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ABSTRACT 

This thesis provides a framework for a combined analysis of consensus algorithms for 

multi-agent systems that include the presence of obstacles and the presence of communication 

time delays.  The consensus algorithms are based on Laplacian matrix theories and the collision 

avoidance algorithms are based on collision cone approach.  We study and verify the conditions 

for all agents in a multi agent system to reach consensus with simultaneous collision avoidance 

using both analytical and graphical methods.  The upper bound on the time delay with which 

consensus and collision avoidance can both be simultaneously achieved is evaluated for agents 

with different types of dynamics.   
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Chapter 1 

Introduction 

1.1 Literature Review 

 Cooperative control studies the dynamics of multi-agent systems linked to each other by 

a communication graph.  The graph represents how the information flows between the agents in 

the model.  The objective of cooperative control is to guarantee synchronized behavior of the 

states of all the agents.  Synchronized behavior could mean that for example, all the agents either 

converge to a common value, i.e. consensus, or maintain a particular formation.  High level 

embedded computational resources in autonomous vehicles enables effective operation through 

teamwork in various applications.  When compared to agents in a multi-agent system that 

operate on an individual basis, greater efficiency and operational capability can be obtained if the 

agents operate in a coordinated fashion.   For successful execution of cooperative controls, 

individual agents must be aware of the states of their neighboring agents.  However, some of the 

most important challenges in cooperative control include the effects of communication delays 

and the presence of obstacles in the system.  In all real world systems, time delays always exist 

due to finite communication speed.  Similarly, as multiple agents work together in a real world 

system, there are always obstacles they must avoid and still reach consensus or formation, 

whichever is needed.  Therefore, a proper consensus and avoidance algorithm must be applied so 

that the agents can reach consensus while successfully avoiding obstacles.  The presence of time 

delays and its effects should also be analyzed to ensure that the system is robust and does not 

become unstable.  
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The objective of this thesis is to analyze the effects of communication time delays and the 

presence of obstacles in cooperative controls. Consensus algorithms have many applications, for 

example, rendezvous [1], formation control [2], flocking [3], attitude alignment [4] and sensor 

networks [5]-[6]. In all applications, the agents have to communicate with each other to 

accomplish the desired task and this must happen quickly and efficiently.  Excessive delays can 

cause instabilities in the system and also have an adverse effect on the cooperative decision that 

the group has to make.  Several studies have been performed to solve the consensus problem of 

multi-agent systems.  Some consider the presence of communication delays in the system. 

Wang and Hull [7] propose a framework based on matrix theory to analyze and design 

cooperative controls for a group of individual dynamical systems whose outputs are 

communicated to one other in an intermittent, dynamically changing, and local manner.  A 

necessary and sufficient condition on convergence is derived, and through simple choices of a 

gain matrix, the overall closed-loop system is shown to achieve cooperative behavior.    

Fax and Murray [8] consider the problem of cooperation among a collection of vehicles 

performing a task together using inter-vehicle communication to coordinate their actions.  They 

model the communication network and the topology using algebraic graph theory.  They propose 

a method for decentralized information exchange between vehicles.   

Olfati-Saber et al [9] provide a theoretical framework for analysis of consensus 

algorithms for multi-agent systems with an emphasis on the role of directed information flow, 

robustness to changes in topology, time-delays, and performance guarantees.  They establish 

direct connections between spectral and structural properties of complex networks and the speed 

of information diffusion of consensus algorithms.   



3 
 

Ren, Moore, and Chen [10] study the ith order (i>=3) consensus algorithm, which 

generalizes the first-order and second-order consensus algorithms.  They show sufficient 

conditions for which each information variable converges to common values.  They also present 

the idea of higher-order consensus where the variables not only reach consensus but also 

converge to the solution of a prescribed dynamic model.   

Liu and Yi [11] consider cooperative control problem in the presence of communication 

time delays.  A cooperative control algorithm is obtained by using the delayed output feedback 

information and a set of less restrictive conditions on the connectivity of the communication 

graph.  Through the switching between decoupled control and predictive cooperative control, the 

convergence of the overall system is proved.  However, this approach only considers a general 

class of dynamical systems which are input-output feedback linearizable to the given canonical 

form.   

Qu, Zhihua, et al [12] discuss the cooperative control problem in the presence of 

communication time delays for multi-input-multi-output dynamical systems.  Through an 

elaborate switching between the de-coupled control and the proposed predictive cooperative 

control, the convergence of the overall system is proved.   

Yang Wen et al [13] consider the presence of communication delays in a second order 

system.  They analyze convergence of the consensus algorithm by frequency domain methods.  

Using small –   stability theorem, they derive the criteria to guarantee convergence.  They 

provide a bound for the time-delays and the velocity coupling gain to guarantee consensus. 

  Similar to the studies performed in consensus algorithm, research has been conducted in 

the field of  collision avoidance algorithms for multi-agent systems using several different 
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methods such as Potential field approach, RRT’s, A* Method, Velocity Obstacle Approach, and 

Collision Cone Approach.   

Khatib [14] presents an obstacle avoidance approach for mobile robots based on artificial 

Potential Field concept.  This approach considers an agent moving in a field of forces.  The point 

to be reached is an attractive pole and the obstacles are repulsive surfaces for the agent.  The 

drawback to this approach is that agent can reach local minima, where the attractive and 

repulsive forces are equal to each other and cause the agent to get stuck.   

Garrote et. al [15] study the collision avoidance using the Rapidly Exploring Random 

Trees (RRT’s) approach, which is one of the most popular probabilistic approaches for collision 

avoidance.  It works by iteratively creating an exploration tree, starting by sampling nodes in 

unexplored regions of the search space, then finding suitable links between the nodes, and then 

finally adding new nodes to the exploration tree.  The main task is to perform collision detection 

(with static and dynamic obstacles) and guide the search to a valid and collision-free path.    

Hart, Nilsson, and Rafael [16] describe the A* algorithm used for path planning.  The A* 

algorithm is a preemptive path generating collision avoidance method.  It divides the space into 

grids of equally sized squares or nodes and then uses a branching method to find the most 

optimal of the possible paths for each agent.  Collision avoidance with this method is achieved 

by rating the nodes.  The rating for the nodes is to see how likely it is that another agent will be 

within that node at the same time the agent is moving.  The drawback to this algorithm is during 

scenario when there are large numbers of agents present.  

     Fiorini and Shiller [17] present a method for robot motion planning and obstacle 

avoidance using velocity obstacle approach.  They define a set of points in planar configuration 
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space, such that if the velocity vector of object A lies in this set then collision occurs.  The 

velocity obstacle is a first-order approximation of the robot’s velocities that would cause a 

collision with an obstacle at some future time, within a given time horizon.  The drawback to this 

approach is that it only considers circular objects and not arbitrarily shaped objects, which are 

more realistic.     

Chakravarthy and Ghose [18], look into the problem of obstacle avoidance between 

moving objects using a collision cone approach.  The benefit of this approach is that it considers 

objects of arbitrary shape, which are not considered in the other approaches. This approach has 

been used by several others in applications such as driver assistance system, mobile robot 

guidance, aircraft safe trajectories, and multi vehicle collision avoidance problem.  We use this 

same approach in our thesis to ensure that the agents are able to reach consensus by avoiding the 

obstacle.  The collision conditions are used to derive dynamic inversion based avoidance 

strategies. 

