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ABSTRACT 

 

 

Electric vehicles (EVs) have been introduced as the demand for green transportation has 

increased. EVs require charging. Studies have shown that uncontrolled EV charging in certain 

areas of the community reduces the life of the distribution components, such as the secondary 

distribution transformer. One approach to remedying this is to increase the rating of the 

secondary distribution transformer, but by doing so, the no-load losses also increase. Minimizing 

no-load losses while deciding an optimal rating for the transformer during controlled and 

uncontrolled EV charging for an average day is studied in this work. The study is extended to 

include an hourly EV charging load. Along with no-load losses, the cost of the no-load losses 

and the cost of the transformer are minimized while deciding the optimal transformer rating.  

Controlling EV charging is another approach to controlling distribution losses and the 

transformer loss of life. Customer participation in delaying charging until getting the desired 

price is the approach taken in the next part of this study. Customer anxiety is defined and used as 

a measure to control EV charging behavior. The impact of customer anxiety on EV charging 

behavior is analyzed. An algorithm to control EV charging using customer anxiety as a measure 

is suggested in this work. The use of renewable resources along with controlled and uncontrolled 

EV charging and its impacts on the distribution transformer is studied here. Controlled EV 

charging deteriorates transformer life much less than uncontrolled EV charging does. The 

optimal transformer rating increases for uncontrolled EV charging versus controlled EV 

charging. When residential controlled EV charging along with energy from rooftop solar panels 

is used, the transformer loss of life is considerably reduced. With customer participation, EV 

charging can be controlled; hence, customer anxiety level can be a good measure for the utility to 

use in order to provide a plan-ahead system for EV charging.  
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CHAPTER 1 

 
INTRODUCTION 

 
 

 The power system in North America is undergoing many important changes. To avoid 

dependency on fossil fuels and to reduce greenhouse gas emissions, stakeholders are proposing 

changes in traditional power system planning and operations. As a result, several new trends, 

such as smart grid implementation at the transmission and distribution levels, use of grid-

connected electric vehicles (EVs), and demand-side management, are being investigated by 

researchers and industry experts. The future grid, as shown in Figure 1, is significantly different 

from its traditional look. 

 

 
 

Figure 1. Smart grid technology areas [1] 
 

 Implementation of the smart grid brings new challenges requiring novel methods, 

techniques, and applications. One such application is the charging of electric vehicles or plug-in 

hybrid electric vehicles (PHEVs). Many researchers and industry experts have suggested using 

EVs or PHEVs for cleaner transportation as well as reducing the dependency on fossil fuels. But 
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the infiltration of EVs will give rise to new challenges for the electric energy industry, especially 

at the distribution level. 

1.1  Electric Vehicles and Plug-In Hybrid Vehicles 

 EVs or PHEVs are considered clean modes of transportation, since carbon emissions 

from these vehicles are either minimal or none. These vehicles can be charged at public charging 

stations or charging stations located at commercial buildings or at residential charging units. 

Based on the charging voltage and power consumption, all of these charging options are 

connected to the distribution level of the power grid. Public charging stations and those located 

at commercial buildings are generally supplied by dedicated feeders. Since the infrastructure 

related to these public stations is also designed for the expected EV charging load, such charging 

does not pose much challenge from a power system operation standpoint.  

 Residential charging of EVs or PHEVs is done at an individual’s garage or at a charging 

point located at an apartment. The different levels of charging options are provided in Table 1. 

Level 1 is ideal for single-phase connections; however, this requires more time for EVs to be 

charged to the required level. Level 3 charging requires a direct current (DC) power supply, 

which is a costly option for individual houses. The most popular residential charging option is 

Level 2 charging, which could be done with a two-phase residential power supply.  

TABLE 1 
 

ELECTRIC VEHICLE CHARGING LEVELS Error! Reference source not found. 
 

Level 1 120 V AC, 16 A (1.92 kW) 

Level 2 208–240 V AC, 12 A–80 A (2.5–19.2 kW) 

Level 3 300–600 V DC), high current 
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1.2 EV Charging Levels  

 Level 2 charging increases the challenges for distribution companies. Residential EV 

customers typically prefer to charge their vehicles when they come home from work in the 

evening. This increases secondary distribution transformer loading and causes transformer loss 

of life. Available time to charge the EV and available charge in the EV battery also play an 

important role in customer behavior relative to charging. More time available for charging and 

an adequate amount of charge left in the EV battery tend to make the customer less anxious and 

more relaxed because charging the EV can be at the customer’s own preference. However, less 

available time to charge the EV and less available charge in the battery can make the customer 

anxious. The customer’s state of being relaxed or being anxious decides the need to charge. 

Hence, the behavior of EV customers regarding EV charging is an important concern.  

 The objective of this work is to develop a controlled electric vehicle charging model 

while ensuring the following:  

 Asset management: This work will ensure that the impact on the distribution-level 

components is analyzed and minimized. 

 Customer satisfaction: Since customers require that their vehicle be charged as needed, 

this work will include the consumer expectation of EV charging. 

 Renewable resources: Utilizing renewable resources will reduce the impact of vehicle 

charging. 

1.3 Organization of Dissertation 

 Chapter 1 provides the direction of this dissertation.  
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 Chapter 2 is a literature review of the impact of residential EV charging on distribution 

components, ways to minimize the impact, and schemes to develop controlled residential 

EV charging.  

 Chapter 3 discusses the impact of residential EV charging and renewable resources on the 

distribution component.  

 Chapter 4 talks about the optimal rating of the distribution transformer.  

 Chapter 5 describes a controlled residential EV charging scheme.  

 Chapter 6 explains the numerical analysis of the impact of residential EV charging, the 

optimal transformer rating, and a controlled residential EV charging scheme.  

 Chapter 7 concludes the findings and states the future work of this dissertation.  

 References used in this dissertation are found last. 
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CHAPTER 2 

 
LITERATURE REVIEW 

 
 

 With the increase in cost of petroleum products, electrification of the transportation 

industry has gained momentum. A University of California, Berkeley study on EV penetration 

forecasts that by 2030, 24% of the light vehicle fleet will be EVs and will hold 65% of the U.S. 

light vehicle market [2]. All large U.S.-based automobile manufacturers have placed their first-

generation electric vehicles on the market or are in the process of releasing their first EV [3]. The 

infiltration of EVs will give rise to new challenges for the electric energy industry, especially at 

the distribution level. Even though electric vehicles are an attractive solution to reducing 

greenhouse gas emissions, charging them will be the key consideration. Based on a study 

conducted by Duke Energy, there is a very high likelihood that EV customers will be located in 

geographical clusters [4]. This study also found that consumers prefer the fast-charging option 

(Level 2). Based on the current market price of electric vehicles, the early adopters of EVs will 

be in geographical areas that are presently heavily loaded zones in the distribution grids. 

Additional EV charging load will be seen as a burden on the electric grid, especially for 

secondary distribution transformers. Customers prefer their vehicle to be charged at their 

convenience, unless they have an agreement with the utility company. This may lead to many 

consumers connecting to the grid coincidently during the peak hours of operation, because this is 

the time that most vehicles end their last trip. This additional load has the potential to affect the 

life expectancy of the distribution transformer. Therefore, the solution for reducing greenhouse 

gases will bring new challenges to the distribution utilities/providers and aggregators. 
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2.1 Impact of EV Charging on Secondary Distribution Transformer 

 In the recent past, different stakeholders have investigated the impact of EVs on the 

distribution system. Taylor et al. [5] studied the impact of EVs on distribution system operations, 

primarily their effect on distribution feeder losses, voltage unbalance, and the transformer aging 

factor. Feeder losses for three deterministic charging scenarios were analyzed and show that 

coincidental charging has adverse effects on feeder losses. Gómez and Morcos [6] studied the 

impact of EV charging on the power quality of distribution systems. Their study concluded that 

the current harmonics due to battery charging adversely affect transformer life. Papadopoulos 

et al. [7] studied the impact of EV charging on a distribution network using a probabilistic model 

of EV penetration. Voltage sags due to EV charging were also studied in this work. Hilshey et al. 

[8] studied the impact of EV charging on transformer loss of life due to coincidental loading in 

two geographical locations. Their results indicate that for selected locations, coincidental 

charging can reduce transformer life to less than one year. Rutherford and Yousefzadeh [9] 

studied the impact of EV charging on a distribution transformer loss of life. A deterministic 

coincidental charging scenario with 100% charging was assumed, and the impact on the 

distribution transformer loss of life was presented. Furthermore, their studies showed that 

changes in the weather did not have much effect on transformer loss of life.  

 Figure 2 shows the effect of electric loading on a distribution transformer for one day 

with different charging scenarios. As can be seen, vehicles charging at the same time, which 

could occur as the result of uncontrolled charging, creates a peak power consumption on top of 

the baseload. And fully distributed charging (controlled charging) has less of an impact.  



 

7 

 
 

Figure 2. Charging scenarios of controlled and uncontrolled charging 
 

 Due to the clustering effect of electric vehicles in certain pockets of communities 0, the 

secondary distribution transformer will overload if vehicles are not charged in a controlled 

manner. Winter-day electric heating loads and summer-day air conditioning loads increase the 

power consumption; therefore, on these days, uncontrolled EV charging might cause 

overloading, thus accelerating the loss of life of the distribution transformer. Controlled EV 

charging could help reduce transformer loss of life because it would distribute the EV loading 

during non-peak hours.  

2.2 Impact of Renewable Resources and EV Charging on Distribution System 

 Due to EV charging, the distribution component life is impacted [10]. Solar photovoltaic 

(PV) panels are used to convert solar radiation into electric energy. Solar generation is variable 

due to variation in the weather conditions, such as cloudy or rainy days [11]. Zhao and Burke 

developed an energy management scheme for solar-powered EV charging at charging stations. 

They showed that by using solar-powered EV charging stations and a buffer battery storage, the 

impact of EV charging on the grid is reduced in terms of system losses and reduction in power 

peak demand [12]. Castello et al. showed that by using renewable energy, such as solar and 
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battery storage, EV charging load on the grid can be reduced [13]. Ardakanian et al. revealed that 

using solar power along with battery storage for EV charging load can reduce the carbon 

footprint [14]. Huang et al. devised an EV charging scheme and built a Markov decision process 

(MDP) controller to match the EV charging load using stochastic wind energy [15].  

2.3 Optimal Rating of Distribution Transformer in Presence of EV Charging 

 An example of secondary distribution transformer loading is shown in Figure 3. Here, 

available transformer loading data for five customers is used, and based on this data, the 

maximum loading of the transformer is 14 kW. The transformer rating is determined to be 

25 kVA, which would result in a lightly loaded transformer (maximum loading is 56% of rating). 

Of the five houses connected to the transformer, three are equipped with EVs, and charging is 

done through Level 2 chargers. Three different charging scenarios are considered:  

 EVs are allowed to charge at their arrival. 

 Charging is delayed to the late evening. 

 A control mechanism is used to distribute the EV charging. 

As shown in Figure 3, during certain times of the day, uncontrolled charging will increase the 

transformer loading beyond 100%. 

 
Figure 3. Residential transformer loading with EVs 
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 Several studies have been conducted to investigate the impact of EVs on transformer life 

[9, 10, 16, 17]. To ensure that transformer condition is not compromised, it is possible to replace 

the transformer with a higher-rated one; however, this will not only increase the capital cost but 

also the no-load loss. Figure 4 shows the increase in no-load loss with the transformer rating.  

 
 

Figure 4. Transformer loss based on rating [18] 
 

 Even though the power loss in a single transformer may not be significant, the total 

energy loss in a day with the presence of several distribution transformers could be significant, 

especially in certain geographical locations. Jardini et al. presented a method to select the 

distribution transformer rating based on a comparison of transformer-loading profiles with 

historic data [19]. A method to select the distribution transformer rating based on efficiency, 

capital cost, and losses was presented by Suechoey et al. [20]. 

 Wakileh et al. designed an optimal design for a distribution system after a cold load 

pickup and determined the optimal rating for the transformer and sectionalizing switches. They 

also minimized the total annual cost, which involved the cost of the transformer [21].Yang and 

Strickland developed an algorithm for the dynamic rating of transformers for cyclic loading 

based on thermal modeling of the transformer [22]. 
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2.4 Consumer Satisfaction-Based Controlled EV charging 

 Controlled charging of electric vehicles is being considered as an attractive option to 

minimizing the impacts to the electric grid [23]–[25]. Controlled charging requires two-way 

communication between the EV charger and the utility. The advanced metering infrastructure 

(AMI), through the smart meter initiative, not only has the ability for two-way communication 

but also allows grid operators to receive expected non-EV charging electric loads for different 

times of the day. 

 In the recent past, controlled charging of EVs has been of significant interest to both 

industry specialists and academic researchers. For example, Clement-Nyns et al. [26] studied the 

impacts of charging plug-in hybrid electric vehicles on the residential grid and proposed a 

coordinated charging technique for PHEVs by minimizing power losses and maximizing the grid 

load factor. Acha et al. [27] investigated optimal charging schemes for EVs based on the spot-

market and greenhouse gas emissions for energy markets in the United Kingdom. Their results 

show that appropriate control schemes would allow additional EV charging loads at the 

residential level.  

 Regulating the charging tariff is considered one of the ideal options to managing electric 

vehicle charging. Wu et al. showed that such a tariff would play a major role in a consumer 

choosing between controlled and uncontrolled charging [28].  

 Developing charging schedules based on tariff rates and developing tariff rates for EV 

charging has been given substantial attention. Lingwan et al. developed an optimal decentralized 

algorithm for EV charging based on the published day-ahead price [29]. This algorithm is 

expected to fill the valley of residential load curves. Sioshansi developed a combined model of 

tariff and EV charging load to minimize power losses, cost of charging, and emissions due to 
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PHEVs, which shows that controlling overnight charging is more important than midday 

charging [30].  

 Cao et al. [31] developed an optimized EV charging model, taking into consideration the 

time-of-use price and state of charge of the EV battery. Their results show that appropriate 

pricing of EV charging has the potential to reduce the total energy cost, even in a regulated 

scenario. The impact of pricing signals in the presence of two-way communication was 

investigated by Erol-Kantarci and Mouftah [32], who showed that two-way communication and 

a price based on the time of charging can reduce the operating cost as well as greenhouse gas 

emissions.  

 Significant work has been carried out to develop control strategies based on different 

pricing schemes. However, consumer anxiety due to delayed charging and the impact on 

distribution reliability due to EV charging have not been adequately investigated. Some 

examples of consumer-based charging models are as follows: (a) Chatupromwong and 

Yokoyama developed a charging scheme based on the state of charge of EV batteries to develop 

a user satisfaction index [33]. They showed that if a mix of all charging scenarios is considered, 

then for every minute, a best possible charging scenario will be selected for that time; customers’ 

available time for charging being a major criteria in their satisfaction level was not considered in 

this work. (b) Shao et al. proposed a technique to manage the total customer load based on utility 

requirements, thus managing the household load along with the EV load. They showed a way in 

which the customer could obtain control of switching the personal load on and off, and customer 

satisfaction indices were introduced to measure the comfort level. Comfort level varies with 

every customer, on which utilities have no control [34]. It is necessary to develop a control 

scheme that could be accepted by both the utility and the EV users. Any utility’s main 
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consideration is to avoid overloading its distribution components, which will affect system 

reliability. Consumers’ main consideration is to charge their EVs when necessary at the lowest 

price. A charging rate to minimize consumer dissatisfaction is included in the work of O’Connell 

et al. [35].   



 

13 

CHAPTER 3 

 

IMPACT OF EV CHARGING AND RENEWABLE RESOURCES ON DISTRIBUTION 

SYSTEM COMPONENT 

 
 
3.1 Distribution Transformer Loss of Life and EV Charging  

 Initial studies have shown that distribution components are most affected by EV 

charging, compared to transmission and generation components. Transformers are the most 

expensive component in a distribution network; hence, their life becomes a very important 

parameter when any additional loading is being considered. As seen earlier uncontrolled EV 

charging will definitely overload the transformer [10]. 

3.1.1 Probabilistic Modeling for EV Charging 

 IEEE Standard C57.91 [36] can be used to model a transformer winding hottest-spot 

temperature and, hence, the transformer loss of life. Data based on the battery state of charge at 

the beginning of the charging event was collected by the U.S. Department of Energy Vehicle 

Technologies Program, which conducted a study on vehicle usage of the Nissan Leaf in August 

of 2011 [37]. Weekday EV trip data collected at the Argonne National Laboratory Center for 

Transportation Research and is based on the National Household Travel Survey [38].  

