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ABSTRACT 

 
 
 

Particle filtering techniques have captured the attention of many researchers in 

various communities, including those in signal processing, communication and 

image processing. Particle filtering is particularly useful in dealing with nonlinear 

state space models and non-Gaussian probability density functions. The 

underlying principle of the methodology is the approximation of relevant 

distributions with random measures composed of particles (samples from the 

space of the unknowns) and their associated weights. 

 

This dissertation makes three main contributions in the field of particle filtering. 

The first problem deals with target tracking in radar signal processing. The second 

problem deals with object tracking in video. The third problem deals with 

estimating error bounds for particle filtering based symbol estimation in 

communication systems. 
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Chapter 1

Introduction

1.1 Significance of the Problem

In the literature, target tracking and detection problems are usually formulated

using linear state space models with additive Gaussian noise. The complete statistics

of linear Gaussian problems can be computed with Kalman filtering technique [1],

[2], [3], [4]. However in reality, problems involving target and object tracking require

non-linear models with non-Gaussian noise. Non-linear non-Gaussian models would

necessitate the adoption of a particle filtering technique.

In recent years, particle filtering techniques have been used for numerous ap-

plications in coding, communications, and signal processing. These include turbo

coding [5], [6], multiuser detection [7], [8], blind detection [9], [10], and equaliza-

tion [11], [12]. A tutorial on applications of the particle-filtering technique to problems

in communications has been discussed by Djuric et al. [13].

The basic idea behind particle filtering is to sample a continuous posterior density

function of interest into a set of weighted particles. If the weights are chosen appropri-

ately, then this weighted equivalent set of particles can very closely approximate the
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posterior density function (pdf). The main task of particle filtering is to assign ap-

propriate weights and update the weights as time progresses. Problems dealing with

particle filtering involve making inferences on the state vector st, based on z0:t, the

observations from time 0 to t. Using sequential importance sampling [14], [15], [16],

particle filters can approximate the posterior density function, i.e., p(st|z0:t), regard-

less of the nature of the underlying model. This sequential importance sampling

technique is also called the Monte Carlo method, bootstrap filtering [17], the conden-

sation algorithm [18], particle filtering [19], interacting particle approximation [20],

and survival of the fittest [21].

1.1.1 Sampling

The continuous density function is descretized by sampling the function. Sampling

is performed by choosing an appropriate sampling function called the “importance

sampling” function. If p(s) is the continuous density function, and π(s) is the sampling

function, then the sampled approximation to the continuous density function [14], [22]

is given by

p(s) =
M∑
m=1

w(m)δ(s− s(m)) (1.1.1)

where

w(m) =
p(s)

π(s)
(1.1.2)

where (m) denotes the set of particles, and M denotes the total number of particles.

From the above equations, it can be seen that the continuous density function is

represented as a set of samples, also called particles. The associated weights are the

probability density values. An important concept in particle filtering is the selection of
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the sampling function. One of the main conditions for the selection of the sampling

function is that the density function and sampling function must have the same

support. The correctness of the particle filtering approach depends on proper selection

of particles. The particles must be selected in such a way that all important variations

in the density function being approximated are captured [14].

1.1.2 Importance Sampling

A critical step in particle filtering is the choice of importance function [14]. Two

standard choices of importance functions are the posterior and the prior. The poste-

rior importance function is defined as

π(st|s(m)
0:t−1, z0:t) = p(st|s(m)

0:t−1, z0:t) (1.1.3)

and the importance weights are given by

w
(m)
t ∝ w

(m)
t−1 p(zt|s

(m)
t−1) (1.1.4)

where the superscript (m) denotes the set of weights, and zt is the observation at

time t. The weights are given by wt = p(s)
π(s)

[22]. The posterior importance func-

tion minimizes variance of the importance weights [14]. However, the difficulty in

using the posterior importance function is that it involves complex high-dimensional

integrations to sample p(st|smt−1, zt). Thus, it is convenient to choose the prior impor-

tance function because of its ease of implementation. The prior importance function

is defined as

π(st|s(m)
0:t−1, z0:t) = p(st|s(m)

t−1) (1.1.5)

and the weights are defined as

w
(m)
t ∝ w

(m)
t−1 p(zt|s

(m)
t ) (1.1.6)
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1.1.3 Resampling

Another important feature of particle filtering is resampling [13], in which the

weights that have a very low value are eliminated and replaced with weights that

have a higher value. Resampling the particles allows the particles to represent the

probability density function with greater accuracy. This step allows more particles

or samples to focus on the areas of interest, or high-probability areas, and less on the

low-priority regions. The overall effect of the resampling step is that the particles

with high relative weights after the observation have a high probability of remaining

in the set, possibly multiple times, and the particles with low weights have a high

probability of being removed from the set.

1.2 Target Tracking Using Particle Filtering

Over the past 40 years many techniques have been developed for target tracking

in a clutter environment, which include classical Kalman filtering [1], [2], [3], [4],

unscented Kalman filtering [23], [24], and extended Kalman filtering [3], [23], [25].

Target tracking has always been a challenging problem in image/signal processing.

Although significant work has been done in this area by the research community, the

problem is still considered challenging. Recent growth in adhoc wireless communica-

tions and sensor technology has given a new dimension to the sensor-based tracking

problem. Current applications of sensor-based tracking include tracking of climatic

conditions in remote places such as mountain slopes, activity tracking across sensitive

areas such as state and national borders, and surveillance applications such as airport

security.
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The classical approach for tracking involves radar sonar technologies using Doppler

shift for measuring the velocity and location of moving targets. With the growth

in sensor technology, simple and efficient low-end sensors have come into existence.

Parallel growth in adhoc wireless communication systems changed the way sensors

communicate with each other and with the base station. Various energy-aware and

energy conserving-protocols [26], [27] are being developed by researchers to address

tracking using a network of sensors. Sensors basically measure physical quantities

such as temperature, pressure, speed of moving objects, etc. The tracking task can

be formulated as a state estimation problem consisting of a state transition model,

which relates the target position and velocity at every time step, and an observation

model, which relates the current target state with the current target observations.

1.3 Object Tracking Using Particle Filtering

With advancements in compression and video coding, image and video over wireless

channels or sensor networks are gaining popularity. Image and video sensors include

web-cams, pan-zoom-tilt cameras, infra-red cameras, etc. These sensors capture the

information from the environment where they are deployed. Visual data provides very

rich information compared to other types of sensor data. Since image data is highly

correlated, efficient correlation-based tracking algorithms may be employed to increase

the overall efficiency of the sensor network. The numerous advantages involved in

using image and video sensors along with advances in adhoc network systems form

the motivation for this thesis. Object tracking is one of the most important and

challenging problems in video processing, mainly due to the number of applications

in which it plays a significant role. Such applications include video surveillance and
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monitoring, and video-based tracking, to mention a few. One approach to object

tracking is to track the features (such as edges and corners) of objects appearing in

the video sequence. The first step in this approach is to identify features of interest.

Next, a prediction model must be formed such that the features can be predicted

over time from one frame to the next. Although significant work has been done in

this area of research, the tracking problem is still considered challenging due to the

difficulties involved in applying image feature extraction and prediction techniques

for practical applications.

1.4 Error Analysis In Particle Filtering Using Fre-

quency Flat- Fading Channel

The accuracy of particle filtering methods depends upon input parameters such

as number of particles, their weights, particle locations and the choice of importance

sampling. However, not much research has been done that allows for the estimation

of the accuracy of particle filtering methods. In this dissertation, a framework for

computing error bounds for the particle filtering-based symbol estimation method is

developed.

1.5 Contribution of the Dissertation

This dissertation makes three important contributions to the field of particle filter-

ing:

• The first problem, presents a particle filter-based approach for target tracking

described by a linear state model and a nonlinear measurement model with

additive white Gaussian noise. Performance of the particle-filtering technique
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has been evaluated with and without resampling by varying the particle density,

particle location range, and noise variance.

• The second problem, provides a basic structure for formulating and solving a

video-based tracking problem. It presents an approach to object tracking by

means of tracking multiple edges using particle filtering.