1.2 Motivation 

The motivation behind this thesis comes directly from nature.  Many of us have noticed 

flocks of birds flying in the sky together.  The birds fly in a group and almost seem like a cluster, 

which is an amazing cooperative work of nature.  The birds come together, create and then 

change formations in a very dynamic and structured way.  Each individual bird seems to notice 

its closest neighbors and makes decisions based on neighbor information.  It is so intriguing to 

notice these birds fly in groups in a manner that seems simple but yet so complex.   Although 

each individual bird might want to make decisions based on self-interest, there is consensus 

among the birds to make a cooperative decision. Nature provides us with vast information that 
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can be used for engineering design and practices.  This has been the motivation behind the 

research in this topic.     

There are several application areas of this research including: 

i. Unmanned air vehicles in the national air space  

ii. Underwater Vehicles in the ocean 

iii. Self driving cars on the highways 

iv. Robots deployed in hazardous environments 

1.3 Organization of the Paper 

To understand cooperative controls and consensus/collision avoidance algorithms, one 

must have a clear understanding of graph theory. Therefore, Chapter 2, section 1, starts with the 

background information on graph theory and graph matrices.  The rest of the Chapter follows 

with analysis of consensus in Single Integrator, Double Integrator, and General LTI Systems.  

We then take into consideration communication delays in the system and analyze the affects of 

such delays in Chapter 3.  Chapter 4 addresses the presence of obstacles in the system and uses 

the Collision Avoidance and Consensus Algorithm in conjunction to reach consensus while 

avoiding obstacles.  We analyze this in scenarios where the obstacle is stationary and moving.  

Chapter 5 extends the results and analysis of Chapter 4 in the presence of communication delays.  

Chapter 6 presents the conclusions and future research possibilities in this area.    
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Chapter 2 

Consensus of Linear Time Invariant (LTI) Systems without Delays 

2.1 Graph Theory  

To understand consensus algorithms, it is important to understand the graph theory that is 

behind it.  Graph theory models the exchange of information between agents in a directed or 

undirected network.  A directed graph, G,  is a pair (N, E), where N = {1, . . . , n} is a finite 

nonempty node set and E ⊂ N × N is an edge set of ordered pairs of nodes, called edges. The 

edge (i , j ) ∈ E denotes that vehicle j can obtain information from its neighboring vehicle i , but 

not necessarily vice versa. For the edge (i , j ), i is the parent node and j is the child node. The in-

degree of node Vi, is the number of edges that has Vi as head.  Similarly, the out degree of node 

Vi is the number of edges that has Vi as tail. [19] 

In contrast to a directed graph, the pairs of nodes in an undirected graph are unordered, 

where the edge (i , j ) denotes that vehicles i and j can obtain information from each other. An 

undirected graph can be viewed as a special case of a directed graph, where an edge (i , j ) in the 

undirected graph corresponds to edges (i , j ) and ( j , i ) in the directed graph. The order of the 

information exchange is not important in an undirected topology.  Below are few of the different 

types of graphs and variations of graphs:  

i. Directed Path: A directed path is a sequence of edges in a directed graph of the form (i1, 

i2), (i2, i3), . . and so on. 

ii. Undirected Path: An undirected path in an undirected graph is defined analogously. In a 

directed graph, a cycle is a directed path that starts and ends at the same node. The self 

edge (i , i ) denotes a cycle of length 1.  
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iii. Strongly Connected Graph: A directed graph is strongly connected if there is a directed 

path from every node to every other node. An undirected graph is connected if there is an 

undirected path between every pair of distinct nodes.  

iv. Rooted Directed Tree: A rooted directed tree is a directed graph in which every node 

has exactly one parent except for one node, called the root, which has no parent and 

which has a directed path to every other node. Note that a rooted directed tree has no 

cycle since every edge is oriented away from the root. In the case of undirected graphs, a 

tree is a graph in which every pair of nodes is connected by exactly one undirected path.  

v. (Directed) Tree: A directed tree is a connected directed graph where every node except 

one, the root node, has in-degree equal to 1.  

vi. Spanning Tree: A graph is considered to have a spanning tree if all nodes in the graph 

can be reached from at least one node (root point) by following the edges in the graph.  A 

graph can have several spanning trees.  If a graph is strongly connected, it has at least one 

spanning tree.  [20] 

2.1.1 Graph Matrices 

To study graph properties, we must look into the graph matrices that define the various aspects 

of the graph.   

i. Adjacency Matrix: Given the edge weights aij>0, the adjacency matrix A=[aij]  is 

defined as follows: 

                                               A=[aij] with aij>0 if (Vj ,Vj ) ∈ E                                   (2.1) 

otherwise, aij=0. 

 Example: Adjacency Matrices for figures in Fig 2.1 below.  Weights are all considered to be 1 
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For (a): 

 
 
 
 
 
     
     
     
     
      

 
 
 
 

 , For (b): 

 
 
 
 
 
     
     
     
     
      

 
 
 
 

 , For (c): 

 
 
 
 
 
     
     
     
     
      

 
 
 
 

 

ii. Diagonal In-Degree Matrix: The diagonal matrix contains the number of in-degree of a 

particular node.  For an undirected graph, the diagonal elements of the matrix are equal to 

the number of neighbors the node has.  For directed graph, it is the number of neighbors 

the node will receive information from.   

Example: Diagonal Matrices for figures in Fig 2.1below 

For (a): 

 
 
 
 
 
     
     
     
     
      

 
 
 
 

 , For (b): 

 
 
 
 
 
     
     
     
     
      

 
 
 
 

 , For (c): 

 
 
 
 
 
     
     
     
     
      

 
 
 
 

 

iii. Laplacian Matrix: The graph Laplacian matrix is very important to analyze the stability 

of the cooperative system we discuss in our paper.  It is defined as the difference between 

the diagonal in-degree matrix and the adjacency matrix, i.e.  

L = D – A                                                           (2.2) 

Example: Laplacian Matrices for figures in Fig 2.1below 

For (a): 

 
 
 
 
 
         

         
         
         
          

 
 
 
 

 , For (b): 

 
 
 
 
 
        

        
       

        
         

 
 
 
 

 ,  
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For (c): 

 
 
 
 
 
     

      
       

      
        

 
 
 
 

 

   Fig 2.1 Graphs (G) in different Configurations, (a) Graph G1 (b) Graph G2 (c) Graph G3   

2.1.2 Graph Spectral Theory 

Graph Spectral Theory is the study of properties of graph in relationship to the characteristics 

polynomial, eigenvalues, and eigenvectors of the matrices associated with the graph, such as its 

Laplacian or Adjacency matrix. The eigenvalues of the Laplacian matrix of the graph are closely 

related to the connectivity of the graph.  Similarly, the adjacency matrix provides information 

about the paths contained in the graph.   

Undirected Graph: For an undirected graph, the Laplacian matrix of the graph is symmetric.  

