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ABSTRACT 

Quantum circuits can be implemented by breaking them into a series of elementary gates, 

and several methods have been proposed to decompose a quantum circuit into elementary gate 

operations. The total number of gates required to implement the circuit is called the gate count, 

which gives a measure of the computational overhead of the circuit. In order to take advantage of 

the quantum effects of a quantum system, it is desired that all gate operations required to 

implement the quantum circuit be performed before the system loses its coherence. However, as 

the complexity of a quantum circuit increases, the gate count increases, and it becomes difficult 

to implement the circuit before losing its coherence.  Therefore, strategies need to be designed 

that minimize the total gate count, and hence, the total time of operation relative to the system.  

Quantum gate operations can be realized by finding the parameters of the system 

Hamiltonian. (The Hamiltonian represents total energy of the system). This can be done by 

equating the matrix representations for the desired gate operations to the unitary transformation 

under the Hamiltonian. Here, we proposed a method for finding system parameters for 

implementing gate operations along a linear array of qubits. A dynamic learning algorithm has 

been used as a tool for finding the system parameters to implement the desired gate operations 

directly wherein gate operation need not be decomposed into a sequence of elementary gate 

operations belonging to a universal set. Therefore, the main advantage of this scheme is that the 

computational overhead of a quantum circuit can be reduced. Moreover since all qubits are 

involved in the gate operation, and no qubits are idle, our scheme also eliminates other problems 

like relative phases, which are picked up due to individual qubit precessions during idle times. 

Another advantage is that all the parameters found using this scheme are scalable and, therefore, 

can be adjusted to the requirements of a given experimental realization.  
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CHAPTER 1 

MOTIVATION 

1.1 Introduction 

A quantum computer is a device that uses quantum mechanical phenomena, such as 

superposition and entanglement, to perform operations on data. The most fundamental building 

block of a classical computer is the bit. A single classical bit is capable of storing one piece of 

information; it can be in one of the two binary values, 0 or 1. A quantum bit or qubit is the 

quantum analogue of a classical bit. Like a classical bit, a qubit can also be in one of the two 

states, |0 or |1 (known as computational basis states). However, the difference between bits and 

qubits is that a qubit can exist in a linear combination of the two states. This state is called as 

‘superposition state’: 

             (1.1) 

where α and β are the probability amplitudes of finding the qubit in the |0 and |1 states, 

respectively. Here, the two basis states, |0 and |1, form a computational basis for the two-

dimensional vector space representing the qubit, and they are defined as follows: 

     ( 
 
)        ( 

 
)  (1.2) 

When measured, the superposition state given by equation (1.1) collapses to one of the 

two basis states, |0 or |1, with the probabilities of |α|2 and |β|2, respectively, where |α|2 + |β|2 = 1. 

This means that if we measure identically prepared quantum states, we might get different results 

(|0 or |1) for each measurement. However, the probabilities of measuring |0 or |1 converge to 

|α|2 and |β|2. As a result, we can only predict the probability of finding a quantum state in one of 

the basis states. Superposition states allow quantum computers to perform the same operation on 

multiple input states at the same time, which is known as quantum parallelism. In general, a 
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quantum computer with N qubits can simultaneously manipulate 2N numbers. This is one of the 

advantages of quantum computers over classical computers, which allows them to efficiently 

solve certain problems, like factoring [1], which are very hard to solve on a classical computer. 

An example of a qubit is electron spin, where the spin states (spin up and spin down) form the 

two basis states. Recently, many systems with different technologies have been proposed. Some 

of these systems use nuclear spins [2-4], electrons and spin states [5-9], ion traps [10, 11], atoms 

[12] and charge and flux states of super conducting interface devices (SQUIDS) [13-21].       

A quantum computer comprises of several qubits interacting with each other.  

Manipulations are performed on single and multiple qubits to realize different unitary operations. 

These unitary operations are called “gates”. Following are examples of some of the basic gate 

operations used in quantum computing. 

Single Qubit Gate Operations 

NOT Gate or X-Gate: 

A quantum NOT gate is the quantum analogue of the classical NOT gate. This is a single 

qubit gate operation. Under the NOT gate operation, the qubit flips its state from |0〉 to |1〉, and 

vice versa. Hence, the NOT gate on a qubit, Q, can be described as: 

 X |q = |q, (1.3) 

where |q is the state of a qubit Q, and |q is the complement state of |q, where a |0〉 is replaced 

by |1〉, and vice versa. The matrix representation of the NOT gate is  

   (
    
    

) (1.4) 
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Phase-flip or Z-Gate: 

Under the quantum phase-flip gate operation, the qubit gains a phase of ±180° if it is in 

the |1 state. When the qubit is in the |0 state, then it does not change its phase. Hence, the 

Phase-flip gate on a qubit, Q can be described as: 

   〉    〉 

   〉     〉  (1.5) 

 This gate will leave the state |0 unchanged while a phase factor of ‘eiπ’ is picked up by 

the state |1. The matrix representation of the NOT gate is  

   (
    
     

) (1.6) 

Hadamard or H-Gate: 

A quantum Hadamard gate is one of the most useful single qubit gate operations, since it 

is able to create a super-position state. This gate can be described as a ‘square-root of NOT’ gate. 

The gate operation can be described as: 

       {

       

√ 
          

       

√ 
          

 (1.7) 

where |q is the state of the qubit Q. If the initial state is |0, then the Hadamard gate will change 

it to state        

√ 
, which is a superposition state of the basis states |0 and |1. Likewise, if the 

initial state is |1, then it will change it to state        

√ 
, which is also a superposition state of the 

basis states |0 and |1. The matrix representation of the Hadamard gate is  

   
 

√ 
(
    
     

) (1.8) 
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Multiple Qubit Gate Operations 

Controlled-NOT (CNOT) Gate: 

A CNOT is a two qubit gate operation where one qubit (Q1) acts as a control and the 

other (Q2) acts as a target. Under the CNOT gate operation (Figure 1.1), the target qubit flips its 

state when the control qubit is in the |1 state. When the control qubit is in the |0 state, the target 

does not change its state.  

 

Figure 1.1. Implementation of CNOT gate operation between qubits, Q1 and Q2, with qubit Q1 as 
control and qubit Q2 as target. Here, |q1 and |q2 correspond to the states of qubits Q1 and Q2. 
 

The CNOT gate operation on qubits Q1 and Q2, with Q1 as a control and Q2 as a target, 

can be described as: 

        {
                

                 
 (1.9) 

where |qi corresponds to state of qubit Qi, i = 1 and 2, and |q2 is the complement of state |q2 

(for instance, if |q2 = |1, |q2 = |0). Here, the matrix representation of the CNOT gate is  

 

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

C N O T

 
 

 
 

 
 

 (1.10) 

 
Swap Gate: 

A swap gate is a two qubit gate operation which is used to interchange the states of the 

two qubits, Q1 and Q2. The transformation is: 

              (1.11) 

|q1 ⊕ q2 
 

|q1 
 

|q2 
 

 |q1 
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where |qi corresponds to state of qubit Qi, i = 1 and 2. Figure 1.2 shows the implementation of 

the swap gate.  

 

Figure 1.2. Implementation of the Swap gate operation between qubits Q1 and Q2 using 
conventional methods where the states of qubits Q1 and Q2 are swapped using three CNOT gates. 
Here, |q1 and |q2 correspond to the states of qubits Q1 and Q2, respectively. 

 

As shown in Figure 1.2, a swap gate can be implemented by using three CNOT gate 

operations. From Figure 1.2, we can see that for the first and third CNOT gates, qubit Q1 is the 

control and qubit Q2 is the target. For the second CNOT gate, qubit Q2 is the control and qubit Q1 

is the target. For instance, suppose we want to swap the states of qubits Q1 and Q2 which are in 

the initial states |1 and |0, respectively.  Figure 1.3 shows the output states of qubits Q1 and Q2 

after each gate operation, and we can see that after the implementation of the third CNOT gate, 

the qubits are now in states |0 and |1, respectively. 

 

 

 

 
 
 
 
Figure 1.3. Implementation of Swap gate operation using 3 CNOT gates.  
 
 
 
 
 
 
 

= 
 |q1 

|q2 

|q2 

|q1 

|q1 

|q2 

|q2 

|q1 

 |1 
  Initial states of qubits Q1 and Q2 before applying CNOT gates. |0 

 

 |1 
 

 Final states after first CNOT gate with Q1 as control and Q2 as target. |1 
 

 |0 
 

 Final states after second CNOT gate with Q2 as control and Q1 as target. |1 
 

 |0 
 

 Final states after third CNOT gate with Q1 as control and Q2 as target. |1 
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The matrix representation of a swap gate can be described as 

 

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

Sw ap

 
 

 
 

 
 

 (1.12) 

 

Toffoli Gate: 

A Toffoli gate is a three qubit gate operation with two control qubits (Q1 and Q2) and one 

target qubit (Q3). Here, the target qubit Q3 flips its state only when both the control qubits Q1 and 

Q2 are in the |1 state. The transformation is: 

          {
       

             
                           

 (1.13) 

where |qi corresponds to state of qubit Qi, i = 1 to 3, and |q3 is the complement of state |q3 (for 

instance, if |q3 = |1, |q3 = |0). Figure 1.4 shows the implementation of a Toffoli gate operation 

on qubits Q1, Q2 and Q3, with qubits Q1 and Q2 as controls and Q3 as target. 

 

Figure 1.4. Implementation of Toffoli gate operation between qubits, Q1, Q2 and Q3, with qubits 
Q1 and Q2 as controls, and qubit Q3 as target. Here, |q1, |q2〉 and |q3 correspond to the states of 
qubits Q1, Q2 and Q3, respectively. 

 

1.2 Research Objective and Organization of the Dissertation 

A quantum circuit can be implemented by breaking it into a series of elementary gate 

operations, and in 1995, Barenco, et al., showed that arbitrary gates can be constructed with a set 
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of universal gates [22]. They showed that any two-qubit controlled-unitary operation can be 

achieved using a combination of single qubit gates and CNOT gates. In [23], the authors’ found 

the minimal number of elementary gate operations (six elementary gates) required to implement 

any controlled-unitary operation. Since then, other methods have been proposed to decompose 

quantum circuits into these elementary gate operations [24-31]. Also, for any quantum system, 

gate operations must be performed before the system loses its coherence (quantum nature). As 

the number of gate operations to implement the quantum circuit increases, the gate count, and 

therefore, the associated time taken to complete the operation, increases. Hence, it is desired to 

minimize the total gate count of an operation, which may be achieved by minimizing the number 

of elementary gates used during the operation. Therefore, methods for implementing gate 

operations efficiently in quantum systems is an important area of research, and a number of 

schemes have been proposed to reduce the gate count. (Throughout this work, we use gate count, 

which is the number of elementary gates needed to implement a computation, as a measure of the 

computational overhead).  

In this dissertation, we propose a circuit reduction scheme that allows us to implement a 

series of gate operations directly. For this, we use a dynamic learning algorithm based on back 

propagation technique to train a neural network (NN), to find system parameters for 

implementing the desired operation. Here, the main aim of our scheme is to find the system 

parameters to realize an equivalent single gate operation for the desired quantum algorithm.   

In our scheme, we first choose a Hamiltonian, and then train its parameters to implement 

the desired gate operation within a chosen time duration. Once we know the parameter values 

(after training using the dynamic learning algorithm), to implement the desired gate operation, 

we simply set the system parameters to the values solved for, and then allow the system to 
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evolve for a chosen interval of time (gate time obtained from training). For instance, to 

implement a swap gate using conventional methods, we need 3 CNOT gates. Hence, by 

implementing a swap gate as a single gate without breaking it into 3 CNOTs, the gate count can 

be reduced by one-third. This will especially be significant in moving qubits along linear nearest 

neighbor (LNN) arrays using swap operations. Likewise, by implementing a CNOT gate directly 

between two uncoupled next-to-nearest-neighbor qubits, we can realize the gate operation by 

skipping over the qubit in between them. Since a CNOT gate forms a universal gate set with 

single qubit unitary operations, the gate count for arbitrary unitary two and three-qubit operations 

along the array can be reduced. Thus, by combining these two operations, the overall 

computational overhead of implementing a gate operation using our scheme can be greatly 

reduced. Another key advantage of this scheme is that, since all qubits along the chain participate 

in the gate operation, we can avoid idle times that can give rise to relative phases.  

In our research, we focus on the following types of operations:  

(a) Implementing multi-qubit gate operations like CNOT, Toffoli and Swap between two 

next-to-nearest neighbor qubits directly without requiring the qubits to be adjacent to 

each other.  

(b) Using our dynamic learning algorithm to derive an analytical solution for implementing 

gate operations. For this, we chose mirror inverse gate operations in LNN arrays with 

Ising-type interactions. Initially, we showed that our learning algorithm can be used to 

find the parameters to implement different mirror inverse gate operations directly in an 

LNN array, without decomposing them into series of gate operations. Later, by using 

these parameters, we found an analytical solution to implement a mirror inverse gate 

operation in an LNN array of arbitrary length. 
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(c) Using our dynamic learning algorithm to find the parameters to implement harder 

quantum circuits (like the Quantum Fourier Transform (which require training of phases 

in addition to probabilities)) directly without decomposing them into series of elementary 

gate operations. 

The remainder of this dissertation is organized as follows. Chapter 2 gives a brief 

literature review about our research. Chapter 3 describes the training methodology and the 

dynamic learning algorithm which was used to find the parameters to implement the desired gate 

operations. In Chapter 4, method to implement different gate operations in a linear nearest 

neighbor qubit arrays with both Ising and Heisenberg couplings are discussed. Chapter 5 shows 

how to implement different mirror inverse gate operations (MI) in systems with Ising type of 

interactions. Chapter 6 discusses how the parameters found by using the training algorithm can 

be used to generate an analytical solution for implementing an MI gate operation in an Ising-

coupled LNN system of arbitrary length (where length is the number of qubits). Chapter 7 shows 

how our dynamic algorithm can be used to find the parameters for implementing harder quantum 

circuits like the 2-qubit QFT and the encoded-Hadamard gate for the 3-qubit error correction 

code, directly, without having to decompose them into a series of gate operations. This chapter 

also discusses the changes made to our dynamic learning algorithm to improve its performance. 

