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Abstract.  A novel method for finding all fractional-order 
(FO) proportional-integral-derivative (PID) controllers that 
stabilize a given system of integer or non-integer order is 
proposed. The stability bounds of such FO PID controllers 
are calculated in the frequency domain and are given in 
terms of the proportional gain Kp, integral gain Ki and 
derivative gain Kd. In this paper, they will be plotted on the 
(Kp, Ki) plane. A key advantage of this approach is that it 
provides the stability boundaries even when the transfer 
function of a system is not available, as long as the 
frequency response of the system can be obtained. An 
example is presented to illustrate the effectiveness of this 
method. 
 
1. Introduction 
   Though PID controllers are clearly in the 
mainstream of the controls area, their non-integer 
order counterparts, so called PIλDμ controllers (where 
λ and μ are arbitrary real numbers) are receiving 
considerable attention. While integer-order (IO) 
mathematical models are easier to work with, real 
physical systems are often described more accurately 
through non-integer order modeling. In [1], a 
torsional system consisting of a rigid disk and a 
flexible shaft attached thereto is modeled using an 
FO transfer function. The resulting frequency 
response shows that the mechanical resonance effect 
is represented more naturally with an FO model than 
an IO model. 
   As in the case of IO PID controllers, the stability 
boundary of an FO PID controller is an important 
research topic and has received significant attention. 
In [2], the D-partition method, which has been used 
for the IO controller case, is used to find stability 
bounds of FO PI or PIλ controllers for four cases. 
These cases include all the combinations of an IO/FO 
plant and an IO/FO controller. However, only a first 
order IO plant or an FO plant with the order α (where 
0<α<1) is used in [2]. In addition, Matignon’s 
stability theorem is used to find the stability of an FO 
system [3]. 
   Nonetheless, there still exists a need for more 
efficient and less complicated ways of finding all 
controllers that stabilize a given system with an IO or 
FO transfer function. In [4], the frequency response is 
used to find all stabilizing IO controllers for a given 

plant transfer function of an arbitrary IO. The 
stabilizing controllers that lie within the stability 
regions are plotted in three different planes: (Kp, Ki), 
(Kp, Kd) and (Kd, Ki). 
   In this paper, a new method, similar to the one 
described in [4], is used to find all the stabilizing 
PIαDβ controllers for a given plant transfer function 
using the frequency response. Because of limited 
space, results presented in this paper are limited to 
the (Kp, Ki) plane for a fixed Kp value. The results and 
an example will be described in section 2. 
 
2. Determination of Stabilizing Controllers. 
   Consider the following unity feedback control 
system shown in Fig. 1. 
 
      +      
              -      
                     -           Controller                 Plant 
 
Fig. 1. Control system with negative unity feedback 

 
The plant transfer function is Gp(s). The PIαDβ 
controller Gc(s) is given by 
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whereKp, Ki and Kddenote the proportional, integral 
and derivative gains, respectively, and α and β are 
arbitrary positive real numbers. 
 
2.1 General Solution in (Kp, Ki) Plane 
   To determine the Kp and Ki values that stabilize the 
given transfer function, the characteristic equation in 
frequency domain is found by replacing s with jω in 
the closed-loop transfer function of Fig. 1, which is 
given by 
 

( ) 1 ( ) ( )p cj G j G jω ω ω∆ = +             (1-2) 
 
The plant transfer function can be decomposed into 
real and imaginary parts as follows: 
 

 Gc(s) Gp(s) 
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( ) ( ) ( )p p pG j R j jI jω ω ω= +               (1-3) 
 
Setting (1-2) to zero and expanding it into real and 
imaginary parts gives us two equations and three 
unknowns: Kp, Ki and Kd. We will fix the value of Kd 
and find the stability region in the (Kp, Ki) plane. 
   Solving these two equations for ω≠0 and α≠2n 
where n is an interger,Kp and Ki are given by 
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where 

2 2 2( ) ( ) ( )p p pG j R Iω ω ω= +           (1-6)  

 
2.2 Example 
   Consider the following plant with a second order 
transfer function having a time delay of 0.6 seconds 
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which is described in [5] without the time delay. The 
objective here is to compare the stability region of an 
FO PID controller with that of an IO PID controller, 
along with their step responses. In this example, an 
FO PID controller with α=0.85 and β=0.7 is used for 
the controller transfer function in (1-1). 
   In Fig. 2, the stability regions of the IO and FO PID 
controllers are plotted in the (Kp, Ki) plane for 
Kd=0.4. As can be seen, the FO PID controller 
provides a much wider stability region than the 
conventional IO PID controller. Two arbitrary 
controllers are chosen from the stability regions in 
Fig. 2, as marked on the plot. For the IO PID, 
Kp=0.2137 and Ki=3.0548, and for the FO PID, Kp= -
0.8508 and Ki=1.6221. 
   Fig. 3 shows the corresponding closed-loop step 
responses with the above IO and FO PID controllers. 
In the example, the closed-loop system with the IO 
PID controller has the percent overshoot of 
P.O=92.7% and the 2% settling time of ts=31.3 
seconds, while the closed-loop system with the FO 
PID has the P.O=32.9% and ts=14.1seconds. 
 

 
Fig. 2. Stability regions in (Kp, Ki) plane for Kd=0.4 

 

 
Fig. 3. Closed-loop step responses with the IO and 

FO PID controllers for Kd=0.4  
 

3. Conclusions 
   As described in Section 2, a general solution for 
finding all FO stabilizing controllers for a given 
system transfer function of an arbitrary order is given 
in the (Kp, Ki) plane for a fixed Kd value. 
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