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ABSTRACT 

 
In the present study, the mid-field vortex wake is investigated.  For the most part, the results 

focus on the motion of a pair of co-rotating vortices prior to merger, both in and out of ground 

effect.  However, in order to verify the experimental and computational methods, results for 

single vortices, counter-rotating pairs, and complex wakes are also presented. 

A method is presented which allows measurement of the time dependent motion of vortex 

filaments.  This optical method interferes minimally with the wake and allows recording of 

vortex location and time-dependent motion.  From the position and time information recorded, 

extraction of the amplitudes of motion, core motion, spiraling behavior, vortex strengths, and the 

principal planes of motion is possible. 

First, a single vortex is studied in order to establish a basis for comparison.  The dye remains 

in the core and the motion of a single vortex is shown to exhibit a growth in amplitude with 

increasing downstream distance and strength.  The core motion is shown to be minimal, 

remaining smaller that one core diameter.  In addition, when the single vortex is forced to 

oscillate at a given frequency, the dye still remains in the core, even though the amplitudes of 

motion are large.  The forcing frequency is identified easily against the background noise.   

Two four-vortex cases are then presented.  The first case consists of filaments that spiral 

while in the second they scatter.  These results are consistent with those shown in literature and 

show that the experimental method can be used for analyzing complex wakes.   

Pairs of unforced, co-rotating filaments are studied outside of ground effect.  Many cases are 

presented, some for nearly equal strengths and others in which one vortex is much stronger than 

the other.  As in the single-vortex case, the amplitudes of motion are shown to increase as the 

downstream distance becomes greater.  The constant rate of spiraling is shown to increase as the 



 
 
 

v

vortex strength increases and vortex span decreases.  Vortex span either remains constant or 

decreases with downstream distance depending on the vortex separation distance.  The motion of 

the center of spiraling is shown to be minimal, similar to the motion of the vortex core in the 

single-vortex cases.  The filaments are shown to sometimes oscillate along preferred directions, 

which is inconsistent with a theoretical model developed in 1975.  A few cases are also presented 

in which the merger location is analyzed.  However, these are visual investigations only, since it 

is not possible to obtain quantitative data for such cases with the experimental method available.   

The behavior of co-rotating vortices in the presence of forcing functions is then presented.  

The results are compared to the theoretical model developed in 1975 and those published after 

2002.  However, a direct comparison with analytical results is not possible due to the large 

scatter in the experimental data.  Regardless, the experimental results show that the forced co-

rotating vortices do have an unstable oscillatory motion with growing amplitude.  The preferred 

direction of motion implies the presence of stationary waves.  These results contradict those of 

the analytical model developed in 1975 but agree in nature with those published more recently.   

Ground effect is then considered for counter-rotating vortices, because there is a wealth of 

information on this topic in the literature.  When counter-rotating vortices are near a ground 

plane, a lateral drift as well as a rebounding behavior is present.  The counter-rotating vortices 

are shown to have a preferred direction of motion which tends to become parallel to the ground 

plane.  The motion is also shown to have increasing amplitude, although this quantity is slightly 

reduced by the presence of the ground plane.  In addition, ground roughness in the form of 

streamwise ridges has no affect on the vortex trajectories, within the range of downstream 

distances observable in these experiments.  After comparing the results to those in literature, it is 
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concluded that the experimental method is valid and can be used to study co-rotating vortices in 

ground effect.   

Literature lacks information on co-rotating vortices in ground effect.  The results in this 

document show that co-rotating vortices in ground effect have a lateral drift as well as a rebound 

similar to those of counter-rotating pairs.  The resulting motion is similar to that of leapfrogging 

vortex rings.  Preferred directions of motion are present, although no trend can be established.  In 

addition, the amplitudes of motion are reduced slightly by the presence of the ground, just as 

they are for the counter-rotating vortices.   

Due to the lack of information on co-rotating vortices in ground effect in the current 

literature, a comparison is impossible.  Therefore, two simple computation efforts are undertaken 

in order to verify some of the flow features.  Using a two-dimensional viscous analysis, limited 

to laminar flow, it is shown that when co-rotating vortices are placed near a stationary wall, a 

boundary layer forms on the surface and separates.  The secondary vortex released by boundary 

layer separation leads to rebounding of the primary vortices.  In addition to affecting the 

trajectory, the no-slip boundary also affects the time to vortex merger as well as leading to an 

elongation of the vorticity contours.  Furthermore, this analysis demonstrates that making the 

strengths of the two vortices differ slightly does not affect the spiraling rate, surface boundary 

layer separation, or rebound.  A second inviscid model is also used to study cases consisting of 

two vortices of unequal strengths.  Having unequal strengths does affect the lateral drift of co-

rotating vortices in ground effect.  Also, the center of spiraling shifts towards the stronger vortex.  

However, the inviscid model shows that the vortex span is unaffected by difference in strengths.   
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r  Vortex radial velocity towards the center of spiraling 

t Time 
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NOMENCLATURE (continued) 

 
tG Time at minimum height 

u Velocity 

Vy, Vz Velocity components of vortex motion 

V0 Vortex sinking speed in OGE 

V∞ Freestream velocity 

w Downwash velocity of the vortex centroid 

x, y, z Coordinate axes 

xCG, yCG, zCG Centroid coordinates 

x Streamwise distance from the wing 

y Spanwise direction 

z Vertical height above ground 

zyx ,,  Velocities 

Greek Symbols: 

α Vortex generator angle of attack  

α2 Non-dimensional amplitude growth rate, = ab )/2( 2 Γπ  

β Non-dimensional forcing frequency,  

 = f b/V∞ for co-rotating vortices 

 = f C/V∞ for a single vortex 

Γ Vortex strength  

Γ0 Initial vortex strength 

ΓQ Instantaneous vortex strength 
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NOMENCLATURE (continued) 

 
γ Non-dimensional vortex strength, = Γ/V∞C 

λ Non-dimensional downstream distance, = L/C 

δ Non-dimensional self-induction cutoff distance 

ε Amplitude of motion 

θP Inclination angle of the principal axes (plane of motion) 

θ Inclination angle of the lines connecting co-rotating vortices 

ω Spiraling rate 
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CHAPTER 1 

INTRODUCTION 

 
The vortex-dominated flow field in the wake of transport aircraft has been the subject of 

ongoing research for several decades.  These complex structures result from the exchange of 

momentum between the aircraft and the fluid, in the process of lift generation.  They contain 

considerable energy and can pose a significant hazard to the aircraft that follow.  Detailed 

analysis of such flow fields defies classical models, especially in the near-field, in that large 

aircraft rely heavily on complex high-lift devices that enable them to take-off and land on the 

same runways used by smaller configurations.  However, it is simple to show that the far-field 

wake vortex strength is linearly proportional to the aircraft weight and inversely proportional to 

its airspeed.  Therefore, aircraft wake vortex hazard is most critical in terminal areas.  This is 

where departing aircraft are most heavily laden, while those arriving fly the slowest thanks to the 

deployment of complex high-lift devices.  Furthermore, in these areas, traffic is the most 

congested and the altitudes are the lowest, resulting in the highest probability of wake vortex 

encounter and little time to recover in the event one occurs.  Exacerbating the situation is that at 

times the interaction between the wake vortices and the ground, especially in the presence of 

crosswind, can lead to unpredictable vortex trajectories.  Therefore, better understanding of the 

kinematics of wake vortices could allow prediction of their trajectories for avoidance.  

Furthermore, any mechanism that could accelerate the demise of these flow structures could lead 

directly to increased operational safety in terminal areas. 

The wake behind a complex aircraft can be divided into three regions, which form the 

process of wake rollup.  These regions are; 1) the near-field, 2) the mid-field, and 3) the far-field. 
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The near-field, which extends to less than one wing span behind the aircraft, is dominated by 

three-dimensional flow.  In this region, the momentum deficit due to the surface boundary layers 

is strong, leading to significant axial flow in the vortex cores.  Strong pockets of turbulence are 

present, especially due to flap deployment.  Distinct longitudinal vortex filaments are present in 

this region, emanating from inboard and outboard flap tips, as well as from the wing tips.  The 

three-dimensional features of the flow in the near-field render the potential flow models almost 

useless.  The above description is provided here in the interest of completeness, even though 

present document does not address this flow regime.   

The mid-field extends from one to about eight wing spans behind the aircraft.  This region is 

characterized by the beginning stages of dynamic interactions among various vortex filaments on 

each side of the wake.  Those from the inboard edges of the flaps are relatively weak, owing to 

the proximity of the fuselage, and become entrained into the outboard vortices or are repelled by 

them.  On each side of the wake, the flap tip and the wing tip vortices assume helical forms and 

undergo a spiraling motion until their eventual merger in distances of the order of one orbit.  The 

merger process has been studied extensively and has been shown to be a purely viscous 

phenomenon.  However, the dynamic interaction between these co-rotating vortices prior to 

merger has not received its due attention and is the primary focus in this document.  It is believed 

that through better understanding of the kinematics of the flow in this region, merger and 

possibly dynamic instabilities can be accelerated.   

The vortices on each side of the wake finally merge into a single filament, forming the far-

field wake.  This part can start from four to five times the span behind the aircraft and extends to 

the point of wake vortex extinction.  In this region, the resulting pair of counter-rotating vortices 

contains almost all of the energy associated with keeping the aircraft aloft.  There is evidence in 
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the literature that the combination of the axial flow and the pressure gradients in the vortex core 

promote laminar flow, even at very large Reynolds numbers.  Therefore, viscous dissipation has 

little effect on the vortex lifespan, leading to its unusual longevity.  The more effective 

mechanisms influencing the destruction of these flow structures are vortex bursting and dynamic 

instabilities unbounded growing amplitude.  However, the former is unlikely to occur due to the 

absence of any adverse streamwise pressure gradient, leaving the latter as the primary candidate 

to this purpose.  The onset of such instabilities leads to the destruction of the organized vortex 

flow at rates many times greater than that offered by viscous dissipation.  The far-field vortex 

behavior has been the subject of the majority of the research over the past four decades.   

Ground proximity introduces additional complexities into this already multifaceted picture.  

Consider the far-field, where the wake consists of a pair of counter rotating filaments.  As long 

as the vortices are high above the ground, farther than approximately one-and-a-half spans, their 

kinematics can be modeled with potential flow.  The vortex pair simply sinks owing to the 

mutually induced downwash and the presence of the ground can be ignored.  Also, under the 

right conditions, they can exhibit classical dynamic instabilities.  The potential flow model can 

also be used successfully for heights reaching as low as half of the wing span, as long as the 

ground effect is modeled using the method of images.  Truly complex flow occurs when the 

vortices sink closer to the ground.  The cross flow induced by the vortices generates a boundary 

on the ground that separates at a short distance outboard of the lateral vortex position.  

Secondary and tertiary vortices are shed from this separated flow and interact with the wake to 

cause vortex rebound, where unlike in the case of potential flow, the wake vortex filaments begin 

to rise.   The rebound itself becomes even more complex in the presence of natural crosswind, 

where the downstream vortex rises more rapidly than the one upstream.  This can stall the 
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upstream vortex for a while at the same location above the ground, which could be potentially a 

runway.  Obviously, the potential flow analysis alone is inadequate in these cases and some 

viscous flow modeling is necessary. 

Ground effect on the far-field vortex behavior has been studied extensively, using techniques 

varying from in-flight measurements to pure computational modeling.  However, absent in the 

literature are two issues; 1) methodical effect of ground roughness on vortex trajectories, and 2) 

interaction of the mid-field wake with the ground.  There are anecdotal references to the 

influence of terrain roughness on the wake vortex trajectories and how it can shorten the time 

required for vortex decay.  However, there is little information available in the literature, if any, 

to quantify this effect.  Also, modern aircraft can shed strong co-rotating vortices from the wing 

tip and the flap tip, separated by a distance comparable with their height about the ground.  It is 

natural to believe that ground effect influences their spiraling and eventual merger, with the same 

complexities present in the case of co-rotating filaments.  Again, the technical literature is 

completely void of any information in this regard.  Therefore, both of these issues are also 

addressed in the present document. 

In what follows, the author presents the material in the following order.  Chapter 2 contains a 

thorough review of the literature.  This review is devoted to the research aimed at better 

understanding the physics of the flow, as opposed to those concentrating on methods of data 

acquisition and extraction.  The majority of the results presented here have been obtained 

experimentally in a water tunnel, using a very unique method of data acquisition.  Therefore, 

Chapter 3 is devoted to the description of the experimental methods, the facility, and the data 

acquisition method.  In Chapter 4, the author shows the results of the application of this method 

to a single vortex.  This material shows the viability of the technique in a natural setting, as well 
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as when the vortex is forced to oscillate in space.  Limited comparisons are also made with 

results obtained from an earlier effort, using constant temperature anemometry.  Chapter 5 is 

again devoted to demonstrating the ability of the experimental method to produce reliable results 

in a complex flow structure consisting of a system of four vortices.   

As stated earlier, a considerable part of the present document is devoted to the dynamics of 

co-rotating vortex filaments, typical of those in the mid-field.  This material starts in Chapter 6, 

where the reader is reminded of the author’s previous work with these flow structures and 

extends into Chapter 7 where the results for forced oscillations of pairs of co-rotating filaments 

are presented.  In this chapter, the author also compares the experimental results with those 

predicted by three analytical formulations.  This chapter highlights the need for further 

investigation of this type of flow. 

The results of studying the ground effect start in Chapter 8 where the feasibility of such 

investigation in a water tunnel is demonstrated first.  It is demonstrated that counter-rotating 

filaments, typical of those in the far-field, can be subjected to ground effect with favorable 

results compared with those from other techniques.  Chapter 8 concludes by presenting the 

effects of terrain roughness on vortex trajectories, within the observable range of the test section 

in the water tunnel.  Behavior of co-rotating vortex filaments, similar to those of the mid-field, is 

presented in Chapter 9.  Here the author shows experimentally the presence of vortex rebound, 

similar to the counter-rotating case.  It is speculated that ground boundary layer separation is 

again responsible for this behavior.  This is shown  in Chapter 10, using a simple two-

dimensional CFD model with Fluent.  Also included in Chapter 10 is a discussion on the effect 

of having co-rotating vortices of slightly different strengths. 



 
 
 

6

The present document finishes with a summary of this effort and the conclusions drawn in 

Chapter 11.  In the course of this research, the author also studied a variety of experimental 

techniques used for wake vortex research.  A comprehensive review of the literature devoted to 

this subject is included in the appendix. 
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CHAPTER 2 

LITERATURE SURVEY 

 
As stated earlier, investigation of the near-field flow is out of the scope of the present 

document.  Furthermore, ground effect has a strong influence on the vortex behavior.  Therefore, 

this chapter is divided into three separate sections, addressing research on issues related to far-

field, far-field in ground effect, and mid-field vortex behavior.  Since the far-field vortex 

dynamics and ground effect have been the focus of intense research for many decades, their 

discussions are presented first.  Also, this material serves as the background to the present topic.  

The reader is reminded that the primary emphasis of the present document is on the co-rotating 

(i.e. mid-field) vortex behavior.  Therefore, the literature pertaining to this topic is reviewed at 

the end of this chapter in greater detail. 

A. COUNTER-ROTATING VORTICES 

1. Three-dimensional Analytical Models 

In 1970, Crow (1970) offered the first theoretical model addressing the dynamics of the wake 

vortices and their long-wave instabilities.  Crow relied on the Biot-Savart law and investigated 

dynamic instabilities that could take place as the result of mutual induction between two vortex 

filaments.  Crow’s model is limited to a pair of filaments and therefore does not apply directly to 

the near wake of an aircraft with high-lift devices deployed.  Crow and Bate (1976) later went on 

to incorporate the effects of turbulence in an effort to obtain the lifespan of the aircraft wake as a 

function of atmospheric turbulence.  However, the test data that was collected to confirm this 

model did not compare well with the analytical results.  The authors attributed the scatter to the 

flight-test data and thought that the results would match as more refined data became available.   
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2. Three-dimensional Computational Models 

Vortex behavior was also studied using a time-dependent roll-up process (Staufenbiel and 

Vitting 1990).  This model showed that the core radius grew with time during the roll-up process 

of a vortex sheet.  These results agreed with LDV measurements (Staufenbiel and Vitting 1990) 

in a water tunnel.  In addition, the lift distribution was shown to have a strong influence on the 

maximum circumferential velocity after the roll-up was complete.   

Proctor and Switzer (2000) confirmed numerically that dynamic instability, responsible for 

the accelerated demise of the wake vortices, was a function of the atmospheric state.  The authors 

also suggested that a new model for the onset of sudden decay should be used to more accurately 

predict the vortex behavior.   

A method for accelerating the destruction of a pair of wing-tip vortices was proposed by 

Rennich and Lele (1998, 1999).  Their method consisted of using the flap-tip vortices to induce a 

large-amplitude Crow-type perturbation on the larger wing-tip vortices.  The destruction of the 

outboard vortices would then continue with the Crow mechanism.  Increasing the initial 

perturbation proved to be a useful way of accelerating the destruction of the aircraft wake vortex 

hazard.  This instability (Rennich and Lele 1998, 1999), which grows rapidly, was also predicted 

by the analytical model of Fabre and Jacquin (2000).   

3. Three-dimensional Experimental Measurements 

The conclusions drawn by Crow (1970) have been observed in some atmospheric wake 

degeneration events and have been verified in the laboratory (Eliason et al. 1975, Rebours et al. 

2001, Rebours et al. 2004).  Eliason et al. (1975) went on to show that Crow’s (1970) model and 

Parks’ (1971) refinement to it gave equally good agreement with experimental data.  Elliptic 

instability, that is a short-wave motion, was studied by Laporte and Leweke (2002), who used 
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closely spaced counter-rotating vortices in a water tank.  The growth rate of such instabilities 

was shown to be higher than that predicted by Crow.  The results of Laporte and Leweke (2002) 

were validated computationally.   

A pair of counter-rotating vortices were studied (Devenport et al. 1997) to examine the shift 

in the vortex cores from laminar to turbulent.  This change in flow was not seen in a case with a 

single vortex, which led the authors to believe that the transition from laminar to turbulent was 

due to the interaction between the vortices.  Additional experiments suggested that short-wave 

instability may have been the cause.  The authors also found that the vortices were subject to 

small-amplitude wandering.  This wandering was due to Crow instability and remained balanced 

about the plane of symmetry.  In addition, the cores were shown to move slightly apart from each 

other as they move downstream.  However, the core diameter also grew with downstream 

distance.  The result was that the distance between the cores remained roughly equal to five 

diameters.  Contrary to these results, Bristol (Bristol et al. 1999) performed experiments in a 70-

m long towing tank of both one and two pairs of counter-rotating vortices.  In the cases 

containing only a single pair, there was no change in the vortex size or the descent path for the 

duration of the run.  In addition, the tangential velocity and total circulation showed no signs of 

decay.  Ortega and Savas (2001) found that mutual instabilities were strongly dependent on the 

spacing between vortices and the differences in their strength.  Generating unequal vortices of 

opposite signs led to decay by means other than Crow instability.  This instability grew rapidly 

and was seen only when the vortices had opposite signs.   

Turbulence also seemed to play an important role in vortex destruction.  Sarpkaya and Daly 

(1987) showed that in the presence of weak turbulence, vortices were destroyed by sinusoidal 

instability.  However, in medium to strong turbulence, vortex bursting was the dominant form of 
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instability.  Sarpkaya (1998) showed that the decay of vortices seemed to depend on the 

turbulence near the core, the helical instabilities at the vortex edge, and the axial velocity.  

Intensifying these properties may accelerate the vortex decay.  Seeming to confirm this, the 

Langley Wake-Vortex-Alleviation Research Program (Chambers 2003) showed that the injection 

of turbulence into the flow field led to premature aging and dissipation of counter-rotating 

vortices.  This program also showed that the change in the span-load distribution led to changes 

in the vortex structure.  This was similar to the results found by Corsiglia et al. (Corsiglia and 

Dunham 1976, Corsiglia et al. 1976), who found that using flaps to obtain certain span-load 

distributions may lead to less intense wakes.  Likewise, Tymczyszyn and Barber (1974) showed 

that alterations in the span lift distribution led to changes in the length of time it takes for the 

vortex wake to dissipate.  However, the benefits of the ideal lift distribution were negated by 

actions such as lowering the landing gear, flying with a side slip, and reducing aircraft thrust.  

These flight conditions exist, for the most part, when the aircraft is near an airport, where 

reducing the vortex hazard is most needed. 

4. Effects of Ground Proximity 

Aircraft wake vortex in ground proximity can be divided into three regimes depending on the 

height of the wake.  While there is no consensus on the thickness of each region, there is 

agreement on the underlying behavior of the vortices in each layer. 

In the case of counter-rotating vortices, it is believed that at heights above approximately 1.5 

times the initial vortex span, b0, there is very weak interaction between the trailing vortices and 

the ground.  Therefore, the wake is said to be outside of the ground effect (OGE) where a 

counter-rotating pair of vortex filaments would sink at constant rate due to their mutual 

interaction.  At these heights, the dynamics of the filaments is governed by their mutual 
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interactions.  Near ground effect (NGE) is defined at heights of about 1.5 to 0.5 times the vortex 

span, where the viscous interactions between a conventional wake consisting of two counter-

rotating filaments and the ground are considered to be negligible.  Therefore, the trailing vortices 

can be modeled by introducing an image pair below the ground level.  At these heights, again, 

the dynamics of filament motion is dictated by the mutual interactions among the vortices and/or 

with their images.  As the vortices sink below approximately half span they emerge into the 

ground effect (IGE).  In this region, they induce a cross flow on the ground that results in the 

formation of a thin boundary layer normal to the filaments.  The adverse pressure gradient 

associated with this flow, outboard of the outmost vortex, leads to the separation of this 

boundary layer, which in turn results in the release of additional vortices near the ground.  The 

interaction between the main filaments and those due to boundary layer separation causes the 

wake vortices to spiral near ground.  This is manifested as vortex rebound and can raise the main 

filaments above ground by as much as two vortex spans.  Consequently, any modeling of this 

type of flow must include the effect of viscosity. 

5. Ground Effect – Experimental and Field Measurements 

Laboratory investigations of co- or counter-rotating wake vortices in ground effect pose their 

own special challenges.  A variety of techniques can be used to generate multiple longitudinal 

vortex filaments.  However, modeling the interactions between the ground and the wake vortex 

can pose problems.  Consequently, there is more data available from actual field operations than 

from controlled laboratory tests.  In a tow tank (Liu 1990) there is no natural boundary layer on 

the walls to simulate the shear layer due to the headwind in actual operations, while in wind 

tunnels and water tunnels, the natural boundary layers on the walls are too thick to be realistic.  

In some cases, the boundary layers are removed using suction or a moving wall (Pailhas et al. 
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2005).  However, in these cases the cross flow shear layer that is responsible for vortex rebound 

is not modeled correctly. 

Counter-rotating vortices in the presence of a simulated ground plane were studied (Barker 

and Crow 1977) in a water tunnel using fluorescein dye and high-speed photography.  The total 

circulation was conserved.  However, the vortices stayed farther from the ground plane than was 

expected, although the vortices eventually rebounded.  The results were similar to those observed 

in flight tests.  Using a laser Doppler anemometer (LDA) developed by the German Aerospace 

Center (DLR), data was collected (Kopp 1994) for more than 1400 landing aircraft at the 

Frankfurt/Main Airport.  The rebounding of the vortices in ground effect was often observed.   

Burnham and Hallock (1998, 2005) used propeller anemometer arrays to study vortices in 

ground effect.  The model for vortex height and circulation was somewhat inconsistent due to the 

high levels of turbulence.  The data suggested more rapid vortex decay near the ground than 

away from it, which was also attributed to the high levels of turbulence.  In addition, the authors 

were able to detect secondary vortices which detached from the boundary layer.  This boundary 

layer separation was also clearly observed by Cottin et al. (2007), who used a tow tank and Laser 

Induced Fluorescence (LIF) to study counter-rotating vortices.  The result was a secondary 

vortex detaching from the boundary layer and rotating opposite to the primary one.  This 

boundary layer (secondary) vortex orbited around the primary one and led to rebound and 

transition to turbulence.  In addition to rebound, the primary vortices moved away from each 

other.  The work was in agreement with numerical results.  The presence of the secondary vortex 

was also observed using a Laser Doppler Velocimetry (LDV) system (Donnelly et al. 1998).  

The primary vortex was shown to meander and even stall when the secondary vortex had formed.  
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6. Ground Effect - Numerical and Analytical Models 

Inviscid models can accurately predict the lateral motion of counter-rotating vortices in 

ground effect in OGE and NGE.  In these cases, the ground is simulated using the method of 

images.  Proctor and Han (1999) showed that inviscid processes near the ground could affect the 

trajectory and descent rate of a pair of counter-rotating vortices at altitudes up to z = 3b0.  

Another numerical study was by Han and Cho (2005), which used a discrete vortex method.  The 

method of images resulted in the vortices moving laterally outward, where otherwise, when the 

vortices were not near the ground, they moved downward.   

The lateral motion was studied in more detail by Proctor et al. (2000) using a three-

dimensional large-eddy simulation which included the effects of viscosity.  The initial lateral 

distance between vortices was taken to be y = ±0.5b0.  The presence of the ground could cause 

the distance between the vortices to increase up to y = ±2.0b0.   

Viscous effects must be considered in order to observe the rebounding of the counter-rotating 

vortices.  Harvey and Perry (1971) first suggested the connection between viscosity and 

rebounding of counter-rotating vortices.  Their suggestion that rebounding was caused by the 

separation of the ground boundary layer was verified by Orlandi (1990) with a two-dimensional 

analytical model.  He showed that on a no-slip boundary, a strong shear layer would form over 

the surface that would detach and form additional vortices.  The interactions between these and 

the primary vortices would drive the latter away from the wall.  Donnelly et al. (1998) also used 

a pair of counter-rotating filaments in a water tank to show the same effects.  These results were 

also confirmed by the two-dimensional numerical simulations of Zheng and Ash (1996) who 

demonstrated surface boundary layer separation in every case, except at very high Reynolds 

numbers.  Furthermore, they illustrated that at Reynolds numbers as high as 75,000, the filaments 
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rebounded rapidly and reached heights twice as those for the low-Reynolds number cases.  Their 

solutions showed that the rebound vortices would assume a spiral-like shape, appearing to form a 

loop when viewed from downstream.  The looping of the rebound vortex was also demonstrated 

by Hamilton and Proctor (2000) and by Spalart et al. (2001) using different numerical models.  

In the former article, the authors employed a two-dimensional large eddy simulation and showed 

that in calm atmosphere, the lateral vortex position could oscillate by as much as one wing span.  

In the latter case, a two-dimensional Reynolds averaged Navier-Stokes solution was used to 

confirm that a single pair rebound is due to the separation of the vortex-induced boundary layer 

and that the filaments loop in space.  Their results also indicated that the minimum height of the 

rebound vortex would be approximately 0.56b0 for turbulent models and 0.65b0 for laminar 

models.   

Using a three-dimensional large eddy simulation, Proctor et al. (2000) demonstrated that 

counter-rotating filaments could link with their images on the ground (Crow-type linking).  This 

was also demonstrated analytically by Kornev and Reichert (1997).  They observed pronounced 

vertical oscillations at lower levels of atmospheric turbulence and less vertical oscillations during 

rebound in the presence of high turbulence.  Many of these characteristics have also been 

observed in natural environment using Doppler lidar (e.g. Kopp 1994, Hallock and Burnham 

1997, and Burnham and Hallock 1998).  The amount of roughness on the ground surface has also 

been studied with regard to how it may change the rebound characteristics.  Using a large-eddy 

simulation, Proctor and Han (1999) showed that increasing the surface roughness very weakly 

affected the rebound height.   
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B. CO-ROTATING VORTICES 

1. Two-dimensional Analytical Models 

Donaldson et al. (1974) presented an analytical model that was developed by Betz (1932).  

This model described the steady-state interactions among vortices shed from wingtips and flap 

tips.  This representation of the wake proved to be quite accurate when compared with 

experimental data obtained from tower flybys.  In addition, Donaldson et al. (1974) described the 

two vastly different types of the wake structure that could form depending on the flap-to-wing 

span ratio.  For large span ratios, the wingtip and the flap tip filaments would assume a spiraling 

motion, while for span ratios less than 0.5, the two filaments would repel each other.  Similar 

results were shown by Rebours and Rokhsaz (2000), a study that employed a superposition of the 

two-dimensional solution and a uniform free stream.  However, neither Donaldson et al. (1974) 

nor Rebours and Rokhsaz (2000) addressed the time-dependent motion of the filaments.  The 

time-dependent motion and stability of multiple point vortices was addressed by Eckhardt 

(1988), who reported on the general integrable four-vortex motion in two dimensions.  The 

authors studied one case that included two pairs of vortices and demonstrated that, depending on 

their initial positions, the vortices could scatter or orbit.   

Greene (1986) developed a model for predicting the effects of density stratification on wake 

motion and decay.  It was found that wake lifetimes decreased in the presence of strong density 

stratification, turbulence, or a combination of the two.  These analytical predictions of wake 

decay were in agreement with wake decay observations.   

Several two-dimensional analytical investigations have been carried out to determine the 

merging characteristics of co-rotating vortices into a single coherent structure for a given 

configuration.  One numerical analysis predicted that vortices might never merge in certain cases 
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(Dritschel 1995), however this was unsubstantiated in experimental results.  Most analyses did 

predict a merger, however, the time required for this to occur varied greatly.  Merger of co-

rotating vortices has been shown to be dependent on the initial conditions, such as distributed 

noise and small departures from symmetry (Caperan and Verron 1988).  These initial conditions 

led to merger by changing the interaction processes between the vortices.  It was shown that the 

merging process would accelerate and the time to merge would decrease linearly with increasing 

noise levels (Basu 1992).  Subjecting a pair of co-rotating vortices to high levels of noise caused 

merging to occur when otherwise it would not.  However, factors other than noise seem to cause 

discrepancies between experimental measurements of the time required for merger.  The level of 

noise required for affecting the time to merger was higher than what could be found in wind 

tunnels or water tanks.  These discrepancies introduced some uncertainty in the conclusions 

considering the large variations in the predicted times for merger.  In fact, some analytical cases 

(Caperan and Verron 1988) showed that merging did not occur until after four orbits while other 

studies (Basu 1992) predict merger within one period.    Saffman (1997) analyzed interaction and 

merger of viscous cores of uniform vorticity.  He showed the merger to occur when the core radii 

exceed approximately a quarter of the distance separating their centroids.  This result was 

verified experimentally by Meunier and Leweke (2000).     

The stability of the merger process has been studied extensively from the viewpoint of 

viscosity and vortex diffusion in two-dimensional models. The two-dimensional solutions 

revolve around the effects of viscosity and diffusion of one vortex by the strain field of the other.  

Dritschel and Legras (1991) arrived at approximate equations for the evolution of vortices in a 

general strain field and extended their model to include disturbances to the elliptical shape of 

each contour.  They also showed good agreement between their analytical model and numerical 
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solutions.  Meunier et al. (2002) proposed a quantitative criterion for the merging of a pair of 

equal two-dimensional co-rotating vortices and validated their conclusions experimentally.  They 

arrived at criteria for merger that depended on the shape of vorticity distribution.   

2. Two-dimensional Computational Models 

Bilanin et al. (1977) studied the merging process using both inviscid and viscous models.  

Unlike previous models, this formulation predicted viscous wake interactions.  Furthermore, 

their inviscid computations showed that the merging was sensitive to small changes in the 

spanwise load distribution.  However, according to Bertenyi and Graham (2000), the viscous 

effects could be ignored.  These authors used a simple vortex blob simulation method and 

showed the merging process to be essentially two-dimensional and inviscid.   

Hoeijmakers (1990) found the number, the strengths, and the initial positions of the vortices 

trailed from a wing to be dependent on the spanwise lift distribution.  It was also found that the 

least hazardous wake was generated when a flap and wingtip vortex of the same sign and the 

same strength were shed from each wing.  In addition, the vortex that was shed from the wing-

fuselage junction seemed to promote the merging of the vortices shed from the wing-tip and flap.  

Engine exhausts were shown to not change the merging characteristics (Bilanin et al. 1977).  

However, the turbulence added to the wake by the engine exhausts helped diffuse the vorticity in 

all phases of the merger (Bilanin et al. 1977).   

 A computational method, based on the Biot-Savart approach, was developed by Staufenbiel 

and Vitting (1990) for the time-dependent roll-up process.  The method showed growing vortex 

core radius with increasing downstream distance from the wing.  This result was also confirmed 

with LDV measurements and other techniques in a water tunnel (e.g. Foster 1999).  The fact that 

the core radius grows with time may be significant to the merging process.  It has been shown 
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(Le Dizes and Verga 2002) that merging occurred when the ratio of the core radius to the 

distance between the vortices exceeded 0.22.  This ratio, found with Gaussian vortices, agreed 

with experimental results.   