 Based on the last vehicle trip ending information, given in [38], a suitable probabilistic 

distribution was determined. After evaluating various probabilistic distributions, the normal 

distribution was considered to be the best fit for the end of the final trip time. Normal 

distribution, 𝑓𝑎(𝑡) = 𝑁(𝜇𝑎, 𝜎𝑎), parameters are found using the following relationship. The mean 

of the end of the final trip time is determined by  

 
𝜇𝑎 =

∑ 𝑥𝑖
𝑁
𝑖=1

𝑁
 (1) 

and the standard deviation is  
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𝜎𝑎 = √

∑ (𝑥𝑖 − 𝜇𝑎)2
𝑁
𝑖=1

𝑁 − 1
 (2) 

where xi is the time of the end of the last trip time of the ith vehicle, and N is the total number of 

vehicles. Based on the parameter estimation, the developed normal distribution is given by  

 𝑓(𝑡) = 𝒩(13.2,3.35) (3) 

 The developed model was validated, and for illustration purposes, the end of the last trip 

time given by the National Household Travel Survey, marked as actual in the plot, and the 

arrival time of vehicles estimated by the developed model, marked as estimated in the plot, are 

shown in Figure 5. 

 

Figure 5. End of trip time, normal distribution 
 
 The next step is to determine a probabilistic model for the charge remaining at the end of 

the final trip. Field data containing information is very limited. Data from the work [37] uses 

only 956 consumers located in several states.  

 Similar to the end of the final-trip-time model, different probabilistic models were 

considered, and finally the lognormal distribution, 𝜏 = ln𝒩(µ, 𝜎), was determined to be the best 

suited model for the amount of charge remaining after completing all daily trips. The location 
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parameter, tC (which in the graph translates to relative standard distribution and how much it 

shifts either to the right or left on the horizontal axis), is determined by  

 
𝑡𝐶 =

∑ log(𝑦𝑖)
𝑁
𝑖=1

𝑁
 (4) 

Since many distributions were considered, the shape parameter that allows for many shapes is 

considered. This shape parameter, sC, is given by  

 
𝑠𝐶 = √

∑ (log(𝑦𝑖) − 𝑡𝐶)2
𝑁
𝑖=1

𝑁
 (5) 

where yi is the amount of charge remaining at the end of the trip for the ith vehicle. Based on the 

parameter estimation, the developed log normal distribution is given by  

 𝜏 = ln𝒩(3.78,0.58209) (6) 

 It is expected that with the increasing penetration of electric vehicles and the longer time 

spent on data collection will yield more data, and a more accurate model could be determined in 

the future. The best-suited parameters are given above, and both actual charge left based on the 

EV project report and estimated charge left based on the model developed in this model are 

shown in Figure 6.  

 
Figure 6. End of trip charge, lognormal distribution 
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 Level 2 charging at a constant rate over time is considered in this study. The battery 

capacity of an EV is taken as 𝑐 kWh. Based on the battery charging model given in the work of 

Argade et.al. [10], a constant rate of charge of 𝑟 kW/h is used here. Therefore, the time required 

to charge the battery is given by 

 
𝑇𝑐ℎ𝑎𝑟𝑔𝑒 =

(100 − 𝜏) ∗ 𝑐

𝑟
 (7) 

 This extra EV charging load due to the ith vehicle is termed 휀𝑖(𝑘𝑇) and is given by a uniform 

distribution as 

 ℰ𝑖(𝑘𝑇) = 𝑈 ((𝑓(𝑡), 𝑓(𝑡 + 𝑇𝑐ℎ𝑎𝑟𝑔𝑒)) where𝑡 = [0𝑡𝑜24] (8) 

3.1.2 Transformer Loss-of-Life Modeling 

 Transformer Load Model: For a given transformer, the power demand due to the non-

EV charging load (conventional load) for the kth time period is defined as ℓ(kT), where T is the 

time period of one interval. Therefore, the total demand for a given transformer with N number 

of electric vehicles at time t is  

 
𝒟(𝑘𝑇) = ℓ(𝑘𝑇) +∑ℰ𝑖(𝑘𝑇)

𝑁

𝑖=1

 (9) 

where ℰ𝑖(𝑘𝑇) is the ratio of required energy for vehicle i  to the rate of charging of the vehicle 

between the time when the vehicle is connected to the charger and the time when the vehicle is 

disconnected from the charger. 

 If the transformer is rated at 𝑃𝑇, then the per-unit loading on the transformer at the k
th 

interval at time t  is given by  

 𝐾(𝑘𝑡) = 𝒟(𝑘𝑇)/𝑃𝑇 (10) 
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 Transformer Hottest-Spot Temperature Calculation: The IEEE Standard C57.91-

1995 [36] loading guideline is used to determine the transformer loss of life. Based on this 

guideline, the following steps are taken to calculate transformer hottest-spot temperature. All 

temperatures are measured in ℃. 

 Step 1: The transformer top-oil rise is determined by 

 
Δ𝜃TO(𝑘𝑇) = Δ𝜃TO,R [

𝐾2(𝑘𝑡)𝑅 + 1

R + 1
]

n

 (11) 

where Δ𝜃TO,R is the top-oil rise over ambient temperature, 𝑅 is the ratio of load loss at a rated 

load to no-load loss for the transformer, and 𝑛 is the empirically derived exponent.  

 Step 2:  The top-oil temperature rise for a step load change is determined by  

 
𝜃TO(𝑘𝑇) = (Δ𝜃TO(𝑘𝑇))(1 − e

−
1
τTO) +Δ𝜃TO((𝐾 − 1)𝑇)e

−
1
τTO (12) 

where τTO is the oil time constant of the transformer.  

 Step 3: The hottest-spot rise over the top oil is determined by 

 Δ𝜃H(𝑘𝑇) = Δ𝜃H,R𝐾
2𝑚(𝑘𝑡) (13) 

where Δ𝜃H,R is the winding hottest spot over the top-oil temperature at the rated load. 

 Step 4: The hottest-spot temperature rise over the top-oil temperature is given by  

 
𝜃H(𝑘𝑇) = (Δ𝜃H(𝑘𝑇)) (1 − e

−
1
τw) +Δ𝜃H((𝐾 − 1)𝑇)e

−
1
τw (14) 

where 𝜏𝑤 is the winding time constant at the hottest-spot location.  

 Step 5: The hottest-spot temperature over the ambient temperature is given by 

 𝜃H(𝑘𝑇) = 𝜃H(𝑘𝑇) + 𝜃TO(𝑘𝑇) + 𝜃A (15) 

where 𝜃A is the ambient temperature. 
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 Transformer Loss of Life: The aging acceleration factor for the transformer at time 𝑘T 

is given by  

 
𝐹𝐴𝐴(𝑘𝑇) = 𝑒

[
15,000
383

−
15,000

𝜃𝐻(𝑘𝑇)−273
]
 (16) 

According to IEEE Standard C57.91-1995, the loss-of-life factor for a day is defined as  

 
𝐹𝐸𝑄𝐴 =

∑ 𝐹𝐴𝐴(𝑘𝑇)
𝑀
𝑘=1

𝑀
 (17) 

where 𝑀 is the total number of periods in one day. Finally, transformer the loss of life is given as 

 
𝐿𝑜𝐿 =

𝐹𝐸𝑄𝐴 × 24

65,000
100% (18) 

Using equation (18) for different charging scenarios, the loss of life of the transformer for 

different loading conditions and different environmental conditions can be determined. 

3.2 Impact of Renewable Resources and EV charging on Transformer Loss of Life  

 The objective of this work is to study the impact of solar energy in the presence of EV 

charging on a secondary distribution transformer. Solar generation is variable due to the variation 

in weather conditions, such as cloudy or rainy days [11]. On cloudy or rainy days, not much solar 

energy is available. Solar energy can be either stored and used later, or directly used to charge 

EV batteries.  

 For a given transformer, the power demand due to the non-EV charging load 

(conventional load) for the 𝑘th time period is defined as ℓ(𝑘𝑇). Total EV charging load at the 𝑘th 

time period is defined as ℰ𝑖(𝑘𝑇), where 𝑇 is the time period of one interval. The solar energy 

that can be used is 𝜍(𝑘𝑇). Therefore, the total demand for a given transformer with 𝑁 number of 

electric vehicles is given by  
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𝒟(𝑘𝑇) = ℓ(𝑘𝑇) +∑ℰ𝑖(𝑘𝑇)

𝑁

𝑖=1

− 𝜍(𝑘𝑇) (19) 

 On summer days, the 𝜍(𝑘𝑇) solar energy can be very high, sometimes more than that of 

the regular residential load and EV charging load. At that time, direct solar energy alone can 

supply and meet the EV charging load. Even though the EV charging load is on the system, the 

transformer insulation will not deteriorate much. Although in this instance the residential load 

and EV charging load do not need the power grid, this will not stop the transformer from losing 

life because there will be no-load losses. In other words, equation (19) cannot give a negative 

number, which means life is added to the transformer. Hence, it can be modelled as  

 
𝒟(𝑘𝑇) = 𝐴𝑏𝑠 {ℓ(𝑘𝑇) +∑ℰ𝑖(𝑘𝑇)

𝑁

𝑖=1

− 𝜍(𝑘𝑇)} (20) 

 Taking the absolute value ensures that no life is added to transformer. The term ℰ𝑖(𝑘𝑇) is 

the ratio of required energy for vehicle i  to the rate of charging the vehicle between the time it is 

connected to the charger and the time when it is disconnected from the charger. 

 If the transformer is rated at𝑃𝑇, then the per-unit loading on the transformer at the k
th 

interval at time t  is given by  

 𝐾(𝑘𝑡) = 𝒟(𝑘𝑇)/𝑃𝑇 (21) 

 EV charging at the residential level means that the electric vehicle is charged at the 

individual’s house. Due the uncertain behavior of  EV charging, such as charging time and state 

of charge in the EV battery, as modelled in Section 3.1.1, the exact charge requirement changes, 

and eventually results in a greater energy requirement. If this phenomenon occurs during the 

peak time, such as between 5 pm and 10 pm, the total load on the distribution feeder increases, 

which deteriorates the transformer insulation. Hence, it is important to investigate the impact of 
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EV charging on the transformer loss of life when solar energy is available. The transformer 

hottest-spot calculation and transformer loss-of-life calculation are done exactly the same way as 

explained in Section 3.1.1.  
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CHAPTER 4 

 

OPTIMAL RATING OF DISTRIBUTION TRANSFORMER IN PRESENCE 

OF EV CHARGING 

 
 
4.1 Objective 

 The objective here is to determine the transformer rating while minimizing the no-load 

losses on the system for an average day. No-load losses are dependent only on the time the 

transformer is energized and not on the actual transformer loading. Since distribution 

transformers are energized for 24 hours a day, a constant no-load loss is used in this work. Using 

the experimental data given by Barnes et al., a linear relationship for transformer no-load loss in 

terms of the rated power could be developed, as shown in Figure 7 [39]. Since the confidence 

level (R2 from Excel) is close to one, this work is based on a linear relationship.  

 
   (a) Single-Phase Transformer    (b) Three-Phase Transformer 

 
Figure 7. Linearized transformer loss curve for single-phase transformer [39] 

 
  Based on Figure 7, the generalized relationship between a transformer no-load loss and a 

transformer rating is  

 𝑃𝐿𝑜𝑠𝑠 = 𝑏𝑃𝑅 + 𝑐 (22) 
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where PR is the transformer rating, and b and c are constants. Since this work focuses on 

residential transformers in a secondary network, a single-phase transformer that connects three to 

eight houses to the grid is considered here. Therefore, the following transformer parameters are 

used: b = 1.4191 and c = 22.494. If the transformer relationship is determined to be a higher-

order polynomial, then similar modeling could be used with an appropriate optimization tool, 

such as a gradient search. 

4.1.1 Constraints 

Transformer Aging: This work focuses on transformer loss of life due to electric vehicle 

charging. Since EV charging is not correlated with the conventional residential load, it is 

assumed that the average conventional residential load is the same with or without an EV 

charging load. Furthermore, the EV battery charging load can be modeled either as a constant 

pulse or a decreasing step function based on the type of battery [40]. This work uses the constant 

pulse model because the decreasing step function would have a similar computation as a constant 

pulse model. 

 Based on IEEE Standard C57.91-1995, the transformer hottest-spot temperature above 

ambient temperature at time t is  

 𝜃𝐻𝐴,𝑖 = ∆𝜃𝑇𝑂,𝑡 + ∆𝜃𝐻,𝑡 (23) 

where 𝜃𝑇𝑂,𝑡 is the top-oil rise over ambient temperature, and 𝜃𝐻,𝑡 is the winding hottest-spot 

temperature. Even though the load changes dynamically, a time interval of 15 minutes to 

compute the change in hottest-spot temperature is sufficient [10]. This is in accordance with the 

current communication frequency of smart meters and EV charging time intervals. Since the top-

oil rise time constant is much smaller in a distribution transformer, the expression for top-oil 

temperature at the tth interval could be given by 
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𝜃𝑇𝑂,𝑡 = ∆𝜃𝑇𝑂,𝑅 (1 +
𝑅 (
𝐿𝑡
𝑃𝑅
)
2

𝑅 + 1
)

0.8

 (24) 

where  TO,R is the rated top-oil temperature rise over the ambient temperature in oC, R is the ratio 

of load loss at a rated load to no-load loss, and Lt is the load at time t. Since the annual average 

Lt/PR should be less than 1 for improved transformer life, the above relationship could be 

approximated by Tyler series expansion to  

 
∆𝜃𝑇𝑜,𝑡 =

∆𝜃𝑇𝑂,𝑅
(𝑅 + 1)0.8

(1 + 0.8 (
𝐿𝑡
𝑃𝑅
)
2

𝑅) (25) 

  Since the hottest-spot time constant is much larger than 0.25 hour, the winding hottest-

spot temperature is given by 

 
𝜃𝐻.𝑡 = ∆𝜃𝐻,𝑅 (

𝐿𝑡−1
𝑃𝑅
)
1.6

 (26) 

where RH ,  is the rated winding hottest-spot rise over top-oil temperature in oC. Therefore, the 

hottest-spot temperature above the ambient temperature is given by  

 
𝜃𝐻𝐴,𝑡 = (

∆𝜃𝑇𝑂,𝑅
(𝑅 + 1)0.8

(1 + 0.8 (
𝐿𝑡
𝑃𝑅
)
2

𝑅) + ∆𝜃𝐻,𝑅 (
𝐿𝑡−1
𝑃𝑅

)
0.8

) (27) 

 Based on the previous discussion, the following relationship is used: (𝐿𝑡
𝑃𝑅
)
0.8

< (
𝐿𝑡

𝑃𝑅
). 

 If the transformer hottest-spot temperature above the ambient temperature is limited to a 

maximum value Θt , then 

 (∆𝜃𝑇𝑂,𝑅/(𝑅 + 1)
0.8(1 + 0.8(𝐿𝑡/𝑃𝑅)

2𝑅) + ∆𝜃𝐻,𝑅(𝐿𝑡−1/𝑃𝑅)) ≤ Θ𝑡 (28) 

The transformer hottest-spot temperature rise due to the electric vehicle charging for a day 

(annual average) is 



 

24 

 ∑ (∆𝜃𝑇𝑂,𝑅/(𝑅 + 1)
0.8(1 + 0.8(𝐿𝑡/𝑃𝑅)

2𝑅) + ∆𝜃𝐻,𝑅(𝐿𝑡−1/𝑃𝑅)) ≤ ∑ Θ𝑡
𝑡𝜖𝑑𝑎𝑦



𝑡𝜖𝑑𝑎𝑦

 (29) 

If needed, the period could be extended to a year to improve the accuracy. For simplicity let 

∑ Θ𝑡𝑡𝜖𝑑𝑎𝑦 = Θ  

 
Θ𝑃𝑅

2 −∑∆𝜃𝑇𝑂,𝑅/(𝑅 + 1)
0.8

⏟            
𝜓

(𝑃𝑅
2 + 0.8(𝐿𝑡)

2𝑅⏟      
𝜑𝑡

) + (∆𝜃𝐻,𝑅(𝐿𝑡−1)𝑃𝑅⏟        
𝜗𝑡

) ≥ 0 (30) 

For computational simplicity, variables𝜓𝑡 , 𝜑𝑡, 𝑎𝑛𝑑𝜗𝑡, are introduced, as shown above, and 

hence equation (30) can be written as  

 
Θ𝑃𝑅

2 − ∑(𝜓𝑃𝑅
2 +𝜑𝑡𝜓⏟

𝛽𝑡

+ 𝜗𝑡𝑃𝑅) ≥ 0 (31) 

Furthermore, using t , this constraint could be written as  

 (Θ − 𝑁𝜓)𝑃𝑅
2 − (∑(𝜗𝑡))𝑃𝑅 − ∑(𝛽) ≥ 0 (32) 

 Transformer Loading: EV charging is limited to certain times of the day. As previously 

shown in Figure 3, it is apparent that peak loading is also limited to certain times of the day. 