• The third problem, computes error bounds for particle filtering-based estima-

tion of symbols transmitted over a time-varying frequency flat-fading channel

with known autoregressive parameters. A metric that quantifies the difference

between the true and approximate posterior density functions is proposed, and

an upper bound for this metric is derived.
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Chapter 2

Literature Survey

This chapter presents a survey of the recent work done by the research community

in the field of target tracking and object tracking using particle filtering. In most of

the applications, a set of equations governing the true state of a system and another

set connecting the observations with its true state are made. The problem is that

of predicting the true state of the system at any given time point based on available

observations. The solution depends on assumptions made on the initial state of the

system. Kwan and Lewis [2] proposed a method that is independent of the initial

state. This is useful when the a priori information on the initial state is not available.

This method is also applicable when some observations are missing.

2.1 Techniques In Tracking

The Kalman filter (KF) is one of the most widely used methods for tracking

and estimation due to its simplicity, optimality, tractability, and robustness. The

basic KF is limited to a linear assumption. However, most non trivial systems are

nonlinear. The non linearity can be associated either with the process model or with

the observation model or with both. Haykin [23], and Moral [25] have introduced a
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new approach called the extended Kalman filter (EKF). In EKF, the state transition

and observation models need not be linear functions of the state but instead may

be non linear (differentiable) functions. These functions can be used to compute the

predicted state from the previous estimate and the predicted measurement from the

predicted state. Although the EKF is a widely used filtering strategy, over the years

it has led to a general consensus within the tracking and control community that it

is difficult to implement and only reliable for systems that are almost linear on the

time scale of the update intervals. Wan and Merwe [24] have developed a new linear

estimator called unscented Kalman filtering (UKF). Using the principle that a set

of discretely sampled points can be used to parameterize mean and covariance, the

estimator yields performance equivalent to the KF for linear systems yet generalizes

elegantly to nonlinear systems without the linearization steps required by the EKF.

2.2 Target Tracking Using Particle Filtering

Tracking targets is a very challenging and multi faceted problem. Several research

groups have tackled various aspects of this problem. McErlean and Narayanan [28]

discuss a collaborative signal processing (CSP) framework for target classification

and tracking in sensor networks, which uses location-aware data routing. Various

algorithms with varying levels of complexity are developed for this purpose. Kaplan

et al. [29] introduced the coherent localization method, such as beamforming. In this

paper, the authors described and tested four maximum likelihood (ML) techniques

that localize (or triangulate) a moving target and compare these methods with a

linear least-squares approach through a number of simulations at various signal-to-

noise levels.
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Multiple object tracking (MTT) deals with state estimation of an unknown num-

ber of moving targets. Available measurements may arise both from the targets, if

they are detected, and from clutter. Clutter is generally considered a model describ-

ing false alarms. Hue et al. [30] addressed the problem of tracking multiple objects

encountered in many situations in signal or image processing. The authors proposed

an extension of the classical particle filter, where the stochastic vector of assignment

is estimated by a Gibbs sampler. The merit of this method was assessed in bearings-

only context. Pitre et al. [31] provided a comparative study of seven multi-model

(MM) algorithms for maneuvering target tracking in terms of tracking performance

and computational complexity. Six of them are well known and widely used: the

autonomous multiple model algorithm [32], generalized pseudo-Bayesian algorithm of

first order (GPB1) [33], and of second order (GPB2) [34], interacting multiple-model

(IMM) algorithm [35], B-best-based MM algorithm [36], and Viterbi-based MM algo-

rithm [37]. Also considered is the reweighted interacting multiple-model algorithm,

which was developed recently.

The aim of Ikoma [38] was to track a maneuvering target, e.g., a ship or an aircraft.

The authors used a state-space representation to model this situation. The dynamics

of the target was represented by a system model in continuous time, although a dis-

cretized system model was actually to be used in practice. The position of the target

was measured by radar and the process described by a nonlinear observation model

in polar coordinates. To follow abrupt changes in the target’s motion, the authors

proposed the use of heavy-tailed non-Gaussian distribution for the system noise. Con-

sequently, the nonlinear non-Gaussian state-space model was used. A particle filter

10



was used to estimate the target state of the nonlinear non-Gaussian model. Gustafs-

son [39], developed a framework for positioning, navigation, and tracking problems

using particle filters. It consisted of a class of motion models and a general nonlin-

ear measurement equation in position. A general algorithm was presented based on

marginalization, enabling a KF to estimate all position derivatives. Based on simula-

tions, the authors argued how the particle filter could be used for positioning based

on cellular phone measurements, for integrated navigation in aircraft, and for target

tracking in aircraft and cars.

2.3 Object Tracking Using Particle Filtering

In order to track a moving object, a model that describes the motion of the ob-

ject must be formed. Tracking an object can be defined as estimating the motion

model parameters. The main approaches for tracking objects in video sequence in-

volve transform domain-based methods [40], [41] and spatial-domain based modelling

techniques [42], which include standard prediction techniques, such as Kalman and

particle filtering [43], [44], and [45].

2.3.1 Transform Domain-Based Motion Models

Most motion-estimation techniques in video sequences involve complex spatial seg-

mentation algorithms. The inherent drawback in spatial segmentation is that it works

only in the case of a homogenous background. Segmentation-based methods fail in

general outdoors environments. To overcome these problems, Dohortey et al. [41] pro-

vided a wavelet-based spatial edge extraction along with a projective bilinear model
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for camera motion estimation. They used a multi resolution-based wavelet transform

to decompose an image into various sub-bands. Motion vectors were calculated from

the coarsest level and refined using other sub-bands from the wavelet transform.

Wang et al. [40], improved their model by introducing more parameters for object

motion description and also introduced a rule-based approach for tracking objects in a

video sequence. The object motion was parameterized by four parameters: positions,

sizes, grayscale distributions, and presence of textures in objects.

2.3.2 Spatial Domain-Based Motion Models

Tracking of an object in a video sequence involves high-dimensional nonlinear

modelling. Hence standard tracking algorithms like Kalman filtering do not give good

results due to the number of approximations involved. An important contribution to

this area was done by Isard and Blake with the introduction of the condensation [46]

algorithm. Later Doucet et al. introduced the particle filtering technique [14] and a

lot of research in the filed of nonlinear state-space estimation followed.

2.3.3 Mean-Shift Tracking

Comaniciu et al. [42], implemented a template-based mean-shift tracker for track-

ing objects in a video sequence. They used a translation-based motion model for

rectangular or elliptical objects. In this method, the color priors for each object

were computed using weighted kernel density estimation. The weights were obtained

based on the distance of the pixels from the object centroid. The mean-shift vector

was computed recursively by maximizing the likelihood ratio between the object color

prior and the model generated from the hypothesized object position.
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2.3.4 Condensation Algorithm Based Tracking

Isard and Blake [46] established that curves can be tracked in cluttered environ-

ments using the condensation algorithm that they proposed. The parametric B-spline

curves were tracked over image sequences [44]. The B-spline curves were parameter-

ized by their control points. For stability in tracking, the degree of freedom associated

with the control points was reduced by applying an affine transform. The concept

of the condensation algorithm is factored sampling of the posterior density function.

It is known that the posterior can be represented as a product of the prior and the

likelihood. Generally, the likelihood function is multi modal, and thus, the posterior

cannot be calculated directly from the likelihood and the prior. The Condensation

algorithm is particularly useful when the conditional observation density or the like-

lihood can be evaluated point wise and its sampling is not possible, it is possible to

sample the prior but evaluation of the prior is possible. The models are assumed to

follow a Markov-1 process. The algorithm for tracking is given by Isard and Blake [44].

2.3.5 Tracking Using Particle Filtering

Recent approaches for tracking objects in video sequences have involved better

algorithms and robust solutions. Zhou et al. [47], introduced a particle filtering algo-

rithm for tracking of appearances in images instead of using contours. An adaptive

appearance model based on Jepson et al. [48] was used as the observation or the mea-

surement model. The appearance model based on intensity was used instead of the

model based on phase of the intensity. From the posterior density obtained, the EM

algorithm was used to update the appearance model adaptively. From the current

image block observation, motion vectors were calculated and the new block to be
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selected from the next frame was obtained by using first-order linear approximations.

The number of particles selected was also adaptive. Prediction error is a measure of

prediction quality. If the prediction error is high, the noise is spread widely, forcing

the model to cover large jumps in motion state. Thus, more particles are selected if

the noise variance is more, and vice-versa. The standard multi dimensional normal

density was used as the likelihood function. Occlusion detection was implemented by

keeping track of the pixels obtained from the appearance model. The model update

was stopped if occlusion was detected. This method was used to track a disappearing

car, an arbitrarily moving tank, and a face moving under occlusion.