The eigenvalues of the undirected graph are always real and non negative.  Therefore, for an 

undirected graph G of N agents, we can find N eigenvalues for L.  We denote them as 

              Since they are all real and non-negative, we have 
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(2.3) 

Directed Graph: For a directed graph, the eigenvalues of the graph can be complex.  Therefore, 

the properties of the eigenvalues of the Laplacian of the directed graph are as follows: 

            

                                                                                       (2.4) 

If the directed graph has rooted out branching, it means that the graph has a spanning tree and 

therefore it is stable.   

Now that we have a clear understanding of the graph theory and the relationships of the 

Laplacian matrices to the connectivity of the graph, in the coming sections of this chapter, we 

discuss the problem of getting robots modeled by Linear Time Invariant systems to arrive at 

consensus.  It is assumed that the robots have perfect communication links with no delays in the 

links.  We first consider single integrator system, followed by double integrator system, and 

finally the more generalized system.   

2.2 Single Integrator System: 

A single integrator system is defined as the simplest form of the dynamical system and 

satisfies a first order, linear differential equation.  It can be represented in a general form stated 

below: 

                                                                                                 (2.5) 
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where,   = Response of the system, 

   = Input of the system, 

A block diagram representation of the single integrator system is shown below.     

 

Fig 2.2 Block Diagram for Single Integrator System 

Define         as the position coordinates and           as the velocity of the ith robot.  The 

single integrator equation for a system of N robots/agents is as follows: 

                             

                                                                                            (2.6) 

Defining                    
  and                    

 , the control law for the N 

agents to reach position consensus is:      

         

                                                                                                                   (2.7) 

where L is the Laplacian matrix of graph G as defined in equation (2.2) 

Substituting (2.7) in (2.6), we have 
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                                                                                                          (2.8) 

For an undirected graph, the protocol (2.8) drives all agents in graph G towards consensus, 

provided the underlying graph is connected, i.e.         .  All node states in (2.8) come to 

same steady-state value, i.e.          and         .  The consensus values           

for an undirected graph are given by: 

                                                            
 

 
   

 
                     

                                                          
 

 
   

 
                                        (2.9) 

. Finally, consensus for the undirected graph is reached with a time constant given by: 

                                                     
 

  
                                  (2.10)      

with λ2 being the second eigenvalue of L, also known as the Fiedler eigenvalue. 

For a directed graph, consensus is reached if the graph has a rooted out branching, i.e. 

           , or equivalently,        .  The consensus values for a directed graph are:               

                                      
     

 
                                           

                                                              
     

 
                                    (2.11) 

where                   and                   are the right eigenvectors normalized 

such that   
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2.2.1 Nyquist Plot and Stability Criterion 

Nyquist plot is a frequency response plot that helps to determine the stability of the system 

using Nyquist Criterion. Taking the Laplace Transform of equation (2.4), we have 

                    

                 

                                                                                                 (2.12) 

The steps to determine stability using Nyquist Criterion can be summarized as below: 

 Make a mapping from the "s" domain to the determinant of             
 

 
   domain 

where the path of "s" encloses the entire right half plane.  The mapping is in a real-

imaginary axis, with s replaced by j . 

  From the mapping we find the number n, which is the number of clockwise 

encirclements of the origin. 

 We can factor L(s) to determine the number of open loop poles that are in the right half 

plane. 

 Since we know n (no of encirclements) and P (no of unstable open loop poles), we can 

determine Z       , the number of zeros of "1+L(s)" in the right half plane (which 

is the same as the number of closed loop poles. 

 If Z>0, the system is unstable. 
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Fig 2.4 shows a nyquist plot of a group of agents with single integrator dynamics moving 

towards consensus.  Fig 2.4 (b) is a zoomed version of the nyquist plot and shows that there are 

no encirclements of the origin and therefore the system is stable.  

Simulations and Analysis 

In the fig 2.3 below, we show that the agents with single integrator dynamics reach 

consensus in                       coordinates.  This figure is for a complete graph, the graph 

shown in Fig (2.1) (a).  We also show the nyquist plot in Fig 2.4 to verify the stability of the 

system.  If we zoom in, fig 2.4 (b), we can see that there are no  encirclements of the origin, 

therefore the system is stable.   

The simulation shows 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  Using the consensus law, eqn. (2.3), the 

appropriate velocities            are generated so that all the robots reach consensus.  The 

position consensus happens at        , which is the same as the average of their initial positions 

as stated in eqn (2.9)  

Fig 2.3 (a) and (b) demonstrate the time trajectories of             , for each of the 5 

robots, while Fig 2.3 (c) shows their trajectory on a       plane.  The consensus value is shown 

in the figure as well.  The arrows in the figure indicate the direction of travel of each robot.  

Fig 2.4 shows the nyquist plot of the dynamics of the robots.  The nyquist plot is shown 

in a real vs imaginary plane.  The arrows indicate the direction of plot with respect to increasing 

value of  .  Fig 2.4 (b) is a zoomed version of Fig 2.4 (a), where it is shown that there are no 

encirclements of the origin, which means the system is stable.   
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Fig 2.4: Nyquist Plot of Single Integrator System  

 

Fig 2.3: Consensus on Single Integrator System (Undirected Complete 

Graph)and Nyquist Plot 
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Fig 2.5 and Fig 2.6 also show 5 robots trying to reach consensus.  However, the graph 

topology for these two figures are different than Fig 2.3.  In Fig 2.5, the graph topology is an 

undirected spanning tree and in Fig 2.6, it is a directed spanning tree.  The graph topology for 

these are shown in Fig 2.1 (b) and (c), The goal of these simulations is to show that the graph 

doesn’t have to be a complete graph for the robots to reach consensus.  In the case of undirected 

graphs, Fig 2.3 and Fig 2.5, since the graphs are connected, the robots reach consensus.  

Similarly, in the case of directed graph, Fig 2.6, the graph has a rooted out branching and 

therefore the robots are able to reach consensus.  In all cases, the robots reach consensus; 

however, the rate of convergence in each case is different. 

For undirected graphs, the rate of convergence, as shown in eqn (2.10),  is indirectly 

proportional to the second eigenvalue of the graph Laplacian matrix.  It is fastest in Fig 2.3 

because the second eigenvalue is highest in a complete graph.  Similarly, the rate of convergence 

in Fig 2.5 is faster than Fig 2.6 as shown in the figures below.     
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Fig 2.6: Consensus on Single Integrator System (Directed Spanning Tree) 

 

Fig 2.5: Consensus on Single Integrator System (Undirected Spanning Tree) 
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2.3 Double Integrator System: 

A double integrator system is a second order system that satisfies Newton’s second law of 

motion, F=ma.  It models the dynamics of a simple mass under the effect of a time-varying force 

input u. 

It can be represented in a general form stated below: 

                                              
  
  

         
 
 
                                            (2.7) 

where,  

x(t)= Response of the system, 

u(t)= Input of the system, 

A block diagram representation of the double integrator system is shown below.     

 

Fig 2.7 Block Diagram of Double Integrator System 

Several systems in real world that comprise of position and velocity states can be modeled as 

double integrator systems. In this chapter, we define the double integrator system that comprises 

of position and velocity of the agents as below 
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                                                                                                  (2.8) 

where         is the position coordinate of each agent,              are the velocity components of 

each agent, and            are the acceleration components of ith agent.  N is the total number of 

agents, and the input,    , is the acceleration of each agent.  

