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ABSTRACT

A high-order finite difference solver was written to solve the incompressible

Navier-Stokes (NS) equations and was applied to analyze the blood flow. First, a

computer code was written to solve incompressible Navier- Stokes equations using the

exact projection method/fractional step scheme. A fifth-order weighted essentially non-

oscillatory (WENO) spatial operator was applied to the convective terms of Navier-

Stokes equations. The diffusion term was solved by using a sixth-order compact central

difference scheme. A fractional step scheme in conjunction with the third-order Runge-

Kutta total variation diminishing (RK TVD) scheme was used for the time discretization.

At this stage, non-Newtonian effects and the pulsatile nature of the flow were not

included. The developed Newtonian flow code was tested using benchmark problems

for incompressible flow, namely, the driven cavity flow, Couette flow, Taylor-Green

vortex problem, double shear layer problem, and skewed cavity flow. The results were

compared with existing published experimental data in order to build confidence that the

computer code was working properly in the simple blood flow conditions, i.e., as a

Newtonian fluid. In the second stage, the backward-facing step was analyzed for

Newtonian steady and pulsatile flow, and for non-Newtonian steady and pulsatile flow.

The results were compared with experimental data and found to be in agreement. In the

third stage, the computer program was extended to three dimensions. Flow through an

infinite long pipe and through a 90-degree bend was carried out. The velocity profile in

the pipe and at different locations of the bend was obtained, and the numerical values

indicate good agreement with analytical and experimental values.
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CHAPTER 1

INTRODUCTION

1.1 Background

In industrialized nations, technological innovation has progressed at such an

accelerated pace that it has permeated almost every facet of people’s lives. This is

especially true in the area of medicine and the delivery of health care services. Although

the art of medicine has a long history, the evolution of a technologically based health

care system capable of providing a wide range of effective diagnostics and therapeutic

treatments is a relatively new phenomenon.

Starting in the twentieth century, advances in the basic sciences began to occur

more rapidly, and an era of intense interdisciplinary cross-fertilization evolved. The

medical field was also affected by this change. Discoveries were made in order to assist

the physician in diagnosing the patient efficiently and correctly. For example, a few of

these are the electrocardiograph (used to measure the electrical changes occurring

during heart beats), x-rays, the Drinker respirator, angiography, catheterization (use of a

cannula threaded through an arm vein and into the heart with the injection of

radiopaque dye for x-ray visualization of the lung and heart vessels and valves), the

electron microscope (for visualizing small cells), and new medical imaging techniques

such as computerized tomography (CT) and magnetic resonance imaging (MRI). These

discoveries and many others have made a profound impact on the modern health care

system. Through this evolutionary process, hospitals have become central institutions

for providing medical care. Today’s complex and expensive technology can only be

based in hospitals.
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1.2 Biomedical Engineering and Its Benefits

In recent years, technology has struck medicine like a thunderbolt. Due to the

inclusion of technology and engineering concepts in the medical field, an entirely new

engineering area, called biomedical engineering, has been established. Many of the

problems confronting health professionals today are of extreme relevance to engineers

because they involve the fundamental aspects of device and systems analysis, design,

fluid mechanics, and practical applications—all of which lie at the heart of processes

that are fundamental to engineering practice. These medically relevant design problems

can range from very complex large-scale constructs, such as the design and

implementation of automated clinical laboratories, to small-scale analyses of different

phenomenon in the human body, such as airflow in the respiratory canal, the effect of

impact forces on a person during a collision, and movement of blood in the arteries and

veins. The world of biomedical engineering is vast and can be subcategorized into

biotechnology, biomaterials, medical imaging, clinical engineering, physiological

modeling, biomedical instrumentation, biomechanics, neural engineering, etc. More

simply, biomedical engineers apply electrical, chemical, optical, mechanical, and other

engineering principles to understand, modify, and control biological systems. Typical

pursuits of biomedical engineers include the following:

 Development of new diagnostic instruments for blood analysis.

 Research in new materials for implanted artificial organs.

 Design of telemetry systems for patient monitoring.

 Design of biomedical sensors.

 Modeling of physiologic systems of the human body.
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 Study of pulmonary fluid dynamics.

 Design of instrumentation for sports medicine.

 Development of expert systems for diagnosis.

 Design of communication aids for individuals with disabilities.

 Development of software for analysis of medical research data.

 Analysis of medical device hazards for safety and efficacy.

 Application of engineering system analysis (physiologic modeling, simulation,

and control of biological problems).

A greater potential benefit occurring from the utilization of biomedical engineers

is the identification of problems and needs within the present health care delivery

system that can be solved using existing engineering technology and systems

methodology. Consequently, the field of biomedical engineering offers hope in

continuing the battle to provide high-quality health care at a reasonable cost. If properly

directed toward solving problems related to preventive medical approaches, biomedical

engineers can provide the tools and techniques to make our health care system more

effective and efficient. The role played by such engineers can be divided into three main

areas: the clinical engineer in health care, the biomedical design engineer in industry,

and the research scientist. This third type of biomedical engineer, the engineer scientist

(most likely found in academic institutions and industrial research laboratories) is

primarily interested in applying engineering concepts and techniques to the investigation

and exploration of biological processes. The most powerful tool at their disposal is the

construction of appropriate physical, mathematical, or computational models of the

specific biological system under study. Through simulation techniques and available
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computing technology, they can use these models to understand features that are too

complex for either analytical computation or intuitive recognition. In addition, this

process facilitates the design of appropriate experiments that can be performed on the

actual biological system. Results of these experiments can, in turn, be used to amend

the models. Thus, increased understanding of a biological mechanism results from this

iterative process. These computational models can also predict the effect of these

changes on a biological system in cases where actual experimentation may be tedious,

very difficult, or dangerous. Researchers are thus rewarded with a better understanding

of the biological system and the physical description of the entire process.

1.3 Blood Flow Analysis

The human body is a complex machine with a skeletal system and ligaments

forming the framework and muscles and tendons serving as motors and cables. One

major organ system benefiting from the application of mechanics principles is the

cardiovascular system’s dynamic, or hemodynamics, which is the study of the motion of

blood. The cardiovascular system may be viewed as a complex pump: the heart

generates pressure resulting in the flow of a complex fluid (blood) into a complex set of

pipes (blood vessels). Cardiovascular dynamics focuses on the measurement and

analysis of blood pressure, velocity, volume, and flow within the system. The complexity

of this elegant system is such that mechanical models, typically formulated as

mathematical equations, are relied on to understand and integrate experimental data, to

isolate and identify physiological mechanisms, and to lead ultimately to new clinical

measures of heart performance and health and to guide clinical therapies.
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The blood flow problem is complicated because it is comprised of fluid, called

plasma, and suspended cells, including erythrocytes (red blood cells), leukocytes (white

cells), and platelets. All of these flows, including blood in the body, are relatively slow.

This has two immediate consequences: first, the flow can generally be considered to be

incompressible, and second, the Reynolds numbers are reasonably low. A complicating

factor is that this flow is often oscillatory and pulsative in the arteries and occurs in

complex geometric configurations. Under certain conditions, the blood exhibits non-

Newtonian properties due to suspended material within it. The major blood circulatory

system in the body consists of systematic and pulmonary circulations. The systematic

circulation is mainly responsible for transporting blood through the arteries and veins,

and the pulmonary circulation system takes deoxygenated blood to the lungs for

purification. Blood has about the same density as water; however, it is about three times

more viscous because of the large number of suspended red blood cells. Here, the

average Reynolds numbers reach very low values in microcirculation (the flow in

arterioles and capillaries). The mean pressure falls from a relatively high value of 100

mm Hg in the largest arteries to values on the order of 20 mmHg in the capillaries and

even lower in return venous circulation.

Researchers often use some simplifications when analyzing blood flow: First,

blood is homogeneous and its viscosity is the same at all rates of shear. Blood is, of

course, a suspension of particles, but it has been shown that, in tubes in which the

internal diameter is large compared with the size of red blood cells, it behaves as a

Newtonian liquid. In tubes with an internal radius less than 0.5 mm, changes in viscosity

occur. So when studying small vessels, the assumption of blood being Newtonian is
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incorrect. Second, blood does not slip at the wall. This point is of some importance

because it has occasionally been suggested that some of the anomalous flow properties

of blood vessels may be due to non-wettable properties of their endothelial lining with a

consequent slip at the wall. Even if the endothelium were shown to be non-wettable, the

conclusion that slipping would result is unjustifiable. Third, blood flow is laminar, that is,

at all points, this liquid is moving parallel to the walls of the tube. At rates of liquid flow

above the critical value, this is no longer true, and the flow is turbulent. Turbulent flow

may occur in the largest blood vessels; however, laminar flow is certainly present in all

vessels where flow is sufficiently steady. Fourth, the rate of flow is steady and is not

subjected to acceleration or deceleration. Because the flow in large arteries is markedly

pulsative, it is clear that this assumption cannot be applied uniformly to blood flowing in

the circulation system. Another simplification that is usually made when studying blood

flow is that the tube is long compared with the region being studied. Close to the inlet of

a tube, flow has not yet become established with the paraboloid velocity profile that is

characteristic of laminar flow. The distance required to establish the steady form of flow

is known as the inlet length. In this region the Poiseuille’s equation does not apply.

It is important to treat blood as a Newtonian or non-Newtonian fluid during

analysis. Usually homogenous liquids are Newtonian, but suspended particles in the

blood show deviations from this behavior. The anomalous viscous properties of blood

are of two kinds:

1. At low shear rates, the apparent viscosity increases markedly. It has been shown

almost certainly that flow may cease in the presence of a measurable stress,

implying that there is a yield stress.
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2. The apparent viscosity at higher rates of shear is smaller in small tubes than in

larger tubes. This progressive diminution with tube size begins to be detectable

with tubes with less than 1.0 mm internal diameter (i.e., about 100 times the

major diameter of a red blood cell).

These two types of anomalies may be referred to as low-shear and high-shear

effects. Blood viscosity plays an important role in cardiovascular disease; therefore, it is

necessary to draw attention to the non-Newtonian behavior of blood as well as in the

case where vessels are very small in diameter.

Although blood is not a fast-moving flow, some flow disturbances do occur near

the aortic valve, they are minimal or absent in the mid-ascending aorta, and they are

always absent in the proximal aortic arch. Disturbed flow is also observed in the region

of normally functioning pulmonary valves. One factor that may contribute to higher

turbulence in the aorta may be the higher velocity in this area. Hemodynamic factors

that tend to affect the magnitude of blood flow disturbances include velocity, viscosity,

and density of the blood. For example, an increased blood velocity or reduction of blood

viscosity would increase the intensity of turbulence. The pulsative nature of blood flow

may also lead to flow instability. Lesions that produce a partial obstruction to flow or an

irregularity of the vessel wall would augment flow disturbances. Normal aortic and

pulmonary valves also cause flow disturbances, because the valvular leaflets act as

natural projections into the stream of flow. In addition, several anatomic and

hematologic factors affect the character of flow in the cardiovascular system. Anatomic

factors that tend to diminish disturbances of flow at branches of vessels include branch-

to-trunk area ratios less than 1 and acute angels of branching. Arterial tapering and
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vessel distensibility (capability of being stretched under pressure) diminishes

disturbances. Hematological factors that minimize disturbances include a normal

concentration of erythrocytes and deformability of erythrocytes.

1.4 Literature Review

The idea of applying engineering concepts to blood flow is not new. Poiseuille’s

equation is very important when describing the relationship of liquid flow to the radius of

the cylinder in which it is flowing. This equation can be applied in certain conditions.

Various researchers have performed investigations to determine whether or not this

equation can be used in determining blood flow. For example, in 1956, Brecher [1]

determined that the flow in all large arteries and intrathoracic veins is markedly

pulsative; thus, Poiseuille’s equation cannot be applied to blood because the rate of flow

is not steady. In a typical artery, with steady blood flow, the average velocity increases

as the artery narrows, thus reducing the pressure significantly. The artery exhibits an

extra pressure gradient due to tapering. Ling et al. [2] in 1973 and Atabek et al. [3] in

1975 observed that there is a taper of one to two degrees in the canine aorta and

coronary arteries. They suggested that this small degree of narrowing has a definite

effect on the mean pressure gradient. Being able to apply Poiseuille’s equation to blood

calculations because the tube is cylindrical in shape no longer holds true. In 1931,

Fahraeus and Lindqvist [4] studied blood flow quantitatively in glass capillary tubes and

found the marginal layer to be most prominent in tubes with diameters of less than 300

µm. They noted that the apparent viscosity of blood as calculated from Poiseuille’s

equation decreases with a decrease in the diameter of the vessel, in contradiction to

earlier research by Denning and Watson [5] in 1900. They also studied the effect of
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bore size on blood flow and concluded that blood containing a large number of red cells

do not follow Poiseuille’s equation if the tube diameter is less than 300 µm. Many

studies have been done on the deviation of blood flow from Poiseuille’s equation,

including those of Thomas [6] in 1962, Haynes [7] in 1960, Haynes and Burton [8] in

1959, Baylis [9] in 1959, Charm and Kurland [10] in 1962, and Mayrovitz and Roy [11] in

1983). In vessels the size of arterioles, where flow is still pulsative and diameter

measurements are more accurate, several studies have been published: Murray [12] in

1926, Zamir [13] in 1976, and Mayrovitz [14] in 1987. It was suggested that flow is

proportional to the third rather than fourth power of the radius. Baez et al. [15] (1960)

found that the diameter of capillaries and other minute vessels varied very little with the

changes of internal pressure in the range of 20–100 mmHg. Recent studies, such as

one by Meyer et al. [16] in 1988, have also shown that the diameter of terminal

arterioles changes very little with large changes in internal pressure. So the condition of

Poiseuille’s equation applicability that the tube is rigid holds.

The viscous properties of blood have also been studied extensively in the

research of blood flow. A Newtonian liquid is, by definition, one in which the coefficient

of viscosity is constant at all rates of shear. In 1968, Whitmore [17] wrote an excellent

monograph on the rheology of circulation. Additional reviews on this subject were

written by Schmid-Schonbein [18] in 1976, Cokelet et al. [19] in 1980, Dintenfass and

Seaman [20] in 1981, Pries et al. [21] in 1992, and Liepsch et al. [22] in 1994. Research

was also conducted on the low shear and high shear effects. Haynes and Burton [23]

assigned typical values of the vessel wall throughout the circulation and compared them

with the values in tubes at which the low shear anomaly was observed. They concluded
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that normal values in the circulation are too high to have any significance, although

Lipowsky et al. [24] casted some doubt on this. Dintenfass et al. [25] showed the

importance of blood viscosity in cardiovascular diseases. The effect of the hematocrit

(percentage of red blood cells in blood) on the flow properties of human blood was

examined at shear rates up to 700 s-1 by Brooks et al. [26] in 1970. They determined

that for hematocrits up to approximately 12 percent, the blood was found to be

Newtonian at all rates of shear, in other words, independent of the shear rate. As the

hematocrit increased to 70 percent, the viscosity also increased. In a normal person, the

hematocrit is 45 percent of the total volume of blood. At shear rates below 100 s-1, the

viscosity increases markedly with an increase in hematocrit. Chien et al. [27] reported

the viscosity of plasma (blood from which all cellular elements have been removed) as

1.2 centipoise. They further determined that if erythrocytes are progressively added to

plasma, then the viscosity increases. Marked non-Newtonian properties are not

observed until the concentration of cells exceeds 10 percent. If blood viscosity is

measured in a tube with an internal radius of about 0.5 mm or larger and shear rates

are not less than 200-300 s-1, then viscosity will be effectively independent of tube size;

however, it will vary with erythrocyte concentration. It can be said that viscosity may be

regarded as varying linearly with erythrocyte concentration from zero percent to a

hematocrit of about 45 percent. The viscosity rises much more rapidly with hematocrit

values above this.