2.3.6 Contour Based-Tracking Using Bayesian Framework

Yilmaz et al. [45] presented a novel technique for tracking objects in a video

sequence using level-sets. The main idea behind this approach was that tracking could

be defined as pixel translations. Thus, the tracking algorithm did not depend on the

rigid nature of the object being tracked, which is a necessary condition in approaches

described in the previous sections. The authors used level-set functions as defined by

Caselles et al. [43] to model the contour. Yilmaz et al. looked at tracking an object in a

video sequence as discriminant analysis of pixels in two non overlapping classes, where

the classes correspond to the object region and the background region. The authors

generated the semi-parametric model using an independent opinion polling strategy,

as described by et al. [49]. From the related equations, the posterior probability of

membership was computed. The main results of the work done by Yilmaz et al. [45]

were that the proposed algorithm worked even in cases when the standard background

subtraction-based algorithms fail to track the objects, and the algorithm used color to
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track the objects when there was no change in the texture information, and vice-versa.

Yu et al. [50] argued that spatial domain motion analysis using spatio-temporal

derivatives was more appropriate for motion analysis than spectral domain. The main

limitations of the spectral domain analysis were lack of proper resolution and block-

ing effects of the discrete Fourier transform. The spatial-domain based techniques

overcame all the above limitations with fewer number of frames required in sequence.

2.4 Error Analysis In Particle Filtering

Little research work has been done in error analysis. A few concepts in estimating

error bounds are presented by Havinga and Smit [27]. This research work is built

around these ideas.
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Chapter 3

Particle Filtering

3.1 Introduction

Particle filtering is a sequential Monte Carlo technique that recursively computes

the posterior probability density function using the concept of “importance sampling.”

It can be used to solve a state-space estimation problem that involves nonlinear state

measurement models and non-Gaussian noise models. The classical solution to the

state-space estimation problem is given by the Kalman filter [1], [4] in which the

state model and the measurement or the observation model are assumed to be linear,

and the noise is assumed to be Gaussian. If the model is nonlinear, then the model

is approximated to a linear model so that Kalman filter can be applied [22]. The

extensions of the Kalman filter include an extended Kalman filter [3], [23] and an

unscented Kalman filter [23], [24], in which the nonlinear term is approximated up

to first- and second-order terms, respectively. In the Kalman filtering approach,

the underlying density functions are assumed to be Gaussian, hence, estimation of

the mean and variance characterizes the complete density function. Real models

for an application are generally nonlinear and non-Gaussian. Mean and variance do
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not characterize the complete density function. In order to handle these cases, the

complete density function is considered by its samples.

3.2 Prediction Using Particle Filtering

Prediction using particle filtering is presented in this section, followed by a detailed

analysis of the sampling function. Let a system be defined by parameters represented

by st and the observations be represented by zt. Let the state evolution [22] be

represented by

st = ft(st−1, vt−1) (3.2.1)

where ft is a nonlinear function of the state, and vt−1 is an i.i.d noise sequence. Let

the observation model be given by

zt = ht(st, nt) (3.2.2)

where ht is a nonlinear function, and nt is an i.i.d observation noise. The aim of

prediction is to recursively estimate the state parameters st from the observations

given in equation (3.2.2). The posterior density function over the state parameters,

given by p(st | zt), gives the measure of the state parameters from the observations.

This posterior density function is predicted using the Bayesian framework. It is

assumed that the system follows a first-order Markov process. If the posterior density

function p(s0:t|z0:t) is sampled and the samples sm0:t are drawn from the importance

function π(s0:t|z0:t), then weights defined in equation (1.1.2) become

w
(m)
t =

p(s
(m)
0:t |z0:t)

π(s
(m)
0:t |z0:t)

(3.2.3)
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If the importance density function [14], [22], [51] can be factorized as

π(s0:t|z0:t) = π(st|s0:t−1, z0:t)π(s0:t−1|z0:t−1) (3.2.4)

and if

s
(m)
0:t ∼ π(s0:t|z0:t) (3.2.5)

then by augmenting the existing samples s
(m)
0:t−1 ∼ π(s0:t−1|z0:t−1) with the new state

s
(m)
t ∼ π(st|s0:t−1, z0:t), samples s

(m)
0:t ∼ π(s0:t|z0:t) can be obtained. Using Bayes rule,

the weight update equation p(s0:t|z0:t) is computed as

p(s0:t|z0:t) =
p(s0:t, z0:t)

p(z0:t)

=
p(s0:t, z0:t−1, zt)

p(z0:t−1, zt)

=
p(zt | s0:t, z0:t−1)p(s0:t | z0:t−1)p(z0:t−1)

p(zt | z0:t−1)p(z0:t−1)

=
p(zt | s0:t, z0:t−1)p(s0:t | z0:t−1)

p(zt | z0:t−1)

=
p(zt | s0:t, z0:t−1)p(st | s0:t−1, z0:t−1)

p(zt | z0:t−1)

=
p(zt | st)p(st | st−1)

p(zt | z0:t−1)
p(s0:t−1 | z0:t−1) (3.2.6)

Therefore,

p(s0:t|z0:t) ∝ p(zt|st)p(st|st−1)p(s0:t−1|z0:t−1) (3.2.7)

Note that equation (3.2.7) is in the standard form, that is, the posterior density

function is expressed as the product of the prior and the likelihood functions. The

last term in equation (3.2.7) represents the posterior at time instant t − 1. The

middle term in equation (3.2.7) obtained from the state dynamics represents the
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probability that the next sate is st, given that the current state is st−1. The first term

in equation (3.2.7) represents the likelihood associated with state st. The posterior at

time t− 1 represents the filtered value of the state parameter at time step t− 1. By

multiplying the posterior at time step t − 1 with the probability of state transition,

the prior for time step t is obtained. The denominator can be ignored since it is a

normalizing constant. Replacing wmt in equation (1.1.2) with the posterior at t, and

using equations (3.2.4) and (3.2.6)

p(s
(m)
t | zt) ∝

p(zt|s(m)
t )p(s

(m)
t |s

(m)
t−1)p(s

(m)
0:t−1|z0:t−1)

π(s
(m)
t |s

(m)
0:t−1, z0:t)π(s

(m)
0:t−1|z0:t−1)

= p(s
(m)
t−1 | zt)

p(zt|s(m)
t )p(s

(m)
t |s

(m)
t−1)

π(s
(m)
t |s

(m)
0:t−1, z0:t)

(3.2.8)

3.3 Choice of importance sampling function

The two most frequently used importance sampling functions are prior function

and posterior function. The posterior function is also called the optimal sampling

function [14], [22] by the research community. When the prior p(st | st−1) is used

as the importance sampling function, then the posterior equation (3.2.8) function is

given by

p(s
(m)
t | zt) ∝ p(s

(m)
t−1 | zt−1) p(zt|s(m)

t ) (3.3.1)

When the posterior p(st|s(m)
0:t−1, z0:t) or the optimal is used as the importance sampling

function, then the posterior equation (3.2.8) is given by

p(s
(m)
t | zt) ∝ p(s

(m)
t−1 | zt−1) p(zt|s(m)

t−1) (3.3.2)

Since the prior is simple to implement, it is used as the importance sampling function

in this thesis.
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3.4 Applications of particle filtering

Particle filtering is a powerful algorithm that has many applications, particularly

in the field of communications. It is used widely in equalization [12], [11], multiuser

detection [52], channel coding [5], etc. Particle filtering has also been applied to a

Doppler-based target-tracking [53] problem.
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Chapter 4

Target Detection Using Particle
Filtering

This chapter addresses target detection in radar applications using particle filtering.

In such applications, a radar is mounted on a sensor, sends a signal to the target, and

estimates the position and velocity of the target via observation of time delay and

Doppler shift from the reflected signal. A method to detect the target is presented in

this chapter.

4.1 State Space Model

The target movement is modelled as a discrete-time, linear-state model perturbed

by additive Gaussian noise. The observation model is assumed to be nonlinear. Let

x
(t− τ(t)

2
)

be the state vector at time (t − τ(t)
2

), which consists of the position and

velocity of the moving target (i.e, x
(t− τ(t)

2
)

= [x
(t− τ(t)

2
)
, y

(t− τ(t)
2

)
, ẋ

(t− τ(t)
2

)
, ẏ

(t− τ(t)
2

)
]T ),

where superscript T denotes the transpose, ∆T denotes the sampling time, and τ(t)

is the round trip delay of the transmitted wave between the sensor and the target.