Defining: 

               
T    ,                   

T 

                   
T  ,                     

T 

                   
T   ,                       T 

The control law for the N agents to reach velocity consensus is: 

                                          

                                                                                           (2.9) 

where L is the Laplacian matrix of graph G as defined in equation (2.2) 

Substituting (2.9) in (2.8), the closed loop system is: 

                                                                                             (2.10) 

Writing (2.10) in matrix form, we have 
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Similarly, the control law for the N agents to reach velocity and position consensus is: 

                                                

                                                                                 (2.11) 

Substituting (2.11) in (2.8), the closed loop system is: 

                                                                                (2.12) 

Writing (2.12) in matrix form, we have 

 

  
   
  
   

   

    
      
    
      

  

 
  

 
  

  

For the second order (double integrator) system, all node states in (2.8) come to a position and 

velocity consensus, i.e.                                            

                                  .  The consensus values are as below: 

                                              
 

 
       

            
                                                                                                                  

                                    
 

 
       

            
           

                                              
 

 
        

      

                                              
 

 
       

 
                                         (2.13) 

The above equation (2.13) is true if the underlying graph is an undirected graph.  If the graph is 

directed, then the consensus values are: 
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                                    (2.14) 

Simulations and Analysis 

The condition under which consensus occur are identical to those indicated in the single 

integrator case and it also depends on the second eigenvalue of the Laplacian matrix of the 

graph.   

In figures below, Fig 2.8 and Fig 2.9, we show that the agents with double integrator 

system on an undirected complete graph reach consensus.  We show both position and velocity 

consensus for this double integrator system.  The concensus value matches what is shown 

analytically in (2.13) and (2.14). 

The simulation shows 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  Their initial velocities are 

                                                .  Using the consensus law, eqn. (2.12), the 

appropriate acceleration            are generated so that all the robots reach consensus.  The 

position consensus happens at               and the velocity consensus at (1.25, 0.76) which is 

the same as stated in eqn (2.13)  
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Fig 2.8 (a) and (b) demonstrate the time trajectories of             , for each of the 5 

robots, while Fig 2.3 (c) shows their trajectory on a       plane.  The consensus value is shown 

in the figure as well.  The arrows in the figure indicate the direction of travel of each robot.  

Double Integrator System without Delays Figures  

 

 
Fig 2.8: Consensus on Double Integrator System (Undirected Complete Graph) 
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2.4 General LTI System: 

Systems in real world applications are best modeled in the form of state-space dynamics.  

The notion of the state of a dynamic system is a fundamental notion in physics.  In control 

engineering, state-space representation models a physical system in the form of inputs, outputs, 

and state variables related by the first order differential equations. The most general state-space 

representation of a linear time invariant (LTI) system with   inputs, and   states is written in the 

following form: 

                                                                                                             (2.14) 

where, 

     is the state vector,     ∈    

     is the input vector,     ∈    

and A, B, C, and D denote the agent dynamic system matrices and are constant for LTI system.  

The block diagram representation of a system modeled using state-space representation is shown 

below: 

 

Fig 2.9: Block Diagram of a General LTI System 
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In this chapter, we consider a homogeneous multi-agent system with N agents having the same 

dynamics expressed in the state space form as: 

                                 ∈                         (2.15) 

where    is the state vector of the ith agent.  The dynamics of the entire group can be expressed 

as: 

                                                                                                            (2.16) 

with        As  ,         s  ( denotes the Kronecker product).  Here, the size of A is 

          and that of B is          . 

To reach consensus, it means that the state values of all agents eventually become the same, i.e. 

            .  The control law that achieves consensus is: 

                             
 

                                                                                                                (2.17) 

with feedback control gain matrix KϵRmxn .  L is the laplacian matrix of graph G.  The feedback 

gains K is the same for all nodes.  Hence, K is chosen such that          is stable for all   , 

where    are the eigenvalues of the graph Laplacian matrix.   

Substituting (2.17) in (2.16), the augmented closed-loop dynamics can be defined as: 

                                                                                                          (2.18) 
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For the dynamical system represented in state-space form to reach consensus, the following must 

be true: 

i. The dynamics of each individual agent must be stable, if not an inner loop controller 

needs to be designed to stabilize the system. 

ii. To guarantee consensus on a given graph with given eigenvalues            , 

proper value of feedback matrix gain K must be chosen to stabilize the system as 

indicated above. 

In Fig 2.7 below, we show that the agents represented in general LTI model on an undirected 

complete graph reach consensus.  We show the consensus on positions and velocity both for this 

system.  Fig 2.8 shows an unstable system where K is not chosen properly such that          

is stable for all   . 

The simulation shows 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  Their initial velocities in x and y directions 

are                                                 .            are as below: 

       
  

     
          

 
  

  are chosen randomly 
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 Using the consensus law, eqn. (2.17), the appropriate acceleration            are 

generated so that all the robots reach consensus.  The position and velocity consensus both 

happens at the origin.    

Simulations and Analysis 

Fig 2.8 (a), (b), (c), and (d) demonstrate the time trajectories of                         , for 

each of the 5 robots, while Fig 2.3 (e) shows their trajectory on a       plane.  The arrows in the 

figure indicate the direction of travel of each robot.  

In Fig (2.7), all the values are same except for            .  It is shown in the figure 

that the robots do not reach consensus because K is not chosen properly to guarantee stability.  

Therefore, it is very critical to chose proper K to make sure system is stable and therefore agents 

reach consensus.   
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General LTI system without Delays Figures

 

 Fig 2.10: Consensus on General LTI Model (Undirected Complete Graph) 
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State Space System without Delays Figures with Unstable K 

 

Fig 2.7: Consensus on General LTI Model with Unstable K (Undirected 

Complete Graph) 
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Chapter 3 

Consensus of Linear Time Invariant (LTI) Systems with Delays 

In systems comprising multiple robots that exchange information among themselves 

using wireless communication, communication and networking delays are almost always present.  

These delays play an important and crucial role in influencing the stability of the system.  Too 

high delays can cause severe instability of the system and therefore hinder the overall process of 

cooperative consensus control.  This chapter extends the results of chapter 2 to include 

communication delays between agents.  

The goal is to find an upper bound on the delays with which consensus can still be 

achieved.  In this chapter, we study the same systems as we did in Chapter 2, i.e, Single 

Integrator, Double Integrator, and General LTI Systems, but we include the effects of delays as 

well.   

