. With the initial set of design points, the EGO technique can be
employed for the identification of the extreme responses (maximum) of the limit state and
relative times when the limit state approaches its extreme values. The results are also shown in
the last two columns of Table 4.4. For example, for the design point [3.6691, 3.0312], the limit
state function approaches its extreme response 0.0651 when time t = 2.2754, as shown in the first
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row of the table. With these 10 initial sample points, denoted by (xi, ti) for i = 1, 2, …, 10,
following the procedure discussed in section 4.3.1, a kriging based NTPM can be developed. The
unkonwn parameters of the kriging model are estimated and the NTPM is obtained by
maximizing the concentrated likelihood function. Figure 4.8 shows the developed NTPM for
this case study.
Table 4.4: Randomly Selected Sample Points
X1

X2

Extreme Response

Time

3.6691

3.0312

0.0651

2.2754

4.8316

4.9320

-70.5386

2.0362

3.8672

4.7686

-35.1122

1.6760

4.5752

3.2823

-18.1557

2.6710

4.6492

4.5452

-53.8824

2.0960

4.0113

3.5852

-15.7550

2.1871

4.3889

4.3824

-42.0483

2.0385

3.1810

3.8921

-6.4558

1.6256

3.5531

4.0047

-14.7915

1.7749

3.3550

3.6646

-6.1671

1.7981

During the reliability analysis process, the developed ARPMM mechanism is used to
update the NTPM as necessary and predict the time responses for new design points. For the
ARPMM, the mean square error, e(x), is employed as the decision making metric. Figure 4.9(a)
shows the map of e(x) for the initial NTPM. As shown in the figure, e(x) grows in the top left
region with the decreases of X1 and the increases of X2. If the initial NTPM is used to predict the
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time when the limit state function approaches its extreme value for the new design point x =
[2.7012; 4.0125], apparently the relative error, xbased on e (x) is greater than t = 1e-2. Thus,
the ARPMM mechanism will trigger the EGO process for the identification of the true time
response t’ for x. After the EGO process, the new design point x and the corresponding time
response t’ will be included as a new sample point to D and the initial NTPM will be updated
with this new point.

Figure 4.9(b) demonstrates the updated NTPM in which the e(x) is

substantially improved in the top left region.

Figure 4.8: The Initial NTPM for the Mathematical Example

Figure 4.9(a): The Mean Square Error, e(x) for the Initial NTPM
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Figure 4.9(b): The Mean Square Error, e(x) for the Updated NTPM
After developing the NTPM, the time-dependent reliability analysis can be converted to
the time-independent one and then commonly used reliability analysis tools such as FORM can
be employed for this purpose. In this study, FORM is used to carry out time-independent
reliability analysis after the NTPM is developed. By applying FORM, the time-independent limit
state function is linearized at the most probable point (MPP) and the reliability index can be
calculated in the standard normal space as the distance from MPP to the origin. As FORM
linearizes the limit state function for the reliability calculation, error will be introduced due to
this linearization. Thus, the MCS is also employed with NTPM to study the reliability analysis
errors introduced by FORM and by NTPM. Table 4.5 shows the result of reliability analysis with
the NERS approach. For the time interval [0, 5], the NERS approach takes 30 function
evaluations during the EGO process to build the NTPM with desired accuracy for t = 1e-2 and
an extra 12 function evaluations to perform time-independent reliability analysis using FORM.
Compared with the MCS result of 0.8160, the NERS approach with the FORM predicts the
reliability as 0.8309 with an error of 1.82%. In order to distinguish the error due to the NTPM
and the error due to the FORM, we also carried out the reliability analysis with the NERS
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approach by employing the MCS as a time-independent reliability analysis tool, and the results
match true results very well with 0.0245% error as shown in Table 4.5. This indicates that the
1.82% error produced by the NERS approach with the FORM is mainly due to the FORM
analysis. Note that once the NTPM is developed in the NERS approach, it can be repeatedly used
during the reliability analysis process and there is no extra cost in handling the time dependency.
The function evaluations will be involved only in the time-independent reliability analysis
process such as FORM. As shown in the Table 4.5, for reliability analysis for all other
subintervals, the function evaluations are substantially less. This nature is extremely important
for the iterative reliability based design optimization process, as substantial amount of function
evaluations can be avoided.
Table 4.5: Reliability Analysis Results Using the NERS Approach
NERS with FORM

Time

True

Interval

Reliability

Reliability

Error

[0, 5]

0. 8160

0.8309

1.82%

[0, 4]

0. 8160

0.8309

[0, 3]

0. 8160

[0, 2]

NERS with MCS

# of

Reliability

Error

42

0.8158

0.0245%

1.82%

15

0.8158

0.0245%

0.8309

1.82%

12

0.8158

0.0245%

0. 8193

0.8322

1.57%

18

0.8190

0.0366%

[0, 1]

0. 9376

0.9411

0.37%

15

0.9384

0.0853%

0

0.9998

0.9997

0.01%

12

0.9998

0

Evaluation

4.3.2.2 Comparison with PHI2 and Composite Limit State Methods
To demonstrate the efficacy of the proposed NERS approach, the same reliability
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analysis problem is solved by the PHI2 methods and the composite limit state (CLS) method in
this subsection.
Table 4.6: Reliability Analysis Results of PHI2 and PHI2+
Time step

PHI2

PHI2+

# of Function

Reliability

Error

Reliability

Error

Evaluations

0.10

0. 8311

1.85%

0.8347

2.29%

621

0.12

0. 8309

1. 83%

0.8376

2.65%

510

0.14

0. 8334

2.13%

0.8404

2.99%

438

0.16

0. 8710

6.74%

0.8433

3.35%

393

0.18

0. 9290

13.85%

0.8461

3.69%

339

0.20

0. 9827

20.43%

0.8489

4.03%

318

The PHI2 method considers the time variable only at several instantaneous time nodes
and treats the failure of the system at each time node as an instantaneous failure event. With this
simplification, the time-dependent reliability is calculated by computing the probability of the
union of all instantaneous failure events. In the PHI2 method, the step size of the time, which
determines the number of instantaneous events, has a great impact on the accuracy and efficiency
of the method. To stabilize the step size effect in calculating the time dependent reliability, a new
formula denoted as PHI2+ is developed by Bruno Sudret [23] based on the original PHI2 method.
The results using PHI2 and PHI2+ for this case study are shown in Table 4.6. The composite
limit state method discretizes time to several time intervals, treats the limit state function at each
time interval as a time-independent limit state function, and combines all these independent limit
states as one composite limit state for the reliability analysis. In this case study, by setting the
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time step size as 0.5, the composite limit state method provides a reliability prediction of 0.8312
with total number of function evaluations larger than 1000.
Table 4.7 lists the comparison results of the PHI2, PHI2+ and the CLS methods with the
proposed NERS approach. For the NERS approach, the FORM is employed as a timeindependent reliability analysis tool. In order to show the efficacy of the proposed NERS
approach, the time step size is set to be 0.14 for both PHI2 and PHI2+ methods and 0.5 for the
CLS method so that all the methods maintain at relatively the same accuracy level. Clearly, the
proposed NERS approach outperforms other methods with substantially less number of function
evaluations at a comparable accuracy level.
Table 4.7: Comparisons Results of the NERS, PHI2, PHI2+ and CLS Approaches

4.4

Num. of Eva. For

Approach

Reliability

Error

PHI2

0. 8334

2.13%

438

PHI2+

0.8404

2.99%

438

CLS

0.8312

1.83%

>1000

NERS (FORM)

0. 8309

1.82%

42

MCS

0. 8160

-

100,000

Reliability

RBDO with Time Dependent Probabilistic Constraints
Reliability based design optimization aims to find the best compromise between cost and

reliability by taking uncertainties into account. To tackle the time dependency issue, the
proposed NERS approach is integrated with RBDO to convert time-dependent reliability analysis
to time-independent one. This section presents the RBDO with time-dependent probabilistic
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constraints using the proposed NERS approach.
The general formula for the time dependent RBDO is given by:

Minimize :

Cost ( X, d, TL )

subject to : Pf (Gi ( X, d, t )  0, t  [0, TL ])  1  ( ti ), i  1,...., n

(4.20)

d L  d  d U , d  R nd and X  R nr
where Pf(Gi(X, d; t) ≥ 0) is the probability of failure with time-dependent probabilistic
constraints where Gi(X, d; t) ≥ 0 is defined as a failure event, its prescribed reliability target t,
Cost(X, d; TL) is the objective function, TL is projected life time of the design, d is a vector of the
mean values of design variables X, and n, nd, and nr are the numbers of probabilistic constraints,
design variables, and random variables, respectively. The objective here is to minimize the cost
Cost (X, d, TL) while maintaining the target reliability level is satisfied.
The flowchart of the time-dependent RBDO with the proposed NERS approach is also
shown in Fig. 4.10. The procedure of the time-dependent RBDO is summarized in Table 4.8.
NERS Reliability
Analysis

Initial Design
Design
Opt.

Update New
Design

Cost/Sensitivity
Analysis

NTPM

Constraints
Analysis

(x’) ≤ t

Yes

No

No

Design
Optimizaiton

ARPMM

Converged？

Reliability
Analysis

Yes

Sensitivity
Analysis

Optimum
Design

Figure 4.10: Flowchart of the Time-dependent RBDO with the NERS Approach
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Table 4.8: The Procedure of Time-Dependent RBDO using the NERS
Steps

Step 1:

Procedure

Generate an initial set of sample points D(xi, ti), i =1, 2, …, n, through
generating design points xi for the random variables and employing EGO
technique to identify the extreme time responses ti;

Step 2:

Develop/update a kriging-based NTPM based on D(xi, ti);

Step 3:

Carry out the cost and sensitivity analysis at the current design x’;

Step 4:

Carry out reliability and sensitivity analysis at the current design x’:
a) Applying the NTPM to predict the t’ and performing ARPMM;
If (x’) > t, employing the EGO technique to identify the true
t’ and update the D by including the new point (x’, t’);
b) Perform time-independent reliability and sensitivity analysis at
time t’ using a probability analysis method such as the FORM;

Step 5:

Check the convergence criteria:
If converged, optimum design obtained;
If not converged, go through the optimizer to obtain a new design point and
repeat STEP 2 to STEP 5.