The target movement can then be modelled as

x
(t− τ(t)

2
+∆T )

= Ax
(t− τ(t)

2
)
+ u

(t− τ(t)
2

)
(4.1.1)
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where u(t− τ(t)2 ) is the state noise, which is assumed to be the zero-mean with covari-

ance matrix Q, and matrix A is given by

A =


1 0 ∆T 0

0 1 0 ∆T

0 0 1 0

0 0 0 1

 (4.1.2)

Suppose that a signal E(t) is transmitted by a particular sensor at time t. The

received signal reflected from the target is given by

sr(t) = <[ArE(t− τ(t))ejωc(t−τ(t))] (4.1.3)

where Ar =
√

2Pr (Pr includes the transmit power and the two-way propagation and

reflection processes [54]), and ωc is the carrier frequency.

The delay τ(t) is given by

τ(t) = τ0 −
2vrad(t)t

c
(4.1.4)

where τ0 is a reference delay, and vrad(t) is the radial velocity of the target at time

instant t. Substituting τ(t) in equation (4.1.3)

sr(t) = <[ArE(t− τ0 +
2vrad(t)

c
t)ejωc(t−τ0+

2vrad(t)

c
t)]. (4.1.5)

From equation (4.1.5), the Doppler frequency shift fD of the received signal is

fD =
2fc
c
vrad(t) (4.1.6)

Referring to Figure 4.1(a), the time delay τ(t) is given by

τ(t) =
2

c

√
(x

(t− τ(t)
2

)
− xs)2 + (y

(t− τ(t)
2

)
− ys)2

where (xs, ys) represents the sensor location.
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Figure 4.1: (a) Orientation of the sensor with respect to the target. (b) Velocity
components of the target.

Suppose that the target is moving with a velocity v as shown in Figure 4.1(b).

Then, the radial component of the velocity is given by

vrad(t) = ẋ
(t− τ(t)

2
)
cos(ϕ(t)) + ẏ

(t− τ(t)
2

)
sin(ϕ(t))

where angle ϕ(t) represents the orientation of the line connecting the target and sen-

sor. The observation vector is defined as z(t− τ(t)2 ) = [τ(t), fD(t)]T , where [τ(t), fD(t)]T

are given by equations (4.1.4) and (4.1.6). The vrad(t) component is the nonlinear

term in equations (4.1.4) and (4.1.6). One approach to target tracking based on
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the above model is to approximate vrad(t) by a linear function and apply the clas-

sical Kalman filtering technique [55]. Particle filtering provides a solution without

requiring any such approximations.

4.2 Tracking Algorithm Using Particle Filtering

Table 4.1: Notation

xt : [ xt, yt, ẋt, ẏt] (Target position and velocity at time t)
zt : [fd(t) and τ(t)] (Doppler shift and time delay at time t)

x(m) : Particles
w(m) : Weights
M : Number of particles used in approximation
Q : Noise covariance matrix for observation vector
R : Noise covariance matrix for state vector
µz : [µz1 , µz1 ] : (mean observation vector)

E∆R : Error in range estimation
p(zt|xt) : Likelihood function

p(xt|z0:t−1) : Prior
p(xt|xt−1) : Prediction
p(xt|z0:t) : Posterior at t

4.2.1 Initialization

Initially, the posterior at (t = 0) is unknown. Hence, it is assumed to be Gaussian.

The initial weights for the prior are computed for each particle using the multivariate

Gaussian density function

p(x
(m)
0 |z0) ∼ N (µQ) (4.2.1)

where µ = [µxt , µyt , µẋt , µẏt ] is the mean, and Q is the covariance matrix with diagonal

elements representing variances of the positions (xt and yt) and velocity components
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(ẋt and ẏt).

4.2.2 Computation of Likelihood

Once the prior is computed, the next step is to compute the likelihood function. The

observation model, which is nonlinear, consists of two observations, i.e., [τ(t), fD(t)]T ,

given by zt = [z1(t), z2(t)]T + n(t) where

z1(t) =
2vrad(t)

c
t (4.2.2)

z2(t) =
2fc
c
vrad(t) (4.2.3)

and n(t) is the additive Gaussian noise with zero mean and a covariance matrix Q.

The radial velocity vrad(t) is given by

vrad(t) = ẋt cos(ϕ(t)) + ẏt sin(ϕ(t)) (4.2.4)

where

ϕ(t) = arctan

(
yt
xt

)
(4.2.5)

The joint density of the two observations, conditioned on xt at time instant t for

each particle is given by

p(zt|xmt ) =
1

2π|Q| 12
exp−((zt − µzt)

TQ−1(zt − µzt)) (4.2.6)

where µzt is the mean of zt and Q is its covariance matrix. The joint conditional

density p(zt|xmt ) is Gaussian because n(t) is Gaussian.

4.2.3 Computation of Mean for Likelihood

Given xt, the mean and covariance of zt can be computed from equations (4.2.2)

and (4.2.3). The mean µzt is shifted by a constant value from that of n(t). The

25



covariance of zt is the same as that of n(t). The continuous density function, which

was sampled into particles, is used to compute the means of the observation vector

given by

µz1(t) =
2vrad(t)

c
t (4.2.7)

µz2(t) =
2fc
c
vrad(t) (4.2.8)

where vrad(t) is

vrad(t) = ẋ
(m)
t cos(ϕ(t)) + ẏ

(m)
t sin(ϕ(t)) (4.2.9)

and

ϕ(t) = arctan

(
y

(m)
t

x
(m)
t

)
(4.2.10)

4.2.4 Weight Update

The main objective is to update the weights or the posterior density as time

progresses. In order to compute the weights, the prior and likelihood have to be

computed as explained in the previous sections. To begin, a density function is

selected with an arbitrary mean and variance, the pdf is sampled to get a set of

particles, they are used in the prior i.e., equation (5.2.3) and the prior for each

particle is computed. Then, the likelihood is computed using equation (4.2.6) for

each particle, and the likelihood is multiplied with the prior at a given time instant.

This is repeated recursively at each time step.

Once the new weights are computed for each particle, the state is estimated as

E(xt) =
∑
i

xi p(xi) (4.2.11)
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In the next time step, the particles are chosen around the expected value and are

updated using the prediction equation:

xmt = Axmt−1 (4.2.12)

4.3 Enhancements to Standard Particle-Filtering

Techniques

In Section 4.2, a general approach for particle filtering was presented. The basic

problem in the standard particle filtering technique is the degeneracy of particles

[11], [22]. On applying particle filtering over a sufficient number of time-steps, most

particles are assigned negligible weights, and only a few particles with proper weights

survive. This effect is known as degeneracy. As a result, the posterior distribution

becomes highly skewed, and hence, subsequent sampling from this density would only

deteriorate the performance of the filter.

A simple technique to overcome degeneracy is to replace the weights of all the

sampled particles by a constant, changing the posterior to a uniform density. For

example, if M particles are chosen in the region of high probability, each of the M

particles is assigned a weight of 1/M . As a result, the particles with negligible weights

are boosted, and the large weights are reduced. This technique retains the particles

but changes the posterior density, which is not desirable. Other solutions suggested

include choosing a proper important density function and appropriate resampling

techniques [22]. The following resampling technique has been used in experiments in

this study to improve the performance of the particle-filtering technique by varying

the particle density, time-steps and particle location.