Chapter 8 presents the summary of this dissertation. 
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CHAPTER 2 

LITERATURE REVIEW 

Like classical gates, quantum gates are the building blocks of quantum circuits. Physical 

realizations of logic gates in a quantum computer require interactions between two or more 

qubits. Based on how each qubit is allowed to interact with other qubits in a physical system, 

different architectures have been proposed to build a quantum computer. Most of them use 

nearest neighbor (NN) architectures, in which qubits are arranged along arrays, and only the 

adjacent qubits interact with each other [4, 32-41]. Such NN restrictions present different 

challenges in implementing quantum algorithms, which are usually designed without taking the 

NN restriction into consideration. For instance, in NN architectures, we cannot directly perform 

multi-qubit gate operations on non-NN qubits, also known as remote qubits, as there is no 

interaction between them. To perform an operation, the remote qubits need to be brought 

adjacent to each other by using swap gates before performing the desired gate operation. 

However, this method increases the computational overhead, because as the separation between 

remote qubits in an NN layout increases, the number of elementary gates (gate count) required to 

perform an operation between them also increases. For instance, in [42], the authors showed that 

if CNOT gate operations are restricted to only nearest-neighbors, the number of CNOT gates 

used increases up to a factor of 9. In [43], the authors showed that translating an arbitrary circuit 

to an LNN architecture requires a linear increase in quantum cost with respect to the number of 

qubits. Therefore, methods for implementing gate operations efficiently in LNN arrays is an 

important area of research, and a number of schemes have been proposed. For instance, heuristic 

methods for converting a quantum circuit to its equivalent linear NN (LNN) architecture have 

been proposed [44-46], where an arbitrary quantum circuit is converted into a LNN circuit by 
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inserting swap gates and minimizing their number. Template matching techniques for CNOT and 

Toffoli gate operations on remote qubits have been proposed where new minimization 

techniques are used to reduce the number of gate operations [47, 48]. The drawback with these 

techniques is that they still require swap operations, and in some cases, additional ancillas (qubits 

that are prepared in |0〉 state) [44-46]. In [49], the authors’ proposed a new gate called the C2 (–I) 

gate that was used to perform CNOT gate operations between two remote qubits without any 

interaction between them. However, in all these methods, the gate count is greater than 1. In this 

research we will show how to implement some of these gates as a single gate. 

As mentioned in Chapter 1, any quantum algorithm can be implemented by breaking it 

into a sequence of gate operations belonging to a universal set (elementary gates). Several 

methods have been proposed to decompose the quantum circuits into these elementary gate 

operations [22-31]. However, for any quantum system, it is desired that gate operations be 

performed before the system loses its coherence. As the number of gate operations to implement 

the quantum algorithm increases, the time taken to complete the operation before the system 

loses coherence increases. Hence, it is desired to minimize the total time of an operation, which 

can be achieved by minimizing the number of elementary gates used during the operation (called 

the gate count). Also, decomposing quantum circuits into the elementary gate operations can lead 

to other problems like relative phases, which are picked up due to individual qubit precessions 

during idle times. This is because, in any system, not all qubits may be involved in a gate 

operation. Qubits that are idle can pick up relative phases that lead to decoherence. One method 

is to use special encoding techniques where qubits are grouped together to form logical qubits, 

which are immune to certain types of errors [50-53]. For instance, the 3-qubit code is a simple 

quantum error correction code to correct single qubit bit-flip (or phase-flip) errors. Here, the 
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information qubit is encoded using two extra ancillas to form a logical qubit. As with physical 

qubits, in order to perform gate operations on logical qubits, a universal set of “encoded” gates is 

required. Even though it is preferred that these encoded gates be “transversal”, where the ith qubit 

in an encoded block interacts either with itself, or the ith qubits in other blocks, not all encoding 

schemes allow this (simply stated, transversal gates allow a gate operation to be performed 

directly on the encoded state without decoding). For instance, a Hadamard gate cannot be 

implemented transversally on the 3-qubit code. Hence, to implement a Hadamard gate on this 

code, we have to first decode the encoded qubit. This will, in turn, increase the computational 

overhead, and the possibility of picking up random errors in the decoded state.   

For quantum computation in NN arrays, in addition to efficient gate implementation, we 

also need methods to efficiently transporting qubits down NN arrays. Several methods for 

transferring quantum states efficiently have been proposed [54-67]. In [68], the author proposed 

a scheme using a spin chain as a channel, where the desired quantum state is placed at one end of 

the chain, and is propagated to the other end of the spin chain by evolution under a suitable time-

dependent Hamiltonian. Here, the fidelity of state transfer for short-length chains is close to 

unity. However, as the length of the chain increases, the fidelity of the state transfer decreases 

significantly. Several schemes have been proposed to overcome this problem. One such 

technique is by transporting entire qubit registers via ‘quantum mirror wires’ [59-67]. Here, an 

unknown multi-qubit quantum state, when encoded at one end of the wire is transmitted to the 

other end, in reverse order [60-64], and the process is called “mirror inversion” (MI). One 

method of implementing MI processes in spin chains is by pre-engineering spin-spin couplings 

with a specific pattern. Another method is to repeatedly apply global signal pulses to the system 

during its dynamical evolution [65-67]. The advantage of such globally-controlled MI schemes is 
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that a regular uniformly coupled spin chain can be used, without the necessity to manipulate 

individual couplings between qubits. However, since in some schemes using global control 

special block encoding of qubits using additional ancillary qubits are required, the storage 

density can be less than unity.  

Going back to methods for implementing quantum gates, some different techniques have 

been proposed based on optimal control theory (OCT) and neural networks [69-104]. In [69-84], 

different methods were proposed to implement the desired gate operation by using optimal 

control theory to obtain the driving field that generates the target unitary transformation. This 

can be achieved by finding the control fields which minimize or maximize a given performance 

index, often called cost function. In [69], the authors proposed a scheme using OCT to calculate 

the field which can produce a desired transformation used for quantum computation. Here, the 

goal is to obtain the optimal pulse that generates a given unitary transformation, irrespective of 

the initial state of the system. Later, in [70], they showed how to use vibrational modes of 

molecules as a set, with the help of OCT, for implementing quantum computation processes. In 

[71], the authors presented a generalized OCT approach based on equation of motion of the 

unitary transformation, to obtain the optimal pulse that generates a target unitary transformation 

irrespective of the initial state. In [72], the authors used QFT in a molecular environment, as a 

case study to analyze the performance of various OCT schemes. In [73], optimal control 

techniques have been applied in order to obtain high fidelity quantum gates in 2-level quantum 

systems, in the presence of coupling to environment. Similarly, several other methods [74-84] 

have been proposed where OCT is applied to a broad range of quantum mechanical problems.    

Recently, many researchers have been focusing on using quantum neural networks 

(QNN) as another alternative for efficient implementation of quantum gate operations. A QNN is 
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developed by combining concepts of quantum mechanics with artificial neural network models 

to develop more powerful tools to implement quantum algorithms. In 1995, Kak [85], proposed 

the concept of quantum neural computer where the measurement operator will force the wave 

function into the desired eigen-function with the corresponding measurement that represents the 

computation. Thus far, many QNN models have been proposed and different researchers use 

different analogies in establishing a connection between quantum mechanics and artificial neural 

networks [86-104]. For instance, in [86] decoherence of a quantum state was used as an analog to 

the wave function to develop a quantum neural network. In [87], Chrisely developed a quantum 

neural net based on the positions of the slits in an interface experiment. Here, the positions of the 

slits in the interface experiment represent the neuron states. Similarly, in [88], the authors have 

used “single item networks in many universes” approach to design their quantum neural 

networks, whereas Ventura et.al [89, 90] used “single item modules in many universes” approach 

for their quantum neural networks.  In [91], the authors have used simulations for both classical 

and various approaches to quantum neural networks for comparing their performances. Their 

work suggests that there are indeed certain types of problems for which QNNs are more efficient 

and more powerful than classical NNs. Similar work has been shown with alternative learning 

models in [92], where the authors demonstrate that quantum learning algorithms are theoretically 

more powerful than the classical ones in some situations. In [93], the authors have proposed a 

new model combining both classical and quantum neural networks for quantum decision making, 

and quantum associative memories [94-96]. In [97], the author proposed that quantum 

phenomenon like entanglement can be used to combine quantum computation with neural 

computation. In [98], the authors designed a learning simulator for the design of quantum 

algorithms. They have shown that their learning simulator can learn appropriate elements of a 
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quantum algorithm for solving the Deutsch-Jozsa problem. In [99, 100], Behrman, et al., 

proposed a temporal model for a quantum neural computer using the real time evolution of 

quantum dot molecules, and show by simulation that such an architecture can perform any 

classical logic gate. Since the time evolution is quantum mechanical, it can compute backwards 

or forwards in time. Moreover, it can calculate a purely quantum mechanical gate, such as a 

phase shift, for which there is no classical equivalent. In [100, 101], they developed a similar 

model called spatial net using quantum dots. Here, the information will be forwarded in “space” 

to calculate the output vectors. In [102], they proposed a quantum adaptive computer which can 

be trained to solve general problems on a quantum computer. Here, they used artificial neural 

network techniques to learn and compute the desired unitary gate operations. Later, they 

developed a dynamic learning algorithm [103] for “programming” a general quantum computer 

that uses superconducting quantum interference devices (SQUIDs), and demonstrate learning of 

both the classical gates XOR and XNOR. In [104], they used their algorithm to implement a 2-

qubit CNOT gate operation, and also showed that this algorithm can be used to compute 

entanglement.  

We used a method similar to the dynamic learning paradigm proposed by Behrman, et 

al., in our work for implementing a desired gate operation along a linear array of qubits with 

different types of interactions. However, while Behrman, et al., used measurement operators for 

training, we use the quantum fidelity condition. This makes our scheme more general as we will 

later discuss. Our learning algorithm is also similar to ‘Gradient Ascent Pulse Engineering 

technique’ (GRAPE) [105-107], where they use gradient ascent technique to find the pulse 

sequences that implement the desired gate operations. However, our method allows relatively 

quick learning since for each iteration the derivatives of the Lagrangian with respect to 
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parameters are calculated at the end of the total time, Tf. The system parameters are then 

correspondingly updated using a weight update rule. In GRAPE, for each iteration, since the total 

time is divided into a number of equal time steps, a derivative of the cost function with respect to 

the control amplitudes are calculated at the end of each time step. As such, the system parameters 

are updated for each time step. 

Another advantage with our scheme is that all the parameters found by using our method 

are scalable, and therefore can be adjusted to the requirements of a given experimental 

realization.  For instance, suppose we found the parameters to implement a gate operation using 

the learning algorithm within some time “T” and want to reduce the total operation time by half 

(T/2), we do not need have to re-train the network to find a new set of parameters. Instead, we 

can simply multiply the system parameters by a factor of 2 to find the new set of system 

parameters that implements the same gate operation, without any change in the fidelity of the 

corresponding gate operation (both worst-case and overall fidelities). Note that fidelity is a 

measure of the performance of the gate operation. The maximum fidelity is 1, which implies the 

gate operation is being realized perfectly.  
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CHAPTER 3 

DYNAMIC LEARNING ALGORITHM 

A dynamic learning algorithm based on gradient descent technique can be used to find 

the system parameters for implementing any desired quantum gate operation. The gradient 

descent technique is used to find the local minimum of a function by taking steps proportional to 

the negative of the gradient of the function. Here, we use back propagation technique to train the 

system. During the training process, we force the output state of the system for a given input 

state, to the desired state by controlling the system parameters. 

3.1 Training Methodology 

In this section, the training process, which will be used to find the system parameters for 

realizing the desired gate operations, will be discussed. Following are the steps that define the 

training process: 

Step 1: Choose a Hamiltonian for an N-qubit system. Since there can be different types of 

interactions between qubits, the training can be done over a wide range of quantum systems.  

Step 2: Choose a learning rule that will be used to train the quantum system. Here, the dynamic 

learning algorithm based on back propagation technique is used. The method is similar to the 

dynamic learning paradigm proposed by Behrman, et al., in [103], which was used to train a 2-

qubit Ising coupled system to implement a CNOT gate. However, while Behrman, et al., used 

measurement operators for training, we use the quantum fidelity condition. This makes our 

scheme more general as we will later discuss. The training method uses a weight update rule 

based on gradient descent to adjust the device parameters, which are the weights of the quantum 

system. The time evolution of the quantum system can be found by integrating the Schrodinger 

equation in MATLAB Simulink. For this, the ODE4 (ordinary differential equation) fixed size 
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step solver will be used. (Simulink provides a set of explicit fixed-step continuous solvers. 

Explicit solvers compute the value of a state at the next time step as an explicit function of the 

current values of both the state and the state derivative. The solvers differ in the specific 

numerical integration technique that they use to compute the state derivatives of the model. The 

ODE4 solver uses the Fourth-Order Runge-Kutta (RK4) formula). 

Step 3: Form training pairs for a specific gate operation, U. Here, U is the gate operation we are 

interested in finding system parameters for. A training pair will comprise of an initial state, |in, 

and the corresponding output state, |des, that would result when applying the gate operation, 

i.e., |des = U|in. Thus, |in and |des comprise a training pair. The corresponding density 

matrices for the two states are in = |in|in and des = |des|des = U|in|inU1. The density 

matrices will be used in training. A minimum of 2N vector pairs will be used for an N-qubit 

system, corresponding to all the basis vectors. For instance, for N = 2, there will be 4 training 

pairs, one each corresponding to the initial states |00, |01, |10, and |11 (in the computational 

basis). 

Step 4: Train the network for ‘m’ iterations. Here, we are trying to find parameters of the system 

Hamiltonian that will implement the gate operation, U, within a time duration, tf. Note that, tf is 

the time within which we want to implement the gate operation, U, in a physical quantum 

system. As such, the duration of each iteration is equal to tf. At the start of training, i.e., the first 

iteration, we randomly assign values to the parameters such that they are within experimental 

limits for a given quantum system. Next, the following procedure is followed during each 

iteration:  

(i) Input one of the 2N input states as the initial state, in = |in|in, corresponding to a 

training pair to the network. Allow the state to evolve under the Schrödinger equation 
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for a time tf. The density matrix for the “actual” output state, out, by propagation of 

the input state through the network, is calculated. 

(ii) Calculate the quantum fidelity between the “actual” output, out, and the desired 

output, des (from the training pair). Calculate the “error” for the training pair, Ep, by 

taking the difference between the desired quantum fidelity (which is ‘1’ in all cases) 

and the calculated quantum fidelity [1, 108].  

(iii) Back-propagate the error (in time) through the network, and adjust the parameters. 