Many studies that describe the effect of change of blood flow with the change in

the size of vascular bed are available. In several of them, it was found that at

bifurcations, the hematocrit in a side branch was lower than in the parent vessel. This
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phenomenon was first described as plasma skimming by Krogh [28] in 1922. Pries et

al. [29] and Perkio and Keskinen [30] studied this behavior in vitro, and Klitzman and

Johnson [31] studied this behavior in vivo. In these investigations, a number of variables

that influence the disparity between blood and erythrocyte volume flow distribution at

the branch point were identified. The most relevant of these variables are the

distribution of volume flow, the tube-to-particle diameter ratio, the average hematocrit,

and the hematocrit profile in the feeding vessel. It has been found that plasma skimming

not only takes place in the microcirculation but also in the larger arterial branches that

carry blood to organs such as the brain.

In order to obtain the velocity profiles, experimental work is being conducted in

addition to the mathematical modeling of the blood. The technique used for recording

the velocity profile in the models of Atabek et al. [32] has involved the pulsed electrolyte

release of a line of minute bubbles from a thin wire run across a diameter. The

successive form taken up by this marker can then be photographed. This technique

cannot be used in a living animal. The same limitation applied to the method of

recording the rates of shear in a bentonite solution investigated by Attinger et al. [33].

Muller [34] used a pitot tube that could be traversed across the lumen of a tube. Freis

and Heath [35] traversed thermistors across the ascending aorta and reported a flat

velocity front, but their results were not plotted as profiles. The problem with any

instrument that is introduced into the stream is distortion of the natural profile. The fine

probe used by Schultz et al. [36] in their hot film anemometer has provided detailed

account of profiles in both dogs and humans. Ling et al. [37] and many others used the

same technique and recorded the same profiles in the thoracic aorta of dogs and the
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main pulmonary artery of dogs and humans. Sets of velocity profiles have been

recorded in the aorta by Farthing and Peronneau [38] in dogs and Hagl et al. [39] in

humans using the pulsed Doppler velocimeter described by Farthing and Peronneau

[38]. With this technique, the profile can be measured in a matter of milliseconds, thus

making a virtually continuous traverse, which is an advantage over the heated-film

technique. The pulsed Doppler can also measure velocity right up to the wall. Other

recent methods used to measure velocity profiles are intravascular and extravascular

pulsed Doppler and laser Doppler used by Lucas et al. [40], Frantz et al. [41],

Yamamoto et al. [42] and Bharadvaj et al. [43]. The pioneering work performed by Fry

[44] in 1968 provided the first definite relationship between hydrodynamic stresses in

the arterial wall and the genesis of arterial diseases. Even an increase in the

permeability of the endothelial cells, without gross structural damage, might well

facilitate the accommodation of lipids in the arterial wall, which is a dominant feature of

atherosclerosis.

Studies have also been undertaken to observe the disturbances in arterial blood

flow. Hot-film anemometry was used to measure the turbulence at different points. The

device used to do this is a constant temperature anemometer in association with hot

film sensors mounted on rigid L-shaped probes or at the tip of cardiac catheters. As

blood flows past a heated sensor, it cools the sensor, thus causing the electrical

resistance to change. The voltage required to maintain a constant temperature is

related to the velocity near the tip. Thus, the anemometer system detects velocity in the

region of sensor. Because of its high frequency response, such a system is sensitive to

rapid random fluctuations. This instrument, with some variations, has been used by
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Clark [45], Seed and Wood [46], and Nerem et al. [47]. Laser Doppler anemometry was

used by Woo and Yoganathan [48] in 1985 and later by Liepsch [49] in 1994. Laser

development made it possible to use the Doppler effect as an optical method for

measuring velocity at localized point in liquids. In laser Doppler anemometry, the laser

light is scattered by the particles suspended in the fluid.

Stein and Sabbah [50] found that in patients with a normally functioning aortic

valve and normal cardiac output, blood flow disturbances developed at peak velocity,

were maintained throughout ejection, and persisted into the deceleration phase.

However, the disturbances were minimal. Stein at al. [51], in another investigation,

observed that disturbed flow was also present in the region of normally functioning

pulmonary valves. They also found out that the greater distensibility of the pulmonary

artery may have a damping effect on the turbulence that is independent of velocity. It

was also observed that in patients with aortic valvular disease, disturbed or turbulent

blood flow is markedly increased, compared to patients with normal valves. The

intensity of disturbance was three times greater than that in a normal valve. Peak aortic

velocities in the range of 231–256 cm/s were recorded in some patients. Patients with

aortic stenosis had ten times higher levels of turbulence than present in normal

subjects. Coulter and Pappenheimer [52] studied the steady flow of blood through tubes

with an internal radius of 0.126 cm and recorded the onset of turbulence at a Reynolds

number of around 1960. Seed and Wood [53] confirmed the existence of disturbed flow

in the ascending aorta and descending thoracic aorta of dogs and horses. In human

patients undergoing cardiac catheterization, Stein et al. [54] showed no flow

disturbances in the abdominal aorta and common iliac arteries. Several investigators
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(Hale et al. [55] and Parker [56]) evaluated the effects of unsteady flow on the transition

from laminar to turbulent flow. Roach [57] in 1963 described that post stenotic dilation

was attributed to progressive weakening of the wall as the result of turbulence. The

association of turbulence with post-stenotic dilation is likely because it commonly occurs

with aortic or pulmonary stenosis. It was reported that turbulent flow has a direct effect

on the arterial wall. Atherosclerosis is not initiated by turbulence but does play a role in

the progression of this disease. An experimental study by Benard et al. [58] was

conducted on laminar blood flow through an artery treated by a stent implantation. A

vitro model of struts of an intravascular prosthesis was designed, and a programmable

pump was used to maintain a steady blood flow. Particle image velocimetry was used to

measure the flow between and over the stunt, and values of wall shear stresses were

obtained.

1.4.1 CFD and Blood Flow

With advancement in the speed and power of computers and the development of

new computation fluid dynamics (CFD) software, blood flow has been simulated

numerically by different researchers. Many have used computers to model blood flow in

the human arterial system. A wide span of topics have been covered by investigators

over the past twenty years, including determination of velocity profiles in arteries, blood

pressure wave propagation, mechanical properties of arterial walls, solid-fluid

interaction, and behavior of the hemodynamic properties of blood under various

conditions. Simulation of blood flow has its own difficult issues that must be taken into

consideration when performing numerical simulations. A few of these are the geometry
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of vessel wall, properties of blood, the pulsation motion of blood, and the complexity of

boundary conditions.

Zhu et al. [59] simulated blood flow in the human arterial system. First, they

developed a geometrical model of the human arterial system and then made a

numerical model using FEA software ANSYS. Second, they studied the blood flow

calculation coupled to blood vessel deflections, performing the two calculations

simultaneously. Babak and Sadeghipour [60] developed a finite element computer code

for the transient laminar flow of a Newtonian fluid in a circular tube with deformable

walls. They applied this code to solve two sample problems of blood flow in vessels with

stenosis and aneurysm. They obtained the streamlines and isobars for the deformable

vessels at different fractions of a cycle.

Lee et al. [61] studied the numerical and experimental simulation of transitional

flow in a blood vessel junction. Spectral element methods were used to conduct the

numerical analysis of blood flow in a graft under a Newtonian fluid assumption. Laser

Doppler anemometry was used to measure the velocity experimentally. This study

showed that transitional flow can be present, depending on the Reynolds number, flow

division, and geometry. They determined that the flow field is characterized by a high-

speed jet along the floor, flow separation, and a generally complex three-dimensional

flow pattern.

Noguchi and Wishah [62] presented a three-dimensional CFD model of blood

flowing through asymmetric stenosis. They prepared the solid model in Auto CAD, and

subsequently this model was directly imported into the Ansys Flotran software for

analysis. Velocity contours in 2D and 3D were obtained and compared with the results
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of flow visualization measurements at various Reynolds numbers. The high wall shear

stress areas were identified at the throat of stenosis.

Dabiri et al. [63] constructed a software that could determine pressure and flow at

different points of an arbitrary arterial network. The effect of a non-Newtonian model on

pressure and flow waves in comparison to a Newtonian model was investigated. The

finite element technique was used to achieve the results. Flow and pressure waves at

four different locations were studied. It was found that in a stenoid artery, the pressure

and flow decrease, and if the stenosis is severe, then this decrease is more.

Rudman and Blackburn [64] described a direct numerical simulation (DNS) of a

turbulent non-Newtonian flow using a spectral element method. They implemented this

method in parallel and applied it to the case of turbulent pipe flow, where simulation

results for a shear thinning fluid were compared to those of yield stress fluid at the same

generalized Reynolds number. They concluded that use of the DNS technique to study

turbulence in non-Newtonian fluids shows great promise in understanding transition and

turbulence in shear thinning, non-Newtonian flows.

Naghavi and Navidbakhsh [65] worked on the non-Newtonian behavior of blood

flow in a 3D simulated model of carotid artery bifurcation. The bifurcation zone occurs

where flux is strongly perturbed and is sensitive to the development of atherosclerotic

lesions. Using the CFD method, a computerized simulation of the hemodynamic

behavior of non-Newtonian blood flow in a 3D model of carotid artery bifurcation with

three different apex angles and varying mass flow rates at the entrance of the common

carotid artery (CCA) was studied. Computer code Fluent was used for this purpose. A

considerable approach toward the realistic physiological conditions, such as applying



17

the shear thinning behavior of viscoelastic blood flow by employing the Carreau-Yasuda

model was made. They concluded that the sites within the carotid artery that experience

low and oscillating shear stress are more likely to develop atherosclerotic plaque, which

could lead to stroke.

Cole et al. [66] performed a numerical simulation of time-dependent non-

Newtonian blood flow through typical human arterial bypass grafts. Analysis was

conducted on the complete bypass configuration rather than just the proximal and distal

junction in isolation. They verified that there is a strong dependence of the anastomotic

flow field on the problem geometry. Flow disturbances were minimized at low

anastomotic angles. The flow considered was pulsative, and the commercial CFD solver

Fluent was used in the research. They also developed a three phase CFD model of

blood flow. A three-phase computational fluid dynamics approach, including plasma, red

blood cells, and leukocytes, was used to numerically simulate the local hemodynamics

in disturbed flow regions of arteries. The model tracked the wall shear stress, phase

distributions, and flow patterns for each phase in a concentrated suspension of shear

flow of blood.

Politis et al. [67] numerically simulated blood flow in idealized composite arterial

coronary grafts. They presented a comparative study of simulated blood flow in different

configurations of simplified composite arterial coronary grafts (CACGs). A CFD model

using Phoenics was developed to conduct computer-based studies of simulated blood

flow in four different geometric configurations of CACGs. The flow was three

dimensional, laminar, and steady, and the fluid was taken as Newtonian. It was
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concluded that the velocity, pressure drop, wall shear stress, and flow rates were

strongly influenced by the local geometry.

Podyma et al. [68] made a numerical analysis of blood flow in the human

abdominal aorta. They developed a CFD model of flow hemodynamics in an abdominal

aortic aneurysm to estimate the effect of four different flow conditions on velocity and

pressure profiles. Four different types of flow conditions at the outlet were analyzed.

Egelhoff et al. [69] investigated the hemodynamics of coronary artery stenosis

using experimental and computational models. The influence of flow rate, size,

symmetry, and wall roughness was studied. Particle pathline flow visualization using

laser sheet illumination was used in this experimentation. Flow velocities at numerous

locations were measured as well.

1.4.2 Conclusion of Literature Review

An extensive literature survey of blood flow problems revealed some important

conclusions relative to blood-flow modeling:

 Blood is incompressible.

 Blood is not homogeneous but a collection of different particles.

 Blood can be Newtonian in large arteries and non-Newtonian in small arteries.

 The flow in large arteries is pulsative, and when it reaches the small arteries, it is

steady.

1.4.3 Objectives of Current Study

All factors listed above should be considered when developing a blood-flow

solver. On the basis of these factors, the objectives of the current research were to write

an incompressible steady Newtonian code using efficient numerical schemes to solve
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the convective and diffusive part of Navier-Stokes (NS) equations; subsequently, to

extend the code so it can solve Newtonian pulsatile and non-Newtonian steady and

pulsatile flows; and finally, to extend it to three dimensions.

Restriction to the incompressible flow introduces the computational difficulty that

the continuity equation contains only velocity components and there is no obvious link

with the pressure as there is for the compressible equation. To overcome this

restriction, various numerical schemes are available to obtain the numerical solution of

incompressible Navier-Stokes equations. These include the marker and cell (MAC)

method, spectral methods, the semi-implicit method for pressure-linked equations

(SIMPLE), methods that use stream functions and vorticity variables, and exact

projection methods. The MAC method is characterized by the use of a staggered grid

and the solution of a Poisson equation for the pressure at every time step. Similar to the

MAC method, SIMPLE and its later modification SIMPLER, are based on a finite volume

discretization on a staggered grid. A staggered grid is usually difficult to work with since

it is necessary to take care of two different indexing arrangements for the velocity and

pressure variables in the code. The spectral method is more accurate per nodal

unknowns than any of the finite difference or finite element methods. For problems with

sufficiently smooth solutions and periodic boundary conditions, the spectral method

demonstrates considerable computational efficiency. However, for flow problems with

more challenging boundary conditions, stable solutions may be difficult to obtain. The

pressure variable is absent, and fewer equations are required to be solved in the stream

functions and vorticity formulation. However, it is difficult to extend the scheme to three

dimensions.
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The exact projection method, originally proposed by Chorin [70] for

incompressible, unsteady Navier-Stokes equations, was further investigated by Drikakis

and Rider [71]. In their scheme, the inertia and pressure terms were differenced

according to a leap-frog scheme, i.e., both time and space derivatives are replaced by

central differences, and the viscous dissipation terms are differenced according to the

Dufort-Frankel pattern. Different sample test problems were performed, such as the

two-dimensional case of thermal convection in a fluid layer heated from below. The

same problem was subsequently extended to three dimensions. It was concluded that

this method was stable and could be used in applications with difficult boundary

conditions. Therefore, in the current effort, a form of the exact projection method,

referred to as the fractional-step scheme, by Kim and Moin [72], was adopted with the

collocated grid. They used the second-order Adams-Bashforth scheme for convective

terms and the second-order implicit Crank-Nicholson for viscous terms. The spatial

derivatives were approximated with second-order central differences on a staggered

grid. The main disadvantage of using a staggered grid is that some velocity components

cannot be defined on the boundaries, and extension to a higher order is difficult. This

scheme was tested on the problems, such as flow in a driven cavity and flow over a

backward-facing step.

Moin and Kim [73] described an inherent numerical problem associated with the

fully explicit pseudo-spectral numerical simulation of the incompressible Navier-Stokes

equation for viscous flow with no slip walls. In the algorithm, the equation of continuity,

rather than the Poisson equation for pressure, was solved directly. The pseudo-spectral

formulation of the channel-flow problem using Fourier series and Chebyshev
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polynomials expansion was given. Israeli and Orszag [74] also described a spectral

method scheme, but it was concluded that these methods are suitable for cases where

solutions can be fully resolved, but they typically produce signs of instability when small

features of the flow are to be analyzed.

Harlow and Welsh [75] revised the implicit-fluid Eulerian (ICE) techniques for

numerical fluid dynamics and generalized them in such a way as to extend the

applicability of the fluid flow with an arbitrary equation of state and full viscous stress

tensor. The method was found useful for obtaining the numerical solution of time-

dependent fluid-flow problems in several space dimensions, for all Mach numbers from

zero (incompressible limit) to infinity (hypersonic limit).