Degeneracy can be detected before resampling by applying a simple variance rule
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[22] given by

M̂eff =
1∑M

m=1(wmt )2
(4.3.1)

where wmt is the normalized weights, M is the number of particles, and M̂eff is the

effective particle size, as described Liu and Chen [51]. A small M̂eff indicates severe

degeneracy. To overcome the degeneracy without changing the posterior density,

kernel-based smoothing [14] techniques are applied. The idea behind this technique

is that the highly skewed discrete posterior density is first smoothed using a kernel

and transformed into a continuous density function. The continuous density function

is sampled to obtain the discrete posterior density function. A kernel K(x) is a

symmetric probability density function that satisfies the following conditions [14],

[56]”

K(x) ≥ 0,

∫
K(x) dx = 1∫

x K(x) dx = 0,

∫
‖ x ‖2 K(x) dx <∞

The posterior density is now given by

p(xt | z0:t) ≈
M∑
m=1

wmt Kh(xt − xmt ) (4.3.2)

where

Kh(x) =
1

hnx
K
(x

h

)
(4.3.3)

where h is the kernel bandwidth or the smoothing parameter [14], [56], and nx is

the dimension of the state vector x. Although any probability density function can

be used as a kernel, the most popular kernel density functions are the Epanechnikov
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kernel and the Gaussian kernel [14], [56]. The Epanechnikov kernel is the optimal

kernel in terms of mean square error between the original distribution and the corre-

sponding kernel-based smoothed distribution [14]. On the other hand, the Gaussian

kernel is computationally simple and gives sufficiently good results. For this reason,

the Gaussian kernel has been used in this resampling technique. For each particle, a

weighted Gaussian kernel with unit variance and mean equal to the particle location is

generated. The weight of the Gaussian density is equal to the weight associated with

the selected particle. The weighted mixture Gaussian density functions are added

to obtain a smoothed and continuous density function, which is an approximation

of the discrete posterior density function. This continuous density function is next

discretized and fed into the particle filter. The main problem that arises due to the

resampling step is that the diversity of particles is reduced. This can be overcome by

using Markov chain Monte Carlo techniques [57].
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Chapter 5

Tracking Objects in Video Using
Particle Filtering

To track an object in a video sequence, the object or its features must be identified

first. An object is defined by the features it exhibits. To detect the motion of an

object, the movement of the features must be tracked. After identifying the motion

of the features, a prediction model must be formed such that the position of the

features can be predicted in the next frame. This thesis considers edges for tracking

since edges are the most prominent features of an object.

The motion of an edge is parameterized by ( θ, uf , ub, d ), where θ is the angle

made by the edge, uf is the foreground velocity, ub is the background velocity, and d

is the perpendicular distance between the edge and the center of the block [58]. The

edge in the block is shown in Figure 5.1. The moving edge (or the motion edge) can

be completely characterized by these parameters. It is assumed that the object, and

hence the edge, moves with the foreground velocity. The foreground and background

velocities help in modelling the occlusion and disocclusion effects due to the movement

of the object. Tracking of the motion edge can now be re-defined as prediction of

the motion edge parameters for the next frame using the information available from
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the previous frames. In order to predict and track the parameters, a motion model

must be defined, followed by a prediction algorithm both of which are defined in the

subsequent sections. In this dissertation, a square neighborhood of seventeen pixels

in each dimension is used throughout the model.

Figure 5.1: Square block showing the neighborhood of pixels selected for tracking.
Low-intensity crossed lines at the center of the block representing the axes used as
reference. Thick line representing the edge. Parameters d and θ for the edge are
shown.

5.1 Motion Model

It is a common assumption in the image processing field that the displaced frame

difference between two consecutive frames in a video sequence follows an i.i.d Gaussian

random field distribution [8] or

I(x′, t) = I(x, t− 1) + vn(x, t) (5.1.1)

where vn ∼ N (0, σ2
n), and, x′ is the new pixel location to which x moved. This is

justified due to the fact that if the new pixel location x′ was chosen correctly, then the

intensity values must be equal, i.e., the intensity difference must be zero. But, due
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to modelling errors and errors in estimating x′, the intensity difference need not be

zero. This difference can be modelled as a normal distribution, as given in equation

(5.1.1). From the motion edge parameters defined, it is easy to observe that a pixel

x at time instant t− 1 moves to a new location x′ at time instant t given by

x′=

{
x + uf if (x− xc).n > d+ w

x + ub if (x− xc).n < d+ w
(5.1.2)

where w = max((uf−ub), 0), and uf = uf .n, ub = ub.n and n = (cos(θ), sin(θ)).

It is to be noted that n defines a unit vector normal to the motion edge. A pixel

belongs to the foreground, if (x−xc).n > d, where xc is the center of the block. The

parameter w in equation (5.1.2) gives the difference between the normal component

of the foreground and the background velocity. It also gives the width of the occluded

or the disoccluded region due to the movement of the edge.

The temporal motion of the edge describes the motion of the edge with respect

to time, i.e., from one frame to another. It is assumed that motion parameters follow

a first-order Markov process. Hence, the parameters at time t are dependent only on

parameters at time t − 1. The motion model [58] can be described by the following

set of equations:

uf,t = uf,t−1 + vu,f , vu,f ∼ N (0, σ2
uI2)

ub,t = ub,t−1 + vu,b, vu,b ∼ N (0, σ2
uI2)

θt = [θt−1 + vθ] mod 2π, vθ ∼ N (0, σ2
θ) (5.1.3)

dt = dt−1 + nt−1.uf,t−1 + vd, vd ∼ N (0, σ2
d) (5.1.4)

The edge is assumed to move with a constant velocity. The orientation of the edge

is always in the range of [−π, π]. Hence, the integer multiple of 2π is removed from
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the updated value of θ before propagating it to the next time step. The edge is

assumed to move with the foreground velocity. Hence, the distance of the edge from

the center of the block for the next time step is obtained by moving the edge with

the normal component of the foreground velocity. Gaussian noise is added to account

for modelling errors implicit in this model. For the velocity modelling, a zero mean

Gaussian noise with covariance matrix σ2
uI2 is used. For the orientation θ and the

distance d of the edge, a zero mean Gaussian noise with variance of σ2
θ and σ2

d,

respectively, is used.

5.2 Prediction Algorithm

The motion edge parameters or state parameters and the evolution of the state

parameters with time are described in the previous sections. Prediction of the motion

parameters involves estimation of the model parameters at time-step t from the data

available until the time-step t − 1. This problem can be identified as a state-space

estimation problem, which includes a set of state evolution equations, as given in

equation (5.1.4) and an observation equation as given in equation (5.1.1). Since

this problem involves nonlinear models, the particle-filtering technique described in

Chapter 3 can be applied directly. Re-writing the terms with respect to the prediction

algorithm, the state parameters are given by s = [θ, uf , ub, d]. The state-update

equation p(st | st−1) is given by equation (5.1.4). The observation equation is given

by equation(5.1.1).

The main equation in particle filtering is given by (3.3.1). Due to simplicity in

implementation, the prior is chosen as the important sampling function and is given
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for quick reference as

p(smt | zt) ∝ p(smt−1 | zt−1) p(zt | s(m)
t ) (5.2.1)

The only term to be defined in equation (5.2.1) is the likelihood, given by p(zt|s(m)
t ).

The same likelihood function as defined by Black [58] is used, which is given by

p(zt | s(m)
t ) =

(
exp

[
−1

2σ2
n

∑
x∈x1,...,xt

E(x, t; s
(m)
t )

2

]) 1
T

(5.2.2)

where E(x, t; s
(m)
t ) = I(x′, t) − I(x, t − 1), and T is the number of pixels sampled,

and x′ is given by equation (5.1.2). The parameter T can be considered a smoothing

constant that smoothes the posterior function. A better search in the parameter

space can be achieved by smoothing the posterior density function.

5.2.1 Initialization Prior

From the particle filtering equation (5.2.1), it can be observed that the posterior at

time instant t is obtained from posterior at time instant t−1 by multiplying with the

likelihood function. At the first time instant, i.e., at t = 1, the previous posterior is

not available. Hence, the previous posterior for the first time step, or the initialization

prior is assumed to be a six-dimensional Gaussian density function given by

p(smt−1 | z0:t−1) ∼ N (µ,R) (5.2.3)

where µ = [θ, ufh , ufv , ubh , ubv , d]T and R = [σ2
θ , σ

2
ufh
, σ2

ufv
, σ2

ubh
, σ2

ubv
, σ2

d, ]
T
I6. To form

the initialization prior, the mean values of the state parameters are required. These

mean values are computed using low-level detectors, which is described in the next

section.
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5.3 Low-Level Detectors

Low-level detectors provide an estimate of the state parameters. They are obtained

directly from the individual frames of the video sequence. The following sections

describe the methods used to calculate the state parameters.

5.3.1 Calculation of d and θ

State parameters are calculated over a neighborhood of pixels in a given frame.

In these computations, a square neighborhood of length seventeen pixels is selected.

Parameters d and θ are calculated by fitting a straight line to the motion edge formed

in a neighborhood. It is assumed that the spatial edge captured within a neighborhood

is approximately a straight line. The motion edge can be observed from the frame

difference of two consecutive frames. The difference image formed by subtracting two

blocks would give the edge formed due to motion or the motion edge formed by the

moving edge.

The first step in line-fitting is the selection of the coordinates to fit the line.