Therefore, in addition to limiting the transformer loss of life due to EV charging, it is important 

to limit the maximum loading. Therefore, the following relationship is used in this work:  

 𝑃𝑅 ≥ 𝜂𝐿𝑚𝑎𝑥 (33) 

where  max 1...
max t
t N

L L


 , and   is the maximum load-limit factor.  

4.1.2 Optimal Solution Technique 

 The Lagrangian function for the above problem could be developed as 

 𝐿(𝑃𝑅 , 𝜆1, 𝜆2) = 

(𝑏𝑃𝑅 + 𝑐) − 𝜆2(𝑃𝑅 − 𝜂𝐿𝑚𝑎𝑥) − 𝜆1((Θ − 𝑁𝜓)𝑃𝑅
2 − (∑(𝜗𝑡))𝑃𝑅 − ∑(𝛽)) 

(34) 
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where 1  and 2  are slack variables. Since this is a convex problem, the Karush-Kuhn-Tucker 

(KKT) condition is used. The stationary condition is  

 𝑑𝐿

𝑑𝑃𝑅
= 𝑏 − 𝜆1(2Θ − 𝑁𝜓)𝑃𝑅 − (∑(𝜗𝑡)) − 𝜆2 = 0 (35) 

the complementary slackness is  

 𝜆1 ((Θ − 𝑁𝜓)𝑃𝑅
2 − (∑(𝜗𝑡))𝑃𝑅 − ∑(𝛽)) = 0 (36) 

 𝜆2(𝑃𝑅 − 𝜂𝐿𝑚𝑎𝑥) = 0 (37) 

the primary feasibility is 

 ((Θ − 𝑁𝜓)𝑃𝑅
2 − (∑(𝜗𝑡))𝑃𝑅 − ∑(𝛽)) ≥ 0 (38) 

 
max 0RP L   (39) 

and the dual feasibility is 

 𝜆1 ≥ 0, 𝜆1 ≥ 0. (40) 

 Case 1: Letting 1 2 0   , the stationary condition is written as  

 0b   (41) 

and the primary feasibility is given by  

       2Θ 0R t R tN P P      (42) 

 
max 0RP L   (43) 

Since b is a positive quantity, a solution does not exist.  

 Case 2: Letting 21 0, 0   , the stationary condition is given by  

     1 2 Θ 0R tPNb       (44) 

The complementary slackness for this case is  
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       2Θ 0R t R tN P P      (45) 

the primary feasibility is 

     1 2 Θ 0R tPNb       (46) 

 

 max 0RP L   (47) 

and the dual

 

feasibility is  

 𝜆1 > 0 (48) 

 An optimal solution for the above KKT conditions under this case could be determined 

by using complementary slackness: 

 
          

 

2

*
4 Θ

2 Θ
t t

R

tN
P

N

 



   




  

 
(49) 

For an acceptable transformer operation, the maximum allowable transformer hottest-spot 

temperature rise should be sufficiently high. Therefore, Θ N  and the solution to the above 

condition is viable, if primary and dual feasibility conditions are satisfied. The primary 

feasibility condition is 

 
          

 

2

max

1
Θ2

Θ4t t tN
f

N L

 







  
 



  

 
(50) 

Using the stationary condition and an optimal rating, *
1 is  

 

       

*
1 2

Θ42
0

t t

b

N 





 

 
 
 
 
 

 
(51) 

This condition is satisfied as Θ>N . Therefore, if 1f  , then the optimal rating of the 

transformer is  
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(52) 

 Case 3: Letting 𝜆1 = 0, 𝜆2 ≠ 0, the stationary condition is given by  

 𝑏 − 𝜆2 = 0 (53) 

The complementary slackness for this case is  

 𝑃𝑅 − 𝜂𝐿𝑚𝑎𝑥 = 0 (54) 

the primary feasibility is 

 (Θ − 𝑁𝜓)𝑃𝑅
2 − (∑(𝜗𝑡))𝑃𝑅 − ∑(𝛽𝑡) ≥ 0 (55) 

 

and the dual feasibility is  

 𝜆2 > 0 (56) 

 The optimal solution for the above KKT conditions under this case could be determined, 

using complementary slackness, as 

 𝑃𝑅
∗ = 𝜂𝐿𝑚𝑎𝑥 (57) 

For the above solution to be viable, primary and dual feasibility conditions should be satisfied. 

The primary feasibility is  

 

𝑃𝑅
∗ ≥

(∑(𝜗𝑡)) + √(∑(𝜗𝑡))
2
+ 4(Θ − 𝑁𝜓)(∑(𝛽𝑡))

2(Θ − 𝑁𝜓)
≤ 1 

(58) 

Using the
 
optimal solution, primary feasibility is given by 

 

𝑓 =
(∑(𝜗𝑡)) + √(∑(𝜗𝑡))

2
+ 4(Θ − 𝑁𝜓)(∑(𝛽𝑡))

2(Θ − 𝑁𝜓)𝜂𝐿𝑚𝑎𝑥
≤ 1 

(59) 

Using the stationary condition and optimal solution, 𝜆2 is 

 𝜆2
∗ = 𝑏 > 0 (60) 
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This condition is always satisfied; therefore, if 1f  , then the optimal rating of the transformer is 

 𝑃𝑅
∗ = 𝜂𝐿𝑚𝑎𝑥 (61) 

Case 4: Letting 21 0, 0   , the stationary condition is given by  

       1 2 02 2 ΘR R tNaP b P         (62) 

The complementary slackness is  

 (Θ − 𝑁𝜓)𝑃𝑅
2 − (∑(𝜗𝑡))𝑃𝑅 − ∑(𝛽𝑡) ≥ 0 (63) 

  max 0RP L   (64) 

and the dual feasibility is  

 1 20, 0    (65) 

 No unique solution is possible for this case. At least one of the constraints should be 

relaxed for a viable solution. Therefore, the general solution to the optimal rating of the 

distribution transformer when electric vehicles are present is 
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(66) 

4.2 Optimal Rating of Distribution Transformer in Presence of EV Charging for One 

Year 

 
 With the increase in EV penetration, the transformer life is reduced, and the situation 

worsens if EV charging is not uncontrolled [10]. One of the solutions to EV penetration is to 

increase the transformer rating to accommodate the high load. But, as discussed in Section 2.3, 

no-load losses also increase with the increase in transformer rating. Hence, identifying an 

optimal rating for the transformer in the presence of EV charging is critical. No-load losses are 

assumed to be constant.  
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 In Section 4.1, the optimal rating for a transformer is determined in the presence of EV 

charging for 24 hours. In order to see the impact of EV charging for different seasons, and no-

load losses for all seasons on the transformer rating, the transformer rating should be calculated 

for one year.  

 The objective of this work is to determine the optimal transformer rating while 

minimizing the no-load losses and the no-load losses plus transformer cost function for one year. 

The relationship between no-load losses and the transformer rating is given by a linear function 

as shown in Figure 8.  

 

Figure 8. Linearized transformer loss of life for single-phase transformer [39] 

 
 From Section 4.1, the no-load loss function can be written as 

 cbPP RLoss   (67) 

where b = 1.4194 and c = 22.494.  

 The cost of no-load losses for a year can be written as  

 


$36524_  LossPesnoloadlossCost  (68) 

where $ is the cost of no-load losses or the energy cost: 

 𝐶𝑜𝑠𝑡_𝑛𝑜𝑙𝑜𝑎𝑑𝑙𝑜𝑠𝑠𝑒𝑠 LossP  (69) 

y = 1.4191x + 22.494 
R² = 0.9968 
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Substituting the function of 𝑃𝐿𝑜𝑠𝑠 in the 𝐶𝑜𝑠𝑡_𝑛𝑜𝑙𝑜𝑎𝑑𝑙𝑜𝑠𝑠𝑒𝑠 equation yields 

 















 
c

R

b

PesnoloadlossCost

ˆˆ

494.224194.1(_   (70) 

  cPbesnoloadlossCost R ˆˆ_   (71) 

 Considering the life of the transformer to be 30 years with an interest rate of 12%, the 

annual carrying charges factor of 20.19% is given by Burke [41]. In addition to the cost of no-

load losses, the transformer cost must be minimized. The transformer cost per kVA per year is 

formulated as [21] 

 2
210_ RR PKPKKCostrTransforme   (72) 

where 728.2,01.235,263.7199 210  KKK . 

 Combining the 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑟_𝐶𝑜𝑠𝑡𝑎𝑛𝑑𝐶𝑜𝑠𝑡_𝑛𝑜𝑙𝑜𝑎𝑑𝑙𝑜𝑠𝑠𝑒𝑠 formulates a cost function 

as 

 
     















     
c
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b

R

a

PPCost
~~

2

~
263.7199494.2201.2354194.1728.2   (73) 

  cPbPaCost RR
~~~ 2

  (74) 

The main objective here is to optimize the transformer rating 𝑃𝑅  by minimizing the no-load 

losses and cost function as 

     cPbPacbP RRR
~~~min 2

  (75) 
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~~~min 2



ccPbbPa RR  (76) 

  32
2

1min   RR PP  (77) 



 

31 

This objective function is minimized under constraints explained in Section 4.2.1. 

4.2.1 Constraints 

 Transformer Loading: The EV charging load is different from the regular residential 

load, in that it predominantly occurs at certain times of the day. Hence, controlling the maximum 

loading on the transformer becomes crucial. Therefore, the following relationships are used in 

this work: 

 𝑃𝑅 ≥ 𝜂𝐿𝑚𝑎𝑥 (78) 

 𝑃𝑅 − 𝜂𝐿𝑚𝑎𝑥 ≥ 0 (79) 

 𝜂𝐿𝑚𝑎𝑥 = 𝜗 (80) 

 𝑃𝑅 − 𝜗 ≥ 0 (81) 

where 𝐿𝑚𝑎𝑥 = max⏟
𝑡=1…𝑁

{𝐿𝑡}, and 𝜂is the maximum load-limit factor.  

 Transformer Aging: In this work, transformer loss of life due to EV charging is 

considered. As mentioned earlier, residential load is different from EV charging load. And the 

average residential load is considered the same. EV charging can be modeled as either a 

constant-pulse charging [40] or a decreasing-step load. A constant-pulse charging modeling is 

used in this work.  

 Based on IEEE Standard C57.91-1995, the transformer hottest-spot temperature above 

ambient temperature at time t is  

 ∆𝜃𝐻𝐴,𝑡 = ∆𝜃𝑇𝑜,𝑡 + ∆𝜃𝐻,𝑡 (82) 

where tTO,  is the top-oil rise over ambient temperature, and tH , is the winding hottest-spot 

temperature. Even though the load changes dynamically, the smart meter communication 

intervals and the EV charging intervals are close to 15 minutes; hence, the time interval of 15 

minutes to compute the change in hottest-spot temperature is sufficient [10]. Since the top-oil 
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rise time constant is much smaller in a distribution transformer, the expression for top-oil 

temperature at the tth interval could be given by 

 

∆𝜃𝑇𝑂,𝑡 = ∆𝜃𝑇𝑂,𝑅 (1 +
𝑅 (
𝐿𝑡
𝑃𝑅
)
2

𝑅 + 1
)

0.8

 (83) 

where RTO, is the rated top-oil temperature rise over the ambient temperature in oC, R is the 

ratio of load loss at the rated load to no-load loss, and Lt is the load at time t. When the average 

day of the year is considered, the annual average of Lt/PR should be less than 1 for improved 

transformer life, and the above relationship could be approximated by Tyler series expansion to  

 
∆𝜃𝑇𝑂.𝑡 = ∆𝜃𝑇𝑂,𝑅/(𝑅 + 1)

0.8(1 + 0.8 (
𝐿𝑡
𝑃𝑅
)
2

) (84) 

 However, if every day is considered separately in the year, then the load is more dynamic 

than the case of using the average annual day. In this case, the annual average Lt/PR can be more 

than 1 (annual average ratio) for improved transformer life, and the above relationship could be 

approximated as  
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  (85) 

 The Tyler series expansion is compared with the actual relationship and shown in 

Figure 9. 
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Figure 9. Comparison of actual and modified top-oil temperature rise expressions 

 
 Since the hottest-spot time constant is much larger than 0.25 hour, the winding hottest-

spot temperature is reformulated as [36] 

 
∆𝜃𝐻.𝑡 = ∆𝜃𝐻.𝑅 (

𝐿𝑡−1
𝑃𝑅
)
1.6

 (86) 

and modified as  

 
tH , =
































  0618.06049.04668.0 1
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  (87) 

where RH , is the rated winding hottest-spot rise over top-oil temperature in oC. The modified 

expression is compared with the original expression and shown in Figure 10. 

 

Figure 10. Comparison of actual and modified winding hottest-spot temperature expressions 
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Therefore, the hottest-spot temperature above the ambient temperature is given by  
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(88) 

  If the transformer hottest-spot temperature above the ambient temperature is limited to a 

maximum value Θt , then 
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where tA,  is the ambient temperature, )( ,tA
m  is the maximum value of ambient temperature, 

)(6 tqm  is the maximum value of load )(6 tq , and )(5 tqm  is the maximum value of )(5 tq . 

 For one year, the hottest-spot temperature rises above the ambient temperature due to EV 

charging can be summed up and averaged. The same is true for ambient temperature and for 

𝑞6(𝑡) and 𝑞5(𝑡) , the maximum values are used instead of average values.  The transformer 

hottest-spot temperature above the ambient temperature must be greater than the summation of 

the ambient temperature, with terms such as 𝑞6(𝑡) and 𝑞5(𝑡). If the ambient temperature and 

𝑞6(𝑡) and 𝑞5(𝑡) are maximum values of the year, then the transformer hottest-spot temperature 

above the ambient temperature also must be higher. Since maximum values are used, the 

transformer rating is optimized for the higher load, giving a conservative optimal solution for the 

transformer rating:  

 )( 2
RP )( ,tA

m + )()( 65 tqtqP mm
R 

2
3 ))(( RPtq  (94) 

 𝑃𝑅
2 [−Θ + 𝑞3(𝑡) + 𝜃𝐴,𝑡

𝑚 ]⏟            
𝑞4(𝑡)

+ 𝑃𝑅[𝑞5
𝑚(𝑡)] + [𝑞6

𝑚(𝑡)] ≥ 0 (95) 

 𝑞4(𝑡)𝑃𝑅
2 − 𝑞5

𝑚(𝑡)𝑃𝑅 − 𝑞6
𝑚(𝑡) ≥ 0 (96) 

4.2.2 Optimal Solution  

 The Lagrangian function for the above problem is developed as  

 ℒ = 𝛽1𝑃𝑅
2 + 𝛽2𝑃𝑅 + 𝛽3 − 𝜆1(𝑞4(𝑡)𝑃𝑅

2 − 𝑞5
𝑚(𝑡)𝑃𝑅 − 𝑞6

𝑚(𝑡)) − 𝜆2(𝑃𝑅 − 𝜗) (97) 

where 𝜆1 and 𝜆2are slack variables, stationary conditions are  

 𝜕

𝜕𝑃
ℒ = 2𝛽1𝑃𝑅 + 𝛽2 − 𝜆1(2𝑞4(𝑡)𝑃𝑅 − 𝑞5

𝑚(𝑡)) − 𝜆2 = 0 (98) 

 𝜕

𝜕𝜆1
ℒ = 𝑞4(𝑡)𝑃𝑅

2 − 𝑞5
𝑚(𝑡)𝑃𝑅 − 𝑞6

𝑚(𝑡) = 0 (99) 
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 𝜕

𝜕𝜆2
ℒ = 𝑃𝑅 − 𝜗 = 0 (100) 

complementary slackness of the problem is  

 𝜆1(𝑞4(𝑡)𝑃𝑅
2 − 𝑞5

𝑚(𝑡)𝑃𝑅 − 𝑞6
𝑚(𝑡)) = 0 (101) 

 𝜆2(𝑃𝑅 − 𝜗) = 0 (102) 

primary feasibility conditions are  

 (𝑞4(𝑡)𝑃𝑅
2 − 𝑞5

𝑚(𝑡)𝑃𝑅 − 𝑞6
𝑚(𝑡)) ≥ 0 (103) 

 𝜆2(𝑃𝑅 − 𝜗) ≥ 0 (104) 

and dual feasibility is  

 𝜆1 ≥ 0, 𝜆2 ≥ 0 (105) 

 Case 1:  𝝀𝟏 = 𝟎𝐚𝐧𝐝𝝀𝟐 = 𝟎  

 𝜕

𝜕𝑃𝑅
ℒ = 2𝛽1𝑃𝑅 + 𝛽2 = 0 (106) 

 
𝑃𝑅 = −

𝛽2
2𝛽1

 (107) 

Since 𝛽2 and 𝛽1 are positive, the solution does not exist. 