This can be done by integrating the Schrödinger equation from the final time, tf, to 0 

with the help of a change of variable, t' = tf – t. The network can be set up such that 

different parameters are adjusted at different “learning” rates.  

(iv) Repeat steps (i), (ii), and (iii) until all training pairs are exhausted for the iteration.   

At the end of each iteration, the root mean square (RMS) error will be calculated by using 

the following equation: 
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   (3.1) 

where 2N is the number of training pairs and Ep is the error corresponding to each training pair. 

The training is stopped (after m iterations) when the RMS error falls below a certain threshold.  

Step 5: A successfully trained network will have RMS error below a certain threshold. If the 

network successfully trains, we test the accuracy of the results by substituting these parameters 

in the Hamiltonian, and checking if the desired gate operation, U, is implemented for different 

input states. If not, we continue to train the network for more iterations, with the parameter 

values set at the values obtained from the previously trained network. 
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When training, as a first step, we will assume all the parameters of the system 

Hamiltonian to be variables. The network will then be trained to find the system parameters that 

realize U within time tf. Once the network can be successfully trained for the case when all the 

parameters are variable, we will then train the network subject to more constraints with some of 

the parameters fixed. This will be practical since in any quantum system not all parameters can 

be tuned. Even if all parameters can be tuned, in a physical implementation, it is not desirable to 

treat all parameters as variables, as doing so can increase the complexity of the external control 

circuitry.   

3.2 Learning Algorithm for Training 

In this section, we will show how the dynamic learning algorithm is constructed, using 

the methodology described by Behrman, et al., in [103]. The main differences between their 

scheme and ours are: 

(i) For training, Behrman, et al., used a measurement operator. However, one limitation 

with this approach is the selection of measurement operators. We might not be able to 

use the same measurement operator to train for different gate operations, and we have 

to define a suitable operator in each case. In our scheme, we use the quantum fidelity 

condition for training, where the error is calculated by finding the fidelity of the final 

state (corresponding to a given input state). As such, the scheme is more general. 

(ii) In [103], when training, one of the parameters (bias) was treated as a variable (with 

time). As such, the gate operation was executed, in three time steps (3ts) where the 

bias was changed at the start of each time step (ts). In our scheme, none of the 

parameters are treated as variables (with time) while training. As such, the gate 

operation is implemented within a single time step (tf).  
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To construct the dynamic learning algorithm, we use the time evolution of the 

Schrödinger equation which is given by 

 [ , ]
i

H
t





 

  (3.2) 

Here,  is the density matrix, ħ is Planck’s constant divided by 2π, and H is the Hamiltonian of 

the system. In the dynamic leaning algorithm, the basic idea is to force the output state, |out, of 

the system for a given input state, |in, to the desired state, |des, under a chosen gate operation, 

U, by controlling the parameters of the Hamiltonian (for instance, tunneling, bias and coupling). 

Initially, the system parameters are chosen randomly (while confining to experimental limits). 

They are then trained by using the gradient descent learning rule, 

 new old

dL
W W

dw
   (3.3) 

where α is the learning rate, W is the parameter we are training, and L is the Lagrangian which is 

used to find the local minimum of the error function. Here, the density matrix  is constrained to 

satisfy the Schrödinger equation for the time interval of 0 to tf. Hence, the Lagrangian can be 

defined as 
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where Ep is the error corresponding to a training pair p, where p = 1 to 2N, †(t) and (t) are the 

Lagrange multipliers. Here, †(t) is a row vector and (t) is a column vector. By making the first 

variation of the Lagrangian, L, with respect to  equal to zero, and then by integrating by parts, 

we can calculate these Lagrangian multipliers. The resulting equation can be written as 
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with the boundary conditions at the final time, tf : 

 ( ) ( ) ( )( )
i f j f p des ji

t t E    (3.6) 

Here, (tf) and (tf) are the Lagrange multipliers at the final time, (des)ji is the jith element in the 

“desired” density matrix (defined in step 3 of the training process). 

The error, Ep, is calculated as: 

 1 ( , )
p des out

E F     (3.7) 

where,  

 ( , ) ( )
des out des out des

F Tr      (3.8) 

Here, F (des, out) is the quantum fidelity [1, 108], and des and out are as previously described. 

The quantum fidelity gives a measure of the closeness of the two density matrices. Here, F (des, 

out) varies from 0 to 1 depending on how close out is to des. If the two matrices are identical, 

i.e., if out = des, then F (des, out) = 1. As can be seen from equation (3.7), the error, Ep, is 

calculated by taking the difference between the desired fidelity, 1, and fidelity of the trained 

network, for a given training pair.  

3.3 Choosing Training Pairs for the Dynamic Learning Algorithm 

In our learning algorithm, we used quantum fidelity condition [1, 108], to calculate the 

trained network fidelity. This value is compared to the desired fidelity to calculate the error, 

which is then back propagated through the network to update the system parameters. One 

advantage of using quantum fidelity condition over the measurement operator is that, we can 
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take ‘+1’ as the target for every network as long as the proper input and output vectors are 

chosen as training pairs. This makes our scheme more general.  

In choosing the training set, we basically use all the basis vectors spanning the space. 

Typically, in most cases, we use the computational basis states as our input vectors. However, 

this approach will not work if the computational basis states also happen to be the eigen vectors 

of the matrix that represents the gate operation we are trying to train the system for. In general, 

for any gate operation, A, if the training set comprises of the eigen vectors of A, then the 

algorithm is not able to train the system parameters to implement the gate. To demonstrate, 

suppose we represent the gate operation, A, in its eigen basis: 

                                           (3.9) 

where |V1, |V2, |V3, and |V4 are the eigen vectors, and τ1, τ2, τ3, and τ4 are the corresponding 

eigen values of matrix A. Note that |τ1|, |τ2|, |τ3|, |τ4| = 1, since eigen values of a unitary matrix 

have unit magnitude. If we choose one of the eigen vectors as our input vector, then the final 

state becomes: 

     〉              〉              〉              〉              〉 (3.10) 

     〉       〉 (3.11) 

From equation (3.11), we can see that the desired final state vector will be the same as the 

initial state, but scaled by its corresponding eigen value, τ1. Therefore, the desired final density 

matrix, ρdes, will be:  

           〉     
      

             (3.12) 

From equation (3.12) we can see that both the desired density matrix and the input 

density matrix are equal which means that the fidelity will be 1. As such, from equation (3.7), the 

error Ep will be zero. Hence, the dynamic learning algorithm will not train the network for the 
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desired gate operation. However, we can overcome this by choosing input and output vectors as 

the training pairs, which are not eigen vectors. As an example, suppose we want to find the 

system parameters for the Controlled-Phase (C-Ph) gate. The C-Ph gate is a two-qubit 

controlled-unitary gate, which is diagonal in the computational basis, i.e., the computational 

basis states |00, |01, |10, and |11, are eigen vectors of this gate with corresponding eigen 

values +1, +1, +1, and +1, respectively. To train this network, we considered a 2-qubit system 

with Ising type interactions. When we tried to train this system using the computational basis 

states as input vectors, we were not able to train the network. However, when we chose training 

pairs as that shown in Table 3.1, we were able to train the network successfully, and the RMS 

error decreased to zero. The C-Ph gate can be realized with the following parameter values: A = 

B = 0, A = B = 62.5 MHz and  = 37.5 MHz for tf = 10ns. Later, by substituting these 

parameters in the original Hamiltonian, we confirmed the realization of C-Ph gate operation 

(with an overall global phase of 135 degrees that can be ignored).  

TABLE 3.1 

TRAINING DATA FOR THE CONTROLLED-PHASE GATE OPERATION. 
 

Input State, |in 

(|q1q2) 
Desired Output State, 

|des (|q1q2) 
(|00+|01+|10+|11)2 (|00+|01+|10-|11)2 

(|00-|01+|10-|11)2 (|00-|01+|10+|11)2 
(|00+|01-|10-|11)2 (|00+|01-|10+|11)2 
(|00-|01-|10+|11)2 (|00-|01-|10-|11)2 
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CHAPTER 4 

IMPLEMENTATION OF QUANTUM GATE OPERATIONS BETWEEN 

UNCOUPLED QUBITS 

Consider a quantum system of N qubits arranged in an LNN array as shown in Figure 4.1. 

Here, each qubit only interacts with its nearest neighbors. The Hamiltonian, HN, where ‘N’ 

represents the number of qubits in the system, is: 

 
1

, 1 1
1 1

( )
N N

N i Xi i Zi i i Zi Zi

i i

H      



 

 

      (4.1) 

Here, the terms i, and i for i =1, 2… N, are the tunneling and bias parameters, respectively for 

qubit Qi, I = 1, 2… N, and i,i+1 is the coupling parameter between qubits Qi and Qi+1. Also, Xi 

and Zi are the Pauli matrices corresponding to qubit Qi. Here, we use Ising type interactions 

which are typical of Josephson-junction qubits [13-15]. We will now discuss how to implement 

gate operations for the architecture shown in Figure 4.1.   

 

Figure 4.1. Linear nearest neighbor array comprising of N-qubits. Circles represent qubits and 
rectangles represent couplings between adjacent qubits. Each qubit can only interact with its 
nearest neighbors. 

4.1 CNOT Gate Operation between Next-To-Nearest Neighbor Qubits 

Suppose we want to implement a CNOT gate between two next-to-nearest neighbor 

qubits Q1 and Q3 (Figure 4.1), without requiring the qubits to be adjacent to each other. Here, Q3 

is the target qubit. The CNOT gate operation between qubits Q1 and Q3 can be described as:  

     z z z z  QN-1 Q4 Q3 Q2 Q1 QN 
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1 2 3 1

1 2 3

1 2 3 1

| , =  |0
|

| , |1

q q q if q
q q q

q q q if q

 
  

   

 (4.2) 

where |qi corresponds to state of qubit Qi, i = 1 to 3, and |q3 is the complement of state |q3 (for 

instance, if |q3 = |1, |q3 = |0). To implement the gate operation as in Figure 4.2, two additional 

swap gates are required to bring qubits Q1 and Q3 adjacent to each other. If each swap gate is 

decomposed into 3 CNOT gates, the gate count can increase to 7. In addition to increasing the 

computational overhead, such multi-gate decompositions can also increase the probability of 

propagating errors through the circuit.  

 

Figure 4.2. Implementation of CNOT gate operation between qubits Q1 and Q3 using 
conventional methods where the states of qubits Q1 and Q2 are swapped before and after the 
CNOT gate. 

 

Here, the system parameters that realize the CNOT gate operation on qubits Q1 and Q3 

directly without requiring swap gates to bring them adjacent to each other can be found by using 

the dynamic algorithm as a tool. To demonstrate this, a 3-qubit system with Ising type 

interactions was chosen where the Hamiltonian is defined by equation (4.1) with N = 3. The 

training set comprised of eight input-output pairs. The inputs were the eight computational basis 

states, |000 through |111. The outputs were the expected state vectors after applying the 

transformation given by equation (4.2) to the corresponding inputs. For instance, the output 

states for the input states |010 and |110 were |010 and |111, respectively. For training, we 

Q3
 

Q2
 

Q1 

Q2 

Q3
 

Q1
 

= 
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followed the procedure described in Chapter 3. The step size in the ODE4 was 0.001ns, which is 

the size of the steps taken by the solver when computing the numerical integration, and total 

time, tf = 34.5ns, which is the time step for the gate operation. Training was stopped when the 

RMS error was 0.0038. Table 4.1 shows the fidelity of the output state corresponding to each 

input for the trained network (the optimal fidelity in each case should be 1). Table 4.2 lists the 

parameters of the trained network. 

TABLE 4.1 

FIDELITY OF THE FINAL STATE OF THE TRAINED NETWORK UNDER A CNOT GATE 
BETWEEN QUBITS Q1 AND Q3. 

 
Input State, |in 

(|q1q2q3) 

Desired Output 
State, |des 

(|q1q2q3) 

Fidelity, F (des, 
out) 

Error 

(1 – F) 

|000 |000 1 0 
|001 |001 1 0 
|010 |010 0.9995 0.0005 
|011 |011 0.9995 0.0005 
|100 |101 0.9924 0.0076 
|101 |100 0.9924 0.0076 
|110 |111 0.9999 0.0001 
|111 |110 0.9999 0.0001 

RMS error for the network = 0.0038 

 

To verify if these parameters compute a CNOT gate between two next-to-nearest 

neighbor qubits, these parameters were substituted in the Hamiltonian given by equation (4.1) for 

N = 3, and the system was allowed to evolve for 34.5ns (tf). The simulations confirmed the 

CNOT gate operation with Q1 as control and Q3 as target, which was realized up to an overall 

global phase of 90 degrees that can be ignored.  
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TABLE 4.2 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A CNOT GATE OPERATION 
BETWEEN QUBITS Q1 AND Q3. 

, 
 

 

 

 

 

 

 

As an example, Figure 4.3 shows the probabilities of the qubits A, B, and C in state |1 

when the input state was a superposition of |000 and |100 states. After 34.5ns, the input state 

switches to the superposition of |000 and |101 states, as expected under the CNOT gate 

operation between qubits Q1 and Q3. From the figure, we can see that the final probabilities of the 

qubits A, B, and C to be in state |1 are 0.5, 0, and 0.5, respectively, which shows the 

implementation of CNOT gate operation between qubits Q1 and Q3. In this case, the worst-case 

fidelity of the gate operation was 99.24%, and the overall fidelity was 99.795%. The overall 

fidelity can be improved by training the network further. 

 

1 5 MHz 

2 12.6 MHz 

3 1.8842 GHz 

1 1 GHz 

2 395 MHz 

3 119.7 MHz 

12 395 MHz 

23
 113.1 MHz 
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Figure 4.3. CNOT gate operation on qubits Q1, Q2 and Q3, with qubit Q1 as control, and qubit Q3 
as target. Here, the initial and final states of the system are (1/2) (|000+|100) and (1/2) 
(|000+|101), respectively. The probability of the qubits Q1, Q2 and Q3 to be in state |1 has been 
plotted, which shows the implementation of CNOT gate operation for the given input. 