3. Three-dimensional Analytical Models 

The classical three-dimensional model for studying the stability of co-rotating longitudinal 

vortex filaments has been that of Jimenez (1975), which was presented in 1975.  This analysis 

was based on the Biot-Savart law and paralleled that of Crow (1970).  The modes of motion were 

classified into symmetric and anti-symmetric and the analysis indicated that both were neutrally 

stable, except over narrow ranges of wavenumber.  In 2003, Miller et al. (2003, 2006) attempted 

to reproduce the results presented by Jimenez (1975) using the Biot-Savart Law.  However, 

Miller et al. (2003, 2006) arrived at results that were opposite to those of Jimenez (1975).  Their 

model indicated that co-rotating vortex filaments tended to oscillate along preferred directions 

with increasing amplitude, which rendered the motion widely unstable, except for very narrow 

bands of wavenumber.   

Le Dizès and Laporte (2002) developed a model for analyzing the interactions of two parallel 

Gaussian vortices.  They showed that this system exhibits elliptical instability due to elliptic 

deformation of the vortex cores.  The motion associated with this instability was shown to be 

short-wave periodic with a preferred direction.  They also validated their results using direct 

numerical simulation.  It should be noted that the preferred direction of motion predicted by the 

long-wave model of Miller et al. (2003, 2006) was on the same order of magnitude, but did not 

agree entirely, with that offered by Le Dizès and Laporte (2002).   

In 1996, Crouch (1996) presented a model similar to Crow’s (1970), based on the Biot-Savart 

law, analyzing the motion of four vortex filaments.  Crouch (1997) showed the presence of two 
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additional exponential instability modes, along with the possibility of nonlinear effects leading to 

a third type of instability called "transient growth".  The analytical results indicated the potential 

for wake vortex self-destruction at rates several times higher than those due to classical Crow 

instability.  These results were partially verified computationally by Rennich and Lele (1999) 

and were extended to counter-rotating vortices by Fabre et al. (2002).  Also, limited experimental 

results were shown by Ortega and Savas (2001) that were in qualitative agreement with the 

above formulations.   

Analysis of the wake-turbulence problem is complicated even though the equations of motion 

are known.  Spalart (1998) indicated that in order to describe the vortices realistically, relatively 

small components such as the landing gear need to be included in the model.   It is also difficult 

to specify the external factors (winds, atmospheric turbulence, and density stratification), which 

are required to describe the downstream wake dynamics.  Likewise the time to merger is not 

well-predicted but depends strongly on the configuration, as well as other factors (Crouch 1997).  

Nonetheless, there is evidence that trailing vortices can be altered to some degree by various 

means (Rossow 1987, Crouch 1997, Crouch et al. 2001).  These include methods that use merger 

for reducing the threat of the wake vortex.  

4. Three-dimensional Experimental Measurements 

The experimental results available for co-rotating vortices focus almost solely on the process 

by which co-rotating vortices merge into a single coherent structure.  Previous two-dimensional 

inviscid calculations showed merger to occur at smaller vortex separation distances than 

predicted by Brandt et al. (1977).  This behavior pointed to viscosity and perhaps three-

dimensional effects as important factors in the merging event.  However, Chen et al. (1999) 

observed that all co-rotating vortex pairs merge at about 0.8 orbit periods, regardless of the 
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strengths of the vortices.  Later, Bertenyi and Graham (2000) observed that filaments of equal 

strength co-orbited while drawing closer to each other, before merging quickly.  The merger 

process took longer if the vortices differed in strength since the weaker of the two became 

distorted in the strain field of the other vortex and wrapped around the stronger before merging 

with it.  They showed that with proper choice of non-dimensional variables, the distance to 

merger, for a given initial separation, would collapse onto a single curve. 

Some results have shown that a co-rotating vortex pair may be treated as a two-dimensional 

system, which should not merge unless the vortex cores are sufficiently large (Chen et al. 1999).  

Leweke and Williamson (1998) and Meunier and Leweke (2000, 2001) investigated the 

interactions of two vortex filaments of equal strength experimentally.  They observed that at low 

Reynolds numbers, the vortices behaved similar to those in two-dimensional flow and merged 

when their core sizes exceeded approximately thirty percent of the vortex span.  At higher 

Reynolds numbers, they observed elliptic-like three-dimensional instabilities leading to merger 

at smaller individual core sizes than in two-dimensional flow.  In addition, at higher Reynolds 

numbers, the final vortex after merger was turbulent due to a three-dimensional instability.  

Cerretelli and Williamson (2003) investigated the structure of the vorticity field that caused the 

co-rotating vortices to be pushed towards each other during merger.  They showed that such a 

flow field contained two counter-rotating vortices whose induced velocities pushed the main 

vortices together.  

Vogel et al. (1995) showed that merger caused a significant increase in core size, nearly 

double the size of the sum of the individual cores.  The turbulence in the cores before the merger 

was attributed to vortex interactions.  Therefore, the authors were not surprised to see that the 

merged core had a different turbulent structure than that of the isolated vortices.  In addition, a 
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large turbulent wake structure enclosed the co-rotating vortices before merger, which was 

attributed to the individual and collective rotating of the individual filaments.   

More recently, Jacob et al. (Jacob and Savas 1997, Jacob 1998, Jacob 1999) conducted 

investigations of the dynamic behavior of co-rotating vortex filaments.  The authors, using 

Particle Image Velocimetry (PIV) for flow measurement, conducted most of their studies in tow 

tanks.  They also conducted some wind tunnel tests where flow measurement was accomplished 

using a five-hole probe.  Their primary goals were to understand the effects of flap span ratio and 

Reynolds number on the merger of the filaments.  Except at high Reynolds numbers, their results 

indicated that the merger would occur within one rotation, usually anywhere from 1/4 to 1/3 of 

an orbit period.  In many cases, the authors used wings with flaps for generating the wake.  

Consequently, their flow fields contained four vortex filaments.  Therefore, the co-rotating 

filaments that were studied were also influenced by the induced velocities of the other pair.  

While these studies resulted in better understanding of the details of these flow fields, they shed 

no light on the dynamics of the time dependent motion of the filaments prior to their merger.   

5. Ground Effect 

Information on the behavior of co-rotating vortices near a ground plane is scarce.  Numerical 

results (Han and Cho 2005) were obtained using the discrete vortex method, where the ground 

was simulated using the method of images.  The author’s aim was to investigate the 

development, and therefore, the roll up process of the wake in ground proximity.  Effects of 

viscosity were included in the vortex cores, but they assumed the flow to be inviscid in its 

interactions with the ground plane (i.e. slip boundary).  Therefore, vortex rebound due to 

boundary layer separation on the ground plane could not be predicted.  When modeling a 

complex wake, their results indicated that a pair of co-rotating vortices would not spiral at the 
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same rate near the ground as it would outside of the ground effect.  Likewise, the vortex span 

was shown to be affected significantly by ground effect.  However, their conclusions were based 

on heights of less than ten percent of the vortex span.  Field measurements and CFD models of 

counter-rotating filaments have shown that viscous interactions with the ground boundary layer 

prevent a wake from sinking so close to the ground. 

There are also similarities between the motion of co-rotating vortices near a plane of 

symmetry and that of leapfrogging vortex rings.  The latter system has been studied extensively 

in conjunction with the acoustics of free circular jets.  The cross section of a pair of leapfrogging 

vortex rings resembles a pair of co-rotating filaments close to a slip boundary, interacting with its 

own image.  One example is that of Eldredge (2005) who investigated this flow using a two-

dimensional DNS solution and showed the shearing of the vortices, leading to eventual merger, 

to be very similar to that of a co-rotating pairs described by other authors.  However, the slip 

plane of symmetry precluded correct modeling of vortex interaction with the boundary and 

prediction of rebound. 

C. CONCLUDING REMARKS 

The literature review presented above shows clearly the scarcity of information, especially of 

experimental nature, on dynamic behavior of co-rotating longitudinal vortex filaments prior to 

their merger.  Also, there appears to be no information in the literature on the influence of 

ground effect on such systems.  It is believed that both of these issues can influence the merger 

process and the stability of the entire vertical wake.  Therefore, the major thrust of this document 

is placed on investigation of these flows. 
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CHAPTER 3 

EXPERIMENTAL METHOD 

 
This chapter describes the facility in which all of the subsequent experimental data was 

acquired.  The experimental approach is described in detail, in addition to the manner in which 

the results presented here were obtained. 

A. EXPERIMENTAL FACILITY AND APPARATUS 

All of the ensuing experimental studies were conducted in the water tunnel at the National 

Institute for Aviation Research (NIAR), located on the campus of Wichita State University 

(WSU). Each vortex was generated using an aluminum blade.  Visualization was accomplished 

by injecting either a diluted milk and alcohol mixture or a diluted food coloring mixture into the 

vortex core.  The motion of the vortex cores was digitally recorded and analyzed. 

1. Water Tunnel 

This facility was a horizontal, closed-loop tunnel employing approximately 3500 gallons of 

water.  Its test section, measuring 6 ft long, 3 ft high, and 2 ft wide, consisted of Plexiglass 

windows that afforded viewing the model from five different directions. In addition, the test 

section was connected to a 2.5-ft segment with constant cross sectional area, which led to the 

diffuser.  This segment could also be used as an extension of the test section, allowing 

observation of a vortex filament over a length of approximately 8 feet.  A schematic of the water 

tunnel is shown in Figure 3.1.   

Flow Reynolds numbers of 5,000 to 100,000 could be achieved by varying the water speeds 

between 0.05 ft/s and 1.0 ft/s.  However, the minimum levels of turbulence, resulting in best flow 

visualization, corresponded to water speeds of 0.2 to 0.6 ft/s. At speeds less than 0.2 ft/s, 
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Figure 3.1: Schematic view of the WSU/NIAR water tunnel. 

 

viscous effects threatened to dominate the vortex motion.  At these speeds the vortices were too 

weak to retain the dye in the core.  At speeds greater than 0.6 ft/s, it became difficult to inject 

enough dye in the cores to make them visible and the whole process developed too rapidly to be 

caught on camera within the test section.  Vortex strength could be altered by varying the water 

flow speed.  However, large variations in flow speed meant carrying out the experiments in 

different levels of turbulence.  Therefore, the results presented in this document were obtained at 

only two tunnel speeds which were chosen because they contained minimum free stream 

turbulence and accounted for the least amount of dye diffusion. 

A dial was used to set the tunnel speed.  The speed shown on the dial was slightly lower than 

the actual water speed.  The dial was set on either 0.25 or 0.30 ft/s for the experimental results, 

which resulted in water speeds of 0.27 or 0.33 ft/s, respectively.  The relationship of the dial 

speed to that of the water is shown in Figure 3.2.  In order to measure the water speed, a blob of 
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dye was released and the time required for it to travel a distance of 4 ft was recorded.  Four or 

five times were recorded for each dial setting and an average of those was used to calculate the 

corresponding water speed.  The water speed was measured experimentally as the dial setting 

increased from 0 to 1 ft/s, in 0.2 ft/s increments, allowing sufficient time for the speed to settle to 

its new value.  Measurements were also taken as the dial speed decreased from 1 to 0 ft/s in the 

same increments.  Figure 3.2 shows the same linear correlation whether the speed was increasing 

or decreasing, indicating the absence of any hysteresis.   

2. Vortex Generators  

Aluminum blades made of 1/16-inch thick aluminum with a chord length of 8.1 inches and a 

span length of 12 inches were used for vortex generation.  Flat blades resulted in vortices that 

departed the wing consistently near the leading edge at the tip.  This minimized the need to  
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Figure 3.2: Calibrated water speeds. 
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reposition the dye ports for different test conditions.  These blades were bolted to a Plexiglas 

support at their quarter-chord.  In those cases where the effect of ground proximity was not of 

interest, the blades were positioned vertically in the flow.  The Plexiglas support rested on the 

top of the test section and was immersed approximately 3 inches below the free surface and acted 

as a reflection plane.  This isolated the vortices from the turbulence generated at the free surface 

of the water and prevented vortex formation at the juncture.  The vortex generating system is 

shown in Figure 3.3.   

Blade separation, measured at the quarter-chord, was varied between 1 and 3 inches for the 

cases with two co-rotating filaments.  Smaller blade separation distances interfered with the 

vortices, while larger separation distances resulted in weak interaction between the vortices.  In 

latter cases, vortex motion was dominated by self-induction rather than mutual induction.   

 

 
Figure 3.3: Blade assembly as seen from the side tunnel window (Kliment 2002). 
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Vortex strength could be varied by changing the angle of attack.  Each blade could be 

oriented independently of the number of blades used or the position of the blades with respect to 

each other.  The angles of attack were varied between 4.5 and 11 degrees.  Lower angles of 

attack resulted in vortices that were too weak to retain the dye in the core.  Larger angles of 

attack led to wakes dominated by unsteady viscous effects, which caused dye diffusion.  It was 

hypothesized that these unsteady flow structures were due to pockets of separated flow leaving 

the blades.  The blades were set in the same direction to generate co-rotating filaments and 

opposite to each other for counter-rotating cases.  In co-rotating cases, the blades were not 

always set in the same direction, as noted in the discussion of the results. 

3. Ground Plane 

In the cases where ground proximity was studied, a splitter plate was added to the test 

section.  This splitter plate eliminated the effects of the boundary layer on the tunnel wall.  

However, in order to accommodate the ground plane in the test section, the vortex generators had 

to be positioned horizontally in the test section.  In those cases, the vortex generators were either 

mounted on the same Plexiglas reflection plane that was shown in Figure 3.3 or on a smaller 

Plexiglas plate.  The larger reflection plane measured 23.75 inches long, 23.88 inches wide, and 

was positioned approximately 4 inches from the near tunnel sidewall.  Out of concerns for 

possible blockage by this setup, a smaller splitter plate was also used.  The smaller plate 

measured 11.13 inches long, 12 inches wide, and was positioned about 1.5 inches from the near 

tunnel window.   

The splitter plate that was used to model the ground plane was the height of the tunnel test 

section and was 32 inches long.  Because of the limited length, the influence of the ground could 

only be studied for 32 inches downstream of the location of the leading edge of the ground plane.  
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The downstream location of the leading edge of the ground plane with respect to the trailing edge 

of the vortex generators varied from one case to another.  The ground plane was positioned either 

6.5 or 8.1 inches from the far window depending on the case.  A schematic top view of the 

vortex generator setup is shown in Figure 3.4 while a side view is shown in Figures 3.5 and 3.6.  

Notice that in Figure 3.5, the blades are mounted on the larger reflection plane and angled to 

form counter-rotating vortices.  In Figure 3.6, the smaller Plexiglas was used as the reflection 

plane and the blades were angled to form co-rotating vortices.   

Terrain roughness was simulated by including longitudinal ridges on the ground plane 

surface.  These ridges were formed using various diameters of electrical wire.  The wire was 

attached to the ground surface using adhesive tape.  This resulted in a ridge that was the height of 

the wire diameter which gradually sloped to the ground plane surface.  A schematic of the cross  
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Figure 3.4:  Schematic top view of tunnel setup with ground plane. 
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Figure 3.5:  Side view of tunnel setup with ground plane. 

 

 
Figure 3.6:  Side view of tunnel setup with ground plane. 

 

section of the ridges is shown in Figure 3.7.  In addition to changing the wire diameter from test 

to test, the spacing between the neighboring ridges was also varied.   
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Figure 3.7:  Schematic of ground ridges. 

 

4. Shaker Mechanism 

A shaker was added to the setup for several single- and two-vortex cases.  The shaker 

introduced excitations of known frequency and amplitude into the flow in order to determine the 

effects of forcing the flow.  The shaking mechanism consisted of a thin circular disk with a 

radius of 0.75 inches.  This disk was positioned parallel to the flow next to a single filament or 

between two filaments just downstream of the trailing edge of the vortex generators.  The disk 

moved harmonically normal to the flow direction and parallel to the blades’ span.  The amplitude 

of the motion was ±0.1 inches.  A picture of this shaker mechanism is shown in Figure 3.8.   
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Figure 3.8:  Side view of the test setup with the shaker. 
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Rebours (2001) used the same water tunnel and experimental method to study counter-

rotating vortices.  However, when forcing the counter-rotating vortices, a slightly different 

shaking mechanism was used.  Instead of forcing the flow with a disk, Rebours (2001) used an 

aluminum strip measuring 3/8 inch by 22 inches.  This strip, mounted perpendicular to the flow 

directions just downstream of the vortex generators, was positioned horizontally in the tunnel 

near the counter-rotating vortices, and moved harmonically normal to the flow direction.    Since 

the counter-rotating vortices were at the same vertical position in the tunnel, both were forced 

equally.  Because of the difference in vertical positions for co-rotating vortices, the shaking 

mechanism used by Rebours (2001) was not employed for the work in this document.  The 

circular disk was used instead so that it could be centered both horizontally and vertically 

between the vortices so that both would be forced equally. 

The motion of the shaker was affected by a geared Direct Current (DC) motor and a crank 

mounted on top of the test section.  Frequencies up to 2 Hz could be obtained.  However, the 

highest frequency recorded was determined by that in which the dye would remain in the vortex 

core for the downstream distances studied.  Therefore, the maximum frequency used for this 

work varied from case to case, but never exceeded 1.6 Hz.  Fast Fourier Transform (FFT) of the 

motion of a point on the circular disk showed a clean harmonic motion with a single and very 

dominant frequency at each motor speed. 

5. Flow Visualization 

Accurate observation of the time history of the vortex motion was the primary goal of these 

investigations.  Visualization relied on the illuminating the cross-sectional of the vortex cores 

using a light sheet. The substance used for visualization had to remain in those cores and it also 

had to scatter enough light to be highly visible in the light sheet. A variety of substances, 
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including hydrogen bubbles, were examined for this purpose.  A milk and water mixture was 

found to be more visible than other tested dyes (Rebours 2001) and seem to remain in the core 

many spans downstream of the injection point.  Earlier tests (Rebours 2001) employed a mixture 

of 1/3 milk and 2/3 water, which was found later to be heavier than water with a slight sink rate.  

Figure 3.9 (Kliment 2002) shows the sink rate of this fluid at varying temperature differences 

between the mixture and that of the surrounding water. The data shown in this figure was 

obtained by gently releasing the fluid in still water and measuring its sink rate using a stopwatch.  

Some points were excluded from the curve-fit because they were thought to be in error.   

Alcohol was added to the mixture to reduce its density.  It is evident from Figure 3.10 that 

this was an effective method of controlling the sink rate.  The alcohol content required to make 

the dye neutrally buoyant was determined by roughly interpolating between the data shown in  
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Figure 3.9: Sink rate of 1/3 milk, 2/3 water mixture in the water tunnel (Kliment 2002). 
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these two figures, aiming for zero sink rate at zero temperature difference.  A mixture of one-

third 2% milk, one-sixth Isopropyl Rubbing Alcohol (70% by volume and Purified water), and 

one-half water proved to be the most suitable combination to use.   

When studying vortex merger, very small vortex spans were employed to ensure that merger 

would occur within the test section.  The time history of motion could not be recorded due to dye 

dispersion caused by the strong mutual induction between the vortices.  These cases could be 

examined only visually for determining the merger location.  In these cases food coloring was 

used for flow visualization and the vortices were photographed.  A different color was used to 

represent each filament.   
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Figure 3.10: Sink rate of 1/3 milk, 1/3 water, and 1/3 alcohol mixture in the water tunnel 

(Kliment 2002) 
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In every case, the dye was injected in the vortex core near the leading edge, at the blade tip 

where the vortex departed the blade. A Tygon tube was attached along the leading edge of the 

blade and extended a short distance along the tip, to the injection point. The injection point was 

placed as close as possible to the point where the vortex filament separated from the blade.  Also, 

the flow visualization mixture was passed through a length of tubing coiled in the water 

upstream of the injection point to equalize its temperature with that of the water. 

6. Data Acquisition 

When recording the time history of motion, the vortices were observed through the 

downstream window of the tunnel. A high-intensity, white, parallel beam was positioned 

perpendicular to the test section to illuminate the vortex cross sections.  When viewed through 

the downstream window, each vortex core appeared as a bright spot against a black background.  

The motion of these bright spots could then be recorded on digital videotape.  A typical video 

frame showing these bright spots is presented in Figure 3.11. 

Using a SONY® DCR-TRV110 Digital Video Camera Recorder, the motion of the vortex 

cores was recorded on a tape in Digital 8 format at a rate of 30 frames per second.  Each data set 

consisted of approximately 2 minutes and 20 seconds of data, corresponding to 4200 frames.  

This length was dictated by the amount of hard-drive space available on the computer used for 

this study and the number of points needed to perform a Fast Fourier Transform (FFT) of the 

data.  After the vortex motion was recorded at a specific downstream location, a grid was 

introduced inside the water tunnel at that location.  This grid of 2-inch by 2-inch squares was 

then recorded on tape for a few seconds to provide a scale for the vortex motion at that specific 

downstream location.  Further information about this method, including detailed process of data 

extraction from video frames and possible degrees of error, was published previously (Rokhsaz  
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Figure 3.11: Typical video frame of the illuminated vortex cores (Kliment 2002). 

 

et al. 2001).  Suffice it to say that extraction of the data at each downstream location for a pair of 

vortices (i.e. 4200 snapshots for each vortex) required a significant amount of computer time.  

The video tape was first downloaded into Pinnacle Studio Version 9.0 which required 2 minutes 

and 20 seconds per video segment.  The video was then saved as an Audio Video Interleave 

(AVI) file, which required 8 minutes.  Extraction of the data required an additional 19 minutes 

and consisted of running the video through a Microsoft Visual Basic code which determined the 

vortex positions for each of the 4200 frames and output a text file containing the information.  

Therefore, each 140-second video required approximately 30 minutes of processing time on a 

desk top computer with a Pentium 4 dual core processor. 

Visual observations of the merger process were made through the side window of the tunnel.  

Snapshots of the filaments were taken using a Kodak DC-240 Digital Camera.  A grid of 1-inch 

by 1-inch squares positioned behind the filaments provided a scale for measuring distances.  In 

these cases, the camera was placed as far away from the test section as the room could 

accommodate to minimize optical distortions.   
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B. DATA ANALYSIS OF TIME HISTORY CASES 

The data analysis method presented here is that described earlier by Kliment (2002).  

However, in the interest of completeness, it is also repeated here.   

Time histories of vortex positions were extracted from the videotapes using the method 

described by Rebours (2001).  Superimposing all vortex positions during the recording interval 

on one plot resulted in a cloud of 4200 points for each downstream location.   The average 

position of these 4200 points represented the time-averaged mean vortex location.  Deviations 

from the centroid represented the amplitude and contained information about the frequency of 

motion.  Calculations were performed using Microsoft Excel®.   

1. Vortex Mean Location, Amplitude, and Frequency of Motion 

The mean vortex core location was calculated by taking an average of the 4200 positions 

recorded.  This was done for each vortex at each downstream distance.  After the average core 

location was found the vortex coordinates were transformed into centroid-based coordinates.  

The time dependent motion of the centroid constituted vortex wandering in the single-vortex 

cases and contained information on mutual induction in the multi-vortex cases.  Furthermore, in 

the latter case, the centroids were used to find the distance among the filaments.   

The centroid-based coordinates of the core location were used to determine the instantaneous 

and the mean amplitudes of vortex motion.  The instantaneous amplitude was the displacement 

of the vortex from its mean location at any one time and was determined for all 4,200 points at 

each downstream position.  The mean amplitude of motion was defined as the time-averaged 

value of this quantity.  This parameter was determined for each vortex at each downstream 

location and was used to quantify the magnitude of the vortex motion.  Fast Fourier Transform 

(FFT) of the instantaneous amplitude of motion was examined for its frequency content.  
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2. Orientation of the Planes of Motion 

The second moments Iyy, Izz, and Iyz were used to determine the orientation of the planes 

along which the time dependent motion of the centroid was predominant.  These quantities were 

computed using the centroid-based coordinates.  Each of the vortex positions was assigned a 

mass of unity, resulting in 

 ∑=
i

CGyy i
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These moments of inertia were then used to calculate the principal moments of inertia, Imax and 

Imin from  
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The principal angles θp1 and θp2, were determined from 
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One can show easily that moments of inertia used here for this purpose are closely related to the 

standard deviation of the instantaneous vortex distance from its mean position. 

3. Vortex Strength – Co-rotating 

In the cases of two co-rotating filaments, mutual induction caused the filaments to spiral 

around each other.  This spiraling was assumed to be of very long-wave nature.  Therefore, a two 

dimensional model was deemed sufficient for finding the vortex strengths.   
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The spiraling occurred around a point located between the two vortex cores.  Kinematics was 

used to locate the center of spiraling and the rate of spiraling.  In addition to spiraling, generally, 

the vortex separation decreased as the vortices move downstream.  The movement of each vortex 

towards the center of spiraling was also found with the aid of kinematics.  Using the schematic 

shown in Figure 3.12, the following equations were obtained.   

 θθω cossin 1,1 rabV vy +=  (3.6) 

 θθω sincos 1,1 rabV vz +−=  (3.7) 

 ( ) θθω cossin1 2,2 rbaV vy −−−=  (3.8) 

 ( ) θθω sincos1 2,2 rbaV vz −−=  (3.9) 

The components of velocity for each vortex were found from the movement of average core 

location between every two downstream distances.  Also, the vortex span and rotation angle was 

known from the average core locations.  Combining and simplifying these equations yielded the 

following solutions.   
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Figure 3.12: Schematic for a two-vortex case (Rebours and Rokhsaz 2000).   
 

The individual vortex strengths could then be found using the method described by Rebours and 

Rokhsaz (2000), where the following relationships were shown to be true.    

 ( )abv −=Γ 12 2
1 ωπ  (3.14) 

 abv ωπ 2
2 2=Γ  (3.15) 

Once again, the vortex span was known from the average core locations, while Equations 3.10 

and 3.11 provided the values for a andω .   

4. Vortex Strength – Counter-rotating 

In the cases of two counter-rotating filaments, mutual induction caused the filaments to sink 

behind the vortex generators.  At sufficiently long distances downstream of the blades, the rate of 

sinking remained nearly constant.  The downwash velocity was calculated using Equation 3.16, 

which required the tunnel velocity, change in vertical position, and change in downstream 

location.   
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In the case of counter-rotating filaments, the vortex strength was calculated using Equation 3.17.  

This equation requires the distance between the filaments and the downwash found in Equation 

3.16.   

 wbvπ2=Γ  (3.17) 

In the case of two counter-rotating vortices, differing strengths would result in a slight 

spiraling motion.  This spiraling was not analyzed in depth since the blade angles were set to 

form vortices of nearly equal strengths for all of the counter-rotating cases.  However, since the 

angles of the vortex generators were set visually, there was always a slight difference in the 

strengths.  The result was that the stronger vortex would cause the weaker vortex to sink at a 

faster rate as they moved downstream.  Therefore, the vortex strength for the left vortex, found 

using Equation 3.17, was based on the downwash velocity of the right vortex, from Equation 

3.16, and vice versa.  

C. DATA ANALYSIS OF MERGING CASES 

Again, the data analysis of the merging cases was reported earlier by Kliment (2002) and is 

presented here for completeness. 

The still-frame pictures taken in the experiments to study merging were transferred very 

easily from the digital camera to the computer using the Kodak software package associated with 

the camera.  All information was obtained visually from the pictures.   

The vortex span was determined by measuring the distance between the filaments when the 

vortices appeared to be farthest apart in the pictures.  Recalling that the pictures were taken from 

the side window, the vortices appeared to be farthest apart when they were aligned with each 

other vertically (i.e. after having spiraled through 90 degrees).  Likewise, the filaments appeared 

to cross when the vortices were aligned with each other horizontally.  Therefore, the spiraling 
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rate was found by measuring the distance between these two downstream locations.  This was the 

distance that the filaments took to rotate 90 degrees around the center of spiraling.  The merger 

location was determined to be the point where two filaments were no longer distinguishable.  

This introduced considerable scatter in the data and relied very heavily on the judgment of the 

observer. 

The snapshots also yielded a rough approximation of the vortex strengths.  A straight line 

was drawn connecting the points where the vortices appeared to cross.  Measuring from this 

straight line to each vortex at the point the vortices appeared to be farthest apart yielded the 

location of the center of spiraling.  The vortex strengths could then be found using equations 3.14 

and 3.15.  This method of finding the center of spiraling was quite inaccurate, given the fact that 

in most cases the individual vortices were no longer distinguishable at the second point where 

they appeared to cross.  Furthermore, each snapshot showed the instantaneous position of the 

vortices, as opposed to showing the time-averaged position of the filaments. 

D. CONCLUDING REMARKS 

The experimental method described in this chapter was low-cost and interfered minimally 

with the flow field only at the point of dye injection.  While it is true that vortex core positions 

were inferred from the observed dye location, the method offered a unique way of data 

acquisition.  This technique allowed resolving the temporal and spatial kinematics of the vortex 

filaments.  It also offered the ability to process enormous amounts of such data in a relatively 

manageable time.  The computation time required for obtaining similar volume of information on 

vortex core position and it time-dependent motion using other techniques, such as Particle Image 

Velocimetry (PIV) or Laser Doppler Velocimentry (LDV), would have been formidable.   
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CHAPTER 4 

SINGLE VORTEX (UNFORCED AND FORCED) 

 
Single-vortex cases were studied for a variety of reasons.  The first reason was to investigate 

how well the dye remained in the vortex core and how far down the tunnel test section it could 

be clearly detected.  After all, as mentioned earlier, the present experimental method relied on 

detecting the core position by inference to the dye location.  The second goal was to see if a 

single vortex filament exhibited any preferred direction of motion.  Such tendencies could be 

attributed to lack of retention of the dye in the core or dynamic interactions with the walls.  

Finally, it was desired to establish a baseline for the amplitude of vortex motion in the absence of 

mutual induction by other filaments in its vicinity. 

A. PREVIOUS WORK 

Foster (1999) used the identical system to generate a single vortex outside of ground effect.  

He used a single-filament constant temperature anemometer for data acquisition and investigated 

the evolution of the vortex core and the meandering of the vortex filament.  In his cases, the core 

diameter values were shown to be between 0.6-1.2 inches (Foster 1999) and are shown as a 

function of downstream distance in Figure 4.1.  The corresponding vortex strengths are shown in 

Figure 4.2. 

With the experimental method used in the present document, it was not possible to obtain the 

strength of the single vortex or measure the core radius.  Therefore, values obtained by Foster 

(1999) were used as reference.     
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Figure 4.1: Single vortex core radius (Foster 1999). 
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Figure 4.2:  Single vortex strengths (Foster 1999). 
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B. UNFORCED SINGLE VORTEX  

1. Test Matrix 

Three cases were recorded for a single vortex, without external excitation.  These are shown 

in Table 4.1 and were presented earlier by Kliment (2002).  The angle of attack was set at 6, 8, 

and 10.5 degrees and measurements were taken at downstream distances from 31 to 46 inches in 

3-inch increments.   

 
Table 4.1: Unforced single vortex cases experimentally investigated. 

Case α (deg) 
4.1 6 
4.2 8 
4.3 10.5 

             V∞ = 0.27 fps.   
       λ = 3.83, 4.20, 4.57, 4.94, 5.31, 5.68   

 

2. Clouds 

The instantaneous positions of the vortex filaments were obtained from the video for each 

angle of attack and downstream distance.  Superposition of all instantaneous positions on one 

frame would produce a cloud.  Figure 4.3 shows the typical cloud for a single vortex at one 

downstream distance.  Each point on the graph represents one instantaneous core position during 

the 140-second recorded time interval.  Since data was acquired at 30 Hz, there are 4200 points 

in this figure.  

The shape of this cloud created a visual image of the amplitude of motion and any preference 

in the direction of motion for that vortex filament.  The clouds for a single vortex, for the most 

part, appeared to be nearly round, which suggested that there was no preferred direction for core 

movement.  However, visual inspection of the data could be misleading.  Therefore, the  
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Figure 4.3: Typical distribution of the vortex core positions, α = 8°, λ = 4.94.   

 

maximum and the minimum moments of inertia were used as quantitative indicators of whether 

the core motion had a preferred direction.   

3. Moment of Inertia 

The maximum and minimum moments of inertia along with their ratios are shown in Table 

4.2.  These quantities are related directly to the standard deviation of the vortex motion relative 

to its mean position.  The values in this table show that the ratio of the moments of inertia varied 

from 1.21 to 3.73.  Therefore, cases in which the motion was omni-directional could not be 

clearly separated from those where the motion exhibited a preferred direction.  Nonetheless, 

these values could be used as a baseline for comparison with those from multi-vortex cases. 

The principle angles were found using the moments of inertia and are also shown in Table 

4.2.  This angle was defined as the inclination angle of the axis about which moment of inertia  
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Table 4.2: Moments of inertia and principle angles, unforced single vortex cases  
(Kliment 2002). 

