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                                                       ABSTRACT 
 

 
         Rate Distortion analysis is a branch of information theory that predicts the tradeoffs 

between rate and distortion in source coding. In this thesis, we present the rate distortion analysis 

for conditional motion estimation, a process that estimates motion based on a criterion that 

affects coding rate, complexity of coding scheme and quality of the reconstructed video. In order 

to guide the rate distortion analysis, we use a conditional motion estimation scheme that 

estimates motion for certain blocks selected based on significant changes. 

         We begin by explaining the conditional motion estimation technique and the effect of 

decision criteria on the technique. We then model the motion vectors as Gaussian-Markov 

process and study the rate distortion tradeoffs in the video encoding scheme. The rate distortion 

bound derived in this manner is also validated with a practical approach.  
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Chapter 1

INTRODUCTION AND
PREVIEW

1.1 Introduction

A communication system consists of a source, an encoder, a channel, a decoder and a

recipient as depicted in Fig.1.1 [1]. If the source is video, then the source encoder is a

video encoder. A video encoding technique is the process of encoding or compressing

a video.

The effectiveness of a video encoding technique depends on the rate required to

encode a source video and the distortion that results in reconstructing it. Depending

on the application, there is always a limit on the minimum amount of distortion that

can be allowed in recovering the source video. This limitation in turn places a bound

on the minimum amount of rate required to encode the video. On the other hand,

the maximum rate for encoding a video is limited by the channel capacity. Therefore,

there is a need to study the tradeoffs between rate and distortion. Rate distortion

analysis determines these tradeoffs.
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Figure 1.1: A communication system.

1.2 Problem description

In an encoding scheme, the amount of rate required to encode the source depends on

the amount of permissible distortion. The minimum rate required to encode a source

is given by the first order entropy (H1) of the source. The (H1) (one symbol at a

time) of a source denoted by a random variable X is given by [1],

H1(X) = −
∑
x ε X

p(x)logp(x), (1.2.1)

where x is an instance of X. The entropy varies if more number of symbols in a source

are encoded together. The second order entropy to encode two symbols together (H2)

in a source is lesser than the first order entropy required to encode one symbol (H1)
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at a time. Similarly, the third order entropy to encode three symbols together (H3)

in a source is lesser than the second order entropy required to encode two symbols

(H2) at a time and so on. If a source has N symbols, this can be written as,

H1 > H2 > H3.... > HN . (1.2.2)

As N tends to infinity, the entropy to encode N symbols together is known as entropy

rate denoted as H̄(X). Now, Eq.1.2.2 can be written as,

H1 > H2 > H3.... > H̄. (1.2.3)

Therefore, H̄ is the least rate that can be achieved.

If an attempt to encode all symbols of a source video together is made, the com-

plexity of the video encoding technique becomes enormous. Further, the process of

performing rate distortion analysis or the process of deriving an RD bound for such a

technique becomes more complex. Therefore, a better approach is needed to perform

rate distortion analysis.

In a given video, there exists spatial as well as temporal correlations. If these two

types of correlations are eliminated such that the resulting source can be modelled

as an ensemble of independent and identically distributed (i.i.d) samples, then a

low bit rate can be achieved. Motion estimation is a way to perform this and in

particular, conditional motion estimation is a way to perform this as well as achieve

rate distortion tradeoffs.

Conditional motion estimation is a block-based motion estimation method that

estimates motion only for certain blocks selected based on a criterion that determines

whether motion vectors need to be computed or not for that block [2], [3]. The image

frame is divided into blocks and the blocks are classified into active and inactive
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blocks based on a decision criterion. Once classified, the active blocks are coded

using displaced frame difference (DFD) method. If the parameters involved in decision

criterion are chosen appropriately, conditional motion estimation offers significantly

better rate distortion tradeoffs compared to classical motion estimation methods.

1.3 Thesis contribution

In this thesis, a theoretical rate distortion bound is derived by modelling the source

video in the encoding scheme using well known probability distributions. We develop a

conditional motion estimation scheme and apply it to come up with the rate distortion

bound in video encoding context.