 

4.2 Toffoli Gate Operation 

To implement a Toffoli gate on a 3-qubit system using a scheme like the pulsed bias 

scheme [109], we need the target qubit to be coupled to both controls. As a result, to implement 

the Toffoli gate in an LNN system (Figure 4.1), we need to perform swap gates to bring the 

target qubit Q3 between the two controls. However, using the dynamic learning algorithm as a 

tool, we can find system parameters such that the gate operation can be directly implemented 

without requiring qubit Q3 to be between the two controls. As with the CNOT, the training set 
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comprised of all 8 computational basis states as input vectors, and their corresponding output 

states under the transformation given by equation (1.13) as the output vectors. The same 

Hamiltonian as that for the CNOT was used. The step size in the ODE4 was 0.05ns, and total 

time, tf = 10ns. Training was stopped when the RMS error was 0.007.  

Table 4.3 shows the fidelity of the output state corresponding to each input state for the 

trained network. Table 4.4 lists the parameters of the trained network.  

TABLE 4.3 

FIDELITY OF THE FINAL STATE OF THE TRAINED NETWORK UNDER A TOFFOLI 
GATE BETWEEN QUBITS Q1, Q2 AND Q3. 

 

Input State, |in 

(|q1q2q3) 

Desired Output 
State, |des 

(|q1q2q3) 

Fidelity, F (des, 
out) 

Error 

( 1 – F ) 

|000 |000 0.9988 0.0012 
|001 |001 0.9976 0.0024 
|010 |010 0.9979 0.0021 
|011 |011 0.9977 0.0023 
|100 |100 0.9885 0.0115 
|101 |101 0.9921 0.0079 
|110 |111 0.9905 0.0095 
|111 |110 0.9905 0.0095 

RMS error for the network = 0.007 
 

As for the CNOT, to test whether the trained parameters implement a Toffoli gate, the 

values of these parameters were substituted in the 3-qubit Hamiltonian (equation (4.1) with N = 

3) and the system was allowed to evolve for 10ns. The simulations confirmed the Toffoli gate 

operation. As an example, Figure 4.4 shows the evolution of the system for the initial state |110. 

The figure shows the evolution of the probabilities of the computational basis states |110 and 
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|111 (the probabilities of the remaining states have not been shown, because at the final time, tf 

= 10ns, they are zero). From the figure, we can see that the |110 state evolves to the |111 state, 

which shows the implementation of the expected Toffoli gate operation for the given input. The 

overall fidelity of the gate operation was 99.44%. 

 

Figure 4.4. Toffoli gate operation on qubits Q1, Q2 and Q3, with qubits Q1 and Q2 as controls, and 
qubit Q3 as target. The initial and the final states of the system are |110 and 111, respectively. 
The evolution of the probabilities of the basis states |110 and |111 have been plotted, which 
shows the implementation of the Toffoli gate operation for the given input. 
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TABLE 4.4 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A TOFFOLI GATE 
OPERATION BETWEEN QUBITS Q1, Q2 AND Q3. 

 
1 10 MHz 

2 70 MHz 

3 182.5 MHz 

1 1 GHz 

2 116.7 MHz 

3 387.3 MHz 

12 337.7 MHz 

23
 380.3 MHz 

 

4.3 Swap Gate Operation between Two NN Qubits Without Decomposing into 3 CNOTs  

Here, we use the dynamic learning algorithm to find the system parameters that 

implements the swap gates directly in a 2-qubit system with Ising type interactions. The 

Hamiltonian for this system can be defined using equation (4.1) with N = 2. Training pairs were 

formed by choosing the four computational basis states as input vectors, and their respective 

expected final states after the swap operation, as output vectors. As before, the ODE4 fixed size 

step solver was used with the step size of 0.1ns, and total time, tf = 10ns. Training was stopped 

when the RMS error was 0. Table 4.5 shows the fidelity of the output state corresponding to each 

input for the trained network. Table 4.6 lists the parameters of the trained network.   
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TABLE 4.5 

FIDELITY OF THE FINAL STATE OF THE TRAINED NETWORK UNDER A SWAP GATE 
BETWEEN QUBITS Q1 AND Q2. 

 
Input State, |in 

(|q1q2) 

Desired Output 
State, |des 

(|q1q2) 

Fidelity, F (des, 
out) 

Error 

( 1 – F ) 

|00 |00 1 0 
|01 |10 1 0 
|10 |01 1 0 
|11 |11 1 0 

RMS error for the network = 0 
 

TABLE 4.6 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A SWAP GATE 
OPERATION BETWEEN QUBITS Q1 AND Q2. 

 
 

 

To check if these parameters compute a 2-qubit swap operation, these parameters were 

substituted in the 2-qubit system Hamiltonian, given by equation (4.1) for N = 2. The simulations 

confirmed the swap operation. Here, both the worst-case fidelity and the overall fidelity of the 

gate operation were 100%. As an example, Figure 4.5 shows the evolution of a 2-qubit quantum 

system under the swap gate operation, when the initial state is |01. The figure shows the 

evolution of the probabilities of all the four computational basis states. From Figure 4.5, we can 

1 35.4 MHz 

2 35.4 MHz 

1 27.8 MHz 

2 27.8 MHz 

 37.3 MHz 
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see that the final state after 10ns is |10, which shows the implementation of the swap operation 

between qubits 1 and 2. 

 

Figure 4.5. Direct implementation of a swap gate in a 2-qubit system without decomposing it 
into 3 CNOT gates (as shown in Figure 1.2). The initial and final states of the system are |01 and 
|10, respectively. The evolution of the probabilities of the 4 basis states have been plotted, 
which shows the implementation of the swap gate operation for the given input. 

4.4 Swap Gate Operation between Next-To-Nearest Neighbor Qubits  

Suppose we want to interchange the states of the next-to-nearest neighbor qubits Q1 and 

Q3. For this, three swap gate operations are needed (or 9 CNOT gates). However, by using the 

training algorithm, parameters can be found to implement the gate operation directly. 

For this, a 3-qubit, Ising coupled system with the same Hamiltonian as that for the CNOT 

and Toffoli was considered. The training set comprised of the eight computational basis states, 

and their respective expected final states after the swap operation between qubits Q1 and Q3, 

where the transformation for the gate operation is given as: 

 1 2 3 3 2 1| |q q q q q q    (4.3) 
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Using the training process explained in Chapter 3, the system was trained until the RMS 

error value was 0. As before, the ODE4 fixed size step solver was used with the step size of 

0.1ns, and total time, tf = 10ns. Table 4.7 shows the fidelity of the output state corresponding to 

each input for the trained network. Table 4.8 lists the parameters of the trained network.  

TABLE 4.7 

FIDELITY OF THE FINAL STATE OF THE TRAINED NETWORK UNDER A SWAP GATE 
BETWEEN QUBITS Q1 AND Q3. 

 
Input State, |in 

(|q1q2q3) 

Desired Output 
State, |des 

(|q1q2q3) 

Fidelity, F (des, 
out) 

Error 

(1 – F) 
|000 |000 1 0 
|001 |100 1 0 
|010 |010 1 0 
|011 |110 1 0 
|100 |001 1 0 
|101 |101 1 0 
|110 |011 1 0 
|111 |111 1 0 

RMS error for the network = 0 
 

To confirm the gate operation for the parameters listed in Table 4.8, these parameters 

were substituted in a 3-qubit Hamiltonian (equation (4.1) with N = 3). Here, both the worst-case 

fidelity and the overall fidelity of the gate operation were 100%. As an example, Figure 4.6 

shows the evolution of a 3-qubit quantum system under the swap gate, when the initial state is 

|110. The figure shows the evolution of the probabilities of the computational basis states |110 

and |011 (the probabilities of the remaining states were not plotted as they are zero at the final 

time, tf = 10ns). From Figure 4.6, we can see that the final state after 10ns is |011, which shows 

the implementation of the swap operation between qubits Q1 and Q3 for the given input. 



  

36 
 

TABLE 4.8 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A SWAP GATE 
OPERATION BETWEEN QUBITS Q1 AND Q3. 

 
1 43.3 MHz 

2 50 MHz 

3 43.3 MHz 

1 33.1 MHz 

2 0.1 MHz 

3 33.1 MHz 

12 48.4 MHz 

23
 48.4 MHz 

 

 

Figure 4.6. Direct implementation of a swap gate between next-to-nearest neighbors Q1 and Q3 in 
a 3-qubit system without decomposing it into 9 CNOT gates. The initial and final states of the 
system are |110 and |011, respectively. The evolution of the probabilities of the basis states 
|110 and |011 have been plotted, which shows the implementation of the swap gate operation 
for the given input. 
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This method of implementing swap operations directly without decomposing into CNOTs 

can be used to realize efficient quantum computing in LNN arrays. For instance, in Figure 4.1, to 

implement a gate operation between qubits Q1 and QN, a maximum of 2(N-2) swap gates are 

required to bring qubit Q1 adjacent to qubit QN. If each swap gate is broken into 3 CNOTs, 6(N-

2) CNOTs are required. However, using the swap gate operation between NN qubits proposed in 

section 4.3, only 2(N-2) operations are required. Moreover, using the swap gate operation 

between next-to-nearest neighbor qubits proposed in section 4.4, the gate count can be further 

reduced.  

Throughout this work, when implementing gate operations, it is assumed that all the 

pulses are ideal. Typically, in an experimental system, pulses are non-ideal with finite rise and 

fall times. As a result, the switching process itself might give rise to errors: decrease in the 

expected probabilities of the output state, and introduction of relative phases in the output state. 

The expected probabilities can be raised by changing the total time of the gate operation, tf, the 

value for which can be obtained from simulations. On the other hand, random relative phases as 

a result of rise and fall times are harder to keep track of. To overcome such phases, an 

architecture similar to that presented in [110] can be used. 

4.5 Training while Keeping Some Parameters Fixed 

In physical quantum systems, even though the ability to tune all parameters may exist, it 

may be beneficial to treat some parameters as fixed parameters in order to reduce the number of 

external control lines. This is because from a practical standpoint we typically do not vary all the 

system parameters when implementing two or more different gate operations in the same system. 

The purpose of this part of the study was to examine if a network could be trained for a gate 

operation by keeping some parameters fixed throughout the training process. For training, the 3-
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qubit system with Ising type couplings was considered. The tunneling parameters were fixed at 

36 MHz. The network was then trained for a swap gate between Q1 and Q3, and a CNOT gate 

between qubits Q1 and Q3. This is because from a practical standpoint we typically do not vary 

all the system parameters when implementing two or more different gate operations in the same 

system. The parameters to realize the two gate operations are listed in Table 4.9 and Table 4.10, 

respectively.  

TABLE 4.9 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A SWAP GATE BETWEEN 
QUBITS Q1 AND Q3 AFTER FIXING THE TUNNELING PARAMETERS. 

 
1 36 MHz 

2 36 MHz 

3 36 MHz 

1 24.9 MHz 

2 0 MHz 

3 24.9 MHz 

12 36.7 MHz 

23
 36.7 MHz 

 

From Table 4.9, we can see that we were able to successfully train the parameters for a 

swap gate between qubits Q1 and Q3, by keeping all 3 tunneling parameters fixed at 36 MHz. 

Here, the step size in the ODE4 was 0.1ns, and total time, tf = 13ns. Training was stopped when 

the RMS error was 0.0189. The overall fidelity of the gate operations was 98.25%. From the 

Table 4.10, for the CNOT gate between qubits Q1 and Q3, we can see that the tunneling 

parameter 3 had to be treated as a variable for training. Here, the step size in the ODE4 was 



  

39 
 

0.01ns, and total time, tf = 12ns. Training was stopped when the RMS error was 0.0244. The 

overall fidelity of the gate operation was 98.6%. 

TABLE 4.10 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A CNOT GATE BETWEEN 
QUBITS Q1 AND Q3 AFTER FIXING THE TUNNELING PARAMETERS 1 AND 2. 

 
1 36 MHz 

2 36 MHz 

3 834.2 MHz 

1 1 GHz 

2 447.9 MHz 

3 133.9 MHz 

12 448.2 MHz 

23
 131.9 MHz 

 

4.6 Extending the Learning Algorithm to Non-Diagonal Hamiltonians  

The gate operations described until now were all implemented using an LNN array with 

diagonal Ising type interactions. The purpose of this part of the research was to study if the 

learning algorithm could be extended to other non-diagonal coupling schemes. To demonstrate, a 

two-qubit system with Heisenberg interactions, which is typical of spin-coupled quantum dots [6, 

7], has been considered. The Hamiltonian is  

 1 2 1 2 1 2
1,2

( ) ( )
i Xi i Zi Z Z X X Y Y

i

H          


       (4.4) 

Here, as before, the terms i, and i are the tunneling and bias parameters, respectively, and  is 

the coupling parameter. The network has been trained to implement a swap gate between qubits 

Q1 and Q2. While training, the tunneling parameters were fixed, i.e., 1 = 2 = 36 MHz. The 
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other parameters trained through the network were 1 = 2 = 33.7 MHz, and  = 37.5 MHz (tf = 

10ns). The training was stopped when the RMS error was 0.001. Simulations confirmed the gate 

operation upto an overall global phase of 135 degrees, which can be ignored. The overall fidelity 

of this gate operation was 99.9%.  

4.7 Conclusions 

A new scheme to implement gate operations in a one dimensional LNN array, by using 

dynamic learning algorithm has been introduced. This was accomplished by training the 

quantum system using a back propagation technique, to find the system parameters that 

implement gate operations directly. We showed how the training algorithm can be used as a tool 

for finding the parameters for implementing CNOT and Toffoli gates between next-to-nearest 

neighbor qubits in an Ising-coupled LNN system. We then showed how the scheme can be used 

to find parameters for realizing swap gates, first between two adjacent qubits, and then, between 

two next-to-nearest-neighbor qubits, in each case without decomposing it into 3 CNOT gates. 

Finally, we showed how the scheme can be extended to systems with non-diagonal interactions. 

The main advantage of our scheme is that, we can reduce the computational overhead of a 

quantum circuit by finding the parameters to implement the desired gate operations directly, 

without decomposing them into a sequence of elementary gate operations. We can also reduce 

the time taken to realize any desired gate operation using this scheme. For instance, using the 

pulsed bias scheme that was proposed by Kumar, et al., in [109], we need 30ns to realize a 2-

qubit swap gate operation (10ns for each CNOT gate operation). However, using the gate 

operation proposed in section 4.3, we only need 10ns to implement the swap gate operation. 