3.1 Single Integrator System with Delays 

Consider all agents have system dynamics as defined in (2.5).  The communication and/or 

networking delays,  , is the time delays in receiving information that the agents share with each 

other.  For a single integrator system, the dynamics of the ith vehicle including delays is 

represented as below: 

                                      

                                                                                                    (3.1)                      

where     represents the time delays. 
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Defining                  and                 as the state vectors and    

                  and                      as the input vector of the multi-agent 

system.  Extending the results from (2.6) and replacing t with      , the control input for single 

integrator systems with delays is simply: 

                                                          

                                                        ,                                       (3.2) 

Substituting (3.2) in (3.1), we have 

                                                       

                                                                                                    (3.3) 

                                           

                      

                    

     
    

          
                                                                                                                  (3.4) 

                                                    

             

                             

              

                         

                                                                                            (3.5) 
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                                                                                          (3.6) 

                       
 
 

         

   
 

 
  

  
 

  
    

Considering    to be the largest eigenvalues of the Laplacian matrix L, we have  

      
 

   
  

                                                                                                       (3.7) 

Thus, a smaller value of    corresponds to a larger upper bound on delays, with which the 

system is stable.  However, faster convergence is achieved with a higher   , which automatically 

implies a larger   .  This illustrates the fundamental trade of between performance 

(characterized by higher convergence rate) and robustness (characterized by larger allowable 

delays).    

Simulations and Analysis 

In the figures below, we show the single integrator case with communication delays 

added to the dynamics of the system.  The agents on Fig 3.1 and Fig 3.2 reach consensus in both 

x and y axis with delays of 0.1 and 0.3 seconds respectively.  The delays are considered to be the 

same for all agents.  In both cases, the delays are less than the upper bound as defined in 

equation (3.7).  Therefore, the agents reach consensus.  Once the delays exceed the upper bound, 

the agents cannot reach consensus, as shown in Fig 3.3. This upper bound delays information is 
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useful to design a communication protocol that will ensure that the delays in communication are 

less than the upper bound threshold.  With zero delays, the agents              responses 

monotonically reach their consensus values.  With increasing delays, the responses become 

increasingly oscillatory and beyond the upper bound      the responses become unstable.  We 

also show the nyquist plots of the system to verify the stability of the system.   

The simulations show 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  We start with delays          and then 

increase the delays to 0.2 sec and finally to 0.32 sec. We use the consensus law, eqn. (3.2), to 

find the appropriate velocities            that drive all the robots to consensus.   

Fig 3.1 (a) and (b) , Fig 3.3 (a) and (b), and Fig 3.5 (a) and (b), all demonstrate the time 

trajectories of             , for each of the 5 robots, with                       

respectively.  Fig 3.1 (c) , Fig 3.3 (c), and Fig 3.5 (c) show their trajectory on a       plane.  The 

arrows in the figure indicate the direction of travel of each robot. The robots reach consensus in 

both Fig 3.1 and Fig 3.3 because the delays is less than the max allowed delays for stability.  

However, in Fig 3.5, the robots cannot reach consensus since the delays is higher than the upper 

bound threshold and therefore the system is unstable.   

Fig 3.2 (a), Fig 3.4 (a), and Fig 3.6 (a) all show the nyquist plot of the dynamics of the 

robots.  The nyquist plot is shown in a real vs imaginary plane.  The arrows indicate the direction 

of plot with respect to increasing value of  .  Fig 3.2 (b), Fig 3.4 (b), and Fig 3.6 (b), show the 

zoomed version of  the nyquist plots.  In Fig 3.2 (b) and Fig 3.4 (b), there are no encirclements of 

the origin, which means the system is stable. However, Fig 3.6 (b) shows that there is an 

encirclement of the origin, and therefore the system is unstable.     
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Single Integrator Case with Delays Figures 

 

Delays 0.1 sec

 

 

 

 

Fig 3.1: Consensus for Single Integrator System with Delay 0.1sec 
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Fig 3.2 (a): Nyquist Plot for Single Integrator Dynamics with Delays 0.1 

sec 

 

Fig 3.2 (b): Zoomed Nyquist Plot for Single Integrator Dynamics with Delays 0.1 

sec 
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Delays 0.2 sec 

 

 

 

 

Fig 3.3: Consensus for Single Integrator Dynamics with Delays 0.2 sec 
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Fig 3.4 (a): Nyquist Plot for Single Integrator Dynamics with Delays 0.2  sec 

 

Fig 3.4 (b): Zoomed Nyquist Plot for Single Integrator Dynamics with Delays 0.2 

sec 
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Delays 0.32 sec (maximum tau) 

 

 
 

 

 

 

Fig 3.5: Consensus for Single Integrator Dynamics with Delays 0.32 

sec 

 



39 
 

 

 

 

Fig 3.6 (a): Nyquist Plot for Single Integrator Dynamics with Delays 0.32  sec 

 

Fig 3.6 (b): Zoomed Nyquist Plot for Single Integrator Dynamics with Delays 0.32 sec 
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3.2 Double Integrator System with Delays 

Replacing t in (2.8) with (t-, we have the equation for double integrator system with delays as 

below: 

                                                                     

                                                         

                                                                  

                                                                                         (3.5) 

where         is the position,           is the velocity, and           is the acceleration of the ith 

agent.  N is the number of agents and the           is the input to the ith agent.   

Let’s consider each agent (robot) in graph G to have double-integrator dynamics as defined in 

equation (3.5) above.  Defining, 
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Velocity consensus is attained using, 

                                                  

                                                                                            (3.6) 

where L is the Laplacian matrix of graph G as defined in equation (2.1) 

Substituting (3.6) in (3.5), we have 

                                                               

                                                                                                           (3.7) 

Similarly, velocity & position consensus is attained using, 

                                                       

                                                                              (3.8) 

Substituting (3.8) in (3.5), we have 

                                                                  

                                                                                             (3.9) 

To find the upper bound on the delays, we take the laplace transform of 

                             to get,  

                                                                                                        (3.10) 

                                                                                                 (3.11)             
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 Substituting (3.10) in (3.11), we have, 

                               

                              

                              

                             

                                                 
            

           
                                                  (3.12)             

 

Simulation and Analysis 

In figures below, we show the double integrator case with communication delays added to the 

dynamics of the system.  The agents on Fig 3.6 and Fig 3.7 reach consensus in all axis with 

delays of 0.1 and 0.26 seconds respectively.  In both cases, the delays are less than the upper 

bound threshold.  Therefore, the agents reach consensus.  However, once the delays exceed the 

upper bound, the agents cannot reach consensus, as shown in Fig 3.8. For double integrator case, 

we find the upper bound using graphical analysis. This can vary for different graphs and different 

set of agents.  For this model, we have determined the upper bound on delays to be 0.28sec.   