1.4 Thesis outline

The thesis report is organized as follows. Chapter 2 presents a literature survey

on the rate distortion theory and its applications, in particular video encoding. It

also discusses related work on conditional motion estimation. Chapter 3 explains

the conditional motion estimation scheme followed by its rate distortion analysis.

Chapter 4 experimental results along with a detailed discussion. Chapter 5 concludes

the thesis and presents a future scope.
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Chapter 2

LITERATURE REVIEW

Rate distortion theory is a branch of information theory that deals with source

coding. An introduction to the rate distortion theory is given in the following section.

2.1 Rate distortion theory

In a communication system, the information content present in a signal or a source is

given by its entropy. The entropy of a source is usually greater than the capacity of

a channel and so, a need for compressing the source data arises. While compressing

source data, it is important for the communication system to convey the source infor-

mation without much distortion in its original content, i.e, data compression should

not result in a large difference between the actual information to be transmitted and

the final received information.

Therefore, a communication system design requires a strong fundamental,

theoretical foundation that is associated with the compression of a source and the

resulting distortion in reconstructing it. This foundation was first laid by Claude

E.Shannon in [4] and is called rate distortion theory. The measure of distortion that

can be allowed by the communication system is termed as fidelity criterion [5], and is
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related to the rate by a function R(D) called rate distortion function. The significance

of R(D) is that it determines the rate R required by a communication system for a

fidelity criterion D. The contributions of various authors to this theory are given in [6].

2.2 Applications of rate distortion theory

A system designer benefits from a rate distortion function in verifying if a fidelity

criterion D can be met when the source is encoded at a rate R. Depending upon the

channel capacity, R is selected and if a fidelity level cannot be achieved for that rate,

investigations are made to increase the performance by an increase in the channel

bandwidth or by improvising the compression technique. The applications of rate

distortion theory are wide and have been well discussed in [1].

Another potential application is its use in pattern classification problem [1]. In

this application, features belonging to different classes are assumed as outputs of a

source and an equivalent data compression problem is designed. The R(D) for such a

data compression problem explains the variation of number of faulty categorizations

with number of features.

A study on the rate distortion function and its applicability in designing a practical

communication system for video sources with bounded performance is discussed in [7].

Numerous other applications of rate distortion theory are extensively discussed in [8]

and [9]. Nevertheless, in most applications of rate distortion theory, be in video

processing or in chemical processing, a basic rate distortion problem analogous to the

application is designed and the implications of rate distortion theory are used to solve

it.
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2.3 Video coding techniques

Conventional video coding techniques perform motion estimation on the sender

side. Motion in a video is represented in different methods like pixel-based represen-

tation, region-based representation, block based representation, mesh-based repre-

sentation etc [10]. Once represented, motion is estimated using a motion estimation

criteria such as DFD criteria, Bayesian criteria etc. A tutorial on estimating two

dimensional motion is presented in [11].

The complexity of an encoder increases as the complexity of the motion

estimation method increases. An encoder of this kind is not suitable to be used

in wireless sensor networks with resource constraints as low power, low bandwidth

etc. Therefore, a more apt way of encoding in these situations is distributed source

coding which is built on Slepian - Wolf theorem, [12], Wyner-Ziv coding, [13] and

channel coding principles. One of the coding techniques built on distributed source

coding principles, PRISM an acronym for ”Power-efficient, Robust, hIgh-compression,

Syndrome-based Multimedia coding”, is described in [14].

2.4 RD Analysis of video coding techniques

There has been an extensive research going on in rate distortion analysis of video

coding techniques. The principles of distributed source coding in [12] are extended to

lossy-compression in [15]. The rate distortion analysis for Wyner-Ziv video coding was

recently proposed in [16]. A rate-distortion function to a distributed source coding

problem with L + 1 correlated memoryless Gaussian sources in which L sources are

assumed to provide partial side information at the decoder side to construct the

L + 1th source (so-called many-help one problem) is proposed in [17]. In general, a
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(a) (b)

Figure 2.1: The figures (a) and (b) depict a block in a difference image and active
pixels in it respectively. The gray pixels in (a) indicate the intensities and the dark
and white pixels in (b) indicate the pixels with intensities above Tg and below Tg

respectively.

rate distortion function for any source that can be modelled as an N th order Gaussian-

Markov process is derived in [18].