4.5

Case Studies
Two examples, a mathematical problem and a roller clutch design problem, are used to

demonstrate the time-dependent RBDO with the proposed NERS approach in this section.
4.5.1

Case Study I: A Mathematical Problem
Consider the following mathematical design optimization problem with two random
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variables X1 and X2. Both of random variables are normally distributed: X1~Normal () and
X2~Normal (). The design variable d = [d1, d2] T = [1 = (X1), 2 = (X2)]T. The timedependent RBDO problem is defined as
Minimize : Cost  d1  d 2
subject to:

Pf [Gi ( X , d)  0, t  [0, tl ]]  1  Rt , i  1 ~ 3
0  d1 & d 2  10

where

(4.21)

G1  X 12 X 2  5 X 1T  ( X 2  1)T 2  20
( X 1  X 2  0.1T  5) 2 ( X 1  X 2  0.2T  12) 2

1
30
120
90
1
G3 
2
(( X 1  0.05T )  8( X 2  0.1T )  sin(T )  5)
G2 

The time variable T varies over the interval [0, 5] and the target reliability level is set as
Rt = 0.9. In this benchmark problem, three limit state functions represent the performance
constraints in design and will be evaluated only at the required design points as suggested by the
EGO process for the identification of extreme time responses and the iterative design process by
RBDO to achieve optimum system design. Figure 4.11 shows the limit state functions in the
design space at different time snapshots. In this case study, the FORM is employed as a timeindependent probability analysis tool for the NERS approach.
The time-dependent RBDO process starts with an initial design di = [5, 5]. To calculate
the time-dependent reliability, one NTPM is constructed for each constraint with ten initial
samples which are randomly generated in the design space. Following the procedure outlined in
Section 4.4 and also shown in Fig. 4.10, the optimum design is converged to do = [3.6290,
4.0352] after five design iterations shown in Table 4.9. The total number of function evaluations
during the time-dependent RBDO process using the proposed NERS approach is 336, in which
90 evaluations are used to build the NTPM and 246 evaluations are occurred in the design
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process by the FORM. Figure 4.12 records the reliabilities of the three constraints during the
RBDO process.

Figure 4.11: Limit State Functions

Figure 4.12: Reliabilities of Constraints in the Iterative RBDO Process
The MCS is employed to verify the accuracy of the NERS approach at the optimum
design point. With 100,000 samples, the MCS provides the reliabilities for the three timedependent probabilistic constraints as [0.8784, 0.9164, 1.0000]. It is observed that the proposed
NERS approach for the time-dependent RBDO generates accurate optimum designs with a
maximum error of 2.4%.
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Table 4.9: Result of Time-dependent RBDO with the NERS Approach
Design

Design

Reliability

Cost

Iterations

X1

X2

R1

R2

R3

1

5

5

1.0000

0.9969

0.9338

10

2

4.0143

4.1965

0.9726

0.9236

0.9998

8.2108

3

3.5941

4.0524

0.8959

0.9071

1.0000

7.6466

4

3.6285

4.0352

0.8999

0.9000

1.0000

7.6637

Opt. Design

3.6290

4.0352

0.9000

0.9000

1.0000

7.6642

4.5.2

Case Study II: Roller Clutch Design
A roller clutch is used to allow only unidirectional rotation movement (clockwise) and

prohibit opposite directional one (counterclockwise). In general, a roller clutch system is
comprised of a hub, a cage, four rollers and four springs. As shown in Fig. 4.13 of the schematic
of a roller clutch, springs push the rollers towards the cage and the hub ensuring a forced contact
between each other. A torque will be generated by the rollers to stop the hub from turning
counterclockwise during the operation. The detail about the roller clutch can be found in
references [55, 82].

Figure 4.13: The Schematic of A Roller Clutch
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The random variables of the roller clutch design problem include the hub diameter D, the
roller diameter d, the cage outer diameter B, the cage inner diameter A, the roller length L, and
material properties such as the modulus of elasticity E and Poisson’s ratio v. In this case study,
hub diameter D, roller diameter d and cage inner diameter A are considered as design variables.
To keep a reliable operation over a certain time period, all the parameters need to be designated
appropriately.
Three critical performance metrics are used to define the failure event: (1) the contact
angle  should be within a certain range so that the clutch will not be scrapped; (2) a proper
torque  should be generated so that the clutch can be locked turning in counterclockwise
direction; (3) the hoop stress h should be less than a certain value to prevent fatigue failure in
the cage. The relationships between these three metrics and the design variables are given by

  cos1 (S )

(4.22)

2

 
D2d
  NL  c 
1 S 2
c
4(
D

d
)
 1

(4.23)

N   c  Dd S B 2  A2
 
2  c1  D  d A B 2  A2

(4.24)

h 

where the S is a geometric ratio; c1 is a constant of material properties and c is the average
permissible contact stress. The geometric ratio S and material constant c1 are given by
Dd
Ad

(4.25)

1

4 2(1   2 ) / E

(4.26)

S

c1 

All the design variables are assumed to be independent and normally distributed. The
bounds of the means and standard deviations are given by:
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55.0973  D  55.4973, 22.66  d  23.06, 101.49   A  101.89

(4.27)

0.04   D  0.08, 0.03   d  0.1, 0.07   A  0.133

(4.28)

Other variables related with the contact angle, the torque and the stress are assumed
constant and given by L = 80mm, B = 120mm, = 0.29, E = 204GPa and c = 3795MPa. Within
the projected life of a roller clutch, the design variables are assumed to degrade over time
because the inner diameter of the cage increases and the diameters of the hub and roller decrease
over time due to wear-out of the contacting surface. The degradation characteristics of these
three design variables can be modeled as
D(t )  D(1  kt )
d (t )  d (1  kt )
A(t )  A(1  kt )

(4.29)

where k represents the wear rate. For proper operation, the angle should be within [0.06, 0.17] in
radians which defines the limit state functions G1 and G2; the torque must be at least 3000 Nm
and provides G3; the hoop stress must be at most 400 MPa and provides G4. Based on the
discussion above, the time-dependent probabilistic constraints can be expressed by

G1  D(t ), d (t ), A(t )   0.06  cos 1  S (t ) 
G2  D(t ), d (t ), A(t )   cos 1  S (t )   0.17
2

 c 
D(t ) 2 d (t )
G3  D(t ), d (t ), A(t )   3000  NL  
1  S (t ) 2
 c1  4  D(t )  d (t ) 
G4  D(t ), d (t ), A(t )  

N
2

 c

 c1

(4.30)

 D(t )d (t ) S (t ) B 2  A(t ) 2
 400 106

2
2
 D(t )  d (t ) A(t ) B  A(t )

In this case study, the projected life time of the roller clutch is 10 years and the design
objective is to minimize the production cost which is given by

C ( D ,  d ,  A )  (3.5 

0.75
0.65
0.88
)  (3.0 
)  (0.5 
)
3 D
3 d
3 A
75

(4.31)

Thus the time dependent RBDO can be described by

Min : C ( D ,  d ,  A )

Pf  Gi ( D, d , A)  0, t [0, tl ]  1  Rt   0.1, for i  1 ~ 4

s.t.:

(4.32)

By performing time-dependent RBDO, an optimum design should be obtained to
minimize the cost and satisfy the reliability target for the 10 years’ time period. The initial design
is X0= [55.2900, 22.8600, 101.6900, 0.0500, 0.1000, 0.0800] and the cost is $17.8333. Starting
from the initial design, the time-dependent RBDO using the proposed NERS approach is
performed and the optimum design is achieved after 10 design iterations as X*= [55.4973,
23.0021, 101.8900, 0.0800, 0.0658, 0.1157]. For the optimum design, the cost is 15.9508. The
iterative design process for this case study is shown in Table 4.10. The optimum design obtained
through the proposed time-dependent RBDO with the NERS approach results in a 10.56%
reduction of the cost.
Table 4.10: Iterative Design Process
Parameters and

Initial

cost

design

Iter. 1

Iter. 2

Iter. 3

…

Optimum
design

D

55.2900

55.3742

55.4248

55.4973

…

55.4973

d

22.8600

22.9639

22. 9366

22.9466

…

23.0021

Design

A

101.6900

101.6469

101.6780

101.7786

…

101.8900

Variables

D

0.0500

0.0790

0.0800

0.0800

…

0.0800

d

0.1000

0.0791

0.0630

0.0759

…

0.0658

A

0.0800

0.1330

0.1330

0.0890

…

0.1157

CA

17.8333

15.0698

15.7717

15.9746

…

15.9508

Cost
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Figure 4.14 shows the cost and component reliabilities of the four constraints during
iterative design process. For the initial design, the reliability of G1 is 0.58 and lower than
reliability target and the cost is $17.8333. During the design optimization process, the optimum
design is obtain with the active constraints G1, G2 and inactive constraints G3 and G4 which
means the reliability target is satisfied with relative lower cost. During the iterative design
process, the total number of function evaluations is 1675 in which 138 evaluations are used to
build the NTPM and 1537 evaluations are needed in the design process by the FORM.
18
17.5

Cost

17
16.5
16
15.5
15
0

2

4

6

8

10

Iteration

Figure 4.14(a): Cost Function during the Iterative Design Process
To verify the accuracy of the NERS approach at the optimum design point, the MCS with
100,000 samples is employed and calculates the reliabilities for the four time-dependent
probabilistic constraints as [0.9000, 0.9009, 0.9778, 1.0000]. It is observed that the result of
proposed NERS approach for the time-dependent RBDO is very close to the MCS and thus
accurate.
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Figure 4.14(b): Constraints Reliabilities during the Iterative Design Process
4.6

Conclusion
This chapter presents a new approach, referred to as the nested extreme response surface

(NERS), to efficiently carry out time-dependent reliability analysis and determine the optimal
designs. Instead of discretizing the time valuable, the key for the NERS approach is to convert
the time-dependent reliability analysis to time-independent one through constructing a kriging
based nested time prediction model. The efficient global optimization technique is integrated
with NERS to extract the extreme time responses of limit state functions and an adaptive
response prediction and model maturation mechanism is developed for an optimal balancing of
the model accuracy and the computational efficiency. With the nested response surface of time,
the time-dependent reliability analysis can be converted into the time-independent one and
existing advanced reliability analysis and design methods can be used. The NERS approach is
integrated with RBDO for the design of engineered systems with time-dependent probabilistic
constraints. The case study results from both the mathematical example and the roller clutch
design problem demonstrate the accuracy and the effectiveness of the proposed approach.
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CHAPTER 5
CONFIDENCE-BASED META-MODELING WITH SEQUNENTIAL DESIGN OF
EXPERIMENT FOR SENSITIVITY-FREE DYNAMIC RELIABILITY ANALYSIS
5.1