Rogers [76] presented an algorithm for the solution of the incompressible Navier-

Stokes equations in three-dimensional generalized curvilinear coordinates. This

algorithm computed both steady-state and time-dependent flow problems. Based on the

method of artificial compressibility, it used a higher-order flux-difference splitting

technique for the convective terms and a second-order central difference for the viscous

terms. The steady-state solution of flow through a square duct with a 90-degree bend

was computed. For the high Reynolds number flows or flows with strong shear, these

schemes do not provide accurate results.

As is well known, high-resolution shock-capturing schemes, such as essentially

non-oscillatory (ENO) and weighted essentially non-oscillatory (WENO), are based on

the philosophy of giving up fully resolving rapid-transition regions or shocks, in order to

capture them in a stable and somehow globally correct fashion but, at the same time,

requiring a high resolution for the smooth part of the solution. The success of such an
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approach for the conservation laws has been documented by several researchers. Shu

et al. [77] extended their earlier work on the efficient implementation of ENO shock-

capturing schemes. A new simplified expression for the ENO construction procedure

based again on numerical fluxes rather than cell-averages was provided. Two

improvements, labeled local as ENO-LLF (local Lax-Friedrichs) and ENO-Roe, which

yield sharper shock transitions, improved overall accuracy, and lower computational

cost than previous ENO schemes, were considered. Two methods of sharpening the

contact discontinuities—the subcell resolution idea of Harten and the artificial

compression idea of Yang, which those authors originally used in the cell average

framework—were applied to the current ENO schemes using numerical fluxes and total

variation diminishing Runge-Kutta time discretizations. The implementation for nonlinear

systems and multi-dimensions was given.

Similarly, high-order essentially non-oscillatory finite-difference schemes were

applied to the two- and three-dimensional compressible Euler and Navier-Stokes

equations by Shu and Osher [78]. Practical issues, such as vectorization, efficiency of

coding, cost comparison with other numerical methods, and accuracy degeneracy

effects, were discussed. Numerical examples provided are representative of

computational problems of current interest in transition and turbulence physics. These

require both non-oscillatory shock capturing and high resolution for detailed structures

in the smooth regions, and they demonstrate the advantage of ENO schemes. The

conclusion seems to be that, when fully resolving, the flow is either impossible or too

costly. Thus, a capturing scheme such as ENO can be used on a coarse grid to obtain

at least some partial information about the flow. It is expected that, for the
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incompressible flow, one can use high-order ENO or WENO schemes on a coarse grid,

without fully resolving the flow but obtaining useful information.

Pioneering work in applying shock-capturing compressible flow techniques to

incompressible flows was performed by Bell et al. [79]. Here, a second-order projection

method for the time-dependent, incompressible Navier-Stokes equations was

described. As in the original projection method developed by Chorin, first diffusion-

convection equations were solved to predict intermediate velocities, which were then

projected onto the space of divergence-free vector fields. By introducing more coupling

between the diffusion-convection step and the projection step, a temporal discretization

that is second-order accurate was obtained. Their treatment of the diffusion-convection

step used a specialized higher-order Godunov method for differencing the nonlinear

convective terms, which provided a robust treatment of these terms at high Reynolds

numbers. The Godunov procedure is second-order accurate for smooth flow and

remains stable for discontinuous initial data, even in the zero-viscosity limit. The

projection was approximated directly using a Galerkin procedure with a local basis for

discretely divergence-free vector fields. Higher-order ENO and WENO schemes for

incompressible flows are extensions of such methods.

ENO schemes were introduced by Harten et al. [80] in the form of cell averages.

A hierarchy of uniformly high-order accurate schemes, which generalizes Godunov's

scheme and its second-order accurate MUSCL extension to an arbitrary order of

accuracy, was presented. The design involved an essentially non-oscillatory piecewise

polynomial reconstruction of the solution from its cell averages, time evolution through

an approximate solution of the resulting initial value problem, and averaging of this
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approximate solution over each cell. The reconstruction algorithm was derived from a

new interpolation technique that, when applied to piecewise smooth data, provides high-

order accuracy whenever the function is smooth but avoids a Gibbs phenomenon at

discontinuities. Unlike standard finite difference methods, this procedure used an

adaptive stencil of grid points, and consequently, the resulting schemes were highly

nonlinear. The main concept of the ENO scheme is to use the smoothest stencil among

several candidates to approximate the fluxes at cell boundaries to high-order accuracy

and, at the same time, avoid oscillations near discontinuities.

Various researchers worked on improving the methodology and expanding the

range of ENO scheme applications, e.g., Shu and Osher [81]. Shariff and Adams [82]

developed a high-resolution hybrid compact ENO scheme for shock-turbulence

interaction problems. Spatial differencing was performed using high-resolution compact

difference formulas. Convection terms were discretized with a fifth-order compact

upwind scheme. Walsteijn [83] applied the ENO scheme to form robust numerical

methods to analyze 2D turbulence. Ladeinde et al. [84] used direct numerical simulation

to examine scalar correlation in a low Mach number, polytropic, homogeneous, two‐
dimensional turbulence (Ms≤0.7) for which the initial conditions, Reynolds numbers, and

Mach numbers were chosen to produce three types of flow in theory. Turbulent flows,

typical of each of these cases, were generated and a passive scalar field imbedded in

them. Results showed that a finite‐difference-based computer program is capable of

producing results that are in reasonable agreement with pseudo-spectral calculations.

Scalar correlations were calculated from the DNS results, and the relative magnitudes

of terms in low‐order scalar moment equations were determined.
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ENO schemes are high-order accurate; however, they have some drawbacks, as

outlined by Jiang and Shu [85]. The stencil may change, even by a round-off error

perturbation near zeroes of the solution and its derivatives. This may cause loss of

accuracy when applied to a hyperbolic partial differential equation (PDE). The

convergence rate of an implicit ENO scheme is poor. An ENO stencil-choosing

procedure involves many logical “if” structures, or equivalent mathematical formulae,

which are not very efficient on certain vector computers (however, they are friendly to

parallel computers). The ENO scheme was modified to a WENO scheme by Jiang and

Shu [85] and by Liu et al. [86]. In the WENO scheme, instead of using only one

candidate stencil, a convex combination of all candidate stencils is used. Each of the

candidate stencils is assigned a weight, which determines the contribution of the stencil

to the final approximation of the numerical flux. Weights are defined in such a way that,

in smooth regions, they approach certain optimal weights to achieve a high order of

accuracy, while in the region near discontinuities, stencils that contain the

discontinuities are assigned a nearly zero weight.

The WENO scheme has been further improved by Arshed and Hoffmann [87].

They increased the capability of the WENO scheme of Jiang and Shu by decreasing its

numerical diffusion so that it performs better for shock-turbulence applications. The

basic modifications were performed regarding two different issues. First, the fifth-order

WENO scheme lost accuracy near critical points to the third order. Second, the WENO

scheme showed severe smearing at contact discontinuities than at shocks. To

overcome these difficulties, an algorithm for sharpening the contact discontinuities was
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adopted. The resulting WENO scheme was applied to scalar and vector equations in

one dimension.

Applying the WENO scheme to incompressible flow problems is a relatively new

idea. Some of the work conducted in this area is presented here. Chen et al. [88]

developed a class of lower/upper approximate factorization implicit WENO schemes for

solving two-dimensional incompressible Navier-Stokes equations in a generalized

coordinate system. The algorithm was based on the artificial compressibility formulation,

and symmetric Gauss-Seidel relaxation was used for computing steady-state solutions,

while symmetric successive over relaxation was used for treating time-dependent flow.

WENO spatial operators were employed for inviscid fluxes and central differencing for

viscous fluxes. It was determined that the WENO spatial operator not only enhances the

accuracy of the solution but also improves the convergence rate for the steady-state

computations.

Wu and Jiang [89] presented a high-order accurate WENO finite difference

scheme for solving the equations of incompressible fluid dynamics and magneto

hydrodynamics. A fractional time-step method was used to enforce the incompressibility

conditions. Two basic elements of the WENO scheme, upwinding and wave

decomposition, were shown to be important in solving the incompressible equations. It

was established that the WENO code was numerically stable, even when there were no

explicit dissipation terms. Hsieh et al. [90] experimented with several variants of WENO

schemes including anti-diffusive flux correction, the mapped WENO scheme, and the

modified smoothness indicator for Euler equations. Various aspects of the different

WENO schemes including contact-discontinuity sharpening and steady-state
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convergence rates were examined. Computations of unsteady oblique shock wave

diffractions over a wedge and steady transonic flows over two types of airfoils were

presented to test and compare methods. Martin et al. [91] solved incompressible

Navier-Stokes equations using the fractional step method on a Cartesian staggered

grid. They also used WENO schemes in conjunction with Runge-Kutta time stepping.

From the study of published papers on the subject of blood flow, it was decided

to develop a finite difference scheme along these guidelines:

 Use an exact projection method/fractional-step scheme to solve the

incompressible Navier-Stokes equations.

 Apply a fifth-order WENO spatial operator to the convective terms of Navier-

Stokes equations. The WENO scheme has a huge advantage over other central

and upwinding schemes because it can capture the general features of the flow

with low grid size due to its controlled adaptive dissipation property.

 Solve the diffusion terms by using the sixth-order compact central difference

scheme. This scheme follows the exact differentiation over a wider range of wave

numbers; hence, it is able to capture high-frequency waves, as compared to

simple central schemes

 Use a fractional-step scheme in conjunction with the third-order Runge-Kutta

total variation diminishing (RK TVD) scheme for time discretization. The RK TVD

scheme does not allow the total variation of the solution to increase, thus giving

stable results and control over the error propagation.



28

CHAPTER 2

COMPUTATIONAL SCHEME

The conservation of momentum and conservation of mass equations can be

used to describe any incompressible flow. Navier-Stokes equations are mathematically

expressed as

u uu upi ji i
t x x x xj i j j

 
   

    

2( ) 1
Re

(2.1)

0
ui
xi





(2.2)

where ui is the non-dimensional velocity with (i = 1,2) representing two coordinate

directions, and p is the non-dimensional pressure. The relation Re = UL/ν is the

Reynolds number based on some characteristic velocity U, characteristic length L, and

kinematics viscosity ν. In essence, to resolve the incompressible flow, it is necessary to

solve equations (2.1) and (2.2) for velocity and pressure with appropriate boundary and

initial conditions. However, in practice, the given equations are a set of coupled non-

linear time-dependent partial differential equations for which there are no known

analytical solutions, and numerical techniques are required to solve them.

In the case of two-dimensional incompressible flows, the NS equation must be

solved for two coordinate velocities, say u and v, and the pressure field p. Equation

(2.1), which represents the momentum along the two coordinate directions, can be used

to solve for two components of velocity; however, there is no explicit equation for

pressure. Mathematically speaking, if a correct pressure field is known, then equation
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(2.1) will provide a velocity field, which will be divergence-free and, in other words, will

satisfy equation (2.2).

Several algorithms that result in pressure and velocity fields that satisfy

equations (2.1) and (2.2) are available. The exact projection method is one such

algorithm originally proposed by Chorin [70] for incompressible, unsteady Navier-Stokes

equations. In order to satisfy the incompressibility condition, the fractional-step process

described by Moin and Kim [73] is incorporated at each stage of the Runge-Kutta

scheme. According to this approach, the goal is to advance the velocity vector field V =

V(u,v) by a reasonable mean, disregarding the non-solenoidal nature of V—meaning

that V will not satisfy equation (2.2). For this purpose, equation (2.1) can be used by

simply dropping the term 0
i

p

x





and using the previous time-step velocities to calculate

the velocities for the next time step.

The pressure projection method allows splitting the NS equation into two sets of

equations, where pressure and velocity are separated. This can be achieved by

integrating equation (2.1) in time interval Δt as

211( ) ( )
Re

u u u pi jt tn n iu u dt tti i x x x xj j j i

               
 

(2.3)

where ui
n is the velocity at time t or at numerical step n, which is known; ui

n+1 is

unknown and is the velocity at the next time step n+1 or, generally, at time t+Δt.

Furthermore, the right side of the equation shows an integral that can be found by

means of any numerical integration (here the Runge-Kutta scheme will be employed)

and space derivative of mean pressure P in the interval Δt. The first two terms on the

right side of this equation can be denoted by ui
*



30

21*( ) ( )
Re

u u ui jt tn iu u dtti i x x xj j j

            
(2.4)

and equation (2.3) is reduced to

1 *( ) ( ) Pnu u ti i xi

   


(2.5)

which is also called velocity correction. Now, the divergence of equation (2.5) is taken

as

1 * 2( ) ( )nu u Pi i t
x x x xi i i i

  
  

   
(2.6)

From the continuity equation, it is known that the divergence of velocity at any

time step (specifically here at n + 1) is zero; therefore, the left side of the equation is

zero, and a relation between mean pressure P and intermediate velocity u i
* is

established as

*2 ( )1

i

uP i
x x t xi i




    (2.7)

Equation (2.4) for (ui)* is expressed in a differential form instead of the integral form as

21*
Re

u uu ui ji i
t x x xj j j

 
 

    (2.8)

Thus, the governing equations to be solved numerically for an incompressible

flow composed of equations (2.5) to (2.8) are written as
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21*
Re

u uu ui ji i
t x x xj j j

 
 

   
(2.9)

*2 ( )1

i

uP i
x x t xi i




   
(2.10)

1 *( ) ( ) Pnu u ti i xi

   


(2.11)

To solve these equations, Runge-Kutta integration is used for the first equation in

order to obtain (ui)*. Subsequently, the Poisson solver is used to solve the second

equation to obtain pressure P. Finally, the last equation is used to calculate velocity at

the next time step (ui)n+1. This is a brief approach to the solution. A more detailed

description in a two-dimensional general coordinate system is provided in the following

section.

To express equations in a two-dimensional general coordinate system and in a

useful form for WENO schemes, the equation of fluid motion excluding the pressure

term can be expressed in a flux vector form as

( ) ( )E E F FQ v v
t x y
   
 

   (2.12)

with

2
2
uvu uQ E F

v uv v

    
      
         (2.13)

21 1Re Re
2

v uu x yxE Fv vu v vy x y
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where u, v are velocities in the Cartesian coordinate system, and indexes (x, y) denote

derivatives with respect to that index, e.g., vx = dv/ dx . Conventionally, equation (2.12)

is transformed into the generalized coordinates (ξ,η) as

ˆ ˆ ˆ ˆˆ ( ) ( )E E F FQ v v
t ξ η
   
 

   (2.14)

where

ˆ ˆ ˆu uU uV
Q J E J F J

v vU vV
     

       
     

ˆ ˆE J ξ E ξ F F J η E η Fv x v y v v x v y v          (2.15)

, , ,U ξ u ξ v V η u η v J x x y yx y x y η ηξ ξ    

The derivative operator is used in equation (2.7) to solve the Poisson equation.

Therefore, on the left side is the operator of the second  derivative  acting on pressure

P, and on the right side, the term is constructed according to coordinate system

transformation as

1 ( ) ( )JU JVP
J t ξ η

  
      

(2.16)

The derivative operator is

qq jk
q q x xj i ik

  
  
     

(2.17)

where i, j, k = {1,2}; q1 = ξ; and q2 = η.