α λ 
Moments of Inertia (in2) 

Imax  / Imin θp (deg) 
Imax Imin 

6° 

3.83 19.0198 15.7359 1.21 172.47 
4.20 27.7214 21.5233 1.29 136.18 
4.57 43.0517 20.8286 2.07 43.27 
4.94 72.5249 29.2874 2.48 57.52 
5.31 34.8517 23.1542 1.51 31.82 
5.68 66.8703 22.4925 2.97 26.44 

8° 

3.83 21.4692 11.4895 1.87 178.82 
4.20 19.4043 15.6090 1.24 8.83 
4.57 73.9823 31.6507 2.34 46.36 
4.94 29.6369 23.5493 1.26 26.56 
5.31 36.5760 27.7904 1.32 36.59 
5.68 113.7170 41.7884 2.72 21.65 

10.5° 

3.83 49.6161 19.9694 2.48 55.83 
4.20 34.5282 19.9284 1.73 43.73 
4.57 38.1894 21.4331 1.78 1.57 
4.94 65.6070 33.3800 1.97 60.00 
5.31 128.9433 34.5826 3.73 25.95 
5.68 38.5061 26.8450 1.43 35.63 

 

was minimum, representing the largest standard deviation for the amplitude of motion.  Any 

combination of values of Iyy and Izz would yield a set of principle angles, but in those cases where 

they were very close in magnitude, a preferred plane of motion could not be clearly defined.   

4. Amplitude  

The amplitudes are plotted in Figure 4.4.  In each case, the amplitude of the vortex motion 

increased as downstream distance increased.  However the magnitudes of the amplitude were 

relatively small.  The vortex core radius proved to be a useful scale against which to compare the 

amplitude.  When compared with the vortex core radius values shown in Figure 4.1 (Foster 
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1999), the magnitude of the amplitude of motion in all three cases proved to be less than one 

core radius.  Furthermore, the small increase in the amplitude with increasing downstream 

distance is attributed to the nature of the flow in the water tunnel.  These results proved clearly 

that the visualization mixture remained in the core.  

5. Core Motion 

Likewise the mean vortex position did not change significantly from one downstream 

position to another, as demonstrated in Figures 4.5.  The magnitude of the core motion remained 

smaller than one core diameter and appeared to be random. This motion is called vortex  

wandering or vortex meandering and occurs at extremely low frequencies.  Similar 

wandering behavior was documented by other researchers (Foster 1999, Devenport et al. 1996).  

The fact that the vortex remained fairly stationary in the test section indicated that the tunnel 

walls had no effect on the motion of the vortex over the length recorded.  In addition, since the  
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Figure 4.4: Single vortex mean amplitudes (Kliment 2002). 
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motion remained within one core radius, it can be assumed that the dye was released and 

remained in the core.   

6. Frequency Analysis 

Typical frequency content of the data is shown in Figure 4.6.  Since the data was recorded at 

30 Hz, frequencies higher than 15 Hz could not be resolved.  It is apparent from this figure that 
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     (a): Case 4.1(α = 6°)      (b): Case 4.2 (α = 8°) 
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     (c): Case 4.3 (α = 10.5°) 

 
Figure 4.5:  Average vortex positions at each downstream location, single vortex  

(Kliment 2002).  ■ λ = 3.83, ♦ λ = 4.20, ▲ λ = 4.57, × λ = 4.94, □ λ = 5.31, ◊ λ = 5.68 
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most of the energy of the vortex motion was concentrated in the low frequency range.  The noise 

in the data prevented a finer resolution of the frequencies.  However, the dominance of low 

frequencies was consistent with the results obtained by Foster (1999).  He placed a constant 

temperature anemometer in close proximity of the core to sense the vortex motion.  Likewise, in 

the present cases, no single dominant frequency could be identified either for any of the single 

vortices studied.     

The results found by Foster (1999), which were discussed earlier in this chapter, were used to 

determine what, if any, frequencies could be expected if the dye was outside of the vortex core.  

The strength and core radius were determined from Figures 4.1 and 4.2 for the six downstream  
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(a):  FFT for y position 

 
Figure 4.6: Sample FFT for a single vortex, α = 8°, λ = 4.94 (continued on next page).   

 



 50

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

0 1 2 3 4 5

Frequency (Hz)

A
m

pl
itu

de

 
(b):  FFT for z position 

 
Figure 4.6: Sample FFT for a single vortex, α = 8°, λ = 4.94 (concluded).   

 

distances in which experimental data was recorded.  The resulting frequencies versus the 

vortex strength are shown in Figure 4.7.  Because the core radius grew with downstream 

distance, the frequency also changed.  Therefore a range of frequencies is shown for each case.  

Only frequencies of less than 15 Hz were detectable in the experimental data, which is denoted 

by a dashed line in Figure 4.7.  According to the results shown in Figure 4.7, only Case 4.1, 

when      α = 6°, would have frequencies below 15 Hz if the dye was outside of the core.  A 

typical Fourier transform for Case 4.1 is shown for the entire 15 Hz in Figure 4.8.  No single 

frequency was apparent between 10 and 15 Hz, which was another indication that the dye 

remained inside the vortex core.   
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Figure 4.7: Frequency range expected if the dye was outside of the vortex core. 
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Figure 4.8: Sample FFT for a single vortex, α = 6°, λ = 5.31 (continued on the 

next page). 
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(b):  FFT for z position 

 
Figure 4.8: Sample FFT for a single vortex, α = 6°, λ = 5.31 (concluded).   

 

C. FORCED SINGLE VORTEX  

1. Test Matrix 

One case was recorded in which a single vortex was forced to oscillate at various 

frequencies.  As with the unforced cases, the water speed was set at 0.27 ft/s.  The angle of attack 

was set at 8.5 degrees and measurements were taken at downstream distances from 30 to 42 

inches in 6-inch increments.  The forcing frequencies varied from 0 to 1.2 Hz in 0.2-Hz 

increments.  In the following results, the value β is the non-dimensional forcing frequency (i.e. 

Strouhal number) and was found using Equation 4.1.  The parameters associated with this case 

are shown in Table 4.3. 

 
∞

=
V

Cfβ  (4.1) 
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Table 4.3: Forced single vortex case experimentally investigated. 

Parameter Value 
Case 4.4 

α 8.5 deg 
V∞ 0.27 fps 
λ 3.70, 4.44, 5.19 

β 0.0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 
 

2. Clouds 

As with the unforced cases, the instantaneous positions of the vortex filaments were obtained 

from the video for each downstream distance and frequency.  Figure 4.9 shows the typical cloud 

for a single vortex at one downstream distance and frequency.  The shapes of the clouds 

appeared to be nearly round for the most part.  This suggested that, as with the unforced cases, 

the vortex had no preferred direction of motion.   
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Figure 4.9: Typical distribution of the vortex core positions, λ = 4.44, β = 1.5.   
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3. Moment of Inertia 

Because the visual inspection of the clouds can be misleading, the maximum and minimum 

moments of inertia were inspected to determine if a preferred direction of core motion was 

present.  Table 4.4 shows that the ratio of the moments of inertia varied from 1.03 to 2.06.  The 

cases in which the motion was omni-directional could not be separated clearly from those when 

the motion exhibited a preferred direction.   

In addition, an angle of preferred direction of motion was found for each case using the 

maximum and minimum moments of inertia.  This angle was defined as the inclination angle of 

the axis about which the moment of inertia was minimum.  The reader is cautioned again that the 

method used to determine these angles always resulted in some value, as long as the moments of 

inertia were not exactly the same.  Therefore, to draw any conclusion about the preferred 

direction of motion, one needs to also consider the ratio of the moments of inertia.   

4. Amplitude of Motion 

The amplitudes of motion for the forced case are plotted in Figures 4.10 and 4.11.  The 

amplitude of the vortex motion increased with downstream distance and forcing frequency.  The 

amplitudes were relatively small, on the same scale as those for the unforced single vortex cases, 

and remain smaller than the size of the vortex core radius.  Again, the small increase in the 

amplitudes can be attributed to the nature of the flow in the water tunnel. 

5. Core Motion 

As with the unforced single vortex cases, the mean vortex position for the forced case did not 

change significantly from one downstream position to another.  This is demonstrated in Figure 

4.12.  The magnitude of the core motion remained smaller than one core diameter for all of the 

forcing frequencies studied.  The conclusions drawn are identical to those for the unforced single  
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Table 4.4: Moments of inertia and principle angles, forced single vortex case. 

λ β 
Moments of Inertia (in2) 

Imax  / Imin θp (deg) 
Imax Imin 

3.70 

0.00 21.7509 16.6613 1.31 21.67 
0.50 24.7274 21.0725 1.17 62.89 
1.00 21.6790 20.9934 1.03 100.13 
1.50 32.6675 22.7503 1.44 58.88 
2.00 48.7237 33.4682 1.46 36.62 
2.50 53.4650 30.1878 1.77 69.77 
3.00 45.5435 37.0803 1.23 81.49 

4.44 

0.00 27.1322 17.4367 1.56 31.29 
0.50 24.7544 19.2622 1.29 41.20 
1.00 32.6783 22.1513 1.48 27.17 
1.50 39.2822 27.6374 1.42 28.61 
2.00 56.5622 32.2539 1.75 26.16 
2.50 63.7714 38.3077 1.66 30.00 
3.00 50.8450 29.4581 1.73 29.64 

5.19 

0.00 45.0244 21.8598 2.06 10.38 
0.50 34.7875 26.5253 1.31 11.27 
1.00 36.8556 23.0294 1.60 25.84 
1.50 51.3410 34.4143 1.49 11.75 
2.00 56.1743 38.3382 1.47 5.99 
2.50 70.3102 45.5315 1.54 31.51 
3.00 74.5805 45.4713 1.64 19.83 

 

vortex cases.  Namely, the motion appeared random and was similar to the wandering 

documented by other researchers (Foster 1999, Devenport et al. 1996), the vortex remained fairly 

stationary in the tunnel, and the motion remained within one core diameter.   
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Figure 4.10: Forced single vortex mean amplitudes versus forcing frequency. 
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Figure 4.11: Forced single vortex mean amplitudes versus downstream distance. 
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     (a): β = 0.0        (b): β = 0.5 
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     (c): β = 1.0        (d): β = 1.5 

 
Figure 4.12:  Average vortex positions at each downstream location and excitation 

frequency, forced single vortex (continued on next page).   ■ λ = 3.70, ♦ λ = 4.44, ▲ λ = 5.19 
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     (e): β = 2.0        (f): β = 2.5 
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     (g):  β = 3.0  
 

Figure 4.12:  Average vortex positions at each downstream location and excitation 
frequency, forced single vortex (concluded).    ■ λ = 3.70, ♦ λ = 4.44, ▲ λ = 5.19 

 

6. Frequency Analysis 

Typical Fourier transforms are shown in Figure 4.13.  Part (a) shows the FFT results for the y 

position, while Part (b) shows the FFT for the z position.  The highest frequency which could be 

resolved was 15 Hz due to the fixed sample rate of 30 Hz.  Like the unforced cases, most of the 

energy was concentrated in the low frequency range.  However, the forcing frequency, 0.6 Hz, is 

also present in these figures, along with multiples of this frequency.   
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(a) FFT for y position 
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Figure 4.13: Sample FFT for a forced single vortex, λ = 4.44, β = 1.5 (i.e. f = 0.6 Hz).   
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The presence of the multiple frequencies was due to the inherent nonlinearity of such a 

system.  To illustrate, one can consider the velocity induced at point B by a point vortex at A, as 

shown in Figure 4.14.    If the vortex moves harmonically at the frequency of ω, in the horizontal 

direction, the velocity induced at B will vary according to: 

 ( )( )tl
u

ωεπ sin2 +
Γ

=  (4.2) 

Infinite series expansion of the above expression results in  
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 (4.3) 

Therefore, it is clear that an FFT analysis of the induced velocity would contain multiples of the 

excitation frequency, unless the amplitude of motion, ε, is extremely small. 

 

 
 

Figure 4.14: Schematic for the velocity induced at B by point vortex A. 
 

D. CONCLUDING REMARKS 

The following conclusions were drawn from the above investigation: 

1. The visualization techniques used to obtain data was sound.  The dye remained in the 

vortex core throughout the length of the test section.  

z 

y 
Γ 

l B 

A 

u 



 61

2. When the vortex was forced to oscillate, its excitation frequency was clearly identifiable 

at downstream positions against the background noise. 

3. Forced vortex motion did not disperse the dye, even though the amplitude of motion was 

not small, as attested by the presence of multiple frequencies.  Therefore, visualization 

was still possible. 

4. The single vortex in the test section showed very little wandering, indicating negligible 

influence from the walls.  

In light of the above conclusions, the next natural step was to investigate the experimental 

technique in conjunction with a more realistic wake model, consisting of four vortex filaments.   
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CHAPTER 5 

FOUR VORTEX CASES 

 
Transport aircraft in landing or take-off configuration typically shed four strong vortex 

filaments, one from each of the wing tips and the flap tips.  Two tests were carried out with four 

vortices, composed of two sets of co-rotating vortices.  Depending on the relative span and 

relative vortex strength, either the flap tip and the wing tip vortices spiraled around each other, or 

repelled each other.  Therefore, in one case the blades were angled so that the wing- and flap-tip 

vortices spiraled around each other and sank at the same rate.  In the second case, the blade 

angles resulted in the flap-tip vortices sinking at a much higher rate than those from the wing 

tips.  These four-vortex cases are included here to demonstrate that the experimental method 

discussed in this document was suitable even for complex wake structures, as long as the dye 

remained in the core. 

The spiraling case discussed below was also presented earlier by Kliment (2002).  However, it was 

presented here again to allow the reader to compare the results with those of the scattering case that was 

absent in the previous document. 

A. SPIRALING CASE 5.1 

1. Kinematics 

Figure 5.1 shows the average locations for each vortex at the four downstream distances 

recorded for the spiraling case.  The reader is cautioned that the first set of points in this figure 

correspond to several chord lengths downstream of the blades, where the co-rotating pair on each 

side has spiraled by more than 180 degrees.   
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Figure 5.1: Downstream view of the average vortex locations for the four-vortex spiraling 

case (Kliment 2002).   
 

Kinematics was used to find the spiraling rates and the strengths.  It was assumed that the 

vortex separation distance on each side would remain constant.  The experimental data presented 

later in this chapter showed this to be a reasonable assumption.  

Based on the kinematics of the flow, shown schematically in Figure 5.2, the following four 

equations related the locations of the centers of spiraling to their downwash velocities.  All of the 

quantities on the right-hand sides of these equations were measured experimentally. 
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2. Test Matrix and Strength 

Blade angles associated with each vortex, based on the numbering scheme shown in Figure 

5.2, are presented in Table 5.1.  Data was recorded between 31 and 40 inches downstream of the 

vortex generators in 3 inch increments.  Vortex strengths were found using Equations 5.5 

through 5.8.  The calculated strengths are also included in Table 5.1.   
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Figure 5.2: Downstream schematic of the wake for the four-vortex spiraling case  
(Kliment 2002). 

z 

y 

Γ4(y4, z4) 

Γ2(y2,z2) 

θ 2 

ω2 

l2 

α2  l2 

Γ1(y1, z1) 

Γ3(y3,z3) 

θ1 
ω1 

l1 α1 l1 

bv 

w2 w1 



 65

Table 5.1: Four-vortex spiraling case experimentally investigated (Kliment 2002).   

Blade α (deg) γ 
1 8.0 0.09 
2 8.0 0.31 
3 6.5 0.24 
4 6.5 0.24 

         V∞ = 0.27 fps.   
         λ = 3.83, 4.20, 4.57, 4.94. 
 

For the spiraling case, the outer blades were separated by 7 inches and the inner by 3 inches.  

This setup was symmetric.  Donaldson et al. (1974) predicted that spiraling would occur on a 

straight wing with flaps extending to 75% or more of the semispan.  However, this experimental 

setup resulted in a flap span of 43% of the wingspan, which is much less than that predicted by 

Donaldson et al. (1974), even though the spiraling behavior was still present in the flow. 

Setting the blade angles for generating a perfectly symmetric picture proved to be extremely 

difficult.  Even though the data shown in Figure 5.1 appears to be symmetric, the data in Table 

5.1 clearly shows the inequality between the vortex strengths on both sides.  In an ideal situation, 

vortices 1 and 2 would have the same strength with 3 and 4 being equal.  Therefore, the author 

recommends that a system be established in four-vortex cases to ensure symmetry of the wake 

about the vertical plane. 

3. Clouds 

The position plots shown in Figures 5.3 and 5.4 clearly show that the motion of each vortex 

was not omni-directional, but rather occurred at certain angles.  This direction seemed to remain 

fairly constant with respect to the line connecting the co-rotating vortices.  This indicated the 

preferred direction of motion was in all likelihood due to the shearing of each vortex by its 

immediate neighbor.  While the position plots showed that a preferred direction seemed to be 

present, the second moments of inertia confirmed this and allowed for calculation of the angles.   
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Figure 5.3: Vortex clouds for the spiraling case, λ = 3.83 (downstream view). 
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Figure 5.4: Vortex clouds for the spiraling case, λ = 4.94 (downstream view). 
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4. Moment of Inertia 

The ratios of moments of inertia are shown in Figure 5.5.  The ratios all exceed 1.4, while 

most are over 2.0.  The angles are shown in Figure 5.6 relative to the horizontal.  This figure 

seems to confirm that the preferred direction of motion did not remain fixed in space, but rather 

rotated at a certain rate.  Figure 5.7 shows the preferred directions of motion relative to the line 

connecting the co-rotating vortices.  While the first downstream distance showed a wide range of 

angles, the remaining distances resulted in most angles falling between 25° and 55°.   

5. Amplitude 

The amplitudes of motion of all four vortices are plotted in Figure 5.8.  As with the single 

vortex cases, the amplitudes increased with distance downstream of the vortex generators.  

However, the amplitudes in Figure 5.8 are much larger than those for the single vortices due to 

the interaction among the filaments.  In addition, the weaker vortices, vortex 1 and vortex 2, had 

larger amplitudes of motion than the stronger vortices, vortex 3 and vortex 4.   

6. Spiraling Rate 

Figure 5.9 shows the inclination angle of the line connecting the vortices on each side versus the 

distance downstream of the vortex generators.  The slopes of the lines shown in this figure are related to 

the spiraling rate of the two co-rotating pairs.  It is obvious from this figure that the spiraling rate 

remained nearly constant over the distances recorded.  In this case, the line connecting vortex 1 and 

vortex 3 spiraled at a rate of 22.48 degrees per second (0.392 radians per second) and the line connecting 

vortex 2 and vortex 4 spiraled at a rate of 22.46 degrees per second (0.392 radians per second).   
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Figure 5.5: Ratio of moments of inertia for the spiraling case (Kliment 2002). 
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Figure 5.6: Inclination angle of principal axes for the spiraling case (Kliment 2002). 
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Figure 5.7: Inclination angle of the principal axes relative to line connecting co-rotating pairs 

for the spiraling case (Kliment 2002). 
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Figure 5.8: Mean Amplitudes of motion for the spiraling case (Kliment 2002).   
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Figure 5.9:  Orbiting rates for the spiraling case (Kliment 2002). 

 

7. Vortex Separation Distance 

Figures 5.10 shows the vortex separation distance, l, versus position downstream of the 

vortex generators for both co-rotating pairs in the spiraling case.  The separation distance 

decreased slightly with increasing length downstream of the blades.   

8. Centers of Spiraling 

The motion of the centers of spiraling for both the left and the right vortex pairs are shown in Figure 

5.11.  The downward motion of these points, quite evident in this figure, is the result of the net 

downwash.  The calculated downwash velocity for the line connecting vortex 1 and vortex 3 was 0.444 

inches per second and for the line connecting vortex 2 and vortex 4 was 0.304 inches per second.  There 

was very little lateral motion, which meant the motion was due to the downwash only.  This sinking of the 

centroid due to the velocity field of the opposite vortex pairs agreed with the behavior predicted by 

Donaldson et al. (1974) 
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9. Frequency Analysis 

Fourier transforms were obtained for the positions of the vortices for each downstream 

location.  However, no significant information was obtained from these plots.  The plots were 

nearly identical to that of Figure 4.6, which showed the frequency content of an unforced single-

vortex case.  Most of the energy appeared to be concentrated in the low frequency range with no 

one frequency standing out.   
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Figure 5.10:  Vortex separation distances for the spiraling case (Kliment 2002). 
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Figure 5.11: Downstream view of positions of the centers of orbiting for each spiraling vortex 

pair (Kliment 2002). 
 

B. SCATTERING CASE 5.2 

1. Kinematics 

Figure 5.12 shows the time-averaged locations for each vortex at the downstream distances 

recorded for the scattering case.  In this case, the wing tip vortices initially moved inward while 

the flap tip vortices sank rapidly.  After the first three distances, both sets of vortices sank at 

about the same rate.  This was a form of instability in which the flap vortices were repelled by 

the wing tip vortices with the distance between them increasing indefinitely.  However, all 

vortices remained organized, which means the instability did not lead to self-destruction.  This is 

a subtle issue in that linear stability analyses cannot distinguish the difference between the two 

types of instability. 
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Figure 5.12: Average vortex locations for the four-vortex scattering case (downstream 

view).   
 

2. Test Matrix 

Table 5.2 shows the blade angles associated with each vortex.  As with the spiraling case, the 

wing tip vortices are numbered 1 and 2, while those from the flap tips are 3 and 4.  Data was 

recorded between 12 and 45 inches downstream of the vortex generators.  The first four points 

 
Table 5.2: Four-vortex scattering case experimentally investigated.   

Blade α (deg) 
1 9.5 
2 8.0 
3 7.5 
4 6.0 

V∞ = 0.27 fps.  
λ = 1.48, 2.22, 3.00, 3.70, 4.07, 4.44, 4.81, 5.19, 5.56 
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were recorded in 6-inch increments and the remaining was taken in 3-inch increments.  In 

addition, the first three points were recorded for only a short time in order to get the average 

vortex location and, therefore, are only included in Figure 5.12.   

For the scattering case, the outer blades were separated by 8 inches and the inner by 2 inches.  

This setup was symmetric.  Donaldson et al. (1974) predicted that scattering would occur in 

cases when flap spans were 50% or less of the wingspans.  However, the previous spiraling case 

fit this criterion without scattering.  In fact, the scattering case here was a result of having a flap 

span of 25% of the wingspan.   

Unlike in the previous case, kinematics could not be used to find the strengths since the 

vortices did very little spiraling.  In addition, the separation distance between the co-rotating 

vortices was not constant, which was an assumption when deriving the kinematic equations used 

to determine the strengths for the spiraling case.   

Again, setting the blade angles for symmetry of the wake proved to be difficult.  So even 

though the wake looks somewhat symmetric, the strengths could differ by some amount.  The 

recommendation of finding a better way of setting the blade angles should be made here also. 

3. Clouds 

Two sets of vortex motion clouds are shown in Figures 5.13 and 5.14.  From these figures, it 

appears that the wing tip vortices moved omni-directionally, while those from the flap tip had a 

preferred direction of motion.  This might be an indication that the flap tip vortices had higher 

strengths, which could have led to the onset of Crow instability for that pair.  This could be 

especially the case because the flap tip vortices moved away from those of the wing tip, and 

therefore, were not subject to the strain field of the latter. 
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Figure 5.13: Vortex clouds for the scattering case, λ = 4.07 (downstream view). 

 

4. Moment of Inertia 

The ratios of moments of inertia are shown in Figure 5.15.  The ratios for vortex 3 and vortex 

4 were noticeably larger than those for the wing tip vortices.  The fact that the maximum and 

minimum moments of inertia differed more for the flap tip vortices meant that those motion 

clouds were more likely to exhibit a preferred direction.  This agrees with the behavior seen in 

the motion clouds in Figures 5.13 and 5.14.  The angles obtained from the second moments of 

inertia are shown in Figure 5.16.  Since any moments of inertia produced an angle, those for the 

wing tip vortices are shown on this plot also.  However, only the angles for the flap tip vortices 

were meaningful.  The angles for vortex 3 varied between 110° and 130° while those for vortex 4 
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Figure 5.14: Vortex clouds for the scattering case, λ = 5.56 (downstream view). 

 

were between 40° and 60°.  These angles were near those predicted by Crow (1970) for the 

instability of a pair of counter-rotating vortices.  Crow (1970) showed that, once unstable, the 

motion would be confined to planes of approximately 45° from the horizontal.   

5. Amplitude 

The amplitudes of motion are shown in Figure 5.17.  The amplitudes increased with the 

distance downstream of the vortex generators.  This agreed with the results of the single vortex 

cases.  However, the amplitudes here are larger than those for the single vortices, due to the 

mutual interaction among the four filaments.  All four vortices had comparable amplitudes.   
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Figure 5.15:  Ratio of moments of inertia for the scattering case. 
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Figure 5.16:  Inclination angle of the principal axes for the scattering case. 
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Figure 5.17: Mean Amplitudes of motion for the scattering case.   

 

6. Spiraling Rate 

The spiraling rates for the two co-rotating pairs are shown in Figure 5.18.  Again, this plot is the 

inclination angle of the line connecting the vortices on each side versus the distance downstream of the 

vortex generators.  Therefore, the spiraling rates are related to the slope of the linear line connecting the 

points in each data set.  For the first few points, the co-rotating pairs had a slight rate of rotation.  

However, the rate of rotation was nearly zero for both co-rotating pairs after the first few locations.   

The experimental results for the spiraling rates disagreed with the predictions of Donaldson et al. 

(1974) where the authors suggested that the wing tip and flap tip vortices would continue to orbit around 

each other.  The spiraling would result in the wing tip vortices getting very close to each other, leading to 

the destruction of that pair.  The authors (Donaldson et al. 1974) thought  
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Figure 5.18:  Orbiting rates for the scattering case. 

 

the destruction of the wing tip vortices would then lead to an inviscid instability in those of the flap tips.  

However, in the present experimental results, the spiraling rates became nearly zero after the first three 

points. 

7. Vortex Separation Distance 

Figures 5.19 shows the vortex separation distance versus position downstream of the vortex 

generators for both co-rotating pairs in the scattering case.  The trends indicated that there was an 

increase in the separation distance.   

8. Frequency Analysis 

Fourier transforms were obtained for the positions of the vortices for each downstream location.  

However, like the unforced single vortex cases, no significant information was 
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Figure 5.19:  Vortex separation distances for the scattering case. 

 

obtained from these plots.  Most of the energy appeared to be concentrated in the low frequency 

range with no single frequency standing out.   

C. CONCLUDING REMARKS 

These results clearly show that the experimental method discussed in this document is 

suitable for analyzing the dynamics of complex wake vortex structures, such as the four-vortex 

system used here for verification.  This type of system is a better representative of the wake of a 

transport aircraft with deployed high-lift devices and has all the essential features of a complex 

wake, especially in the spiraling case.  Of specific interest in this research project was the 

dynamics of the mid-field wake consisting of pairs of co-rotating vortex filaments.  The author’s 

earlier work in this area will be reviewed first, followed by results of investigations carried out 

since then. 
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CHAPTER 6 

CO-ROTATING VORTICES (UNFORCED AND MERGING) 

 
The information contained in this chapter was mostly presented earlier by Kliment (2002) 

and provided the impetus for the remainder of this document.  However, in the interest of 

completeness, this material is repeated here again.  The reader is cautioned that in the course of 

editing the present document, certain errors were discovered in the earlier work.  Therefore, the 

corrected results presented here do not match those presented earlier exactly.  However, these 

corrections did not alter the conclusions drawn in the earlier publication. 

A. UNFORCED CO-ROTATING VORTICES 

1. Test Matrix 

Eleven cases were recorded in order to study the time history of motion of a pair of co-

rotating vortices.  The data was recorded at several different combinations of blade separations 

and angles of attack.  The tunnel speed was again held constant at 0.27 fps.  These cases are 

shown in Table 6.1.  To obtain these results, the blades were mounted vertically in the tunnel 

below the reflection plane, which was placed at the top of the test section.  Therefore, in all of 

the material that follows, including in this table, left and right refer to the blade which generated 

the vortex as viewed from the downstream window.   

2. Strength 

The vortex generators were set at various combinations of angles of attack.  In most cases, the 

blades were angled so that the vortices appeared to have nearly equal strengths.  However, in a 

few cases, blade angles were chosen so that one vortex was much stronger than the other.  The 

blades’ angles of attack and the vortex strengths for each case are shown in Table 6.2.  The 

strengths, calculated using Equations 3.14 and 3.15, could not be found until after the data was 
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recorded and reduced.  Therefore, sometimes there was a significant difference between the left 

and right vortex strength, even though they appeared to be equal at the time the test was ran.  For  

 
Table 6.1: Co-rotating cases experimentally investigated. 

Case b (in) αLeft (deg) αRight (deg) λ 
6.1 2 10 9 3.83, 4.20, 4.57, 4.94, 5.31 
6.2 2 6 5 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.3 2 8 6 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.4 2 9 10 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.5 2 11 10 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.6 3 10 9 3.83, 4.20, 4.57, 4.94, 5.31, 5.68, 6.05
6.7 3 8 6 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.8 3 5.5 6 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.9 3 9.5 10 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.10 3 10 6 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 
6.11 3 7 6 3.83, 4.20, 4.57, 4.94, 5.31, 5.68 

V∞ = 0.27 fps.   
Left and Right as viewed from downstream. 

 

Table 6.2: Blade angles of attack and vortex strengths. 

Case b (in) αLeft (deg) αRight (deg) γLeft γRight 

6.1 2 10.0 9.0 -0.09 -0.13 
6.2 2 6.0 5.0 -0.08 -0.07 
6.3 2 8.0 6.0 -0.08 -0.09 
6.4 2 9.0 10.0 -0.03 -0.24 
6.5 2 11.0 10.0 -0.12 -0.18 
6.6 3 10.0 9.0 -0.16 -0.11 
6.7 3 8.0 6.0 -0.14 -0.08 
6.8 3 -5.5 -6.0 0.11 0.14 
6.9 3 -9.5 -10.0 0.20 0.17 
6.10 3 10.0 6.0 -0.18 -0.07 
6.11 3 7.0 6.0 -0.16 -0.03 
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this reason, it was difficult to separate the cases into categories of equal or unequal strengths.  

For this document, it was determined that Cases 6.1 through 6.3 and 6.6 through 6.9 had nearly 

equal strengths.  Cases 6.4, 6.5, 6.10, and 6.11 had left and right vortex strengths which differed 

noticeably.    It is also important to note that in cases 6.8 and 6.9, the vortex generators were 

angled in the opposite direction of the other cases.  This caused the signs of the strengths for 

those two cases to differ from the others.   

3. Time-Dependent Motion (Clouds) 

Examples of the vortex clouds are shown in Figures 6.1 through 6.3.  Figure 6.1 shows an 

example of when the individual clouds appeared to be nearly round and had nearly equal 

amplitudes of motion.  Jimenez (1975) predicted that the motion of co-rotating vortices would 

occur equally in all directions, like that shown in Figure 6.1.  Furthermore, since the vortex 

strengths were nearly equal, so were the amplitudes.   

While the behavior shown in Figure 6.1 agreed with that predicted by Jimenez (1975), it did 

not hold true for every case.  Figure 6.2 shows an example of a case in which the vortex clouds 

seemed to have a preferred direction of motion.  This behavior is inconsistent with the results 

found by Jimenez (1975).  While the preferred direction of motion was apparent in much of the 

data, no clear correlation was observed between vortex strength or span and this feature.   

Figure 6.3 shows a case in which one vortex moved with much larger amplitude than the 

other.  This behavior was present for the cases in which one vortex was stronger than the other.  

The weaker vortex moved with the larger amplitude.   

4. Preferred Direction of Motion (Moment of Inertia) 

At first glance, the preferred direction of motion seemed to be obvious in the vortex clouds.  

However, as with the single vortex cases, the appearance of the clouds could be misleading.  The 
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Figure 6.1: Vortex clouds for Case 6.2, λ = 4.57 (downstream view). 
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Figure 6.2: Vortex clouds for Case 6.7, λ = 4.57 (downstream view). 
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Figure 6.3: Vortex clouds for Case 6.4, λ = 3.83 (downstream view). 

 

ratio of the maximum and the minimum moments of inertia was judged to be a better indication 

of whether the vortex motion favored any direction.  Shown in Table 6.3 and 6.4 are the 

moments of inertia and their ratios for the co-rotating cases.  The data in which the clouds 

appeared to have a definite direction are marked with an asterisk.  No clear criterion could be 

established that would indicate a preferred direction for the motion.  However, it appeared that, 

with a few exceptions, once the ratio of maximum to minimum moment of inertia exceeded 2, an 

angle was apparent in the vortex clouds.  In addition, Table 6.3 shows that the vortex cloud 

appeared to have an angle 68% of the time when the blade span was 2 inches.  On the other hand, 

Table 6.4 shows that when the blade span was 3 inches, an angle was apparent in the vortex 

cloud 46% of the time.  This would indicate that smaller blade separations led to the motion 

resembling a planar wave, most likely because of the stronger vortex interaction.   

The schematic in Figure 6.4 shows the angles involved with the co-rotating vortices.  

Because the filaments spiraled, measuring the cloud angles relative to the horizontal was not  

Right Vortex 

Left Vortex 
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Table 6.3: Moment of inertia information for the two-inch blade separation cases. 