Introduction
Dynamic reliability measures the reliability of an engineered system throughout product

life cycle considering time-variant operation condition and component deterioration. However,
due to extremely high computational and experimental costs, conducting dynamic reliability
analysis at an early system design stage remains challenging. This chapter presents a confidencebased meta-modeling approach for efficient sensitivity-free dynamic reliability analysis. In the
developed approach, a Gaussian process (GP) model is built for the approximation of extreme
system responses over time, so that the Monte Carlo simulation (MCS) can be employed to
approximate dynamic reliability efficiently. A generic confidence measure is developed to
evaluate the accuracy of dynamic reliability approximation while using the MCS approach based
on the developed GP model. With the developed confidence measure, a two-level sampling
scheme is developed to efficiently update the GP model in a sequential manner. The model
updating process using the developed sampling scheme can be terminated once the user defined
confidence target is satisfied and then the dynamic reliability can be obtained by the MCS based
on the developed GP model. Two case studies are used to demonstrate the effectiveness of the
developed approach for dynamic reliability analysis.
5.2

Confidence-based Meta-Modeling with Sequential DOE
This section presents a confidence-based meta-modeling approach with sequential DOE

for sensitivity-free dynamic reliability analysis. Section 5.2.1 summaries the GP meta-modeling
technique for dynamic reliability analysis and the confidence level of reliability approximation.
Section 5.2.2 details the developed two-level sequential DOE scheme for updating of the GP
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model while Section 5.2.3 summarizes the numerical procedure of implementing the proposed
dynamic reliability analysis approach.
5.2.1

Gaussian Process based Meta-Modeling for Dynamic Reliability Estimation
For dynamic reliability analysis, the limit state function is defined by extreme responses

of performance function G(x,t) and expressed as
Ge ( x)  min G( x, t ), t  0, tl 

(5.1)

Thus the probability of failure is then defined as
Pf  P(Ge ( x)  0)   ...

Ge ( x ) 0

f x ( x)dx

(5.2)

Due to the computational expensive of calculating probability of failure using MCS,
Gaussian Process (GP) based meta-modeling technique can be generally employed to develop a
surrogate model so that the MCS can be implemented efficiently based on the developed
surrogate model. Let’s consider k random variables denoted as x=[x1,…,xk], based on the GP
model, the extreme performance of the system is assumed to be generated as
Ge ( x)  f T ( x)  S ( x)  

(5.3)

where fT(x)=[f1(x),...,fb(x)] is the basis function; α=[α1,…,αb] is the regression coefficient vector;
S(x) is a Gaussian stochastic process with zero mean and certain covariance matrixand ε is the
uncorrelated noise variable that follows standard Gaussian distribution. In this study, it is
assumed that ε = 0, since the system responses are obtained from the same simulation code
instead of true experiments. In addition, a constant mean GP model is used and the term fT(x) α
is assumed to be a constant global mean in this study. With the above assumptions, the GP
model for the extreme performance can be derived as
Ge ( x )    S ( x )
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(5.4)

Note that a variety of covariance functions could be used in GP models, and in this study
the commonly used Gaussian covariance function is adopted, in which the covariance function
between two input variables xi and xj is expressed as

Cov(i , j )   2R(i , j )

(5.5)

where R represents the correlation matrix. The (i, j) entry of the matrix R is described as

 k
b 
R (i , j )  Corr ( xi , x j )  exp   a p | xip  x jp | p 
 p 1


(5.6)

where Corr is the correlation function; ap and bp are parameters of the GP model to be
determined. With n number of observations (x, Ge(x)) in which x=[x1,…,xn] and
Ge(x)=[ Ge(x1),…,Ge(xn)] (i=1,…,n), the log likelihood function of the GP model parameters can
be provided as

1
1

LGP    n ln(2 )  n ln  2  ln R  2 (G e  A )T R 1 (G e  A ) 
2
2


(5.7)

where A is an n×1 unit vector. Then andcan be obtained by maximizing the likelihood
function as
1

   AT R 1A  AT R 1Ge

(5.8)

(Ge  A )T R 1 (Ge  A )
 
n

(5.9)

2

With the GP model being developed, the response for any given new input point x’ can be
estimated as

Gˆ e ( x')    rT R 1 (Ge  A )

(5.10)

where r is the correlation vector between x’ and the samples x=[x1,…,xn], of which the ith element
of r is given by r(i) = Corr(x’,xi). The mean square error e(x’) can be estimated by
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(1  AT R 1r )2 
eˆ( x ')   2 1  rT R 1r 
AT R 1A 


(5.11)

Let Ω={x, | G(x)<0} denotes the failure region, thus the probability of failure can be
expressed as
Pf  P( x ) 

 I ( x) f

R

x

( x )dx  E[ I ( x )]

(5.12)

k

where P(.) represents a probability measure; E[.] denotes the expectation operator; Rk is real
number space; I(x) is an indicator function and defined as
Gˆ e ( x )  0

 1,
I ( x)  
0,

otherwise

(5.13)

To employ MCS for dynamic reliability analysis, N random samples X=[x1,..,xN] are
generated according to the randomness of input in the probabilistic space. The dynamic
reliability is calculated by

R  1  Pf  1 

1 N
 I ( xi )
N i 1

(5.14)

For the ith MCS samples X=[x1,..,xN], xi can be bluntly classified as failure or safe
according the Eq. (20). The probability of correct classification for xi can be obtained as
Pri   (

ˆ (x )
G
e
i
eˆ( xi )

)

(5.15)

where |.| is the absolute operator. Thus the confidence of reliability approximation using MCS
based on GP model is obtained as

C(GP ,MCS )

1 N
 E[Pr]   Pri
N i 1

(5.16)

Note that C(GP,MCS) is a positive value within (0.5, 1]; a big value of C(GP,MCS) represents high
accuracy of dynamic reliability approximation.
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5.2.2

A Two-Level Sequential DOE Scheme
The constructed GP model should be updated sequentially by adding new samples if the

confidence of reliability approximation is lower than the confidence target. In this study, a twolevel sequential DOE scheme is developed for the sequential sampling and updating of the GP
model, The developed scheme contains the updating mechanisms in two levels as explained
below.
In the top level, a sample should be selected within the N MCS samples X=[x1,..,xN] as
candidates to update the current GP model if the confidence of the dynamic reliability
approximation C(GP,MCS) is lower than the confidence target. It is straightforward that a sample
that can improve C(GP,MCS) to the most degree should be selected to update the GP model.
However, it is impossible to compute the confidence improvement of C(GP,MCS) by adding new
sample xi if the true performance G(xi) is not available. Thus, a sampling criterion is needed for
the selection of new samples that could provide the largest confidence improvement without
actually evaluating the true performances. In this study, a new sampling criterion for the
selection of samples to update the GP model in the top level is developed, which is expressed as

CA ( xi )  (1  Pri )  f x ( xi )  eˆ( xi )

(5.17)

where Pri is probability of correct classification for xi; fx(xi) is the probability density function
value at xi; (xi) is the estimated mean square error of the prediction using the GP model. By the
developed sampling criterion, a specific sample x will be selected for updating the GP model
through maximizing CA as

xˆ  arg max CA ( xi ), i  1,..., N
xi

(5.18)

By maximizing the CA, the first term in Eq. (4.17) tries to locate a new sample which
currently has a low probability of correct classification; the second term pushes the new sample
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to the place where relative big probability density function values exist in the probabilistic space;
and the third term favors the sample with big estimation uncertainty of the GP model.
Table 5.1: Procedure of the Dynamic Reliability Analysis
Steps

Procedure

Step 1:

Identify initial data set x=[x1,…,xn] and Ge(x)=[ Ge(x1),…,Ge(xn)] for GP model
development; set the confidence target CR and generate N MCS samples X=[x1,..,xN];

Step 2:

Built a GP model using data sets [x, Ge(x)], compute the dynamic reliability R using
MCS based on the developed GP model and calculate the confidence level
C(GP,MCS);

Step 3:

If C(GP,MCS) < CR : go to Step 4
Otherwise, stop.

Step 4:

Compute CA(xi) i=1,…,N for MCS samples and

locate the new sample x in

probability space with maximum CA in the top level;
Step 5

Built an ordinary Kriging for G(x, t), locate new sample t in time space with biggest
expected improvement in the bottom level; approximate extreme performance
GK(x)min;

Step 6

Update date x and Ge(x) by adding (x, GK(x)min); go to Step 2;

Once the new sample x is selected in the top level, the bottom level updating scheme is
activated to extract the extreme response value of the selected sample iteratively. In order to find
the extreme response Ge(x) at the sample point x, a one-dimensional ordinary Kriging model is
established based on initial time samples [t1,…, tm] evenly distributed over the time interval of
interest. The Ordinary Kriging method is adopted in this study since it is capable of searching the
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global optimum efficiently while dealing with nonlinear performance functions. ive n the
selected updating point x in the probabilistic space from the up level updating scheme, the
performance responses are evaluated as G(x, ti), i =1,…, m. A one-dimensional response surface
of performance function can then be built using the ordinary Kriging method for G(x, t) where t
is within the time interval [0, tl] expressed as
G( xˆ, t )   ( xˆ)  e(t )

(5.19)

where x is the global mean of the ordinary model and e(t) is error term which follows a zero
mean Gaussian distribution. The developed one-dimensional ordinary Kriging model is updated
iteratively through continuously searching the most useful sample point till the extreme
performance is convergence. Similar with efficient global optimization algorithm, the expected
improvement metric is adopted to quantify the potential contribution of a new sample point and
the sample point that gives the largest expected improvement will be selected for updating of the
ordinary Kriging model. In the ordinary Kriging model, the unknown response at time t can be
approximated by a normal distribution with the mean by the approximated response GK(x, t)
using the ordinary Kriging model and the variance by the approximated mean squared error
mse(x, t). Thus, the improvement at time t can be defined as

I (t )  max  GK ( xˆ)min  GK ( xˆ, t ),0 

(5.20)

where GK(x) is approximated global minimum using the Kriging model. Thus, the expected
maximum improvement at t can be expressed as
E[ I (t )]  E  max  GK ( xˆ ) min  GK ( xˆ, t ), 0  
ˆ ) min  GK ( xˆ, t )  (5.21)
 G ( xˆ )  GK ( xˆ, t ) 
0.5  GK ( x
ˆ
=  GK ( xˆ )min  GK ( xˆ, t )    K min

mse
(
x
,
t
)




mse( xˆ, t )0.5
mse( xˆ, t )0.5





where (.) is the probability density function of the standard Gaussian distribution. The new time
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sample t can be determined by maximizing the expected improvement, evaluated and used to
update the Kriging model sequentially. Thus the global minimum performance GK(x)min is
updated iteratively till the maximum expected improvement is less than a critical value. Once the
minimum performance GK(x)min is obtained in the bottom level scheme, the GP model in up level
is updated by incorporating new data [x, GK(x)min]. The whole procedure of dynamic reliability
analysis using two-level sequential DOE scheme is outlined in Table 5.1.
5.2.3

Numerical Procedure
The dynamic reliability analysis algorithm starts with generating n initial samples

x=[x1,…,xn] in the probabilistic space using Latin hypercube sampling or grid sampling methods.