2.5 Conditional motion estimation

Classical conditional motion estimation methods first divide a frame into blocks of

equal size, and then, classify the blocks in to active or inactive. Block-based motion

estimation is then, performed for the class of active blocks.

The classification of the blocks in to active and inactive blocks is based on two

thresholds, one at pixel level (Tg) and one at block level (Tp) [2]. If a pixel value in

this difference image is greater than the threshold Tg, then that pixel is classified as

an active pixel, otherwise, it is classified as an inactive pixel [19]. The pixels in a

difference and pixels classified as active on comparison with Tg are shown in Fig.2.1.

The number of active pixels in every block is counted, and if this count is greater

than Tp, it is classified as an active block, else, it is classified as an inactive block.

The selection of both Tg and Tp is an important task. The selection of Tg is crucial
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since it directly decides if a pixel is active or not. It is known that in a frame there

exits an intra-correlation between intensities of adjacent groups of pixels. Taking this

fact in to account, the pixel level threshold Tg was adaptively selected using Bayesian

criterion in [20] and in the present work, we estimate Tg for all pixels in a frame as

in [20].

The selection of Tp also significantly impacts the performance of the proposed

method. For example, if Tp is increased, then the number of active blocks decreases,

resulting in low bit rate and high distortion. On the other hand, if Tp is decreased,

then the number of active blocks increases, resulting in high bit rate and low distor-

tion. In order to demonstrate, an image is selected from a video sequence and the

active blocks are displayed for two values of Tp in Fig.2.2. It can be observed that

when Tp is small, the number of active blocks is large and vice-versa. Unlike Tg, Tp

is kept constant for all the blocks for simplifying the analysis.
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(a)

(b)

Figure 2.2: This figure illustrates the impact of Tp on the number of active blocks in
a frame. (a) Smaller value of Tp, say 8, results in a large number of active blocks and
(b) larger value of Tp, say 32, results in a small number of active blocks.
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Chapter 3

RATE DISTORTION ANALYSIS
OF VIDEO ENCODING

This chapter discusses rate distortion analysis of video coding. We make use of a

conditional motion estimation technique to guide us in the analysis.

3.1 Video encoding

Let F1(x) be the anchor frame and F2(x) be the target frame. If D(x) represents a

difference image, then,

D(x) = F2(x)− F1(x), (3.1.1)

where x is a vector representation of a pixel location. Every pixel in D(x) is compared

to its corresponding Tg and classified as an active pixel if it is greater or inactive if

it is lesser. The number of active pixels in a block are then counted and if the count

is greater than Tp that block is classified as an active block else it is classified as an

inactive block. Once the active blocks in a target frame are determined, the next step

is to perform block-based motion estimation for all those active blocks. We assume

that the anchor frame is already available at the decoding side and encode the target
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frame using conditional motion estimation.

Block-based motion estimation is a motion compensated video technique used in

various video coding standards like H.26X [21], [22], MPEG-X [23], [24], [25]. A

block-based motion estimation technique uses a block-matching algorithm to test

each block in the anchor frame with every block in the target frame to find the block

that matches the most. (The matching criteria is usually mean square error of the

difference between the blocks compared.) In this work, a fast block-matching search

algorithm called diamond search algorithm [26] is used to estimate motion vectors for

all blocks in the anchor frame. A motion vector represents the displacements of a

block in x and y directions.

Let a be a motion vector whose parameters ah and av represent the horizontal

and vertical displacements that a block in an anchor frame undergoes to obtain its

position in the target frame, [10]. If every block is identified by the first pixel in it,

then the set of motion vectors for the frame can be represented as d(x; a) [10]. In

conditional motion estimation, we find motion vectors for active blocks only. The

inactive blocks are assumed not to have moved and are represented with zero motion

vectors. Once the motion vectors are found, the displaced frame difference, ED, which

is the difference between the target frame and the motion compensated anchor frame,

is generated. This can be written as,

ED = F2 − C(F1; d), (3.1.2)

where C(F1; d) is the motion compensated frame constructed from F1(x) and motion

vectors set d(x; a).