The operator is also a double first derivative operator; hence, following relation is

true:

xi xid d  (2.18)
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q jxid
q xj i



 

(2.19)

Equations (2.18) and (2.19) are used in the Poisson solver, and subsequently,

equation (2.5), simply becomes

1 *( ) ( ) ( )

1 *( ) ( ) ( )

nu u P ξ P η tx η xξ
nv v P ξ P η ty η yξ

    

    
(2.20)

The spatial discretization of the convective term is performed by using a fifth-

order WENO scheme with local Lax-Freidrich. Fluxes are computed in the characteristic

fields and at the interface point. The field’s Jacobian must be estimated by Roe

average.  The objective in the convective portion of the equation is to find derivatives of

fluxes:
ˆ ˆE F
and

 

 

 
. Generally, the derivative of a flux (say Ê ) can be found by numerical

approximation of this form:

ˆ ˆˆ 1/2 1/2E EE i i
ξ ξ

  
 

(2.21)

where
1/ 2
ˆ
iE  and

1/ 2
ˆ
iE  are the interface fluxes, which are calculated using the WENO

scheme. Similar treatment is applied to the derivative of F̂ . Viscous fluxes ˆ
vE and

v̂
F

are determined using the compact scheme. Depending on the direction in which the

information is propagating, the interface fluxes in WENO are given as



34

1 5 1 1 5 1( ) ( )0 11/2 1 2 1 13 6 6 6 6 3
1 7 11( ) ,2 2 13 6 6

v l v v v l v v vl l l l l l l

l v v vl l l

 



                     
     

(2.22)

11 7 1 1 5 1( ) ( )0 11/2 1 2 1 16 6 3 3 6 6
1 5 1( ) .2 2 16 6 3

v l v v v l v v vl l l l l l l

l v v vl l l

 



                    
      

(2.23)

where ωr(l) are the non linear weights, which are defined by

( )( ) ,1
( )

0

lrlr k
lmm





 



0, , 1r k  (2.24)

with

( ) 2( ( ))

drlr
lr


 




(2.25)

Here, 4010 and 0rd are the optimal weight, which satisfies the requirement that

1

0

1
k

r
r

d




 . The term ( )r l is called the smoothness indicator. For k = 3,

13 12 2( ) ( 2 ) (3 4 ) ,0 1 2 1 212 4
13 12 2( ) ( 2 ) ( ) ,1 1 1 1 112 4
13 12 2( ) ( 2 ) ( 4 3 ) .2 2 1 2 112 4

l v v v v v vl l l l l l

l v v v v vl l l l l

l v v v v v vl l l l l l







        

       

        

(2.26)

If  k = 3 and the information is propagating from left to right, then the optimal

weights are 0

3
10

d  , 1

3
5

d  , and 2

1
10

d  , and if the information is propagating from right

to left, they are, 0

1
10

d  , 1

3
5

d  , and 2

3
10

d  .
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( ) ( ) )(F Q F Q F Q  

When using the WENO scheme, the physical fluxes (E and F) are split locally

into positive and negative segments as

(2.27)

where 0
F

Q







and 0

F

Q







. Several flux-splitting methods can be used. In the current

efforts, the Lax-Friedrichs flux-splitting method is utilized:

1( ) ( ( )
2

F Q F Q Q    (2.28)

where 1 2 3( , , )diag     and λ1, λ2, and λ3 are local eigenvalues.

Particularly in the code, the matrix of flux Ê is

0

0 2

ξ u ξ vx y

ξ u ξ vx y

 
 
   

(2.29)

The matrix for flux F̂

0

0 2

η u η vx y

η u η vx y

 
 
   

(2.30)

and the maximum is taken over seven neighboring points.

Once the fluxes are split, the WENO interpolation can be performed. However,

the interpolation must be performed in the local characteristic field. Therefore, right (r)

and left (l) eigenvectors of the field in the interpolated points (i ± 1/2) are required.

For flux Ê , the eigenvectors are

1,
v uξ uyr l
ξ ξuξ vξ x yξ v x yx

    
    

     
(2.31)
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2
( . ,...., . )1/2, , 20

F ω q l F l Fi s s sk s k i k i kk


    

where quantities with bars are at points I ± 1/2, and their values are the means of

neighbors, e.g., 1
1/2 2

i i
i

u u
u 



 in direction ξ. Similarly, for flux F̂

1,
η u v uyr l η ηuη vηη v x yx yx

    
        

(2.32)

where, the mean is taken along the η direction.

The system of two-dimensional incompressible Navier-Stokes equations is

solved following the procedure described by Shu et al. and Shu and Osher [77, 81]. The

idea here is to apply the scalar WENO scheme to each of the characteristic fields, i.e.,

(2.33)

which provides the numerical flux in the sth characteristic field. The sth right and left

eigenvectors of the average Jacobian are denoted by rs (column vector) and ls (row

vector ), qk are the stencils as used in equations (2.22) and (2.23), and wk,s are the non-

linear weights in the characteristic field:

( . ,...., . ), 2 2w ω l F l Fk s s si ik   (2.34)

In order to project the numerical fluxes back to the physical space, the following

relationship is used:

3
1/2 1/2,1

F F rsi i ss
  

(2.35)

The viscous segment of the NS equation is calculated by means of the sixth-

order compact scheme. Compact schemes have less error because they follow the

exact differentiation over a wider range of wave numbers. To apply this scheme, a

differential operator, which acts on the velocity field in order to find the derivative, is
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created. To create the required operator, one begins from the definition of compact

schemes:

2 2 1 1
1 1 4 2

f f f fi i i if f f b aii i x x

            
  (2.36)

where f is any function, f  is its derivative, Δx is the grid size, i is the grid node index,

and values α, a, b are coefficients depending on the order and type of the scheme (for a

sixth-order scheme, α = 1/3, a = 14/9, and b = 1/9). The only unknown is f  . The

equation is written in the matrix form as

 Lf Rf (2.37)

where L, R are known square matrices, and f, f are vectors. Multiplying both sides by

the inverse of L provides

1f L Rf Df   (2.38)

Now, 1D L R is the differential operator.

The D operator is created at the beginning of the procedure for both directions

( )D and ( ).D To calculate ux in the general coordinate system, one is performing

(according to nested differentiation rules)

( ) ( )u D u D ux x x    (2.39)

The same is true for the remaining variables (uy, vx, vy), which are required to

calculate Ev and Fv , defined in equation (2.13), and are necessary for calculating ˆvE and

v̂F . The derivative of the flux is simply calculated by
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ˆEv D Ev







(2.40)

The last step to solving equation (2.14) is to integrate the equation in time. In this

effort, the time discretization of the scheme is implemented by the optimal third-order

TVD Runge-Kutta method developed by Shu and Osher [81]:

(1) ( ),, , ,
3 1 1(2) (1) (1)( ), , , ,4 4 4
1 2 2(2) (2)1 ( ), , , ,3 3 3

n nu u tL ui j i j i j

nu u u tL ui j i j i j i j

n nu u u tL ui j i j i j i j

  

   

    

(2.41)

where un is the known velocity field at time step n, u(1) and u(2) are intermediate

velocities of RK steps, un+1 is the desired velocity field at time step n + 1, and L(u(step)) is

the right side of equation (2.14), calculated for velocity u(step). The L is obtained by the

WENO/compact methods described previously.

It is important to remember that, in this case, the NS equation, without the

pressure term, is not considered alone but rather is coupled with the Poisson equation

and pressure correction. To properly solve such a system of equations, each

intermediate step of RK must be accompanied by the Poisson equation solution and

pressure correction.

In order to solve the Poisson equation, the intermediate velocity is found using

the RK method. Velocity is used to find the right side of equation (2.16)—derivatives are

calculated by means of compact schemes. The right side forms a matrix S. By finding

an inverse of the derivative operator  , equation (2.16) can be resolved with respect to

P as
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1P S  (2.42)

To calculate the right side S of equation (2.16), the compact scheme and its

operator D are used. The operator is applied as described previously, so the right side

becomes

1 ( ( ) ( ) )S D JU JV D
J t

  


1 ( ( ) ( ) )S D JU JV Dij im mj im mjm mJ tij

   


(2.43)

( )JU J Uim im im

( )JV J Vim im im

The derivative operator  is constructed, based on compact schemes and

defined as the multiplication of two first-order operators.

Now, a description of how the derivative operator  is constructed follows. The

operator is based on compact schemes and defined as the multiplication of two first-

order operators. Consider the following equations:

2

x x y y

x

x x

x x

x x x x x x

x xi i
i

x x

D D

D D
x x D D D D D D

 
 
  
 

     

  

 
   

 
   

 

 

  

 

   



 

(2.44)
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yyxxp p p   

2

y

y y

y y

y y
y y y y y y

y y

D D

D D

D D D D D D

 
 
  
 

     

   
 
   

 

 

  



 

Thus, the operator is acting on pressure P as

( ) 2 2 ( )p D D D D p D pD D D p D D D Dx x y y x x y y x x y y                  (2.45)

By neglecting the mixed derivatives, the equation will become

(2.46)

where

xx D D D Dy y y y
yy D D D Dx x y y

 

 





   

    (2.47)

The discretized forms of operators are

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

xx D D D Dx x y yij im mj im mjm m

D Dxy xyij ij ij
yy D D D Dx x y yij im mj im mjm m
D Dxy xyij ij ij

  



  







      

  

      

  

(2.48)

Once the  operator is constructed, the Poisson equation can be solved, and

the pressure is found by inversing the  operator. First, an eigenvalue/eigenvector

decomposition of yyxxand  is required:

xx xx xx xxR L
yy yy yy yyR L

 

 




(2.49)
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yy yy yy yyxx xx xx xxL pR L pR L SR  

1yyxxp L SR  

( )yy yyxx xxp L SR  

yyxxp R pL

where R is a matrix of the right eigenvectors in column L, and L is the matrix of left

eigenvectors in the rows, and Λ is a matrix of eigenvalues on the diagonal. The Poisson

equation can now be rewritten as

yy yy yyxx xx xxR L p pR L S    (2.50)

Multiplying both sides—left Lxx and right Ryy—using relation LR = I yields

(2.51)

The term Lxxp Ryy can be denoted as p bar and written as

(2.52)

Hence,

(2.53)

Finally, the pressure can be built from

(2.54)

The last step to finding velocity in the new time level is to perform a pressure

correction. This is completed by calculating equation (2.5) as

1 *( ) ( ) ( )

1 *( ) ( ) ( )

nu u P P tx x
nv v P P ty y

    

    

 

 

(2.55)

A detailed flow chart of the program is provided in Figure 2.1. It illustrates how the right

side of Navier-Stokes and Poisson equations are calculated in the numerical code.

Implementation of the time Runge-Kutta TVD is also explained.
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Figure 2.1: Flow chart of computer code.
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CHAPTER 3

NUMERICAL EXAMPLES

The developed computer code was investigated using three benchmark

incompressible flow problems: driven cavity flow, Coutte flow, and double shear layer

problem.

3.1 Driven Cavity Flow

The driven cavity flow problem is a benchmark problem used to validate the

incompressible flow solver. This problem has been extensively investigated because it

has certain desirable flow features. Some interesting features include the boundary

layer on the wall, flow separation from one wall and reattachment on the perpendicular

wall, attachment and separation from the same wall, multiple separation and

attachment, vortices and.bubbles. A detailed numerical work was performed by Ghia et

al. [92] in 1982. They employed second-order accurate central finite difference

approximations for all second-order derivatives in the stream function and vorticity

transport equation. Convective terms were represented by the first-order accurate

upwind difference scheme including its second-order accurate term as deferred

correction. Two-dimensional flow in the cavity was represented mathematically in terms

of the stream function and the vorticity, with advective terms expressed in conservative

form. The discretization was performed on a uniform mesh. In fact, with a multigrid

solution technique, non-uniform mesh or grid-clustering coordinate transformations were

not essential, since local mesh refinement may be achieved by defining progressively

finer grids in designated subdomains of the computational region. Two different uniform
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grid sizes of 129 x 129 and 257 x 257 were used for various Reynolds numbers. The

streamline pattern for primary, secondary, and additional corner vortices was reported in

that paper. In the current computations, a grid size of 80 x 80 was utilized to test the

developed scheme. Figure 3.1 provides the initial and boundary conditions applied in

this problem. Velocities u and v are taken to be zero on all boundaries except the top

surface, where u = 1 and v = 0. As an initial condition, u and v are set equal to zero.

Figure 3.1: Initial and boundary conditions for driven cavity flow.

Figure 3.2 provides the computational domain of the driven cavity. Clustering is

applied near the boundaries of the square. Rather than using a nearly uniform grid

distribution in the physical domain, grid points are clustered in the regions of high flow

gradients to reduce the total number of grid points. The computational domain is [0,1] x

[0,1].

u = v = 0

u = v = 0 u = v = 0

u = 1, v = 0

(0, 0)

(1, 1)
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Figure 3.2: Computational domain.

Figure 3.3 shows the streamlines for the driven cavity flow at Re of 100, 1000,

and 3200. The primary vortex can be seen in the case when Re = 100. Two secondary

vortices are also formed at the lower boundary. However, there is no upper secondary

vortex formation since the Re is not sufficiently high. At Re = 1000, because the Re is

high, distinct secondary upstream and downstream vortices are formed, with the

primary vortex moving toward the geometric center of the cavity. As the flow velocity

increases, the upper secondary vortex is also formed in the case of Re = 3200. These

results are in good agreement with the results obtained by the work of Ghia et al. [92].
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Figure 3.3: Streamlines of driven cavity for Re 100 (top left), 1000 (top right),
and 3200 (bottom). Grid resolution is 80 x 80 and time step is 0.001.

Figure 3.4 (a, b, and c) shows a comparison of velocity profiles at Re 100, 1000,

and 3200, obtained by the current procedure with the results of Ghia et al. [92]. The

values of velocity v along the horizontal line and velocity u along the vertical line through

the geometric center of cavity are noted. These values match with the values presented
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by Ghia et al. Ghia et al. used the minimum grid size of 129 x 129 for their results, and

in this study, similar results were obtained using a coarse grid of 80 x 80. This indicates

that the numerical scheme developed is more efficient than the previous scheme.

Figure 3.4(a): Comparison of velocity profiles at Re = 100 for present study
and Ghia et al. study [24].
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Figure 3.4(b): Comparison of velocity profiles at Re = 1000 for present study
and Ghia et al. study [24].
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Figure 3.4(c): Comparison of velocity profiles at Re = 3200 for present study
and Ghia et al. study [24].
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3.2 Couette Flow

Couette flow is the flow between two parallel plates and is driven by the virtue of

viscous drag forces acting on the fluid and applied pressure gradient parallel to the

plates. Couette flow is an example of shear driven viscous flow. A simple Couette flow

configuration between two infinite flat plates is illustrated in Figure 3.5. It can be seen

that the shear stress is constant throughout the flow domain, and the first derivative of

the velocity is constant, which is implied by the straight line profile in the figure.

Figure 3.5: Simple Couette flow.

In the current study, both plates are moving in opposite directions. The upper

plate is given a positive velocity, and the lower plate is given a negative velocity. Figure

3.6 shows the initial and boundary conditions on the problem domain. Periodic

boundary conditions are applied at the inlet and outlet. Horizontal velocity is 0.5 m/s on

the upper boundary and -0.5 m/s on the lower boundary of the setup. Vertical velocity is

taken to be zero on both the upper and lower boundaries.
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Figure 3.6: Initial and boundary conditions for Couette flow.

Figure 3.7 shows the solution at two different time levels. At t = 1.25, the flow is evolving

and becomes steady at time level 5.2. The purpose of this test is to check the code

functionality for a simple viscous shear flow.

Figure 3.7: Development of flow with time.

u = -0.5, v = 0

Periodic
Boundary Condition

Periodic
Boundary Condition
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3.3 Double Shear Layer Test

The shear layer problem is an important numerical test in order to observe

whether the numerical procedure is working properly when the solution of the problem is

not smooth. This is a flow with a strong shear/discontinuous initial condition. Figure 3.8

shows the boundary conditions of this problem. A periodic boundary condition is applied

everywhere on the boundaries and the initial condition of the jet is

tanh(0.25 ) / , 0.5
( , )0 tanh( 0.75) / , 0.5
( , ) sin(2 )0

y y
u x y

y y
v x y x

 
   





 
(3.1)

Figure 3.8: Boundary conditions for double shear layer test

Due to the initial condition, two shear layers are formed because the velocity

gradient is high at those two particular regions. The grid size is 256 x 256 in this case.