For each sample point in x, m (m≥3) number of different time samples [t1,..tm] are generated
evenly over time interval [0, tl]. The performance function will be elevated at all the time
samples for a given sample point in x and then used to build an ordinary Kriging model. The
extreme response of each sample is extracted according to the bottom level updating scheme, and
then used to build a GP model for global extreme performance Ge(x).
For dynamic reliably analysis, N samples are generated according to the randomness of
input for MCS. The extreme responses are approximated by Eq.(5.10), and the estimated mean
square error of this particular approximation is given by Eq. (5.11). The probability of failure and
dynamic reliability are then computed by Eq. (5.12) and (5.14). In order to measure the accuracy
of the dynamic reliability analysis, the accuracy level C(GP,MCS) can be calculated by Eq. (5.16). If
the current C(GP,MCS) is greater than the confidence target, the algorithm is terminated and
dynamic reliability is readily computed; otherwise, the two-level sequential DOE scheme is
activated to update GP model efficiently. In the top level, the alternative criterion CA in Eq.(5.17)
is computed for all the N samples in MCS, and the sample x with the biggest value of CA is
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selected for updating purpose as shown in Eq.(5.18). In the bottom-level, m time samples [t1, …,
tm] are generated evenly over time domain too, and then evaluated for performances. An ordinary
Kriging model is built for the performance G(x, t) where t is the only variable. To improve the
accuracy of extreme performance approximation, a new time sample t is selected by maximizing
the expected improvement in Eq.(5.21). The updating process in bottom-level is terminated once
the maximum expected improvement is less than a threshold CB, which is set as CB
=1%*|GK(x)min| in this paper. Once the extreme response is obtained for point x, the GP model in
the top level is updated by adding new data [x, GK(x)min]. The top-level updating process stops if
the confidence level target is satisfied. The procedure of employing the developed confidencebased meta-modeling approach using two-level sequential sampling for dynamic reliability
analysis is summarized in Figure 5.1.
Initialize x and Ge(x);
Set CR; Generate X;

Two-Level Sequential DOEs Scheme

Build GP model for
Extreme Performance

Update x and Ge(x)

Compute Extreme
Performance Gmin( ,t)
No

Dynamic Reliability
Analysis Using MCS

Max(EI)>CB

Compute Confidence
Level C(GP,MCS)

Compute expected
improvement and locate
sample

C(GP,MCS)>CR
Yes

No

Compute CA and locate
new sample

Yes

Evaluate
G( , )

Build ordinary Kriging for
G( ,t)

Dynamic Reliability

Figure 5.1: Flowchart of Dynamic Reliability Analysis
5.3

Case Studies
Two examples, a mathematical problem and a four-bar function generator are used to

demonstrate the dynamic reliability analysis with the confidence-based meta-modeling method in
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this section.
5.3.1

Case Study I: A Mathematical Problem
A time-variant limit state function G(x, t) is given by

G  x, t   x12 x2  5x1t   x2  1 t 2  20

(5.22)

where t represents the time variable varying within [0, 5]. Random variables x1 and x2 are
normally distributed: x1 ~ Normal (3.5, 0.32) and x2 ~ Normal (3.5, 0.32). Thus the probabilistic
space can be determined as [3.5-5*0.3, 3.5+5*0.3] that is [2.0, 5.0] for both x1 and x2 in this case.
Figure 5.2 shows instantaneous limit states within the time interval [0, 5] in which the black line
is the true limit state for dynamic reliability analysis. As a reference, brute MCS is employed to
calculate the dynamic reliability in which 1,000,000 samples are generated in the probabilistic
space according to the randomness of the input and then evaluated at 100 time nodes evenly
distributed within the time interval [0, 5].
Following the procedure detailed in Section 3.3, five samples x are generated in the
probabilistic space {(x1,x2) | 2.0<x1<5.0; 2.0<x2<5.0} using Latin hypercube sampling. Table 5.2
shows the samples x and the corresponding extreme performances. Thus a GP model can be
constructed for the extreme performance Ge(x), and N=100,000 samples X is generated
according to the randomness of input for dynamic reliability analysis sing MCS. Then the
developed two-level sequential DOE scheme is employed to enhance the accuracy of dynamic
reliability approximation till the confidence level C(GP,MCS) is greater than the target CR=0.99. The
sequential updating process is shown in Figure 5.3. As shown in the figure, the limit state for
dynamic reliability is almost identical to the true one at paces near the mean point after iterative
updating process; the confidence level of dynamic reliability approximation is increased
significantly and the reliability is converged very soon.
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Figure 5.2: Limit States Functions within Time Interval [0, 5]
Table 5.2 Initial Samples for GP Model
x1

x2

Extreme Performance

4.8791

4.6109

-63.2517

3.9321

2.7369

3.5392

2.1274

4.1722

6.5878

3.6441

3.5768

-9.3623

2.7066

2.0278

20.2646

Table 5.3: Comparison Results of PHI2, CLS and the Proposed Approach
Approach

Reliability

Error

Num. of Evaluations

PHI2

0. 8334

2.09%

438

CLS

0.8312

1.82%

>1000

Proposed Approach

0.8154

0.11%

48

MCS

0. 8163

-

100,000,000
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Figure 5.3: Sequential Updating Process during Dynamic Reliability Analysis
To do a comparison study, the mathematic example is also solved by PHI2 and CLS
methods. For both of the methods, the step size of the time has a significant impact in terms of
accuracy and efficiency. For CLS, the dynamic reliability estimation is 0.8312 by setting the
time step as 0.5 in which more than 1000 performances are evaluated. In PHI2, 438 evaluations
are required to obtain dynamic reliability 0. 8334 with time step 0.14.

In Table 5.3, the

comparison results clearly demonstrate that the proposed approach is able to obtain more
accurate dynamic reliability with less computational cost.
5.3.2 Case Study II: Four-bar Function Generator
A function generator mechanism is commonly used to realize a certain function between
its motion inputs and the output. Figure 5.4 shows a four-bar function generator mechanism
which is designed to generate the movement function y(x) = 60o+60o*sin [0.75(x-97o)]. The angle
between crank AB and AD is input x within the range [97o, 217o] whereas the angle between CD
and DE is the output y. L1, L2, L3 and L4 are the length of four bars which are random variables
following normal distribution with parameters given in Table 5.4.
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Figure 5.4: Four-bar Function Generator Mechanism
Table 5.4: Random Variables for the Function Generator Mechanism
Variables

Distribution

Mean (mm)

Standard deviation (mm)

L1

Normal

100

0.05

L2

Normal

55.5

0.05

L3

Normal

144.1

0.05

L4

Normal

72.5

0.05

By treating the input x as time variable t in dynamic reliability analysis, the real motion
output y can be obtained [29] as
 P  P2  P2  P2
2
1
3
y (t )  2 arctan  2

P3  P1







(5.23)

where P1, P2 and P3 are given by

P1  2 L4  L1  L2 cos(t  97) 
P2  2 L2 L4 sin t
2
1

2

(5.24)
2

2

P3  L  L2  L4  L3  2 L1L2 cos t
In order to perform the desired functionality, the real motion output y(x) should match the
91

output y(x) within certain allowable tolerance. Thus, instantaneous limit state function of fourbar function generator can be defined as:

  P  P2  P2  P2
2
1
3
G ( L1 , L2 , L3 , L4 , t )  C  abs(2arctan  2

P3  P1

  60  60sin[0.75(t  97)])






(5.25)

where C is the allowable threshold and t is the time variable within the interval [97o, 217o].
Brute MCS is also employed for dynamic reliability analysis to provide a reference, in
which 1,000,000 samples are generated according to the randomness of the input and then
evaluated at 1000 time nodes evenly distributed within the time interval [97, 217]. Thus dynamic
reliability can be approximated readily marked as RMCS. Then the proposed confidence-based
meta-modeling method with sequential design of experiments is employed to compute dynamic
reliability denoted by R(GP,MCS), and the percent error can be calculated by

Error 

R(GP, MCS )  RMCS
RMCS

100%

(5.26)

All the dynamic reliability analysis including MCS and the proposed approach is carried
out at two different levels of the allowable threshold C as 0.9 and 0.98. The confidence targets
for the two different levels of the threseshold C are set as 0.99 and 0.999 respectively.
According the randomness of input, the lower and upper bound of probabilistic space can be
determined as BL=[100-5*0.05, 55.5-5*0.05, 144.1-5*0.05, 72.5-5*0.05] and BU=[100+5*0.05,
55.5+5*0.05, 144.1+5*0.05, 72.5+5*0.05]. Following the procedure detailed in Section 5.2.3, 30
samples x are generated in the probabilistic space using Latin hypercube sampling and then
evaluated for the extreme performance. To extract the extreme performance for each initial
sample, four time samples are generated evenly distributed on the time interval [92, 217] and
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evaluated for the performance. Then an ordinary Kriging model is constructed and updated
sequentially to approximate extreme performance, in which the time sample with the biggest
expected improvement is selected for updating purpose. The initial samples and the
corresponding extreme performance are detailed in Table 5.5.
Table 5.5: Initial Samples and Extreme Performances
Sample