Case λ 
Left Vortex Right Vortex 

Imax (in2) Imin (in2) Imax / Imin Imax (in2) Imin (in2) Imax / Imin 

6.1 

3.83 72.90 35.94 2.03* 62.72 44.33 1.41 
4.20 107.75 37.54 2.87* 84.31 55.82 1.51 
4.57 117.75 47.69 2.47* 108.40 49.95 2.17* 
4.94 188.24 66.82 2.82* 170.35 100.79 1.69* 
5.31 188.69 93.95 2.01* 239.56 89.14 2.69* 

6.2 

3.83 37.23 25.02 1.49 32.13 20.76 1.55 
4.20 35.68 32.54 1.10 36.13 22.54 1.60 
4.57 55.78 44.72 1.25 51.93 43.88 1.18 
4.94 72.55 60.37 1.20 83.62 39.39 2.12* 
5.31 95.11 68.70 1.38 94.89 46.04 2.06 
5.68 170.12 83.49 2.04* 79.35 71.93 1.10 

6.3 

3.83 39.74 27.24 1.46 90.68 44.72 2.03* 
4.20 72.73 36.97 1.97* 153.80 48.95 3.14* 
4.57 97.84 41.26 2.37* 161.87 99.47 1.63* 
4.94 167.69 55.14 3.04* 176.92 83.65 2.12* 
5.31 174.97 53.04 3.30* 543.73 98.31 5.53* 
5.68 180.72 75.01 2.41* 482.10 134.32 3.59* 

6.4 

3.83 133.92 58.09 2.31* 38.75 19.08 2.03 
4.20 586.96 82.63 7.10* 85.83 61.56 1.39 
4.57 699.51 69.69 10.04* 60.92 33.86 1.80* 
4.94 433.30 138.61 3.13* 61.60 48.26 1.28 
5.31 793.24 179.22 4.43* 106.40 54.30 1.96* 
5.68 1844.89 197.47 9.34* 84.58 46.99 1.80 

6.5 

3.83 197.57 44.29 4.46* 65.65 52.29 1.26 
4.20 184.81 66.84 2.77* 98.17 42.94 2.29* 
4.57 305.39 84.93 3.60* 156.28 68.97 2.27* 
4.94 329.02 95.51 3.44* 158.50 96.48 1.64* 
5.31 606.47 141.14 4.30* 366.34 113.12 3.24* 

*  Cases with well-defined direction of motion 
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Table 6.4: Moment of inertia information for the three-inch blade separation cases. 

Case λ 
Left Vortex Right Vortex 

Imax (in2) Imin (in2) Imax / Imin Imax (in2) Imin (in2) Imax / Imin 

6.6 

3.83 52.28 25.87 2.02 35.51 21.13 1.68 
4.20 32.04 19.66 1.63* 18.96 12.69 1.49 
4.57 44.04 29.61 1.49* 34.24 22.34 1.53 
4.94 77.49 37.37 2.07* 32.43 19.38 1.67* 
5.31 88.53 67.80 1.31 42.18 30.80 1.37 
5.68 93.31 62.75 1.49 53.12 43.50 1.22 
6.05 87.13 65.94 1.32 46.12 29.71 1.55 

6.7 

3.83 11.22 9.19 1.22 58.58 10.20 5.74* 
4.20 21.49 12.28 1.75 90.41 14.21 6.36* 
4.57 63.98 13.29 4.82* 112.18 19.98 5.62* 
4.94 36.28 19.12 1.90 56.21 15.33 3.67* 
5.31 86.01 30.23 2.85* 119.82 18.34 6.53* 
5.68 39.55 24.45 1.62 92.29 27.33 3.38* 

6.8 

3.83 18.48 13.39 1.38 22.56 12.15 1.86 
4.20 26.78 17.18 1.56 26.56 18.11 1.47* 
4.57 28.82 18.06 1.60 40.66 17.68 2.30 
4.94 30.42 17.97 1.69 44.74 18.17 2.46* 
5.31 44.23 17.71 2.50* 68.86 28.21 2.44* 
5.68 63.64 16.59 3.84* 45.68 24.29 1.88* 

6.9 

3.83 56.20 24.55 2.29* 28.28 22.14 1.28 
4.20 45.90 22.32 2.06 57.29 23.07 2.48* 
4.57 46.66 21.93 2.13 52.70 45.84 1.15 
4.94 64.76 26.27 2.47* 92.96 61.67 1.51 
5.31 66.52 32.52 2.05* 79.70 70.29 1.13 
5.68 96.43 36.94 2.61 76.23 63.54 1.20 

6.10 

3.83 19.93 12.39 1.61* 67.27 17.71 3.80* 
4.20 36.42 9.98 3.65* 77.35 28.99 2.67* 
4.57 39.78 18.96 2.10* 98.08 23.62 4.15* 
4.94 36.22 29.33 1.23 94.74 34.79 2.72* 
5.31 84.05 27.69 3.04* 153.46 57.32 2.68* 
5.68 54.89 38.22 1.44 96.45 42.69 2.26* 

6.11 

3.83 27.70 13.90 1.99 35.30 17.77 1.99 
4.20 47.20 18.84 2.51 28.04 19.76 1.42 
4.57 50.43 30.49 1.65 35.67 29.87 1.19 
4.94 73.94 31.14 2.37 34.27 28.04 1.22 
5.31 53.66 34.59 1.55 55.08 24.36 2.26 
5.68 106.65 53.43 2.00* 112.06 54.83 2.04* 

*  Cases with well-defined direction of motion   
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meaningful.  Instead, the cloud angles were measured relative to the line connecting their 

centroids.  This was consistent with the angles that are reported in most analytical models and, 

therefore, would allow for the comparison of those results with the ones presented in this 

document.   

The preferred directions of vortex motion, found from the moments of inertia, are shown in 

Tables 6.5 and 6.6.  All of the angles were included here, even those for the cases when the 

clouds didn’t appear to be oblong.  No clear correlation could be established between the 

preferred direction of motion and the other parameters in the problem.  In addition, there was a 

wide scatter in the inclination angles of the planes containing the movements which didn’t allow 

for comparison with analytical models.   
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Figure 6.4: Definition of the inclination angle. 
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Table 6.5: Angles for the two-inch blade separation cases. 
  Left Vortex Right Vortex 

Case λ Imax / Imin θP − θ (deg) Imax / Imin θP − θ (deg) 

6.1 

3.83 2.03* 61.77 1.41 69.76 
4.20 2.87* 54.20 1.51 22.79 
4.57 2.47* 68.56 2.17* 36.17 
4.94 2.82* 68.07 1.69* 56.24 
5.31 2.01* 62.85 2.69* 48.09 

6.2 

3.83 1.49 138.07 1.55 72.77 
4.20 1.10 119.82 1.60 72.35 
4.57 1.25 51.47 1.18 54.28 
4.94 1.20 3.37 2.12* 90.66 
5.31 1.38 36.84 2.06 98.08 
5.68 2.04* 34.25 1.10 25.85 

6.3 

3.83 1.46 44.61 2.03* 82.09 
4.20 1.97* 47.86 3.14* 78.79 
4.57 2.37* 43.27 1.63* 78.50 
4.94 3.04* 47.60 2.12* 49.60 
5.31 3.30* 48.03 5.53* 39.86 
5.68 2.41* 70.17 3.59* 62.28 

6.4 

3.83 2.31* 44.25 2.03 1.73 
4.20 7.10* 27.65 1.39 57.29 
4.57 10.04* 41.16 1.80* 20.30 
4.94 3.13* 51.56 1.28 164.81 
5.31 4.43* 65.07 1.96* 31.13 
5.68 9.34* 36.45 1.80 43.22 

6.5 

3.83 4.46* 58.64 1.26 48.42 
4.20 2.77* 63.71 2.29* 46.85 
4.57 3.60* 62.59 2.27* 48.65 
4.94 3.44* 66.92 1.64* 55.85 
5.31 4.30* 79.39 3.24* 49.31 

*  Cases with well-defined direction of motion 
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Table 6.6: Angles for the three-inch blade separation cases. 
  Left Vortex Right Vortex 
Case λ Imax / Imin θP − θ (deg) Imax / Imin θP − θ (deg) 

6.6 

3.83 2.02 79.73 1.68 45.79 
4.20 1.63* 97.24 1.49 32.86 
4.57 1.49* 79.66 1.53 61.39 
4.94 2.07* 84.18 1.67* 41.26 
5.31 1.31 136.36 1.37 4.92 
5.68 1.49 139.72 1.22 83.01 
6.05 1.32 85.29 1.55 59.65 

6.7 

3.83 1.22 26.03 5.74* 39.13 
4.20 1.75 102.68 6.36* 59.66 
4.57 4.82* 129.27 5.62* 36.95 
4.94 1.90 85.79 3.67* 55.64 
5.31 2.85* 118.81 6.53* 48.99 
5.68 1.62 145.24 3.38* 69.60 

6.8 

3.83 1.38 155.28 1.86 111.51 
4.20 1.56 53.94 1.47* 105.91 
4.57 1.60 25.79 2.30 123.97 
4.94 1.69 175.71 2.46* 117.44 
5.31 2.50* 151.76 2.44* 109.94 
5.68 3.84* 152.07 1.88* 105.54 

6.9 

3.83 2.29* 130.56 1.28 60.45 
4.20 2.06 124.30 2.48* 90.20 
4.57 2.13 140.87 1.15 62.95 
4.94 2.47* 113.81 1.51 77.01 
5.31 2.05* 131.40 1.13 0.60 
5.68 2.61 127.45 1.20 155.36 

6.10 

3.83 1.61* 141.94 3.80* 54.04 
4.20 3.65* 159.80 2.67* 52.82 
4.57 2.10* 141.67 4.15* 59.92 
4.94 1.23 150.81 2.72* 59.91 
5.31 3.04* 179.65 2.68* 78.79 
5.68 1.44 159.65 2.26* 74.96 

6.11 

3.83 1.99 26.95 1.99 44.73 
4.20 2.51 41.99 1.42 24.79 
4.57 1.65 88.61 1.19 63.06 
4.94 2.37 64.77 1.22 82.97 
5.31 1.55 46.35 2.26 59.67 
5.68 2.00* 45.18 2.04* 85.94 

  *  Cases with well-defined direction of motion 
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5. Amplitude 

The amplitudes of motion for the two-inch blade separations are shown in Figures 6.5 and 

6.6.  The amplitudes grew with increasing downstream distance and were larger than those of the 

single vortex cases due to the strong vortex-vortex interaction.  Figures 6.7 and 6.8 show the 

amplitudes of motion for the three-inch blade separation cases.  These also grew with increasing 

downstream distance.  However, the amplitudes were of the same order of magnitude as those of 

the single vortex.  This indicated that the vortex motion was primarily self-induced in the three-

inch blade separation cases.   

As was mentioned, it was difficult to split apart the cases in which vortex strength differed 

greatly.  For this document, Cases 6.4, 6.5, 6.10, and 6.11 were determined to have vortices of 

unequal strengths.  Figures 6.5 and 6.7 show that when the strengths were nearly equal, the 

amplitudes for the left and right vortex were also comparable.  In cases with differing vortex 

strengths, the amplitudes of the left and right vortices were very different, which can be seen in 

Figures 6.6 and 6.8.  As expected, the weaker vortices were thrown around by the stronger ones 

and, therefore, had higher amplitudes of motion.  One could argue that some of the cases 

included in Figure 6.8 did not exhibit this amplitude inequality and therefore should not be 

categorized as having unequal strengths.  However, it is difficult to make that judgment based 

solely on this figure since the interaction between the vortices was weak for the three-inch blade 

separation cases.   
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Figure 6.5: Mean amplitudes of motion for two-inch blade separation with nearly equal 

vortex strengths. 
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Figure 6.6: Mean amplitudes of motion for two-inch blade separation with unequal vortex 

strengths. 
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Figure 6.7: Mean amplitudes of motion for three-inch blade separation with nearly equal 

vortex strengths. 
 

0.00

0.01

0.02

0.03

0.04

3.5 4.0 4.5 5.0 5.5 6.0 6.5

λ

A
m

pl
itu

de
/C

Left Vortex, Case 6.10
Right Vortex, Case 6.10
Left Vortex, Case 6.11
Right Vortex, Case 6.11

 
Figure 6.8: Mean amplitudes of motion for three-inch blade separation with unequal vortex 

strengths. 
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6. Spiraling Rate 

The inclination angle of the line connecting the vortices versus the distance downstream of 

the vortex generators is shown in Figures 6.9 and 6.10.  The spiraling rate is related to the slope 

of the trend line and the flow speed.  The spiraling rates determined from these slopes were 

nearly identical to the results of Equation 3.11, which was used to find the same quantity using 

kinematics. 

For all cases, the spiraling rates remained constant over the downstream distances that were 

recorded.  The spiraling rates in Figure 6.9, when b = 2 inches, are slightly higher than those in 

Figure 6.10, when b = 3 inches.  Once again, the smaller blade span resulted in more interaction 

between the vortices and, therefore, a higher spiraling rate.  It should be noted that in cases 6.8 

and 6.9, the spiraling rate was positive instead of negative due to the fact that the vortices were 

rotating in the opposite direction of the other cases.  As indicated earlier, the blade angles of 

attack were set in the opposite direction in these cases.   

7. Vortex Span 

The vortex spans versus downstream distance are shown in Figures 6.11 through 6.13.  For 

the cases with two inches between the vortex generators, shown in Figure 6.11, the span 

decreased with increasing downstream distance.  The cases with three inches between the vortex 

generators are shown in Figures 6.12 and 6.13.  For these cases, with less interaction, the span 

remained nearly constant at about 3 inches.   
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Figure 6.9: Spiraling rates for the two-inch blade separation cases. 
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Figure 6.10: Spiraling rates for the three-inch blade separation cases. 
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Figure 6.11: Vortex spans for the two-inch blade separation cases. 
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Figure 6.12: Vortex spans for the three-inch blade separation cases with nearly equal 

vortex strengths. 
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Figure 6.13: Vortex spans for the three-inch blade separation cases with unequal vortex 

strengths. 
 

8. Center of Spiraling 

Figures 6.14(a) through 6.14(k) show the average location of each vortex at each downstream 

location for each case.  In addition to the average locations, the figures include a line connecting 

the left and right vortices at each downstream location in order to illustrate the spiraling 

behavior.  The center of spiraling remained fairly stationary in the tunnel over the downstream 

distances recorded.  In addition, for the cases when the strengths were nearly equal, the center of 

spiraling was close to halfway between the vortices.  This meant that both vortices moved at 

nearly the same rate.  Naturally, when the vortex strengths were not equal, the center of spiraling 

was located closer to the stronger vortex.   
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      (e): Case 6.5       (f): Case 6.6 

Figure 6.14: Average vortex positions at each downstream location (continued on the next 
page). 
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Figure 6.14: Average vortex positions at each downstream location (concluded). 
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The locations of the center of spiraling were extracted from Figures 6.14(a) through 6.14(k) 

and are shown in Figures 6.15(a) through 6.15(k).  In all of the cases recorded, the amplitude of 

this motion remained less than one vortex core diameter.  In Cases 6.1, 6.3, 6.5, and 6.10, the 

center of spiraling seemed to follow a curve.  The motion appeared to be random in the 

remaining seven cases.  The behavior of the center of spiraling compared closely with that of the 

average single vortex positions, shown in Figures 4.5 and 4.12.    
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Figure 6.15: Motion of the center of spiraling (continued on the next page). 
■ λ=3.83, ♦ λ=4.20, ▲ λ=4.57, × λ=4.94, □ λ=5.31, ◊ λ=5.68, ∆ λ=6.05. 
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Figure 6.15: Motion of the center of spiraling (continued on the next page). 
■ λ=3.83, ♦ λ=4.20, ▲ λ=4.57, × λ=4.94, □ λ=5.31, ◊ λ=5.68, ∆ λ=6.05. 
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Figure 6.15: Motion of the center of spiraling (concluded). 
■ λ=3.83, ♦ λ=4.20, ▲ λ=4.57, × λ=4.94, □ λ=5.31, ◊ λ=5.68, ∆ λ=6.05. 

 

9. Frequency Analysis 

Fourier transforms were obtained for the positions of both vortices for each case and each 

downstream location.  The plots were nearly identical to that of Figure 4.6, which showed the 

frequency content of an unforced single-vortex case.  Most of the energy appeared to be 

concentrated in the low frequency range with no one frequency standing out.  However, no 

significant information was obtained from these plots. 

B. MERGING CO-ROTATING VORTICES 

1. Test Matrix 

Nine cases were run in order to visually observe the merging of a pair of co-rotating vortices.  

A still camera was used to record the data at several different combinations of blade separations 

and angles of attack.  Again, the tunnel speed was held constant.  The case parameters are listed 

in Table 6.7.   
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Table 6.7: Co-rotating cases visually investigated. 

Case b (in) αLeft (deg) αRight (deg) 
6.12 1 11 11.5 
6.13 1 9 9.5 
6.14 1 7.5 7.5 
6.15 1 6 6 
6.16 1 4.5 4.5 
6.17 1.5 10.5 11 
6.18 1.5 9.5 9 
6.19 1.5 7 7.5 
6.20 1.5 6 6 

       V∞ = 0.27 fps.   
       Left and Right as viewed from downstream.   

 

In these cases, with blade separation distances of 1 and 1.5 inches, the interaction between 

the vortices was very strong and the dye did not remain in the core.  Therefore, it was impossible 

to identify the location of the vortex cores using the quantitative method.  Because of this, a 

visual inspection was the only option available for studying the merger location.  Snapshots were 

taken to capture the entire width of the test section and various distances were estimated using a 

calibration grid on the far tunnel window.  This led to questions in the accuracy since the data 

was based on visual observations and a single snapshot, rather than an average of many video 

frames.   

2. Strength 

In all of the cases, the blade angles were set so that the vortices appeared to have nearly equal 

strengths.  The data illustrated in Figure 6.16 shows that the strengths varied linearly with the 

angle of attack of the vortex generators.  However, there was a lot of scatter in the data.  Several 

points were not considered when curve-fitting because they appeared to be in error.  To minimize 
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the scatter, subsequent figures were plotted versus the angle of attack of the blade instead of 

vortex strength.  

3. Spiraling Rate 

The spiraling rate, shown in Figure 6.17, increased with the blades’ angle of attack and 

decreased with increasing distance between the blades.  The trends in this figure are consistent 

with those of previous data in that the spiraling rate increased as the blades’ angle of attack, and 

vortex strength, increased.  Again, some points appeared to be in error and were excluded from 

the trend lines.   
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Figure 6.16: Vortex strengths at various angles of attack for two-vortex cases. 
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Figure 6.17: Spiraling rate as a function of angles of attack. 

 

4. Merger Location 

Merger was defined as the location where the right and the left vortices could no longer be 

viewed independently of each other.  Figure 6.18 shows that the distance to merger decreased as 

the generators’ angles of attack increased.  This was expected since the level of interaction 

between the two filaments increased with the vortex strength.  Furthermore, Foster (1999) 

showed that the viscous core diameter grew as the vortex strength increased.  Therefore, stronger 

vortices, which have a larger core diameter, would take a shorter distance to merge.  Again, some 

points were excluded because they were thought to be in error.   
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Figure 6.18: Merger location as a function of angles of attack. 

 

The merger of the two filaments generally occurred within the test section of the tunnel.  

Results found by Jacob et al. (1997, 1998, 1999) indicated that merger usually occurred near one 

orbit.  The results in this document agreed with those of Jacob et al. (1997, 1998, 1999) for most 

cases, such as the one shown in Figure 6.19.  However, in some cases, the merger occurred long 

after one orbit, as shown in Figure 6.20.  There was no correlation between the vortex strength or 

separation distance and the number of orbits to merger.  It seemed that a better correlation 

existed between the distance to merger and the vortex strength, as indicated by the results shown 

in Figure 6.18. 
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Figure 6.19: Example of vortex merger occurring at one orbit (Case 6.17). 

 
 

 
Figure 6.20: Example of vortex merger occurring after one orbit (Case 6.18). 
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C. CONCLUDING REMARKS 

It was demonstrated that the two vortex filaments of a co-rotating system sometimes 

exhibited a preferred direction of motion.  This behavior was inconsistent with that predicted by 

the classical theoretical model developed about three decades earlier.  Since these results were 

inconclusive in this regard, further investigation of this phenomenon was deemed necessary.  

This led to the investigation of the behavior of the same vortical systems in the presence of 

forcing functions and ground effect, which are presented in the following chapters. 

Investigation of the characteristics of the vortex merger was not the primary goal of this 

research effort.  However, a very limited number of cases were studied in connection with the 

present work.  Contrary to the results reported in the open literature, co-rotating vortex filaments 

studied here did not necessarily merge within one orbit.  The merger location appeared to 

correlate with vortex strength and with the distance separating the individual vortex filaments.  

However, a detailed study of the merging process would require a better experimental technique 

such as Particle Image Velocimetry (PIV). 
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CHAPTER 7 

CO-ROTATING VORTICES (FORCED) 

 
As stated in the previous chapter, co-rotating vortex filaments observed in the process of 

carrying out the earlier work exhibited a tendency to oscillate in preferred directions.  This 

implied that their spatial motion tended to form planar waves.  However, this tendency showed 

no clear frequency and was in contradiction to the results predicted by the earlier potential flow 

analyses.  Therefore, the next step was to force the vortices to oscillate at predefined frequencies 

and observe their kinematics.   

In the course of this investigation, the author found two other theoretical models whose 

results also did not agree with the classical long-wave stability analysis of Jimenez (1975).  

Therefore, this chapter starts with a brief description of these theoretical models, followed by the 

presentation of the experimentally obtained data. 

A. THEORETICAL MODELS 

1. Inviscid Solution – Jimenez   

The classical three-dimensional model for studying the stability of co-rotating longitudinal 

vortex filaments has been that of Jimenez (1975).  This analysis was based on the Biot-Savart 

law and resembled that of Crow (1970).  The modes of motion were classified into symmetric 

and anti-symmetric and the analysis indicated that both were neutrally stable, except over narrow 

ranges of wavenumber.  The assumptions made in the course of this analysis restricted the results 

to long-wave motion.  In addition, Jimenez (1975) showed that the vortex motion lacked any 

preferred direction, unlike the Crow waves, and that the amplitude of motion would remain 

constant.  These results differ with those of other models in the current literature and the 

experimental work presented in this document.   
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2. Inviscid Solution – Miller et al.  

Miller et al. (2003, 2006) followed the analysis of Crow (1970) very closely in that they 

employed the Biot-Savart law to examine the mutually induced natural oscillations of a pair of 

co-rotating vortex filaments.  A cut-off distance was employed to remove the strong singularity 

in the self-induction term.  In certain parts of the state space, the effect of the magnitude of the 

cutoff distance on the amplitude and the direction of motion could be quite large.   

The filaments were shown to form planar waves, inclined relative to the line connecting their 

mean positions.  The waves, which were stationary relative to the freestream, could assume one 

of two modes.  The symmetric mode was shown to be stable everywhere except for narrow 

bands of wavenumber.  However, the antisymmetric mode was unstable over a wide range of 

wavenumbers, as indicated in Figure 7.1.  In this figure, α represents the eigenvalues used for 

stability analysis.  Therefore, positive values indicate regions of instability.  It is obvious from 

this figure that the antisymmetric mode is unstable everywhere, except at higher values of 

wavenumber.  It is also clear from this figure that the value of the wavenumber separating stable 

and unstable regions depends on the magnitude of the cutoff distance, δ.  Over the range of 

wavenumbers conducive to strong Crow instability, the standing waves were shown to be 

inclined at approximately 40 degrees relative to the line connecting their mean positions.  These 

angles are shown in Figure 7.2.   

3. Solution with Viscous Modeling  

Le Dizès and Laporte (2002) offered a model in which they simulated the effects of viscosity.  

They modeled each filament by a Gaussian vortex.  The vortices could be co- or counter- 

rotating.  In the former case, the vortices would orbit at constant rate.  Subtracting the effect of  

 



 111

-4.0

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Non-dimensional Wavenumber, β

A
m

pl
itu

de
 G

ro
w

th
 R

at
e,  

α
2

δ/β = 0.05
δ/β = 0.10
δ/β = 0.20
δ/β = 0.30

Stable

Unstable

 
Figure 7.1:  Growth rate of the amplitude of the antisymmetric mode.  (Miller et al. 2006) 
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Figure 7.2:  Analytically predicted preferred direction of motion for antisymmetric mode.  

(Miller et al. 2006) 
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the orbiting would result in the flow field of a stationary pair of vortices, each imposing a strain 

field on the other.   The stability could be determined by introducing small spatially periodic 

perturbations on the streamlines of each vortex and expanding and truncating most nonlinear 

terms to their leading term.  They showed that the filaments would form planar waves inclined 

relative to the line connecting them.  They also arrived at an expression for the growth rate of the 

amplitude of motion associated with this short-wave instability.  

B. FORCED CO-ROTATING VORTICES 

1. Test Matrix 

Three cases were studied using various combinations of blade separation, tunnel speeds, and 

angles of attack in order to study the effects of forcing a pair of co-rotating vortices to oscillate at 

various frequencies.  The key parameters for these three cases are shown in Table 7.1.  All cases 

were recorded at the same three downstream locations, from 30 inches to 42 inches in 6 inch 

increments.  The forcing frequency started at 0 Hz and was increased in increments of 0.2 Hz.  

The highest frequency for each case was determined by that in which the dye would no longer 

remain in the vortex core for the downstream distances studied.   

 
Table 7.1: Forced co-rotating cases experimentally investigated. 

Case b (in) V∞ (ft/s) αLeft (deg) αRight (deg) β = fb0/V∞ 

7.1 2 0.27 9.5 9.5 0, 0.12, 0.25, 0.37 

7.2 3 0.33 8.0 8.0 0, 0.15, 0.30, 0.45, 0.61,  
0.76, 0.91, 1.06, 1.21 

7.3 3 0.27 7.5 8.5 0, 0.19, 0.37, 0.56, 0.74,  
0.93, 1.11, 1.30 

λ = 3.70, 4.44, 5.19.   
Left and Right as viewed from downstream. 
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2. Strength 

The blade angles for the three forced cases were set so that the vortices appeared to have 

nearly equal strengths.  However, as with the previous cases, the strengths could not be 

determined until after the case was completed and its data was reduced.  Therefore, the blades 

were set visually so that the center of spiraling appeared to be directly between the two vortices.  

This resulted in a slight difference between the left and right vortex strengths.  The strengths are 

shown in Table 7.2.   

 
Table 7.2: Strengths for forced co-rotating vortex cases. 

Case b (in) V∞ (ft/s) αLeft (deg) αRight (deg) γLeft γRight 

7.1 2 0.27 9.5 9.5 -0.12 -0.07 
7.2 3 0.33 8.0 8.0 -0.17 -0.09 
7.3 3 0.27 7.5 8.5 -0.13 -0.12 

 

3. Moment of Inertia 

The results showed that the vortices had preferred directions of motion for many of the 

downstream distances and frequencies studied.  The ratio of the second moments of inertia was 

again used to determine the degree that the motion cloud deviated from a circular shape.  This 

ratio is shown in Tables 7.3 through 7.5.  The instances in which the angle was readily visible 

when looking at the motion clouds are denoted with an asterisk.   

The angles are shown in Table 7.6 through 7.8.  Again, it should be noted that any pair of 

maximum and minimum moments of inertia would result in an angle.  However, this angle 

would not always be meaningful.  These same angles are plotted in Figure 7.3 through 7.5.  

These figures also show the angles predicted by Miller et al. (2006) with the dotted and solid 

lines and those from elliptic instability (Le Dizes and Laporte 2002) with the dashed line.  The 



 114

latter values were obtained from Equation 5.13 of the paper authored by Le Dizès and Laporte 

(2002), given here for clarity.  

 ( ) ( )
n

kcn
98.14

69.126.2
2
1cos

+
−+

−=θ  (7.1) 

In this expression, n = 2 corresponds to an ellipse centered on a vortex.  Foster (1999) using 

constant temperature anemometry in the same tunnel obtained core radii, c, between 0.3 and 0.5 

inches for the same vortex strengths.  Interestingly, the inclination angles obtained from this 

expression are not very sensitive to the magnitude of the core radius, the axial wavelength, or the 

order of the ellipse defined by n. 

 
Table 7.3: Moment of inertia information for Case 7.1. 

λ β 
Left Vortex Right Vortex 

Imax (in2) Imin (in2) Imax / Imin Imax (in2) Imin (in2) Imax / Imin 

3.70 

0.00 62.61 41.17 1.52 93.21 37.14 2.51* 
0.12 58.18 38.82 1.50 50.66 33.25 1.52 
0.25 63.63 45.92 1.39 107.31 42.26 2.54* 
0.37 426.51 71.97 5.93 100.29 47.59 2.11* 

4.44 

0.00 109.10 69.24 1.58 142.14 61.16 2.32 
0.12 153.08 126.25 1.21 130.53 39.97 3.27* 
0.25 192.73 87.22 2.21 177.12 59.93 2.96* 
0.37 158.24 85.50 1.85 150.85 130.18 1.16 

5.19 

0.00 178.13 103.92 1.71* 280.21 116.26 2.41 
0.12 486.67 377.75 1.29 191.08 72.56 2.63* 
0.25 447.82 129.29 3.46 162.31 105.96 1.53 
0.37 322.43 130.46 2.47 174.58 138.18 1.26 

       * Cases where the direction of motion was clearly visible 
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Table 7.4: Moment of inertia information for Case 7.2. 

λ β 
Left Vortex Right Vortex 

Imax (in2) Imin (in2) Imax / Imin Imax (in2) Imin (in2) Imax / Imin 

3.70 

0.00 60.71 17.45 3.48* 38.37 21.86 1.75 
0.15 51.50 23.22 2.22* 63.22 23.89 2.65* 
0.30 65.91 28.84 2.29* 117.96 17.03 6.93* 
0.46 77.89 27.96 2.79* 157.39 22.23 7.08* 
0.61 64.41 40.40 1.59 101.85 24.25 4.20* 
0.76 78.82 53.04 1.49 118.24 20.97 5.64* 
0.91 94.13 68.73 1.37 57.16 23.95 2.39* 
1.06 97.83 84.90 1.15 80.49 22.24 3.62* 
1.22 106.04 80.44 1.32 71.31 18.70 3.81* 

4.44 

0.00 79.84 48.93 1.63* 134.27 21.97 6.11* 
0.15 68.12 41.97 1.62 42.51 26.41 1.61* 
0.30 124.93 47.96 2.60* 67.94 33.83 2.01* 
0.46 72.01 48.04 1.50 40.28 26.92 1.50 
0.61 144.41 55.30 2.61* 112.33 20.28 5.54* 
0.76 91.84 75.37 1.22 93.89 53.94 1.74 
0.91 94.81 89.00 1.07 151.86 29.17 5.21* 
1.06 119.19 82.21 1.45 106.24 31.67 3.35* 
1.22 202.52 121.02 1.67* 166.52 56.61 2.94* 

5.19 

0.00 199.59 55.03 3.63* 128.41 48.23 2.66* 
0.15 100.51 50.65 1.98* 69.91 43.85 1.59* 
0.30 78.29 66.40 1.18 107.83 53.63 2.01* 
0.46 97.34 62.97 1.55* 174.53 56.55 3.09* 
0.61 142.58 65.94 2.16* 90.45 50.06 1.81 
0.76 123.34 111.76 1.10 126.36 50.45 2.50* 
0.91 306.02 148.96 2.05* 336.18 68.91 4.88* 
1.06 466.39 141.64 3.29 97.33 45.99 2.12* 
1.22 239.63 166.92 1.44 78.32 46.50 1.68 

       * Cases where the direction of motion was clearly visible 
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Table 7.5: Moment of inertia information for Case 7.3. 