 Case 2:  𝝀𝟏 ≠ 𝟎𝐚𝐧𝐝𝝀𝟐 = 𝟎  

 𝜕

𝜕𝑃𝑅
ℒ = 2𝛽1𝑃𝑅 + 𝛽2 − 𝜆1(2𝑞4(𝑡)𝑃𝑅 − 𝑞5

𝑚(𝑡)) = 0 (108) 

 𝜕

𝜕𝜆1
ℒ = 𝑞4(𝑡)𝑃𝑅

2 − 𝑞5
𝑚(𝑡)𝑃𝑅 − 𝑞6

𝑚(𝑡) = 0 (109) 

An optimal solution for this case could be determined by using a complementary slackness: 

 𝑞4(𝑡)𝑃𝑅
2 − 𝑞5

𝑚(𝑡)𝑃𝑅 − 𝑞6
𝑚(𝑡) = 0 (110) 

for which the solution is  
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𝑃𝑅 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
 (111) 

 
𝜆1 =

2𝛽1𝑃𝑅 + 𝛽2

(2𝑞4(𝑡)𝑃𝑅 − 𝑞5
𝑚(𝑡))

 (112) 

 
 

𝜆1 =
2𝛽1𝑃𝑅 + 𝛽2

(2𝑞4(𝑡)𝑃𝑅 − 𝑞5
𝑚(𝑡))

> 0 (113) 

Substituting 𝑃𝑅 in 𝜆1 yields 

 

𝜆1 =
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2

(2𝑞4(𝑡)
𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
− 𝑞5

𝑚(𝑡))

> 0 (114) 

 

𝜆1 =
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2

(√𝑞5
𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6

𝑚(𝑡))
> 0 (115) 

 
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2 > 0 (116) 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
> −

𝛽2
2𝛽1

 (117) 

 Trying another complementary slackness  

 𝑃𝑅 = 𝜗 (118) 

and substituting the value of 𝑃𝑅 yields 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
≥ 𝜗 (119) 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)𝜗
≥ 1 (120) 
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 For an acceptable transformer operation, the maximum allowable transformer hottest-spot 

temperature rise should be sufficiently high. Therefore, Θ > 𝑞3(𝑡) − 𝜃𝐴,𝑡𝑚 , and the solution to the 

above condition is viable, if primary and dual feasibility conditions are satisfied. The primary 

feasibility condition is 

 
𝑓 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)𝜗
≥ 1 (121) 

Therefore, for 𝑓 ≥ 1, the conditions are 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
≥ 𝜗 (122) 

 
𝑃𝑅 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
 (123) 

 Case 3:  𝝀𝟏 = 𝟎𝐚𝐧𝐝𝝀𝟐 ≠ 𝟎  

 𝜕

𝜕𝑃𝑅
ℒ = 2𝛽1𝑃𝑅 + 𝛽2 − 𝜆2 = 0 (124) 

 𝜕

𝜕𝜆2
ℒ = 𝑃𝑅 − 𝜗 = 0 (125) 

The optimal solution for the above KKT conditions under this case could be determined, using 

complementary slackness, as 𝑃𝑅 = 𝜗 

 𝜆2 = 2𝛽1𝑃𝑅 + 𝛽2 (126) 

Substituting 𝑃𝑅 in 𝜆2 yields 

 𝜆2 = 2𝛽1𝜗 + 𝛽2 (127) 

and  

 𝜆2 = 2𝛽1𝑃𝑅 + 𝛽2 > 0 (128) 

 2𝛽1𝜗 > −𝛽2 (129) 
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𝜗 > −

𝛽2
2𝛽1

 (130) 

For 𝑃𝑅 = 𝜗 to be viable, primary and dual feasibility conditions should be satisfied. The primary 

feasibility is 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
≤ 𝑃𝑅 (131) 

Using the
 
optimal solution, primary feasibility is given by 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
≤ 𝜗 (132) 

 
 

𝑓 =
𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)𝜗
≤ 1 (133) 

For 𝑓 ≤ 1, 

 
𝜗 > −

𝛽2
2𝛽1

 (134) 

And the optimal rating of the transformer is 

 𝑃𝑅 = 𝜗 (135) 

 Case 4: 𝝀𝟏 ≠ 𝟎𝐚𝐧𝐝𝝀𝟐 ≠ 𝟎  

 𝜕

𝜕𝑃𝑅
ℒ = 2𝛽1𝑃𝑅 + 𝛽2 − 𝜆1(2𝑞4(𝑡)𝑃𝑅 − 𝑞5

𝑚(𝑡)) − 𝜆2 = 0 (136) 

 𝜕

𝜕𝜆1
ℒ = 𝑞4(𝑡)𝑃𝑅

2 − 𝑞5
𝑚(𝑡)𝑃𝑅 − 𝑞6

𝑚(𝑡) = 0 (137) 

 𝜕

𝜕𝜆2
ℒ = 𝑃𝑅 − 𝜗 = 0 (138) 

The optimal solution in this case from complementary slackness is 

 𝑞4(𝑡)𝑃𝑅
2 − 𝑞5

𝑚(𝑡)𝑃𝑅 − 𝑞6
𝑚(𝑡) = 0 (139) 
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𝑃𝑅 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
 (140) 

Finding 𝜆2 yields 

 𝜆2 = 𝜆1(2𝑞4(𝑡)𝑃𝑅 − 𝑞5
𝑚(𝑡)) − (2𝛽1𝑃𝑅 + 𝛽2) (141) 

Substituting 𝑃𝑅 in 𝜆2 yields 

 
𝜆2 = 𝜆1 (√𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡))

− (2𝛽1
𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2) 

(142) 

However, when 𝜆2 > 0, 

 
𝜆2 = 𝜆1√𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

− (2𝛽1
𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2) > 0 

(143) 

Therefore, 

 
𝜆1√𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡) 

> (2𝛽1
𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2) 

(144) 

 

𝜆1 >

(2𝛽1
𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2)

√𝑞5
𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6

𝑚(𝑡)
> 0 

(145) 

 
(2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2) > 0 (146) 

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
> −

𝛽2
2𝛽1

 (147) 
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Finding 𝜆1 yields 

 2𝛽1𝑃𝑅 + 𝛽2 − 𝜆1(2𝑞4(𝑡)𝑃𝑅 − 𝑞5
𝑚(𝑡)) − 𝜆2 = 0 (148) 

 2𝛽1𝑃𝑅 + 𝛽2 − 𝜆2

(2𝑞4(𝑡)𝑃𝑅 − 𝑞5
𝑚(𝑡))

= 𝜆1 (149) 

 Substituting 𝑃𝑅 in 𝜆1 yields 

 
𝑃𝑅 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
 (150) 

 
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2 − 𝜆2

(√𝑞5
𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6

𝑚(𝑡))
= 𝜆1 (151) 

However, 

 𝜆1 > 0 (152) 

Substituting𝑃𝑅 in 𝜆1 yields 

 
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2 − 𝜆2

(√𝑞5
𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6

𝑚(𝑡))
> 0 (153) 

 
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2 − 𝜆2 > 0 (154) 

 
2𝛽1

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
+ 𝛽2 > 𝜆2 (155) 

However, since  𝜆2 > 0,  

 𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
> −

𝛽2
2𝛽1

 (156) 

The same condition arises by solving both 𝜆1and𝜆2, whereby no unique solution is feasible. 

Either 𝜆1 or 𝜆2 needs to be relaxed.  
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4.2.3 General Solution 

 For  

 
𝑓 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)𝜗
 (157) 

and for conditions 

𝑓 ≥ 1, and (𝑞5𝑚 +√𝑞5𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6𝑚(𝑡)/2𝑞4(𝑡)) ≥ 𝜗 

then the optimal solution is  

 
𝑃𝑅 =

𝑞5
𝑚(𝑡) + √𝑞5

𝑚(𝑡)2 + 4𝑞4(𝑡)𝑞6
𝑚(𝑡)

2𝑞4(𝑡)
 (158) 

 For conditions 

𝑓 ≤ 1, and𝜗 > −𝛽2/2𝛽1 

then the optimal solution is  

 𝑃𝑅 = 𝜗 (159) 
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CHAPTER 5 

 

CONSUMER SATISFACTION-BASED CONTROLLED EV CHARGING 

 
 
 Based on the impacts of electric vehicle charging (controlled and uncontrolled) and 

renewable resources on the distribution transformer and its rating in the presence of EV charging 

studies conducted in this work, the need for controlled EV charging is realized. Different 

stakeholders are placing emphasis on developing a pricing scheme for EV charging that follows 

at least a day-ahead charging schedule.  

 Significant work has been done to evaluate the impact of EV charging on the distribution 

grid [10]. This work focuses on developing control or management strategies to support demand 

response schemes [42]. Other work in the literature [43] develops EV charging management 

schemes based on the real-time price. The day-ahead schedules developed manage EV charging 

based on availability. One of the major limitations of such scheduling models for EV charging is 

uncertainty in consumer behavior and a longer charging period that would cover multiple pricing 

periods. Social behavior, dynamic travel plans during the day, and anxiety caused by ensuring 

that EVs are charged when needed would result in some EV fleet owners being reluctant to 

follow a scheduling plan. Hence, it is essential to develop an EV charging management model 

that would separately include both those EVs that follow scheduled charging and those that do 

not follow scheduled charging. The aim of this work is to develop an EV charging tariff 

algorithm that takes into account the impact of EV charging on the grid from the standpoint of  

the distribution system operator (DSO) and minimizes charging prices while limiting consumer 

inconvenience.  

 The following factors are considered in this work: (a) consumer satisfaction based on 

ensuring the vehicle will be charged and ready when desired, (b) the effect of transmission and 
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distribution system loading, and (c) the accelerated loss of life of distribution-level transformers 

due to the EV charging load. Furthermore, this work considers both EVs that would follow a 

day-ahead schedule developed by DSOs and EVs that do not follow any schedule. A significant 

contribution is made to the literature by considering both unplanned and planned EV charging 

loads, which are restricted with distribution system constraints as well as customer satisfaction 

requirements in an optimization model, and optimizing these aspects simultaneously. In other 

words, this work provides a holistic optimization approach, which could otherwise lead to 

suboptimal solutions because one or two aspects of the EV charging problem are ignored. 

 A conceptual diagram presenting a hierarchical load management approach is shown in 

Figure 11.  

 
 

Figure 11. Conceptual hierarchical control for typical power system 
 
As can be seen, a typical power system has three levels of control: generation and transmission-

level control (wholesale energy-management system), distribution-level control (distribution-

management system) and consumer-level control (demand response). Consumer-level control of 

electric vehicles has been investigated to a great extent in the literature [44]. This work focuses 

on incorporating EV charging management into distribution-level control. Therefore, the 
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combined effect of EV charging and the management of total load due to EV charging is 

explored here. Managing all consumers through a one-level centralized controller at the 

distribution level would require a higher level of processing and create privacy concerns. 

Therefore, this work utilizes hierarchical control, whereby DSOs would determine the optimal 

load at each consumer-level load management cluster, without individual vehicle charging 

information. 

5.1 EV Charging Control Modeling 

 This work assumes the following scenario for EV charging schemes: Based on the EVs 

that require charging, some of them will be participating in a day-ahead schedule through a 

contract between the consumer and the DSO. These EVs will be charging at a scheduled time; 

therefore, they are referred to as a planned EV charging load during a given time period. EVs 

that do not schedule their charging time are referred to as an unplanned EV load. The pricing of 

unplanned EV charging would be based on a different tariff, depending on the incremental 

impact on the grid. DSOs would announce a day-ahead pricing schedule for both types of EV-

charging customers. The number of unplanned consumers who would be connected at a given 

time would be determined based on their anxiety level.  

 It is important to minimize any inconvenience caused to consumers. From a DSO 

standpoint, the average consumer inconvenience should be limited, since it is directly related to 

the state of charge of the EV battery. On the other hand, the longer the EV is parked at home, the 

lower the consumer anxiety. This information could be used to develop an appropriate model for 

average consumer satisfaction. 

 The smart grid initiative has expanded locational marginal prices (LMPs) to a distribution 

level in order to manage its assets and improve efficiency. Distribution-level LMPs can allow 
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quasi-real-time pricing at the distribution level [45]. Finally, acceleration of the transformer’s 

loss of life is used to manage the life of the distribution-level assets [44], based on IEEE 

Standard C57.91 [36].  

5.2 Proposed Model 

 This work focuses on the residential charging of an EV battery, assuming Level 2-type 

[5] chargers. For other types of chargers, the same approach could be used. Also, this work 

develops an optimal charging model that does the following: 

 Minimizes the cost of EV charging to all consumers (both planned and unplanned). 

 Limits the average customer dissatisfaction, which is a function of the required charge 

and the available time. 

 Uses the LMP to include losses at a given node and associated time loading. 

 Considers the acceleration of transformer loss of life in order to ensure that grid 

reliability is maintained during EV charging.  

 This work assumes that a communication infrastructure would be available for sharing 

necessary information regarding EV charging schemes. Furthermore, since sufficient charging 

scheduling schemes for planned charging are available in the literature, the focus of this paper is 

not to develop a charging schedule for planned EV charging, but rather to determine the load of 

unplanned EV charging that could be carried out by the distribution network in addition to the 

planned EV charging, and to develop a tariff model for both planned and unplanned EV 

charging. 

5.3 Problem Formulation  

 This section is divided into two parts. The first part focuses on developing the necessary 

models that could be used in pricing. The second part focuses on integrating all pricing models 
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and developing a new one that could be used to determine the tariff for both planned and 

unplanned vehicles, as well as the amount of unplanned EV charging that can be connected to 

the grid at any given time while limiting grid impact. 

5.3.1 Consumer and Grid Impact Modeling  

 Customer Satisfaction: Various electricity pricing schemes, such as time of use (TOU), 

real-time price (RTP), fixed rate, and fixed-rate with rebate for delayed charging can change 

customer behavior [30]. In order to manage load on the electric gird, the rate structure should act 

as an incentive to influence individual consumer behavior. Therefore, consumer satisfaction 

should be considered in the modeling of the rate structure. The DSO needs to increase the price 

of electricity due to the additional load, which in turn could increase losses and decrease the life 

of the equipment. 

 One of the objectives of the DSO, while trying to develop a rate structure for unplanned 

EV charging, is to ensure customer satisfaction. Customer satisfaction can be achieved by 

offering an array of charging prices for different times of the day, such that customers can self-

select and decide whether to charge their EVs instantaneously or delay charging. 

 This work defines customer satisfaction as a function of customer anxiety and price 

elasticity of customer demand. In the literature on economics [46], the price elasticity of demand 

is defined as the percentage change in demand or load resulting from a percentage change in 

price, in other words, sensitivity of a customer to energy prices. For example, if a customer is 

insensitive to changes in price, then the customer has an inelastic demand. Customer anxiety 

depends on two possible scenarios: (a) availability of charge in their EV battery versus the 

amount of charge needed the following day; if the available charge is greater than the amount 

needed, then customer anxiety is low, and customers are willing to let the DSO delay the 
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charging schedule for their EV; and (b) duration of vehicle availability for charging, that is, the 

longer the vehicle is available for charging, the lower the customer anxiety. 

 This work assumes that the DSO will utilize an hourly schedule for the following day. 

Customers who participate in the schedule (planned) will share their expected availability and 

travel plans with the DSO in advance. Customers with EVs having unplanned schedules will try 

to connect to the grid when the price is appropriate. 

 Ideally, irrespective of when customers decide to charge, every customer is expected to 

complete charging by the time they are ready to start their next trip. However, at any given 

period of time, there could be some customers who want to start their charging but then delay 

because of the tariff and their anxiety level. Such customers are defined as unsatisfied customers 

during that period of time. Preferably, the number of unsatisfied customers at any time would be 

zero; however, limitations on the power grid will lead to higher tariffs, which in turn will cause 

some customers to delay their charging and thus become dissatisfied. 

 The relationship between price and demand has been modeled [47], where a day is 

divided into shorter time periods. Demand in each period is a function of price, which can vary 

from one period to another. For one time period, the standard price-demand curve will be linear. 

A similar approach is used in this work by considering a linear price-demand curve for one time 

period.  

 A price-demand standard linear curve at the ith hour during 24 hours is shown in Figure 

12. As can be seen, for a particular price ri, there is a subset of customers (anxious and non-

anxious) who would have charged Li
+ out of the total unplanned customers Li–Li

p. The shaded 

area represents the residual demand (those who will not charge at the given price) at price ri. 