Another advantage is that, all the parameters found using our scheme are scalable, and therefore, 

can be adjusted to the requirements of a given experimental realization.   
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CHAPTER 5 

IMPLEMENTATION OF QUANTUM MIRROR INVERSE GATE OPERATIONS 

USING A DYNAMIC LEARNING ALGORITHM 

 

As discussed in Chapter 2, LNN restrictions present different challenges in implementing 

quantum circuits, which are usually designed without taking the NN restriction into 

consideration. Typically, to perform a gate operation between two non-NN qubits, also known as 

remote qubits, the qubits need to be brought adjacent to each other. As the separation between 

remote qubits increases, the number of gates required to perform an operation between them can 

also increase. Hence, finding ways for efficiently transporting qubits down NN arrays, to 

implement quantum circuits efficiently, has become an important area of research in quantum 

computing. One method is using the mirror inverse operations (MI) where an unknown multi-

qubit quantum state, when encoded at one end of the wire is transmitted to the other end, in 

reverse order [60-64]. 

In this chapter, we use the dynamic learning algorithm presented in Chapter 3 to find the 

system parameters to implement MI directly in a linear array of qubits with Ising type 

interactions. In section 5.1, we show how the training algorithm can be used as a tool for finding 

the parameters for implementing MI between nearest neighbor qubits in an Ising-coupled LNN 

system. Unlike non-diagonal XY interactions where a SWAP gate is easily implemented, in Ising 

coupled systems, each swap operation needs to be decomposed into 3 CNOTs. As such, methods 

for finding system parameters that allow us to transmit qubit states along LNN arrays without 

requiring swap gates can greatly reduce the overall computational overhead in these systems. 

These Ising coupled systems are commonly seen in superconducting Josephson junctions, dipole-
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dipole or J-coupled systems [1315, 111, 112]. We used our learning algorithm to find the 

parameters to implement MI directly without decomposing them into a sequence of gate 

operations in four, five, six, seven, and eight-qubit systems. In section 5.2, we investigate the 

efficiency of our MI scheme in the presence of unwanted couplings. In section 5.3, we validate 

our scheme by comparing our results against those presented in [60, 61] where the authors’ show 

how to implement MI in an XY coupled system. In section 5.4, we present the conclusions. 

5.1 Training Results for Implementing Mirror Inverse Gate Operations 

Consider a quantum system of N qubits arranged in an LNN array as shown in Figure 4.1. 

Here, each qubit only interacts with its nearest neighbors through Ising type interactions, which 

are diagonal in the interaction basis, typical of Josephson-junction qubits [13-15]. The 

Hamiltonian, HN, where ‘N’ represents the number of qubits in the system, is given by equation 

(4.1). We will now provide training results for MI in 4-, 5-, 6-, and 7-qubit LNN systems. The 

training set comprised of 2N basis states, and their respective expected states after the MI 

operation. Here, the MI gate operation, U, is defined by the following transformation: 

 1 2 3 1 1 3 2 1| ... | ...
N N N N

q q q q q q q q q q
 

  
U

 (5.1)   

Using the training process explained in Chapter 3, we trained the system for the desired 

MI operations until the RMS error values for MI in 4-, 5-, 6- and 7-qubit LNN systems were 

0.0006, 0.0003, 0.0026 and 0.0023, respectively. The ODE4 fixed size step solver was used with 

step size of 0.1ns was used for all MI operations.  

Table 5.1 lists the parameters of the trained network in a 4-qubit LNN system. To 

confirm the gate operation for the parameters listed in Table 5.1, we substituted these parameters 

in a 4-qubit Hamiltonian (equation (4.1) with N = 4) and ran simulations. The worst-case fidelity 

of the MI operation was 99.92%, and the overall fidelity of the MI operation was 99.94%. 
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Simulations confirmed the MI operation on qubits Q1 through Q4, which was realized up to an 

overall global phase of 45 degrees that can be ignored.  

As an example, Figure 5.1 shows the evolution of the 4-qubit quantum system under the 

MI operation, when the initial state is |1010. The figure shows the evolution of the probabilities 

of the computational basis states |1010 and |0101 (the probabilities of the remaining states have 

not been shown because at the final time they are zero). From Figure 5.1, we can see that the 

final state after 12.5ns is |0101, which shows the implementation of the MI operation between 

qubits Q1 through Q4 for the given input state. 

 

Figure 5.1. Implementation of an MI gate operation on qubits Q1 through Q4, using parameters of 
the trained network. The initial and final states of the system are |1010 and |0101, respectively. 
The evolution of the probabilities of the basis states |1010 and |0101 have been plotted, which 
shows the implementation of the desired 4-qubit MI gate operation for the given input. 
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Table 5.2 lists the parameters of the trained network in a 5-qubit LNN system. Here, both 

the worst-case fidelity and the overall fidelity of the gate operation were 100%. Simulations 

confirmed the MI gate operation on qubits Q1 through Q5, which was realized up to an overall 

global phase of 180 degrees that can be ignored.  

TABLE 5.1 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q1 THROUGH Q4. 

 
Tunneling Bias Coupling 

1 = 40.3 MHz 1 = 29.7 MHz 12 = 45.3 MHz 

2 = 49.4 MHz 2 = 0 MHz 23 = 49.4 MHz 

3 = 49.4 MHz 
3 = 0 MHz 

34 = 45.3 MHz 

4 = 40.3 MHz 
4 = 29.7 MHz Time, Tf = 12.5ns 

 

TABLE 5.2 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q1 THROUGH Q5. 

 
Tunneling Bias Coupling 

1 = 42 MHz 1 = 31.2 MHz 12 = 48.8 MHz 

2 = 53.2 MHz 2 = 0 MHz 23 = 55.7 MHz 

3 = 56.2 MHz 
3 = 0 MHz 

34 = 55.7 MHz 

4 = 53.2 MHz 
4 = 0 MHz 

45 = 48.8 MHz 

5 = 42 MHz 
5 = 31.2 MHz Time, Tf = 13.3ns 

RMS error for the network = 0.0003 
 

As an example, Figure 5.2 shows the evolution of the 5-qubit quantum system under the 

MI operation, when the initial state is |01001. The figure shows the evolution of the probabilities 

of the computational basis states |01001 and |10010 (the probabilities of the remaining states 

have not been shown because at the final time they are zero). From Figure 5.2, we can see that 
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the final state after 13.3ns is |10010, which shows the implementation of the MI operation 

between qubits Q1 through Q5 for the given input state. 

 

Figure 5.2. Direct implementation of an MI gate operation on qubits Q1 through Q5. The initial 
and final states of the system are |01001 and |10010, respectively. The evolution of the 
probabilities of the basis states |01001 and |10010 have been plotted, which shows the 
implementation of the desired 5-qubit MI gate operation for the given input. 

 

Table 5.3 lists the parameters of the trained network for a 6-qubit LNN system. Here, the 

worst-case and overall fidelities of the gate operation were 99.64% and 99.74%, respectively. 

Simulations confirmed the MI gate operation on qubits Q1 through Q6, which was realized up to 

an overall global phase of 45 degrees that can be ignored.  

As an example, Figure 5.3 shows the evolution of the 6-qubit quantum system under the 

MI operation, when the initial state is |010101. The figure shows the evolution of the 

probabilities of the computational basis states |010101 and |101010 (the probabilities of the 

remaining states have not been shown, because at the final time they are zero). From Figure 5.3, 
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we can see that the final state after 15ns is |101010, which shoes the implementation of the MI 

operation between qubits Q1 through Q6 for the given input state. 

 

Figure 5.3. Direct implementation of an MI gate operation on qubits Q1 through Q6. The initial 
and final states of the system are |010101 and |101010, respectively. The evolution of the 
probabilities of the basis states |010101 and |101010 have been plotted, which shows the 
implementation of the desired 6-qubit MI gate operation for the given input. 

 

TABLE 5.3 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q1 THROUGH Q6. 

 
Tunneling Bias Coupling 

1 = 41.1 MHz 1 = 29.8 MHz 12 = 48.2 MHz 

2 = 51.6 MHz 2 = 0 MHz 23 = 56.4 MHz 

3 = 58 MHz 
3 = 0 MHz 

34 = 59.1 MHz 

4 = 58 MHz 
4 = 0 MHz 

45 = 56.4 MHz 

5 = 51.6 MHz 
5 = 0 MHz 

56 = 48.2 MHz 

6 = 41.1 MHz 
6 = 29.8 MHz Time, Tf = 15ns 

RMS error for the network = 0.0026 
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Table 5.4 lists the parameters of the trained network in a 7-qubit LNN system. Here, the 

worst-case fidelity of the gate operation was 99.68% and the overall fidelity of the gate operation 

was 99.77%. Simulations confirmed the MI gate operation on qubits Q1 to Q7 for the given input 

state. 

TABLE 5.4 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q1 THROUGH Q7. 

 
Tunneling Bias Coupling 

1 = 40.9 MHz 1 = 29.3 MHz 12 = 48 MHz 

2 = 52.2 MHz 2 = 0 MHz 23 = 56.6 MHz 

3 = 59.7 MHz 
3 = 0 MHz 

34 = 60.8 MHz 

4 = 61.4 MHz 
4 = 0 MHz 

45 = 60.8 MHz 

5 = 59.7 MHz 
5 = 0 MHz 

56 = 56.6 MHz 

6 = 52.2 MHz 
6 = 0 MHz 

67 = 48 MHz 

7 = 40.9 MHz 7 = 29.3 MHz Time, Tf = 16.3ns 
RMS error for the network = 0.0023 

 

As an example, Figure 5.4 shows the evolution of a 7-qubit quantum system under the MI 

gate operation, when the initial state is |0100101. The figure shows the evolution of the 

probabilities of the computational basis states |0100101 and |1010010 (the probabilities of the 

remaining states have not been shown because at the final time they are zero). From Figure 5.4, 

we can see that the final state after 16.3ns is |1010010, which shows the implementation of the 

MI gate operation between qubits Q1 through Q7 for the given input state. 
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Figure 5.4. Implementation of an MI gate operation on qubits Q1 through Q7, using the 
parameters of the trained network. The initial state of the system is |0100101, and the final state 
is |1010010. The evolution of probabilities of the basis states |0100101 and |1010010 have 
been shown, which shows the implementation of the 7-qubit MI gate operation for the given 
input. 

 
From the above results, we can observe that, to realize MI operations, we only need to 

change the bias on the first and last qubits, and fix the bias on the middle qubits to zero. Also, the 

tunneling parameters are mirror symmetric about the central qubit/s. That is, when N is even, Δi 

= ΔN-i+1 for i = 1, 2, 3, … N/2; when N is odd, Δi = ΔN-i+1 for i = 1, 2, 3, … ((N-1)/2)+1). 

Likewise, the coupling parameters follows a similar mirror symmetry (ξ1,2 = ξN-1, N, etc.). 

Note that, swap gate operations between remote qubits Q1 and QN in an N qubit LNN 

system can be achieved by applying two successive MI operations. The first MI operation is 

performed on qubits Q1 through QN. The second MI operation is performed on qubits Q2 through 

QN-1, which reverses back the states of qubits Q2 through QN1. As such, at the end of both MI 

operations only the states of Q1 and QN are interchanged.  
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5.2 Training the Quantum System for Mirror Inversion in the Presence of Unwanted 

Couplings 

In section 5.1, we have shown that our dynamic learning algorithm can be used to 

perform MI operations on nearest neighbor qubits. In this section, we use the learning algorithm 

to find parameters for implementing MI in the presence of unwanted couplings. Consider Figure 

5.5(a), which shows five qubits, Q1 through Q5.  Here, qubits Q1 through Q4 comprise the LNN 

chain along which we want to perform MI. Qubit Q5 is an additional qubit that is “unwantedly” 

coupled to qubit Q1. The Hamiltonian, H is: 

 
5 3

, 1 1 1,5 1 5
1 1

( )
i Xi i Zi i i Zi Zi Z Z

i i

H         
 

 

        (5.2) 

where the parameters have the usual meaning. Here, we want to perform MI operation on qubits 

Q1 through Q4 without having to switch off the coupling between Q1 and Q5. For training, 

initially, all the couplings are set to 5MHz. Also, while training, all the parameters, except the 

coupling between Q1 and Q5, which is fixed at 5MHz, are treated as variables.  

The training set comprises of the thirty two computational basis states, and their 

respective expected final states after the mirror inverse operation between qubits Q1 through Q4. 

That is, the transformation for the gate operation is given as: 

 1 2 3 4 5 4 3 2 1 5|q q q q q q q q q q   1 2 3 4 5 4 3 2 1 5|q q q q q q q q q q    (5.3) 

Using the training process explained in Chapter 3, we trained the system until the RMS 

error value was 0.0034. Table 5.5 lists the parameters of the trained network.  
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TABLE 5.5 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q1 THROUGH Q4 WITH QUBIT Q1 “UNWANTEDLY” COUPLED TO 

AN ADDITIONAL QUBIT Q5. 
 

Tunneling Bias Coupling 
1 = 100 MHz 1 = 75 MHz 12 = 114.6 MHz 

2 = 122.5 MHz 2 = 0 MHz 23 = 125.1 MHz 

3 = 122.5 MHz 
3 = 0 MHz 

34 = 114.6 MHz 

4 = 100 MHz 
4 = 75 MHz 

45 = 5 MHz 

5 = 25 MHz 
5 = 96.9 MHz Time, Tf = 5ns 

RMS error for the network = 0.0034 
 

To confirm the gate operation for the parameters listed in Table 5.5, we substituted these 

parameters in a 5-qubit Hamiltonian (equation (5.2)), and ran simulations. Here, the worst-case 

and overall fidelities of the gate operation were 99.55% and 99.67%, respectively. The 

simulations confirmed the MI gate operation on qubits Q1 through Q4, which was realized up to 

an overall global phase of -134 degrees that can be ignored. To demonstrate that the MI 

operation is indeed a quantum operation, we considered the case when qubits Q1 and Q5 are 

entangled, initially. As an example, we considered the 5-qubit system to be in a superposition of 

states |00101 and |10100 with probability amplitudes of ½ and (3)/2, respectively. Here, 

qubits Q1 and Q5 are in the entangled state ½(|01+(3)|10); qubits Q2, Q3, Q4 are in the state of 

|010. The final state was found to be a superposition of the states of |01001 and |01010 with 

probability amplitudes of ½ and (3)/2 respectively, which confirms both the MI gate operation 

between qubits Q1 through Q4, and also the transfer of entanglement between qubits Q1 and Q5 to 

qubits Q4 and Q5.  
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Figure 5.5(a). Linear nearest neighbor array comprising of four qubits Q1, Q2, Q3, Q4. Here, qubit 
Q5 is an additional qubit that is “unwantedly” coupled to qubit Q1. Figure 5.5(b) Five-qubit 
system where qubit Q1 is coupled to four qubits Q2, Q3, Q4 and Q5. 