Figure 3.9 provides the vorticity contours at t = 0.4, 0.8, 1.2, and 1.8. These results are

compared with the pioneering work of Bell et al. [79], who described a second-order

projection method for the time-dependent, incompressible Navier-Stokes equations.

(0, 0)

(1, 1)

Periodic Boundary
Condition on every
side
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Figure 3.9: Vorticity contours for double shear layer flow at t = 0.4 s, 0.8 s, 1.2 s, and
1.8.

The vorticity contours obtained with the current approach is in good agreement

with the results previously published for shear layer flow. No distortions or oscillations

can be observed in the evolution of the flow over the specific time period, and no

spurious vortices are seen. It has been reported in the literature that Godunov projection
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methods, although convergent when the grid is refined, contain spurious nonphysical

vortices that are artifacts of the under resolution. It appears necessary that powerful

numerical methods must be used to resolve the smallest flow scales, which is

accomplished in this study by increasing the accuracy order of the numerical method. In

addition, no wiggles can be seen in the vorticity contours at t =1 8, which points to the

fact that full resolution is not lost, and the solution is smooth and stable.

In Figure 3.10, vorticity contours at t = 1.8 are shown for different grid sizes:

2642, 1282, 642, and 322. It can be observed that even with the coarser grid, the shape,

location, and number of vortices are maintained, thus indicating the usefulness of

WENO in obtaining the overall result by using fewer grid points. Figure 3.11 shows the

plot of kinetic energy versus time for the double shear layer at two grid sizes of 1282

and 2562. As the mesh becomes finer, the kinetic energy remains unchanged for a

longer period of time, as with the coarser grid. Comparing the current result of a kinetic

energy plot of grid size 2562 with Figure 4 in the work of Bell et al. [79], it can be seen

that the kinetic energy is decreasing appreciably from the start of the solution, whereas

in the developed scheme, it is invariant up to t ~ 1.1. This clearly indicates that the new

scheme has less dissipation than the original scheme of Bell et al. [79]. It is obvious to

conclude that at meshes greater than 2562 in size, the kinetic energy will be invariant for

even greater time than 1.1, whereas the kinetic energy of the scheme of Bell is dropping

before time 1.1 s at 256 x 256 grid size. The importance of presenting the plots of time

history of kinetic energy is very important because it is an invariant of the solutions to

Euler equations; thus, its variation in time for numerical solutions is a gross measure of

this method’s accuracy.
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Figure 3.10: Vorticity contours for double shear layer flow at t = 1.8
for different grid sizes.

Figure 3.11: Kinetic energy versus time for double shear layer.
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3.4 Taylor-Green Vortex Problem

The Taylor-Green vortex test problem has been widely used for verification of

incompressible viscous flow solvers. The order of accuracy of the proposed solver is

established by comparing the numerical results with the analytical values. A two-

dimensional exact solution to the unsteady problem is provided by

2

2

2

( , , ) cos( ) sin( ) exp( 2 / Re)
( , , ) sin( ) cos( ) exp( 2 / Re)

1( , , ) (cos( ) cos( )) exp( 4 / Re)
4

u x y t kx ky k t
v x y t kx ky k t

p x y t kx ky k t

  

 

   

(3.2)

The numerical domain of the numerical solutions is a square of size 2π with

periodic boundary conditions in both the x- and y-directions. Uniform grid points of 322,

642, and 1282 are used in this convergence rate study. The order of accuracy of the

proposed scheme is established by numerical simulation of the Taylor-Green vortex test

at Re = 100, for 100 steps with a fixed time step of 0.001. The maximum error and the

convergence rates are shown in Table 1. It can be clearly seen that the convergence

rate of better than a third order for the velocity and pressure variable is obtained, and

the rate is increasing as the grid is refined.

TABLE 3-1

MAXIMUM ERROR AND CONVERGENCE RATES FOR TG VORTEX TEST

Variable 322 Rate 642 Rate 1282

u 8.09e -4 3.7 6.2e -5 4.58 2.85e -6

v 8.42e -4 3.52 7.3e -5 4.927 2.4e -6

p 3.58e -3 3.38 2.24e -4 4.10 1.3e -5
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3.5 Skewed Cavity Flow

Benchmark problems with non-rectangular geometries for numerical schemes to

compare solutions to each other are few. Demirdzic et al. [93] presented the results for

the skewed driven cavity for Re 100 and 1000 for the skewed angles of 45 and 30

degrees. Their results serve as a benchmark solution for the non-rectangular grid test.

The solution was obtained by using the multigrid finite volume method with grids up to

320 x 320 control volumes. The geometry of the problem is a parallelogram instead of a

square. It is simple to implement, and one can easily verify whether the code is

functioning properly or not by comparing the results with the skewed cavity results of

Demirdzic et al. A grid size of 128 x 128 was used in the current study, and the

numerical results are in close agreement to the results of Demirdzic et al. [93]. A

schematic of the driven skewed cavity is shown in Figure. 3.12. Figure. 3.13 shows the

u-velocity along the vertical line and v-velocity along the horizontal line passing through

the geometric center of the driven skewed cavity for Re 100 and 1000 at the skewed

angle of 45 degrees. Figure 3.14 illustrates the u-velocity along the vertical line and v-

velocity along the horizontal line passing through the geometric center of the driven

skewed cavity for Re 100 and 1000 at the skewed angle of 30 degrees. Other

researchers have performed the driven skewed cavity tests: Erturk and Dursun [94],

Oosterlee et al. [95], and Shyklyar and Arbel [96], using grid sizes of 5132, 2562, and

3202, respectively. This test clearly demonstrates that the proposed scheme is

performing properly for the generalized coordinates in addition to the rectangular grids,

obtaining results at coarser grids when compared to the grid sizes of the above-

mentioned researchers.
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Figure 3.12: Geometric model of driven skewed cavity.

Figure 3.13: U- and v–velocity profiles at Re = 100 and 1000 for skewed angles
of 45 degrees.
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Figure 3.14: U- and v-velocity profiles at Re = 100 and 1000 for skewed angles
of 30 degrees.



60

CHAPTER 4

BACKWARD-FACING STEP

4.1 Modifications in Code

The code was extended to the Newtonian pulsatile and non-Newtonian steady

and pulsatile models, and was analyzed using a backward-facing step. This simulation

required some adjustments in the code. The first adjustment was to introduce block

meshing in this problem. This is based on the idea of how information is transferred

between zones through the connecting boundary of these zones. Two methods can

discretize the domain of such problems like the backward-facing step.

The first method requires the overlapping of two lines in both zones. The

decomposition of a sample domain into two zones is illustrated in Figure 4.1.

Figure 4.1: Decomposition of domain in two blocks [97].

Lines CD and EF in Figure 4.1 form the connection boundary between the two zones.

Line CD is line i = 1 of zone 2 and at the same time line i = iM1-1 of zone 1, where, in
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both cases, j is between 1 and JMAX. These lines form the i = 1 boundary for zone 2

from j = 1 to j = JMAX. Line EF is the i = 2 line of zone 2 and also the i = iM1 line of

zone 1, again for j = 1 to j = JMAX. These lines form the i = iM1 boundary of zone 1. The

solution procedure at each time level consists of two steps. First, the solution for zone 1

is obtained using the values of the unknowns on line EF as boundary conditions of zone

1. Since the solution is started from an initial condition, in the very first time level, the

values of the unknowns on line EF are known and equal to the initial values. Once the

solution for zone 1 is obtained, as the second step of the solution, the points on line CD,

which are interior points for zone 1 and now have newly computed values for the

unknowns, are employed as the boundary points of zone 2. Using the line CD as the

boundary for zone 2, the solution at that time level is obtained. Since line EF is an

interior line for zone 2, now the point on line EF has the final values of unknowns for this

time level. These final values are used as boundary conditions for zone 1 in the next

time level. Following this procedure, the solution is advanced in time.

The details of the second method of performing the multiblock meshing are

provided in this section. To avoid the object oriented programming and to keep the code

as clear as possible it was decided to use simple “table-cell” organized subdomains.

Accordingly, the entire computational domain is a rectangle with a size Nx × Ny, and

subdomains are cells in a table with SNx rows and SNy columns, as shown in Figure

4.2. Here, SNx = 5 and SNy = 4. Each cell is numbered by a pair of natural numbers (x,

y), where x is the row number and y is the column number (starting from the origin).

Now, some of the cells can be eliminated from computation by making them inactive.

The inactive cells do not take part in computation and are treated as solid objects; an
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inactive cell adjusted to an active cell forms a wall for the fluid. Inactive cells allow for

more complex geometries. An example of such geometry is presented in Figure 4.3,

where the grey cells shown are inactive.

Figure 4.2: Table-cell organization of subdomains.

Figure 4.3: Inactive cells (grey) indicating solids or boundaries of geometry.
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Another feature which results in even more complex geometry is the possibility of

changing the size of an individual row or column. Figure 4.4 presents geometry with

varying sizes of rows/columns.

Figure 4.4: Variable sizes of individual rows or columns.

However, the size of an individual cell cannot be changed; only sizes of rows or

columns are adjustable. This does not limit the flexibility of geometry design and is

much simpler to adopt operators in such a configuration. It is also faster (from the

perspective of computational time) because blocks fit each other continuously and no

data interpolation is needed. Another benefit of this concept is that no special interface

is needed between blocks; there are no extra conditions to satisfy between active

blocks. On the computational level, the entire row/column is treated as one united block.

There is only one differential operator for every row/column, and the boundary

conditions are applied only at the ends of rows/columns. Proper choice of the differential

operator simplifies the parallelization of the concept.
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In the code, there are two differential schemes: WENO for the convective part

and a sixth-order compact scheme for the viscous part. The WENO scheme is local and

does not bring any big problem with parallelization—only few points must be transferred

between blocks. The compact scheme is a little more problematic because it is global

and therefore needs information from the entire domain. However, using forward-

backward substitution, it is possible to reduce the region to a few points and only in the

direction of the differential operator, making the operation optimal for parallel coding.

Since the WENO scheme is local, it depends only on neighboring points, and its

application in multiblock organization is straightforward. The compact scheme definitely

needs more attention. Consider the geometry in Figure 4.4, and see how many

operators are needed to calculate the derivative in the y-direction. With the use of

colors, Figure 4.5 shows all operators and their regions of activity.

Figure 4.5: Differential operators in y-direction and their regions of activity.
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The four operators are represented by the colors green, yellow, red, and blue.

Each operators acts in its own column and only in the y-direction (because it is a

derivative in the y-direction). The operators are restricted by the following: inactive

regions (columns 1 and 2), inactive region and edge (from the top) of the computational

domain (column 3), or both edges (top and bottom) of the domain. Relative to the

derivative in the x-direction, the situation is similar. Figure 4.6 shows the operators

again along with the regions of activity.

Figure 4.6: Differential operators in x-direction and their regions of activity.

Now, the operators act in their rows and in the x-direction. There is an orange

operator in row 1 limited by an inactive region from the left and the edge of the domain

from the right. In the second row, the geometry is more complex, because the row has

two active regions split by one inactive subdomain, so there are two operators—blue

and purple. The blue one is confined within two inactive blocks, which make walls for it
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and where boundary conditions are formed for this particular operator. The purple

operator is independent from any other, and its boundaries are the wall of inactive

region on the left and any boundary conditions defined on the right edge of the domain.

In the next row, a red operator is acting along the entire row. Its boundaries are the left

and right edges of the domain. Note that the operator is crossing four blocks (starting

from the left: 1, 2, 3, 4), and there are no special conditions for adjusted blocks (1:2, 2:3,

3:4). Boundary conditions are applied to the left side of the first block and to the right

side of the last block. The last two rows with yellow and green operators work in the

same manner.

The second basic difference in the code is to use the iterative method for solving

the Poisson equation. The procedure follows: The solution of the Poisson equation is

obtained by iterative estimation of the numerical solution. For this purpose, a variety of

iterative methods can be used. In this work, the Gauss-Seidel algorithm was

implemented. There are two advantages to using the Gauss-Seidel iteration. First,

errors do not accumulate during the calculation. If the procedure converges, it

approaches the correct solution without accumulating round-off errors, which can occur

during the inversion of large matrices. As a result, very large set of equations can be

solved. Second, this method can be used to solve non-linear equations. The set of

equations should be written in a form whereby each of the variables is given by one of

the equations in the set. Then, the sequence of equations is solved by using the values

from all the preceding steps at each step in the solution, and the procedure is repeated

iteratively. The Gauss-Seidel iteration is similar to the Jacobi iteration, except that the

new values of variables are used on the right side of the equations as soon as they
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become available, thus accelerating the convergence and reducing the memory

requirements.

In the one-dimensional case, the differential operator  is decomposed into lower

L and upper U triangular matrices,  = L+U, and the estimation of the numerical

solution in the next step (n + 1) is calculated as

1 1( )n np L S Up   (4.1)

Inversion of the lower triangular matrix L is very simple; therefore, using forward

substitution, the equation (4.1) can be rewritten as

1 11n n n
i i ij j ij j

j i j iii
p S p p 

 

 
  
 

    
   (4.2)

where  ij are i j elements of the differential operator  . The summation takes place

according to relation of j and i. The iterative process is continued until the convergence

criterion is satisfied. The criterion is that the norm of pn+1−pn must be smaller than 10−7.

For two-dimensional cases it is necessary to redirect the forward substitution

because the operator  is composed of two operators lxx, lyy acting in the x- and y–

direction, respectively. Let’s recall the equation:

xx yyp p p S     (4.3)

To deal with this, the formula for pressure in the next step is

1 1
1

xx n xx n n yy n yy
ij il lj il lj ik kj ik kjl i l i k j k jn

ij xx yy
ii jj

S p p p p
p

 
   

   



      

 
(4.4)

As shown previously, the convergence criterion is the low norm of pressure

difference in the two consecutive steps.
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The third basic difference in the code is the introduction of the non-reflecting

boundary conditions. In order to set absorbing outflow boundary conditions on an

artificial boundary in unsteady Navier-Stokes flow, an algorithm based on the solution of

the first-order advection equation is used:

 . 0u U u
t
   


(4.5)

The velocity vector u has two components—normal un and transverse uτ—and

lies at the outflow boundary. The U vector is the advection velocity, also referred to as

drift velocity. In the far field, only the normal component Un (denoted simply by U) of the

drift velocity has a non-zero value, and additionally, a constraint is set on transverse

velocity derivative in the normal direction:

0u
n
 


(4.6)

Due to this decomposition, the advection equation can be rewritten as

0n nu uU
t n
  
 

(4.7)

0u
t
 



With the help of equations (4.5), (4.6), and (4.7), new values of velocity in the

next time step at outflow boundary can be calculated. According to the first equation,

the normal component of velocity at time n+1 is

1

0
n n
n n nu uu U
t n

    
 

(4.8)
1n n

n n
n tu u uU
n
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The second equation shows that the transverse velocity uτ is constant in time,

i.e., 0u
t
 



, and its value is taken from initial conditions (for example zero); finally, the

velocity at outflow boundary is

1n n
n n

n tu u uU
n

   


(4.9)
1 0nu  

The drift velocity U is simply calculated as a mean of the normal velocity taken in

the region of the outflow boundary localization.