λ β 
Left Vortex Right Vortex 

Imax (in2) Imin (in2) Imax / Imin Imax (in2) Imin (in2) Imax / Imin 

3.70 

0.00 14.98 9.13 1.64* 14.01 8.81 1.59* 
0.19 18.82 15.37 1.22 23.27 14.39 1.62 
0.37 31.38 16.14 1.94* 40.52 14.69 2.76* 
0.56 33.71 13.79 2.44* 50.34 15.10 3.33* 
0.74 52.53 39.83 1.32 47.12 18.18 2.59* 
0.93 41.32 29.27 1.41* 53.29 23.99 2.22* 
1.11 42.41 32.97 1.29 44.09 27.07 1.63 
1.30 78.17 59.09 1.32 50.86 29.93 1.70* 

4.44 

0.00 24.99 14.32 1.74 15.26 11.08 1.38 
0.19 48.24 24.68 1.95* 38.98 27.20 1.43 
0.37 42.25 27.39 1.54 40.01 22.77 1.76 
0.56 48.42 30.74 1.58 50.62 25.31 2.00* 
0.74 79.32 49.76 1.59 56.93 23.89 2.38* 
0.93 72.11 57.32 1.26 54.05 30.23 1.79 
1.11 92.13 57.06 1.61 64.25 48.11 1.34 
1.30 93.18 69.43 1.34 73.51 52.83 1.39 

5.19 

0.00 30.25 18.83 1.61 25.97 15.32 1.70* 
0.19 53.71 35.90 1.50 35.00 25.32 1.38 
0.37 65.98 46.94 1.41* 46.90 27.55 1.70* 
0.56 79.58 56.90 1.40 63.91 35.50 1.80* 
0.74 114.10 105.13 1.09 83.10 37.96 2.19* 
0.93 115.56 110.51 1.05 71.14 43.16 1.65* 
1.11 115.44 71.41 1.62 75.12 50.11 1.50 
1.30 149.75 120.85 1.24 77.49 58.29 1.33 

       * Cases where the direction of motion was clearly visible 
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Table 7.6: Angles for Case 7.1. 
  Left Vortex Right Vortex 

λ β Imax / Imin θP − θ (deg) Imax / Imin θP − θ (deg) 

3.70 

0.00 1.52 14.91 2.51* 61.77 
0.12 1.50 23.08 1.52 46.15 
0.25 1.39 27.66 2.54* 60.56 
0.37 5.93 153.71 2.11* 57.61 

4.44 

0.00 1.58 20.73 2.32 51.10 
0.12 1.21 123.65 3.27* 43.83 
0.25 2.21 0.48 2.96* 47.05 
0.37 1.85 18.74 1.16 36.21 

5.19 

0.00 1.71* 24.52 2.41 12.38 
0.12 1.29 157.25 2.63* 41.63 
0.25 3.46 14.17 1.53 63.47 
0.37 2.47 25.23 1.26 62.07 

  *  Cases where the direction of motion was clearly visible 
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Figure 7.3:  Angles for Case 7.1.  
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Table 7.7: Angles for Case 7.2. 
  Left Vortex Right Vortex 

λ β Imax / Imin θP − θ (deg) Imax / Imin θP − θ (deg) 

3.70 

0.00 3.48* 107.65 1.75 74.74 
0.15 2.22* 90.29 2.65* 24.26 
0.30 2.29* 55.04 6.93* 49.29 
0.46 2.79* 75.66 7.08* 50.25 
0.61 1.59 82.24 4.20* 15.36 
0.76 1.49 78.58 5.64* 40.82 
0.91 1.37 72.55 2.39* 58.59 
1.06 1.15 140.54 3.62* 47.81 
1.22 1.32 41.33 3.81* 46.38 

4.44 

0.00 1.63* 91.00 6.11* 74.51 
0.15 1.62 86.32 1.61* 49.40 
0.30 2.60* 84.37 2.01* 73.77 
0.46 1.50 82.20 1.50 65.15 
0.61 2.61* 79.00 5.54* 44.93 
0.76 1.22 62.39 1.74 45.08 
0.91 1.07 25.46 5.21* 57.63 
1.06 1.45 28.72 3.35* 47.01 
1.22 1.67* 52.49 2.94* 59.59 

5.19 

0.00 3.63* 123.52 2.66* 76.27 
0.15 1.98* 94.19 1.59* 25.54 
0.30 1.18 68.61 2.01* 63.86 
0.46 1.55* 55.98 3.09* 53.71 
0.61 2.16* 80.54 1.81 27.25 
0.76 1.10 74.64 2.50* 81.56 
0.91 2.05* 13.70 4.88* 76.41 
1.06 3.29 67.51 2.12* 65.57 
1.22 1.44 84.59 1.68 44.87 

  *  Cases where the direction of motion was clearly visible 
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Figure 7.4:  Angles for Case 7.2.  
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Table 7.8: Angles for Case 7.3. 
  Left Vortex Right Vortex 

λ β Imax / Imin θP − θ (deg) Imax / Imin θP − θ (deg) 

3.70 

0.00 1.64* 100.28 1.59* 45.26 
0.19 1.22 61.72 1.62 177.03 
0.37 1.94* 56.17 2.76* 1.60 
0.56 2.44* 69.27 3.33* 17.16 
0.74 1.32 30.31 2.59* 31.22 
0.93 1.41* 71.41 2.22* 25.54 
1.11 1.29 44.82 1.63 32.48 
1.30 1.32 93.16 1.70* 37.96 

4.44 

0.00 1.74 75.85 1.38 42.06 
0.19 1.95* 90.23 1.43 21.52 
0.37 1.54 61.91 1.76 21.83 
0.56 1.58 70.37 2.00* 21.98 
0.74 1.59 45.40 2.38* 35.73 
0.93 1.26 71.07 1.79 45.78 
1.11 1.61 4.79 1.34 36.39 
1.30 1.34 178.41 1.39 41.84 

5.19 

0.00 1.61 113.74 1.70* 61.37 
0.19 1.50 75.84 1.38 29.44 
0.37 1.41* 78.89 1.70* 43.78 
0.56 1.40 100.40 1.80* 46.73 
0.74 1.09 44.50 2.19* 48.68 
0.93 1.05 65.84 1.65* 43.26 
1.11 1.62 10.73 1.50 41.24 
1.30 1.24 19.45 1.33 63.76 

  *  Cases where the direction of motion was clearly visible 
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Figure 7.5:  Angles for Case 7.3.   

 

Clearly, the experimental results, as well as the two analytical results shown here, indicate 

that the vortices exhibited a preferred direction of motion.  This brings into question the 

conclusions drawn by Jimenez (1975).  However, as shown in these figures, there was little 

agreement among the three sets of results.  Some possible sources of discrepancy could be: 

• In the experimental setup, the blades were mounted vertically in the tunnel and dye was 

injected in the vortex core, near the leading edge.  The flap tip vortex sank in the tunnel, 

moving away from the blades.  However, the wing tip vortex moved upward, into the wake 

of the blades.  Consequently, the motion of that vortex was possibly affected by the wake of 

its blade, resulting in more scatter in its preferred direction of motion.   

• A second possible source of error was due to the fact that the vortices did not have equal 

strength.  It has been discussed that the blade angles had to be set visually, so that the center 
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of spiraling appeared to be directly between the filaments.  Consequently, the resulting 

strengths could prove to be quite different.  The analytical models assumed that the strengths 

were identical.  In the case of counter-rotating vortices, Ortega and Savas (2001) found 

experimentally that generating unequal vortices of opposite signs led to decay by means 

other than Crow instability.  The same underlying mechanism could be at play in co-rotating 

cases. 

• Another source of error could be the inherent noise in the data acquisition technique.  A flaw 

in the experimental method was that it allows observation of the dye, not the vortex.  If the 

dye was not in the exact vortex core, the circular frequency would appear as the frequency of 

motion after the data reduction.   

• An additional source of discrepancy could be the nature of the flow and the background noise 

in the tunnel.  In certain cases, very slow random flow structures appeared to be present in 

the tunnel.  However, these could not be measured or documented at the time they occurred.  

This issue became pronounced in those cases where ground effect was studied and will be 

discussed in further detail in a later chapter. 

• Finally, in both of the analytical stability analyses the motion is assumed to be harmonic with 

small amplitudes for stability analysis.  Despite the fact that the excitation frequency could 

be identified clearly at every downstream location, in reality, the motion was not of small 

amplitude, as evidenced by the presence of multiple frequencies downstream.  This issue was 

discussed briefly in connection with the forced motion of a single filament and will be 

revisited in later sections.  There is a total absence of any reference to vortex motion with 

large amplitude in the technical literature.  This is a subject that merits greater scrutiny. 
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4. Amplitude  

The amplitudes of motion are shown in Figures 7.6 through 7.9.  The amplitudes increased 

with downstream distance, indicating instability.  Case 7.1 had higher amplitudes than Cases 7.2 

and 7.3.  This was expected due to the fact that Case 7.1 had a blade separation of 2 inches while 

for the other two cases it was 3 inches.  The smaller blade span led to increased mutual induction 

for Case 7.1.  This result is consistent with the behavior seen in the unforced co-rotating cases.  

Furthermore, the amplitude became larger with increasing excitation frequency.  Both of these 

behaviors were predicted by Miller et al. (2006). 

The amplitudes in all three cases were larger than that for a single vortex.  This differed from 

the results of the unforced co-rotating cases, where, with a blade separation of 3 inches, the 

amplitudes were of the same order as those for a single vortex.  Miller et al. (2006) predicted that 

amplitudes should increase with excitation frequency.  However, the larger magnitudes could 

also be due in part to the motion of the shaker disk, which moves with a fairly large amplitude of 

±0.1 inches.  Nonetheless, the mean amplitudes of motion remained below one core radius.   

5. Spiraling Rate 

The inclination angle of the line connecting the vortices versus the distance downstream of 

the vortex generators is shown in Figures 7.10.  The spiraling rate is related to the slope of the 

trend line and the tunnel speed.  In all three cases, the spiraling rate remained constant over the 

downstream distances recorded.  Again, the rates obtained graphically were nearly identical with 

those found using kinematics. 
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Figure 7.6:  Mean amplitudes of motion for forced co-rotating vortices. 

 

0.00

0.01

0.02

0.03

0.04

0.05

0.0 0.3 0.6 0.9 1.2 1.5

β

A
m

pl
itu

de
/C

Left Vortex, Case 7.1

Right Vortex, Case 7.1

Left Vortex, Case 7.2

Right Vortex, Case 7.2

Left Vortex, Case 7.3

Right Vortex, Case 7.3

 
Figure 7.7:  Mean amplitudes of motion for forced co-rotating vortices, λ = 3.70. 
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Figure 7.8:  Mean amplitudes of motion for forced co-rotating vortices, λ = 4.44. 
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Figure 7.9:  Mean amplitudes of motion for forced co-rotating vortices, λ = 5.19. 
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Figure 7.10: Spiraling rates for forced co-rotating vortices. 

 

6. Vortex Span 

The vortex span versus downstream distance is shown in Figure 7.11.  This figure contains 

the span for each downstream distance and frequency that was recorded.  Recall that in the 

unforced cases, those with the 2-inch blade separation showed a decrease in vortex span with 

increasing distance downstream.  The unforced cases with a blade separation of 3 inches had a 

nearly constant span.  The forced cases do not exhibit this behavior.  In fact, Figure 7.11 shows 

that for Cases 7.2 and 7.3, when b = 3 inches, there was a slight decrease in the vortex span with 

downstream distance.  Case 7.1, with the smaller blade separation, had an almost constant vortex 

span.  This is opposite to the results of the unforced cases.  In addition, Figure 7.11 shows that 

the excitation frequency did not have a large effect on the vortex span. 
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Figure 7.11: Vortex spans for forced co-rotating vortices.   

 

7. Center of Spiraling 

The average vortex locations for each case are shown in Figures 7.12(a) through 7.12(c).  

The average locations are shown for each downstream distance and excitation frequency 

recorded.  Also in the figures is a line connecting the approximate vortex positions for each 

downstream distance, in order to illustrate the center of spiraling.   The center of spiraling 

remained nearly fixed over the distance studied.  Also, the center of spiraling was nearly directly 

between the two vortices, which confirmed that the strengths were nearly equal.  In addition, 

Figure 7.12 shows that the excitation frequency had negligible effect on the mean vortex 

position.   
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Figure 7.12:  Average vortex positions at each downstream location and excitation 

frequency for forced co-rotating vortices. 
 

The location of the center of spiraling for the instance when the excitation frequency was 0 

Hz was extracted from Figures 7.12(a) through 7.12(c).  This quantity is shown in Figures 

7.13(a) through 7.13(c).  While all three cases show that the center of spiraling followed a curve, 

the motion of this curve appeared to be random.  In Case 7.3, the amplitude of the motion of the 

center of spiraling remained within one vortex core diameter (Foster 1999).  However, this 

quantity was slightly larger than one core diameter (Foster 1999) for Cases 7.1 and 7.2.  This 



 129

behavior isn’t due to the forcing frequency since Figure 7.13 only shows the center of spiraling 

for the case without excitation.  This behavior could be due in part to tunnel characteristics on 

the days these tests were recorded.  Nonetheless, the amplitudes of motion for Cases 7.1 and 7.2 

did not exceed two vortex core diameters (Foster 1999).  
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Figure 7.13: Motion of the center of spiraling for forced co-rotating vortices, β = 0. 

■ λ=3.70, ♦ λ=4.44, ▲ λ=5.19. 
 
 



 130

8. Frequency Analysis 

Fourier transforms were obtained for the positions of both vortices for each case, downstream 

location, and excitation frequency.  Figure 7.14 shows an example of the frequency contents in 

the y and z positions for the left and right vortex.  Again, most of the energy was confined to low 

frequencies.  However, in Cases 7.1 through 7.3, the forcing frequency is also readily visible.  

For the example shown in Figure 7.14, the forcing frequency was 1.0 Hz.  In addition, twice the 

forcing frequency is also present in Figures 7.14(a) and 7.14(b).  Multiples of the forcing 

frequencies were present in many of the FFT plots.  This resembles the results seen in Figure 

4.13, which showed the frequency content of a forced single-vortex case.   

The presence of multiple frequencies at downstream locations proved a number of issues.  

First, the absence of a dominant frequency in unforced cases was a correct conclusion and not a 

byproduct of the experimental technique.  Any dominant frequency in those cases would have 

been detected, had there been one.  Secondly, examining Equation 7.2, listed below, shows that 

multiples of the forcing frequency would be present if the amplitude of motion, ε, was of 

significant value.   
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Therefore, excitation amplitude of ±0.1 inches was large compared with other length scales in 

this problem.  This could have introduced strong nonlinear effects that could not be predicted by 

linear stability analysis. 
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(a):  Left vortex, y position 
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(b):  Left vortex, z position 

 
Figure 7.14: Sample FFT plots for forced co-rotating vortices, Case 7.2, β = 0.76 (f = 1.0 

Hz), λ = 4.44 (continued on the next page). 
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(c):  Right vortex, y position 
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(d):  Right vortex, z position 

 
Figure 7.14: Sample FFT plots for forced co-rotating vortices, Case 7.2, β = 0.76 (f = 1.0 

Hz), λ = 4.44 (concluded). 
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C. CONCLUDING REMARKS 

Direct comparison with analytical results was not possible because: 

• The experimental setup used here placed one of the vortices in the wake of one blade.  A 

better setup could employ horizontally opposed blades, instead of a parallel arrangement. 

• Background noise and flow quality in the tunnel became an issue.  Although the flow was for 

the most part very smooth, there was evidence that occasionally, low frequency event would 

occur in the tunnel that could not be detected easily and avoided. 

• Inability to generate vortices of exactly equal strength also posed a challenge.  The analytical 

models all depend on exact equality of the vortex strengths.   

• Large amplitudes of the excitation mechanism resulted in nonlinear effects that could not be 

estimated analytically. 

 Nonetheless, all essential features of the flow were detected and the following conclusions 

were drawn from this effort: 

• The data clearly showed that the dynamic interactions between co-rotating vortex filaments 

leads to an unstable oscillatory motion with growing amplitude.  The preferred direction of 

motion implied the presence of stationary waves.  Both of these were in direct contradiction 

with the model of Jimenez (1975) and more consistent with those of Miller et al. (2003, 

2006) and Le Dizès and Laporte (2002). 

• The absence of a dominant frequency in unforced cases was a correct conclusion and not a 

byproduct of the experimental technique.  In the forced cases, the excitation frequency and its 

multiples could be clearly detected at all downstream locations.  If the unforced motion had a 

clear dominant frequency, it would have been detected just as easily.   
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The author believes that further experimental investigation of the above issues would require 

significant refinement of the experimental facility and the apparatus, which cannot be achieved at 

the present.  Therefore, attention was shifted to the other issue, which was the effect of ground 

proximity in vortex dynamics.   
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CHAPTER 8 

COUNTER-ROTATING VORTICES (GROUND EFFECT) 

 
In connection with the problem of wake vortex hazard, two of the most critical phases of 

flight are takeoff and landing.  In both cases, the aircraft fly slowly and deploy high-lift devices.  

The slow speed results in the formation of strong vortices, and the presence of high-lift devices 

leads to formation of multiple vortices.  Furthermore, during these phases, the interactions 

between the wake vortex and the ground plane can significantly alter the behavior and the 

trajectories of these flow structures, as described in an earlier chapter.   The feasibility of 

modeling such interactions in a water tunnel was demonstrated using counter-rotating vortices 

first.  There is a wealth of information in the technical literature in this case, which could be used 

for validation.  Then, the same technique could also be used to investigate the effect of the 

ground proximity on the dynamics of co-rotating vortices.  This chapter summarizes the results 

of the former case.  Co-rotating cases will be discussed in the next chapter. 

A. ANALYTICAL MODEL 

Validation and comparison was done using an analytical model that was very similar to that 

developed by Robins et al. (2001) and Robins and Delisi (2002) for the Aircraft Vortex Spacing 

System (AVOSS).  However, for the present application, the model is somewhat simplified in 

several respects.  The region outside of ground effect (OGE) was defined to be heights above 1.5 

spans.  Near ground effect (NGE) was heights between 1.5 and 0.6 times the span.  In ground 

effect (IGE) was any height below 0.6 times the span.  Robins et al. (2001) and Robins and 

Delisi (2002) indicated that vortices in the OGE and NGE layers decay faster as the result of 

turbulence.  However it was also shown that the decay rate was independent of turbulence in the 
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IGE layer.  Data from lidar measurements at Memphis and Dallas-Fort Worth were used to 

validate their work.  Modeling of each layer is explained below. 

1. Outside of Ground Effect (OGE) 

In Robins and Delisi’s (2002) model, the presence of the ground was neglected in the OGE 

layer, while the model proposed by Greene (1986) was used for vortex decay.  Vortex sinking 

was assumed to be driven by mutual potential-flow interactions between the two vortices.  This 

model was simplified by ignoring the effects of stratification.  Therefore, Equations 8.1 through 

8.6 were used to determine the vortex motion in the OGE region.  The recommended value of 

0.55 was used for the constant C in the vortex decay model.   Also, the expression for the 

relationship between the critical time and turbulence was simplified to Equations 8.5 and 8.6.  

Robins and Delisi (2002) recommended a value of 0.5 for the constant α.  Also, in these 

equations, t and t* were made non-dimensional with respect to b0/V0. 
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2. Near Ground Effect (NGE) 

This phase pertained to vortex motion when 1.5b0 > z > 0.6b0.  Robins and Delisi (2002) 

modeled the motion using potential flow theory.  Each filament was represented by a two-
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dimensional point vortex with an image below the ground plane.  The vortex positions in the z-y 

plane were found from the solution of a set of simultaneous differential equations while the 

system was assumed to be convected downstream by the free stream. 

Using the classical method outlined by Hassan (1979), the Hamiltonian in Equation 8.7 

described the motion of the point vortices in an otherwise stationary body of fluid.  In Equation 

8.7, N is the total number of vortices.  In the NGE layer, N = 4 and this process resulted in eight 

simultaneous differential equations.  From this expression, the canonical equations of motion 

could be obtained from Equation 8.8 and 8.9. 
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For the purpose of the present discussion, effects of stratification were ignored, while the 

vortices were assumed to decay at the same rate as they did at the end of the OGE phase.  This 

phase was assumed to begin when the vortices arrived over the ground plane.  The differential 

equations of motion were solved using a fourth order Runge-Kutta (James et al. 1977) scheme. 

3. In Ground Effect (IGE) 

Robins and Delisi (2002) simulated this phase in multiple segments.  In each segment, four 

other vortices were added to the system to simulate those shed from the boundary layer 

separation on the ground.  This is shown schematically in Figure 8.1.  The secondary vortices 

were added at 45 degrees relative to the primary vortices, at a distance of 0.4 times the initial 

span, when the primary vortices reach 0.6 times the span above the ground plane.  The  
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Figure 8.1: Schematic of the primary and the secondary vortices in ground effect. 

 

recommended starting strength was 40% of that of the primary vortex, while rotating in the 

opposite direction.  Images of these secondary vortices were also added below the ground plane 

to preserve flow tangency at the wall.  Consequently, the vortex trajectories were described by a 

set of sixteen simultaneous differential equations stemming from Equations 8.7 through 8.9. 

In the first segment, the secondary vortices were assumed to decay as they spiraled around 

the primary vortices.  The second segment began when the secondary vortices rotated 180 

degrees around the primary set, when another set of secondary vortices was introduced in a 

similar manner in the flow.  This was to simulate the continuous vortex shedding by the 

separated boundary layer on the ground.   

B. TEST MATRIX 

Four experimental cases were run to study counter-rotating vortices outside and inside of 

ground effect.  In these cases, the blades were positioned horizontally in the water tunnel, with 

the reflection plane against the near window and the ground plane against the far.  In Case 8.1, 

the vortex generators were mounted on the larger 23.75-by-23.875 inch Plexiglas plate.  In the 

three other cases, the smaller 11.125-by-12 inch Plexiglas plate was used, which sat closer to the 
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tunnel wall.  In all cases, the tunnel velocity was 0.27 ft/s.  The blades were separated by either 2 

or 3 inches and the angles were set so that the vortices appeared to have nearly equal strengths.   

 
Table 8.1: Experimental cases for counter-rotating vortices in ground effect. 

Case b (in) γLeft γRight 
Reflection Plane Dimensions 

and Height L (in) 

8.1 2 0.277 0.308 23.75” × 23.875” at 3.75” 6, 10, 14, 18, 24, 
36, 42 

8.2 3 0.246 0.293 11.125” × 12” at 1.375” 
6, 10, 14, 18, 22, 
26, 30, 34, 38, 42, 
46, 50, 54, 58 

8.3 2 0.301 0.295 11.125” × 12” at 1.375” 6, 10, 14, 18, 22, 
26, 30, 34 

8.4 2 0.319 0.353 11.125” × 12” at 1.375” 6, 10, 14, 18, 22, 
26, 30, 34, 38 

V∞ = 0.27 fps. 
Left and Right as emanating from an aircraft when viewed from downstream 
 

C. RESULTS AND DISCUSSION – CASE 8.1 

1. Setup 

For Case 8.1, the blades were mounted on the larger Plexiglas reflection plane, which sat 4 

inches from the near tunnel window.  The smooth ground plane surface was 6.5 inches from the 

far tunnel window.  With the blade span of 12 inches and a tunnel width of 24 inches, 1.5 inches 

remained between the tips of the blades and the surface of the ground plane.  The leading edge of 

the ground plane was 20 inches downstream of the blades’ quarter-chords.  The blades were 

placed 2 inches apart at their quarter-chords and angled to form counter-rotating vortices of 

nearly equal strength.  A picture of the side view of the setup is shown in Figure 8.2.   The reader 

is cautioned that this and subsequent figures have been transposed to make the flow appear in the 

same direction as it would appear in subsequent plots.  Consequently, the flow direction here 

appears to be opposite to that used in previous chapters. 
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Figure 8.2:  Side view of the test setup, Case 8.1. 

 

For Case 8.1, two sets of data were recorded with the ground plane in the test section, and 

one was recorded without it present.  Data Set 1 was recorded first with the ground plane present.  

Then the ground was removed and a data set was recorded without it.  Then the ground plane 

was replaced at its original location in the test section and Data Set 2 was recorded.  This was 

done to ensure repeatability of the results. 

2. Vortex Positions 

The vortex positions for Case 8.1 are shown in Figure 8.3.  For the two data sets with the 

ground plane present in the test section, the leading edge of the ground plane was at x/b0 = 7.4 

and the surface was at z/b0 = 0.0.   
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In the data set with no ground plane, there was a slight sideways drift of the vortex pair.  The 

vortex span and sinking rate remained nearly constant over the downstream range recorded.  

These results were consistent with the behavior of counter-rotating vortices outside of ground 

effect (Rebours 2001).   

For Data Sets 1 and 2, the vortex span remained constant until the ground began to affect the 

flow, at which point the span increased.  The increase in span was consistent with the results 

shown by Proctor et al. (2000).  However, those authors suggested the lateral distance between 

the vortices would begin at y = ±0.5b0 and increase up to y = ±2.0b0.  Figure 8.3(a) shows that 

the lateral positions for Case 8.1 seemed to be approaching y = ±1.0b0 at the last downstream 

distance recorded.  It is believed that the vortices would have reached their maximum lateral 

distance, had a longer ground plane been used.  

At the same time that the span was increasing, the vortices were also rebounding from the 

ground surface.  Figure 8.3(b) shows that the vertical height above the ground plane was nearly 

identical for Data Set 1 and Data Set 2.  The results in Figure 8.3(b) indicate that the vortices in 

Case 8.1 reached a minimum height of about z = 0.4b0 when the ground plane was present.  This 

height is slightly less than the results of the numerical model by Spalart et al. (2001), which 

indicated that the minimum height of the rebounding vortex would be approximately 0.56b0 for 

turbulent models and 0.65b0 for laminar models.  However, the results for Case 8.1 are quite 

consistent with the lidar data presented by Proctor et al. (2000), which showed the minimum 

height was 0.4b0 to 0.55b0 before rebound began.   

Like the data recorded without the ground plane, Data Sets 1 and 2 showed the presence of 

some sideways drift.  Figure 8.3(a) shows that the vortex spans were comparable in Data Sets 1 

and 2, but there was more sideways drift in the former.  In fact, Figure 8.3(b) shows that the 
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vertical heights are identical for the two data sets recorded in ground effect.  Therefore, the 

differences in the positions of Data Sets 1 and 2 in Figure 8.3(c) are entirely due to dissimilar 

side drifts.  At the time when this test was conducted, the cross-flow was thought to be due to 

blockage caused by the reflection plane, which sat 4 inches from the tunnel sidewall and was not 

vertically centered on it.    
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(a):  Lateral vs. downstream positions (top view of the wake) 

 
Figure 8.3:  Vortex positions, Case 8.1 (continued on the next page). 
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(b):  Vertical vs. downstream positions (side view of the wake) 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 8.3:  Vortex positions, Case 8.1 (concluded). 
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3. Validation and Comparison (Vortex Trajectory) 

Using the method described previously, numerical results were obtained in order to validate 

the experimental work.  Many of the parameters were taken to be those suggested by Robins and 

Delisi (2002).  Values listed in Table 8.2 were also used to obtain the numerical results. In Case 

8.1, the leading edge of the ground plane was located 20 inches downstream of the blades’ 

quarter-chords.  The vortices were assumed to be outside of ground effect between the blades 

and the leading edge of the ground plane. 

 
Table 8.2: Parameters for numerical comparison and validation. 

Parameter Value 

b0 (in) 2.46 
z0 (in) 2.15 

V∞ (ft/s) 0.27 
Γ0 (ft2/s) 0.0553 

 

Data Sets 1 and 2 in Case 8.1 exhibited nearly the same behavior in terms of the vortex 

trajectories.  Therefore, only Data Set 1 was used for the comparison in order to avoid cluttering 

the plots.  In addition, it was mentioned before that there was a slight sideways drift apparent the 

experimental data.  Ideally, the point directly between the two vortices would remain at the same 

lateral position at all downstream locations.  However, this was not the case.  The sideways drift 

was not modeled in the analytical case and, therefore, had to be removed from the experimental 

results in order to perform a comparison.  This was done by finding the location halfway 

between the vortices and eliminating any sideways motion of that point while shifting the vortex 

positions by the same amount.   
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The results of the numerical model compared with Data Set 1 are shown in Figure 8.4.  This 

figure shows clearly that the experimental and the numerical results compared very well.  Both 

sets of data showed the vortices to descend at the same rate, and to the same minimum height.  

Furthermore, vortex rebound predicted by the numerical method agreed remarkably well with 

that measured in the tunnel.  However, there was considerable difference between vortex 

Reynolds numbers of the two sets of results.  The numerical method was tuned based on 

operational data, and therefore, it included the viscous effects implicitly.  Flight Reynolds 

numbers were in the range of five million per meter for a transport on final approach.  Flow 

Reynolds number in the water tunnel was approximately two orders of magnitude lower.  Vortex 

Reynolds numbers associate with a typical transport on final approach were several orders of 

magnitude larger than that produced in the water tunnel.  The agreement between the two sets of 

data seemed to indicate that vortex rebound depended on more than just the Reynolds number.   

4. Preferred Direction of Motion (Moment of Inertia) 

The ratio of maximum to minimum moments of inertia is shown in Figure 8.5.  While there 

are several instances when the ratio was between 1.0 and 2.0, for the most part this quantity was 

over 2.0.  This indicated that the vortex motion had a preferred direction.  The angles, found 

using the second moments of the vortex position, are shown in Figure 8.6.   

For unstable counter-rotating vortices outside of ground effect, Crow (1970) predicted that 

the vortex motion would be confined to planes that were approximately 45° from the horizontal.  

In Figure 8.6, the left vortex angle varied between 20° and 80° outside of ground effect while 

that for the right vortex remained nearly constant at 120°.  No clear trend was apparent for when 

the vortices were in the presence of the ground.  However, it is logical to believe that in the 

presence of the ground plane, vortex motion was affected by more than the simple self- and 
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 8.4:  Numerical and experimental (Case 8.1, Data Set 1) results (continued on the 

next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 8.4:  Numerical and experimental (Case 8.1, Data Set 1) results (concluded). 

 

mutual-induction effects that were discussed earlier.  Because of the presence of the images, this 

case is closer to that of the four-vortex case.  Furthermore, interactions with vortices shed from 

the ground plane due to boundary layer separation result was significantly more complex flow 

fields than can be described by the analytical schemes that were discussed earlier. 

5. Amplitude 

The amplitudes of motion for Case 8.1 are shown in Figure 8.7.  The amplitude increased 

with downstream distance.  Also, the ground plane did not seem to influence the magnitude of 

the amplitude of motion.   
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Figure 8.5:  Moment of inertia information, Case 8.1. 
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Figure 8.6:  Inclination angle of the principal axes, Case 8.1. 
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Figure 8.7:  Mean amplitude of vortex motion, Case 8.1. 

 

6. Vortex Span 

The position plots for Case 8.1 showed that the span remained nearly constant outside of 

ground effect and doubled when near the ground.  This is seen more clearly in Figure 8.8, which 

shows the span for all three data sets at each downstream location.  As was mentioned earlier, the 

increase in span inside ground effect was consistent with the results shown by Proctor et al. 

(2000). 

7. Validation and Comparison (Vortex Span) 

The vortex span could be compared with the model offered by Proctor et al. (2000) that was 

based on referring the span to that at the time when the wake reached its minimum height.  

Proctor et al. (2000) used a large eddy simulation method and arrived at the expression for vortex  
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Figure 8.8:  Vortex spans, Case 8.1. 

 

spacing shown in Equation 8.10.  In Equation 8.10, tG is the non-dimensional time when the 

vortex reaches its minimum height, as shown in Equation 8.11.   

 ( ) 227.0385.1 Gtty −=      for     25.0+> Gtt  (8.10) 

 ( )minzttG =  (8.11) 

The minimum height above the ground plane occurred at the downstream location of 18 in.  

Using the corresponding time in Equation 8.10, the vortex span downstream of this location was 

estimated and compared with that of experimental data.  The results, given in Figure 8.9, show 

excellent agreement between the numerical and experimental data.  This agreement suggested 

that the slight cross flow had negligible effect on the experimental data.   
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Figure 8.9:  Comparison of experimental vortex spans (Case 8.1, Data Set 1) with Proctor 

et al. (2000). 
 

The experimental data collected in this manner had all the major characteristics of an aircraft 

wake influenced by ground proximity, as shown in comparison with data from other sources.  

The conclusion was that using the splitter plate in this manner accurately modeled the ground 

plane.  The surface boundary layers did not become unrealistically thick and sufficient viscous 

interaction between the wake and the ground occurred.  Having arrived at these conclusions, the 

author embarked on investigating the effects of terrain roughness on wake vortex decay.  No 

prior results, computational or experimental, were found for validation in this case.  

D. EFFECTS OF TERRAIN ROUGHNESS – CASE 8.2 

There is anecdotal evidence that terrain roughness influences wake vortex decay and its 

trajectory.  Cases 8.2 through 8.4 were an attempt to investigate these claims, at least in the mid- 
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and near-field.  Obviously, the limited length of the tunnel test section prevented taking data at 

large distances behind the point of vortex origination.   

1. Setup 

As mentioned, the presence of side drift in Case 8.1 was first thought to be due to blockage 

caused by the larger reflection plane, which sat 4 inches from the sidewall of the tunnel and was 

not centered on it.  A smaller reflection plane, which sat 1.5 inch from the tunnel sidewall, was 

used for Cases 8.2 through 8.4 in hopes of reducing the sideflow in the test data.   

Case 8.2 consisted of three sets of data: one with no ground present, one with a smooth 

ground, and one with longitudinal raised ridges on the ground surface.  The ridges were made 

with 0.085-inch diameter electrical wire which was attached to the ground surface with adhesive 

tape.  With the blades being 3 inches apart, this resulted in a non-dimensional roughness of 

0.0283 (i.e. roughly a height of 6 feet relative to a Boeing 747).  The ridges were placed at 1-inch 

intervals, with a 2-inch center span.  A picture of the ground plane with the ridges is shown in 

Figure 8.10.  The ground plane sat 8.1 inches from the far tunnel window.  With a blade span of 

12 inches and 1.5 inches between the reflection plane and the near tunnel window, there 

remained 2.4 inches between the tips of the vortex generators and the surface of the ground 

plane.  The leading edge of the ground was positioned 23.25 inches downstream of the quarter-

chord of the vortex generators.   