Residual demand corresponds to the portion of unsatisfied customers. Note: The following 
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notations are used in Figure 12: Li is the total EV charging load at the i
th hour, and Li–Li

p 

represents the unplanned EV charging load at the i
th hour. If Li

+ is the EV charging load 

connected to the grid at the ith hour, then Li–Li
p–Li

+ is the amount of EV charging load that is not 

satisfied at the i
th hour. Consequently, these consumers will be moved to the next hour for 

charging.  

 
 

Figure 12. Price-demand linear curve at ith hour 
 
 Figure 13 illustrates unsatisfied customers, taking into consideration customer anxiety 

levels along with price elasticity of demand. Under unplanned charging, if a customer is very 

anxious and has an inelastic demand, then the customer will accept the higher price offered and 

be satisfied with the service. An opposite scenario would be the anxious customer with an elastic 

demand, who is willing to accept delayed charging at a lower price and hence will be satisfied 

with service at a later time. In Figure 13, if the price (ri) is kept constant and consumers are 

anxious and ready to charge their EV at a higher price, then the demand curve is represented by 

inelastic demand 1 (i.e., Li
+1 unplanned anxious customers EV charging load) at the ith hour. In 

this case, the number of unsatisfied customers will be fewer because they are willing to pay a 

higher price for charging. In contrast, the non-anxious customers who are not willing to pay a 

higher price are represented by the elastic demand 2 (i.e., Li
+2 unplanned non-anxious customers 

EV charging load) at the ith hour. In this case, there will be more unsatisfied customers because 
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they have less anxiety and would likely wait until they get a better price for EV charging. At the 

i
th hour, the demand curve shown in Figure 12 is represented by the average of the inelastic and 

elastic demand curves in Figure 13, where the average demand curve for unplanned charging 

corresponds to the amount of load (Li
+ unplanned EV charging load) that would be connected at 

a given price (ri).  

 

Figure 13. Effect of customer anxiety on charging price at ith hour 
 
 The goal of this work is to minimize the unit price for EV charging while reducing the 

number of unsatisfied consumers. The shaded area in Figure 12 represents residual demand or 

unsatisfied customers. If the shaded area from Figure 12 is reduced (or ideally made zero), then 

the number of unsatisfied customers will also be reduced. Therefore, the shaded area in Figure 

12 is used in modeling the dissatisfaction of unplanned unsatisfied customers, given as 

 
𝐴𝑠ℎ =

1

2
𝑟𝑖(𝐿𝑖 − 𝐿𝑖

𝑝 − 𝐿𝑖
+) ≤ 𝛼�̃� (160) 

where i  is the upper bound for allowable consumer dissatisfaction. Equation (161) can be 

simplified to 

 𝑟𝑖(𝐿𝑖 − 𝐿𝑖
𝑝 − 𝐿𝑖

+) ≤ 2𝛼�̃�(= 𝛼𝑖) (161) 
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 The availability of electric vehicles and the amount of charge left in their batteries will 

affect consumer anxiety, as described in Section 5.2. This work utilizes consumer anxiety as a 

weighting factor for unsatisfied customers.  

 The travel scenario of each vehicle, including arrival time, departure time, and total 

distance travelled, would be stochastic in nature. Consumer anxiety will increase as the time 

needed for charging the battery to the required level increases. The time required to charge the 

battery to the essential level for the kth customer at time i is 

 𝑡𝑐ℎ𝑎𝑟𝑔𝑒 = (𝑞𝑖,𝑘 − 𝛿𝑖,𝑘)/𝐶𝑖
𝑘 (162) 

where 𝑞𝑖,𝑘  is the minimum charge required before the next trip, 𝛿𝑖,𝑘is the charge left at the end of 

the previous trip, and 𝐶𝑖𝑘is the charging rate of the 𝐾𝑡ℎ vehicle at the 𝑖𝑡ℎtime. (This charging rate 

can be either different for every vehicle or the same for all vehicles, such as the average charging 

rate for all vehicles.) Furthermore, if the consumer has sufficient lead time before the next trip, 

then the consumer becomes less anxious. Hence, the time available before starting the next trip 

ai,k (time difference between the end of the last trip and the start of the first trip on the next day) 

is another important measure for consumer satisfaction. 

 Based on the above discussion, consumer dissatisfaction for the k
th consumer at the i

th 

hour needs to be modeled. Since consumer dissatisfaction is proportional to the time required for 

charging and inversely proportional to the availability of the vehicle, the following relationship is 

used to model anxiety for the kth consumer at the ith hour: 

 
𝐴𝑖,𝑘 =

𝑡𝑐ℎ𝑎𝑟𝑔𝑒

𝑡𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒
=
𝑞𝑖,𝑘 − 𝛿𝑖,𝑘

𝐶𝑖
𝑘 ∗ 𝑎𝑖,𝑘

 (163) 

 From the DSO’s standpoint, the average consumer anxiety (general EV charging 

behavior of consumers in the neighborhood) is more significant than focusing on the individual 

consumer. Therefore, the average consumer anxiety is modeled as 
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𝐴𝑖 =

1

𝑁𝑖
∑𝐴𝑖,𝑘

𝑁𝑖

𝑘=1

=
1

𝑁𝑖
∑

𝑞𝑖,𝑘 − 𝛿𝑖,𝑘

𝐶𝑖
𝑘 ∗ 𝑎𝑖,𝑘

𝑁𝑖

𝑘=1

 (164) 

where Ni is the expected number of EVs arriving at a given time. The objective here is to limit 

consumer dissatisfaction to a maximum threshold based on the charge level. Equation (160) 

gives the area corresponding to unsatisfied customers and bounded by the allowable consumer 

dissatisfaction. The average consumer dissatisfaction is modeled based on consumer anxiety and 

is shown in equation (163). Consumer anxiety will vary based on the price of EV charging 

available at that hour. Hence, the modeled average customer dissatisfaction will always influence 

the decision of the DSO regarding the price of EV charging. 

 By utilizing consumer anxiety as a weighing factor, the weighted average consumer 

dissatisfaction is given by 

 
1

𝑁𝑖
(∑

𝑞𝑖,𝑘 − 𝛿𝑖,𝑘

𝐶𝑖
𝑘 ∗ 𝑎𝑖,𝑘

𝑁𝑖

𝑘=1

)𝑟𝑖(𝐿𝑖 − 𝐿𝑖
𝑝 − 𝐿𝑖

+) ≤ 𝛼𝑖𝑖 = 1…24 (165) 

where 𝛼 (alpha) is taken as a limiting parameter or allowable dissatisfaction. The EV charging 

price offered that hour will depend on the average customer dissatisfaction at that hour. 

Therefore, 𝛼 is a function of the price of the average customer dissatisfaction. Hence, the unit for 

this parameter is defined as $/customer or $/customer. From the DSO’s point of view, the 

parameter $/customer corresponds to the equivalent loss of revenue per customer. 

 Locational Marginal Price for Distribution System with EV Charging Load: The EV 

charging load is significantly higher than most residential-level loads. Therefore, the aggregated 

EV charging load could increase distribution feeder-level losses. During the peak loading time, 

EVs could increase the power flow beyond the line limits. To manage the EV charging load, both 
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of these effects should be taken into consideration. Similar to transmission-level LMP and 

distribution-level LMP developed in [45], the EV_LMP for the ith hour is 

 𝐸𝑉_𝐿𝑀𝑃𝑖 = 𝐿𝑀𝑃𝑟𝑒𝑓 + 𝐿𝑀𝑃𝑑𝑖𝑠,𝑖 + 𝐿𝑀𝑃𝑐𝑜𝑛,𝑖 (166) 

where LMPref,i is the marginal cost of energy and related expenses computed at the primary 

distribution substation, LMPdis,i is the marginal cost of loss computed between the node under 

consideration and the substation, and LMPcon,i is the marginal cost due to congestion from the 

node under consideration to the substation. The marginal cost of energy (LMPref,i) at the 

substation would be determined from published transmission system LMPs. This work does not 

focus on determining LMPref,i because it can be determined using current practices and methods 

already available in the literature.  

 Since the focus of this work is limited to impacts due to the addition of EV charging load 

on the electric power grid, a penalty is imposed on the percentage of additional losses on the 

given feeder. The marginal cost of losses as a result of this additional loading is defined in this 

work as 

 𝐿𝑀𝑃𝑑𝑖𝑠,𝑖 = 𝜆𝑑𝑖𝑠(𝐷𝑖 + 𝐿𝐸𝑉)/𝐷𝑖 (167) 

where Di is the non-EV charging load, LEV is the EV charging load connected to the grid at 

time i, and 𝜆𝑑𝑖𝑠 is the penalty factor (power loss factor) imposed by the DSO for a unit energy 

loss at the feeder level.  

 Operating distribution feeders at rated or above-rated values will limit the lifetime of the 

components. To cover the capital investment during their reduced lifetime, a surcharge should be 

imposed. To compensate for distribution feeder impacts due to EV charging load, the ratio 

between the line flow and the current rating of the minimum-rated equipment is used to develop 

the following relationship: 
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𝐿𝑀𝑃𝑐𝑜𝑛,𝑖 = 𝜌𝑖 (𝐷𝑖 +

𝐿𝐸𝑉
𝑉𝑟
) / 𝑚𝑖𝑛⏟

𝑘=𝐹𝐶

{𝐼𝑟,𝑘} (168) 

where Vr is the rated operating voltage, Ir,k is the current rating of the kth component among the 

set of components connected to that feeder FC, and 𝜌𝑖 is the penalty factor (congestion factor) 

associated with loss of life due to the increase in unit power demand at time i. During normal 

operation, the voltage is close to the rated value; therefore, this work uses the rated voltage to 

determine the line current. It should be noted that with the presence of the AMI, actual voltages 

will be known and could replace rated values.  

 Since the objective here is to maximize surplus power to the DSO and EV charging 

consumers, the unit price to charge the planned EVs could be given by the summation of all 

associated marginal costs:  

 𝑃𝑖 = 𝐿𝑀𝑃𝑟𝑒𝑓,𝑖 + 𝐿𝑀𝑃𝑑𝑖𝑠,𝑖 + 𝐿𝑀𝑃𝑐𝑜𝑛,𝑖𝑓𝑜𝑟𝑖 = 0…24 (169) 

For this case, the EV load is defined as LEV = Li
P. For the unplanned EV charging price ri, the 

total load connected to the system is determined to be LEV  = Li
P + Li

+. Therefore, the relationship 

for the unit price for unplanned EV charging is  

 𝑟𝑖 > 𝐿𝑀𝑃𝑟𝑒𝑓,𝑖 + 𝐿𝑀𝑃𝑑𝑖𝑠,𝑖
+ + 𝐿𝑀𝑃𝑐𝑜𝑛,𝑖

+ 𝑓𝑜𝑟𝑖 = 0…24 (170) 

where 𝐿𝑀𝑃𝑑𝑖𝑠,𝑖+  and 𝐿𝑀𝑃𝑐𝑜𝑛,𝑖
+ are calculated using equations (168) and (169). 

 Transformer Hottest-Spot Temperature: Acceleration of the loss of life of components 

is affected by the presence of EV charging. As discussed in Section 5.2, transformers are the 

most expensive components in a distribution feeder, and their current-carrying capability is less 

than other feeder components. Therefore, based on IEEE Standard C57.91, the following 

relationship between the aging acceleration factor FAA and the transformer hottest-spot 

temperature 𝜃H is used:  



 

55 

 
𝜃𝐻 =

1

1
383 −

ln(𝐹𝐴𝐴)
15000

− 273 (171) 

 This work will limit the rise of the transformer’s hottest-spot temperature in order to 

ensure that its aging is controlled. Using IEEE Standard C57.91, the transformer’s hottest-spot 

temperature could be determined as  

 𝜃𝐻 = ∆𝜃𝐻 + ∆𝜃𝑇𝑂 + 𝜃𝐴 (172) 

where 𝜃𝐴  is the ambient temperature in oC, ∆𝜃𝑇𝑂  is the transformer’s top oil temperature about 

the ambient temperature in oC, and ∆𝜃𝐻 is the hottest-spot temperature above the top-oil 

temperature in oC. This work uses a time interval of one hour to revise the unit price for charging 

EVs; both ∆𝜃𝑇𝑂 and ∆𝜃𝐻 would have reached the steady state in an hour for secondary 

distribution transformers [36]. Therefore, ∆𝜃𝑇𝑂  at the ith hour is 

 
∆𝜃𝑇𝑂 = ∆𝜃𝑇𝑂,𝑅 (

𝐾𝑖
2𝑅 + 1

𝑅 + 1
)

𝑛

 (173) 

where Ki = (D(i) + Li
P + Li

+)/Lrate (ratio between total load at given time i and rated load), and 

∆𝜃𝐻 is 

 ∆𝜃𝐻 = ∆𝜃𝐻,𝑅𝐾𝑖
2𝑚 (174) 

Both n and m are empirical numbers, which are computed based on the type of cooling. The 

transformer’s hottest-spot temperature could be limited by  

 
𝜃𝐴 + ∆𝜃𝑇𝑂,𝑅 (

𝐾𝑖
2𝑅 + 1

𝑅 + 1
)

𝑛

+ ∆𝜃𝐻,𝑅𝐾𝑖
2𝑚 ≤ 𝜃ℎ𝑠𝑝 (175) 

considering that the allowed hottest-spot temperature could be computed using ∆θH. 
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5.4 Optimal Pricing and Unplanned Charging Load  

 As discussed in Section 5.2, this work assumes that the optimum number of EVs that 

could be connected to the grid could be determined a day ahead, based on grid requirements. 

Furthermore, a method to determine the optimum number of EVs that could be connected at any 

given time without affecting system performance, presented by [44], is used to determine the 

planned EV charging schedule.  

 Given the notations in Table 2, the objective here is to minimize the cost for the planned 

EVs, the unplanned number of vehicles connected for charging, and the associated tariff for 

unplanned vehicles, over a 24-hour period using a time sequential approach. 

TABLE 2  

NOTATIONS 

Notations Explanation 

𝑝𝑖 Cost of planned EVs at 𝑖𝑡ℎ hour 

𝑁𝑖
+ Unplanned number of EVs connected for charging at 𝑖𝑡ℎhour 

𝑟𝑖 Tariff for unplanned EVs at 𝑖𝑡ℎ hour 

𝑁𝑖
𝑝 Planned number of EVs that could be connected at 𝑖𝑡ℎ hour 

 
The planned EV loading at time i is 

 

𝐿𝑖
𝑝 =∑𝐶𝑖

𝑘

𝑁𝑖
𝑝

𝑘=1

 (176) 

Similarly, the unplanned EV charging load at any time i is given by Li
+, which corresponds to 

total charging performed over Ni
+ vehicles, each possibly charging at a different or same 

charging rate. The focus of this work is to determine the EV charging load that could be 

connected to the grid to regulate impacts to the grid and determine the appropriate price for 
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charging. However, determining the exact number of additional vehicles is beyond the scope of 

this work. 

 Therefore, the objective function, which minimizes the total cost of EV charging for each 

day, is given by 

 
𝐽 = min∑(𝑝𝑖𝐿𝑖

𝑝 + 𝑟𝑖𝐿𝑖
+)

24

𝑖=1

 (177) 

where the first part of the cost function corresponds to minimization of the unit price ($/kWh) for 

the planned charging, and the second part of the cost function reflects the total cost of unplanned 

EV charging for a given day. Determining the specific number of vehicles that could be charged 

at the given time is not included in this work, in order to ensure that the individual vehicle 

information sharing is limited locally at the consumer level load management. Once the 

additional load that could be added to a specific node (in the distribution system) is determined 

using the proposed work, the charging schedule of a number of EVs could be determined through 

priority-based water-filling methods or a method similar to the one proposed by [44]. In that 

case, the following relationship needs to be satisfied:  

 
𝐿𝑖
+ =∑𝐶𝑖

𝑘

𝑁𝑖
+

𝑘=1

 (178) 

The objective function given in equation (178) is constrained by equations (166), (170), (171), 

and (176), which results in a non-linear non-convex optimization model.  

 Proposed Algorithm and Methodology to Minimize Total EV-Charging Cost: The 

cost-minimization scheme proposed in this work is shown in Figure 14. From the DSO’s 

standpoint, the goal is to minimize the cost of both the planned and unplanned EV charging 

loads. Based on forecasted demand, the DSO calculates the expected grid constraints for the 
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following day. Consumers who participate in the planned charging scheme will share their 

availability with the DSO, who in turn will determine the charging schedule for the next day. As 

can be seen in Figure 14, at the ith hour, all planned EV loads connect to the grid according to the 

contract, along with part of the unplanned EV load. Input to the cost minimization model 

includes the following: 

 Planned EV charging load at each hour. 

 Allowable transformer hottest-spot temperature. 

 Locational marginal cost for the distribution system at each hour.  