Random Variables
L1

Extreme

L2

L3

L4

Value of G

1

99.7794

55.3621

144.1024

72.498

-0.1544

2

99.8047

55.3949

144.2685

72.6971

-0.1804

3

100.1193

55.5952

143.9024

72.3715

-0.0836

4

99.8742

55.6315

144.2154

72.6335

-0.0813

5

100.0532

55.3141

144.0079

72.736

0.0434

6

99.9954

55.4658

144.0279

72.2769

0.0122

7

99.8487

55.6976

144.1846

72.5489

-0.1163

8

100.1933

55.7279

143.9719

72.3487

-0.1245

9

99.9634

55.4284

144.2372

72.2522

-0.2336

10

100.2469

55.2525

144.3046

72.4392

0.059

11

99.7794

55.3621

144.1024

72.498

-0.1544

12

99.8047

55.3949

144.2685

72.6971

-0.1804

13

100.1193

55.5952

143.9024

72.3715

-0.0836

14

99.8742

55.6315

144.2154

72.6335

-0.0813

15

100.0532

55.3141

144.0079

72.736

0.0434

16

99.9954

55.4658

144.0279

72.2769

0.0122

17

99.8487

55.6976

144.1846

72.5489

-0.1163

18

100.1933

55.7279

143.9719

72.3487

-0.1245

19

99.9634

55.4284

144.2372

72.2522

-0.2336

20

100.2469

55.2525

144.3046

72.4392

0.059

Based on the observations in Table 5.5, a GP model can be built for the extreme
93

performance Ge(L1,L2,L3,L4). The input of GP mode are a realizations of random variables
(L1,L2,L3,L4) in the probabilistic space while the output of GP model is the approximated extreme
performance. Then N=1,000,000 MCS samples X is generated according to the randomness of
input for dynamic reliability analysis. By employing the two-level sequential DOE updating
scheme, the confidence level C(GP,MCS) is generally increased by gradually evaluating new
samples and updating GP model. The iterative updating process stops after 36 and 29 iterations
for two different tolerant level C=0.9 and 0.98 respectively. Figure 5.5 and Figure 5.7 display the
iterative dynamic reliability estimation during updating process while the history of confidence
of dynamic reliability approximations is shown in Figures 5.6 and Figure 5.8 for two scenarios.
All the results are detailed in Table 5.6. To perform dynamic reliability analysis with the
threshold 0.90, a total number of 446 function evaluations are used and 56 samples in
probablistic space are used to built GP model, then dynamic reliabiilty is approxiamted as 0.8253
with 0.24% error. For the scenario with threshold C=0.98, 347 performance evluations and 49
samples in probabilistic space are required to approxiamte the dyamic reliabilty with 0.03% error.

Figure 5.5: Iterative Dynamic Reliability and Corresponding Confidence
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Table 5.6 Dynamic Reliability Analysis Results
C

Dynamic Reliability
Proposed Approach

MCS

Error

No. of Evaluations

0.90

0.8253

0.8273

0.24%

446

0.98

0.9800

0.9797

0.03%

347

Figure 5.6: Confidence Level of Dynamic Reliability Approximation

Figure 5.7: Iterative Dynamic Reliability and Corresponding Confidence
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Figure 5.8: Confidence Level of Dynamic Reliability Approximation
5.4

Conclusion
This chapter presented a confidence-based meta-modeling with sequential design of

experiments for sensitivity-free dynamic reliability.

GP model is constructed for extreme

performance in the probabilistic space and then MCS can be readily employed for dynamic
reliability approximation. A probability-based confidence level is used to measure the accuracy
of the dynamic reliability approximation if MCS is particular employed based on the GP model.
A two-level sequential DOE scheme is developed to update the GP model if the confidence level
is not satisfied. The scheme contains top and bottom level sampling scheme in which top level
locates sample in random space and bottom level selects sample in time space. The dynamic
reliability is approximated once the confidence level is greater than the confidence target. Two
case studies are implemented to demonstrate effectiveness of the proposed approach. The results
show that reliability estimation can be obtained accurately while the computational cost is
reduced significantly. The proposed approach is easy to implement and totally sensitivity-free. In
addition, it can be integrated in dynamic reliability-based design optimization for product design
with time-variant probabilistic constraints.
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CHAPTER 6
AN INTEGRATED PERFORMANCE MEASURE APPROACH FOR SYSTEM
RELIABILITY ANALYSIS
6.1

Introduction
With a growing complexity of complex engineering systems, a major concern in practical

engineered system development is to ensure a high level of system reliability considering various
sources of uncertainties. This chapter presents a new adaptive sampling approach based on a
novel integrated performance measure, referred to as “iPMA”, for system reliability assessment
with multiple dependent failure events. The developed approach employs the Gaussian process
technique to construct surrogate models for each component failure event, thereby enables
system reliability estimation directly using Monte Carlo simulation (MCS) based on surrogate
models. To adaptively improve the accuracy of system reliability approximation using surrogate
models, an integrated performance measure, which envelopes all component level failure events,
is developed to identify the most useful sample points iteratively. The developed integrated
performance measure possesses three important properties. First, it represents exact system-level
joint failure events. Second, the integrated performance measure is mathematically a smooth
function “almost everywhere”. Third, weights used to reflect the importance of multiple
component failure modes can be adaptively learned in the integrated performance measure. With
the weight updating process, priorities can be adaptively placed on critical failure events during
the updating process of surrogate models. Based on the developed integrated performance
measure with these three properties, the maximum confidence enhancement (MCE) based
sequential sampling rule can be adopted to identify the most useful sample point and improve the
accuracy of surrogate models iteratively for system reliability approximation. Two case studies
are used to demonstrate the effectiveness of system reliability assessment using the developed
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iPMA methodology.
6.2

Review of System Reliability Analysis
System reliability analysis aims at analyzing the probability of system success while

considering multiple system performances (e.g., fatigue, corrosion and fracture). Figure 6.1
illustrates the concept of system reliability analysis with a simple series system involving two
performance functions (i.e., fatigue safety G1 and wear safety G2) and two random variables (i.e.,
operational factors X1 and manufacturing tolerance X2). We have two limit state functions G1 = 0
and G2 = 0 which divides the input random space into four subspaces {G1 < 0 & G2 < 0}, {G1 < 0
& G2 > 0}, {G1 > 0 & G2 < 0}, {G1 > 0 & G2 > 0}. Component reliability analysis aims at
quantifying the probability that a random sample x falls into the component safety region (i.e.,
{G1 < 0} or {G2 < 0}) while system reliability analysis (assuming a series system) aims at
quantifying the probability that a random sample x falls into the system safety region (i.e., {G1 <
0 & G2 < 0}). Clearly, the component reliability (for {G1 < 0} or {G2 < 0}) is larger than the
system reliability since the component safety region has a larger area than the system safety

X2 : operational factors

region by the area of an intersection region {G1 < 0 & G2 > 0} or {G1 > 0 & G2 < 0}.
G1 < 0: fatigue safety
G2 < 0: wear safety
G1 < 0 & G2 < 0

fX(x)

G2 = 0

G1 = 0

G1 > 0 & G2 > 0
X1 : manufacturing tolerance

Figure 6.1: Concept of System Reliability Analysis (two performance functions).
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The aforementioned discussion leads to a mathematical definition of system reliability as
a multi-dimensional integration of a joint probability density function over a system safety
region, expressed as
Rsys  



S

f X  x  dx

(6.1)

where X = (X1, X2,…, XN)T models uncertainty sources such as material properties, loads,
geometric tolerances; fX(x) denotes the joint PDF of this random vector; ΩS denotes the system
safety domain. We can see that this formula bears a striking resemblance to that of component
reliability analysis. The only difference between these two formulae lies in the definition of the
safety domain. For component reliability analysis, the safety domain can be defined in terms of a
single limit-state function as Ω ={x: G(x) < 0}. For system reliability analysis involving nc
performance functions, the safety domains, ΩS, can be expressed as


 x :
 x :

S  x :
S
S

nc
i 1
nc
i 1


G  x   0,
Gi  x   0 ,

parallel system

i

np
k 1

series system

iPk



Gi  x   0 ,

(6.2)

mixed system

where Pk is the index set in the kth path set for system success; np is the number of mutually
exclusive path sets. In the following, the system reliability bound methods and the CIM, which
will be used later for the comparison purpose, will be briefly reviewed.
6.2.1

System Reliability Bounds
The system success event can be generally represented as a function of component safe

events depending on the system logic structure. For a serial system with nc components, the
probability of system failure can be calculated as

 nc 
Pfs  Pr  Ei 
 i 1 
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(6.3)

where Pfs represents the probability of system failure; Ei denotes the safe event of the ith
component. The simplest system reliability bound method is the so-called first-order bound
(FOB). Based on the well-known Boolean bounds in Eq. (6.4), the first-order bounds of
probability of system failure are given in Eq. (6.5).
m

m
max P  Ei   P   Ei    P  Ei 
i
 i 1  i 1





m


max  P  Ei    p fs  min   P  Ei ,
 i 1

(6.4)


1


(6.5)

The lower bound in Eq. (6.5) is obtained by assuming the component events are perfectly
independent and the upper bound is derived by assuming the component events are mutually
exclusive. Despite the simplicity (only component reliability analysis required), the first-order
bound method provides very wide bounds of system reliability that are not practically useful.
Thus, the second-order bound (SOB) method was proposed to give much narrower bounds of
probability of system failure, which can be presented as
i 1

 


P E1   max   P Ei   P Ei E j  , 0   Pfs
i 2
j 1

 



 

m

 





m
 m
 
 min    P Ei   max P Ei E j  , 1
j i
i 2
 
  i 1

 



(6.6)



where E1 denotes the event with the largest probability of failure.
6.2.2

Complementary Intersection Method
Different with the bound methods, the complementary intersection method (CIM) derives

an explicit system reliability formula based on the definition of the CI events and provides a
point estimate of system reliability. A Kth-order CI event is defined as E12…K  {X | G1 G2  …
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GK  0}, where the component safety (or 1st-order CI) event is defined as Ei = {X | Gi  0, i = 1,
2, …, K}. The defined Kth-order CI event is actually composed of K distinct intersections of
component events Ei and their complements Ēj in total where i, j = 1,, K and i ≠ j. For
example, for the second-order CI event Eij, it is composed of two distinct intersection events,
E1Ē2 and Ē1E2. These two events are the intersections of E1 (or E2) and the complementary event
of E2 (or E1).
Based on the definition of the CI event, the probability of an Nth-order joint safety event
can be decomposed into the probabilities of the component safety events and the lower order CI
events using the probability decomposition theory as
N
1 N
N 
P  Ei   N 1 [ P  Ei    P  Eij  
i 1
i 1;
 i 1  2
j  2;
i j