Since line-fitting is implemented for the motion edge, the coordinates that form the

motion edge in the selected neighborhood must be collected. This is implemented by

setting a threshold to the frame difference and selecting only those coordinates whose

difference in frame intensities is greater than the threshold. A simple two-parameter

line-fitting algorithm is used to fit a straight line into the selected pixels. The line-

fitting algorithm [59] is described as follows: Let xi and yi be the x and y coordinates

of the moving pixels. It is assumed that the xi are known exactly, and the uncertainty

in the yi is given by σi. The line-fitting problem can now be stated as fitting the data
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points xi and yi to the straight line model

yi(xi) = y(xi; a, b) = a + bxi (5.3.1)

The measure of good fit is given by the χ2 distribution

χ2 =
N∑
i=1

(
yi − ai − bxi

σi

)2

(5.3.2)

To determine the straight line parameters a and b, equation (5.3.2) is minimized with

respect to a and b, and the two equations hence formed are solved as

∂χ2

∂a
=−2

N∑
i=1

yi − a− bxi
σ2
i

= 0

∂χ2

∂b
=−2

N∑
i=1

xi(yi − a− bxi)
σ2
i

= 0 (5.3.3)

The parameters Sx, Sy, Sxx, and Sxy are defined as

S≡
N∑
i=1

1

σ2
i

, Sx ≡
N∑
i=1

xi
σ2
i

Sxx≡
N∑
i=1

x2
i

σ2
i

, Sxy ≡
N∑
i=1

xiyi
σ2
i

Re-writing equation (5.3.3) in terms of the parameters defined above gives

aS + bSx=Sy

aSx + bSxx=Sxy (5.3.4)

Solving the two equations in equation (5.3.4) gives

a=
SxxSy − SxSxy

∆

b=
SSxy − SxSy

∆
,where, (5.3.5)

∆≡SSxx − (Sx)
2
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The expression for a and b obtained in equation (5.3.5) may result in round off errors.

Hence, they can be re-written by defining ti and Stt as

ti =
1

σi
(xi −

Sx
S

) and Stt =
N∑
i=1

t2i

b =
1

Stt

N∑
i=1

tiyi
σ2

, a =
Sy − Sxb

S

Thus, the model parameters d and θ are given by

d=
bxc − yc + a√

b2 + 1

θ=arctan b (5.3.6)

5.3.2 Estimation of uf and ub

A moving edge forms a plane in the 3-D space-time cube. The velocity of the edge

is determined by using spatio-temporal filters. Four spatio-tempoal filters based on

gradient operations [60], [61] are applied to the motion plane to detect its orientation.

The four filters used are given below:

F0=



1 1 1 1 1

1 1 1 1 1

0 0 0 0 0

−1−1−1−1−1

−1−1−1−1−1


F90 =



110 1 1

110−1−1

110−1−1

110−1−1

110−1−1



F45=



1 1 1 1 0

1 1 1 0 −1

1 1 0 −1−1

1 0 −1−1−1

0−1−1−1−1


F135 =



0−1−1−1−1

1 0 −1−1−1

1 1 0 −1−1

1 1 1 0 −1

1 1 1 1 0
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As in the previous section, pixels of interest are collected over three frames to form a

cube. From the cube hence formed, the motion plane is extracted. The motion edge

is perpendicular to the orientation of the spatial edge. For example, for a vertical

edge, the motion plane is the horizontal plane. Let the result obtained by convolution

of the motion plane by the four filters F0, F90, F45, and F135 be E0, E90, E45, and

E135, respectively. The ratio of E0 and E90 gives the ratio of the gradient along the

displacement axis and the time axis. This gradient represents the velocity of the

edge. The direction of velocity is obtained by comparing the magnitudes of E45 and

E135. If E45 is greater than E135, then the object is moving away from the left-bottom

edge of the frame toward the right-bottom edge of the frame. If E135 is greater than

E45, then the object is moving towards the left-bottom edge of the frame from the

right-bottom edge of the frame. By selecting a neighborhood that contains the object

of interest, the foreground velocity uf is calculated, and by choosing a neighborhood

away from the object, the background velocity is computed.

Thus, the model parameters are computed from images that are the observations.

The next section describes the application of the particle-filtering algorithm to the

tracking problem.

5.4 Tracking

Using the low-level detectors described in the previous section, the model param-

eters are estimated. The initialization prior is formed by using equation (5.2.3). The

likelihood of particles is calculated using equation (5.2.2). Now, the particle-filtering

equation (5.2.1) can be applied directly to obtain the posterior for the next time-step.

The posterior is marginalized to obtain the mean values of the parameters of interest.
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The mean values of the parameters of interest are plotted over the next frame using

the new region as described by equation (5.1.2). The edge is plotted in the updated

neighborhood using the predicted values of d and θ. The fitted straight line is given

by y = bx + a. The posterior density function gives the slope of the edge θ and

the perpendicular distance of the edge from the center of the block d.

From the two state parameters, the edge is constructed by forming a straight line

in the updated neighborhood. The equation of a straight line, Figure 5.2 in terms of

the slope of its perpendicular from the origin α and the perpendicular distance of the

line from the origin p, is given by

x

p secα
+

y

p cscα
= 1 (5.4.1)

With respect to the predicted parameters, p is equal to d, and α is equal to π
2

+ θ.

The edge is fitted into the updated neighborhood, as given by the following straight

line:

y =
p

sinα
− x cotα (5.4.2)

Thus, the edge of the object and hence the object is tracked in a video sequence

using particle filtering.
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Figure 5.2: Formation of the edge from the estimated parameters
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Chapter 6

Error Analysis Using Particle
Filtering

In wireless communications, when a digital symbol st is transmitted through a

frequency flat-fading Rayleigh channel, the received symbol yt is given as [10]

yt=htst + et (6.0.1)

where ht is the complex fading coefficient, and et is an additive white Gaussian noise

with zero mean and variance σ2
e . The fading coefficients can be modelled as an AR(3)

process described by

ht = −a1ht−1 − a2ht−2 − a3ht−3 + vt (6.0.2)

where a1, a2, and a3 are known AR coefficients, and vt is an additive white Gaussian

noise with zero mean and variance σ2
v .

The state and observation equations corresponding to the communication system

described by equations (6.0.1) and (6.0.2) can be summarized as

ht=Fht−1 + vt (6.0.3)

yt=sTt ht + et (6.0.4)
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where ht = [ht ht−1 ht−2 ht−3]T , st = [st 0 0 0]T , vt = [vt 0 0 0]T and

F =


−a1−a2−a30

1 0 0 0

0 1 0 0

0 0 1 0


The channel coefficients ht’s are time variant, and T denotes transpose. The

posterior density function of the transmitted symbol p(st|s0:t−1, y0:t) is given by [11]

p(st|s0:t−1, y0:t) ∝ p(st)
∫
p(yt|st,ht) p(ht|s0:t−1, y0:t−1)dht (6.0.5)

where p(st) is the prior density of the transmitted symbols.

6.1 Error Analysis

The objective is to estimate the error due to approximation of the probability

density function in equation (6.0.5). This can be done either by computing the

symbol error rate or by defining a meaningful metric on which the symbol error rate

depends. In this paper, the second approach is followed. To begin with, a function

J(yt) is defined, given by

J(yt) =

∫
p(yt|st,ht) p(ht|s0:t−1, y0:t−1)dht (6.1.1)

The likelihood p(yt|st,ht) is represented with N particles and their associated weights

{wit}Ni=1, where i represents the index corresponding to ith particle. The estimate of

J(yt), i.e., Ĵ(yt) obtained using particle filtering method can be written as

Ĵ(yt) =
N∑
i=1

wit p(ht|s0:t−1, y
(i)
0:t−1) (6.1.2)
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where (i) represents the set of particles.