 Allowable customer dissatisfaction.  

 

Figure 14. Flow chart explaining cost minimization scheme at ith hour 
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 Planned customers will begin charging their EVs at the ith hour. The mathematical model 

will determine the optimal amount of unplanned EV load that will be allowed to charge at the 

given hour, given the customer anxiety and other constraints. Among all unplanned EVs, those 

who receive the service could be determined using a heuristic approach. For example, based on 

the anxiety level of each EV load, the EVs could be ranked, and those who have higher anxiety 

and are willing to pay the unplanned charging price could then be allowed to charge until the 

total charging limit is achieved. Those who are not anxious with the elastic EV charging demand 

will delay their charging for the next hour. Even though Figure 14 represents the cost 

minimization at the ith hour, the proposed mathematical model is solved as a dynamic model for 

24 hours simultaneously. 
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CHAPTER 6 

 

NUMERICAL ANALYSIS 

 
 

6.1 Distribution Transformer Loss of Life and EV Charging 

6.1.1 Numerical Analysis 

 A 50 kVA single-phase transformer connected to node 737 in the IEEE comprehensive 

test feeder provided in [48] is used in this case study. Based on the given loading, twenty 

residential houses are assumed to be connected to the transformer. The following values [36] are 

used for the transformer loss-of-life calculation: 𝑅 = 3.2, 𝑛 = 0.8, 𝜏𝑤 = 3, 𝑚 = 0.8, 𝜏𝑇𝑂 =

0.08, ∆𝜃𝑇𝑂,𝑅 = 50℃, ∆𝜃𝐻,𝑅 = 30℃. One day is divided into 15-minute intervals, thus T 

= 0.25,𝑀 = 96 (where 𝑅 is the ratio of load loss at a rated load to no-load loss for the 

transformer, 𝑛 is the empirically derived exponent, τTO is the top-oil time constant of the 

transformer,τw is the winding time constant at the hottest-spot location,Δ𝜃TO,R is the top-oil rise 

over ambient temperature,Δ𝜃H,R is the winding hottest-spot temperature over the top-oil 

temperature at the rated load, and𝑀 is the total number of periods in one day). 

 Five EV charging scenarios are considered for a different numbers of EVs, i.e., all EVs 

are coincidently charging at 5 pm, 9 pm, 11 pm, and 1 am, with zero charge left at the beginning 

of the charting event. Then charging is done at distributed timings with zero charge at the 

beginning of the charging event. These are referred to as fixed charging scenarios.  

 Three probabilistic charging scenarios are developed on the basis of the developed 

probabilistic model. Charging scenario ‘0’ means that any EV arrives randomly at any time and 

begins charging immediately based on the charge left in the EV battery.  

 Demand at a secondary distribution transformer on a weekday for one of the utilities is 

shown in Figure 15. It can be seen that the peak demand for a day occurs from 5 pm to 11 pm. 
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This is mainly due to customers returning home and starting to use their appliances. It can be 

seen in Figure 15 that during the summer, the load is comparatively higher beginning around 

12 pm because air conditioners are consuming more power. However, it can also be seen that the 

peak load occurs between 5 pm and 11 pm. Based on this trend, ideally EV charging should be 

controlled between 12 pm and 11 pm during the summer and from 4 pm to 11 pm during the 

winter. It should be noted that far fewer number of vehicles end their final trip time between 

12 pm and 5 pm in the summer. Since most consumers return from their workplace after 5 pm, 

vehicles that connect to the electric grid between 5 pm and 11 pm are given special consideration 

in this paper. Based on this explanation, three probabilistic charging scenarios are considered. 

 
 

Figure 15. Weekday demand without EV penetration 
 
 Charging scenario 0 refers to those vehicles arriving at any time and begin charging 

immediately. Charging scenario 1 applies to vehicles arriving between 5 pm and 11 pm, and 

begin charging at 11 pm; all other vehicles that do not arrive between 5 pm and 11 pm will 

charge immediately after arrival, based on the amount of charge left in their batteries. Charging 

scenario 2 occurs where all vehicles arriving between 5 pm and 11 pm will start charging five 

hours after their arrival time. For example, a vehicle ending its last trip at 7 pm will start 
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charging at 12 am (7 pm + 5 hours). All other vehicles that do not arrive between 5 pm and 

11 pm will charge immediately after arrival, based on the amount of charge left in their batteries.  

 The number of electric vehicles being charged is from one to ten. For every EV, all 

charging scenarios (0, 1, and 2) are applied and then added to every geographical utility baseload 

(i.e. Canada, Florida, and Baltimore utilities), and transformer loss of life is calculated. The 

following data are used in this study: transformer baseload data for a winter-peaking utility in 

Canada (Canadian utility summer day baseload [CSU] and Canadian utility winter day baseload 

[CWI]), Baltimore Gas and Electric [58] (Baltimore Gas and Electric utility, electric heating 

baseload [BGEH] and Baltimore Gas and Electric utility, non-electric heating baseload 

[BGNH]), and Florida Lakeland Electric utility [49] (Florida Lakeland Electric hottest summer 

day baseload [FLSU]). Figure 16 shows the loading scenarios of these different cases. 

 

Figure 16. Base loading scenario without EV load for different geographical utilities 

 Charging scenario 0, 1, or 2 is applied for these utilities’ transformer loading data, and 

the transformer loss of life for different geographical locations is studied. For example, “CWI0” 

refers to the Canadian utility winter season loading, when vehicles arrive at any time and begin 
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charging immediately, or EV charging scenario “0” is applied to the Canadian utility winter day 

baseload; “CSU1” refers to the Canadian utility summer season loading when vehicles arrive 

between 5 pm and 11 pm, and begin charging at 11 pm, or EV charging scenario “1” is applied 

to the Canadian utility summer day baseload; “CSU2” refers to the Canadian utility summer 

season loading, when vehicles arrive between 5 pm and 11 pm and begin charging five hours 

after their arrival time, or EV charging scenario “2” is applied to the Canadian utility summer 

day baseload. 

 Since the ambient temperature would affect the transformer loss of life, the actual 

temperate data is used in this study, Temperature data over 24 hours (recorded every 15 minutes) 

for Florida Lakeland Electric is taken from the work of Parker et al. [49], Canadian utility data is 

taken from the Freemeteo website [50], and Baltimore Gas and Electric data is taken from the 

National Weather Service website [51]. Figure 17 shows atmospheric temperatures for the given 

scenarios.  

 
 

Figure 17. Temperatures in degrees Celsius for utilities at different geographical locations 
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6.1.2 Results  

 Fixed charging scenarios and probabilistic charging scenarios are applied to Baltimore 

Gas and Electric transformer base loading for the non-electric heating case. The transformer loss 

of life for these cases is compared in Figure 18.  

 
 

Figure 18. Transformer loss of life for fixed and probabilistic charging scenarios 
applied to Baltimore Gas and Electric (electric non-heating) base loading. 

 
It can be seen that until a small number of electric vehicles is added to the transformer 

baseload, acceleration of transformer loss of life due to EVs is not noticeable, but as soon as the 

number of electric vehicles increases (in this case beyond six EVs), the transformer loss of life 

increases tremendously for uncontrolled cases. Even with all ten electric vehicles charging, for 

the case of diversity in charging and scenarios 0 and 2, a very low loss of transformer life can be 

achieved. Diverse charging (scenarios 0 and 2) is only achieved by controlling the time of 

charging of the EVs. To achieve this, communication between customers and distribution 

utilities/aggregators should be established. Incentives to charge at particular times of the day or 



 

65 

night should be given, so that customers are motivated to charge electric vehicles at assigned 

times. This will ensure that diversity in charging is maintained and acceleration of transformer 

loss of life is reduced.  

 After comparing fixed charging scenarios and stochastic scenarios, it can be seen for 

Baltimore Gas and Electric that fixed charging scenarios with zero charge left at the beginning of 

the charging event are overrated and do not seem to be realistic. Hence, it was decided to study 

stochastic charging scenarios only. Results from transformer loss-of-life data due to probabilistic 

loading of EVs for all utilities and all weather conditions are tabulated in Tables 3, 4, and 5. 

TABLE 3 

TRANSFORMER LOSS OF LIFE: CANADIAN UTILITY 

Number 

of EVs 

Transformer Loss of Life 

CSU0 CSU1 CSU2 CWI0 CWI1 CWI2 

1 0.0016 0.0012 0.0012 0.00015 0.00013 0.00013 
2 0.0021 0.0013 0.0016 0.00022 0.00020 0.00017 
3 0.003 0.0019 0.0016 0.00033 0.00059 0.00023 
4 0.0045 0.0048 0.0021 0.00052 0.0025 0.00033 
5 0.0116 0.0216 0.0028 0.00086 0.0125 0.00043 
6 0.0182 0.1021 0.0033 0.00150 0.0651 0.00071 
7 0.0549 0.5969 0.004 0.00210 0.3126 0.00094 
8 0.0727 3.1958 0.0058 0.00350 1.5268 0.0016 
9 0.0998 17.5216 0.0065 0.00590 6.7135 0.0025 
10 0.1505 75.7 0.0133 0.01260 28.227 0.0045 
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TABLE 4 
 

TRANSFORMER LOSS OF LIFE: BALTIMORE GAS AND ELECTRIC 

Number 

of EVs 

Transformer Loss of Life 

BGEH0 BGEH1 BGEH2 BHNH0 BGNH1 BGNH2 

1 0.0049 0.0039 0.0045 0.00015 0.00013 0.00013 
2 0.0076 0.0068 0.0063 0.00022 0.00020 0.00017 
3 0.0123 0.0212 0.0091 0.00033 0.00059 0.00023 
4 0.0197 0.0931 0.0132 0.00052 0.0025 0.00033 
5 0.0337 0.4330 0.0220 0.00086 0.0125 0.00043 
6 0.0536 2.0100 0.0322 0.00150 0.0651 0.00071 
7 0.0741 8.6100 0.0454 0.00210 0.3126 0.00094 
8 0.1232 35.800 0.1010 0.00350 1.5268 0.0016 
9 0.1984 137.00 0.1165 0.00590 6.7135 0.0025 
10 0.3607 481.00 0.1878 0.01260 28.227 0.0045 

 
 

TABLE 5 

TRANSFORMER LOSS OF LIFE: LAKELAND ELECTRIC 

Number 

of EVs 

Transformer Loss of Life 

FLSU0 FLSU1 FLSU2 

1 0.0194 0.0126 0.0141 
2 0.0301 0.0129 0.0159 
3 0.0468 0.0143 0.0181 
4 0.0711 0.0210 0.0210 
5 0.1238 0.0555 0.0253 
6 0.1844 0.2207 0.0295 
7 0.3062 1.0145 0.0361 
8 0.4190 4.5427 0.0491 
9 0.6993 18.466 0.0623 
10 1.1069 74.474 0.0814 
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 The general trend for transformer loss of life is that charging scenarios “0” and “2” 

perform better than charging scenario “1,” where most of the vehicles are charged at midnight, 

thus increasing the load and in turn increasing the transformer loss of life.  

 From Tables 3, 4, and 5 it can be seen that the transformer loss of life not only depends 

on the number of electric vehicles connected, but also on the weather conditions and transformer 

loading. To further analyze the impacts on transformer loss of life, different conditions are 

compared. 

 To compare the loss of life of different scenarios, it is ideal to use normalized values. 

This work uses an acceleration factor as a tool to compare the loss of life of the transformer in 

different scenarios. The acceleration factor is defined as how faster the transformer loss of life 

would increase with the presence of electric vehicles. The following relationship is used to 

determine the transformer loss-of-life acceleration factor with i number of vehicles (𝜆𝐿𝑜𝐿(𝑖)): 

 
𝜆𝐿𝑜𝐿(𝑖) =

Loss of lifeofthetransformer with "𝑖"vehicles
Loss of lifeofthetransformer with no vehicles

 (179) 

 From Table 3, it can be seen that the transformer loss of life is higher during the summer 

than during the winter because temperatures are constantly at below freezing during the winter, 

thus resulting in high heat loss. Therefore, the hottest-spot temperature will not increase, thus 

minimizing the transformer loss of life.  

 Figure 19 shows the acceleration factor of transformer loss of life for the same 

geographic condition in different seasons. Here it is evident that the transformer loss-of-life 

acceleration factor is higher in winter than in summer for all three charging scenarios. This 

indicates that even though the transformer loss of life does not seem to be high in winter, if more 

load is added, then the heat loss rate is reduced, and thus the loss of life becomes relatively high. 

This higher acceleration of loss of life in winter will adversely affect the long-term planning 
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more than the summer, and the higher loss of life in summer will affect the short-term 

transformer usage. As can be seen, weather plays an adverse effect on transformer loss of life, 

and proper planning is needed to manage system performance. 

 
 

Figure 19. Comparison of acceleration factor for probabilistic charging scenarios for Canadian 
utility during winter and summer 

 

 For Baltimore Gas and Electric (electric heating and electric non-heating), the loading 

conditions are changed for the same weather conditions in the same location. From Figure 20 it 

can be seen that electric heating has a higher base loading than non-electric heating. Therefore, it 

is obvious that the electric heating scenario will have more transformer loss of life than electric 

non-heating scenario after adding an EV charging load. This is validated in Table 4, as shown 

previously.  

 When the loss-of-life acceleration factor is plotted in Figure 20 it can be seen that both 

scenarios have almost the same acceleration factor, except for charging scenario “2,” where the 

acceleration is a little higher for the electric heating case. This shows that in a given geographic 

condition and the same weather prevails, the acceleration of loss of life is almost the same.  
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Figure 20. Comparison of acceleration factor for probabilistic charging scenarios for Baltimore 
Gas and Electric (electric heating and electric non-heating) 

 
 Comparing the transformer loss of life for the Canadian utility summer day and the 

Florida utility summer day, it can be seen that charging scenario “1” for  both utilities shows 

almost the same transformer loss of life when the number of EV’s to be charged is increased. 

This is because of the high ambient temperature, whereby the top-oil temperature increases, and 

due to the additional EV charging load, there is an additional increase in the top-oil temperature. 

This results in a higher transformer loss of life. For both utilities, it can be seen that even when 

ambient temperatures are high, due to the difference in ambient temperature and loading 

conditions, the Canadian Utility has more transformer capacity margin; therefore, charging 

scenario “1” is outperforming charging scenarios “0” and “2.” Also, it can be seen that due to 

transformer overload, transformer loss of life for charging scenario “1” becomes very high for 

both utilities after five EVs are loading. 

 Finally, to compare the impacts on geographical location in a similar season, the loss-of-

life acceleration factor for the Canadian utility on a summer-peaking day and for the Florida 

unity during a summer-peaking day are compared in Figure 21. It can be seen that the Canadian 

utility has a higher acceleration factor for loss of life than the Florida utility.  
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Figure 21. Comparison of acceleration factor for probabilistic charging scenarios for Canadian 
utility and Florida utility during summer day 

 
 In summary, it can be seen in Tables 3, 4, and 5, that the transformer loss of life is higher 

for charging scenario “1.” This is due to the resultant baseload and EV loading exceeding the 

transformer capacity. Furthermore, when electric vehicle charging is controlled, the acceleration 

of transformer loss of life should also be considered.  

6.2 Impact of Renewable Resources and EV Charging on Transformer Loss of Life 

6.2.1 Numerical Analysis 

 This case study is done to determine the impact of EV charging in the presence of solar 

energy on the life of the transformer. Here, a 50 kVA single-phase transformer secondary 

transformer was assumed to be connected to five residential houses. The parameters used for the 

transformer loss-of-life calculation are as follows: 𝑅 = 3.2, 𝑛 = 0.8, 𝜏𝑤 = 3, 𝑚 = 0.8, 𝜏𝑇𝑂 =

0.08, ∆𝜃𝑇𝑂,𝑅 = 50℃, ∆𝜃𝐻,𝑅 = 30℃. Furthermore, one day is divided into one-hour intervals, 

which means 24 hours a day. Since this study was carried out for an entire year, 8,760 hours are 

considered: T = 1, 𝑀 = 8760 (where 𝑅 is the ratio of load loss at a rated load to no-load loss 

for the transformer, 𝑛 is the empirically derived exponent, τTO is the top-oil time constant of the 

transformer,τw is the winding time constant at the hottest-spot location,Δ𝜃TO,R is the top-oil rise 
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over ambient temperature,Δ𝜃H,R is the winding hottest-spot location over the top-oil temperature 

at the rated load, and𝑀 is the total number of periods in one day). 

 It is assumed that five houses are equipped with solar photovoltaic panels and connected 

to a secondary distribution transformer, and all houses have four rooftop panels with the capacity 

of 5 kW AC output. It is also assumed that six EVs are present in this five-house community. 