The displaced frame difference, thus evaluated, is scalar quantized to obtain QD(x)

and then encoded along with the motion vectors and transmitted to the receiver.
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3.2 Rate distortion analysis

The motion vectors for the active blocks and the quantized displaced frame difference

for all the pixels in the frame are encoded. We model these encoded variables using

well known distributions to derive the rate distortion bound.

3.3 RD analysis for the motion vectors

In a video, there is always spatial and temporal correlation observed in consecutive

frames i.e., every block in a frame is correlated to corresponding blocks in its consecu-

tive frame. Therefore, the motion vectors that define the motion of a block in are also

correlated i.e., d(x; a) in consecutive frames are also correlated. A motion vector a is

two dimensional and is represented by the motion parameters ah and av as described

before. Since motion vectors in consecutive frames are correlated, the corresponding

motion parameters are also correlated i.e., ahs and avs are correlated in consecutive

frames. Looking at one motion parameter at a time, if the values of the parameter

ah for a block are assumed as samples of a random variable that follows first order

Gauss Markov process, then the bit rate RM,h in encoding samples of such a source

is related to distortion DM,h by [27],

RM,h =
1

2
log2

(1− ρ2
M,h)σ

2
M,h

DM,h

, (3.3.1)

where ρ2
M,h is the correlation between the ah samples for adjacent blocks and σ2

M,h is

the variance of all the ah samples in a frame. Subscripts M,h for bit rate, variance and

distortion have been used to differentiate them from other similar quantities hence-

forth to come. A similar kind of rate is associated with the other motion parameter
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av which can be represented as,

RM,v =
1

2
log2

(1− ρ2
M,v)σ

2
M,v

DM,v

, (3.3.2)

where ρ2
M,v is the correlation between the av samples for adjacent blocks and σ2

M,v

is the variance of all the av samples in a frame. Therefore, the overall rate RM for

encoding the motion parameters is the sum of Eq. (3.3.1) and Eq. (3.3.2).

RM = RM,h + RM,v (3.3.3)

RM =
1

2
log2

(1− ρ2
M,h)σ

2
M,h

DM,h

+
1

2
log2

(1− ρ2
M,v)σ

2
M,v

DM,v

, (3.3.4)

RM =
1

2
log2

(1− ρ2
M,h)σ

2
M,h(1− ρ2

M,v)σ
2
M,v

DM,hDM,v

. (3.3.5)

This RM gives the bit rate required to encode one motion vector per block. In order

to get bit rate per pixel, Eq.3.3.5 is divided by a factor Nbx ∗ Nby where Nbx and

Nby represent size of a block along horizontal and vertical directions. Also, DM,h and

DM,v are numerically very small (typically of the order of 10−3), so DM,h is assumed

approximately equal to DM,v and the product DM,h ∗DM,v is replaced by D2
M where

DM is the allowable distortion.

RM =
1

2NbxNby

log2

(1− ρ2
M,h)σ

2
M,h(1− ρ2

M,v)σ
2
M,v

D2
M

. (3.3.6)

In terms of Distortion DM , Eq.3.3.6 can be written as,

DM =
√

(1− ρ2
M,h)σ

2
M,h(1− ρ2

M,v)σ
2
M,v2

−2RMNbxNby . (3.3.7)

In Eq.3.3.7, the RM corresponds to the bit rate required to encode motion vectors and

the DM is the distortion observed in reconstructing the motion vector samples and

does not correspond to the mean square error of the displaced frame difference, Emse.
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This DM , however, will be proportional to Emse since the lesser is the distortion in

reconstructing the motion vector samples, the better is the reconstructed frame and

the lesser is the Emse. Therefore,

Emse ∝ DM , (3.3.8)

⇒ Emse = KDM , (3.3.9)

where K is a constant of proportionality. The value of K is supposed to be large

enough for the theoretical model to explain practical observation. In this work, we do

not attempt to derive its value but instead choose a suitable value for experimentation.