From equations (6.1.1) and (6.1.2), the absolute difference between J(yt)and Ĵ(yt)

is given by

| J(yt)− Ĵ(yt) |=|
∫
p(yt|st,ht)p(ht|s0:t−1, y0:t−1)dht −

∑N
i=1w

i
t p(ht|s0:t−1, y

(i)
0:t−1) |

(6.1.3)

Now, the metric, supyt | J(yt)− Ĵ(yt) | is defined which will be useful to estimate

the error due to approximation of the probability density function defined in equation

(6.0.5). This metric is given by

supyt | J(yt)− Ĵ(yt) |= supyt |
∫
p(yt|st,ht)p(ht|s0:t−1, y0:t−1)dht−∑N

i=1w
i
t p(ht|s0:t−1, y

(i)
0:t−1) |

(6.1.4)

The upper bound for supyt | J(yt)− Ĵ(yt) | is given by [27]

supyt | J(yt)− Ĵ(y
(i)
t ) |≤ ∆(p)NV (p(ht|s0:t−1, y0:t−1)) (6.1.5)

It can be observed that supyt | J(yt)− Ĵ(yt) | is a meaningful metric on which the

posterior symbol probability density function defined in equation (6.1.5) depends. In

addition, the metric also directly determines the symbol error rate.

This bound consists of two terms, ∆(p)N (known as discrepancy), which is a

function of p(yt|st,ht), and V (p(ht|s0:t−1, y0:t−1)) (known as bounded variation), which

is a function of p(ht|s0:t−1, y0:t−1).

The discrepancy term ∆(p)N is given by

4(p)N = supyt{| P (yt|st,ht)−
N∑
i=1

witδ(y
i
t < yt) |} (6.1.6)

where δ(.) is the indicator function, and P (yt|st,ht) is the distribution function cor-

responding to p(yt|st,ht). The bounded variation V (p(ht|s0:t−1, y0:t−1)) is given by

V (p(ht|s0:t−1, y0:t−1)) =
∫ ∫ ∫ ∫

| ∂
4p(ht|s0:t−1,y0:t−1)

∂ht∂ht−1∂ht−2∂ht−3
| dhtdht−1dht−2dht−3 (6.1.7)
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Since p(et) is Gaussian, p(yt|st,ht) follows a Gaussian distribution with mean

µy = htst and variance σ2
e . The probability distribution function P (yt|st,ht) referred

to in equation (6.1.6) is computed as

P (yt|st,ht)=
∫ yt

−∞
p(yt|st,ht)dyt

=

∫ yt

−∞
N (µy, σ

2
v)dyt

=1− 1

2
erfc(

yt − µy√
2σv

) (6.1.8)

From equation (6.1.7), it can be observed that the density function p(ht|s0:t−1, y0:t−1)

required in equation (6.1.7) is a multivariate Gaussian density function given by

p(ht|s0:t−1, y0:t−1)=
1

2π|Σ|
× exp−[(ht − µht)

TΣ−1(ht − µht)]

=N (µht ,Σt) (6.1.9)

where µht is the mean and Σt is the covariance matrix of (ht|s0:t−1, y0:t−1). Substi-

tuting equations (6.1.6) and (6.1.7) in equation (??), the upper bound for the error

metric defined in equation (??) can be computed. It should be noted that it is not pos-

sible to derive an exact expression for the bounded variation term defined in equation

(6.1.7). Appendix shows the derivation of this term with simplified assumptions.
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Chapter 7

Simulation Results

This chapter presents the simulations for the three problems investigated in this dis-

sertation. In the first set of simulations, performance of the proposed particle-filtering

technique for target tracking has been evaluated by varying particle density, particle

location range, and noise variance. In the second problem, a video-based tracking

problem is simulated on standard flower garden and pepsi can sequences. Finally,

in the third set of simulations, error bounds for particle-filtering based estimation of

symbols transmitted over a time-varying frequency flat-fading channel with known

autoregressive parameters are computed. All simulations are done using MATLAB.

7.1 Target Detection Using Particle Filtering

In order to investigate the performance of the proposed particle-filtering technique

for target tracking, several simulations were performed by varying the number of

particles, position range, and noise levels. First, the impact of location range on the

performance of particle filtering method is simulated by creating three scenarios and

by varying the location range for particle selection. In the first scenario, the location

range includes the true target location. In the other two scenarios, the location range
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extends beyond the true target location.

In all experiments, the performance of the particle-filtering method with resam-

pling were measured by computing the error in range estimation (E∆R) given by

E∆R=
√

(∆x2 + ∆y2),

where ∆x and ∆y are the errors in estimating the locations (x, y) of the target. The

simulations were run with different state noise variances. It was assumed that state

and observation noises are uncorrelated, and its covariance matrix is given by σ2 I2.

In each scenario, the error was plotted for three different tracking algorithms: Kalman

filtering, particle filtering without resampling, and particle filtering with resampling.

The Kalman filtering technique [55] was implemented, and used for reference.

In all experiments, the carrier frequency fc was chosen as 1 GHz, and the reference

time delay τ0 was chosen to be 0.01 sec. The true initial state vector of the target

was fixed at x0 = [5, 5, 1, 1]T for all simulations. Further, the velocity range was fixed

at [1,3] for all experiments. Simulations were run for 200 time-steps.

7.1.1 Performance Under Varying Time-Steps

Figure 7.1 illustrates the error in range estimation for a set of 2, 500 particles

selected within the range [(4, 4), (8, 8)], which includes the true location of the tar-

get. The error in range estimation obtained from particle filtering with and without

resampling along with Kalman filtering were compared for different time-steps. From

Figure 7.1, it can be observed that the particle-filtering technique with resampling

converges faster than the other two techniques. Note that, in the case of the Kalman

filter, the prediction error is shown only with respect to the linearized observation

model.
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Figure 7.1: Convergence of the proposed particle filtering with resampling technique.
The error in range estimation for 200 time steps. In the experiment, position range is
chosen within the range [4,8] and the noise variance is 0.05. It can be observed that
particle filtering with resampling converges faster than the other two techniques.
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7.1.2 Performance Under Varying Particle Density

In this experiment, the performance of particle filtering with resampling tech-

nique was studied by varying the particle density. Figure 7.2 illustrates the error in

range estimation for a set of 2, 500 and 10, 000 particles selected within the range

[(4, 4), (8, 8)]. This figure shows that by increasing the particle density from 2, 500

particles to 10, 000 particles, the error in range estimation is reduced as expected.

This is due to the fact that as the number of particles increases, the error in ap-

proximating the continuous posterior density function with a set of weighted discrete

values decreases.
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Figure 7.2: Effect of the particle density on the performance of particle filtering. The
error in range estimation for 100 time steps with 2500 and 10000 particles, when
the position range is [4,8], and noise variance is 0.05. It can be observed that by
increasing the number of particles the error in range estimation is reduced.
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7.1.3 Performance Under Varying Range of Particles

In this experiment, three scenarios were created by varying the particle lo-

cation range. In the first scenario, the location range were selected within the

range [(4, 4), (8, 8)], which includes the true target location. In the second and

third scenarios, the location range was selected within the ranges [(6, 6), (10, 10)] and

[(10, 10), (15, 15)], respectively, which extend beyond the true location of the target.

Figures 7.3, 7.4, and 7.5 illustrate the results. Simulations were run for 200 time-

steps. it can be observed that although the particle location was selected beyond

the true location of the target, the error in range estimation converges faster with

resampling than with the other two techniques. From Figures 7.3, 7.4, and 7.5 error

in the range estimation obtained by the simple particle filtering-technique without

resampling increases at certain time-steps. This is due to the degeneracy problem,

discussed in earlier. Also, it can be observed that by incorporating the resampling

step, the particle filter converges faster and does not deviate after convergence. This

is mainly due to smoothening of the posterior density in the resampling step.
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Figure 7.3: Effect of varying the range of particles on the performance of particle
filtering when the error in range estimation was in the position range [4,8]. The noise
variance was 0.05.
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Figure 7.4: Effect of varying the range of particles on the performance of particle
filtering when the error in range estimation was in the position range [6,10]. The
noise variance was 0.05.
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Figure 7.5: Effect of varying the range of particles on the performance of particle
filtering when the error in range estimation was in the position range [10,15]. The
noise variance was 0.05.
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7.1.4 Performance Under Varying Noise Variance

Figure 7.6 (a) shows the error in range estimation for a set of 2500 particles

selected within the range [(4, 4), (8, 8)] with a state noise variance of 0.05. Figures

7.7, and 7.8 show the same plot with state noise variances of 0.1 and 0.2, respectively.