The winter peaking utility in Canada is taken to be the geographical location. Hourly temperature 

data for a whole year is taken from online weather data [50]. Hourly solar data for a year is taken 

from [51]. Two probabilistic charging scenarios—“0” and “2”—as explained in Section 6.1, are 

used. For each probabilistic charging scenario (Level 2, residential charging), one to six EVs are 

added to the transformer loading. The transformer loss of life is calculated according to the 

algorithm shown in Figure 22. Transformer loss of life is calculated for four cases:   

 Solar energy is used with controlled and uncontrolled EV charging. 

 Solar energy is not used with controlled and uncontrolled EV charging.   

 Solar energy is used and not used with controlled EV charging.  

 Solar energy is used and not used with uncontrolled EV charging.  
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Solar energy 
from rooftop 

solar panels at 
ith hour

 

EV Charging 
load  at ith 

hour

Regular 
Residential 
load  at ith 

hour

EV Charging 
Load + Regular 

Residential 
Load 

Transformer 
Loss of Life is calculated 

for a year based on 
modeling done in section 

3.1.1

At ith hour 
Total load = absolute value 

(Regular residential 
Load+EV charging load – 

Solar energy ) 

i is number of hours in year. 
So it goes from 1 to 8760.

This algorithm given above is run 1000 times using MatlabR2009 , after every run, Transformer Loss 
of Life calculated  is stored and after 1000 runs, average of all 1000 runs is taken. That average 

transformer loss of life is taken as Transformer loss of life

Figure 22. Algorithm used to calculate transformer loss of life for a year with EV charging along 
with direct solar energy  

 
6.2.2 Results  

  In this work, transformer loss of life is calculated as the result of the EV charging load 

but when solar energy is used. Table 6 and Figure 23 show that when solar energy is used in EV 

charging, transformer loss of life is much less when EV charging is controlled than when EV 

charging is uncontrolled, and this continues to increase as the number of EVs connected for 

charging also increases. 
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TABLE 6 

TRANSFORMER LOSS OF LIFE FOR CASE 1 

Number 

of EVs 

Transformer Loss of Life with 

Controlled EV Charging When  

Solar Energy is Used 

Transformer Loss of Life with 

Uncontrolled EV Charging When  

Solar Energy is Used 

1 0.0043 0.0051 
2 0.008 0.0116 
3 0.016 0.0299 
4 0.0389 0.0787 
5 0.0957 0.2198 
6 0.1967 0.5647 

 
 

 

Figure 23. Transformer loss of life for case 1 

 
 Transformer loss of life is much higher for uncontrolled EV charging and when solar 

energy is not used. With the higher number of EVs connected for charging, transformer loss of 

life increases. A comparison between controlled and uncontrolled EV charging on transformer 

loss of life for a year when solar energy is not used is shown in Table 7 and plotted in Figure 24. 
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TABLE 7 

TRANSFORMER LOSS FOR LIFE FOR CASE 2 

Number 

of EVs 

Transformer Loss of Life with 

Controlled EV Charging When  

Solar Energy is Not Used  

Transformer Loss of Life with 

Uncontrolled EV Charging When  

Solar Energy is Not Used  

1 0.0078 0.0108 
2 0.0126 0.0249 
3 0.0243 0.0597 
4 0.0517 0.1557 
5 0.1227 0.4292 
6 0.2544 1.0335 

 

 

 

Figure 24. Transformer loss of life for case 2 

 
 Transformer loss of life is higher when no solar energy is used. Even though controlled 

EV charging is practiced, the use of solar energy certainly helps with supplying energy to charge 

the EV batteries. This study was done for an entire year, and during the summer months, due to 

the higher availability of solar energy for longer hours, most of the residential load and EV 
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charging load can be supplied through solar energy itself, which in turn reduces the loss of life of 

the transformer. Controlled EV charging definitely aids in preserving the life of the transformer.  

 Transformer loss of life is compared for controlled EV charging when solar energy is 

either present or absent, as shown in Table 8 and plotted in Figure 25.  

TABLE 8 

TRANSFORMER LOSS OF LIFE FOR CASE 3 

Number 

of EVs 

Transformer Loss of Life with 

Controlled EV Charging When 

Solar Energy is Used  

Transformer Loss of Life with 

Controlled EV Charging When 

Solar Energy is Not Used  

1 0.0043 0.0078 
2 0.008 0.0126 
3 0.016 0.0243 
4 0.0389 0.0517 
5 0.0957 0.1227 
6 0.1967 0.2544 

 

 

 

Figure 25. Transformer loss of life for case 3 

 
 Transformer loss of life is higher for uncontrolled EV charging. Use of solar energy can 

certainly help in reducing the impact of uncontrolled EV charging, because when solar energy is 
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available for long hours, some of the EVs can be charged using this form of energy. When solar 

energy is used with uncontrolled EV charging and when solar energy is not used with 

uncontrolled EV charging is compared Table 9. Figure 26 shows that when uncontrolled EV 

charging is practiced and solar energy is not used, then the transformer loss of life is greater.  

TABLE 9 

TRANSFORMER LOSS OF LIFE FOR CASE 4 

Number 

of EVs 

Transformer Loss of Life with 

Uncontrolled EV Charging When  

Solar Energy is Used 

Transformer Loss of Life with 

Uncontrolled EV Charging When  

Solar Energy is Not Used  

1 0.0051 0.0108 
2 0.0116 0.0249 
3 0.0299 0.0597 
4 0.0787 0.1557 
5 0.2198 0.4292 
6 0.5647 1.0335 

 

 

 

Figure 26. Transformer loss of life for case 4 
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6.3 Optimal Rating of Transformer in Presence of EV Charging 

6.3.1 Numerical Analysis 

 Two different geographical locations are used in this work to determine the transformer 

rating for different levels of electric vehicle penetration. The different locations are chosen to 

determine the importance of geographical location with the presence of EV charging loads: a 

summer-peaking distribution utility in Florida and a winter-peaking utility in Canada. The same 

transformer parameters are used for both locations. A secondary transformer connecting seven 

houses and five houses, respectively, at these locations is considered.  

 Based on IEEE Standard C57.91-1995, the maximum allowed hottest-spot temperate rise 

without reducing transformer loss of life is 110oC. Therefore, the temperature difference between 

the hottest-spot temperature and the average-day ambient temperature is used as the allowed 

hottest-spot temperate rise over the ambient temperature.  

 For each scenario, two different EV charging models are considered. The worst-case 

scenario is considered in the first model, that is, upon completing their final trip, consumers will 

charge their EVs immediately. This is expected to increase the peak demand because it coincides 

with peak demand. A controlled charging mode is considered in the second scenario. In this case, 

EVs are used to fill the late-night/early-morning demand valley.  

 For each case, the addition of EVs, from one to six per transformer, is considered, and the 

relevant transformer rating is computed. It is expected that the maximum loading would go 

beyond the average yearly load profile; therefore, the limit on loading the transformer is set at 

120% of the maximum average loading (i.e.,  = 1.2).  
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6.3.2 Results  

 For the summer-peaking Florida utility, the optimal transformer rating determined by the 

proposed algorithm is shown in Figure 27. From these results, it can be seen that the transformer 

needs to be upgraded with every additional EV, if the EV charging is not coordinated/controlled. 

On the other hand, it can be seen that the transformer rating does not change with the increase in 

EVs, if the charging is coordinated/controlled.  

 
 

Figure 27. Optimal transformer rating for summer-peaking utility 
 
 A similar analysis was done for a winter-peaking utility in Canada with a low-loading 

profile (five houses). The impact of EV charging on the transformer rating is plotted in Figure 

28. It can be seen that due to the low-loading profile, both cases require a higher transformer 

rating with the increase in EV penetration. 

 For the same location, the impact of different load shapes is used to investigate the 

importance of high loading on the transformer rating. From Figure 29, it can be seen that the 

impact of high loading is similar to that of the low-loading scenario. However, controlled 

charging would require the optimal transformer rating to be significantly less with higher EV 

penetration.  
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Figure 28. Optimal transformer rating for winter-peaking utility with low loading 
 
 

 
 

Figure 29. Optimal transformer rating for winter-peaking utility with high loading 
 
6.4 Optimal Rating of Distribution Transformer in Presence of EV Charging for One 

Year 

 
6.4.1 Numerical Analysis  

 A winter-peaking utility from Canada is considered in this example. Five residential 

houses from a community are assumed to be connected to a secondary distribution transformer. 

The loading data for those five houses is shown in Figure 30. Hourly weather data every hour for 

a year at this location is taken from online weather data [49] and is shown in Figure 31.  
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Figure 30. Hourly loading data for five houses connected to secondary distribution transformer 
 

 
 

Figure 31. Hourly temperature data for year at winter-peaking geographical location 
 

 Two probabilistic charging scenarios—“0” and “2”—as explained in Section 6.1, are 

used here. These charging scenarios are shown in Table 10. In addition to probabilistic EV 

charging modeling, which was shown in Section 3.1.1, distributions of EVs returning home after 

their final trips during the weekend time are included. These are normal distributions, with a 

mean of 13.7223 and a standard deviation of 3.8692. For each probabilistic EV charging scenario 
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(Level 2, residential charging), it is assumed that one to six EVs are connected to five houses. 

The limit on transformer loading is set to 120%, which means a loading factor of𝜂 = 1.2.  

TABLE 10  

 PROBABILISTIC CHARGING SCENARIOS FROM SECTION 6.1 

  Arrival of EVs Onset of Charging 

No Control Any time Begins immediately  
With Control Between 5 pm and 11 pm Begins five hours after arrival  

 

 Based on IEEE Standard C57.91-2011, the maximum allowed hottest-spot temperate rise 

without reducing the transformer loss of life is 110oC. The temperature difference between the 

hottest-spot temperature and the maximum ambient temperature for the year is used as the 

allowed hottest-spot temperate rise over the ambient temperature. The following values [36] are 

used for the transformer sizing calculation: 𝑅 = 3.2, ∆𝜃𝑇𝑂,𝑅 = 50℃, ∆𝜃𝐻,𝑅 = 30℃.  

 The hourly EV charging load (both controlled and non-controlled EV) for a year (based 

on probabilistic charging scenarios) varying from one EV to six EVs is added to the hourly 

residential load for a year (five houses). Each house is equipped with four photovoltaic solar 

panels with a capacity of 5 kW AC output. Battery storage is assumed to be available to store 

solar energy. The numerical example is solved based on the algorithm shown in Figure 32. 
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Check at every ith hour

Is total load more than stored 
solar energy and solar energy 

EV Charging 
Load at ith hour

Regular 
residential Load 

at ith hour

Solar Energy 
at ith hour

(EV Charging 
Load +
Regular 

residential Load)
at ith hour

Total Load

Stored Solar 
Energy

at ith hour

(Solar Energy +
Stored Solar 

Energy)
at ith hour

Supply Total load 
from Power grid 

and solar and 
stored energy 

Yes

No

Solar + Stored 
Energy 

Supply Total 
load from solar 

and storage 
energy  

When total load is supplied using solar and stored 
energy then Transformer is not loadd hence 

transformer rating does not need to be increased. 

When total load is supplied from power grid then 
Transformer is heavily loaded and hence transformer 

rating needs to be increased

At every ith hour, 
transformer is loaded by 
either load supplied by 

power grid or does not gets 
loaded  because load is 
supplied by solar and 

storage. 

i is number of hours in year. 
So it goes from 1 to 8760.

Transformer rating 
is calculated based  

KKT conditions 
given in section 4.2 

This algorithm given above is run 1000 times using MatlabR2009 , after every run, Transformer rating 
is stored and after 1000 runs, average of all 1000 runs is taken. That average transformer rating is 

taken as Optimal Transformer rating.

Figure 32. Algorithm used to solve transformer rating problem using KKT conditions 
 

6.4.2 Results 

 The impact of controlled and uncontrolled EV charging on the transformer rating is 

shown in Table 11 and plotted in Figure 33. It can be seen that by increasing the number of EVs 
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that are charging, the transformer rating also increases. It is also shown that controlled charging 

results in a lower transformer rating than uncontrolled charging. Even when the number of EVs 

increases, the controlled EV charging does not affect the transformer rating drastically. 

TABLE 11 

TRANSFORMER RATING FOR CONTROLLED AND UNCONTROLLED EV CHARGING 

Number 

of EVs 

Controlled Charging Uncontrolled Charging 

Transformer Rating (kVA) Transformer Rating (kVA) 

1 47.1549 62.4977 
2 51.3754 70.1333 
3 55.9037 77.5385 
4 59.8712 84.0816 
5 64.3782 90.42 
6 68.673 96.6837 

 
     

 

Figure 33. Optimal transformer rating for controlled and uncontrolled EV charging 

 Controlled EV charging means that charging can be dispersed and performed throughout 

the night when the regular residential load is at a minimum, thus ensuring that the secondary 

distribution transformer has a minimum load. Hence, for controlled EV charging, the transformer 

rating is not high. The regular residential load is maximum during the evening. When EV users 
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start charging EVs as soon as they get home, the transformer becomes heavily loaded because 

the regular residential load during the evening is also high. When the transformer is heavily 

loaded, transformer aging becomes accelerated. Therefore, in order to accommodate this heavy 

load, the transformer rating needs to be increased.  

 When direct solar energy is used with controlled and uncontrolled EV charging 

scenarios, the impact on the transformer rating is shown in Table 12. When direct solar energy is 

used but stored solar energy is not used, then it can be seen from Table 12 that controlled EV 

charging along with direct solar energy results in a lower transformer rating compared to 

uncontrolled EV charging along with direct solar energy. These results are plotted in Figure 34. 

Since solar energy can be used for both a regular residential load and an EV charging load, then 

certainly the loading on the transformer is reduced, and hence, the transformer aging is reduced, 

which results in a lower transformer rating. But in the case of uncontrolled EV charging, since 

charging can be done during peak residential loading times, transformer loading is higher, and 

even though the addition of direct solar energy reduces the impact, the result is still a higher 

transformer rating.   

TABLE 12 
 
TRANSFORMER RATING FOR CONTROLLED AND UNCONTROLLED EV CHARGING 

WITH DIRECT SOLAR ENERGY 
 

Number 

of EVs 

Controlled EV Charging 

with Direct Solar Energy 

Uncontrolled EV Charging 

with Direct Solar Energy 

Transformer Rating (kVA) Transformer Rating (kVA) 

1 46.227 60.0267 
2 50.2994 67.7244 
3 55.0587 74.9949 
4 59.6383 81.6951 
5 63.6365 88.3556 
6 68.3285 94.1078 
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Figure 34. Optimal transformer rating with direct solar energy but no stored solar energy  
 

 The optimal transformer ratings for controlled and uncontrolled EV charging when 

stored solar energy is added along with direct solar energy is shown in Table 13 and plotted 

in Figure 35.   As can be seen, the optimal transformer rating when both types of solar energy are 

used is less with controlled charging than with uncontrolled charging. Using both types of energy 

can meet the regular residential load as well as the EV charging load, which results in less 

loading on the transformer and hence a lower impact on the transformer rating.  

TABLE 13 

TRANSFORMER RATING FOR CONTROLLED AND UNCONTROLLED CHARGING 
WITH STORED AND DIRECT SOLAR ENERGY 

 

Number 

of EVs 

Controlled EV Charging with  

Stored and Direct Solar Energy 

Uncontrolled EV Charging with 

Stored and Direct Solar Energy 

Transformer Rating (kVA) Transformer Rating (kVA) 

1 46.0353 58.9514 
2 50.0003 66.3013 
3 54.3718 73.1759 
4 58.4469 80.2786 
5 62.7838 87.033 
6 67.9798 93.1398 
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Figure 35. Optimal transformer rating with stored and direct solar energy 

 
Table 14 shows a comparison of controlled EV charging without stored or direct solar 

energy, with direct solar energy, and with stored and direct solar energy. When controlled 

EV charging is practiced along with stored and direct solar energy, then the transformer rating is 

less than when only direct solar energy (without storage) is used or when no solar energy is used. 

This comparison is plotted in Figure 36.  