2. Vortex Positions 

The vortex positions for Case 8.2 are shown in Figure 8.11.  For the two data sets with the 

ground plane present in the test section, the leading edge was at x/b0 = 6.0 and the surface was at 

z/b0 = 0.0.   
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Figure 8.10:  Setup of ground ridges, Case 8.2. 
 

Outside of ground effect, there is a slight sideways drift, while the span remained nearly 

constant and the vortices sank at a steady rate.  Figure 8.11(b) shows that the vortex strengths 

were not equal since, outside of ground effect, the two did not sink at the same rate.  This 

behavior agrees with that reported by Rebours (2001), who used the same experimental method 

and showed that the weaker vortex would sink at a faster rate than the stronger.   

In the presence of the ground plane, regardless of the presence of the ridges, the results were 

similar to those of Case 8.1.  The vortex span increased in the presence of the ground.  At the last 

downstream distance, the vortex positions are y = ±1.0b0, like in Case 8.1.  However, in this case 

it is obvious that the span was still increasing at the last downstream distance where data was 

recorded.  The vortices in ground effect were also rebounding.  The minimum height for both 

data sets recorded with the ground plane was about z = 0.4b0, which agreed with that of Case 8.1.   
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The presence of the raised ridges seemed to have little effect on the vortex trajectories.  

Figure 8.11(a) shows that the data set with the raised ridges had a slightly larger increase in 

vortex span than that with the smooth ground.  Figure 8.11(b) shows that the heights above the 

ground plane were nearly identical, regardless of the addition of the ridges.  This somewhat 

agrees with the numerical results obtained by Proctor and Han (1999) using a large-eddy 

simulation model.  Their results indicated that rebound height is only weakly affected by 

increased surface roughness.   
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(a):  Lateral vs. downstream positions (top view of the wake) 

 
Figure 8.11:  Vortex positions, Case 8.2 (continued on the next page). 
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(b):  Vertical vs. downstream positions (side view of the wake) 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 8.11:  Vortex positions, Case 8.2 (concluded). 
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3. Preferred Direction of Motion (Moment of Inertia) 

The ratio of maximum to minimum moments of inertia for Case 8.2, shown in Figure 8.12, 

indicated that the motion had a preferred direction.  The inclination angles of the motion are 

shown in Figure 8.13.   

Once again, the angle outside of ground effect should be that predicted by Crow (1970).  In 

Figure 8.13, the left vortex angle varied between 20° and 110° outside of ground effect while 

that for the right vortex remained nearly constant at 90° to 110°.  This was very similar to the 

results shown for Case 8.1 with no ground plane.  In the presence of the ground, the vortex 

motion seemed to be starting at nearly perpendicular to the ground surface and moving towards 

parallel.  However, Figure 8.13 shows that there was still a large scatter in the angles.   

 

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

0.0 4.0 8.0 12.0 16.0

x/b0

I m
ax

 / 
I m

in

No Ground

No Ground

Ground Without Lines

Ground Without Lines

Ground With Lines

Ground With Lines

 
Figure 8.12:  Moment of inertia information, Case 8.2. 

 



 157

0.0

20.0

40.0

60.0

80.0

100.0

120.0

140.0

160.0

180.0

0.0 4.0 8.0 12.0 16.0

x/b0

θ P
 (d

eg
)

No Ground

No Ground

Ground Without Lines

Ground Without Lines

Ground With Lines

Ground With Lines

 
Figure 8.13:  Inclination angle of the principal axes, Case 8.2. 

 

4. Amplitude 

The amplitudes of motion, shown in Figure 8.14, indicated unstable vortices.  The ground 

roughness did not affect the amplitudes.  In fact, if anything, the data set with the raised ridges 

seemed to have slightly smaller amplitudes than the others.   

5. Vortex Span 

The vortex spans are shown in Figure 8.15.  Again, the span was nearly constant when the 

vortices were outside of ground effect.  Inside ground effect, the span nearly doubled. 

The negligible influence from the ground plane roughness was attributed to the geometry.  

Figure 8.10 shows that only six ridges were placed on the ground, and as the span increased due 

to ground effect, the vortices moved quickly off of them.  Furthermore, only one wire diameter  
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Figure 8.14:  Mean amplitude of vortex motion, Case 8.2. 
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Figure 8.15:  Vortex spans, Case 8.2. 
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(i.e. ridge height) and spacing was employed in this case.  Therefore, more ridges were used on 

the ground plane to ensure the vortices would remain over the rough terrain longer. 

E. EFFECTS OF TERRAIN ROUGHNESS – CASE 8.3 

1. Setup 

The section of raised ridges was widened for Case 8.3.  The 0.065-inch diameter wire 

covered a width of 11 inches in this case.  This height was slightly smaller than that of the 

previous case.  However, now the blades were placed at 2 inches apart, resulting in non-

dimensional roughness of 0.0325, which was slightly larger than in the previous case.  Also, two 

different ridge densities were employed.  In one data set, the distance between wires was 0.5 

inches and in another it was 0.75 inches.  In addition, data was also recorded with a smooth 

ground plane and with no ground plane.  A setup picture of the ground plane with the ridges 

placed at 0.75-inch intervals is shown in Figure 8.16.  The surface of the ground plane was 8.1 

inches from the far tunnel window, which resulted in a distance of 2.4 inches between the tips of 

the vortex generators and the ground surface.  The leading edge of the ground plane was 12 

inches downstream of the quarter-chord of the blades.   

2. Vortex Positions 

The positions of the vortices for Case 8.3 are shown in Figure 8.17.  For the three data sets 

with the ground plane present in the test section, the leading edge was at x/b0 = 5.2 and the 

surface was at z/b0 = 0.0.   

The conclusions drawn from these plots are identical to those for Cases 8.1 and 8.2.  In these 

figures, the presence of the raised ridges and the intervals at which they were placed seemed to 

have no effect on the vortex positions.  Also, the sideways drift in the results for Case 8.3 

appeared to be minimal.   
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Figure 8.16:  Setup of ground ridges, Case 8.3 and Case 8.4. 

 

From the experience gained in the previous two cases, it appeared that the last downstream 

distance contained some error in the position results in all four of the data sets.  It was possible 

that the dye was outside of the vortex core, leading to erroneous positions.  As mentioned 

previously, that was one of the weaknesses of this experimental method.  Nonetheless, all of the 

data recorded was included in these figures. 

3. Preferred Direction of Motion (Moment of Inertia) 

Figure 8.18 shows that the vortices seemed to have a preferred direction of motion.  

However, Figure 8.19 shows that no real trends in the resulting angles were apparent.  The 

exception was the data set with no ground plane, which, according to Crow (1970) should have 

angles of 45° to the horizontal.  While the left vortex showed no trend, the right angles were 
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 8.17:  Vortex positions, Case 8.3 (continued on the next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 8.17:  Vortex positions, Case 8.3 (concluded). 

 

confined to planes between 110° and 145°.  Nevertheless, much like in the previous case, the 

preferred direction of motion appeared to become parallel to the ground with increasing 

downstream distances, when the ground plane was present. 

4. Amplitude 

The amplitudes of motion are shown in Figure 8.20.  The presence of the raised ridges had no 

effect on the amplitudes of motion.  The same can be said for the spacing between the ridges.   

5. Vortex Span 

The vortex spans are shown in Figure 8.21.  Outside of ground effect, the span remained 

constant until the last two downstream distances.  In ground effect, the span increased over the 

ground plane until the last two downstream distances.  Again, the results for the last downstream 

distance were questionable.   
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Figure 8.18:  Moment of inertia information, Case 8.3. 
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Figure 8.19:  Inclination angle of the principal axes, Case 8.3. 
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Figure 8.20:  Mean amplitude of vortex motion, Case 8.3. 
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Figure 8.21:  Vortex spans, Case 8.3. 
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In this case, the effect of grid density was investigated and shown to be negligible on vortex 

dynamics and decay, at least within the test section.  The obvious question was also the effect of 

ridge height.  This was examined in the next case. 

F. EFFECTS OF TERRAIN ROUGHNESS – CASE 8.4 

1. Setup 

The setup for Case 8.4 was identical to that for Case 8.3 except for the wire diameter.  For 

Case 8.4, a 0.110-inch diameter wire was used to make the raised ridges.  Since the blades were 

placed 2 inches apart, this resulted in a non-dimensional roughness of 0.055, larger than both of 

the previous cases.  Like Case 8.3, the wires covered a width of 11 inches on the ground plane, in 

either 0.5-inch or 0.75-inch increments.  Also like Case 8.3, the surface of the ground plane was 

8.1 inches from the far tunnel window, which resulted in a distance of 2.4 inches between the 

tips of the vortex generators and the ground surface.  The leading edge of the ground plane was 

18 inches downstream of the quarter-chord of the blades.   

2. Vortex Positions 

The average vortex positions are shown in Figure 8.22.  For the three data sets with the 

ground plane present in the test section, the leading edge was at x/b0 = 5.1 and the surface was at 

z/b0 = 0.0.   

The sideways motion is apparent in these figures.  However, the conclusions remain the same 

as those for preceding cases.  One exception was that, in Case 8.4, the lateral distance between 

the vortices was approaching y = ±1.5b0 at the last downstream location.  This is slightly larger 

than the previous three cases.  Nonetheless, the raised ridge height and spacing seemed to have 

no effect on the positions.   
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 8.22:  Vortex positions, Case 8.4 (continued on the next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 8.22:  Vortex positions, Case 8.4 (concluded). 

 

3. Preferred Direction of Motion (Moment of Inertia) 

Figure 8.23 shows that the vortex motion seemed to be confined to particular planes in Case 

8.4.  However, Figure 8.24 shows no real trend in the angles, other than the tendency for the 

motion to become parallel to the ground plane when it was present.  Again, for the data set 

recorded with no ground plane in the test section, the angles tended to remain near those 

predicted by Crow (1970).   

4. Amplitude 

The amplitudes of motion are shown in Figure 8.25.  Again, like the previous results, the 

ridges had no effect on the amplitudes.  The amplitudes for all four data sets were of comparable 

magnitudes. 
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Figure 8.23:  Moment of inertia information, Case 8.4. 
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Figure 8.24:  Inclination angle of the principal axes, Case 8.4. 
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Figure 8.25:  Mean amplitude of vortex motion, Case 8.4. 

 

5. Vortex Span 

The vortex span is shown in Figure 8.26.  Again, as was mentioned previously, Case 8.4 

showed a larger increase in vortex span than the previous cases.   

G. CONCLUDING REMARKS 

The conclusions drawn from this phase of the study could be summarized as follows: 

1. It was demonstrated that ground effect could be correctly modeled in the water tunnel using a 

splitter plate.  This was validated for the case of smooth ground plane by comparing the 

results with those of other methods. 

2. The quality of the flow in the water tunnel became rather questionable during these tests.  In 

some cases, lateral flow was present in the tunnel that could not be attributed to the test setup 

or any other obvious source.   
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Figure 8.26:  Vortex spans, Case 8.4. 

 

3. Vortex motion in ground effect showed preferred directions of motion.  Broadly speaking, 

the preferred direction of motion showed a tendency to become parallel to the ground plane, 

when it was present. 

4. Ground roughness, in the form of longitudinal ridges of varying height and spacing, did not 

alter the vortex trajectories.  It is hypothesized that the anecdotal accounts of such effects 

pertain to the ultimate vortex breakdown, which could not be observed within the length of 

the tunnel test section. 

Since the essential features of vortex interaction with the ground plane could be observed 

accurately, it was decided to proceed with the investigation of the ground effect on co-rotating 

vortex pairs.  Presently, this information is completely absent in the open literature.  
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CHAPTER 9 

CO-ROTATING VORTICES (GROUND EFFECT) 

 
The technical literature is especially void of information concerning the interactions of co-

rotating pairs of filaments with a ground plane.  A transport aircraft on take off or landing run 

leaves behind pairs of co-rotating vortex filaments with spans comparable to the height above the 

ground.  While mutual induction does not force such a pair closer to the ground, one would 

expect the ground proximity to interfere with their merging and with their dissipation.  Also, it is 

natural to believe that vortex rebound could occur in these cases for the underlying flow physics 

is the same as that for counter-rotating filaments, although quite more involved.  Furthermore, it 

is possible for a pair of co-rotating filaments to interact with its image in the NGE layer and 

exhibit some of the same instabilities as those of a complex wake. 

In the previous chapter, it was demonstrated that a splitter plate can be used judiciously in a 

tunnel to simulate the surface boundary layer and to capture the essential features of the flow 

fields in ground effect.  In the present chapter the focus is placed on the interactions of co-

rotating wake vortices with the ground plane.  Of special interest is the influence of the ground 

proximity on the dynamic behavior of such vortex filaments, as opposed to the merger process.  

Where appropriate, comparisons are also made with numerical predictions for such flows.   

A. NUMERICAL MODEL 

The flow field was divided into two regions depending on the proximity of the ground plane.  

The vortices were assumed to be outside of the ground effect (OGE) in the absence of the ground 

plane and upstream of it when it was present in the tunnel.  In ground effect (IGE), the flow was 

modeled using images of the filaments below the ground plane.  Therefore, interactions between 

the vortices and the ground plane were purely due to potential flow.  Even though the 
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experimental data showed some vortex rebound due to ground boundary layer separation, there 

was no rational way of modeling the release of the secondary vortices (Robins and Delisis 2002) 

into the flow field to model this effect. 

Much like in Chapter 8, the vortex positions in the (y-z) plane were found from the solution of 

a set of simultaneous differential equations from Equations 8.7 through 8.9.  This resulted in four 

simultaneous differential equations.  The vortices were assumed to enter IGE when they arrived 

over the ground plane.  Addition of the images below the ground plane resulted in eight 

simultaneous differential equations.  These equations were again solved using a fourth order 

Runge-Kutta (James et al. 1977) scheme.  The starting coordinates of the vortices were obtained 

from experimental data.  Therefore, in subsequent comparisons between the numerical and the 

experimental data, perfect agreement can be seen at the start. 

B. TEST MATRIX 

Two cases were used to study co-rotating vortices in ground effect.  The blades were 

mounted on either the larger or smaller reflection plane.  The ground plane was positioned either 

6.5 inches or 8.1 inches away from the far tunnel window and was smooth, with no ridges.  The 

downstream location of the leading edge of the ground plane depended on the case and data set.  

In both cases, the tunnel speed was 0.27 ft/s and the blade angles were set so that the vortices 

appeared to have nearly equal strengths.  Some of the parameters associated with these two cases 

are shown in Table 9.1. 

C. RESULTS AND DISCUSSION – CASE 9.1 

1. Setup 

For Case 9.1, the blades were mounted on the larger Plexiglas reflection plane, which sat 

about 4 inches from the near tunnel window.  The smooth ground plane surface was 6.5 inches  
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Table 9.1: Experimental cases for co-rotating vortices in ground effect. 

Case b (in) γFlap γWing 
Reflection Plane Dimensions 

and Height L (in) 

9.1 2 0.139 0.129 23.75” × 23.875” at 3.75” 10, 14, 18, 24, 30, 
36, 42 

9.2 2 0.132 0.145 11.125” × 12” at 1.375” 6, 12, 18, 24, 30, 
36, 42, 48, 54, 60 

V∞ = 0.27 fps. 
 

from the far tunnel window.  The span of the vortex generators was 12 inches and the tunnel was 

24 inches wide.  This left 1.5 inches between the tips of the blades and the surface of the ground 

plane.  The leading edge of the ground plane was 20 inches downstream of the blades’ quarter-

chords.  The blades were places 2 inches apart at their quarter-chords and angled to form co-

rotating vortices of nearly equal strength.   

First, a data set was recorded without the ground plane in the test setup.  Then, one data set 

was recorded to study the effect of ground on a pair of co-rotating vortices.   

2. Vortex Positions 

The vortex positions for Case 9.1 are shown in Figure 9.1.  For the data set with the ground 

plane present in the test section, the leading edge was at x/b0 = 8.6 and the surface was at z/b0 = 

0.0.   

In the data set with no ground plane, the center of spiraling remained close to the same 

location in the tunnel, with little lateral or vertical movement.  This showed clearly that the 

tunnel walls were not affecting the vortex trajectories.  Also, the vortex span remained nearly 

constant.  These results are consistent with those presented earlier in this document. 

As expected, when the ground plane was present in the test section, the positions were 

affected.  Figure 9.1(a) shows that near the ground, the vortices moved in the lateral direction.  

This was due to potential flow effects and was expected.  For Case 9.1, both vortices had 
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matching signs for their circulation and therefore moved in the same lateral direction under the 

influence of their images.   

Figure 9.1(b) shows that the presence of the ground plane also resulted in a rebounding 

behavior.  Although the rebound was not as severe as it was in the cases involving counter-

rotating vortices, because in the latter case, the vortices were much stronger.   

Figure 9.1(c) shows that the path of the flap tip vortex, which was nearer to the ground 

surface, was most affected by its presence.  The closer a vortex was to the ground plane, the 

more it should have been affected by its image.  Therefore, it was not surprising that the path of 

the flap tip vortex changed more than that of the wing tip.  Because the path of the lower vortex 

was flattened, the location of the center of spiraling was less obvious for the data set recorded 

with the ground plane.  

3. Preferred Direction of Motion (Moment of Inertia) 

The ratio of maximum to minimum moment of inertia is shown in Figure 9.2.  In most cases 

the ratio was over 2.0.  This indicated that the vortex motion had a preferred direction.  The 

angles, found using the second moments of the vortex position, are shown in Figure 9.3.   

Figure 9.3 shows that there was a large scatter of angles for the wing tip vortex, regardless of 

whether or not the ground plane was present in the test section.  The motion of the wing tip 

vortex changed from perpendicular to parallel to the line connecting the two vortices, with 

increasing downstream distance.  In contrast, the flap tip vortex had angles between 40° and 90°, 

regardless of whether or not the ground was present.  It should be noted that the flap tip vortex 

was the one nearest the ground surface, and, therefore, experienced a stronger ground effect.  

This meant stronger potential-flow effects, as well as interactions with the ground boundary 

layer.  However, its preferred direction of motion did not seem to be affected.   
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 9.1:  Vortex positions, Case 9.1.  Solid Symbols = Flap Tip Vortex, Hollow Symbols 

= Wing Tip Vortex (continued on the next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 9.1:  Vortex positions, Case 9.1.  Solid Symbols = Flap Tip Vortex, Hollow Symbols 

= Wing Tip Vortex (concluded). 
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Figure 9.2:  Moment of inertia information, Case 9.1.  Solid Symbols = Flap Tip Vortex, 

Hollow Symbols = Wing Tip Vortex. 
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Figure 9.3:  Inclination angle of the principal axes, Case 9.1.  Solid Symbols = Flap Tip 

Vortex, Hollow Symbols = Wing Tip Vortex. 
 

4. Amplitude 

The amplitudes of motion for Case 9.1 are shown in Figure 9.4.  The amplitude increased 

with downstream distance.  Also, the ground plane seemed to slightly dampen the magnitudes of 

the mean amplitude of motion.   

5. Spiraling Rate 

The spiraling rates for both data sets are shown in Figure 9.5.  This figure shows the angle of 

the line connecting the mean vortex positions, which means the spiraling rate is a function of the 

slope of this line and the free-stream velocity.  The presence of the ground plane had no effect on 

the spiraling rate of the vortex pairs which remained constant for both data sets.  This differed 

from the numerical results of Han and Cho (2005), who used a discrete vortex method and 

predicted the spiraling rate would differ depending on whether or not the filaments were near the  
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Figure 9.4:  Mean amplitude of vortex motion, Case 9.1.  Solid Symbols = Flap Tip Vortex, 

Hollow Symbols = Wing Tip Vortex. 
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Figure 9.5:  Spiraling rate, Case 9.1. 
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ground.  However, their results were based on the vortices sinking to heights less than z = 0.10b0.  

Figure 9.1(b) shows that in the experimental results presented here, the vortices did not get that 

close to the ground plane.  In reality, the viscous interactions with the ground boundary layer will 

prevent the wake from reaching heights as low as those used by Han and Cho (2005) to arrive at 

their conclusions.   

6. Vortex Span 

The position plots for Case 9.1 showed that the span remained nearly constant outside of 

ground effect.  However, it was a bit more difficult to identify the span when the path of the flap 

tip vortex was altered to such a degree by the presence of the ground plane.   Figure 9.6 shows 

the span for both sets of data.  In the presence of the ground, the span still remained fairly 

constant, with a slight increase at the last few downstream positions.  Again, this differed from 

the numerical results of Han and Cho (2005), who predicted the span would change significantly 

in ground effect.  However, their span conclusions were also based on the vortices sinking to 

heights less than z = 0.10b0.   

D. RESULTS AND DISCUSSION – CASE 9.2 

1. Setup 

For Case 9.2, the blades were mounted on the smaller Plexiglas reflection plane, which sat 

about 1.5 inches from the near tunnel window.  The smooth ground plane surface was 8.1 inches 

from the far tunnel window.  Taking into consideration that the span of the vortex generators was 

12 inches and the tunnel was 24 inches wide, there was 2.4 inches between the tips of the blades 

and the surface of the ground plane.  The leading edge of the ground plane was positioned at two 

different downstream locations.  For the first set of data with the ground plane, the leading edge 

was 12 inches downstream of the quarter-chord of the blades.  For the second set of data,  
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Figure 9.6:  Vortex spans, Case 9.1. 

 

the leading edge was 24 inches from the blades’ quarter-chords.   The data was also recorded 

with no ground plane in the tunnel.  The blades were placed 2 inches apart at their quarter-chords 

and angled to form co-rotating vortices of nearly equal strength.   

2. Vortex Positions 

The vortex positions for Case 9.2 are shown in Figure 9.7.  For the data sets with the ground 

plane present in the test section, the leading edge was at x/b0 = 5.49 and x/b0 = 10.97, 

respectively, while the surface was at z/b0 = 0.0.   

It is obvious from Figure 9.7(a) that there was significant sideways drift, even in the data set 

without the ground plane.  The same drift is evident in Figure 9.7(b) in the vertical direction.  As 

explained earlier, the side flow was at first attributed to the presence of the large base plate and 

some possible blockage.  However, the present cases were recorded using the smaller base plate, 
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which should have reduced the side flow.  Also, the blades were far enough from the walls for 

the vortices not to be affected by their presence.  This was clearly demonstrated in a number of 

previously discussed cases.  Therefore, the only possible factor contributing to this cross flow 

could be the nature of the flow in the tunnel and possibly the presence of large-scale and 

extremely low-frequency turbulent structures. 

Like the counter-rotating ground-effect cases, the drift was not expected to alter any effect 

that ground proximity had on the vortex motion.  However, it was difficult to tell what motion 

was caused by the presence of the ground plane.  Therefore, a separate set of plots are presented 

in Figure 9.8 in which the drift was subtracted from the results and the positions were shifted 

accordingly. 
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(a):  Lateral vs. downstream positions (top view of the wake) 

 
Figure 9.7:  Vortex positions, Case 9.2.  Solid Symbols = Flap Tip Vortex, Hollow Symbols 

= Wing Tip Vortex (continued on the next page). 
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(b):  Vertical vs. downstream positions (side view of the wake) 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 9.7:  Vortex positions, Case 9.2.  Solid Symbols = Flap Tip Vortex, Hollow Symbols 

= Wing Tip Vortex (concluded). 
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In order to remove the drift, the data set recorded with no ground plane in the test section was 

used as a reference.  It was shown previously that, outside of ground effect, the center of 

spiraling should have remained fairly stationary in the tunnel.  Therefore, the positions in that 

data set were altered so that the center of spiraling remained at a single y and z position.  The 

remaining two data sets were shifted by the same amount.  The shifted positions are presented in 

Figure 9.8.   

Because the wing tip vortex was slightly stronger than that for the flap tip, the center of 

spiraling was closer to the former.  That is apparent in Figure 9.8(a).  However, after the drift 

was removed from the positions, it is evident that, like Case 9.1, the presence of the ground plane 

resulted in a lateral vortex motion.  Further evidence that this is due to ground effect comes from 

the fact that the different downstream positions of the leading edge of the ground plane are 

apparent in Figure 9.8(a).  When the leading edge of the ground was at L = 12 inches (x/b0 = 

5.49) the lateral motion started immediately at that point.  The same can be said for the data set 

when the leading edge of the ground was at L = 24 inches (x/b0 = 10.97).  Again, this lateral 

motion was due to potential flow effects and was expected.   

Figure 9.8(b) shows that the ground plane resulted in a rebounding behavior that was similar 

to that seen in Case 9.1.  Again, the rebounding began right at the location of the leading edge of 

the ground plane.  The rebounding was not as severe as that seen for the counter-rotating 

vortices.  It is speculated again that this was due to the difference in vortex strengths between the 

cases.  

Figure 9.8(c) shows the view from downstream looking upstream at the vortex generators.  

Like Case 9.1, the lower flap tip vortex was strongly influenced by its image.  However, the path 

of the wing tip vortex seemed to be altered much more than it was in Case 9.1.  The upper vortex 
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remained nearly stationary in ground effect, while the lower moved rapidly under it.  This 

motion was similar to the leapfrogging of co-rotating vortex rings that was discussed by 

Eldredge (2005).  At farther downstream distances, Eldredge (2005) suggested that the two 

vortices would switch positions.   
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(a):  Shifted lateral vs. downstream positions (top view of the wake) 

 
Figure 9.8:  Shifted vortex positions, Case 9.2.  Solid Symbols = Flap Tip Vortex, Hollow 

Symbols = Wing Tip Vortex (continued on the next page). 
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(b):  Shifted vertical vs. downstream positions (side view of the wake) 
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(c):  Shifted vertical vs. lateral positions  (downstream view of the wake) 

 
Figure 9.8:  Shifted vortex positions, Case 9.2.  Solid Symbols = Flap Tip Vortex, Hollow 

Symbols = Wing Tip Vortex (concluded). 

Without Ground
With Ground LE at x/b 0 = 5.49
With Ground LE at x/b 0 = 10.97

Without Ground
With Ground LE at x/b 0 = 5.49
With Ground LE at x/b 0 = 10.97



 186

3. Validation and Comparison (Vortex Trajectory) 

The method described earlier in this chapter was used to arrive at numerical results for 

comparison.  Because the numerical model did not include sideways drift, the shifted 

experimental results were used for the comparison.  These results were obtained for both ground 

plane locations, as well as for when it was not included.  As mentioned previously, the 

computations started at the first experimental vortex position.  Therefore, all of the comparisons 

will show an exact match at the first downstream distance.  Also, the numerical results only 

included potential-flow effects.  The effects of ground boundary layer separation and vortex 

shedding were not modeled.  Robins and Delisi (2002) had determined the method of modeling 

boundary layer separation for counter-rotating vortices using a database of LIDAR data.  

However, in the absence of such a database for co-rotating vortices, it was not possible to 

construct such a model in this case. 

Trajectories without ground effect are compared in Figure 9.9.  Regarding the vertical 

positions, very close agreement between the numerical model and the experimental data is quite 

evident in Figure 9.9(b).  The lateral positions did not compare as closely, which can be seen in 

Figures 9.9(a) and 9.9(c).   

The comparison of the numerical and experimental trajectory with the ground plane leading 

edge at L = 12 in (x/b0 = 5.49) is shown in Figure 9.10.  The lateral positions compared closely, 

as seen in Figure 9.10(a).  However, as seen in Figure 9.10(b), the experimental data showed that 

the vortices began to rebound as soon as they reached over the ground plane.  This same rebound 

was not apparent in the numerical data since boundary layer separation was not modeled.  In the 

numerical data, shown in Figure 9.10(b), the vertical position remained constant instead of 

exhibiting rebound.  Figure 9.10(c) shows that once over the ground plane, the lateral motion  
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 9.9:  Numerical and experimental results, without the ground plane.  Solid Symbols 

= Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex (continued on the next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 9.9:  Numerical and experimental results, without the ground plane.  Solid Symbols 

= Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex (concluded). 
 

resulted in a leapfrogging effect that was very similar to that of co-rotating vortex rings, 

discussed by Eldrege (2005) and others.  It is evident from Figure 9.10(c) that as the result of the 

ground effect, the upper vortex remained nearly stationary in the lateral direction, while the 

lower vortex moved rapidly under it.  Had data been collected farther downstream, it would be 

clear that the two vortices would switch positions eventually. 

The comparison of the numerical and experimental trajectory with the ground plane leading 

edge at L = 24 in (x/b0 = 10.97) is shown in Figure 9.11.  Again, the lateral positions compared 

closely, as seen in Figure 9.11(a).  However, Figure 9.11(b) shows that rebound is again absent 

in the numerical data.  The experimental data showed that the vortices began to rebound as soon  
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 9.10:  Numerical and experimental results, with ground leading edge at L = 12 in 

(x/b0 = 5.49).  Solid Symbols = Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex 
(continued on the next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 9.10:  Numerical and experimental results, with ground leading edge at L = 12 in 

(x/b0 = 5.49).  Solid Symbols = Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex 
(concluded).  

 

as they were over the ground plane.  Figure 9.11(c) shows that once over the ground plane, the 

lateral motion resulted in a leapfrogging effect (Eldredge 2005).   

Overall, Figures 9.9 through 9.11 show good agreement between the numerical model and 

experimental data.  All of the significant features of the flow can be seen in both sets of data.  

Even though other corroborating data was absent in the technical literature, this level of 

agreement between the two methods confirmed that the experimental method would accurately 

model co-rotating vortices in the presence of a ground plane. 
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake)  

 
Figure 9.11:  Numerical and experimental results, with ground leading edge at L = 24 in 

(x/b0 = 10.97).  Solid Symbols = Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex 
(continued on the next page). 
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(c):  Vertical vs. lateral positions (downstream view of the wake) 

 
Figure 9.11:  Numerical and experimental results, with ground leading edge at L = 24 in 

(x/b0 = 10.97).  Solid Symbols = Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex 
(concluded). 

 

4. Preferred Direction of Motion (Moment of Inertia) 

The ratio of maximum to minimum moment of inertia is shown in Figure 9.12.  In most cases 

the ratio was over 1.5, which would indicate a preferred direction of vortex motion.  The angles, 

found using the second moments of the vortex position, are shown in Figure 9.13.   

Figure 9.13 shows that the preferred direction of motion was nearly constant, and the 

difference between the two angles rotated at nearly the same rate as the line connecting the 

vortices.  This is illustrated further by Figure 9.14, which shows the inclination angle of the 

vortex motion independent of the line connecting the mean positions.  The angles in Figure 9.14 

remain, for the most part, between 20° and 80° relative to the horizontal.    

 



 193

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

9.0

10.0

0.0 10.0 20.0 30.0

x/b0

Ι m
ax

 / 
I m

in

 
Figure 9.12:  Moment of inertia information, Case 9.2.  Solid Symbols = Flap Tip Vortex, 

Hollow Symbols = Wing Tip Vortex. 
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Figure 9.13:  Inclination angle of the principal axes relative to the line connecting the mean 
positions, Case 9.2.  Solid Symbols = Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex. 
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Figure 9.14:  Inclination angle of the principal axes relative to the horizontal, Case 9.2.  

Solid Symbols = Flap Tip Vortex, Hollow Symbols = Wing Tip Vortex. 
 

5. Amplitude 

The amplitudes of motion for Case 9.2 are shown in Figure 9.15.  The amplitude increased 

with downstream distance.  Like Case 9.1, the ground plane seemed to reduce the amplitude of 

motion slightly.  However, it is evident that the wing tip vortex, which was stronger than that of 

the flap tip, had smaller amplitudes of motion.  This is consistent with the results shown 

previously for co-rotating filaments outside of ground effect.   

6. Spiraling Rate 

The spiraling rates are shown in Figure 9.16.  Again, this figure is actually a plot of the angle 

of the line connecting the two vortices.  The spiraling rate is a function of the slope of the plotted 

line and the free-stream velocity.  The presence of the ground plane seemed to have no effect on 

the spiraling rate of the vortex pairs.  As mentioned earlier, this differed from the results 

Without Ground
With Ground LE at x/b 0 = 5.49
With Ground LE at x/b 0 = 10.97



 195

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.0 10.0 20.0 30.0

x/b0

A
m

pl
itu

de
/b

0

 
Figure 9.15:  Mean amplitudes of vortex motion, Case 9.2.  Solid Symbols = Flap Tip 

Vortex, Hollow Symbols = Wing Tip Vortex. 
 

presented by Han and Cho (2005), who had predicted the presence of the ground would affect 

the spiraling rate.  However, the vortices in this case never reached the low heights that those 

authors suggested.   