The fourth basic difference in the code is that the pulsatile flow is analyzed using

the backward-step geometry because results are available for this particular geometry

in the existing literature. The oscillations in the flow have been controlled by introducing

the Womersley number. This number is a dimensionless parameter and has been used

in the bio fluid mechanics problems extensively. It expresses the pulsatile flow

frequency in relation to the viscous effects. Alpha is used to denote Womersley number

and the expression can be written as follows:

1/21/2ω ωρα R R
ν μ

  
  

   
  (4.10)

where

R = appropriate length scale

ω = angular frequency of the oscillation

ν = kinematic viscosity

ρ = density

µ = dynamic viscosity
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Another way to write this in terms of Reynolds number and Strouhal number (St) is

1/2(2 .Re. )α π St (4.11)

This number is directly related to the frequency of pulsation. A low Womersley

number means that the frequency of pulsation is sufficiently low that it results in the

development of a parabolic velocity profile and will be in phase with the pressure

gradient. In the case of a large Womersley number, e.g., 10 or more, the velocity profile

is flat due to the high frequency of pulsation. The mean flow is lagging in this kind of

oscillation. A closer examination of the expression for the Womersley number indicates

that this is directly related to the radius of the tube. Thus, we can say that if the tubes or

blood vessels are large, then the alpha is large; and if the tubes or blood vessels are

small, then the alpha is small. From recent studies, it has been shown that the

Womersley number-based estimates of the blood flow rate are better than other

formulas because they include hemodynamic conditions of the fluid. In one of the

studies [98], it was established that the Womersley number-based formula provides

better estimates of the flow rate at the peak instant with respect to the a priori formula.

More precisely, mean performances of the Womersley number-based formula are three

times better than a priori results in the abdominal aorta, five times better than in the

carotid artery, and two times better than in the brachial artery.

To include the pulsatile flow, the following modifications were introduced to the

basic code. Modeling of a pulsatile flow is possible by introducing properly defined

boundary conditions—Dirichlet boundary conditions for velocity. The time-varying inflow

signal causing the pulsatile flow is coded in the my_boundary_conditions procedure,

which is called every time step. The inflow pulse velocity uinflow is described by
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 0inf 1 0.25sinlowu u ωt  (4.12)

where u0 is the cycle-average axial inlet flow, ω is the angular frequency, and t is time.

In typical pulsatile modeling, ω is not controlled directly but by alpha, and the

relationship between them with respect to the channel width h is

ρωα h
μ

 (4.13)

where h is the inflow channel width, ρ flow density, and µ dynamic viscosity. From that

relation one can determine ω as

2

2
μ αω
ρh
 (4.14)

In the code, the above model is implemented in non-dimensional form, so equation

(4.12) uses a non-dimensional Strouhal number, St = ω2h/u0 , instead of ω as follows:

 0inf 1 0.25sinlowu u Stt  (4.15)

Velocity variables in this equation are non-dimensional, and in this form, they are

used in the code. The equation is coded directly into the my_boundary_conditions

procedure and defines the inflow velocity. The procedure is always called when the time

of simulation changes. It must be noted that each step of the Runge-Kutta scheme has

a different time, so the procedure is called even during the RK cycle. Moreover, it can

be shown that the St is related to α and Re by

2

Re
αSt  (4.16)

Implementation of the pulsatile flow causes small-code reorganization, so the

procedure responsible for boundary conditions is moved from the main loop to the

Poisson procedure and is called in just after the velocity correction. The “copy to ghost”
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procedure is now merged with the boundary conditions procedure. All changes are

updated in the flowchart and provided in Figure 4.7.

Figure 4.7: Updated flow chart of numerical code.

The fifth basic difference in the code is that non-Newtonian effects are added to

it. Over the years, investigators have used different non-Newtonian models to simulate

blood flow. A few of these are the power law, Casson, Herschel-Bulkley, Bingham, and

Carreau models. A brief description of each follows.
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For the power law model, shear stress is usually given as

n
uτ C
y

 
 
 




(4.17)

where

C = consistency index of the flow with the units of Pa.sn

=   velocity gradient (shear rate) which is perpendicular to the shear plane

n = power or flow behavior index that is dimensionless

Viscosity can be given as a function of shear rate as

1

effective

n
uμ C
y


 
 
 




(4.18)

This expression of the power law describing a non- Newtonian fluid is very simple

but is an approximation of the real fluid. For example, if n were less than one, then the

power law predicts that the effective viscosity would decrease with increasing shear rate

indefinitely, requiring a fluid with infinite viscosity at rest and zero viscosity as the shear

rate approaches infinity. But a real fluid has both a minimum and a maximum effective

viscosity that depends on the physical chemistry at the molecular level. Therefore, the

power law is only a good description of fluid behavior across the range of shear rates to

which the coefficients were fitted. A number of other models better describe the entire

flow behavior of shear-dependent fluids, but they do so at the expense of simplicity, so

the power law is still used to describe fluid behavior. Another deficiency in the power

law model is the lack of a yield stress term so the equation does not model a situation

where finite shear stress is required to overcome viscosity and start the flow.
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The Casson model incorporates yield stress and shear dependant viscosity. For

a viscoplastic fluid, a finite yield stress is required before the flow can commence. This

yield stress results in plug flow, and the velocity distribution is shaped like a blunted

parabola that is typical of blood flow in small-diameter vessels. Furthermore, this model

is predicted on a non-linear relationship between blood viscosity and blood shear rate at

levels of shear between 10-1 and 103 s-1, which is strongly supported by experimental

evidence. During the formulation of the governing equations of the Casson model, it

was originally developed to describe the flow of printing ink through small capillaries and

was soon applied to other liquids containing chain-like floccules. The presence of chain-

like floccules, called rouleaux, in blood led to work comparing experimental results on

the relation between strain rate and stress with the predictions of the model.

Experiments with human blood, human red cells in suspension, and hemoglobin

vesicles in suspension have shown that in small-diameter vessels at shear rates in

between the range reported above, there is a non-linear relationship between blood

viscosity and blood shear stress, which is close to that predicted by the Casson

equation. However, the theoretical underpinning of the Casson model has been called

into question. Bovine blood, known to conform to Casson’s equation, does not form

rouleaux and therefore does not contain chain-like floccules. Furthermore, suspensions

of hemoglobin vesicles, which also conform to the Casson equation, do not form

rouleaux.

The Hershel-Bulkley model describes a time-independent non-Newtonian fluid

that exhibits a finite yield stress before flow can start and a shear rate-dependent

viscosity. The finite yield stress leads to plug flow. An assumption of a logarithmic
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( )τ μ D D

relationship between shear stress and shear strain rate forms the basis of this model.

The results produced by this model are at odds with the considerable body of research

supporting the Casson model relationship between blood viscosity and shear rate.

The Bingham model is the least used in the literature because there is little

empirical evidence that the relationship between the shear strain rate and the shear

stress assumed by the model actually occurs in the arteries.

The Carreau model behaves as a Newtonian fluid at a low shear rate and as a

non-Newtonian (power-law) fluid at a high shear rate. This model describes the

behavior of blood more accurately than the other models previously mentioned. From

the study of Hsu et al. [99], it is evident that the power law yields smaller magnitudes for

the wall shear stress and overall stress distribution, as compared to the Carreau model.

To include the non-Newtonian part, the following procedure was adopted, and the

Carreau model was used to simulate non-Newtonian behavior due to its agreement to

the behavior of blood in non-Newtonian situations. The general idea behind this model

is that the dynamic viscosity μ is a function of the rate of deformation D, so the shear

stress τ is

(4.19)

and D is given as

ji
ij

j i

uu
x x

D
 
  
 

 
 

 (4.20)

The biggest consequence, from the numerical point of view, is that the diffusive

term for incompressible flow is no longer simply 2 / Reu (compare to eq. (2.1))
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because the viscosity (up to now constant and hidden in a Reynolds number) must be

included in the differentiation process. The modified diffusive term is

0

1
Re ij

j

μ D
x μ
 
 
 




(4.21)

where µ0 is still constant but μ is not. Before proceeding to the details of the derivation,

first, μ is defined according to the Carreau model, and then it is shown where the

scheme changes.

According to the model, the dynamic viscosity is

2 ( 1)/2
0( )[1 ( ) ] nμ μ μ μ λγ 

     (4.22)

Values of dynamic viscosity at infinity and zero are constants; the same is true for the

time constant t and for n. The only varying parameter is the shear rate γ. In general, the

parameter is a tensor, so the second invariant of the tensor is used for a two-

dimensional Cartesian coordinate system, leading to the relation

4 x y y xu v u vγ  (4.23)

and, in general, the coordinate system

( )( ) ( )( )
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 (4.24)

where Dξ and Dη are compact operators. Details are provided in the proceeding

sections. After obtaining the shear rate, the viscosity is calculated.
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Changes in the overall scheme are summarized as follows: Generally, the continuity

equation and the scheme hold. The viscous part of the NS equation is slightly modified

to

ij

u uu p μi ji D
t x x x μj i j 

 
 
 

     
   

( ) 1
Re

(4.25)
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Similarly, the term

ui
x xj j
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(4.26)

in equations (2.3, 2.4, 2.8, and 2.9) is replaced by

ij
μ D

x μj 
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Re

(4.27)

Furthermore, Ev and Fv in equation (2.13) are now
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The rest of the scheme holds as is.

Differentiation for the viscous part of the NS equation is performed in the

following way. The viscous part can be obtained by constructing fluxes Ev and Fv

(according to the rules described above) and taking the derivatives in a general

coordinate system using compact operators Dξ and Dη:
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   ηξ
x v y v x v y vD h ξ E ξ F D h η E η F   

      
   (4.29)

4.2 Modeling of Problem

The physical geometry of the backward-facing step has been selected from the

work of Armaly et al. [100]. The dimensions of this geometry are provided in Figure 4.8.

Figure 4.8: Schematic diagram of backward-facing step geometry [101].

The height of the upstream channel has been denoted by h, and the step height

is denoted by S. It is assumed that all dimensions are equal to the above-mentioned

paper so that the results can be verified directly. Armaly et al. [100] did their

experimental and theoretical investigation of the backward-facing step in 1983. They

used the laser Doppler to measure the velocity distribution and the reattachment lengths

downstream of a backward-facing step mounted in a two-dimensional channel. They

presented the results in a Reynolds number range of 70 to 8000 for laminar, transitional,

and turbulent air flow. The characteristic length was equivalent to twice the height of

inlet channel (2 h). They were able to observe the primary zone of recirculation with the

help of the laser Doppler and quantify its strong dependence on the Reynolds number.

In addition, they were also able to point out additional regions of flow separation

downstream of the step and on both sides of the channel. By choosing a high aspect

ratio of the test section, they ensured that the incoming flow was fully developed and

two dimensional before reaching the step. Another important conclusion of the study

was that their numerical results were in close agreement with the experiments
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performed at least up to a Reynolds number of 400. Beyond this number, their

numerical results deviated from the experimental results. This may be due to the

inherent three dimensionality of the flow in the original experimental setup.

Barakat and Choi [101] verified that the chamber length upstream of 15 h for the

steady-flow simulations was sufficient to produce a fully developed flow for the

Reynolds numbers studied in the backward-facing step investigation. In the case of

pulsatile flow simulations, the entrance length depends on the Womersley number. The

definition of pulsatile flow entrance length is the distance at which the difference

between the computed centerline velocity and its analytically fully developed value at all

times becomes small relative to the cycle, i.e., average centerline velocity. They

concluded that based on this definition, the entrance length of 15 h is sufficient for the

pulsatile flow as well. Furthermore, they conducted limited simulations to check the

effect of increasing the entrance length to 25 h and with a parabolic velocity profile at

the channel inlet, and they determined that it had a negligible effect on the results. In

the current study, the chamber length downstream of the step was selected to be

approximately four times the experimentally measured recirculation zone length at the

largest Re considered. This selection is in accordance with the length used in Armaly’s

experiments. Barakat and Choi [101] also tested that the adopted downstream channel

length of 30 h was sufficient so that the recirculation zone length downstream of the

step was independent of the length of the computational domain for all steady- and

pulsatile-flow simulations. They determined that an extended length of 40 h did not

make much difference in the results and led to similar velocity profiles and recirculation

zones. In a normal circulatory circuit, the average Re value in an aorta (largest artery)
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that is 25.0 mm in diameter is 3000, and maximum value is 8500, whereas in other

arteries (in the range of 0.15–15 mm), the average and maximum Re values are 500

and 1000, respectively. A capillary with diameter of 0.008 mm has an average Re value

of 0.002. The size of the largest vein, the vena cava, with a diameter of 30.0 mm has an

average Re value of 3000, and in other veins the Re value is 150. Different values of

the parameters and blood fluid properties used in the geometric model are as follows:

h = 5.2 mm with an expansion ratio of 1.9423

ρ = 1060 kg m-3 (density of blood)

µinfinity = 0.0035 kg m-1 s-1

The Reynolds number is based on twice the upstream channel width (2 h), as set

by Armaly et al. [100], and on the mean axial velocity at the flow inlet (u0), and its range

is from 50 to 400. For pulsatile flow, the Womersley number values taken are α = 5.1,

7.2 and 10.2 (it corresponds to the pulsatile frequencies of 0.5, 1.0 and 2.0 Hz.

Typically, α is 10-3 in capillaries and it varies from 18 to 20 in aorta. The pulsatile

velocity varies sinusoidally with time and is assumed to be uniform as follows:

u t u ωt
v t
 


0( ) (1 0.25sin )
( ) 0

(4.30)

This study is unique in its own way because most of the incompressible CFD

solvers have limited themselves to Newtonian blood and excluded the effect of non-

Newtonian behavior. It is important to mention that blood is a shear thinning fluid, the

viscosity of which increases rapidly as the shear rate decreases. Consequently, the

non-Newtonian character of blood is prominent in areas where the local shear rate is

low, as might occur in the zones of flow disturbances, boundary layer separation, and

flow recirculation. Previous numerical studies have shown that the effect of non-
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Newtonian characteristics may be significant in flow parameters, such as wall shear

stresses. The backward-facing step is a classical model in which blood flow has been

studied extensively because it mimics a step-flow chamber. Therefore, the current

computer code has been validated using this geometry for Newtonian and non-

Newtonian effects.

4.3 Results and Discussion

4.3.1 Validation

Results from the experimental investigation of Armaly et al. [100] were used to

validate the numerical solutions. Data points were obtained by digitizing the

experimental data and comparing it to the numerical results from the current study. It is

worth mentioning that these researchers [100] went to great lengths in order to design

an experiment that provided results close to a real situation. An open-air driven-flow

channel incorporating a two-dimensional backward-facing step was used in the

validation. The tunnel and the test section were constructed from aluminum, and all

parts were machined to very close tolerances regarding parallelity of walls, surface

roughness, and manufacturing of step corners, etc. Glass was used to form the two side

walls. Air flow was passed through a large settling chamber and fed through five, 6 mm

in diameter bored tubes into the first portion of the flow channel. This part consisted of

an expansion section packed with steel wool to smooth the flow and prevent input

disturbances from affecting the measurements. The flow was subsequently passed

through a section that was fitted with flow straightners and afterwards guided into a

smooth contracting nozzle. The outlet of the nozzle was connected to the inlet of the

channel test section. This setup and the dimensions used in the test chambers for this
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step ensured that flow was fully developed at the cross section where the step was

located for their entire considered Reynolds numbers. Laser-Doppler anemometer was

used in the experiment and was operated in the fringe mode with an optical

arrangement. It was employed in a forward-scattering mode and was set up to measure

only the x-velocity component that is parallel to the channel walls and along the channel

axis. It was found that the velocity profile at the step was nearly parabolic, with a small

deviation as a result of the pressure gradient enforced by the step. The inlet profile was

recorded for all Reynolds numbers. Regulating valves used to change the flow rates

were fitted in the air supply. In order to calculate the reattachment length at a given flow

rate, the inlet velocity was measured to determine the Reynolds number, and

subsequently, the lower and upper walls were scanned in the x-direction and at

constant and known y-positions. The zero mean velocity line was measured to

determine the reattachment length of the primary separation region.