Again, simulations were run for 200 time-steps. Comparing Figures 7.6, 7.7, and 7.8

it can be noted that increasing the state noise variance requires more time-steps for

convergence but does not degrade the performance of the resampling technique.
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Figure 7.6: Effect of varying noise on the performance of particle filtering with the
state noise variance of 0.05.
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Figure 7.7: Effect of varying noise on the performance of particle filtering with the
state noise variance of 0.1.
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Figure 7.8: Effect of varying noise on the performance of particle filtering with the
state noise variance of 0.2.
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7.2 Object Tracking Using Particle Filtering

The object-tracking algorithm is simulated using standard flower garden and pepsi

can sequences. A square region of length 17 pixels containing foreground as well as

background pixels was chosen for simulations. This size is reasonable and accommo-

dates the straight-line assumption made regarding the edge segments.

In the first experiment, three edges oriented in different directions (vertical, hor-

izontal, and inclined) in the flower garden sequence were considered. The moving

block and the predicted edges corresponding to four image frames are shown in figure

7.9. In order to distinguish the true and predicted edges, the selected image blocks

are filled with dark color. Discontinuities appear in updated image blocks, as shown

in Figure 7.9. These discontinuities are due to the difference in the foreground and

background velocities with which the pixels in the predicted block move. For exam-

ple, in these simulations, the foreground and background velocities are 0 and 3.14,

respectively, for the inclined edge resulting in a split in the predicted block.

The performance of the tracking algorithm was measured by the difference between

the predicted and ground truth values of d. This difference is shown in two plots

for each of the three edges in Figures 7.10, 7.11, and 7.12, respectively for the flower

garden sequence. In each of these figures, the first plot shows the predicted and ground

truth values of d, and the second plot shows their absolute difference. From these

figures, it can be observed that the proposed algorithm tracks the edges reasonably

well.

In the second experiment, two (vertical and horizontal) edges in the pepsi can

sequence were considered. In this sequence, a square region of eleven pixels length

was considered. The results of the tracking algorithm are shown using frames 3,4,6,
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and 10 in Figure 7.13. Note that when the foreground and background velocities

are the same, the image block does not split. However, when the foreground and

background pixels move with different velocities, the image block splits. This problem

becomes worse, as time progresses due to the degeneracy problem that is inherent in

particle-filtering methods. One way to address this problem is to recompute the edges

after a certain number of frames and re-initialize their velocities. This solution has

been implemented in the first experiment (for the flower garden sequence). In order

to demonstrate the problem, this solution was not been implemented in the second

experiment.

Performance plots for tracking the vertical edge in the pepsi can sequence in figure

7.14. In this Figure, the first plot shows the predicted and ground truth value of d,

and the second plot shows their absolute difference.
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(a) (b)

(c) (d)

Figure 7.9: Experimental results showing the predicted, vertical, horizontal, and
inclined edges of the flower garden sequence. Figures a, b ,c and d show frames 13,
14, 15, and 16, respectively. The predicted edges are shown in white.
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Figure 7.10: Performance plots for tracking the vertical edge in the flower garden
sequence. The first plot shows the predicted and ground truth values of d, and the
second plot shows their absolute difference.
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Figure 7.11: Performance plots for tracking the horizontal edge in the flower garden
sequence. The first plot shows the predicted and ground truth values of d, and the
second plot shows their absolute difference.
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Figure 7.12: Performance plots for tracking the inclined edge in the flower garden
sequence. The first plot shows the predicted and ground truth values of d, and the
second plot shows their absolute difference.
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(a) (b)

(c) (d)

Figure 7.13: Experimental results showing the vertical and horizontal predicted edges
in the pepsi can sequence. The figures a, b, c, and d show frames 3, 4, 6, and 10,
respectively. The white lines in these four figures represent the predicted edges.
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Figure 7.14: Performance plots for tracking the vertical edge in the pepsi can sequence.
The first plot shows the predicted and ground truth value of d, and the second plot
shows their absolute difference.
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7.3 Error Analysis in Particle Filtering

The error bounds for particle-filtering based estimation of symbols transmitted over

a time-varying frequency flat-fading channel with known autoregressive parameters

was investigated in these simulations. The initial parameters for the Gaussian prior

density function, ht ∼ N (h−1,Σ−1) were chosen according to Djuric et al. [11] and

are given by

h−1 =


1

0

0

 Σ−1 =


0.1 0 0

0 0.24569 0

0 0 0.05475


The above selection of prior mean and covariance was based on the assumption

that the channel has a strong line-of-sight component and has two weaker zero mean

paths [11]. The weights {wit}Ni=1 for likelihood p(yt|st,ht), where N =50, were chosen

uniformly at the initial step and were updated recursively. The AR parameters were

chosen according to Djuric et al. [11]. The channel parameters were normalized in

the range of 0 to 1.

In these simulations, binary symbol transmission was considered i.e., st ∈ (1,−1).

The upper bound was computed for, 1000 time-steps and was plotted in Figure (7.15).
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Figure 7.15: Upper bound for | J(yt)− Ĵ(yt) | computed for 1,000 time-steps.
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Chapter 8

Conclusions

This dissertation discusses three important contributions to the field of particle

filtering. In the first problem, a particle-filter based approach for target tracking

described by a linear state model and a nonlinear measurement model with addi-

tive white Gaussian noise was discussed. The performance of the particle-filtering

technique was evaluated with and without resampling by varying the particle den-

sity, particle location range, and noise variance. From the simulation results, it can

be observed that the error in range estimation is reduced by increasing the particle

density. By choosing the position range in the vicinity of the target, it was observed

that the true target location was approached in few time-steps. By varying the posi-

tion range, it was observed that as the initial range moved away from the target, the

particle-filtering technique with resampling took more time-steps in order to approach

the true target location. Performance of resampling was studied under different noise

variances. The resampling technique performed better than the particle-filtering tech-

nique without resampling in all the scenarios. Results suggest that resampling is not

only a necessary step but also an important step to solve the degeneracy problem.

Possible extensions to this work include taking into account multitarget scenarios in
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the analysis.

In the second problem, a basic frame work for applying the particle-filtering tech-

nique for tracking objects in a video sequence was presented. From the experimental

results, it was observed that the proposed algorithm could be used for tracking an

object in a video sequence. Also, the algorithm could be applied to both fast-moving

and slow-moving videos with weak edge information. In this dissertation, an edge in

a neighborhood was modelled as a straight line. In a randomly selected neighbor-

hood, the edge need not be straight line, and approximation of the edge as a straight

line could result in bad tracking. This model can be directly modified to incorporate

second- or higher-order curves instead of a simple straight line for better modelling of

the edges. It is well known that on applying a particle-filtering algorithm over many

time-steps can cause sample degeneracy. The posterior density function becomes

highly skewed with only a few particles with high weights, and the remaining par-

ticles either disappear or degenerate. This effect is called sample degeneracy, which

can be overcome by using resampling and sample-impoverishment techniques.

The proposed algorithm tracks multiple edges in a video sequence with the edge

that is covered in the selected neighborhood. This work can be further extended to

track multiple objects in a video sequence. Also, significant research has been con-

ducted in the filed of multiple target tracking using the particle-filtering algorithm in

the filed of signal processing and communications, which makes it easier to implement

the suggested extensions with few changes to the proposed work.

In the third problem, error bounds for particle-filtering-based estimation of sym-

bols transmitted over a time varying frequency flat fading channel with known autore-

gressive parameters were computed. A metric that quantifies the difference between
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the true and approximate posterior density functions was proposed. An upper bound

for this metric was derived. Numerical simulations of the proposed model were per-

formed, and the results were plotted.
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It is not possible to derive an exact form for the bounded variation term

defined in (6.1.7). However, if assuming that the channel-fading coefficients are real

and uncorrelated, the derivation becomes tractable. First, lets start with a model

with two channel-fading coefficients, i.e, ht = [ht, ht−1]. Then,∫ b

a

∫ d

c

| ∂
∂ht

(
∂

∂ht−1

p(ht))∂ht−1∂ht|

=

∫ b

a

(| ∂
∂ht

(p(ht, d))− ∂

∂ht
(p(ht, c)))∂ht|

=|p(b, d)− p(b, c)− p(a, d) + p(a, c)|

Extending the above result to n terms yieds∫ b1
a1

∫ b2
a2

. . .
∫ bn

an
( ∂

∂ht

∂
∂ht−1

. . . ∂
∂ht−n+1

p(x))∂ht−n+1 . . . ∂ht−1∂ht =∑b1
j1=a1

∑b2
j2=a2

. . .
∑bn

jn=an
(−1)(n−K)p(j1, j2, ..., jn)

where K (known as limit index) takes the value of 1 when the lower limit is substi-

tuted and it takes the value of 2 when the upper limit is substituted.
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