Using Eq.3.3.9, Eq.3.3.7 can be written as,

Emse = K
√

(1− ρ2
M,h)σ

2
M,h(1− ρ2

M,v)σ
2
M,v2

−2RMNbxNby . (3.3.10)

3.4 RD analysis for the displaced frame difference

ED is the displaced frame difference image formed after motion compensation. If the

intensity of a pixel at a location x is assumed to be a sample of a random variable which

follows Gaussian distribution, then the pixels in ED can be described as independent,

identical and distributed (i.i.d) samples. The relation between bit rate per pixel and

distortion per pixel of such a source is given by [1],

RD =
1

2
log2

σ2
D

DD

, (3.4.1)

where σ2
D is the variance. In terms of DD, Eq.3.4.1 can be written as,

DD = σ2
D2−2RD . (3.4.2)
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Therefore, the net rate when both motion vectors and displaced frame difference are

encoded is given by the sum of RM and RD. I.e.,

R = RM + RD. (3.4.3)
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Chapter 4

EXPERIMENTAL RESULTS
AND DISCUSSIONS

A tennis video and a football video, each 19 frames long, are chosen for experimenta-

tion. In this chapter, we present the RD curves practically observed for these 2 video

sequences when they are encoded by conditional motion estimation scheme. We also

plot the theoretical lower bound, derived in previous section, for every practical RD

curve and validate them, hence proving that conditional motion estimation scheme

does offer a way of obtaining rate distortion trade offs in video encoding.

In the following sections, first we present the practical and theoretical RD curves

when only motion vectors are encoded and then, we present the same for the case

when DFD is quantized and encoded along with the motion vectors.

4.1 When only motion vectors are encoded

4.1.1 RD curves

The two thresholds Tg and Tp used in conditional motion estimation scheme provide

the ability to vary the rate needed to encode an input sequence. In this thesis, Tg is

calculated adaptively as in [20] and remains the same throughout experimentation.
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Consider each frame in a video sequence as anchor frame and its consecutive frame

as target frame. We assume that the anchor frame is always present at the decoder

and encode the target frame. In an input video sequence, with Tp initially taken as

0, we calculate the bit rate and distortion for every anchor-target-pair and evaluate

their average. The bit rate for a frame is calculated as the sum of number of bits

needed to encode motion vectors and distortion is calculated as the mean square error

between the original and reconstructed target frames.

Tp is then, increased by 2 and the average bit rate and average distortion are again

calculated. The process of incrementing Tp and calculating bit rate and distortion

is repeated 10 times. A plot drawn for the average bit rates and average distortions

obtained in this way is called the practical RD curve. The curve plotted by using

Eq.3.3.10, which is the lower bound for RD analysis for motion vectors explained in

the previous section, is called the theoretical RD curve.

The theoretical and practical RD curves for the 2 input videos are shown in Fig.4.1.

The theoretical RD curves in this figure are plotted for with a K, being a very high

value, chosen suitably as 3.2 × 104 and 8.5 × 104 for the tennis and football videos

respectively.

In Fig.4.1, the theoretical RD curve also follows the same trend as the practical

RD curve but the slope of the former is higher than the latter and so, the latter

appears a straight line. Observe that the theoretical RD curve forms a lower bound.

The distortion observed in reconstructing the input frames when the motion vec-

tors are encoded at different rates can be observed. Increasing the bit rate given to

the motion vectors, the distortion can be decreased.

A target frame from an anchor-target-pair and a corresponding reconstructed

18



frame for a low bit rate given to the motion vectors with Tp = 20 are depicted in

Fig.4.2. Observe that the reconstructed target images are distorted from the actual

target images for both the video sequences.

4.1.2 Interpretation

Depending on the requirements of a communication system designer, the Tp in condi-

tional motion estimation scheme can be correspondingly selected to get desirable RD

combination. I.e., if the system is constrained on rate, then the RD curve gives us

the parameters of the conditional motion estimation scheme that could achieve this

bit rate. It also tells us what distortion can be expected at this bit rate. However,

if a system is constrained on maximum allowable distortion, as it usually is due to

a limit on channel capacity, then the RD curve for the motion vectors tells us if the

video encoding scheme is suitable to the system. If it is not suitable, then the system

designer understands that the system needs to cut down the distortion by way to

make the video encoding scheme viable with the system requirements.

This can be done by sending more information than just the motion vectors to

reconstruct the source video. This additional information is provided by quantizing

the DFD and encoding it along with the motion vectors.