 

Figure 5.6 shows the simulation results where the probabilities of the basis states |00101, 

|10100, |01001 and |01010 have been plotted. The simulations confirmed the MI operation for 

the given input state. Moreover, the simulations also confirmed that MI is achieved between 

qubits Q1 through Q4 using the same set of parameters, irrespective of which one of the four 

qubits qubit Q5 is coupled to. Also, simulations showed that, for the parameters shown in the 

Table 5.6, if the coupling between qubits Q1 and Q5 is increased, the RMS error increases (i.e., if 

the value, ξ15 is changed from 5MHz to 10MHz, the RMS error value changes from 0.0034 to 

0.013). However, the error can be decreased by further training. 

As a special case to this discussion, we considered a new 5-qubit Ising coupled system 

with qubit Q1 coupled to four qubits Q2, Q3, Q4 and Q5, as shown in Figure 5.5(b). The 

Hamiltonian is: 

 
5 5

1, 1
1 2

( )
i Xi i Zi i Z Zi

i i

H      
 

      (5.4) 

Here, we want to perform a MI operation between qubits Q2 and Q3 without switching off the 

couplings between qubits Q1, Q4, and Q1, Q5 (i.e., without making 14 and 15 zero). Note that the 

MI operation is equivalent to a swap operation between qubits Q2 and Q3. The transformation for 

the gate operation is given as: 

(a) 

Q1 Q2 Q3 Q4 

Q5 

Q4 

Q2 Q1 Q3 

Q5 
(b) 
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 1 2 3 4 5 1 3 2 4 5| |q q q q q q q q q q    (5.5) 

 

Figure 5.6. Implementation of an MI gate operation on qubits Q1 through Q4 with an additional 
qubit Q5 “unwantedly” coupled to qubit Q1. The initial state is (1/2) |00101 + (3/2) |10100 and 
the final state is (1/2) |01001 + (3/2) |01010. The evolution of the probabilities of the basis 
states |00101, |10100, |01001 and |01010 have been plotted, which shows the implementation 
of the desired MI gate operation for the given input. 

 

At the start of training, we initialized all the tunneling parameters to 100MHz, bias 

parameters to 75MHz, and the coupling parameters to 5MHz. During the training process, we 

only trained the tunneling parameter of qubit Q1, bias parameters of qubits Q1, Q2, Q3, and the 

coupling between qubits Q1, Q2 and qubits Q1, Q3. We did not train the remaining parameters. 

The training set comprised of the 32 computational basis states and their respective expected 

final states after the swap gate operation between qubits Q2 and Q3. 

Using the training process explained in Chapter 3, we trained the system until the RMS 

error value was 0.0047. Table 5.6 lists the parameters for the trained network. As can be seen 

from the training results, the network trains the couplings ξ12 and ξ13 to be values much greater 

than couplings ξ14 and ξ15, which in this case, are “unwanted” couplings. 
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TABLE 5.6 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q2 AND Q3 WITH QUBIT Q1 COUPLED TO QUBITS, Q2, Q3, Q4 AND 

Q5. 
 

Tunneling Bias Coupling 
1 = 113.5 MHz 1 = 0 MHz 12 = 109.5 MHz 

2 = 100 MHz 2 = 75 MHz 13 = 109.5 MHz 

3 = 100 MHz 
3 = 75 MHz 

14 = 5 MHz 

4 = 100 MHz 
4 = 54 MHz 

15 = 5 MHz 

5 = 100 MHz 
5 = 54 MHz Time, Tf = 4.4ns 

RMS error for the network = 0.0047 

5.3 Validation of Our Learning Algorithm 

In [60], the authors showed that MI gate operations can be implemented by modulating 

the couplings of a quantum spin chain with XY interactions. In [61], the authors used the 

GRAPE algorithm to find the parameters to implement MI gate operations in spin chains with 

XY interactions. Here, we want to use our learning algorithm to do the same and see how it 

performs when compared to the GRAPE algorithm. For this, we chose an N-qubit LNN system 

with XY interactions, as shown in Figure 4.1, whose Hamiltonian, HN’ where ‘N’ represents the 

number of qubits in the system, is: 

 
1

' , 1 1 1
1 1

( ) ( )
N N

N i Xi i Zi i i Xi Xi Yi Yi

i i

H        



  

 

       (5.6) 

Using the training process explained in Chapter 3, we were able to train the system until 

the RMS error value was 0. Here, initially, we set all the parameters to be equal to 25MHz. The 

trained parameters are shown in Table 5.7. We can observe that the values of all parameters 

except the couplings are zero. This is similar to the results shown in [60, 61], where the authors 

showed that MI operations can be implemented directly by modulating the couplings in quantum 
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systems with XY interactions (and by setting both bias and tunneling parameters to zero), which 

validates our learning algorithm. 

TABLE 5.7 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE AN MI GATE OPERATION 
BETWEEN QUBITS Q1 THROUGH Q4 IN A 4-QUBIT LNN SYSTEM WITH XY 

INTERACTIONS. 
 

Tunneling Bias Coupling 

1 = 0 MHz 1 = 0 MHz 12 = 43.3 MHz 

2 = 0 MHz 2 = 0 MHz 23 = 50 MHz 

3 = 0 MHz 
3 = 0 MHz 

34 = 43.3 MHz 

4 = 0 MHz 
4 = 0 MHz Time, Tf = 5ns 

RMS error for the network = 0 

5.4 Conclusions 

In this chapter, we used our dynamic learning algorithm to implement MI gate operations 

in an LNN array. This was accomplished by training the quantum system using a back 

propagation technique, to find the system parameters that implement MI gate operations directly. 

The main advantage of our scheme is that by implementing the MI operation as a single 

operation, without decomposing it into a sequence of CNOT gates, the overall gate count can be 

reduced. Secondly, since all qubits along the chain participate in the MI operation, we can avoid 

idle times that can give rise to relative phases, and also avoid propagation errors due to one/more 

faulty CNOT gates. Thirdly, our method does not require additional ancillas and pre-engineered 

mirror-periodic Hamiltonians for implementing any of these MI operations. Lastly, all 

parameters found using our scheme are scalable, and therefore, can be adjusted to the 

requirements of a given experimental realization. 



  

55 
 

  CHAPTER 6 

FINDING ANALYTICAL SOLUTION FOR MIRROR INVERSE GATE 

OPERATIONS IN QUANTUM SYSTEMS WITH DIAGONAL INTERACTIONS 

 

In this chapter, we present an analytical solution for implementing mirror inverse (MI) 

gate operations in quantum systems with diagonal (Ising type) interactions. Ising coupled 

systems are commonly seen in superconducting Josephson junctions, dipole-dipole or J-coupled 

systems [13-15, 111, 112]. Unlike non-diagonal XY interactions where a SWAP gate is easily 

implemented, in Ising coupled systems each swap operation needs to be decomposed into 3 

controlled-NOT (CNOT) gates. As such, methods for finding system parameters that allow us to 

transmit qubit states along LNN arrays without requiring swap gates can greatly reduce the 

overall computational overhead in these systems. In Chapter 5, we showed that MI gate 

operations can be implemented directly in Ising coupled systems without having to decompose 

the operation into a sequence of CNOT gates. To achieve this, we used the dynamic learning 

algorithm as a tool for finding parameters of the Ising-coupled system Hamiltonian that realizes 

the operation. Here, we first choose a Hamiltonian, and then train its parameters to implement 

the desired MI gate operation within a chosen time duration (tf). Once the parameter values are 

known, to implement the MI operation we simply set the system parameters to the values solved 

for, and then allow the system to evolve for time, tf. However, as the number of qubits increases, 

the number of system parameters also increase, which makes the training process complex and 

hard to converge. By carefully analyzing the parameter values obtained from training systems 

with fewer qubits, we try to find analytical solutions that can be extended to calculate parameter 

values to achieve MI in systems with large number of qubits without the need for training.  
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The chapter is divided as follows. In section 6.1, we show how we can use the parameters 

found by using the training algorithm for implementing MI between nearest neighbor qubits in 

an Ising-coupled LNN system to generate an analytical solution. In section 6.2, we present the 

conclusions. 

6.1 Analytical Solution for Mirror Inverse Gate Operations in Quantum Systems with 

Diagonal Interactions 

Consider a quantum system of N qubits arranged in an LNN array as shown in Figure 4.1. 

Here, each qubit only interacts with its nearest neighbors through Ising type interactions, which 

are diagonal in the interaction basis. The Hamiltonian, HN, where ‘N’ represents the number of 

qubits in the system, is given by equation (4.1). 

In [60, 61], the authors presented that in a quantum system with XY interactions, the MI 

operations can be implemented directly by tuning the coupling values to    √       , where 

J is the coupling constant, and N is the number of qubits. Following their approach, we carefully 

analyzed the system parameters we obtained from training Ising coupled systems for MI 

operations (system of 4, 5, 6 and 7 qubits), and generated similar equations that can  be used to 

calculate parameters to implement MI in systems with larger numbers of qubits without having 

to train the system. To achieve this, we used our training results presented in Chapter 5, for 

implementing MI operations in 4, 5, 6, and 7 qubit systems. Since each of the four MI operations 

used different time steps to implement the MI operation, we scaled all the parameters so that the 

MI operation in each system was implemented in 10ns (i.e., tf = 10ns). Tables 6.1 and 6.2 show 

the tunneling and coupling parameters for MI gate operations after scaling the time step to 10 ns. 

By observing the parameters presented in Tables 6.1 and 6,2, we noticed a symmetry between 

the parameters with respect to the centre of the chain similar to that presented in [60, 61]. Using 
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this symmetry, we derived the following expressions for the tunneling and coupling parameters 

for an arbitrary “N” number of qubits: 

 i i i
D


   (6.1) 

 i i i
J


   (6.2) 

where Di and Ji can be calculated by direct substitution: 

  1
i

D i N i     (6.3) 

  3
i

J i N i    (6.4) 

Here, i =1, 2… N, and δΔi and δξi are the tunneling and coupling multiplication factors, 

respectively. For different values of N and i, these factors are calculated using the ratios δΔi = 

Δi/Di, and δξi = ξi/Ji, respectively. The tunneling multiplication factor was found to be 25 in all 

cases.  That is, the tunneling parameters for any arbitrary N qubit system can be found using 

equation (6.1), where δΔi = 25. The coupling multiplication factor varied, and the values have 

been listed in Table 6.3. Note that, we have also included the parameters for implementing 2-

qubit and 3-qubit swap gate operations (shown in Chapter 4) in this table as these gate operations 

can be considered as special cases of the MI gate operations. 

 

 

 

 



  

58 
 

TABLE 6.1 

TUNNELING PARAMETERS FOR MI IN 4-, 5-, 6-, 7-QUBIT SYSTEMS (FOUND USING 
THE DYNAMIC LEARNING ALGORITHM) AFTER SCALING THEM FOR A TOTAL 

TIME OF 10NS. 
 

4-Qubits 5-Qubits 6-Qubits 7-Qubits 

  Δ1=61.5MHz Δ1= 66.67MHz 

Δ1=50.38MHz Δ1=55.86MHz Δ2=77.85MHz Δ2= 85.1MHz 

Δ2=61.75MHz Δ2=70.76MHz Δ3=86.25MHz Δ3= 97.31MHz 

Δ3=61.75MHz Δ3=74.75MHz Δ4=86.25MHz Δ4=100.1MHz 

Δ4=50.38MHz Δ4=70.76MHz Δ5=77.85MHz Δ5= 97.3MHz 

 Δ5=55.86MHz Δ6=61.5MHz Δ6= 85.1MHz 

   Δ7= 66.67MHz 

  

TABLE 6.2 

COUPLING PARAMETERS FOR MI IN 4-, 5-, 6-, 7-QUBIT SYSTEMS (FOUND USING 
THE DYNAMIC LEARNING ALGORITHM) AFTER SCALING THEM FOR A TOTAL 

TIME OF 10NS. 
 

4-Qubits 5-Qubits 6-Qubits 7-Qubits 

  ξ1=72.3MHz ξ1= 78.24MHz 

 ξ1=64.9MHz ξ2=84.45MHz ξ2= 92.26MHz 

ξ1=56.63MHz ξ2=74.1MHz ξ3=88.35MHz ξ3=99.1MHz 

ξ2=61.75MHz ξ3=74.1MHz ξ4=84.45MHz ξ4=99.1MHz 

ξ3=56.63MHz ξ4=64.9MHz ξ5=72.3MHz ξ5= 92.26MHz 

   ξ6= 78.24MHz 
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TABLE 6.3 

MULTIPLICATION FACTORS FOR THE COUPLING PARAMETERS FOR MI IN 4-, 5-, 6-, 
7-QUBIT SYSTEMS (FOUND USING THE DYNAMIC LEARNING ALGORITHM) AFTER 

SCALING THEM FOR A TOTAL TIME OF 10NS. 
 

2-Qubits 3-Qubits 4-Qubits 5-Qubits 6-Qubits 7-Qubits 

    δξ1= 42.3 δξ1= 42.98 

   δξ1= 40.82 δξ2= 42.23 δξ2= 42.98 

 δξ1= 38.4 δξ1= 39.2 δξ2= 40.7 δξ3= 42.47 δξ3= 43.27 

δξ1= 37.3 δξ2= 38.4 δξ2= 38.83 δξ3= 40.7 δξ4= 42.23 δξ4= 43.27 

  δξ3= 39.2 δξ4= 40.82 δξ5= 42.3 δξ5= 42.98 

     δξ6= 42.98 

 
Observing Table 6.3, since the coupling multiplication factor is not constant in value for a 

given value of N except for N = 2 and N = 3 (unlike the tunneling factor, which was 25 in all 

cases), in order to find an equation for predicting this factor for any N qubit system, we plotted 

these factors for N = 2 through 7 qubit systems to generate an equation. Note that for a given N 

qubit system, since there were N-1 factors, we took the average of these values when plotting. 

For instance, for N = 4, there were 3 values 39.2, 38.83, and 39.2, and we considered the average 

of these 3 values in plotting. From the plot, we were able to generate a general expression for 

finding the multiplication factor for an arbitrary N qubit system: 

 δξ = 1.2096*N + 34.709 (6.5) 

where δξ is the average coupling multiplication factor.  Figure 6.1 shows the plot that was used to 

generate equation (6.5). Note that using equation (6.5), we can find the coupling factor for any N 

qubit system, and then use equation (6.2) to find individual coupling parameters.  
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Figure 6.1. Finding the expression to generate the multiplication factors to calculate the 
coupling parameters for any MI gate operation. Here, for each value of N (number of 
qubits), we calculated the average value of the (N-1) multiplication factors. 
 