TABLE 14 
 
TRANSFORMER RATING FOR CONTROLLED CHARGING WITHOUT SOLAR ENERGY, 

WITH DIRECT SOLAR ENERGY, AND WITH STORED AND DIRECT SOLAR ENERGY  
 

Number 

of EVs 

Controlled EV Charging 

without Solar Energy 

Controlled EV Charging 

with Direct Solar Energy 

Controlled EV Charging 

with Stored and Direct 

Solar Energy 

Transformer Rating 

(kVA) 

Transformer Rating 

(kVA) 

Transformer Rating 

(kVA) 

1 47.1549 46.227 46.0353 
2 51.3754 50.2994 50.0003 
3 55.9037 55.0587 54.3718 
4 59.8712 59.6383 58.4469 
5 64.3782 63.6365 62.7838 
6 68.673 68.3285 67.9798 
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Figure 36. Comparison of optimal transformer rating for controlled charging without solar 
energy, with direct solar energy, and with stored and direct solar energy  

 
Uncontrolled EV charging without solar energy, with direct solar energy, and with 

stored and direct solar energy are compared in Table 15 and plotted in Figure 37. It can be 

seen that when uncontrolled EV charging is practiced along with using direct solar energy as 

well as stored solar energy, the transformer rating is lower than when uncontrolled EV charging 

is practiced along with using only direct solar energy or when no solar energy is used. Using 

both stored and direct solar energy in uncontrolled EV charging has a greater impact on the 

transformer rating than in the case when both forms of energy are used with controlled EV 

charging.  
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TABLE 15 
 

TRANSFORMER RATING FOR UNCONTROLLED CHARGING WITHOUT SOLAR 
ENERGY, WITH DIRECT SOLAR ENERGY, AND WITH STORED AND DIRECT  

SOLAR ENERGY 
 

Number 

of EVs 

Uncontrolled EV 

Charging  

without Solar Energy 

Uncontrolled EV 

Charging  

with Solar Energy 

Uncontrolled EV 

Charging  

with Stored and Direct 

Solar Energy 

Transformer Rating 

(kVA) 

Transformer Rating 

(kVA) 

Transformer Rating  

(kVA) 

1 62.4977 60.0267 58.9514 
2 70.1333 67.7244 66.3013 
3 77.5385 74.9949 73.1759 
4 84.0816 81.6951 80.2786 
5 90.42 88.3556 87.033 
6 96.6837 94.1078 93.1398 

 
 

 

Figure 37. Comparison of optimal transformer rating for uncontrolled EV charging without solar 
energy, with direct solar energy, and with stored and direct solar energy  
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6.5 Consumer Satisfaction-Based Controlled EV Charging 

6.5.1 Numerical Analysis 

 A numerical analysis is conducted to illustrate the applicability of the proposed algorithm 

based on consumer satisfaction. The vehicle travel data for this study (completing the last trip 

and starting the first trip on the following day) is obtained from the National Household 

Transportation Survey (NHTS) [38]. Based on this data, a probabilistic model for the end of the 

last trip, taken from Section 3.1.1, is used to determine the arrival time of each electric vehicle. A 

probabilistic model for the amount of charge left at the end of the final trip, developed using EV 

project data, is also taken from Section 3.1.1 and used to determine the available charge for each 

vehicle.  

 The time that each vehicle is starting the next trip is available using NHTS data [38]. An 

example plot for those EVs that arrive at 5 pm and will be leaving for the next trip is represented 

by zone B shown in Figure 38. Similar curves for the 24-hour period are obtained and used to 

determine the available time for each EV.  

 

Figure 38. Zone B showing vehicles arriving at 5 pm and leaving for next trip 

 This numerical analysis uses the daily demand curve from Baltimore Gas and Electric, 

from Section 6.1, along with the average summer temperature for the Baltimore area, obtained 
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from National Weather Service data [51]. Based on system requirements, the preferred EV 

charging load can be determined. Since the objective of this work is to develop a pricing scheme 

for the given preferred number of EVs, the vehicle data is taken from the available literature 

[44]. A vehicle load of 30 EVs for a neighborhood is considered here. The preferred load for this 

neighborhood is shown in Figure 63. Residential Level 2 [5] charging is considered here. The 

average charging rate is considered here because the average customer behavior is analyzed from 

the DSO’s standpoint. A distribution loss factor 𝜆𝑑𝑖𝑠𝑡 of $0.015/kW is also used [53]. A 

congestion penalty factor 𝜌𝑖 of $0.0811/kW is used for the entire day [54]. These factors are 

representative values. The proposed model will perform similarly for any value.  

 Historic data from the Pennsylvania-New Jersey-Maryland (PJM) Interconnection is used 

to obtain hourly LMPs for a region in the Baltimore area and also to determine the distribution-

level LMP [55], as shown in Figure 39. A customer dissatisfaction limiting factor 𝛼is assumed 

to be $100/customer. A transformer power rating of 100 kVA and rated voltage of 2.4 kV are 

also used. Empirical numbers m (0.8) and n (0.8) used in transformer hottest-spot modeling are 

considered for a self-cooled (OA) transformer [36]. 

 

Figure 39. Preferred EV charging load 
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 The data collected, as mentioned above, are used to solve the non-linear optimization 

problem developed in Section 5.3 using Advanced Mathematical Programming Language 

(AMPL) software [56], which is a user-solver interface employing the solver MINOS 5.51 and 

utilizing a specific modeling language for describing optimization data, variables, objectives, and 

constraints. All data is collected in a data file, which is used as input to the model file. The input 

data and the corresponding model file are then debugged using a command language in the 

AMPL software. AMPL gives optimal values for additional EV charging load, additional EV 

charging price, and planned EV charging price based on constraints for every hour of the day. 

 Typically, a non-linear problem in AMPL is solved using MINOS, a highly developed 

state-of-the-art solver that employs a reduced-gradient method with quasi-Newton 

approximations to the reduced Hessian. Although the MINOS solver does not guarantee a global 

optimum under non-convexity, convergence is usually achieved [57]. Using the above data, the 

solution to the proposed model is found and plotted in Figure 40. 

 

Figure 40. Results for basic example model 

 Since the distribution system is dynamic in nature, it is essential to evaluate the 

robustness of the proposed technique. Therefore, the impacts of unit price for the preferred 
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number of vehicles, additional number of vehicles that could be connected at a given time, and 

their unit price for a given day are investigated for different operating conditions. 

6.5.2 Results 

 Case I: Impact of Distribution Power Loss Factor𝛌𝐝𝐢𝐬𝐭: Five different values for the 

distribution loss factor 𝜆𝑑𝑖𝑠𝑡are used in this case: $0.01/kW, $0.019/kW, $0.028/kW, $0.3/kW, 

and $0.04/kW. Figure 41 shows the effect of the distribution loss factor on the per-unit charging 

price for the preferred number of vehicles. As the loss factor increases, the unit charging price 

also increases for both planned and unplanned charging. During peak hours, due to a higher 

overall power loss, the cost increases.  

 
 

Figure 41. Effect of power loss factor on regular and additional EV charging price. 
 
 The additional EV load for each of the different distribution power loss factors is plotted 

in Figure 42. As shown, if the compensation for distribution power loss is less, then only a few 

vehicles in addition to the preferred vehicles would be allowed to charge. But if the 

compensation is increased, then additional vehicles would be allowed to charge; however, other 
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constraints such as transformer loss of life and available EVs would limit the number of 

additional EVs that could be added to the grid. 

 
 

Figure 42. Effect of power loss factor on additional EV load 

 Case II: Impact of Distribution-Level Congestion Factor 𝛒:  Similar to the distribution 

loss factor, the distribution congestion penalty factor 𝜌 will increase the unit price for both 

preferred and additional EV charging loads. The change in unit price for the preferred EV 

charging load for five distribution-level congestion factors is shown in Figure 43. 

 
 

Figure 43. Effect of congestion factor on preferred EV charging price 
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 Case III: Impact of Allowable Consumer Dissatisfaction𝛂:  Customer dissatisfaction 

will change the additional charging load and associated unit price as well as price of the 

preferred load. From Figure 44, it can be seen that when the maximum allowable consumer 

dissatisfaction factor increases, the additional EV load will decrease; that is, the higher the 

allowable dissatisfaction, the higher the number of consumers who will not be connected as per 

their liking, and thus the additional load is less. Based on regulatory requirements, the DSO 

could decide on the allowable dissatisfaction level. Figure 44 also shows the unit price for the 

additional EV charging load. As the maximum allowable consumer dissatisfaction increases, the 

unit price for the additional charging load will increase. This increase in unit price for an 

additional load would limit the number of consumers who are willing to charge their vehicles at a 

given time. This would also limit load on the power grid.  

 
 

Figure 44. Effect of maximum allowable dissatisfaction 
 
 Case IV: Impact of Maximum Allowable Loss of Life�̂�𝒉𝒔𝒑:  An increase in the 

maximum allowable transformer loss of life will not affect the unit price of the preferred EV 

charging load, because the preferred load will not change and is expected to minimize the 

transformer loss of life. However, additional EVs can be charged at a given time, if transformers 
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are allowed to degrade faster (higher hottest-spot temperature or Theta HSP). From Figure 45, it 

can be seen that with a greater allowable hottest-spot temperature, additional vehicles can be 

connected when demand is high.  

 
 

Figure 45. Effect of hottest-spot temperature on additional EV charging load 
 
 Case V: Impact of Seasons:  The next step is to evaluate the impact of different seasons 

on the three different geographical locations considered in this work. Proprietary data available 

to the authors from Canada is used in this work to analyze the impacts of seasons on EV 

charging load. For this case, the maximum allowable transformer hottest-spot temperature is kept 

at 115oC, and the maximum allowable customer dissatisfaction is kept at $50/customer. The 

congestion penalty factor is kept at $0.05/kW, and the power loss factor is kept at $0.01/kW. For 

these operating conditions, summer and winter EV charging scenarios are investigated, and the 

effect of seasons on the additional EV charging load and additional EV charging unit price are 

shown in Figure 46. Based on these examples, it can be seen that the additional EV charging 

rates and loads will differ during different seasons for the same geographical location, and the 

DSOs may need to change their operational strategies for different seasons.  
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Figure 46. Effect of seasons on additional EV charging unit price. 
 
 Results have shown that parameters (allowable consumer dissatisfaction, power loss 

factor, congestion factor, and component life) control the management of EV demand. In 

general, the cost of unplanned additional EV charging is significantly higher than that of 

scheduled/planned EV charging. This will limit the number of consumers who would try to 

charge their EVs during peak hours and help the DSO recover the cost incurred as a result of 

accelerated loss of life from users who contribute to the acceleration. 
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CHAPTER 7 

 

CONCLUSION 

 
 
7.1 Impact of EV Charging on Secondary Distribution Transformer 

In this work, the impact of EV charging on the secondary distribution transformer is 

studied. Distributed loading or diversified loading of EV charging provides a very low 

transformer loss of life compared to charging all EVs at one time. Moving EV charging from the 

residential load peak time of 5 pm to 11 pm, to either very late at night or early in the morning, 

reduces the transformer loss of life for a given ambient temperature. When temperatures are 

quite low, for example during winter at a utility in Canada, EV charging at any time will not 

have much impact on the transformer loss of life. A controlled-charging scenario considerably 

reduces the transformer loss of life to the point of being equal to when the EV charging load was 

not placed on the transformer. For summer days, if the transformer rating is sufficient, charging 

early at night between 11 pm and 1 am coincidently reduces the transformer loss of life to lower 

levels that are observed when charging late at night, between 2 am and 5 am with diversity.  

This control of charging for EVs will not only help in reducing the loss of life of 

distribution transformers but will also produce other benefits, such as load management and load 

forecasting. These results are geographical- and weather-oriented so cannot be generalized for 

each and every utility or EV loading scenario. This study clearly shows that there is a need for 

controlled EV charging, considering geographical location, ambient temperature, transformer 

rating, baseloading, and EV penetration. 
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7.2 Impact of EV Charging in Presence of Renewable Resources on Transformer Loss 

of Life  

 
 In this work, the impact of EV charging in the presence of renewable resources such as 

solar energy on the transformer loss of life is studied. During cloudy days, little solar energy is 

available to charge EV batteries. Under these conditions, EV batteries are charged though the 

power grid, whereby the transformer will be affected by the regular residential load as well as the 

EV charging load. Under conditions when ample solar energy is available to charge EV batteries, 

the transformer is primarily loaded with the regular residential load, and no or very little EV 

charging load; therefore, the transformer loss of life is less.  

Controlled EV charging when solar energy is available results in less transformer loss of 

life. Uncontrolled EV charging when solar is available creates less transformer loss of life than 

when solar is not available. Yearly solar energy data is used in this analysis; hence, all 

uncertainties in the solar data (that is, no solar or less solar due to cloudy or rainy days) are 

covered. Transformer loss life is higher when solar energy is not available than when solar is 

available for both controlled and uncontrolled EV charging. 

7.3 Optimal Rating of Distribution Transformer in Presence of EV Charging 

This work compares transformer loss of life and associated no-load losses with EV 

penetration. One of the options to increase the life of the transformer is to increase its rating. 

However, this would not only increase the transformer capital cost but also increase the no-load 

losses. 

This work minimizes the transformer no-load losses while limiting transformer age 

acceleration. Uncontrolled charging (consumer charges the battery upon arrival and controls the 

charging) and controlled charging (consumer delays charging to low-load periods) are evaluated 

in this work. Based on the results, it can be seen that the transformer rating increases with the 
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uncontrolled-charging scenario, but if charging is controlled, then the increase in EVs charging 

will have a minimum impact on the transformer rating. This phenomenon is experienced 

irrespective of geographical location and loading. 

Based on the results, this work concludes that the ideal mode of operation for EV 

charging is controlled charging, and appropriately rating the transformer will allow more EVs to 

be connected to the grid without reducing the life of the transformer. Furthermore, under a 

controlled-charging scenario, winter-peaking utilities would see a higher impact on their 

transformers than summer-peaking utilities, due to higher EV penetration, because they could 

recharge during the late-night demand valley. 

7.4 Optimal Rating of Distribution Transformer in Presence of EV Charging for One 

Year 

 
 From the results, it can be seen that when the number of EVs for charging is increased, 

loading on the transformer increases, and to accommodate this increased loading and to avoid 

faster transformer aging, the transformer rating is also increased. Controlled charging allows for 

the EV charging load to disperse throughout the night when the regular residential load is at a 

minimum. Therefore, controlled charging creates less transformer aging, and because aging is 

less, the transformer rating does not need to be increased on a larger scale. In the case of 

uncontrolled EV charging, load on the transformer increases, and in turn, the transformer rating 

must be increased to accommodate the heavy loading.  

 In this work, the transformer rating is calculated for a yearly load, which varies during 

different seasons of the year. During winter and summer, the heating and cooling load is high 

during the evening, and if most EV users are charging their EVs during that time, then load on 

the transformer becomes extremely high. High loading causes transformer aging, and to 

accommodate high loading, the transformer rating is also increased.  
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 When rooftop solar panels are used to provide energy, then direct solar energy can be 

used to supply the regular residential load and sometimes, during summer and even in the 

evening, the EV charging load. When solar energy is used to alleviate the energy burden, the 

load is not supplied through the power grid; therefore, the transformer does not become highly 

loaded and does not age as much; hence, there is no need to increase the transformer rating.  

 Along with rooftop solar panels, when solar energy is stored and then used as an energy 

source, again the regular residential load and EV charging load are not supplied through the 

power grid. When both types of load are more than the stored solar energy then some part of the 

entire load is supplied through the power grid.  

 During the summer, when most days of direct solar energy and energy storage are 

available for a long period of time, then all regular residential and EV charging loads are 

supplied through stored and direct solar energy. During this time, the transformer experiences 

little load, which results in less transformer aging and no need to increase the transformer rating.  

 This study was conducted for one whole year. During rainy and cloudy days when little 

solar energy is available, not much energy storage is possible and most of the energy is supplied 

through the power grid, thus creating a highly loaded transformer. During those times, the 

transformer aging increases as well as the transformer rating. For the year of this study, the 

collective solar energy and storage showed little impact on the transformer rating.  

7.5 Consumer Satisfaction-Based Controlled EV Charging 

This work presents an electric vehicle charging management algorithm based on the 

unique tariff for EV charging load. Two different charging rates are considered: one rate for 

customers who are participating in a contract with the DSO, and a higher rate for those 

consumers who do not participate in a contract with the DSO but are willing to charge as needed. 
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This work integrates consumer satisfaction, price incentive demand response, and distribution 

system performance insurance.  

Several numerical studies are conducted to analyze the effect of the developed price-

based EV charging demand response scheme on the system operating conditions. Each of the 

parameters involved with constraints has a unique influence on the charging price and additional 

load. Hence, by setting constraint parameters appropriately in the proposed optimization model, 

the DSO can achieve control over EV charging price and unplanned EV charging load. 

7.6 Future Work 

 Future work in this area of research involves the following:  

 Developing a control algorithm with customer participation in day-ahead pricing when 

solar energy is present along with solar energy storage.  

 Determining an optimal transformer rating in the presence of renewable resources such as 

direct solar energy and stored energy to support only EV charging loads during peak 

hours of the evening.  

 Exploring the use of EV batteries as an energy source along with solar and wind energy. 

 Using renewable-energy storage batteries to reduce loading on the transformer and hence 

reduce its loss of life in the presence of EV charging. 
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