This brief description of the Armaly et al. [100] experimental setup is important to

report here in order to see that the experimental values, to which the numerical results

are compared, can be trusted to be an accurate representation of velocity. They noted

the streamline velocity profiles at sixteen different positions starting immediately at the

step until a further point downstream of the step. Figure 4.9 shows a comparison of the

velocity profiles obtained numerically with the experimental profiles. For the validation,

five positions were selected, with X/S = 0.0 representing the start.

Two conclusions can be made instantly by considering the comparison in Figure

4.9. First, the shape of the velocity profiles obtained by the code is similar to the

experimental profiles [100]. Precisely at the step, the profile is parabolic, which indicates
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the fully developed flow. In the region where there is a circulation zone, the shape of the

velocity profile changes but becomes parabolic again as the flow moves downstream of

the step. Second, the comparison of the velocity profile between numerical values and

experimental values [100] is very good.

(a)

(b)

Figure 4.9: Velocity comparison of steady flow for (a) Re = 100 and (b) Re = 389.
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Figure 4.10 shows a graph of the non-dimensional length of the recirculation

zone (L/S) at different Reynolds numbers. Again, the numerical values are very close to

the experimental values. As the Reynolds number increases, the length of the

recirculation zone also increases. An Re number of 400 was used as the maximum

value because, as reported by Armaly et al. [100], after that, the effects of three

dimensionality creep into the results.

Figure 4.10: Non-dimensionalized length of recirculation region at different Re numbers.

4.3.2 Newtonian Steady Flow

After the validation of the results, the Newtonian steady flow was investigated at

different Reynolds numbers. A schematic of the typical flow that occurs in the backward-

facing step is shown in Figure 4.11. At the inlet and outlet of the flow channel, the

velocity profile is parabolic. A recirculation zone occurs right after the step, and then the
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reattachment point occurs after some distance. Figure 4.12 gives the computational

mesh of the backward-facing step used in simulations. The step is positioned at x = 15.

Figure 4.11: Physics of backward-facing step flow [102].

Figure 4.12: Computational mesh used in simulations.

Figure 4.13 shows the streamlines at the steady blood flow at Reynolds numbers

of 50, 100, 200, and 400. Streamlines are the paths followed by a particle along the

flow, and they are good way to observe the flow pattern in a particular geometry.

Velocity is always tangent to the streamlines. It was first observed that the recirculation

bubble length increases with an increase in the Reynolds number. This is very typical

because the speed of the flow increases so that flow travels a greater distance after the
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step before it is reattached again. The reattachment lengths were 16.4, 17.6, 19.3, and

22.0 for Re values of 50, 100, 200, and 400, respectively.

Figure 4.13: Streamlines of Newtonian flow at Re = 50, 100, 200, and 400.

Figure 4.14 shows the velocity plot in the x-direction for Re numbers of 50, 100,

200 and 400. The common observation from the plots is that right before the step

(upstream of the channel), the velocity profile is almost parabolic. As soon as the flow

crosses the step, there is disturbance in the velocity profile. The velocity becomes
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stable again and the profile regains its shape further downstream of the step. Figure

4.14 does not indicate this, but it has already been shown in the validation part of this

study. It can also be seen that velocity is being circulated after the step. This zone is

increases with increasing Reynolds numbers.

Figure 4.14: u-velocity line plots of Newtonian flow at Re = 50, 100, 200, and 400.
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Figure 4.15 shows the velocity contour plot in the x-direction. No slip condition

has been applied to the upper and lower walls, and it is clear from the plots that the

velocity is zero on the walls. This figure shows the velocity plot for all four Reynolds

numbers under study. The maximum velocity is in the central region of the upstream

channel inlet. The fluid moves at this high velocity until the step, where the maximum

velocity region bends down after the step. A comparison of the four plots shows that it is

obvious that this maximum velocity region travels further down the step in the case of a

high Reynolds number such as 400.

Fodor and Siebert [103] conducted a study for Newtonian and non-Newtonian

blood flow over a backward-facing step. The velocity field in the current study is similar

to the velocity field reported in their research. It is important to mention that the

rectangle region defined by the coordinate points (10,-1: 15, -1:10, 0, and 15,0) is

inactive. That is, this zone was excluded from any calculations. The velocities in this

region were set to zero, and the mesh was generated in a special way, as previously

discussed in the mesh generation section. The reason for employing this method was

because it is easier to consider complicated geometries by simply excluding the regions

that are irrelevant to the problem, or inactive. In this case, inactivation of the above-

mentioned rectangular region results in a backward-facing step geometry. This method

is not tedious, and the validation of the results with the experimental results has already

shown that the numerical experimental setup and the mesh are good.
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Figure 4.15: u-velocity contour plots of Newtonian flow at Re = 50,100, 200, and 400.

4.3.3 Newtonian Flow with Pulsatile Effect

Pulsatile effect with Newtonian flow was next investigated in this current study.

The beating of the heart generates pulsatile blood flow, which is conducted into the

arteries, across the micro-circulation system, and eventually back to the heart via the

venous system. The aorta, the main artery, leaves the left ventricle of the heart and
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proceeds to divide into smaller and smaller arteries until they become arterioles and

eventually capillaries where oxygen transfer occurs. The capillaries connect to venules,

into which deoxygenated blood passes from the cells back into the blood, and the blood

then travels back through the network of veins to the right ventricle of the heart. It is

important to note that the blood flow is pulsatile in large arteries but not pulsatile in small

arteries, capillaries, and veins. When returning to the heart, blood in the veins is not

pushed by the pumping system of the heart but by the other phenomena, including

respiratory movement, muscle compression, and a small residuum of arterial pressure.

In the current effort, the pulse was idealized as a sinusoidal function, as previously

explained. Data was collected at four different time points within a pulsatile cycle. These

points correspond to the mean flow during acceleration, maximum flow, mean flow

during deceleration, and minimum flow, denoted as t = 0, t = 0.25T, t = 0.5T, and t =

0.75T, respectively. The results are reported for streamlines at various time points in the

pulsatile cycle for different Reynolds numbers (Re = 50, 100, 200, and 400) and

different Womersley numbers (α = 5.1, 7.2, and 10.2).

First, it is clear from the figures presented ahead that the size of recirculation

changes with the changing time period of the flow. This means that even for the same

Re values, the recirculation bubble has a different size, a clear departure from the case

of steady flow where none of this phenomena is present. Second, it is observed that as

the Re number and alpha increase, recirculation zones are produced along the top wall

as well. Third, at higher Reynolds numbers, simultaneous multiple recirculation zones

are formed. To conclude, the pulsatile flow patterns are completely different than the

ones obtained in the steady blood flow cases.
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Figures 4.16 (a, b, and c) show the streamlines at various time points in a

pulsative cycle for the Newtonian flow at different alphas and a Re number of 50. The

recirculation zone size is the largest when t = 0.75T and varies at all of the different time

points. It is worth mentioning here that the largest reattachment length in the case of

pulsatile flow is almost 17.5, which is greater than the reattachment length in the case of

steady flow. This phenomenon is noted in all the three different α values for Re = 50.

Figure 4.16 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 5.1 and Re = 50.
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Figure 4.16 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 7.2 and Re = 50.
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Figure 4.16 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in a pulsatile
cycle for Newtonian flow at α = 10.2 and Re = 50

Figures 4.17 (a, b, and c) show the streamlines at Re = 100. The largest

reattachment length occurs until around 19.2, as compared to 17.6 for the steady flow.

A well-defined recirculation zone develops along the top wall in the case of α = 7.2 and
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Re = 100. The initial recirculation bubble has started to break into the discrete cells

when α = 10.2.

Figure 4.17 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 5.1 and Re = 100.
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Figure 4.17 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T and 0.75T in pulsatile
cycle for Newtonian flow at α = 7.2 and Re = 100.
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Figure 4.17 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 10.2 and Re = 100.

Figures 4.18 (a, b, and c) illustrate the instantaneous streamlines at a Reynolds

number of 200. The largest reattachment length in this case is around 20, whereas in

the case of steady flow, it was 19.3. At α = 7.2, a secondary recirculation zone is

produced at the bottom wall, in addition to elongation of the primary zone into a discrete

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES



97

cell, and at α = 10.2, in addition to this, another recirculation region appears along the

top wall of the channel.

Figure 4.18 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 5.1 and Re = 200.
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Figure 4.18 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 7.2 and Re = 200.

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES

(2D)  04 Feb 2011 STATE VARIABLES

10 15 20 25 30 35 40
X

0
1
2

Y

(2D)  04 Feb 2011 STATE VARIABLES



99

Figure 4.18 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 10.2 and Re = 200.

Figures 4.19 (a, b, and c) show the streamlines for the case of Re = 400. The

elongation of the primary recirculation bubble immediately after the step is clear for all α

values. At α = 10.2, there are now two primary distinct recirculation regions right after

the step, and more secondary regions can be seen both along the upper wall and lower

wall. As stated previously, the pulsatile flow is very different compared to the steady
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flow, and this pulsatility should be considered when modeling the large arteries where

the blood is not steady.

Figure 4.19 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 5.1 and Re = 400.
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Figure 4.19 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 7.2 and Re = 400,
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Figure 4.19 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for Newtonian flow at α = 10.2 and Re = 400.
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order scheme, while Barakat and Choi simulated this geometry using Fluent, which

usually employs a third-order scheme for spatial discretization and a second-order

scheme for time discretization.

4.3.4 non-Newtonian Steady Flow

This research further includes a study of the non-Newtonian effect with steady

and pulsatile flow over the backward-facing step. Figure 4.20 shows the streamlines for

the steady non-Newtonian blood flow at different Re values of 50, 100, 200, and 400. It

is important to mention here that comparing these results with the Newtonian case

highlights a main difference—the recirculation zone in this case has been reduced for all

Re numbers. The reason for this shrinkage of the bubble is the inclusion of viscosity.

Due to the formation of a boundary layer along the walls and the relatively low shear

rates in the recirculation region, the disturbance is dampened. Other observations are

similar to that found in the Newtonian flow. The recirculation zone increases with

increasing Re numbers. The reattachment lengths are noted to be 15.5, 16.6, 17.8, and

20.4 for the different Re values.

Figure 4.21 provides the velocity in the x-direction for the four Re values. Due to

the step, the velocity profile is being bent towards the lower wall. It stabilizes as the flow

moves farther away from the step. Horizontal velocity contour plots are shown in Figure

4.22. The highest velocity is in the middle region where the velocity is zero on the walls.

The velocity profile pattern is the same as that reported by Fodor et al. [103] for the

Carreau non-Newtonian model.
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Figure 4.20: Streamlines of non-Newtonian flow at Re = 50, 100, 200 and 400.
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Figure 4.21: u-velocity line plots of non-Newtonian flow at Re = 50, 100, 200, and 400.
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Figure 4.22: u-velocity contour plots of non-Newtonian flow at Re = 50, 100, 200,
and 400.
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number of 50. The maximum reattachment length is found to be 16.8, which is larger

than the length obtained with the steady flow. The recirculation region size changes with

the change of time in the cycle.

Figure 4.23 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in a pulsatile
cycle for non-Newtonian flow at α = 5.1 and Re = 50.
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Figure 4.23 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 7.2 and Re = 50.
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Figure 4.23 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 10.2 and Re = 50.

Figures 4.24 (a, b, and c) show the streamlines for different values of α at the Re

number of 100. The maximum reattachment length in this case is around 18.5, whereas

in the case of steady flow, it was 16.6. Lengths of the recirculation regions vary at

different time points in the pulsatile cycle.
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Figure 4.24 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 5.1 and Re = 100.
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Figure 4.24 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 7.2 and Re = 100.
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Figure 4.24 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 10.2 and Re = 100.

The streamlines for different values of α at Re of 200 are shown in Figures 4.25

(a, b, and c). As can be seen, there is the elongation of the recirculation bubble when

alpha is 7.2 and the formation of a little recirculation region along the top wall. As the

alpha value is increased to 10.2, a clear zone can be seen along the top wall, and the

primary recirculation zone has been divided into discrete cells as well.
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Figure 4.25 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 5.1 and Re = 200.
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Figure 4.25 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 7.2 and Re = 200.
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Figure 4.25 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 10.2 and Re = 200.

Figures 4.26 (a, b, and c) show the streamlines at Re of 400 for the three values
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zone along the top wall is now larger and clearer than before. At the value of 10.2, more

secondary zones occur, and a corner eddy is produced in addition to the primary

recirculation zone.

Figure 4.26 (a): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 5.1 and Re = 400.
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Figure 4.26 (b): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 7.2 and Re = 400.
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Figure 4.26 (c): Streamlines at time points t = 0.0T, 0.25T, 0.5T, and 0.75T in pulsatile
cycle for non-Newtonian flow at α = 10.2 and Re = 400.
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speed is increased, higher shear rates are produced, which cause the flow to be more

Newtonian. Second, in the Newtonian case, the secondary recirculation region along

the top wall is formed at Re = 100 and α = 7.2. The elongation of the primary zone starts

at Re = 100 and α = 10.2, whereas in the case of non-Newtonian flow, the elongation of

the primary bubble and formation of secondary zone occurs at Re = 200 and α = 7.2.

Third, the secondary recirculation zone along the bottom wall is produced at Re = 200

and α = 7.2 for Newtonian flow, whereas the same is formed at Re = 400 and α =7.2 for

non-Newtonian flow. The study of pulsatile effect on the behavior of flow clearly

demonstrates that there is a difference in the behavior of Newtonian and non-Newtonian

flows. When analyzing the blood circulation system it is important to keep these facts in

mind. As discussed previously, the flow can be Newtonian and steady, Newtonian and

pulsatile, non-Newtonian and steady, and non-Newtonian and pulsatile at different

points of the circulation.

4.3.6 Wall Shear Stress (Newtonian and Non-Newtonian)

Wall shear stress is defined as the local tangential force per unit area exerted on

a body when a fluid flows over that body. It is a very relevant parameter to study when

analyzing blood flow. Figures 4.27 (a, b, c, and d) show the steady-flow wall shear

stress along the bottom wall upstream and downstream of the step for both Newtonian

and non-Newtonian flow. The point at which the plot is crossing the x-axis for the

second time is the point of reattachment of the flow. The first observation from the

comparative plots is that the wall shear stress is higher in non-Newtonian flow

compared to Newtonian flow. This trend is observed for all Reynolds number values.
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Second, non-Newtonian flow is reattaching before Newtonian flow, which explains the

decrease in size of the recirculation bubble for non-Newtonian cases.

For all Reynolds numbers the difference in magnitude of the shear stresses

upstream and downstream of the step is almost constant, but there is variation in the

recirculation zone right after the step. It is important to note that the highest magnitude

of wall shear stress in the recirculation zone is larger for non-Newtonian than for

Newtonian fluid. This means that there are larger shear stress gradients in this zone.

These plots clearly demonstrate the need to consider non-Newtonian modeling when it

is needed.

Figure 4.27(a): Wall shear stress along bottom wall for Newtonian and non-Newtonian
flow at Re = 50.

-3

-2

-1

0

1

2

3

4

5

6

7

10 15 20 25 30 35 40

τ w

x/h

Newtonian

Non-Newtonian



121

Figure 4.27(b): Wall shear stress along bottom wall for Newtonian and non-Newtonian
flow at Re = 100.

Figure 4.27(c): Wall shear stress along bottom wall for Newtonian and non-Newtonian
flow at Re = 200.
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Figure 4.27(d): Wall shear stress along bottom wall for Newtonian and non-Newtonian
flow at Re = 400.
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CHAPTER 5

EXTENSION TO THREE DIMENSIONS

This chapter contains a description of general, theoretical, and numerical

changes in the code design and its implementation in three dimensions. The governing

equations (2.1) and (2.2) remain the same, except the index i now spans from 1 to 3.