The simulations show 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  Their initial velocities are 

                                                .  We start with delays          and then 

increase the delays to 0.26 sec and finally to 0.28 sec. We use the consensus law, eqn. (3.8), to 

find the appropriate velocities            that drive all the robots to consensus.   
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Fig 3.6 (a) and (b) , Fig 3.7 (a) and (b), and Fig 3.8 (a) and (b), all demonstrate the time 

trajectories of             , for each of the 5 robots, with                        

respectively.  Fig 3.6 (c) and (d) , Fig 3.7 (c) and (d), and Fig 3.8 (c) and (d), all demonstrate the 

time trajectories of               , for each of the 5 robots, with                        

respectively.  Finally, Fig 3.6 (e), Fig 3.7 (e), and Fig 3.8 (e), all demonstrate the trajectory of 

each of the 5 robots in       plane, with                        respectively.  The arrows 

in the figure indicate the direction of travel of each robot. The robots reach consensus in both Fig 

3.6 and Fig 3.7 because the delays is less than the max allowed delays for stability.  However, in 

Fig 3.8, the robots cannot reach consensus since the delays is higher than the upper bound 

threshold and therefore the system is unstable.   
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Double Integrator System with Delays Figures 

Delays 0.1 sec

 

 
Fig 3.7: Consensus for Double Integrator Dynamics with Delays 0.1 sec 
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Delays 0.26 sec 

 

 
Fig 3.8: Consensus for Double Integrator Dynamics with Delays 0.26 sec 
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Delays 0.28 sec

 
 Fig 3.9: Consensus for Double Integrator Dynamics with Delays 0.28 sec 
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3.3 General LTI system with Delays 

Replacing t in (2.14) with (t-, we have the equation for state space system with delays as 

below: 

                                                                   

                                                                                        (3.10) 

Considering the delays in the input and state vectors, we have 

                                                                 

                                                                                                        (3.11)                 

Substituting (3.11) in (3.10), we have, 

                                                                     

                                                                                           (3.12) 

To reach consensus, we must select proper value of K using the same methods as in chapter 2 

that will stabilize (3.12).  The figure and simulation below shows the upper bound for a given 

system using the control law and equations above. 

Simulation and Analysis 

In figures below, we show the agents with general LTI dynamics with communication delays 

added to the system.  The agents on Fig 3.9 and Fig 3.10 reach consensus in all axis with delays 

of 0.1 and 0.21 seconds respectively.  In both cases, the delays are less than the upper bound 

threshold.  Therefore, the agents reach consensus.  However, once the delays exceed the upper 

bound, the agents cannot reach consensus, as shown in Fig 3.11. For this state space dynamics, 
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we find the upper bound using graphical analysis. For this model, we have determined the upper 

bound on delays to be 0.22sec.   

The simulations show 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  Their initial velocities are 

                                                .  We start with delays          and then 

increase the delays to 0.21 sec and finally to 0.22 sec. We use the consensus law, eqn. (3.11), to 

find the appropriate velocities            that drive all the robots to consensus.  We use the 

same value of               as found in chapter 2.3. 

Fig 3.9 (a) and (b) , Fig 3.10 (a) and (b), and Fig 3.11 (a) and (b), all demonstrate the time 

trajectories of             , for each of the 5 robots, with                        

respectively.  Fig 3.9 (c) and (d) , Fig 3.10 (c) and (d), and Fig 3.11 (c) and (d), all demonstrate 

the time trajectories of               , for each of the 5 robots, with 

                       respectively.  Finally, Fig 3.9 (e), Fig 3.10 (e), and Fig 3.11 (e), all 

demonstrate the trajectory of each of the 5 robots in       plane, with 

                       respectively.  The arrows in the figure indicate the direction of 

travel of each robot. The robots reach consensus in both Fig 3.9 and Fig 3.10 because the delays 

is less than the max allowed delays for stability.  However, in Fig 3.11, the robots cannot reach 

consensus since the delays is higher than the upper bound threshold and therefore the system is 

unstable.  We have found the upper bound in this simulation to be 0.22 sec.     
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General LTI System with Delays Figures 

Delays 0.1 sec

 
Fig 3.10: Consensus for General LTI Model with Delays 0.1 sec 
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Delays 0.21 sec

 

 Fig 3.11: Consensus for General LTI Model with Delays 0.21 

sec 
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Delays 0.22 sec

 

 
Fig 3.12: Consensus for General LTI Model with Delays 0.22 

sec 
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Chapter 4 

Consensus and Collision Avoidance without Delays 

In the process of several agents coming to consensus, there are possible scenarios that 

various obstacles can come in the way of the agent’s direction of travel, which can thereby 

prevent consensus from occurring.  Therefore, in this chapter, we present obstacle avoidance 

algorithm that will be combined with the consensus algorithm to ensure that agents reach 

consensus despite the presence of obstacles on their way. We start with the discussion of 

Obstacle Avoidance Algorithm using Collision Cone Approach and finally show the combined 

Obstacle Avoidance and Consensus Algorithm. 

4.1 Collision Avoidance using Collision Cone Approach 

Collision avoidance is important to ensure that agents can reach consensus despite the 

presence of obstacles in their way.  There are several collision avoidance methods such as 

potential field approach, RRT’s, navigation function, A* method, velocity obstacle, and collision 

cone approach.  Among all the above methods, we chose the collision cone approach from [3] in 

this paper.  We assume the agents and obstacle to be in a 2-D collision cone in this paper.  The 

figure below illustrates a graphical representation of an agent and obstacle and shows several 

different variables associated with this approach.   

To understand collision avoidance using collision cone approach, let’s start with an agent that 

is located at point         and the obstacle at point         in the XY plane as shown in the 

Figure 4.1 below.  It is assumed that the obstacle is circular.  We assume that the agent moves 

with a constant velocity of             and the obstacle with a constant velocity            . 
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The various components and vectors related to the agent and obstacle are defined and shown in 

the tables, equations and figure below:   

 
                     

       
       

       
 

       
     

  

       
     

  

       
     

     
 

       
     

     
 

                         
 
                                                                                                           (4.1) 
 
                   (4.1) Equations for Various Components of Collision Avoidance Algorithm 

 

where, the variables are defined in Table (4.1) and shown in the Figure (4.1) below: 

(4.1) Table of Definitions of Variables for Collision Avoidance 

  Relative Distance between Agent and Obstacle (Line of Sight, LOS) 

  Angle between Agent and Obstacle 

   Velocity vector of Agent 

   Velocity vector of Obstacle (Constant) 

  Velocity Angle of Agent 

  Velocity Angle of Obstacle (Constant) 

   Relative Velocity between Agent and Obstacle perpendicular to LOS 

   Relative Velocity between Agent and Obstacle parallel to LOS 
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Fig 4.1 Graphical Representation of Agent and Obstacle in Cartesian and Polar 

Coordinates 

Collision Cone 

The collision cone is the set of velocities that will cause the agent to lie in a collision 

course.  The purpose of the control algorithm defined in this paper is to ensure that the agents are 

able to avoid the obstacle if their velocities lie in this collision cone by applying the given 

control algorithm.  We first define the kinematic equations that represent the relative dynamics 

of the ith agent to the obstacle.  The non linear state equation,              , for the ith 

agent is of the form: 
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             (4.2)      
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                                       (4.3) 

In (4.3), Y    is the output of the system.  From [3], we know that if         and       , then the 

agent is in the collision cone.  If       , the agents velocity vector is aligned with the boundary of the 

collision cone.   Therefore, if the velocity vector is inside the collision cone, we need an acceleration that 

drives Y to zero so that the agents can avoid obstacle.      is the acceleration that enables the agents 

to prevent collision and avoid obstacle.  From eqn (4.3), an analytical expression for a guidance 

law for collision avoidance can be determined using a nonlinear dynamic inversion technique in 

the form shown in the figure below.  