  1

m 1

N



i 1;
j  2;



P  Eij l  
 m 

  1

N 1

P  E12

N

]

(6.7)

l m
i  j  l

It is noted that each CI event has its own limit state function, which enables the use of any
component reliability analysis methods. By the decomposition, the probability of joint events can
be conveniently computed through the calculation of the probabilities of CI events using existing
component reliability analysis methods.
For example, the second-order CI event, denoted as Eij  {X | Gi  Gj  0}, is composed of
two events: Ei Ēj = {X | Gi ≤ 0  Gj > 0} and Ēi Ej = {X | Gi > 0  Gj ≤ 0}. Since the events, Ēi
Ej and Ei Ēj, are disjoint, the probability of the CI event Eij can be expressed as

P( Eij )  P( Ei E j )  P( Ei E j )
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(6.8)

Based on the probability theory, the probability of the second-order joint safety event Ei  Ej can
be expressed as

P( Ei E j )  P( Ei )  P( Ei E j )

(6.9)

 P( E j )  P( Ei E j )

From Eqs. (6.8) and (6.9), the probabilities of the second-order joint safety and failure events can
be decomposed as
P( Ei E j ) 

1
 P( Ei )  P( E j )  P( Eij ) 
2

(6.10)

In general, higher-order CI events are expected to be highly nonlinear. Considering the tradeoff
between computational efficiency and accuracy, the probabilities of the first and second-order CI
events in Eq. (6.7) are suggested to be used for system reliability analysis of most engineered
systems. By considering up to second order joint events, the probability of a serial system failure
can be approximated with an explicit formula as

 

Nf

    P  E E 

Pfs  P E1   P Ei 
i 2

i 1

j 1

i

j

2

(6.11)

It has been shown that the formula in Eq. (6.11) estimates the system reliability that lies in
between the second order system reliability bounds as shown in Eq. (6.6). System reliability
estimation provided by Eqs. (6.5), (6.6) and (6.11) will be used in comparison with the develop
iPMA in this chapter.
6.3

Integrated Adaptive System-level Sampling Rule
This section presents the developed integrated performance measure approach (iPMA)

for system reliability assessment. Section 6.3.1 introduce the concept of integrated performance
measure function considering multiple component level limit states and discuss its three
important properties that are essentially important for system reliability analysis. Section 6.3.2
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introduces the system level adaptive sampling with the integrated performance measure function.
Section 6.3.3 presents the procedure of system reliability analysis using the developed iPMA.
6.3.1

Integrated Performance Measure Function
Considering a series system with nc failure modes, let Gi(x) (i=1,…,nc) denote the ith

performance function where x is the random input vector, the component safe event can be
defined as

Ei  {x Gi (x)  0}

(6.12)

With multiple failure events, the system safe event can be accordingly expressed as

Es 

nc
i 1

Ei

(6.13)

Consequently, the system limit state function Gs such that Es={x|Gs(x)<0}can be derived as
Gs  max  Gi (x) 
1i nc

(6.14)

Although the defined system performance Gs(x) can take into account all component failure
events, it is however not appropriate for system reliability assessment because it may not be
smooth on the system failure surface. In addition, the complexity of Gs(x) could be substantially
increased along with the increase of the dimensionality of system input variables, which could
result in low accuracy of system reliability assessment and high computational costs. To alleviate
these challenges, Gaussian process (GP) based surrogate models could be employed for
component failure events, and further used for system reliability approximation, in which the
MCE-based sequential sampling approach, as introduced in Chapter 3, can be adopted for the
updating of the component level surrogate models sequentially. As the MCE-based sequentially
sampling approach updates each surrogate model for individual component failure event
separately, thus could be computationally prohibitive, especially for system reliability
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approximation with multiple component failure modes. To overcome this difficulty, this paper
presents an integrated performance measure to envelope all the component level failure events so
that the constructed GP models for all the failure events can be simultaneously updated to
increase the fidelity of the GP models on system failure surface.
For a series system with nc number of component failure events, the integrated
performance measure function can be defined as
nc

GI (x)  I S (x)   | Gi (x) |wi

(6.15)

i 1

where |.| is the absolute operator; IS(.) is the sign function given by
1, if Gs (x)  0
I S ( x)  
1, if Gs (x)  0

(6.16)

Wi is the weight for the ith limit state and expressed as

Wi 

1  CR ,i
CR ,i

(6.17)

where CR,i is the confidence of component reliability approximation in Eq. (3.17).
The integrated performance measure function GI(x) holds three critical properties. First,
the integrated performance measure is able to envelope all the system-level failure events, thus
GI(x) = 0 is equivalent with system limit state GS(x) = 0 if MCS is employed for system
reliability computation. However, as the complexity of the integrated performance measure is
greatly increased compared with any of individual performance function, it is only utilized to
search the most useful sample point that can maximally improve the accuracy of system
reliability approximation. Second, weights are adaptively learned in integrated performance
measure function to reflect the importance of multiple failure modes. With the updated weights,
the critical failure modes will gain more attention during the updating process. In the extreme
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cases, non-active limit states can be automatically eliminated. Therefore, the integrated
performance function can be greatly simplified for identifying the most useful sample point. The
weight Wi is zero and thus be eliminated in the integrated performance measure function if the
corresponding confidence level of the ith component reliability approximation CR,i reaches one,
so that the computational efforts can be distributed to the failure modes with relative low
confidence. As CR,i is a positive value within the range (0.5,1], the weight Wi is also a variable
with its value within [0,1). Obviously, the larger is the weight, the more important is the
corresponding limit state in system reliability assessment. Third, the smoothness of GI(x) holds
“almost everywhere (a.e.)” overall the sample space. The mathematic term a.e. means only a
zero measure set on the sample space does not hold the smoothness property. For the series
system, the component level limit states Gi(x)=0 (i=1,.., nc) separate the sample space to
accountable safe and failure regions and their interfaces, referred as to “system failure surface”.
The integrated performance measure function can be simplified for these separated safe and
failure regions as follows.
nc

wi


1
  ( Si  Gi (x)) , failure regions

i 1
GI (x)  
nc
 1 ( S  G (x)) wi ,
safe regions

i
i

i 1


(6.18)

where Si=1 if the ith performance function Gi(x) is positive at the separated region; otherwise Si=
1. For a certain region, Si (i=1,…, nc) is a constant value, thus the integrated performance
measure function is smooth within all the regions. To prove the smoothness of the integrated
performance measure on the system failure surface, system random input space can be divided
into safe and failure regions, with the interfaces between the failure and safe regions. Without
loss of generosity, Gj(x) is assumed as the only dominate limit state in the local area. Thus the
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integrated performance measure function can be derived set as

wj
( Si  Gi (x)) wi , failure region

 (Gi (x)) 
i 1,.. j 1, j 1,..nc


GI (x)  0,
failure surface

 (Gi (x)) w j 
( Si  Gi (x)) wi , safe region


i 1,.. j 1, j 1,..nc


(6.19)

The limit of the first derivative of the integrated performance measure function at failure region
can be expressed as

é é
ùù
w
wi
ê ¶ê(Gi (x)) j ´
Õ (Si ´ Gi (x)) úúúú
ê
ê
¶GI (x)
ë
û
i=1,.. j-1, j+1,..nc
= lim ê
ú
lim
¶x
¶x
x®I f
x®I f ê
ú
ê
ú
ë
û

(6.20)

Similarly, it can be derived for safe region as

 

wj
wi 
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(
x
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i
i
GI (x )
i 1,.. j 1, j 1,.. nc



 lim
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x
x
x I f
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Figure 6.2: Smoothness of Integrated Performance Measure Function
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(6.21)

As the limits calculated by Eq. (6.20) and Eq. (6.21) are identical, the smoothness property of the
integrated performance function holds on the system failure surface “almost everywhere”. It is
noticed that non-smoothness of integrated system performance function lies in the interface of
regions, with both regions either safe or failure. Figure 6.2 shows the component limit states,
system limit state, and the smoothness of integrated performance measure function. The
developed integrated performance measure is not smooth on the surfaces marked as dot lines,
and is smooth on the rest areas.
To demonstrate the integrated performance measure function, one simply mathematic
example is employed with two component level limit states as shown in Fig. 6.3, expressed as
G1 ( x )  sin(2 x )
G2 ( x )  3 

x2
10

(6.22)

Considering both failure events characterized by G1(x) and G2(x) in Eq. (6.22), system
performance function Gs(x) can be obtained accordingly by Eq. (6.14).