4.2 When DFD is also encoded

4.2.1 RD curves

ED is scalar quantized using different levels of quantization and encoded along with

the motion vectors. In this thesis, 2, 4 and 8 levels of quantization are chosen. The bit

rate is, now, calculated as the sum of number of bits needed to encode motion vectors
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Figure 4.1: The figures (a) and (b) show practical and theoretical RD curves for
a table tennis and a football videos respectively plotted by varying Tp from 0 − 20
insteps of 2. Observe that the theoretical RD curve forms a perfect lower bound for
RD trade offs.
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and number of bits needed to encode quantized ED for different levels of quantization

i.e., 1 bit for 2 quantization levels, 2 bits for 4 quantization levels and 3 bits for 8

quantization levels. The distortions are calculated as the difference between ED and

QD for that quantization level.

The effect of quantization is studied by plotting the practical RD curve using the

bit rate and distortions obtained before. The practical and theoretical RD curves are

shown in Fig.4.1. The theoretical RD curve in this figure is plotted by using Eq.3.4.2.

Observe that as we increase the bit rate to encode the DFD, the resulting distortion

keeps decreasing.

The target frames reconstructed, when only motion vectors are encoded and when

both motion vectors and QD are encoded are shown in Fig.4.4. The differences in the

images for both input sequences can be noticed if observed carefully.

4.2.2 Interpretation

The rate distortion trade offs achieved as a result of the quantization step are better

than those offered without quantization. This provides more flexibility to a system

designer to satisfy the distortion constraint in a communication system design.

The effect of adding an additional bit (that is used for two quantization levels)

on the RD curves in Fig.4.1 is demonstrated in Fig.4.5. Here, the bit rate is the

sum of bit rate to encode motion vectors and bit rate to encode quantized ED for

2 levels of quantization i.e., 1 bit. The distortion is the difference between the final

reconstructed frame and actual target frame expressed in mse/symbol. Since this

distortion is the distortion due to quantization of DFD, the theoretical RD curve is

plotted by using Eq.3.4.2 to evaluate distortions at different bit rates corresponding

to Tp. In Fig.4.5, observe that the RD curve in Fig.4.1 falls down by an addition of
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1 bit to the bit-rate.

Therefore, RD analysis for conditional motion estimation shows that condition

motion estimation proves to be a way by which wide range of rate distortion trade

offs can be achieved in the context of video encoding.
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(a) (b)

(c) (d)

Figure 4.2: The figures (a) and (c) show two target frames from a tennis video and a
football video respectively and figures (b) and (c) show their respective reconstructed
target frames at Tp = 20. Observe that higher the Tp, smaller the rate and higher the
resulting distortion.
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Figure 4.3: The figures (a) and (b) shows practical and theoretical RD curves for a
table tennis and a football videos respectively plotted for different levels of quanti-
zation. Observe that the least distortion in Fig.4.1 at Tp = 0 is further decreased by
encoding DFD.
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(a) (b)

(c) (d)

Figure 4.4: The figures (a) and (c) show two target frames from a tennis video and
a football video respectively that are reconstructed using only the motion vectors at
Tp = 20. Figures (b) and (d) show the same when both motion vectors and quantized
DFD are encoded. Observe carefully to notice the reduction in distortion due to
additional bit rate given to encode the quantized DFD.
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Figure 4.5: The figure (a) and (b) shows practical and theoretical RD curves for a
table tennis and a football videos respectively plotted when both motion vectors and
quantized DFD are encoded. 2 levels of quantization are used to obtain this curve.
The theoretical RD curves in (a) and (b) are shifted by 120 and 360 for respectively
for clarity. Observe that the RD curve in Fig.4.1 falls due to addition of 1 bit to the
bit rate.
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Chapter 5

CONCLUSIONS AND FUTURE
SCOPE

5.1 Conclusions

In this thesis, rate distortion analysis for conditional motion estimation scheme is

presented. We made use of a conditional motion estimation scheme to derive the

theoretical rate distortion bound.

5.2 Future scope

The proportionality constant K in the RD bound when motion vectors are only

encoded is chosen at random. This constant deserves attention from research point

of view since a meaningful K makes the results more valuable.

The rate distortion theory proposed in this context can be extended to distributed

source coding using conditional motion estimation scheme. One can also perform

RD analysis using distributed source coding and differential pulse code modulation

methods instead of using motion estimation method.
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