 

The output equation         has the form of (4.3), and since     
   

  
  , we have 

     
   

   

   

   

   

    

   

    
                   

                                                                    (4.4) 

The vector    

  
  as obtained from (4.3) has the following elements: 

   

   
 

      
 

   
     

   
   

   
    

   

    
 

   
       

 

    
     

 
 
    

   

    
  

   
       

 

    
     

 
 
                                    (4.5) 

Substituting (4.5) and (4.2) in (4.4), we have 

Fig 4.2 Block Diagram for Dynamic Inversion-Based Collision Avoidance Design 
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              (4.6) 

Next, defining an error signal                 where      is the reference input indicated in 

Fig 4.2.   Thus,         .  Taking          and enforcing the error dynamics to be 

            Substituting this in eqn (4.6), we have; 

      
         

     
     

    
        

     
   

  
         

        
 

 
           

        
 

 
     

                                              (4.7) 

Equation (4.7) is a guidance law that will ensure that the ith agent safely avoids collision if its 

velocity vector is inside the collision cone. K is a feedback gain and must be appropriately 

chosen to guarantee collision avoidance.  It must be a positive value and at least large enough to 

ensure that      decays to zero before the time    that’s defined below: 

                                                               
       

   
     

    
 

  
                               (4.8) 

 
Fig 4.3 Collision Cone 

 



57 
 

4.2 Consensus & Collision Avoidance Combined 

In this section, we combine the consensus and collision avoidance algorithms discussed 

in the previous sections to show how the agents can achieve consensus and simultaneously avoid 

other obstacles that may be present in the path of their travel.  This algorithm is useful in 

applications where collision avoidance and consensus are both needed.  We consider systems 

with double integrator dynamics for this combined algorithm.  The kinematic equations for this 

algorithm are shown below: 

Consensus Equation 

We use the consensus algorithm results from Chapter 2.2 and combine that with the collision 

avoidance algorithm in this chapter.  The acceleration input,     , that guarantees consensus is 

given as follows: 

                

                 
                                                   

       
                                   (4.9) 

 

Collision Avoidance Equations with Consensus 

In this section, we finally combine the consensus algorithm with the collision avoidance 

algorithm.  The new kinematic equations for Collision Avoidance with the combination of 

consensus are given below.  For simplicity, we are using the same variable as defined in 

Equation and Table (4.1).   
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         (4.10) 

Similarly, the kinematic equations that define the motion of the agents in the 2-D plane are given 

below: 

 

                 

                

               
 

 
            

               
 

 
                                                                                                          (4.11)  

          Kinematic Equations for combined Consensus and Collision Avoidance Algorithm 

 

Using the above algorithm (Equation (4.11)), we have shown in the figures below that the agents 

are successfully able to avoid collision and also achieve consensus.   

Simulation and Analysis 

In figures below, we show the agents achieving consensus after avoiding the obstacle.  

Fig 4.4 shows the agents in a 2D plane reaching consensus after avoiding the obstacle.  Fig 4.5 

shows the different dynamics of the agents to avoid collision, wherein the obstacle doesn’t move.  

Fig 4.6 shows the case where the obstacle moves with a constant velocity.   
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The simulations show 5 robots, connected by means of a complete graph.  Their initial 

positions are                                  .  Their initial velocities are 

                                                   .  The obstacle is a circular object with 

radius R=1 and is located at       .  We show both cases where the obstacle is stationary and 

then moves with a constant velocity.  We use the consensus laws, eqn. (4.7) and eqn (4.9), to find 

the appropriate velocities               that drive all the robots to consensus and also avoid 

obstacle as needed.   

In Fig 4.4, we show the robots coming close to achieving consensus but are prevented to 

do so due to the presence of obstacle.  The robots then use the collision avoidance algorithm to 

prevent obstacle and reach consensus after passing the obstacle. It should be noted how the 

robots adjust their velocities to come to consensus after they avoid the obstacle.  Fig 4.5 show 

the state, input, and output trajectories for each of the 5 robots.  Fig 4.5 (a) shows how the 

relative distacne (r), also knows as the Line of Sight (LOS), changes with time.  It is parabolic in 

nature because it decreases (becomes closer to 1, which is the Radius of the Obstacle) as the 

robots come close to the obstacle.  Fig 4.5 (b) is the relative angle between each robots and 

obstacle and change as the robots move in the (x,y) coordinate.  Fig 4.5(c) and (d) indicate the 

velocity and velocity angle of each of the robots and show how the robots reach a consensus 

value.  Fig 4.5 (e) and (f) represent the relative velocity between each robots and obstacle and is 

perpendicular to the LOS and parrallel to the LOS respectively.  Fig 4.5(g) shows the output of 

the closed loop system, Y(t).  The output decays to zero during collision avoidance course and 

then changes to a fixed value during consensus.  Fig 4.5(h) and 4.5(i) show the inputs, which is 

the  acceleration due to consensus and due to collission avoidance, for each robots.      
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Consensus with collision avoidance Figures 

Stationary Obstacle 

 

 
Fig 4.5: States, Inputs, and Outputs Trajectories of the Robots- Obstacle Fixed 

 

Fig 4.4: Consensus with Collision Avoidance Fixed Obstacle 
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In Fig 4.6 and Fig 4.7 below, we repeat the above simulation but consider the obstacle to 

be moving with a fixed velocity of 0.75.  We can clearly see in Fig 4.6 that the robots achieve 

consensus even with the obstacle moving.  The individual plots show the change in the position 

of both the robos and the obstacle.  The robots first avoid the moving obstacle using the collision 

avoidance algorithm and then reach consensus after passing the obstacle. The arrows indicate the 

direction of travel of the robots and obstacle.  Fig 4.7 show the state, input, and output 

trajectories for each of the 5 robots in the case of moving obstacle.  The main differnece between 

Fig 4.7 and Fig 4.5 is that the avoidance acceleartion is applied much sooner in Fig 4.7 because 

the robots are in collision cone much earlier.  The rest of the results are the same for both 

simulations.   

Moving Obstacle 

 

Fig 4.6: Consensus with Collision Avoidance for  Moving Obstacle 

t=0 sec t=1 sec t=3 sec 

t=5 sec t=7 sec t=8 sec 
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In Fig 4.8 and Fig 4.9 below, we repeat the simulation in Fig 4.4 but show the robots first 

achieving consensus and then avoiding the obstacle together as a group.  This is a possible 

scneario for any real world multi-agent system.  The obstacle is considered to be stationary.  As 

shown in Fig 4.4, the robots achieve consensus before encountering the obstacles, and then they 

avoid the obstacle together.  Fig 4.9 clearly shows all the state values coming to consensus first 

and then changing accordingly once obstacle avoidance algorithm is applied.  It can be seen in 

fig 4.9 (h) and (i) that the conensus acceleration is applied first before the collision avoidance 

acceleartion. 

In Fig 4.10 and 4.11, we repeat the simulation in Fig 4.8 and 4.9 but consider the obstacle 

to be moving with a constant velocity of 0.75.  We can clearly see that the robots are successfully 

able to achieve consensus first and then avoid obstacle even when the obstacle is moving.  