Figure 6.3: Component Performance Functions
Figure 6.4 demonstrates a set of integrated performance measure functions for different
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weight vectors. As shown in the figure, the integrated performance measure is close to the
individual performance G1(x) with the weight vector (0.9, 0.2) and G2(x) with the weight vector
(0.2, 0.9). It is also clearly shown that the GI(x) is smooth within the range [5, 7] while Gs(x) is
not smooth at the intersection of two component performances functions.
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Figure 6.4: Integrated Performance Measure Function
6.3.2

System Level Adaptive Sampling based on Integrated Performance Measure
As the integrated performance measure function can envelope all component level failure

events, together with the smoothness property a.e. on the sample space, it is theoretically feasible
to compute system reliability directly based on the integrated performance measure. However,
the complexity of the integrated performance measure function is increased significantly with the
increase of total number of failure events. It is technically very challenging to handle such
complexity in system reliability assessment using surrogate models. Moreover, with given
training data sets used for surrogate model development, the benefit of computing system
reliability based on the surrogate model of the integrated performance measure function only is
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very limited. This is because multiple high fidelity surrogate models for all the component level
failure events can normally render more accurate system reliability approximations with the
same training data samples, compared with using single surrogate model based on the integrated
performance measure. Thus, in this study the integrated performance measure is utilized to
generate the most useful sample point for system reliability approximation, and then the selected
sample point will be used to update surrogate models for all component level failure events and
the integrated performance measure function. Once the accuracy requirement is satisfied, system
reliability will be computed by using Monte Carlo simulation based on the updated surrogate
models of all component failure events.
In the following, the system level adaptive sampling based on the integrated performance
measure function is explained. Similar to the MCE-based sequential sample method, the
integrated performance measure function, GI(x), is assumed to be generated by the surrogate
model as

GI (x)  f T (x)α  S (x)

(6.23)

where fT(x)=[f1(x),...,fb(x)] is the basis function; α is the regression coefficient vector; S(x) is a
Gaussian stochastic process with zero mean and certain covariance matrix. Follow the procedure
in Chapter 3, a Gaussian process model MIP can be constructed based on training sample points
for integrated performance measure function. As the Monte Carlo simulation is employed in this
study as a reliability estimation method, a larger number of random sample points are generated
according to the randomness of system inputs at the beginning and will be utilized for reliability
approximation in system reliability assessment. With the developed GP model MIP, the
integrated performance measure function can be approximated. For the ith MCS sample point,
xm,i,, the probability of correct classification for xm,i,can be calculated by the predicted mean and
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variance from the GP model as
I
i

POC  (

Gˆ I (x m ,i )
eˆI (x m ,i )

(6.24)

)

where |.| is the absolute operator. The new sample point should be selected within the generated
MCS samples by maximizing the sampling criteria defined as
CS (x m,i )  (1  POCiI )  f X (x m,i )  eˆI (x m,i )

where fX(xm,i) is the probability density function value at xm,i;

I(xm,i)

(6.25)
is the estimated mean

square error. The selected sample by Eq. (6.25) will be evaluated for all individual performance
functions corresponding to component level failure events, and then used to update all surrogate
models.
6.3.3

Procedure of System Reliability Analysis Using iPMA
This subsection discusses the procedure of system reliability analysis using the developed

iPMA. Suppose there are nc individual performance Gi(x) (i=1,…,nc), and their corresponding
limit states Gi(x)=0. Starting with generating initial samples using Latin hypercube sampling
according the randomness of system input variables, all the component performances are
evaluated for the initial samples. To balance the efficiency and accuracy, 5*k samples are
suggested for initial training samples in this study where k is the number of random variables.
Then nc GP models Mi (i=1,..,nc) can be constructed based on the data sets, and utilized to
approximated individual component level reliability and corresponding confidence using MCEbased sequential sampling method. MCS is adopted as reliability solver by generate 106 random
samples according the randomness of input. Then the weight vector W can then be adaptively
updated based on the confidence levels using Eq. (6.17). The integrated performance measure
function are thus evaluated using Eq. (6.15) for the initial samples, and a GP model MIP can be
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constructed for the integrated performance measure. The constructed GP model MIP is used to
predict the integrated performance measures for all the Monte Carlo samples by providing the
mean and variance. A new sample will be selected based on Eq. (6.25) with MCS samples to
update all the GP models. For each iteration of system reliability analysis, the adaptive
mechanism is detailed as follows. At first, the GP models for individual failure modes are
updated by incorporation the selected new sample to compute component reliability and the
confidence levels. Then the weight vector in integrated performance measure is adaptively
learned based on the confidence levels of multiple failure modes. Third, the performance
measures of all the available samples are updated using the latest weight vector, and utilized for
updating the GP model MIP. At last, a new sample point will be selected based ont the updated
GP model MIP until the stop rule is satisfied. In this study, the stop rule Sr is defined by the
minimum of the confidence levels of all the failure modes as

Sr  min(CR,i ), (i  1,..., nc)

(6.26)

Once the stop rule is satisfied, the system indicator function can be defined as

1,
I sf (x)  

 0,

where

i(x)





if max Gˆ i (x )  0, (i  1,..., nc)
otherwise

(6.27)

is the approximated ith performance value based on the ith GP model of multiple

failure modes. Thus the system reliability is calculated by
R  1

1
N

N

I
i 1

sf

( x m ,i )

(6.28)

The flowchart of system reliability analysis using the developed iPMA methodology is
shown in Figure 6.5, in which the left hand side shows the system reliability analysis using
surrogate models for all component level failure events, whereas the right hand side grey box
shows the system level adaptive sampling process. The system level adaptive sampling process is
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used to generate sample points for the updating of the surrogate models, in which the MCEbased sequential sampling method is employed based on the developed integrated performance
measure function.
Initialize Training Samples X
and MCS Samples Xm

System-level Adaptive Sampling
Update training samples X by
adding x*

Evaluate component level
performance functions for X

MCE-based Sequential
Sampling to find a new sample
point x* using Eq.(36)

Build nc GP Models for nc
component failure events

Build a GP model MIP for the
integrated performance measure
function

Compute Sr using Eq. (37)
If Sr is
satisfied?

No

Compute the integrated
performance measures for X

Yes
Update Wight Vector W

System reliability

Figure 6.5: Flowchart of System Reliability Assessment Using iPMA
6.4

Case Studies
This section demonstrates the effectiveness of the developed integrated performance

measure approach for system reliability assessment through case studies. Two examples, a
mathematical problem and a vehicle side crash system reliability analysis problem, are employed
to demonstrate the accuracy and efficiency of the developed methodology.
6.4.1

Case Study I: A Mathematical Problem
Considering the following mathematical problem with two random variables x1 and x2,

the component performance functions corresponding to three failure events are expressed as
G1  1  x12 x2 / 20
G2  1  ( x 1  x2  5)2 / 30  ( x 1  x2  12) 2 / 120
2
1

G3  1  80 / ( x  8 x2  5)
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(6.29)

where Gi>0 (i=1, 2, 3) is the limit state for ith failure mode. To show the effectiveness of the
iPMA, the first/Second order system reliability bound methods and the CIM are also employed
for the comparison purpose in terms of accuracy and computational efficiency. Let E1, E2 and E3
denotes three safety events for three component failure events respectively, the system safety
events are E1∩E2∩E3 for series system. Following the literature, the Dimension reduction
method (DRM) is adopted as probability analysis method for CIM while the Monte Carlo
Simulation (MCS) is employed as component reliability tool for both system reliability bound
methods, FOB and SOB. Since the three safety events defined by the limit states are serially
connected as a system, the true system performance can be treated as the minimum of all the
individual component level performances. To test the performance of the iPMA for the cases that
involve random system inputs with different level of uncertainties, four sets of system inputs as
shown in Table 6.1 are employed in this study.
Following the procedure outlined in Section 6.3, an initial set of sample points are
generated using the Latin hypercube sampling, and then evaluated for all component-level
performance functions. In this case study, the regression term fT(x) in Eq. (3.4) is replaced by the
global mean μ in the a ussian Process ( P) model development. The training data of the
integrated performance measure can be obtained, and used to construct a low fidelity GP model
for approximating the unknown integrated performance measures. The iPMA sequential
sampling technique is adopted as a tool to enhance the fidelity of the GP model in an efficient
manner. The updating mechanism is terminated till the confidence of system reliability
approximation based on the GP model satisfies the predefined confidence target of system
reliability approximation which is set as 0.99 in this case study. Figures 6.6 to 6.9 shows the
results for the four system inputs, in which the red curves are the estimated integrated limit states
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while the black denote the true system limit states. All initial samples and the samples used for
the GP model updating are also shown in the figures. It can be clearly observed that by the
developed system level sampling rule, the updating samples are located near the system limit
state surface thereby the accuracy of system reliability approximation using the GP model can be
improved rapidly and efficiently. In addition, the GP model for system reliability analysis is
developed so that the accuracy at the important areas depending on the system random inputs can
be guaranteed.
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Figure 6.6: Estimated Integrated Limit State Using GP Regression for 1st System Input

Table 6.1: System Inputs
Random Parameters

x1

x2

System Inputs
1

2

3

4

Mean

8

3

6

4

Variance

0.32

0.52

0.62

0.72

Mean

2

3

3

4

Variance

0.32

0.52

0.62

0.72
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Figure 6.7: Estimated Integrated Limit State Using GP Regression for 2nd System Input
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Figure 6.8: Estimated Integrated Limit State Using GP Regression for 3rd System Input
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Figure 6.9: Estimated Integrated Limit State Using GP Regression for 4th System Input
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The First order bound (FOB), the second order bound (SOB) and the complementary
intersection method (CIM) are compared with the developed iPMA to demonstrate the efficacy
of the iPMA in terms of efficiency and accuracy, in which the First order reliability method
(FORM) is adopted as component reliability analysis tool for FOB, SOB and CIM. Table 6.2
shows the reliability approximations from iPMA, FOB, SOB and MCS. It is observed that iPMA
can obtain accurate results at different system reliability levels. Table 6.3 provides the number of
samples evaluated for all the system reliability analysis methods in this case study. In this study,
one sample evaluation represents all the component-level performances evaluations for one
realization of random inputs. It is clearly shown that much less samples are required for the
developed iPMA compared with existing system reliability analysis methods. Figure 6.10 shows
the accuracy of system reliability prediction with respect to different system reliability levels.
Table 6.2: Comparison of the Results for Series System
Method

FOB

SOB

1

2

3

4

Lower

0.6498

0.7231

0.8138

0.9845

Upper

0.8206

0.7624

0.8177

0.9751

Lower

0.6518

0.7323

0.8149

0.9754

Upper

0.6518

0.7323

0.8149

0.9754

0.6526

0.7587

0.8089

0.9859

Rs

0.6514

0.7397

0.8208

0.9732

CRT

0.99

0.99

0.99

0.99

0.06%

1.01%

0.64%

0.23%

0.6518

0.7323

0.8149

0.9754

CIM_DRM

iPMA

System Reliability Analysis

Error
MCS
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Table 6.3: Computational Cost of System Reliability Assessment
System Reliability Analysis