For calculating the bias parameters, we use a similar technique. From the results shown in 

Chapter 5, we observe that for the MI operation, a bias is only applied on the first and last qubits, 

while the bias on the remaining N-2 qubits is zero. Moreover, the biases on the first and last 

qubits are equal in magnitude. Therefore, to generate an expression for the bias value on the first 

and last qubits, we directly plotted the bias as a function of N (after scaling them to a time step of 

10 ns). Figure 6.2 shows the plot of the bias as a function of N for N = 2 through 7 qubits. Using 

the plot, we generated the following equation for calculating the bias for an arbitrary value on N: 

 ε = 3.9832*N + 20.766 (6.6) 

Therefore, using equations (6.1) through (6.6), we are able to implement MI operations in any N 

qubit system.  
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Figure 6.2. Finding the expression to generate the bias parameters for the any MI gate 
operation.  

 

Next, to verify these equations, we used them to find parameters for an 8-qubit system.  

Here, the multiplication factor for the tunneling parameters is 25, and the corresponding 

tunneling parameters can be calculated using equation (6.1) with D1=D8=2.83 MHz, D2=D7=3.74 

MHz, D3=D6=4.24 MHz, and D4=D5=4.47 MHz, respectively. Similarly, the multiplication 

factor for the coupling parameters is 44.4 (equation (6.5)), and the corresponding coupling 

parameters are calculated using equation (6.2) with J1=J7=1.91 MHz, J2=J6=2.29 MHz, 

J3=J5=2.47 MHz, and J4=2.52 MHz, respectively. Table 6.4 shows the parameters to implement 

the 8-qubit MI gate operation. Simulations were run on the 8-qubit system with T = 10ns 

(Hamiltonian given by equation (4.1) with N = 8). The simulations confirmed the MI gate 

operation on qubits Q1 through Q8 with an overall fidelity of 99.7%. As an example, Figure 6.3 

shows the evolution of the system for the initial state |01010101. The figure shows the evolution 

of the probabilities of the computational basis states |01010101 and |10101010 (the 

probabilities of the remaining states have not been shown because at the final time they are zero). 

From the figure, we can see that the |01010101 state evolves to the |10101010 state, which 

shows the implementation of the expected MI gate operation for the given input.  
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TABLE 6.4 

PARAMETERS TO REALIZE 8-QUBIT MI GATE OPERATION BETWEEN QUBITS Q1 
THROUGH Q8 PREDICTED USING THE ANALYTICAL SOLUTION. 

 
Tunneling Bias Coupling 

1 = 70.7 MHz 1 = 52.63 MHz 12 = 84.8 MHz 

2 = 93.5 MHz 2 = 0 MHz 23 = 101.7 MHz 

3 = 106 MHz 
3 = 0 MHz 

34 = 109.7 MHz 

4 = 111.75 MHz 
4 = 0 MHz 

45 = 111.9 MHz 

5 = 111.75 MHz 
5 = 0 MHz 

56 = 109.7 MHz 

6 = 106 MHz 
6 = 0 MHz 

67 = 101.7 MHz 

7 = 93.5 MHz 
7 = 0 MHz 

78 = 84.8 MHz 

8 = 70.7 MHz 8 = 52.63 MHz Time, Tf = 10nS 

Fidelity of the gate operation = 99.7% 

 

 

Figure 6.3. Direct implementation of an MI gate operation between qubits Q1 through Q8. 
The initial and final states of the system are |01010101 and |10101010, respectively. 
The evolution of the probabilities of the basis states |01010101 and |10101010 have 
been plotted, which shows the implementation of the desired 8-qubit MI gate operation 
for the given input. 
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6.2 Conclusions 

In this chapter, we introduced an analytical solution to implement MI gate operations in 

an LNN array with Ising type interactions. This was accomplished by carefully analyzing the 

parameter values obtained in Chapter 5, and deriving analytical solutions that can be generalized 

for any LNN system with arbitrary number of qubits. This analytical solution can be used to 

calculate parameter values to achieve MI gate operations in systems with any numbers of qubits 

without the need for training. 
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CHAPTER 7 

REDUCTION OF QUANTUM CIRCUITS USING A DYNAMIC LEARNING 

ALGORITHM 

The purpose of this chapter is two-fold. One is to show how our dynamic algorithm can 

be used to implement complicated quantum circuit operations directly without having to 

decompose them into a series of gate operations. To this end, we choose two examples.  

(a) Quantum Fourier Transform (QFT): The QFT is the quantum analog of the classical 

Fourier transform which is used in many quantum algorithms like finding the prime 

factors of an integer [113], and quantum phase estimation algorithms [114]. QFT can 

be implemented by decomposing the operation into a sequence of single-qubit 

Hadamard, 2-qubit controlled-phase shift and swap gates [1, 115]. Here, we will show 

that a 2-qubit QFT can be implemented directly without decomposing it into a series 

of gate operations using our dynamic learning algorithm. In this example, training can 

be hard as phases are involved. 

(b) Three-Qubit Encoded-Hadamard Gate: The implementation of this gate will help with 

fault tolerant quantum computation. An encoded-Hadamard (e-H) gate operation on 

the 3-qubit code is the application of the equivalent of Hadamard gate operation on 

the logical qubit without decoding. To our knowledge, no method of implementing 

the e-H gate on a 3-qubit logical qubit exists. The 3-qubit code is a simple error 

correction code to correct single qubit bit flip (or phase flip) errors. In order to 

perform gate operations on encoded (or logical) qubits, a universal set of “encoded” 

gates is required. However, not all the encoded schemes will allow these gates to be 

implemented without decoding the actual encoded qubit. For instance, to perform an 
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H-gate operation on the encoded qubit, we first need to decode it and then apply the 

H-gate on the physical data qubit (each encoded qubit consists of one data qubit and 

two ancillas (qubits in |0 state)). This not only increases the computational overhead, 

but also negates all the advantages of encoded qubits. Here, we show how we can 

implement an e-H gate directly on the 3-qubit error correction code, without decoding 

the encoded qubit using our learning algorithm. 

The second motivation of this work is to improve upon our dynamic learning technique 

by making improvements to the learning algorithm [116-118] proposed in Chapter 3. Previously, 

we used the learning rate, α, for controlling the rate of gradient descent, i.e., the parameter, α, 

indicates how far to go along the direction of the current gradient to update the weights after 

each iteration. However, a disadvantage is that the value chosen for the parameter α, affects the 

convergence time of the training process. If we choose the learning rate to be small, the update of 

weights will also be small from one iteration to the next, which effects the convergence time of 

the training process. If we choose α, to be large, in order to speed up the learning, the resulting 

large changes in the weights may affect the learning procedure adversely by making it unstable, 

i.e., it can lead to steps that skip the minimum, resulting in a large increase in error. To overcome 

this dependence of the learning rate on α, several modifications can be made to the back-

propagation algorithm. One such technique is to use an alternative weight update procedure by 

adding a momentum factor to the weight update rule which helps the neural network to converge 

faster [119-122]. This momentum factor determines the amount of influence on the present 

iteration from the results of the previous one, by changing the weights in the direction that is a 

combination of current and previous gradients. In addition to speeding up the training process, in 

some cases, the addition of the momentum factor also avoids the training process from being 
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trapped in a local minimum, by helping it to skip over those regions without training the network 

in these regions. To demonstrate the improvement in our learning algorithm after including the 

momentum parameter, we use the QFT and the e-H gates as examples for comparison.  

The chapter is divided as follows. In section 7.1, we present the training algorithm. In 

section 7.2, we apply our training process to find the parameters for the 2-qubit QFT, and the e-H 

gate operation on the 3-qubit error correction code. In section 7.3, we compare the performance 

of the learning algorithms with and without the momentum factor. In section 7.4, we present the 

conclusions. 

 7.1 Learning Algorithm for Training 

As before, to construct the dynamic learning algorithm, we use the time evolution of the 

Schrödinger equation which is given by 

 [ , ]
i

H
t





 

  (7.1) 

Here,  is the density matrix, ħ is plank’s constant divided by 2π, and H is the Hamiltonian of the 

system. In the dynamic leaning algorithm, the basic idea is to force the output state, |out, of the 

system for a given input state, |in, to the desired state, |des, under a chosen gate operation, U, 

by controlling the parameters of the Hamiltonian (for instance, tunneling, bias and coupling). 

Initially, the system parameters are chosen randomly (while confining to experimental limits). 

They are then trained by using the gradient descent learning rule, 

 ( 1) ( ) ( )
dL

W t W t W t
dw

       (7.2) 

where  

 ( ) ( ) ( 1)W t W t W t     (7.3) 
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Here, α is the learning rate, and μ is the momentum parameter, and the values of both are 

in the range 0 to 1. The terms W(t+1), W(t) and W(t-1) are the parameter values at training steps 

t+1, t, and t-1, respectively, and L is the Lagrangian which is used to find the local minimum of 

the error function. Previously, in our learning algorithm (described in Chapter 3), the weight 

change was always in the direction of the current gradient. However, from equation (7.3), we can 

observe that now it will be in a direction that is a combination of current and previous gradients. 

This can be done by saving the weights from one or more previous iterations, and the new 

weights are updated based on the value of the weights at training steps t and t-1, as shown in 

equation (7.3). Note that the dependence of the value of W(t+1) on the values at W(t-1) is 

through the momentum factor, μ. We randomly choose the α and μ values to train the network 

initially, and α and μ are fixed throughout the training. However, in some cases, the algorithm 

stops training after a few iterations and the training process gets trapped in a local minimum. To 

overcome this, we can start the training process with a different value for α and μ. For instance, 

while training for a 2-qubit QFT, both the momentum and learning factors were set to 0.085, 

initially.  After 50 iterations, the training stopped, i.e., the RMS error failed to converge below 

0.008. However, by changing the momentum factor to 0.1, we are able to reduce the RMS error 

value to 0.0008 (shown in section 7.4).   

7.2 Training Results 

In this section, we will demonstrate how our dynamic learning algorithm can be used as a 

tool for both circuit reduction and implementation of complex gate operations. First, we explain 

how this scheme can be used to implement quantum algorithms directly, without decomposing 

them into a series of gate operations, and consider the 2-qubit QFT as an example. Next, we 

explain how this scheme can be used to help with fault-tolerant quantum computation by 
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implementing logic gate operations directly on encoded qubits without having to decode the 

qubit. As an example, we show how to implement an encoded-Hadamard (e-H) gate operation on 

a logical qubit for the 3-qubit error correction code.  

Consider a quantum system of N qubits arranged in an LNN array as shown in Figure 4.1. 

Here, each qubit only interacts with its nearest neighbors, where we are considering Heisenberg-

type interactions, which are typical of spin-coupled quantum dots [9, 112]. The Hamiltonian, H2, 

for a system of two qubits A and B is given by equation (4.4). 

Quantum Fourier Transforms 

Quantum Fourier Transform (QFT) is the quantum analog of the classical Fourier 

Transform which is used in many quantum algorithms like finding the prime factors of an integer 

[113], and quantum phase estimation algorithms [114]. The mathematical representation of QFT 

is given by  

 
1

2 /

0

1
| |

N

ijk N

k

j e k
N






    (7.4) 

where |j and |k are the computational basis of states an N (in this case, N = 2) qubit quantum 

system. The circuit for implementing the QFT, as shown in Figure 7.1, is obtained by 

decomposing the operation into a sequence of single-qubit Hadamard, two-qubit controlled-

phase shift and swap gates [1, 115].  

 

Figure 7.1. Circuit for implementing the QFT on a two qubit system. 

|B 

|A H S 
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 (7.5) 

From Figure 7.1, we can see that to realize a 2-qubit QFT, 4 gates are used. (Note that for 

a Heisenberg-coupled system, a swap gate can be directly implemented as a single operation. 

This may not be possible in other systems. For instance, in systems coupled through diagonal 

Ising-type interaction, a swap gate needs to be implemented as 3 successive CNOTs. As such, 6 

gates are required to implement the QFT). Here, we will show how to combine these gates into a 

single unitary operation. To do this, we train the system parameters of a 2-qubit Hamiltonian 

(equation (4.4)), using the dynamic learning algorithm as a tool. The training set comprises of 

four input-output pairs. The inputs are the four computational basis states, |00, |01, |10, and 

|11. Output states are the expected state vectors, after applying the QFT matrix given by 

equation (7.5) to the corresponding input vectors. The training was carried out using the process 

explained in chapter 3 with the modification to the weight update rule as given by equations (7.2) 

and (7.3). (Step size of the ODE4 fixed size step solver was 0.1ns, and the total time, tf is 10ns, 

which is the time step for the gate operation). Training was stopped when the RMS error was 

0.0008. Table 7.1 shows the fidelity of the output state corresponding to each input for the 

trained network (the optimal fidelity in each case should be 1). Table 7.2 lists the parameters of 

the trained network. 

 

 

 

 



  

70 
 

 

TABLE 7.1 

FIDELITY OF THE FINAL STATE OF THE TRAINED NETWORK UNDER A QFT 
ALGORITHM BETWEEN QUBITS Q1 AND Q2. 

 
Input State, |in 

(|q1q2) 

Desired Output State, 
|des (|q1q2) 

Fidelity, F (des, 
out) 

Error 

( 1 – F ) 

|00 (|00+|01+|10+|11)2 0.9988 0.0012 
|01 (|00+i|01-|10-i|11)2 0.9992 0.0008 
|10 (|00-|01+|10-|11)2 0.9998 0.0002 
|11 (|00-i|01-|10+i|11)2 0.9992 0.0008 

RMS error for the network = 0.0008 
 

TABLE 7.2 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A QFT ALGORITHM 
BETWEEN QUBITS Q1 AND Q2. 

 
A 127.7 MHz 

B 23.5 MHz 

A 23.5 MHz 

B 127.7 MHz 

 18.7 MHz 

 
To verify if these parameters compute the QFT between Q1 and Q2, we substituted these 

parameters in the Hamiltonian, H, given by equation (4.4) and allowed the system to evolve for 

10ns (tf). The simulations confirmed the QFT for a 2-qubit system, which was realized up to an 

overall global phase of 112 degrees that can be ignored. Table 7.3 shows the desired and final 

output states for each of the four input states. 
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TABLE 7.3 

COMPARISON OF THE DESIRED FINAL STATE AND THE SIMULATED FINAL STATE 
FOR A 2-QUBIT QFT. 