7. Validation and Comparison (Spiraling Rate) 

The spiraling rate was extracted from the numerical results presented earlier.  A comparison 

was made between the numerical and experimental results and is shown in Figure 9.17.  The 

numerical and experimental results were nearly identical and showed that the addition of the 

ground plane only slightly reduced the rate of spiraling.  In light of the leapfrogging behavior 

that was discussed earlier, a reduction in the spiraling rate was an expected outcome.  
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With Ground LE at x/b 0 = 10.97
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Figure 9.16:  Spiraling rate, Case 9.2. 
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(a):  Without the ground plane 

 
Figure 9.17:  Numerical and experimental results, spiraling rate (continued on the next 

page). 
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(b):  Ground leading edge at L = 12 in (x/b0 = 5.49) 
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(c):  Ground leading edge at L = 24 in (x/b0 = 10.97) 

 
Figure 9.17:  Numerical and experimental results, spiraling rate (concluded). 
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8. Vortex Span 

The spans for all three data sets for Case 9.2 are shown in Figure 9.18.  Outside of ground 

effect, the vortex span began at bv/b0 = 1, increased to the value bv/b0 = 1.22, and then decreased 

to bv/b0 = 0.95.  This contradicts all previous results for co-rotating vortices outside of ground 

effect.  Previous results showed a nearly constant or slightly decreasing vortex span.  For cases 

like this, with a distance of 2 inches between the vortex generators, the results in Figure 6.11 in 

Chapter 6 always showed a slight decrease in span.  There was no explanation why Case 9.2 

should show contradicting results since, when the ground plane was not in the test section, the 

results were expected to compare closely to that for the cases in Chapter 6.   

The spans for the data set with the ground leading edge located at L = 12 inches (x/b0 = 5.49), 

also showed an increase to about bv/b0 = 1.22.  For the data set with the ground leading edge 

located at L = 24 inches (x/b0 = 10.97), the span increased to bv/b0 = 1.30, before starting to 

decrease.   

9. Validation and Comparison (Vortex Span) 

The vortex spans were extracted from the numerical data presented earlier and are shown in 

Figure 9.19.  Figure 9.19(a) shows the anomaly in the experimental data without the ground 

plane.  The numerical model predicted that the vortex span would be constant outside of ground 

effect and this would agree with results presented in Chapter 6.  Figures 9.19(b) and 9.19(c) 

show a similar behavior in span between the numerical and experimental results.  There was 

disagreement between these results and those of Han and Cho (2005) for reasons that have been 

discussed earlier.   
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Figure 9.18:  Vortex spans, Case 9.2. 
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(a):  Without the ground plane 

 
Figure 9.19:  Numerical and experimental results, vortex span (continued on the next 

page). 
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With Ground LE at x/b 0 = 5.49
With Ground LE at x/b 0 = 10.97
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(b):  Ground leading edge at L = 12 in (x/b0 = 5.49) 
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(c):  Ground leading edge at L = 24 in (x/b0 = 10.97) 

 
Figure 9.19:  Numerical and experimental results, vortex span (concluded). 
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10. Position Error 

In order to study the possible error in the vortex position, the data set recorded without the 

ground plane was evaluated further.  According to Figure 9.15, this data set had larger 

amplitudes of motion than the two recorded with the ground plane present.  Therefore, the data 

set without the ground plane is shown in Figure 9.20 with error bars showing plus and minus one 

standard deviation from the mean position.  The standard deviation of both the lateral and 

vertical position started low and became larger with increasing downstream distance, which 

agreed with the amplitudes of motion shown in Figure 9.15.  In addition, the legends in Figure 

9.20 show to scale the minimum and maximum vortex core diameters found by Foster (1999), 

which were discussed in Chapter 4 and were 0.6 inches and 1.2 inches, respectively.  The size of 

the bars showing plus and minus one standard deviation remained much smaller than the 

minimum vortex core diameter at all downstream distances.  Again, this proved not only that the 

dye remained in the core, but that it also stayed very close to its center. 

11. Clouds 

Case 9.2 was analyzed further by examining the flap tip vortex at the last downstream 

distance for the data set without the ground plane.  This was the data set which exhibited the 

largest amplitude of motion.  The instantaneous positions are shown in Figure 9.21.  According 

to Figure 9.14, the preferred direction of motion was 23.6º, which is apparent when looking at 

the cloud in Figure 9.21.  In order to study the motion more closely, a coordinate transformation 

was performed so that the preferred direction of motion would lie along the yCG´ axis, as 

illustrated in Figure 9.21.   The instantaneous position cloud is shown in Figure 9.22 plotted on 

the new coordinate system, aligned with the principal axes. 
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(a):  Lateral vs. downstream positions (top view of the wake) 
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(b):  Vertical vs. downstream positions (side view of the wake) 

 
Figure 9.20:  Standard deviation of vortex positions, Case 9.2, without the ground plane. 
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Figure 9.21:  Distribution of the core positions, flap tip vortex, Case 9.2, without the ground 

plane, x/b0 = 27.43. 
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Figure 9.22:  Distribution of the core positions after coordinate transformation, flap tip 

vortex, Case 9.2, without the ground plane, x/b0 = 27.43. 
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12. Position Distributions 

The distribution of the vortex core positions was calculated in both the yCG´ and zCG´ axes.  

The results are shown in Figure 9.23 and Table 9.2.  The distribution of points along the  zCG´ 

axis showed large numbers near the average vortex core position.  However, the numbers 

decreased quickly as the distance from the mean zCG´ location increased.  There were very few 

occurrences of the zCG´ position exceeding plus and minus 0.40 inches.  The yCG´ axis showed 

that the vortex core was near the mean position less frequently.  However, the core position 

ventured further from the average yCG´ location.  In fact, the distribution along the yCG´ axis 

showed that there were still a significant number of points at plus and minus 0.60 inches. 
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Figure 9.23: Normal distributions of positions, flap tip vortex, Case 9.2, without the ground 
plane, x/b0 = 27.43.   
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The results shown in Table 9.2 were also plotted on three-dimensional charts, shown in Figure 

9.24.  Figure 9.24(a) shows the view rotated at 50º.  The view in Figure 9.24(b) is rotated 140º.  

The majority of the occurrences were near the average vortex core position.  The number of 

occurrences decreased as the distance from the average location increased.  However, it was also 

apparent that there was a raised ridge along the line of  zCG´ = 0 in.  This was expected since that 

was the line lying along the preferred direction of motion.   
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(c) Rotated 50 degrees 

Figure 9.24: Three-dimensional distribution for the flap tip vortex, Case 9.2, without the 
ground plane, x/b0 = 27.43 (continued on the next page).   

 



 207

-1
.0

 –
 -0

.9

-0
.7

 –
 -0

.6

-0
.4

 –
 -0

.3

-0
.1

 –
 0

.0

0.
2 

– 
0.

3

0.
5 

– 
0.

6

0.
8 

– 
0.

9-0
.8

 –
 -0

.7

-0
.5

 –
 -0

.4

-0
.2

 –
 -0

.1

0.
1 

– 
0.

2

0.
4 

– 
0.

5

0.
7 

– 
0.

8

0

20

40

60

80

100

120

140

160

180

200

Number of 
Occurrences

z CG ' (in)y CG ' (in)
 

(d) Rotated 140 degrees 
 

Figure 9.24: Three-dimensional distribution for the flap tip vortex, Case 9.2, without the 
ground plane, x/b0 = 27.43 (concluded).   

 

13. Frequency Analysis 

Typical Fourier transforms are shown in Figure 9.25.  Figure 9.25(a) shows the FFT results 

for the yCG´ position, while Figure 9.25(b) shows the FFT for the zCG´ position.  These figures 

were nearly identical to those obtained for the y and z positions.  The Fourier transforms around 

the axes of maximum and minimum moments of inertia did not result in any one frequency 

standing out.    
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Figure 9.25: FFT for the flap tip vortex, Case 9.2, without the ground plane, x/b0 = 27.43.   
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E. CONCLUDING REMARKS 

The conclusions drawn from this phase of the study could be summarized as follows: 

1. The essential features of vortex interaction with the ground plane could be observed 

accurately. 

2. The quality of the flow in the water tunnel became rather questionable during these tests.  In 

some cases, lateral flow was present in the tunnel that could not be attributed to the test setup 

or any other obvious source.   

3. Vortex motion in ground effect showed preferred directions of motion.  However, specific 

trends could not be established. 

4. For the most part, ground effect tended to reduce the amplitude of motion slightly. 

5. Co-rotating vortices in ground effect showed some of the same features as those of 

leapfrogging vortex rings.   

6. The presence of the ground plane resulted in vortex rebound, much like the cases of counter-

rotating filaments.  It is speculated that the mechanism behind this behavior is the separation 

of the ground boundary layer and shedding of secondary vortices. 

7. The inviscid vortex solution used here for comparison showed that a two-dimensional model 

could capture accurately, many of the fundamental aspects of vortex motion in ground effect. 

Additional observations that can be made are: 

1.  Presently, all of this information is completely absent in the open literature, which prevents 

direct comparisons with other sources.   

2. Lack of confidence in the flow quality of the tunnel prevented drawing any firm conclusions 

concerning the interactions between the vortices and the ground plane. 
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3. Limited length of the test section and the splitter plate used to model ground effect prevented 

studying its effect on vortex merger. 

Consequently, it was proposed to verify some of the above features using a simple computational 

effort.  The inviscid vortex model used here replicated many aspects of the vortex motion in 

ground effect.  However, it could not accurately predict interactions with the ground boundary 

layer, and therefore, the mechanism for rebound.  It was proposed to investigate and verify this 

using Fluent and a two-dimensional model of the problem.  Such a model could also produce 

information about the influence of the ground plane on vortex merger.   
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CHAPTER 10 

COMPUTATIONAL EXAMINATION AND SENSITIVITY STUDIES 

 
Information on co-rotating vortex filaments in ground effect is absent in the open literature.  

Therefore, comparing the experimental data contained in Chapter 9 with other sources was not 

possible.  Furthermore, lack of confidence in the flow quality of the tunnel prevented drawing 

any firm conclusions concerning the interactions between the vortices and the ground plane.  In 

addition, limited length of the test section and the splitter plate used to model ground effect 

precluded studying its effect on vortex merger.  Further experimental investigation of the above 

issues would require significant refinement of the facility and the apparatus, which cannot be 

achieved without external funding.  Therefore, a simple computational effort was used to verify 

some of the above features.   

In the previous chapter, it was demonstrated that co-rotating vortices in ground effect 

undergo a rebounding that is similar to that seen with counter-rotating pairs.  However, literature 

lacks information on such behavior.  In that chapter, it was speculated that this rebounding was 

driven by the separation of the vortex-induced boundary layer on the ground plane.  In the 

present chapter the focus is placed first on confirming this boundary layer separation.  This is 

performed using Fluent by modeling two-dimensional co-rotating vortices close to a no-slip 

boundary.  The analysis is limited to laminar flow because the primary goal is the understanding 

of the physics of the flow, as opposed to a quantitative comparison between the computational 

and experimental results.   

Another concern in previous chapters was the influence of the small difference in vortex 

strengths.  Due to the fact that the blade angles were set visually, the vortices always had slightly 

different strengths, the effect of which was said to be negligible.  Fluent and the inviscid vortex 
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model discussed in Chapter 9 are used to study the sensitivity of the results to the difference in 

vortex strengths.   

A. VISCOUS FLOW MODELING 

The two-dimensional model was made using Gambit.  The model measured the same 

dimensions as the cross-section of the test section of the water tunnel, with a width of 2 ft and a 

height of 3 ft.  The coordinate system was placed at the center.  This is shown in Figure 10.1.   

The model was also meshed with Gambit.  Two mesh densities were used.  For both uniform 

meshes, Quad Elements were used and no smoother was employed.  For Mesh 1, the spacing was 

specified to be 0.0394 in., which resulted in 557,540 faces.  Mesh 2 had a spacing of 0.0295 in., 

which resulted in 991,047 faces.  The parameters associated with the meshes are shown in Table 

10.1.  Fluent results were obtained for both meshes.   

 

 
Figure 10.1:  Gambit model.   

 

2 ft  
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Table 10.1:  Meshes used in Fluent analyses. 
Mesh Spacing (in) No. of Faces 

1 0.0394 557,540 
2 0.0295 991,047 

 

Depending on the case, either Mesh 1 or Mesh 2 was imported into Fluent.  The following 

items were changed from the Fluent default settings for all of the cases.    

• The fluid in the interior was defined as water. 

• All four walls were defined as stationary (no slip) boundaries. 

• Acceleration of gravity of 32.2 ft/s2 was added to the operating conditions. 

• The solver was defined as unsteady, two-dimensional, 1st order implicit. 

• The viscous model was defined to be laminar. 

• The convergence criterion was changed to 0.00001 for the x-velocity, y-velocity, and 

continuity. 

Custom field functions were used to define the starting strength and position of the two 

vortices.  The custom field functions were used to patch in the initial x- and y-velocity at each 

grid point.  After the initial conditions were set, the vortices were released.  The custom field 

functions varied depending on the case but the general expressions are shown in Equations 10.1 

through 10.4.   
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The quantities x1, y1, x2, y2, Γ1, and Γ2 were defined for each case, depending on the initial setup.   

1. Case 10.1 

In Case 10.1, Mesh 1 was used to study a pair of co-rotating vortices which were positioned 

at the center of the tunnel, far away from any of the model walls.  Initially, the vortex strengths 

were both Γ = -6.0 in2/s (γ = -0.2286) and the distance between them was 2.5 inches.  This 

strength was near the top end of the range of those found experimentally and the span was on the 

order of those when the blades were separated by 2 inches.  The results were comparable to the 

experimental behavior of the unforced co-rotating vortices discussed in Chapter 6.  Therefore, it 

was concluded that the Fluent model would produce accurate results so this method could be 

used with ground effect. 

2. Cases 10.2 and 10.3 

In Cases 10.2 and 10.3, a pair of co-rotating vortices was positioned near the left model 

sidewall, where a no-slip boundary condition was enforced.  The strengths were equal and the 

magnitude was at the top end of the range seen in the experimental results.  The distance between 

them was 2.5 inches.  The initial vortex positions were chosen so that the center of spiraling was 

2.25 inches from the tunnel sidewall in both cases.  In Case 10.2, the vortices were initially 

positioned horizontally in the tunnel so that the line connecting them was perpendicular to the 

solid boundary simulating the ground.  In Case 10.3, the vortices were aligned vertically initially, 

so the line connecting the vortices was parallel to the solid boundary.  Mesh 1 was used for both 

cases.  Table 10.2 shows the parameters associated with the cases. 

 
Table 10.2:  Parameters for Cases 10.2 and 10.3.   

Case Γ1 (in2/s) γ1 Γ2 (in2/s) γ2 ( x1, y1) (in) ( x2, y2) (in) 
10.2 -6.0 -0.2286 -6.0 -0.2286 (-11.0, -6.0) (-8.5, -6.0) 
10.3 -6.0 -0.2286 -6.0 -0.2286 (-9.75, -6.0) (-9.75, -8.5) 

V∞ = 0.27 fps, C = 8.1 in. 
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The magnitudes of the vorticity contours are shown in Figure 10.2 for several time steps.  For 

this and following figures, the plots were rotated 90 degrees so that the solid wall appears at the 

bottom of the figures.     

In both cases, evolution of a boundary layer on the ground plane, driven by the vortex 

induced cross flow, was clearly visible.  Separation of this boundary layer led to the release of a 

secondary vortex.  This in turn resulted in vortex rebound, which could also be seen clearly.  

However, there were some notable differences between the two results.  Case 10.2 showed that 

the merger of the two vortices occurred about 16 seconds after the simulation began.  This 

corresponded to the point when the vortices had spiraled nearly 180 degrees.  Case 10.3 

exhibited merger shortly after 4 seconds after the simulation began, at the point when the 

vortices had spiraled only about 90 degrees.  In both cases, the merger seemed to occur when one 

of the vortices was close to the wall.  This seemed to indicate that the boundary had a strong 

impact on the merging process.  It should be noted that the results of both of these cases disagree 

with those presented in Chapter 9.  Case 9.1, was recorded for 90 degrees of rotation while the 

results for Case 9.2 showed the vortex spiraling beyond 180 degrees.  Neither experimental case 

showed merger, even when one of the vortices was at the point closest to the solid boundary.  

Differences were expected between the three-dimensional experimental and two-dimensional 

computational results and the contradiction in merger location was attributed to this. 

In addition, the Fluent results showed that as a vortex nears the ground, an elongation of the 

vorticity contours forms.  This is caused by a shearing behavior similar to that described by Le 

Dizas and Laporte (2002) but due to the ground proximity, rather than the other vortex.   

One of the setups had to be chosen to ensure that any difference between further cases was 

not due to the starting locations of the vortices.  Case 10.3 seemed to more closely represent the 
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initial locations of the vortices formed by a wing in ground effect, and therefore that initial setup 

was used in all of the following cases.   

 

   
(a):  Case 10.2, t = 1 sec.   (b):  Case 10.3, t = 1 sec. 

 

   
(c):  Case 10.2, t = 4 sec.    (d):  Case 10.3, t = 4 sec. 

 

   
(e):  Case 10.2, t = 7 sec.    (f):  Case 10.3, t = 7 sec. 

 
Figure 10.2:  Magnitudes of vorticity contours at several time steps for two different initial 

setups, Cases 10.2 and 10.3 (continued on the next page). 
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(g):  Case 10.2, t = 10 sec.    (h):  Case 10.3, t = 10 sec. 

 

   
(i):  Case 10.2, t = 13 sec.    (j):  Case 10.3, t = 13 sec. 

 

   
(k):  Case 10.2, t = 16 sec.    (l):  Case 10.3, t = 16 sec. 

 

   
(m):  Case 10.2, t = 19 sec.    (n):  Case 10.3, t = 19 sec. 

 
Figure 10.2:  Magnitudes of vorticity contours at several time steps for two different initial 

setups, Cases 10.2 and 10.3 (continued on the next page). 
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(o):  Case 10.2, t = 22 sec.    (p):  Case 10.3, t = 22 sec. 

 

   
(q):  Case 10.2, t = 25 sec.   (r):  Case 10.3, t = 25 sec. 

 
Figure 10.2:  Magnitudes of vorticity contours at several time steps for two different initial 

setups, Cases 10.2 and 10.3 (concluded). 
 

3. Cases 10.3 and 10.4 

The next cases were performed in order to compare the effect of strength on the vortex 

behavior.  Case 10.3 was discussed in the previous results.  The vortices for that case were set to 

have equal strengths of Γ = -6.0 in2/s (γ = -0.2286).  In Case 10.4 the strengths were also equal 

with a value of Γ = -2.0 in2/s (γ = -0.0762).  These strengths represent the maximum and 

minimum of the values seen in the experimental results.  The initial vortex positions were 

identical in the two cases and both Fluent results were obtained using Mesh 1.  The parameters 

associated with the two cases are shown in Table 10.3. 

The vorticity contours shown in Figure 10.3 clearly showed the separation of the ground 

boundary layer in both cases.  Case 10.3 showed a higher spiraling rate than Case 10.4, which 
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Table 10.3:  Paramenters for Cases 10.3 and 10.4.   

Case Γ1 (in2/s) γ1 Γ2 (in2/s) γ2 ( x1, y1) (in) ( x2, y2) (in) 
10.3 -6.0 -0.2286 -6.0 -0.2286 (-9.75, -6.0) (-9.75, -8.5) 
10.4 -2.0 -0.0762 -2.0 -0.0762 (-9.75, -6.0) (-9.75, -8.5) 

V∞ = 0.27 fps, C = 8.1 in. 
 

was expected since it had higher vortex strengths.  However, both cases showed the merger to 

occur when the vortices had spiraled between 90 and 180 degrees from the initial position.  The 

rebound was also apparent, although in Case 10.4 it occurred more slowly because of the lower 

velocity magnitudes resulting by weaker vortices.   

 

   
(a):  Case 10.3, t = 1 sec.   (b):  Case 10.4, t = 1 sec. 

 

   
(c):  Case 10.3, t = 4 sec.   (d):  Case 10.4, t = 4 sec. 

 
Figure 10.3:  Magnitude of vorticity contours at several time steps for two different vortex 

strengths, Cases 10.3 and 10.4 (continued on the next page). 
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(e):  Case 10.3, t = 7 sec.   (f):  Case 10.4, t = 7 sec. 

 

   
(g):  Case 10.3, t = 10 sec.   (h):  Case 10.4, t = 10 sec. 

 

   
(i):  Case 10.3, t = 13 sec.   (j):  Case 10.4, t = 13 sec. 

 

   
(k):  Case 10.3, t = 16 sec.   (l):  Case 10.4, t = 16 sec. 

 
Figure 10.3:  Magnitude of vorticity contours at several time steps for two different vortex 

strengths, Cases 10.3 and 10.4 (continued on the next page). 
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(m):  Case 10.3, t = 19 sec.   (n):  Case 10.4, t = 19 sec. 

 

   
(o):  Case 10.3, t = 22 sec.   (p):  Case 10.4, t = 22 sec. 

 

   
(q):  Case 10.3, t = 25 sec.   (r):  Case 10.4, t = 25 sec. 

 
Figure 10.3:  Magnitude of vorticity contours at several time steps for two different vortex 

strengths, Cases 10.3 and 10.4 (concluded). 
 

4. Cases 10.4 and 10.5 

Because it resulted in a slower spiraling rate, the strength in Case 10.4 was used in order to 

study the influence of the mesh density.  The lower spiraling rate allowed for a closer 

examination of the results. 
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The effect of the grid density was studied by comparing Cases 10.4 and 10.5.  In these cases, 

the initial conditions were identical with the exception of the mesh density.  The parameters for 

these two cases are shown in Table 10.4.  Case 10.4 used Mesh 1 and Case 10.5 used Mesh 2.   

The vorticity contours for both cases, shown in Figure 10.4, revealed the same behavior in 

vortex spiraling, merger location, and boundary layer separation.  The only difference visible 

between the two cases was that the case with the denser grid had slightly clearer plots.  The 

similarity between the results of these two cases confirmed that both numerical solutions were 

well converged.  Consequently, the results that were discussed earlier were not due to some 

numerical anomaly caused by the mesh.   

When Case 10.4, with the less dense mesh, was used in Fluent, the time step of 0.1 seconds 

resulted in convergence within 10-20 iterations for each time step.  Therefore, the time step was 

set at 0.1 seconds and the simulation was run to the time 30 seconds after the starting position.  

On the computer being used (Dual-core, Pentium-4 at 3.6 GHz with 2GRAM), this test would 

run in approximately 15 hours.  However, with Case 10.5, the time step size had to be reduced to 

0.05 seconds for convergence within 10-20 time steps.  To generate 30 seconds of data, 

approximately 50 hours of computer time was required, due to the smaller time step size and the 

increased density of the mesh.  A summary of this discussion is shown in Table 10.5.  Since the 

final results did not change significantly with the increased number of mesh faces, it was decided 

that Mesh 1 would be used for further Fluent results in order to significantly decrease the amount 

of computer time required.  

 
Table 10.4:  Parameters for Cases 10.4 and 10.5.   

Case Γ1 (in2/s) γ1 Γ2 (in2/s) γ2 ( x1, y1) (in) ( x2, y2) (in) 
10.4 -2.0 -0.0762 -2.0 -0.0762 (-9.75, -6.0) (-9.75, -8.5) 
10.5 -2.0 -0.0762 -2.0 -0.0762 (-9.75, -6.0) (-9.75, -8.5) 

V∞ = 0.27 fps, C = 8.1 in. 
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Table 10.5:  Computational parameters for Cases 10.4 and 10.5.   

Case Mesh Time Step Size (s) Number of Time Steps Computer Time (hr) 
10.4 1 0.10 300 15 
10.5 2 0.05 600 50 

 

 

   
(a):  Case 10.4, t = 1 sec.   (b):  Case 10.5, t = 1 sec. 

 

   
(c):  Case 10.4, t = 4 sec.   (d):  Case 10.5, t = 4 sec. 

 

   
(e):  Case 10.4, t = 7 sec.   (f):  Case 10.5, t = 7 sec. 

 
Figure 10.4:  Magnitude of vorticity contours at several time steps for two different grid 

densities, Cases 10.4 and 10.5 (continued on the next page). 
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(g):  Case 10.4, t = 10 sec.   (h):  Case 10.5, t = 10 sec. 

 

   
(i):  Case 10.4, t = 13 sec.   (j):  Case 10.5, t = 13 sec. 

 

   
(k):  Case 10.4, t = 16 sec.   (l):  Case 10.5, t = 16 sec. 

 

   
(m):  Case 10.4, t = 19 sec.   (n):  Case 10.5, t = 19 sec. 

 
Figure 10.4:  Magnitude of vorticity contours at several time steps for two different grid 

densities, Cases 10.4 and 10.5 (continued on the next page). 
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(o):  Case 10.4, t = 22 sec.   (p):  Case 10.5, t = 22 sec. 

 

   
(q):  Case 10.4, t = 25 sec.   (r):  Case 10.5, t = 25 sec. 

 
Figure 10.4:  Magnitude of vorticity contours at several time steps for two different grid 

densities, Cases 10.4 and 10.5 (concluded). 
 

5. Cases 10.6 and 10.7 

The last Fluent cases focused on the inequality of vortex strengths.  In the experimental 

cases, the vortex strengths were always slightly different due to the method of setting the angles 

of attack of the blades.  It was hypothesized that the difference in strength was small enough that 

the final results were not affected.  Two cases were studied using Fluent in order to examine this 

issue.  The strengths from Case 9.2 were used as a guide.  In Case 10.6, the strengths of the two 

vortices were identical and were the average of those found in Case 9.2.  In Case 10.7, the vortex 

strengths were not equal and were set at those found experimentally in Case 9.2.   The initial 

vortex positions remained the same and Mesh 1 was used.  The initial strengths and positions for 

Cases 10.6 and 10.7 are shown in Table 10.6. 
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Table 10.6:  Parameters for Cases 10.6 and 10.7.   

Case Γ1 (in2/s) γ1 Γ2 (in2/s) γ2 ( x1, y1) (in) ( x2, y2) (in) 
10.6 -3.635 -0.1385 -3.635 -0.1385 (-9.75, -6.0) (-9.75, -8.5) 
10.7 -3.805 -0.1450 -3.464 -0.1320 (-9.75, -6.0) (-9.75, -8.5) 

V∞ = 0.27 fps, C = 8.1 in. 
 

The vorticity contours are shown in Figure 10.5.  There were small differences 10 seconds 

and 19 seconds into the test.  However, overall, the vortex behavior was similar in Case 10.6 and 

10.7.  After viewing these results, it appeared that the difference in the vortex strengths had very 

little affect on the spiraling, surface boundary layer separation, and rebound of the vortices.   

 

   
(a):  Case 10.6, t = 1 sec.   (b):  Case 10.7, t = 1 sec. 

 

   
(c):  Case 10.6, t = 4 sec.   (d):  Case 10.7, t = 4 sec. 

 
Figure 10.5:  Magnitude of vorticity contours at several time steps for two different 

strength setups, Cases 10.6 and 10.7 (continued on the next page). 
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(e):  Case 10.6, t = 7 sec.   (f):  Case 10.7, t = 7 sec. 

 

   
(g):  Case 10.6, t = 10 sec.   (h):  Case 10.7, t = 10 sec. 

 

   
(i):  Case 10.6, t = 13 sec.   (j):  Case 10.7, t = 13 sec. 

 

   
(k):  Case 10.6, t = 16 sec.   (l):  Case 10.7, t = 16 sec. 

 
Figure 10.5:  Magnitude of vorticity contours at several time steps for two different 

strength setups, Cases 10.6 and 10.7 (continued on the next page). 
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(m):  Case 10.6, t = 19 sec.   (n):  Case 10.7, t = 19 sec. 

 

   
(o):  Case 10.6, t = 22 sec.   (p):  Case 10.7, t = 22 sec. 

 

   
(q):  Case 10.6, t = 25 sec.   (r):  Case 10.7, t = 25 sec. 

 
Figure 10.5:  Magnitude of vorticity contours at several time steps for two different 

strengths setups, Cases 10.6 and 10.7 (concluded). 
 

B. INVISCID FLOW MODELING 

The effects of having unequal vortex strengths was studied further using the Matlab code that 

was used to verify the experimental results in Chapter 9.  The code modeled the potential-flow 

interactions between the two co-rotating vortices.  The OGE and NGE phases were modeled 

using the method of Robins and Delisi (2002).  However, as discussed in detail in Chapter 9, the 
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IGE phase was not considered due to the fact that the surface boundary layer separation could 

not be modeled.  Therefore, the rebounding behavior was not apparent in the Matlab results.   

Three cases were considered.  Case 9.2 had an average vortex strength of γ = 0.1385.  

Therefore, this value was used for the sensitivity analysis.  Case 10.8 had equal vortex strengths, 

the value of which was the average of those in Case 9.2.  For Cases 10.9 and 10.10, the vortex 

strengths were defined to be ±20% different.  The strengths for each case are shown in Table 

10.7.  All of the other parameters in the problem were chosen from Case 9.2.  The initial vortex 

span was 2.187 inches, the initial vortex positions were those of Case 9.2, and the vortices 

convected downstream with the freestream velocity of 0.27 ft/s.   

The three cases showed that the difference in vortex strength did alter the trajectory of the 

vortices slightly.  The results are plotted in Figures 10.6 and 10.7.   

Figure 10.6(a) shows the lateral versus downstream trajectory.  The sideways motion 

increased slightly as the wing tip vortex became stronger.  The opposite occurred as the flap tip 

vortex became stronger.  However, the magnitude of the shift due to ±20% difference in the 

strengths was insignificant relative to the total sideways motion.  Figure 10.6(b) shows the 

vertical versus downstream trajectory.  There was no rebound apparent due to the nature of the 

model.  However, the figure shows that the center of spiraling seemed to have shifted towards 

the stronger vortex.  This confirmed the experimental results discussed earlier that concluded that 

when the vortices had unequal strengths, the center of spiraling was closer to the stronger one.   

 
Table 10.7:  Strengths used for the Matlab cases.   

Case γ flap γ wing % Difference 
10.8 0.1385 0.1385 0 
10.9 0.1246 0.1523 +20 
10.10 0.1523 0.1246 -20 

         V∞ = 0.27 fps, C = 8.1 in. 
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Figure 10.6(c) shows the vertical versus lateral trajectory.  The leapfrogging behavior discussed 

previously was apparent again, regardless of the differences in the strengths. 

Figure 10.7 shows the vortex span versus downstream position.  All three cases, exhibited 

nearly identical results.  The fact that the vortices had differing strengths seemed to have very 

little effect on the span.   

The experimental results presented previously always had an inequality in vortex strengths.  

However, usually the inequality was below 10%.  The exception was cases in which the blade  
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(a):  Lateral vs. downstream trajectory (top view of the wake) 

 
Figure 10.6:  Trajectories for several differences in vortex strength (continued on the next 

page). 
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(b):  Vertical vs. downstream trajectory (side view of the wake) 
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(c):  Vertical vs. lateral trajectory (downstream view of the wake) 

 
Figure 10.6:  Trajectories for several differences in vortex strength (concluded). 
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Figure 10.7:  Spans for several differences in vortex strength. 

 

angles were purposely set to form vortices of unequal strengths.  The potential flow results 

illustrated that the inequality seen in the experimental cases would not have a large effect on the 

vortex trajectories.  However, the time dependent motion could not be analyzed using this 

method.  While the difference in strengths did not have a large effect on the trajectory, it could 

have an influence on the time-dependent motion and the preferred direction of vortex motion. 

C. CONCLUDING REMARKS 

A series of viscous and inviscid flow models were studied and the following results were 

found: 

1. Co-rotating vortices away from a solid boundary were shown to behave identically to those 

observed experimentally in the water tunnel and described in Chapter 6. 
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2. When the co-rotating vortices were placed near a solid boundary, the vortex induced velocity 

led to the formation of a boundary layer on the surface, which separated very quickly.  This 

resulted in vortex rebound and confirmed the hypothesis presented in Chapter 9. 

3. The presence of the solid boundary seemed to influence the vortex merger location.  It is 

speculated that this results from additional shearing of the vortices by the ground boundary 

layer. 

4. Larger vortex strengths resulted in a higher spiraling rate than smaller ones, consistent with 

experimental findings. 

5. Grid density used in the Fluent tests did not influence the results significantly, confirming 

that all cases were sufficiently converged to describe the physics of the flow. 

6. Cases with equal and unequal vortex strengths still exhibited the same spiraling rate, surface 

boundary layer separation, and rebound. 

7. Lateral drift increased slightly as the wing tip vortex became stronger.  However, a ±20% 

difference in the vortex strengths caused changes in the lateral shift that were much smaller 

than the total sideways motion. 

8. Differences in the strengths resulted in the center of spiraling shifting towards the stronger 

vortex, as expected 

9. Vortex span was not influenced greatly by the difference in strengths. 

Two of the possible sources contributing to the scatter in the data presented earlier were flow 

quality in the tunnel and the large amplitudes of motion resulting in strong nonlinear interactions.  

None of these could be examined with the numerical models used in this chapter.  Therefore, 

they remain as open topics for future studies. 
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CHAPTER 11 

SUMMARY AND CONCLUSIONS 

 
Literature pertaining to aircraft wake vortex behavior was reviewed.  Wake vortex was 

divided into three regions; near-field, mid-field, and far-field, depending on the distance from the 

generating aircraft.  This distance is also related closely to the time that measures the age of the 

wake.   

The literature review showed clearly the scarcity of information, especially of experimental 

nature, on dynamic behavior of co-rotating longitudinal vortex filaments prior to their merger, 

which is the signature mark of the mid-field wake.  Also, there appears to be no information in 

the literature on the influence of ground effect on such systems.  Both of these issues are 

believed to influence the merger process and the stability of the entire vortical wake.  Therefore, 

the current research was focused on investigation of these flows. 