Method

1

2

3

4

FOB

106

106

106

106

SOB

106

106

106

106

CIM_DRM

9

9

9

9

iPMA

16

17

9

9

1
0.95
0.9
0.85
0.8
MCS, SOB
MCS, FOB
MCS, FOB
CIM, DRM
iASM

0.75
0.7
0.65

0.65

0.7

0.75
0.8
0.85
System Reliability Level

0.9

0.95

Figure 6.10: System Reliability with Respect to Reliability Levels
6.4.2

Case Study II: Vehicle Side Crash Problem
With the rapid development of advanced techniques, vehicle system become more

complex and thus attracts tremendous attentions both in industry and academia societies with the
purpose of enhancing the safety and increasing the energy efficiency. According to safety
regulation of European Enhanced Vehicle-Safety Committee (EEVC), vehicle design must meet
internal and regulated side impact requirements in which the main metric includes Head Injury
Criterion (HIC), abdomen load, pubic symphysis force, VC’s (viscous criteria), and rib
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deflections (upper, middle and lower), the velocity of the B-pillar at the middle point and the
velocity of the front door at the B-pillar. In order to make the vehicle more reliable in the side
impact, it is an essential ability to evaluate the system reliability of vehicle defined as the
probability of meeting a bunch of requirements simultaneously. In this study, nine random
variables are assumed to follow normal distributions. The Barrier height and barrier hitting
position are assumed as zeros. Five system inputs as shown in Table 6.4 are tested to cover a
range of system reliabilities from 0.95 to 0.99.
Table 6.4: Properties of Design and Random Parameters of Vehicle Side Impact
Random Variables

Sd

d1

d2

d3

d4

d5

x1(B-pillar inner)

0.03

0.5100

0.6000

0.5400

0.5500

0.6000

x2(B-pillar reinforce)

0.03

1.3920

1.3257

1.3800

1.4100

1.4635

x3(Floor side inner)

0.03

0.7900

0.8000

0.8500

0.9000

0.9000

x4(Cross member)

0.03

1.4100

1.5000

1.4300

1.5000

1.5000

x5(Door beam)

0.03

1.0500

1.2000

1.1500

1.2000

1.2000

x6(Door belt line)

0.03

1.3120

1.5000

1.3420

1.3450

1.5000

x7(Roof rail)

0.03

0.5600

0.5000

0.5800

0.6000

0.5000

x8(Mat. B-pilar inner)

0.003

0.2850

0.3450

0.3450

0.3450

0.3450

x9(Mat. floor side inner)

0.003

0.1870

0.1870

0.1870

0.1870

0.1870

x10(Barrier height)

10

0

0

0

0

0

x11(Barrier hitting)

10

0

0

0

0

0

The component level constraints G1~G10 are abdomen load (G1), rib deflection (G2~G4),
VC (G5~G7), pubic symphysis force (G8), velocity of the B-pillar (G9) and the velocity of the
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front door (G10); system failure occurs if any of ten constraints is not satisfied. More detail
information regarding these constraints can be found in the references.
Following the procedure detailed in Section 6.3, 55 initial samples are generated by Latin
hypercube sampling, and then evaluated for all the component-level performances G1~G10. In
this case study, the regression term fT(x) in Eq. (3.4) is set by the first order polynomial terms in
GP model development. In order to filter non-active constraints, ten GP models are constructed
to compute the component level reliability and the corresponding confidence. By identify the
reliability and confidence, the fourth, eighth and tenth limit states are active for the first and
second system inputs while only the fourth and eight limit sates are active for the last three
system inputs. Then, the integrated system performances can be computed by only considering
active limit states, and used to build an initial GP model for approximating unknown integrated
system performance. The MCE-based sequential sampling technique is adopted as a tool to
enhance the fidelity of the GP model in an efficient manner. The updating mechanism is
terminated till the confidence of system reliability approximation based on the GP model
satisfies the predefined confidence target. Table 6.5 shows the system reliability approximation
from iPMA, FOB, SOB and CIM methods while Table 6.6 details the number of sample
evaluations. As the MCS is employed for the component reliability analysis for the FOB and
SOB, the computation efficiency is very low, as shown in Table 6, although the SOB approaches
the true system reliability when accurate probabilities for component failure and the second order
joint events are provided. The case study results also shows that the CIM with the dimension
reduction method (DRM) requires less number of function evaluations, however, its accuracy
tends to be much lower compared with the developed iPMA, as demonstrated in Table 6.6. For
the tables, it is clear that the developed iPMA method outperforms existing system reliability

119

methods by providing accurate system reliability approximations with less number of function
evaluations required. The developed iPMA conducts system reliability analysis by employing
surrogate models for all component failure events, which are sequentially updated to improve the
model fidelity based on the needs. The MCE-based sequential sampling method is adopted based
on the developed integrated performance measure function. Figure 6.11 shows the iterative
results for the confidence of system reliability approximation and the system reliability results
for the second set of system random inputs. As shown in the figure, the confidence of system
reliability approximation is increased rapidly at the beginning, and gradually approaches the
target.

Table 6.5: Comparison of the Results for Series System
System Reliability Analysis

Method

1

2

3

4

5

Lower

0.8959

0.9285

0.9505

0.9711

0.9927

Upper

0.9181

0.9360

0.9568

0.9745

0.9961

Lower

0.9139

0.9344

0.9544

0.9741

0.9958

Upper

0.9139

0.9344

0.9544

0.9741

0.9959

CIM_DRM

0.8816

0.9123

0.9362

0.9585

0.9849

Rs

0.9140

0.9336

0.9474

0.9737

0.9963

CRT

0.95

0.95

0.95

0.95

0.95

Error

0.011%

0.086%

0.73%

0.041%

0.040%

0.9139

0.9344

0.9544

0.9741

0.9959

FOB

SOB

iPMA

MCS
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Table 6.6: Computational Cost
System Reliability Analysis

Method

1

2

3

4

5

FOB

106

106

106

106

106

SOB

106

106

106

106

106

CIM_DRM

45

45

45

45

45

iPMA

81

62

75

61

55

0.96
0.94

Estimatated System Reliability
Minimized Confidence Level

0.92
0.9
0.88
0.86
0.84
0.82

5

10

15
Iterations

20

25

Figure 6.11: History of System Reliability Analysis for System Input 1
6.5

Conclusion
This chapter presented a new adaptive sampling approach for system reliability assessment

with multiple dependent failure events, referred to as integrated performance measure approach (iPMA).
The developed approach employs the Gaussian Process models for the individual component

failure events, and thus MCS can be employed for system reliability approximation based on the
surrogates. A system-level adaptive sampling scheme is develop to sequentially update the
developed component level surrogate models based on a new integrated performance measure
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function and thus enhance the accuracy of system reliability approximation. The developed
integrated performance measure function envelopes all component level failure events, and
possesses smoothness property “almost everywhere” on sample space. In addition, the weights in
the integrated performance function can be adaptively updated to identify important component
level failure events effectively when constructing the function. The maximum confidence
enhancement (MCE) based sequential sampling technique is employed to locate new samples
iteratively based on the integrated performance measure until the stop criterion is satisfied.
System reliability can be approximated using MCS based on the GP models of all individual
failure models. Results from two case studies showed that the iPMA can approximate system
reliability accurately and efficiently compared with existing system reliability methods.
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CHAPTER 7
CONCLUSION AND FUTURE WORK
7.1

Conclusion
The goal of this dissertation is to develop new reliability analysis and design techniques

to effectively address the challenges of system design under time-variant probabilistic
constraints. The research objectives are accomplished through different research questions in
four research thrusts proposed in the Chapter 1. The literature reviews in the different research
solution fields are listed in the Chapter 2.
The first research solution for reliability analysis using surrogate models is proposed in
the Chapter 3 with the title “A MAXIMUM CONFIDENCE ENHANCEMENT BASED
SEQUENTIAL SAMPLING SCHEME FOR SIMULATION-BASED DESIGN“ and the
proposed methodology is demonstrated with two case studies. Case study results indicated that
the proposed MCE-based sequential sampling method can obtain accurate reliability
approximation efficiently, compared to other existing methods.
Chapter 4 presents the first solution of reliability analysis with time-variant probabilistic
constraints, referred to as “A NESTED EXTREME RESPONSE SURFACE APPROACH FOR
TIME-DEPENDENT RELIABILITY-BASED DESIGN OPTIMIZATION”. The developed
approach can effectively handle the time-dependency of failure events for time-dependent
reliability analysis and design optimization. Two examples are used to demonstrate the
effectiveness of the proposed approach. The results shows that NERS approach can approximate
time-dependent reliability with the same-level accuracy compared with other existing methods
such as PHI2, but requires very less computational cost. More importantly, the error of timedependent reliability approximation using NERS mainly comes from the FORM method which is
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employed as reliability tool in NERS. Thus the accuracy of NERS for time-dependent reliability
analysis can be further enhanced by developing advanced static reliability tools.
Thus the developed advanced reliability tool, MCE-based surrogate modeling method, is
integrated to enhance the performance of NERS for dynamic reliability analysis in Chapter 5. In
this chapter, GP model is constructed for extreme performance in the probabilistic space and
then MCS can be readily employed for dynamic reliability approximation. A two-level
sequential DOE scheme is developed to update the GP model if the confidence of dynamic
reliability approximation is not satisfied. The scheme contains top and bottom level sampling
scheme in which top level locates sample in random space and bottom level selects sample in
time space. Two case studies are implemented to demonstrate effectiveness of the proposed
approach. The results show that reliability estimation can be obtained accurately while the
computational cost is reduced significantly. The proposed approach is easy to implement and
totally sensitivity-free.
Chapter 6 presents a developed method for system reliability assessment with multiple
limit states, with the title “AN INTEGRATED PERFORMANCE MEASURE APPROACH
FOR SYSTEM RELIABILITY ANALYSIS”. In this chapter, the integrated performance
measure is developed to envelope system-level failure events, by which the dependency of
system failure events can be handled. The developed approach employs the Gaussian Process
models for the individual component failure events, and thus MCS can be employed for system
reliability approximation based on the surrogates. A system-level adaptive sampling scheme is
develop to sequentially update the developed component level surrogate models based on the
integrated performance measure function. System reliability can be approximated using MCS
based on the GP models of all individual failure models. Results from two case studies showed
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that the iPMA can approximate system reliability accurately and efficiently compared with
existing system reliability methods.
7.2

Future Work
During a lifecycle of engineered system in development and operation, reliability-based

design optimization is to improve the safety and performance of systems at the preliminary
designs stage while condition monitoring prevents potential failure during operation. Effective
health diagnostics and prognostics provide multifarious benefits for complex engineered systems
such as improved safety, reliability and reduced costs for operation and maintenance. Thus future
work will be conducted to develop prognostic and healthy management (PHM) techniques,
which can be further integrated in RBDO framework to enable the ability of predicting reliability
in the preliminary design stage.
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