5.1 3D Pressure Projection and 3D System of Equations

The algorithm of pressure projection described earlier was preserved; therefore,

equations (2.3) to (2.11) hold. The system of equations in the general coordinate

system was rewritten, and the entire subsection 2.1 was updated. The equations in

Cartesian coordinate system can be written as

( ) ( ) ( )E E F F G GQ v v v
t x y z
     
  

   
(5.1)

with

2

2

2w

uvu u uw
Q v E uv F v G vw

w uw vw

      
               
            

(5.2)

2
1 1 1Re Re 2 Re

2

v uu u wx y zx x
E u v F v G v wzv y x v y v y

u w v w wz z zx y

    
              
           

where u, v, and w are velocities in the Cartesian coordinate system, and indexes

represent derivation with respect to that index, for example vx = dv/dx . Conventionally,

equation (5.1) is transformed into the generalized coordinates (ξ, η, γ) as



124

ˆ ˆˆ ˆ ˆ ˆˆ ( ) ( ) ( )E E F F G GQ v v v
t ξ η γ
     
  

   
(5.3)

where

ˆ ˆˆ ˆ
u uU uV uV

Q J v E J vU F J vV G J vV
w wU wV wW

       
                 
               (5.4)

ˆˆ ˆE J ξ E ξ F ξ G F J η E η F η G G J γ E γ F γ Gz z zv x v y v v v x v y v v v x v y v v                  

, , , 1 / , ,U ξ u ξ v ξ w V η u η v η w W γ u γ v γ w J x x x y y y z z zz z zx y x y x y η γ η γ η γξ ξ ξ         

Equation (2.7) uses the derivative operator to solve the Poisson equation; therefore, the

left side shows an operator of the second derivative  acting on pressure P, and on the

right side, the term is constructed according to the coordinate system transformation as

1 ( ) ( ) ( )JU JV JWP
J t ξ η γ

   
        

(5.5)

where U, V, and W have the same definition as above. The derivative operator is

qq jk
q q x xj i ik

  
  
     

(5.6)

where i, j, k = {1,2,3}, q1 = ξ, q2 = η , and q3 = γ.

For the three-dimensional case, equation (2.5) is modified as

1 *( ) ( ) ( )

1 *( ) ( ) ( )

1 *( ) ( ) ( )

nu u P ξ P η P γ tx η x γ xξ
nv v P ξ P η P γ ty η y γ yξ
nw w P ξ P η P γ tz zy η yξ

     

     

     

(5.7)
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5.2 Solution of Reduced NS Equations

The main idea here is the same as applied in the 2D analysis—that is to employ

WENO for the convective part and a compact method to solve the viscous portion of

Navier-Stokes equation.

5.2.1 Convective Part

In three dimensions, there are three fluxes: ˆˆ ˆ, ,E F G . The flux derivative and

flux splitting were performed using the same method as described in Section 2.1.

However, the  matrix for flux splitting and vectors of the characteristic flow field are

different now. The matrix for the Ê flux is

0 0

0 2 0

0 0

ξ u ξ v ξ wzx y

ξ u ξ v ξ wzx y

ξ u ξ v ξ wzx y

  
 
   
 

   

(5.8)

for flux F̂ is

0 0

0 2 0

0 0

η u η v η wzx y

η u η v η wzx y

η u η v η wzx y

  
 
   
 

   

(5.9)

and for Ĝ is

0 0

0 2 0

0 0

γ u γ v γ wzx y

γ u γ v γ wzx y

γ u γ v γ wzx y

  
 
   
 

   

(5.10)
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The right/left eigenvalues for Ê are

/ /
10 ,

0 / /

y z z x z x

x x y z

x y x y x

ξ u ξ v u wξ ξ vξ ξ
r ξ v l ξ ξ ξ

uξ vξ wξ zx yw ξ w wξ ξ u vξ ξ

      
                 

(5.11)

for F̂ are

0 / /
1,

0 / /

y z y x z y

x z x y z

y x y x y

η u v wη η u wη η
r η v η l η η η

uη vη wηzx yw η wη η w v uη η

      
                

(5.12)

and for Ĝ are

0 / /
10 , / /

z y z x z x z

z y z y x z

x y z

γ u w vγ γ γ v γ γ
r v γ l uγ γ γ w uγ γ

uγ vγ wγzx yγ w γ u γ v

    
                  

(5.13)

5.2.2 Viscous Part

The 3D code requires three separate compact differential operators D in the

three directions: ( )D , ( )D , and ( )D . In order to differentiate, the nested

differentiation rule was applied; for example, ux is

( ) ( ) ( )u D u D u D ux x x x       (5.14)

5.3 Poisson Solver

Here, the entire concept remains the same as described in earlier sections with

only a few modifications to cover the third direction. For the right side S, the formula

used was

1 ( ( ) ( ) ( ) )S D JU JV D JW Dim mj ijmijk mjk imk mkm m mJ tijk
    


   (5.15)
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The pressure was calculated by means of iterative solver where its next estimation is

covered by the following equation:

1
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where
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Finally, the pressure correction terms are

1 *( ) ( ) ( )
1 *( ) ( ) ( )

1 *( ) ( ) ( )

nu u D p pD pD tx x x
nv v D p pD pD ty y y
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(5.18)

5.4 Validation of 3D Code

The 3D code was validated by comparing it with an analytical solution of a

specific flow field. The analytical solution was derived from an incompressible Navier-

Stokes equation as follows: The periodic boundary condition in Ф and z directions was

applied for three-dimensional NS equations in the cylindrical coordinate system. This

assumption makes all spatial derivatives in these directions zero, additional initial
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conditions are set as ur = 0 and uФ = 0, so the only non-zero velocity is uz. As a result,

the NS equation is reduced to a single differential equation of the form

2

2

1z z zu u u
t r r r

   
     
 (5.19)

The solution can be proposed as
( , ) ( ) t
zu r t u r e  (5.20)

Substituting the proposition into equation (5.19) and rearranging yields

2

2

1 0u u u
r r r
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It can be further proposed that

0

n
n

n
u a r
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and introducing it into equation (5.21) results in

2 2 1

2 0
0n n

n n
n n

an a r a r
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In order to avoid singularity at the center (r = 0), a1 is set to 0. Now, the summation can

be skipped to find the relation for an+2:

2 2

1
n na a

n  



(5.24)

This enables us to calculate an+2 from an. It is known that the variable a1 is equal to zero,

thus making the value of every odd n equal to zero as well. However, from the initial

conditions, it is also known that the flow is at the center (u (0)=1); hence, a0 = 1.

Therefore, the remaining a’s (for n = even) can be found as follows. For example,
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It is possible prove that

lim 0nn
a


 (5.26)

and that this series is monotonic, which means that only n = 6 elements of the series

can be obtained to estimate the solution and keeping the error low. In fact, estimation

with error lower than the round error of the floating number is required. The last

unknown is  . However, it is known that velocity at the wall (r = R, but for simplicity let

R = 1) must be zero; therefore, u (r = 1) = 0. It follows that

2 3
1 1 11 0
4 64 2304

   
      

   

  
  

(5.27)

which provides



= 5.75. Finally, the analytical solution is

2 3
2 4 61 1 1( , ) 1 exp( )

4 64 2304zu r t r r r t
    
        

     

   
  

(5.28)

If the velocity is divided by its maximal value max ( ) exp( )u t t  , then the time-

independent solution is obtained, which is easy for comparison:

2 3
2 4 6

max

1 1 11
4 64 2304

zu r r r
u

   
      

   

  
  

(5.29)

This is the formula that will be used for code validation.
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5.5 Flow through Infinite Long Pipe

The analyzed case was an infinite long pipe with radius R = 1. This case was

simplified by assuming periodicity in the z-direction (longitudinal), thus reducing the

computational length of the pipe to a few points. The axis symmetry of the pipe was also

used, which allowed for further reduction of the entire circular cross section of the pipe

to just a fraction of a circle with a small angle Ф (few points) and a radius of one. For

such a simplified case, a mesh representing a slice of the pipe was generated, as

shown in Figure 5.1. The boundary conditions were set as follows: in the z- and Ф–

directions, the periodic boundary condition was applied; in the r-direction, a symmetry

boundary condition was applied at the center (r = 0) and at the pipe wall (r = 1), a non-

slip boundary was applied. The symmetry boundary condition was zero for all velocities

in the normal direction to the boundary:

0iu
n




(5.30)

The initial conditions were uz = 1, and the others were zero.

Figure 5.1: Finite element mesh.
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Figure 5.2 illustrates the development of flow with time in the infinite long pipe. It

can be clearly seen that at the start of the solution the velocity profile was flat. However,

with the passage of time the velocity profile became nearly parabolic, and the values of

the velocity in the z-direction (blue) in the middle of the slice along the radius compared

very well with the analytically calculated values (green), as shown in the plot. Figures

5.3 and 5.4 show the velocity contour plot and vector plot of the velocity, respectively, in

the z-direction. It is evident that velocity is zero at the outer end of the pipe, due to the

wall, and maximum at the center of the pipe as flow is passing through it.

Figure 5.2: Velocity profile and comparison with analytical result.
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Figure 5.3: Velocity contour for flow in pipe.

Figure 5.4: Vector plot for flow in pipe.
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5.6 Flow through 90-Degree Bend

Non-Newtonian flow through a 90-degree bend was simulated in order to explore

whether the developed three-dimensional code provides an accurate solution for non-

Newtonian and pulsatile blood flow. In consideration of this, Gijsen [102] performed a

detailed experiment with the properties of blood and reported his results in detail.

Numerical results of the current study were validated with the help of Gijsen’s

experimental results. It is well known from the clinical results that specific regions such

as bends and bifurcations are sensitive to the development of atherosclerotic lesions.

Thus, analyzing and validating the numerical results of the flow through the bend will

predict the performance of the code on realistic circulatory system.

The flow pulse used in the experiments and in the current study is shown in Figure

5.5, where A is the end of the diastole, B is the peak systole, and C is the beginning of

the diastole. In the experiment, the axial velocities were measured at seven different

planes from 0 to 90 degrees, with increments of 15 degrees starting at the inlet of the

bend. Numerical data was also calculated at the same locations along the line A-A’ and

B-B’, as shown in Figure 5.6 for validation purposes. The computational model of the

bend is shown in Figure 5.7. The Re number varied from 300 (diastole) to 750 (peak

systole), and the Womersley number was equal to 7. The Carreau-Yasuda model was

used for the non-Newtonian behavior of the fluid with the following set of parameters:

μ = 2.2 x 10-3 Pa s

0μ = 22 x 10-3 Pa s

λ = 0.110 s

a = 0.644
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n = 0.392

ρ = 1410 kg/m3

Figure 5.5: Mean axial velocity during pulse cycle.

Figure 5.6: Lines along which axial velocity is measured.

Figure 5.7: Computational model of 90-degree bend.
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Figure 5.8 shows the experimental and numerical velocity distributions at the end

diastole for the non-Newtonian fluid. The axial velocity along lines A-A’ and B-B’ is

plotted at seven different locations of the curved tube. It can be seen that the velocity

distribution is similar to the experimental distribution, and numerical results compare

well with the experimental results at every location. It is clear from this figure that along

line A-A’, at the inlet of the bend, the profile of the axial velocity is parabolic. As the flow

moved through the bend, the peak velocity shifted toward the outer wall of the curved

tube, meaning that the fluid was moving faster along the outer wall, whereas the fluid

velocity was slower near the inner wall. This is due to the curved section in the bend,

and the behavior is similar to the experimental observation. Along line B-B’, the velocity

profile is parabolic at the entrance and becomes flattened as the flow passes through

the bend.

Experimental and numerical velocity distributions at the peak systole are also

shown in Figure 5.8. It can be seen that the numerical code predicts the measured

velocity very well, except at some points on the outer wall. Steep velocity gradients are

observed near the wall due to a much thinner viscous boundary layer compared to the

one at the end of diastole. After the 30-degree plane, the peak velocity shifts toward the

outer wall and is attributed to the bend of the tube. The velocity profile along the line B-

B’ flattens again from the 45-degree plane onward, similar to the end of diastole but with

high velocity gradients near the wall.
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Figure 5.8: Experimental (∆) and numerical (−) axial velocity profiles along line A-A’
(top) and line B-B’ (bottom) for non-Newtonian fluid at end diastole.

Figure 5.9 shows the plots of experimental and numerical velocity distributions at

the beginning of diastole for the blood. A comparison of the experimental and numerical

results indicated good agreement. The fluid is decelerating, thus, adverse axial pressure

gradient is present. The shift of peak velocity toward the outer wall along line A-A’ is

more pronounced, and compared to the end diastole, a dip in the axial velocity in the

central part of the bend along line B-B’ is observed.
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Figure 5.9: Experimental (∆) and numerical (−) axial velocity profiles along line A-A’
(top) and line B-B’ (bottom) for non-Newtonian fluid at peak systole.

Figure 5.10: Experimental (∆) and numerical (−) axial velocity profiles along line A-A’
(top) and line B-B’ (bottom) for non-Newtonian fluid at beginning of diastole.
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CHAPTER 6

CONCLUSION

Blood flow is considered to be Newtonian if the size of the blood vessel is greater

than 0.5 mm. This is because the shear rate is high in large arteries. As the size of a

vessel decreases, the shear rate also decreases. It has been reported that the viscosity

of blood increases markedly at shear rates below 100s-1, where blood can no longer be

considered Newtonian. Different sizes of vessels occur in the circulation system of the

blood; therefore, a numerical code that simulates blood flow must include the non-

Newtonian effect as well. In addition, in large arteries, flow is pulsatile in nature due to

the pumping of the heart; therefore, this flow feature should also be incorporated in the

blood-flow solver. In this investigation, a high-order numerical code to solve the blood

flow was developed. Various factors impacting the analysis of this flow, such as

pulsatility and non-Newtonian behavior of the blood, were taken into consideration.

Initially, a computer code to solve the simple Newtonian incompressible flow was

developed. A high-order numerical scheme, WENO, was used to calculate the

convective part of the Navier-Stokes equations. The reason for choosing this scheme

was that it captures the general features of the flow due to its controlled adaptive

dissipation property with fewer number of grids compared to other numerical schemes.

In addition, it does not require filters, so efficiency is increased. Benchmark problems

such as driven cavity, double shear layer, Taylor-Green vortex problem, and skewed

cavity were performed. Every test showed that the hypothesis of obtaining accurate

results with a coarse grid was proven, and the WENO scheme was able to capture the

general features of the flow by using fewer nodes. Subsequent to proper validation of
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the numerical scheme, the non-Newtonian effect and pulsatile behavior of the blood

flow were added to the developed code. A backward-facing step was chosen to perform

this simulation, and the results were validated with the experimental results found in the

literature. The code demonstrated that it is efficient and provides accurate results at

different Reynolds and Womersley numbers. For the three-dimensional test, flow

through a pipe was stimulated by modeling only a slice of the pipe. Proper boundary

conditions were applied in order to obtain the numerical results. The results were

compared to the analytical solution and found to be in good agreement. After validation

of the Newtonian three-dimensional flow, the code was modified to solve the non-

Newtonian and pulsatility of the blood flow. Axial velocity profiles at the different

locations in a 90-degree bend were calculated and compared against the experimental

values to verify the numerical solver. Results were provided at three different time levels

of the flow pulse. Results compared very well to experimental results.

It can be concluded that the developed three-dimensional code has the capacity

to calculate Newtonian steady and pulsatile flow as well as non-Newtonian steady and

pulsatile flow with a coarse grid. In the future, the code could be used to do a direct

numerical simulation of turbulence problems in a blood flow system. There are many

locations in the circulatory system and in diseased arteries where flow is no longer

laminar due to blockage in the arteries or the geometry of the arteries and veins.
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