A low-cost experimental method was described that would allow investigating the kinematics 

of longitudinal vortex filaments, typical of those emanating from aircraft in the mid- and far-

field, in a water tunnel.  This optical method interfered minimally with the wake, with the 

exception of the point of dye injection, and would allow processing of large amounts of 

information concerning vortex location and its time-dependent motion.  Since vortex location 

was inferred from the observed dye location, the method was first applied to a single vortex for 

validation. 

Using a single vortex, the visualization technique was shown to be sound.  The dye remained 

in the vortex core throughout the length of the test section, even when the vortex was physically 

forced to oscillate.  In latter cases, the excitation frequency could be indentified clearly at 

downstream positions against the background noise.  It was shown that the dye would not 
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disperse, even when the amplitudes were large, as evident from the presence of multiple 

frequencies downstream of the disturbances.  Also, the single vortex showed very little 

wandering, indicating negligible influence from the walls.  Based on these conclusions, the 

experimental method was then applied to a more realistic wake model, consisting of four vortex 

filaments. 

Two four-vortex cases were examined; one with spiraling vortex filaments, and a second in 

which the filaments repelled each other.  The results proved clearly that the experimental method 

discussed in this document is suitable for analyzing the dynamics of complex wake vortex 

structures, as long as the dye remained in the core.  Of specific interest in this research project 

was the dynamics of the mid-field wake consisting of pairs of co-rotating vortex filaments.  This 

would complement the author’s earlier research in this arena. 

In the author’s previous work, it was demonstrated that two co-rotating vortex filaments 

sometimes oscillated along preferred directions.  This behavior was inconsistent with that 

predicted by the only theoretical model available at that time, which was developed over three 

decades earlier.  No single frequency could be identified in any of the cases, other than the fact 

that most of the energy appeared to be concentrated in the low-frequency end of the spectrum.  

Although that work focused on the kinematics of the mid-field wake, vortex merger was not the 

primary interest.  Nevertheless, a very limited number of cases were investigated and it was 

shown that merger did not necessarily occur within one orbit, as implied by some authors.  The 

merger location appeared to correlate with vortex strength and with the distance separating the 

individual vortex filaments.   

The above experimental results were limited and further investigation of this phenomenon 

was deemed necessary.  This led to the investigation of the behavior the same vortical systems in 
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the presence of forcing functions.  Direct comparison with analytical results was not possible 

because of; 1) level of background noise and flow quality in the tunnel, 2) inability to generate 

vortices of exactly equal strength, and 3) large excitation amplitudes, compared with those used 

in linear stability analyses.  Nonetheless, the data clearly showed that the dynamic interactions 

between co-rotating vortex filaments would lead to an unstable oscillatory motion with growing 

amplitude.  The preferred direction of motion implied the presence of stationary waves.  Both of 

these were in direct contradiction with the classical model and more consistent with those 

developed since the earlier effort.  Furthermore, the absence of a dominant frequency in unforced 

cases was a correct conclusion and not a byproduct of the experimental technique.  In the forced 

cases, the excitation frequency and its multiples could be clearly detected at all downstream 

locations.  If the unforced motion had a clear dominant frequency, it would have been detected 

just as easily. 

In the next phase of this investigation, the emphasis was placed on ground effect.  Again, for 

validation, counter-rotating vortices were used because of the wealth of information about their 

behavior in ground effect.  The quality of the flow in the water tunnel became rather 

questionable during these tests.  However, through comparison with other methods, it was 

demonstrated that ground effect could be correctly modeled in the water tunnel using a splitter 

plate.  Vortex motion in ground effect showed preferred directions of motion, with increasing 

amplitude.  Broadly speaking, the preferred direction of motion showed a tendency to become 

parallel to the ground plane and the presence of the ground plane slightly reduced the amplitude 

of motion.  Ground roughness, in the form of streamwise ridges with varying height and spacing, 

did not alter the vortex trajectories.  It is hypothesized that the anecdotal accounts of such effects 
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pertain to the ultimate vortex breakdown, which could not be observed within the length of the 

tunnel test section. 

Finally ground effect on the dynamics of co-rotating vortex filaments was studied, because at 

the present, this information is completely absent in the open literature.  Despite the questionable 

quality of the flow in the tunnel, it was demonstrated that the essential features of vortex 

interaction with the ground plane could be observed accurately.  The vortices in ground effect 

showed some of the same features as those of leapfrogging vortex rings.  Vortex motion in 

ground effect showed preferred directions of motion, although specific trends could not be 

established.  In general, ground effect tended to reduce the amplitude of motion slightly.  Finally, 

the ground presence led to vortex rebound, much like the cases of counter-rotating filaments. 

Information on the behavior of co-rotating vortex filaments in ground effect was completely 

absent in the open literature, which prevented direct comparisons with other sources.  

Furthermore, lack of confidence in the flow quality of the tunnel and the limited length of the test 

section and splitter plate prevented more extensive experimental investigation.  Therefore, some 

of the flow features were verified using simple computational models.  A viscous analysis 

limited to laminar flow was performed using Fluent.  It was shown that when co-rotating vortices 

were placed near a stationary wall, a boundary layer formed on the surface and separated 

quickly.  The vortex shed from boundary layer separation caused the primary vortices to 

rebound.  The solid boundary also seemed to influence the merger location.  In addition, having 

vortices with unequal strengths didn’t affect the spiraling rate, surface boundary layer separation, 

or rebound.  The matter of unequal vortex strengths was studied further using an inviscid model.  

The lateral drift increased as the difference in the strengths became larger.  Also, the center of 
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spiraling shifted towards the stronger vortex.  However, the vortex span was not strongly 

affected by the difference in strength.   
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APPENDIX A 

A BRIEF SURVEY OF THE EXPERIMENTAL METHODS USED FOR WAKE 

VORTEX INVESTIGATIONS* 

 
Some of the methods used for experimental detection and examination of wake vortices are 

presented.  The aim of the article is to provide the reader a brief overview of the available 

methods.  The material is divided into two major sections, one dealing with methods used 

primarily in the laboratory, and the second part devoted to those used in field operations.  Over 

one hundred articles are cited and briefly discussed.   

A. INTRODUCTION 

The dynamics and the kinematics of aircraft wake vortex structures have been under continuous 

scrutiny for the past four decades.  These vortical flow fields of unusual strength and longevity 

pose a great hazard to other aircraft, which can be severely upset by encountering them.  While 

studying these structures, it is important to capture their spatial, as well as their temporal 

behaviors.  Over decades of research, a variety of experimental approaches have been employed 

for this purpose, some of which is reported by Burnham.1  These techniques can be cast into two 

broad categories; 1) those used in the laboratory environment, and 2) techniques developed to be 

used in the field.  In this article, the authors intend to present a brief survey of these methods, 

while discussing the strengths and the weaknesses of each.  This article, by no means, is meant to 

be a comprehensive survey of such methods, but rather a brief sampling of the available 

methods. 

B. LABORATORY METHODS 

These techniques are all suitable to small and controlled environments of laboratory.  Facilities 

in which these approaches are used include water tunnels, tow tanks, wind tunnels, and 
*  Reprinted with permission from SAE.  Paper no. 2007-01-3788.  © 2007 Society of Automotive Engineers, Inc. 
    This paper may not be printed, copied, distributed, or forwarded without prior permission from SAE. 
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with projectile models.  Much like in other types of testing, the biggest challenge in laboratory 

investigation is matching the Reynolds number.  In addition, matching the turbulence level is 

challenging in the laboratory because that of the operational environment is not easily 

quantifiable.  Also, observation of the evolution of the wake vortex into Crow2 or Crouch3 

instabilities requires test sections longer than available in most wind or water tunnels. 

1. Direct Visualization 

Ever since Lanchester’s4 (Fig. A.1) description of the mechanism for wingtip vortex 

formation, visual examinations of these flow fields have been used as a fundamental tool for 

understanding their behavior.  In most cases, a substance is injected into the vortex near the core 

and the flow evolution over time and space is observed.  With these methods, while measuring 

the average vortex location is easy, quantifying the details of the flow is difficult at best.  

Another key element of these techniques is that the observer sees the substance injected into the 

flow, and not the vortex itself.  Consequently, for example, dye that is injected not exactly in the 

center of a vortex core appears as a vortex assuming a helical form.  

In wind tunnels, the options are smoke and hydrogen- or helium-filled soap bubbles.5  In both 

cases, the logistics can be challenging, especially in closed-loop tunnels where the substance re- 

circulates.  More often, direct visualization is used to aid in tactical placement of other types of 

 

 
Figure A.1: Lanchester’s depiction of wingtip vortex formation (Ref. 4). 
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probes in or around the vortex core.  One example is using smoke with a laser light sheet normal 

to the flow at a downstream position to locate the core for the placement of a five-hole probe.6  

In another example, helium bubbles were used in a wind tunnel to investigate the interactions 

among four trailing vortices at distances up to thirty spans downstream.7 

Another method of locating the vortex core, at least in the near- to mid-field is the use of 

tufts.  Nikolic8, 9 offered a simple and innovative approach in which long strings are attached to 

the trailing edge of a wing and allowed to wrap around each other to define the location of the 

wingtip vortex.  Based on the speed with which the tufts merge, the author defined a “Rolling 

Tightness Factor” which indirectly relates to the tip vortex strength.  However, more 

traditionally, tufts are used on a grid placed normal to the flow at some downstream position to 

locate the vortex (Fig. A.2).11, 12 

 

 
(a) Half-span rectangular wing (Ref. 11) 

 
Figure A.2: Typical tuft grid placed downstream for wingtip vortex visualization 

(continued on the next page).   
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(b) Full-span triangular wing (Ref. 12) 

 
Figure A.2: Typical tuft grid placed downstream for wingtip vortex visualization 

(concluded).   
 

In water tunnels and tow tanks, vortex visualization is usually performed with the aid of a  

variety of dyes and/or hydrogen bubbles.  Normal water soluble dye13, 14 has the advantage of 

being environmentally benign and easy to clean.  On the other hand, fluorescent dyes15, 16 

produce sharper images that could be critical when used with high-speed photography.  Leweke 

et al.,17 Leweke and Williamson,18 and Meunier and Leweke19 used laser-induced fluorescent 

dye to investigate the dynamics of co-rotating vortex filaments, similar to those emanating from 

a wingtip and a flap tip.  Effects of ambient turbulence on vortex longevity were studied by 

Sarpkaya and Daly20 using a neutrally buoyant fluorescent dye.  Combination of fluorescent dye 

and particle image velocimetry was used by Ortega et al.21, 22 to investigate the dynamics of a 

complex four-vortex wake in a tow tank.  In References 23-25 the author inject a mixture of 

water, alcohol, and milk in the core and illuminate it with a light sheet at different downstream 

positions.  Digital videotape recording of the illuminated dye leads the authors to discern the 

temporal behavior of the vortex filament.  Also, comparison of the behavior at multiple 

downstream locations provides information about the spatial characteristics of the vortex 

filament. 
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Using hydrogen bubbles in water tunnels and tow tanks to visualize the full length of a vortex 

filament may not be practical due to the buoyancy of the substance.  However, they can be 

utilized for examination of the localized behavior of the flow and for near- to mid-field 

measurements.  Two examples of ingenious use of hydrogen bubbles are those used by Lezius26 

and Murdin and Foster.27  Lezius26 released periodic lines of bubbles upstream and measured the 

deformation of the sheets by photographing them at a short distance downstream.   The 

deformations were then related to the vortex strength.  Murdin and Foster27 used a similar 

technique, but employed only a single continuous sheet. 

2. Direct measurements 

These techniques generate quantitative information via a variety of probes.  However, almost 

always, they rely on flow visualization for the purpose of probe placement. 

a. Pitot Tubes and Five-Hole Probes 
 

The five-hole probe28 is the simplest device that allows measuring the time-averaged local 

velocity and its direction.  The schematic of a typical probe, used by Gonsalez and Arrington29 is 

shown in Figure A.3.  This device is also the most intrusive type and can interfere greatly with 

the local flow.  This instrument is actually used for pressure measurement, from which velocity 

can be obtained.  The probe is a streamlined axisymmetric body pointing into the flow, with one 

hole on the axis, surrounded by four equally spaced holes.  The local magnitude and the direction 

of the flow relative to the axis of the probe can be determined from the differences in the 

pressures sensed by the five ports.  Obviously, these are point measurement devices and are 

usually not suitable in water tunnels because of small dynamic pressures.  However, they are 

used extensively in wind tunnels and in flight testing.  Some examples follow. 
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Figure A.3: Schematics of a typical five-hole probe (Ref. 29). 

 

Harvey and Perry30 employed a five-hole probe, along with a total head probe to examine the 

nature of the interactions between a trailing vortex and the ground and the ensuing boundary 

layer separation on the ground plane.  Jacob et al.31, 32 showed a classical application in a wind 

tunnel where the probe was used to survey the flow field in the wake of a rectangular wing 

whose tip vortices were forced to oscillate.  Wind tunnel measurements in the wake of an Airbus 

A321, using a five-hole probe, were compared with lidar measurements in the field by Harris et 

al.33 and were shown to be in good agreement. 

A variation of the five-hole probe is a single scanning pitot tube.  The information obtained here 

is the same as that of a five-hole probe, but measurements are taken with a single moving tube.  

Examples include those of Bertényi and Graham34 and Westphal et al.35  In the former, an 

updated single-tube yawmeter probe was used to investigate the merging of aircraft wake 

vortices.  In the latter reference, a single tube with its end cut at an angle was used.  By rotating 

the tube about its own axis, the authors were able to resolve the local flow speed and direction. 

 b. Vorticity Meters 
 

Vorticity meters are another type of direct point measurement device.  They come in a 

variety of forms and measure the local rotation in the flow.  The paddle-type vorticity meter 

shown schematically in Figure A.4 consists of a set of small plates that are free to rotate about a 

fixed axis.  The plates rotate if the flow is sheared in the plane normal to the axis.  The device 

can be calibrated to relate its angular velocity to the rate of rotation in the flow.36, 37  This type of 
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vorticity meter can be employed with the axis parallel to the upstream flow to develop a map of 

vorticity in the flow field in the vicinity of a vortex filament, with the point of maximum 

vorticity corresponding to the center of the core.  The paddle-type vorticity meter operates well 

in environments of low dynamic pressure, such as a water tunnel.  However, again, the device 

can be quite intrusive. 

A non-rotating type of vorticity meter is constructed in a similar manner except its paddles 

are fixed to the axis and equipped with strain gauges.38  In this case, the bending moments 

measured by the gauges can be calibrated to the rate of rotation in the flow.  This type of 

vorticity meter is more suitable to flow fields with very high vorticity.  Yet another non-rotating 

kind uses a network of hot films or hot wires to discern the local vorticity.39  However, Zalay40 

showed that the latter kind to be far more accurate than the paddle type when placed in “wake 

vortex that was aged by turbulence injection.” 

Two devices that could be used in special facilities were developed more recently for 

atmospheric and oceanographic investigations.  Singleton41 presented the development of an 

acoustically based system for use in water.  The technique borrows from acoustic anemometry 

method used in atmospheric measurements and deduces the local flow speed from the time of  

 

 
 Figure A.4: Schematic of paddle-type vorticity meter. 
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travel of acoustic pulses in the medium.  Yet another technique offered by Sanford et al.42 is 

based on sensing the first and the second derivatives of the potential in a magnetically charged 

moving fluid. 

c. Hot-Film/Wire Anemometry 
 

A hot-wire anemometer consists of a short wire of small diameter placed in the flow (Fig. 

A.5).  The resistance of the wire depends on its temperature, which in turn varies depending on 

the local fluid speed crossing, and therefore, cooling the wire.  Therefore, the fluid speed normal 

to the wire can be correlated with the voltage required across it to keep its temperature constant.  

However, the direction of the velocity cannot be determined with a single probe.  Hot-film 

anemometers are similar and work on the same principle, but their sensors are rather larger and 

sturdier than hot wires.  Therefore, they are more suitable to situations in which a hot wire can 

break easily.  Hot films are also more suitable for applications in water. 

 

 
Figure A.5: Schematic of a single-filament hot-wire probe. 
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Hot films and hot wires constitute true anemometry systems in which the fluid speed is 

measured directly, as opposed to being discerned from motion of particles floating in it.  

However, the presence of the sensor and its support system can interfere with the details of the 

local flow.  While examining the flow field near a vortex filament, the time-dependent motion of 

the filament is difficult to assess with these probes.  However, the turbulence content of the flow 

can be characterized very accurately. 

The system is relatively simple in principle and easy to set up.  The signal conditioning 

equipment is of reasonable cost, although the sensors can be temperamental and fragile.  It is for 

these reasons that hot-wire/film anemometry is used most commonly for detailed flow 

measurements and resolution of local time dependent velocity.  The technical literature contains 

a vast number of articles in which hot wires and hot films have been used for data acquisition.  

Some limited examples follow. 

Chigier and Corsiglia43, 44 used hot-wire anemometry to map the flow field in the wake of a 

wing and to determine the size of the vortex core.  Vortex core diameters were measured again 

by Eliason et al.45 using a hot-wire anemometer traversing the wake.  Wind tunnel tests were 

conducted of a linearized cross-wire probe by Brandt and Iverson46 to measure the local 

velocities in trailing vortices.  Interactions of flap tip and wingtip vortices were studied by 

Özger47 with a hot-wire anemometer placed in the wake.  Frink48 used hot-wire anemometry to 

determine the effects of different fences on the leading edge vortex strength of an F/A-18 model 

at two downstream locations.  These tests were conducted in a low-speed wind tunnel and smoke 

visualization was used to aid the probe placement.  A miniature four-sensor hot-wire probe, 

made of two cross-wire arrays was employed by Devenport et al.49 to make measurements in a 
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wind tunnel.  The results showed the vortex to be insensitive to the introduction of the probe.  

This was shown again is References 50 and 51. 

The horseshoe vortices emanating from the wing-body juncture were examined using a three-

hole pitot tube and a three-filament hot-wire anemometer by Shizawa et al.52  The characteristics 

of a single vortex filament in a water tunnel were examined Rokhsaz et al.53 with the aid of a 

single-filament hot film. 

In almost every case mentioned here, the wake vortices were visualized by smoke, helium 

bubbles, or dye to guide the placement of the measuring probe. 

 d. Laser Doppler Velocimetry 
 

In Laser Doppler Velocimetry (LDV) two coherent laser beams are made to cross at an acute 

angle in a small volume in the flow (Fig. A.6).  The interference between the beams generates a 

fringe pattern, consisting of alternating dark and light bands.  The flow is seeded using small 

particles that reflect light towards a detector as they pass through this fringe pattern.  The 

frequency of the intensity of the light scattered by the particles depends on the velocity of the 

particle crossing the fringe pattern.  The underlying assumption in LDV measurements, as in any 

other scheme that depends on seeding the flow, is that the seeds move with the local flow.  Also, 

the system requires a laser with excellent frequency stability and a narrow beam, in addition to 

other optical equipment.  The cost of an LDV system can vary from $15K for an instructional 

unit to $1M for more complex setups. 

The system is inherently a time-averaged point measuring device, capable of data acquisition 

at flow speeds ranging from several millimeters per second to supersonic speeds.  It is capable of 

measuring the velocity of the seed particles very precisely by using a large number of samples.  

However, it is difficult at best to acquire time-correlated data in unsteady flow with an LDV  
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Figure A.6: LDV assisted with smoke visualization. 

(http://oea.larc.nasa.gov/PAIS/Concept2Reality/wake_vortex.html) 
 

system.  This could be especially the case when studying wake vortex evolution where the 

vortices meander and oscillate constantly, sometime with rather large amplitudes.  It may be for 

this reason that there are very few such cases reported in the literature.  A few examples follow. 

Ciffone et al.54 used LDV to measure the axial and tangential velocity distributions in the 

near wake of a semi-span model of the Convair 990 wing.  LDV was employed by Orloff55 for 

mapping of the flow field in trailing vortices in a wind tunnel, while Ramaprian and Zheng56, 57 

investigated a wingtip vortex in the roll up region. 

 e. Doppler Global Velocimetry 
 

The Doppler Global Velocimetry (DGV) method relies on the light scattered by clouds of 

particles moving with the fluid.  This method is a field measurement technique and is based on 

the Doppler-shifted frequency of the light scattered by the particles.  The development of this 

technique is credited to Komine.58  In this approach, the Doppler-shifted frequency of the light 

scattered by the particles is converted into intensity variations using appropriate absorption line 

filters.  When compared to a reference light intensity distribution in the same field, local velocity 

vectors can be resolved in the plane of the light sheet.  This technique that is especially suitable 
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for high-speed flows can result in instantaneous velocity field resolution when used with pulsed 

lasers of short duration. 

The hardware required for DGV measurements is complex, expensive, and very difficult to 

set up.  A typical one-component system requires a high-power precision laser with good 

stability and beam quality, a very low-noise high quality CCD camera, as well as specialized 

absorption line filters and a relatively large array of other optical devices.  The equipment cost is 

large and the installation and calibration are truly challenging.  Again, these issues may explain 

the reason why this method has not been adopted widely for studying wake vortex behavior. 

Two examples in which this method has been used to study the behavior of vortex filaments 

are due to Foerstermann and Buetefisch59 and Beutner et al.60  In the former, the authors 

investigated the nature of vortex breakdown on a delta-wing and chose the DGV system as a 

non-intrusive method to show good agreement between experiments and numerical predictions.  

The latter article addressed the interactions between the leading edge vortices of a delta-wing 

with the tail. 

f. Particle Image Velocimetry 
 

Particle Image Velocimetry (PIV) is a considerably simpler technique than DGV.  In this 

method, the flow is seeded and illuminated with two pulses of a laser light sheet and 

photographed.  Two consecutive frames are used for a statistical cross-correlation of the 

positions of the particles, from which displacements and velocity components in the plane of the 

light sheet can be resolved.  Frame rates are usually of the order of 10 Hz, which match the pulse 

rate of more common lasers.  However, pulsed metal vapor lasers and special cameras can lead 

to frame rates as high as 10 kHz.  As a rule, the accuracy of the measurements decreases with 

increasing flow speed. 
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The method is inherently a field measurement technique in that every two frames contain 

information about all of the points in the field of view.  However, the spatial resolution depends 

heavily on the distribution of the seeds, on the pixel density of the recording device, and on the 

size of the interrogation space used for cross-correlation.  Therefore, resolving local details 

requires focusing on increasingly smaller regions of the domain, approaching a point 

measurement method.  Furthermore, even the most commonly used systems are far from 

inexpensive.  The literature is very rich in examples of the application of this method to wake 

vortex investigations.  Some examples follow. 

In a series of articles, Jacob et al.61-64 investigated the dynamics of co-rotating vortex 

filaments in a tow tank.  The authors aimed at the better understanding of the instabilities and the 

mechanisms for vortex merging.  In Reference 61, the authors show some data obtained from a 

five-hole probes in a wind tunnel as well.  Bristol et al.65 further investigated the above results.  

Scarano et al.66 showed a case where the camera is traversed vertically to keep up with the 

sinking pair of counter-rotating vortices.  Vortex behavior in ground effect was studied by Zhang 

et al.67 and by Pailhas et al.68 in a wind tunnel and in a water tunnel, respectively.  Vortex 

merging was studied again using digital PIV by Cerretelli and Williamson69 in a tow tank, while 

the process of modeling wake vortex in a tow tank received a fundamental examination by De 

Gregorio and Ragni.70 

As it was indicated earlier, there are many more examples of the application of this method 

to wake vortex research.  The above references represent a very small sample of these efforts. 

g. Particle Tracking Velocimetry 
 

Particle Tracking Velocimetry (PTV) is based on tracking the movements of individual 

particles, as opposed to developing statistical correlations for the movements of groups of 
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particles, as in Particle Image Velocimetry (PIV).  Much like in other field measurement 

techniques, the flow is seeded and photographed either over a short time period (single-frame 

method), or at two separate time intervals (two-frame method).  The movements of the particles 

are then extracted from either the streaks in the first method, or the displacements between the 

two frames in the latter case.  Digital Particle Image Velocimetry (DPIV) and Lagrangina Parcel 

Tracking (LPT), that fall into this category, do not suffer from the weaknesses of PIV in flow 

regions with high velocity gradient. 

DPIV is described in detail by Willert and Gharib71, while Sholl and Savas72 demonstrated 

the application of LPT by measuring the velocity field of a Lamb vortex in a rotating tank.  In a 

sequence of three articles, Bruecher and Althaus73-75 used this method to investigate different 

types of leading edge vortex breakdown.  One last example of the application DPIV given here is 

that of Vogt et al.76 where the authors used this method to map the flow field in the wake of a 

rectangular wing in a wind tunnel. 

h. Rolling Moment Measurement 
 

A significant part of the wake vortex research has been dedicated to the reduction of the 

rolling moments experienced by an aircraft trailing another.  Therefore, there are a large number 

of articles in which the success in manipulation of the wake vortex is measured in terms of 

reduction of the rolling moments induced on the trailing aircraft. 

Corsiglia et al.77 examined the effects of a high-lift configuration on the following aircraft.  

Smoke was used for flow visualization.   Rossow78, 79 investigated the effects of wing mounted 

fins and other modifications on the strength of the trailing vortex using this method.  Similar 

investigations were reported by Tymczyszyn and Barber80 and Mikhailov.81  All of these studies 

were performed in wind tunnels. 
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C. FULL-SCALE MEASUREMENTS 

The type of information sought in these cases is different.  In laboratory experiments, the 

attention is focused on the details of the fluid flow and the small-scale structures driving the 

larger events, such as instabilities.  However, while taking field measurements, the focus is on 

the macro-scale events.  Therefore, these methods are more suitable to the large uncontrolled 

natural environment associated with the operation of full-size aircraft. 

1. Direct Visualization 

The only direct visualizations possible in field measurements are through using smoke and 

condensation.  An excellent discussion of naturally occurring condensation leading to flow 

visualization is given by Campbell et al.82  Contrails, resulting from entrainment of engine 

exhaust gases into the wingtip vortices are a familiar sight for everyone.  Meandering and Crow 

instability2 (Fig. A.7) were observed in nature in the form of contrails turning into vortex rings,  

 
(a)  Meandering 

(http://oea.larc.nasa.gov/PAIS/Concept2Reality/wake_vortex.html) 
 

Figure A.7: Contrails showing long-term vortex motion (continued on the next page). 
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(b)  Crow instability 

(http://asd-www.larc.nasa.gov/cgi-bin/GLOBE/contrails/mix_contrails/list.cgi) 
 

Figure A.7: Contrails showing long-term vortex motion (concluded). 
 

long before it was explained mathematically.  These instabilities were demonstrated by 

Chevalier83 using smoke to visualize the tip vortices in a series of flight tests. 

Direct visualization in actual operation produces even less quantitative information than in 

the laboratory, due to other associated uncertainties.  It is obvious the local turbulence levels 

cannot be controlled and often information about the aircraft performing the flights lacks the 

fidelity required for estimating the vortex strengths accurately.  Therefore, in most cases, much 

like in the laboratory, visualization is used for accurate placement of measurement probes. 

2. Flybys 

Flybys have been used extensively to gather data on aircraft wake vortices.  A simple form is 

direct visualization by flying an aircraft through smoke generated on the ground (Fig. A.8).  An  

alternative is presented by McCormick84 where a large tuft grid placed near ground was used for 

visualization.  These methods allow visual observation of the evolution of the tip vortex over 

time but, they are not helpful in gathering quantitative information.  In fact in the case of the  
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(a) Tower flyby, NASA Marshall, 1970 

 

 
(b) Ground-generated smoke visualization 

 
Figure A.8: Wingtip vortex visualization using smoke. 

(http://oea.larc.nasa.gov/PAIS/Concept2Reality/wake_vortex.html) 
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latter reference, velocity measurements were obtained from a specially constructed “vortimeter” 

and five-hole probes. 

In 1990, FAA conducted a series of tower flybys at Idaho Falls where smoke visualization 

was used to track the vortex motion, but quantitative data was also obtained from hot-film 

anemometers mounted on the tower at different heights.  A variety of aircraft were used and 

some of the results from these tests are reported and discussed in Page et al.85 and Clawson.86 

3. In-Flight Measurements 

Again, these are techniques that generate quantitative information by examining the details of 

the flow field in the wake of an aircraft.  However, mostly they rely on flow visualization for the 

purpose of probe placement. 

The five-hole probe has been used extensively for gathering data in flight tests.  One example 

is that of Panton et al.87 in which a glider was towed behind an aircraft while taking data with a 

hot-film anemometer.  There was considerable scatter in the data, but the essential features of tip 

vortex flow of the towing aircraft were very prominent in the data.  Another example is a 

program conducted by NASA to generate an integrated database for validation of wake vortex 

computational models.88  The program consisted of a series of flight tests in which a specially 

equipped OV-10 (Fig. A.9) flew into the wake of a C-130, while gathering data using a five-hole 

probe.  Smoke released from the C-130 allowed the chase aircraft to intercept the tip vortex at 

various distances. 

4. Actual Airport Operations 

Data acquired from actual airport operations can be divided into two broad categories; 

outside of  ground effect, and in or near ground effect.  The former category consists of the data 

taken at heights greater than roughly 1.5 times the wing span.  The former data is usually  
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Figure A.9: The OV-10 used in in-flight recording (Ref. 88). 

 

obtained from LiDAR, whereas the latter category comes from a variety of other sources, such as 

five-hole probes, propeller anemometers, or hot-film anemometry. 

a. Propeller Anemometry 
 

Propeller anemometers are simple and relatively inexpensive devices mounted above ground, 

measuring the local wind speed (Fig. A.10).  The propeller RPM can be correlated with the local 

wind speed.  A collection of these anemometers can be used to develop a time history of the 

vortex motion and an estimate of its strength. 

A large array of horizontal and vertical propeller anemometers was installed at New York’s 

Kennedy Airport.  The instruments were mounted on 30-foot poles under the approach end of 

one of the runways.  This data, some which was reported by Burnham and Abramson89, provided 

information on the lateral motion of the vortices in ground effect, as well as on their height and 

circulation.   A number of similar efforts have been undertaken at other airports. 90-93  Teske et 

al.94 reported on the investigation of decay of aircraft wake vortices near ground.  The data for 

this study was obtained from a series of flybys of towers with propeller anemometers mounted 

on various heights.  A similar approach was employed by Burnham and Hallock,95, 96 except in 

these cases, the instruments were augmented with sonic anemometers. 
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(a) Single-axis 

 

 
(b) Two-component 

 
Figure A.10: Typical propeller anemometers (Ref. 93). 
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b. Light Detection and Ranging, LiDAR 
 

Recently, in a effort to visualize and communicate wake vortex hazard to aircraft flying in 

terminal areas, different forms of Light Detection and Ranging (LiDAR) have attracted a great 

deal of attention.  This system relies on two lasers scanning the same region in space.  Each laser 

determines the radial velocity in its direction, from a Doppler shift in its pulsed beam.  

Correlating the data from the two lasers results in the magnitude and the direction of the velocity 

in their plane, from which position and strength of wake vortex filaments can be determined.  

The lasers used in this method can be pulsed or use continuous beams.  Again, it is essential to 

recognize that in this method the quantity measured is the velocity of the particulate in the air. 

The technique has been used successfully in the laboratory, as well as in the field.  Dieterle et 

al.97 reported on the data collected using this method from a model launched in the catapult 

facility of ONERA.  Various types of systems have also been installed at a number of airports in 

the United States and Europe to collect data on arriving and departing aircraft on a routine basis.  

Examination of the development and application of the method, outlined in References 98 

through 109, clearly shows that this technique has been around for over thirty years.  However, 

recent advances in electronics and computers and some modern algorithms for data processing 

have rendered LiDAR a far more practical method for wake vortex tracking. 

c. Acoustics Techniques 
 

Sonic Detection and Ranging (SODAR) is an active method very similar to active sonar.  The 

system sends out acoustic pulses of short duration and monitors the returns.  Since the acoustic 

refractive index of the air depends on its velocity, wind velocity can be estimated from the 

spectral analysis of the echo.  This method is relatively new and examples of its application can 

be found in References 110 through 113. 
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A similar acoustic technique is the Sensor for Optically Characterizing Remote Atmospheric 

Turbulence Emanating Sound (SOCRATES).  This is a passive system using arrays of opto-

acoustic sensors to detect the changes in the refractive index of the air as sounds passes through 

it.  Examples of its application have been reported by Fine and Kring114 and Wang et al.115 

D. CLOSING REMARKS 

It is clear that the state of the art in measurement and detection of aircraft wake vortices has 

changed dramatically over the decades.  What is presented here is a very brief cross section of 

some of the techniques that have been used in the past, and some that are on the forefront of the 

science.  Ironically, some of the older techniques, such as propeller and hot-wire anemometry are 

still being used ever more to understand the microscopic details of the flow.  Nevertheless, even 

the older techniques have been the beneficiaries of the same advances in electronics and 

computers that have made the modern methods possible. 
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