Fig 4.7: States, Inputs, and Outputs Trajectories of the Robots- Moving Obstacle 
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Consensus First and then Collision Avoidance- Fixed Obstacle 

 

 

Fig 4.8: Consensus and then Collision Avoidance for Fixed Obstacle 

Fig 4.9: States, Inputs, and Outputs Trajectories of the Robots in Fig 4.7 
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Moving Obstacle 

 

 

 

Fig 4.10: Consensus and then Collision Avoidance for Moving Obstacle 

Fig 4.11: States, Inputs, and Outputs Trajectories of the Robots in Fig 4.9 

t=1 sec t=0 sec t=2 sec 

t=3 sec t=4 sec t=5 sec 
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Chapter 5 

Consensus and Collision Avoidance with Delays 

In this chapter, we extend the results of chapter 4 and take into consideration the effects of 

communication delays that exist within the dynamical system.  In all real world systems, there 

occur communication delays between agents that can cause instability in multi agent system.  

Therefore, we analyze the system with delays and look for an upper bound on the delays, with 

which both collision avoidance and consensus can simultaneously be guaranteed.  We consider 

delays between agents communicating with each other (consensus delays) and also the delays 

between the agent and the obstacle (collision avoidance delays).     

5.1 Delays in the consensus portion only 

In this section, we consider delays only in the consensus portion of the system.  This is the 

communication delays (lag) in agents sharing information between each other.  The delays in the 

system yields to the control input (acceleration) equation as below:   

Consensus Equation with delays 

                                                             

                                                              
                                          

     
                                                    (5.1) 

with   being the communication delays and L being the Laplacian matrix as defined in equation 

(1.2).  Since we do not consider delays in the collision avoidance part in this section, all the 

collision avoidance kinematic equations of chapter 4 remain the same.  Therefore, the equations 

for collision avoidance system are as below.
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where         is the position and           is the velocity of the ith agent.   

(5.2) Kinematic Equations for Consensus and Collision Avoidance Algorithm with Delays in Consensus 

 
 

Simulations and Analysis 

In Fig 5.1 and Fig 5.2 below, we consider the robots to have communication delays 

between them.  In these simulations, we consider the delays to be only in the consensus 

algorithm.  The delays in the collision avoidance algorithm are considered to be negligible.  It is 

shown in Fig 5.1 that the robots reach consensus and then avoid obstacle successfully when the 

consensus delay is 0.2 sec.  Fig 5.2 shows the various states of the robots and demonstrates that 

the system is stable and able to reach consensus while still avoiding obstacle. 

In Fig 5.3 and Fig 5.4, we extend the results of Fig 5.1 and 5.2 but consider the obstacle 

to be moving with a constant velocity of 0.75 m/sec.  It should be noted that the system is still 

stable and the robots are able to achieve consensus and avoid the obstacle as well.  Therefore, the 

simulations demonstrate the working of the consensus and collision avoidance algorithms for 

both the fixed and the moving obstacle scenario.   
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Consensus and Collision Avoidance (Consensus only Delays, Fixed Obstacle) Figures

 

 

 

 

Fig 5.1: Consensus with Collision Avoidance with Consensus delays 0.20sec 

(Fixed Obstacle) 

Fig 5.2: State Values for Fig 5.1 (Consensus only delays 0.20sec (Fixed Obstacle)) 
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Consensus and Collision Avoidance (Consensus only Delays, Moving Obstacle) Figures 

Consensus Delays = 0.20 sec 

 

 

Fig 5.3: Consensus with Collision Avoidance with Consensus delays 0.20sec (Moving Obstacle) 

Fig 5.4: State Values for Fig 5.3 (Consensus only delays 0.20sec (Moving Obstacle)) 

t= 2.5 sec t= 3.5 sec 

t= 0.5 sec t= 1.5 sec 
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In Fig 5.5 and Fig 5.6, we increase the delay to 0.22 sec.  Fig 5.5 shows the robots first 

coming to conensus and then avoiding the obstacle together.  The difference between Fig 5.5 and 

Fig 5.3 and Fig 5.1 is the increase in oscillations particularly noticeable at time, t = 7sec 

approximately.  We can also see the increase in oscillation of the state values in Fig 5.6 

compared to Fig 5.2, which indicates that the higher the delays higher the oscillations in the 

system and once the delay is above a bound, the system become unstable.  Due to limitations of 

Matlab simulations, we were only able to simulate this system with maximum delays of 0.22 sec.  

However, the upper bound max delays for this system should still be the same as what we found 

for a double integrator system with delays in Chapter 3, i.e. 0.28 seconds. 

Consensus Delays = 0.22 sec 

  
Fig 5.5: Consensus with Collision Avoidance with Consensus delays 0.22sec (Fixed 

Obstacle) 
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5.2 Delays in the consensus and collision avoidance 

In this section, we consider delays in both the consensus and collision avoidance portion 

of the system.  There are communication delays in agents sharing information between each 

other and the delays in agents receiving information about the obstacle.  The delays in both yield 

to the control input (acceleration) equations as below:   

                                                             

                                                                                       

    
                                                               

                                   
 

 
                                   

 

 
         

   (5.3) 

with   being the communication delays on both consensus and collision avoidance equations.  

The equations for the overall consensus and collision avoidance system are as below.

Fig 5.6: State Values for Fig 5.5 (Consensus only delays 0.22sec (Fixed 

Obstacle)) 
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Where         is the position and           is the velocity of the ith agent.                  are 

as shown in Eqns. (5.3) 

(5.4) Kinematic Equations for Consensus and Collision Avoidance Algorithm with Delays in Consensus 

 

Analysis 

In this section, we show the upper bound on the delays using analytical solutions.  The main goal 

in collision avoidance algorithm is to drive the output equation, y to zero, so that the agents avoid 

the obstacle.  Therefore, 

             

                                    

                                                                                                                          (5.5) 
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                                                                                                                     (5.6) 

 

                                                    

              

                                                    

                 

                           

                                                                                                           (5.7) 

 

                       

                 
 

 
 
  

 
      

             

         
 

 
          

         
 

 
                                                                                                                 (5.8) 

 

                                       

     
 

 
  

  
 

    
                                                                                            (5.9) 

 

The bounded delays in equation (5.9) tells us that it is inversely proportional to the value of 

feedback gain   .  Higher    leads to driving the velocity vector of the robots out of the collision 

cone faster, but it leads to a smaller upper bound on time delay for successful collision 

avoidance.  There is thus a fundamental tradeoff between collision avoidance performance and 

robustness to time delays.      
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Chapter 6 

Conclusions 

This thesis analyzes the consensus and collision avoidance algorithm using the collision 

cone approach in the presence of communication delays.  We apply the concept of spectral graph 

theory and consensus algorithm to drive all the agents in the multi-agent system towards a 

consensus value.  We include the presence of delays in the system and analyze the effects of 

delays on the overall stability of the system.  We show that the control algorithm is robust to 

delays that are smaller than an allowable upper bound.  The system is unstable for delays higher 

than this bound.  The presence of obstacles is incorporated and the collision avoidance algorithm 

using collision cone approach is used to ensure that the agents avoid the obstacles and still 

achieve consensus.  Finally, we analyze the overall consensus and collision avoidance algorithm 

in the presence of communication delays, in both the consensus and the collision avoidance 

aspects.    

Future work can include extension to formation control with collision avoidance in 2-D 

and 3-D scenarios, in the presence of communication time delays.   
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