 
Input State, 
|in(|q1q2) 

Desired Output 
State, |des (|q1q2) 

Actual Output State, |out (|q1q2) 

|00 (|00+|01+|10+|11)2 (0.5e1.23°i|00+0.52e-

2.085°i|01+0.5e1.5°i|10+0.48e3.4°i|11)e112°i 

 |01 (|00+i|01-|10-
i|11)2 

(0.52e-2.08°i|00+i0.48e0.5°i|01-0.49e1.6°i|10-
i0.5e0.13°i|11)e112°i 

|10 (|00-|01+|10-|11)2 (0.5e1.44°i|00-0.49e1.3°i|01+0.5e0.43°i|10-0.51e-

0.06°i|11)e112°i 
|11 (|00-i|01-

|10+i|11)2 
(0.48e3.43°i|00-i0.5e-0.14°i|01-0.51e-

0.94°i|10+i0.51e1.81°i|11)e112°i 
 

As examples, Figures 7.2 and 7.3 shows the evolution of the system under a 2-qubit QFT 

when the initial state is |01. Figure 7.2 shows the evolution of the probabilities of the four 

computational basis states, while Figure 7.3 shows the evolution of phases for each 

computational state. The relative phases for computational states |00, |01, |10, and |11 are 

109.45, 157.51, 66.74, and 22.83, respectively. After ignoring the overall global phase, the 

relative phases can be written as 2.55, 269.5 (or 90.5), 178.75 and 89.17 which are close to 

the expected relative phases for the input state |01. The overall fidelity of the gate operation was 

99.88%.  
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Figure 7.2. Two-qubit QFT – evolution of the probabilities of the four basis states of the two 
qubit system for the initial state |01. 

 
Figure 7.3. Two-qubit QFT – evolution of the phases of the four basis states of the two qubit 
system for the initial state |01. 

 
Since the circuit for Inverse Quantum Fourier Transform (IQFT) is simply the inverse of 

the circuit for the QFT (implementing the gates in the reverse order and replacing each gate by 

its adjoint), the IQFT can be implemented by simply using T=30ns. However, we trained the 

network to implement the IQFT in 10ns. Table 7.4 lists the parameters to implement IQFT. Here, 

the training was stopped when the RMS error value was 0.0017. 
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TABLE 7.4 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE THE IQFT ALGORITHM 
DIRECTLY BETWEEN QUBITS Q1 AND Q2. 

 
A 283.5 MHz 

B 59.9 MHz 

A 52.8 MHz 

B 282.4 MHz 

 55.8 MHz 

 

In order to show that our scheme can be extended to LNN system with different types of 

interactions, we also trained our network to implement the 2-qubit QFT in Ising and XY 

interactions. Ising-coupled interactions are typical of super conducting qubits [13-15] and XY 

interactions are typical of quantum dot spins [123] and nuclear spins interacting via a two-

dimensional electron gas [124]. Tables 7.5, and 7.6 lists the parameters of the trained network 

that implements QFT in a 2-qubit LNN system with Ising and XY interactions, respectively. 

(Here, the total time of the gate operation is 10ns in both cases, and the step size in the ODE4 

was 0.01ns). The RMS errors are 0.0037 and 0.0032, respectively. 

TABLE 7.5 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A QFT ALGORITHM 
DIRECTLY BETWEEN QUBITS Q1 AND Q2 IN A 2-QUBIT SYSTEM WITH ISING TYPE 

INTERACTIONS. 
 

A 921.6 MHz 

B 185.6 MHz 

A 47.6 MHz 

B 912.8 MHz 

 126 MHz 
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It is important to point that all the parameters solved for using our scheme are scalable 

relative to the time step, tf. That is, suppose we need tf to be 5ns, which is half the original value. 

The gate operation can be implemented by simply doubling all the parameter values. Thus, our 

parameters provide flexibility and can be adjusted to the requirements of a given experimental 

realization.  

TABLE 7.6 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE A QFT ALGORITHM 
DIRECTLY BETWEEN QUBITS Q1 AND Q2 IN A 2-QUBIT SYSTEM WITH XY TYPE 

INTERACTIONS. 
 

A 601.9 MHz 

B 55.2 MHz 

A 68.4 MHz 

B 598.5 MHz 

 67.8 MHz 

  

Encoded-Hadamard Gate for Three Qubit Error Correction Code 

 Quantum error correcting codes (QECCs) are used to protect quantum information 

against decoherence. The three qubit code is a simple error correction code to correct single qubit 

bit flip errors. In this code, an information qubit |0+|1, is encoded using two ancilla qubits in 

the |0 state to create a logical qubit state |000+|111. Here, the encoded states |000 and |111 

are referred to as the ‘logical 0’or |0L, and ‘logical 1’ or |1L states, respectively. The encoding 

circuit to create these encoded states is shown in Figure 7.4.   
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Figure 7.4. Encoder circuit for a three qubit quantum error correction code. Information qubit is 
encoded using 2 extra ancillas (qubits in |0 state) to generate the logical qubit. 
 

As mentioned earlier, in order to perform gate operations on logical qubits, a universal set 

of “encoded” gates is required. However, not all encoded schemes will allow these gates to be 

implemented without decoding the actual encoded qubit, first. For example, if we were to 

perform a Hadamard gate on the 3-qubit code without decoding (hence the name encoded-

Hadamard gate or e-H gate), we would have to perform the following operation: 

      〉       〉
   
→   (

    〉     〉

√ 
)   (

    〉     〉

√ 
) (7.6) 

To our knowledge, no method exists to implement the e-H gate without first having to 

decode the logical qubit. As such, we use the training algorithm to solve for system parameters 

of the Hamiltonian so that an e-H gate can be directly implemented on the encoded qubit.  

For training, we consider a system of 3 qubits, A, B, and C. We assume the interactions 

between the qubits to be of the Ising type, which is typical for Josephson-junction qubits [39-41]. 

The Hamiltonian of the system is  

 3
, ,

( )
i Xi i Zi AB ZA ZB BC ZB ZC AC ZA ZC

i A B C

H            


       (7.7) 

where, as before, i and i for i = A, B, and C are the tunneling and bias parameter, respectively, 

and AB is the coupling between qubits A and B, BC is the coupling between qubits B and C, and 

AC is the coupling between the qubits A and C. Once again, the dynamic learning algorithm 

|0 

|0 

|q 
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presented in Chapter 3 and section 7.1 was used to train the NN, where the system parameters 

were treated as weights. Here, the training set comprises of two input-output pairs. The inputs are 

the two computational basis states, |000 and |111. The outputs are the expected state vectors 

after applying the circuit shown in Figure 7.4 to the corresponding inputs (shown in Table 7.6). 

The step size in the ODE4 was 0.01ns, and total time, tf = 10ns, which is the time step for the 

gate operation. Training was stopped when the RMS error was 0.0127. Table 7.7 shows the 

fidelity of the output state corresponding to each input for the trained network (the optimal 

fidelity in each case should be 1). Table 7.8 lists the parameters of the trained network. 

TABLE 7.7 

FIDELITY OF THE FINAL STATE OF THE TRAINED NETWORK UNDER AN 
ENCODED-HADAMARD GATE ON A 3-QUBIT ERROR CORRECTION CODE. 

 
Input State, |in 

(|q1q2q3) 

Desired Output 
State, |des 

(|q1q2q3) 

Fidelity, F (des, 
out) 

Error 

(1 – F) 

|000 (|000+|111)/2 0.9874 0.0124 
|111 (|000-|111)/2 0.9871 0.0129 

RMS error for the network = 0.0127 

 

To check if these parameters compute an e-H gate on the 3-qubit QECC, we substituted 

these parameters in the Hamiltonian, H3, given by equation (7.7) and allowed the system to 

evolve for 10ns (tf). The simulations confirmed the e-H gate on the 3-qubit QECC for a 3-qubit 

system, which was realized up to an overall global phase of 96 degrees that can be ignored. 

Equations (7.8) and (7.9) give the final states that were obtained corresponding to the input states 

of |000 and |111, respectively. 

 
96.76 39.3 47.6 132.4

52.2 137 101.6 96

|000 0.71 |000 +0.1e |001 +0.03e |010 +0.04e |01 1

+0.03e |100 +0.06e |101 +0.07e |110 +0.69e |111

i i i i

i i i i

e
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 96(0.71|000 +0.69|111 ) i
e
 

    (7.8) 

96 116 26.8 83

123 64 73.1 83.4

|111 0.69 |000 +0.07e |001 +0.003e |010 +0.03e |011

+0.03e |100 +0.12e |101 +0.076e |110 +0.7e |111

i i i i

i i i i

e
      

   

     

   
 

 96(0.693|000 0.703|111 ) i
e
 

     (7.9) 

Figures 7.5 and 7.6 shows the evolution of the system under the e-H gate on a 3-qubit 

QECC when the initial states are |000 and |111, respectively. The overall fidelity of the gate 

operation was 98.73%. From Figures 7.5 and 7.6, we can see that the initial states |000 and |111 

evolve to the desired final states, which shows the implementation of the desired e-H gate 

operation. 

TABLE 7.8 

PARAMETERS OF THE TRAINED NETWORK TO REALIZE THE ENCODED-
HADAMARD GATE ON A 3-QUBIT ERROR CORRECTION CODE. 

 
A 578.5 MHz 

B 172.2 MHz 

C 710.4 MHz 

A -183.2 MHz 

B -84.6 MHz 

C 291.4 MHz 

AB 1.1496 GHz 

BC
 1.3502 MHz 

AC 1.1186 MHz 
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Figure 7.5. Three-Qubit Quantum Error Correction Code – evolution of the probabilities of the 
encoded states |0L and |1L of the three qubit system for the initial state, |0L = |000. 

 

Figure 7.6. Three-Qubit Quantum Error Correction Code – evolution of the probabilities of the 
encoded states |0L and |1L of the three qubit system for the initial state, |1L = |111. 
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7.3 Comparing the Performance of the Learning Algorithms with and without the 

Momentum Factor 

 In this section, we discuss the advantages of using the momentum factor.  Using a 

momentum factor in the weight update rule improved the convergence rate of the training 

process. Also, in addition to speeding up the training process, in some cases, addition of the 

momentum factor helped avoid the training process from being trapped in a local minimum by 

allowed it to skip over those regions without performing any training there. To demonstrate this, 

we compared the performance of the learning algorithm with the momentum factor (used in this 

chapter) with the learning algorithm without the momentum factor (used in Chapter 3) for 

different cases.  

As a test case, we chose the 2-qubit QFT with the Hamiltonian given by equation (4.4) 

for N = 2. First, we chose the dynamic learning algorithm without the momentum factor to train 

our system to find the parameters that implement the QFT operation. All the parameters were 

initially set to 50 MHz, and the total time of the gate operation was set to 10ns. The learning 

factor was set to 0.085, and we let the training to continue for 50 iterations. From Figure 7.7, we 

can see that the training process was trapped in the local minima, and the training was stopped 

after a few iterations. The final RMS error was 0.0714. Next, we used the dynamic learning 

algorithm with the momentum factor to train the system for 50 iterations with both the 

momentum and learning factors set to 0.085. In this case, the final RMS error was 0.008 (Figure 

7.7), and can be further reduced by training the system for more iterations. Note that, while 

plotting the graphs, we left out the RMS error values of the first 9 iterations. 
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Figure 7.7. Convergence of the dynamic learning algorithm with and without momentum factor – 
RMS error versus number of iterations for the training of the 2-qubit Fourier Transform 
operation. Here, the learning factor was set to 0.085 in both the cases, and the momentum factor 
(when included in the training) was set to 0.085. 

 
7.4 Conclusions 

In this chapter, we have used the dynamic learning algorithm as a tool for implementing 

harder circuits which require training of phases in addition to probabilities (like the 2-qubit QFT 

and an encoded-Hadamard gate for the 3-qubit QECC). Moreover, we introduced a momentum 

factor in the learning algorithm to make it more efficient. To demonstrate the improvement of 

our learning algorithm after using the momentum factor, we use the 2-qubit QFT and the 3-qubit 

encoded-Hadamard gate as examples. 
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CHAPTER 8 

CONCLUSIONS 

In this work, we have proposed a new scheme for circuit reduction in quantum systems 

using a dynamic learning algorithm as a tool. We have shown that by using this method, we can 

find the system parameters to perform a series of gate operations directly by finding the 

equivalent gate operation. This is the main advantage of our scheme since it reduces the overall 

computational overhead as quantum circuits need not be broken down into a sequence of 

elementary gates. Secondly, since all qubits along the chain participate in the desired gate 

operation, we can avoid idle times that can give rise to relative phases, and also avoid 

propagation errors due to one/more faulty CNOT gates. Thirdly, our method does not require 

additional ancillas and pre-engineered mirror-periodic Hamiltonians for implementing any of 

these MI operations. Lastly, all parameters found using our scheme are scalable, and therefore, 

can be adjusted to the requirements of a given experimental realization. Initially, we showed how 

the training algorithm can be used as a tool for finding the parameters for implementing CNOT 

and Toffoli gates between next-to-nearest neighbor qubits in an Ising-coupled LNN system. We 

then showed how the scheme can be used to find parameters for realizing swap gates, first 

between two adjacent qubits, and then between two next-to-nearest-neighbor qubits, in each case 

without decomposing it into 3 CNOT gates. Finally, we showed how the scheme can be extended 

to systems with non-diagonal interactions. Then, we used our dynamic learning algorithm to 

implement MI gate operations in an LNN array by using the dynamic learning algorithm. Later, 

using the training results for MI presented in Chapter 5, we derived an analytical solution to 

implement MI gate operations in an LNN array with Ising type interactions. This analytical 

solution can be used to calculate parameter values to achieve MI gate operations in systems with 
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an arbitrary of qubits without the need for training. Finally, we used our learning algorithm to 

implement the 2-qubit quantum Fourier Transform and the 3-qubit encoded-Hadamard gate, both 

of which are hard circuits to train as they require training of phases in addition to training of 

probabilities. We also used the 2-qubit Fourier Transform circuit to compare the convergence 

times of our learning algorithms with and without the momentum factor, and showed that the 

momentum factor will improve the performance of the learning algorithm (faster convergence to 

lower RMS errors).  
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